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Appendix A: Theorems and proofs

Theorem 1:

The ARL of the two-sided chart can be expressed as a function of the average run
lengths of the one-sided charts through the expression

1 1 1
= + 7
ARL ARL" ARL

(AD)

where ARL’ and ARL" denotes the average run lengths for the upper and lower one-sided
charts, respectively. This result applies to both Shewhart- and CUSUM-type charts. A proof

of expression (Al) is given by using the properties of generating functions.
Proof to Theorem 1:
Generating functions

Let X be a random variable whose possible values are restricted to the nonnegative

integers {0,1,2,...} and write ¢; = P(X = j). The probability generating function (hereafter

pgf) is defined as

I, (s)= ic‘jsj = iP(X =)Ds' =P(X =0)s" +P(X =1)s' + P(X =2)s” +...

Jj=0 J=0
where s must be restricted to a region in which the power series is convergent. The power
series always converges if

|s| <1, thatis,~1<s<1. (A2)
An alternative definition of II, (s) is

I, (s) = E(s*). (A3)

Properties of generating functions

Let
q; =cj+1+cj+2+...=P(X=j+1)+P(X =j+2)+..=P(X >j) for j=0,1,2,.. (A4)

be the ‘tail’ probabilities. Then
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qu =(c,+c, +.)+(c, vy +..)+...=¢, +2c, +3c3+...=2jcj =chj =E(X).
j=1 j=0

j=0
Therefore the sequence {g j} for j=0,1,2,... is of importance, because it constitutes another

probability distribution on the integers 0,1,2,... with its pgf given by

g5t =——— for —1<s<1 (A5)
j:0 1_ S
which simplifies to
Q(s):M for —1<s<l1. (A6)
—S

The condition —1< s <1 1is due to the convergence rule (A2), and the fact that expressions

(AS) and (A6) will only hold for s #1.
Signalling event

Let £ denote a signalling event. Then € is a recurrent event, because if € occurs on
the j” trial, we treat trial j+1 as though it were the first trial. Let the random variable Y
denote the number of the trial on which event £ occurs for the first time. Let g, denote the
probability of no occurrences in the first j trials of an event &£. Then

q,; = P(€ does not occur in the first j trials) = P(Y > j). If Y > j, there have been no
indications of a changed process in the first j points. Let ¢; denote the probability that an
event & occurs for the first time on the j" trial. Let p ; denote the probability that an event

£ occurs on the j” trial. The set of initial conditions is:

q, = P(€ does not occur in the first O trials) =1 (A7)
¢, =0 (A8)
Py =1 (A9)

Let O(s),C(s) and P(s) denote the generating functions for the probabilities g ;,c;

and p;, respectively. The pgf uniquely determines the corresponding probability distribution
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and in turn the probability distribution on 0,1,2,..., uniquely determines the pgf. Clearly, there

is a 1-1 correspondence between the probability distributions and the pgf’s.

Generating function Q(s):
Q(s) = qusj =q,5" +q,5' +q,8> + ¢8> +...
j=0
Applying initial condition (A7), we have that
Q@s)=1+g¢g;s+ qzs2 + q3s3 +...
The generating function is helpful in obtaining moments of the distribution of Y . Particularly,
o) =1+q,+q,+q; +...=1+PY >D+PXY >2)+ P(Y >3)+...= EY) (A10)
where E(Y) denotes the average number of trials between consecutive occurrences of

signalling events.

Generating function C(s):
C(s)= Zstf =c,s" 4,5 +y87 oS+
Jj=0
Applying initial condition (A8), we have that
C(s)=c;s+c,8 + 58 +...
Due to the fact that we only consider recurrent events which have finite recurrence times, we
have that

Cy=c,+c,+c;+...=1. (Al1)

Generating function P(s):

P(s)= ijsf = poso +p1s1 + p252 + p3s3 +...
j=0

Applying initial condition (A9), we have that

P(s)=1+p,s+ p,s” + p,s’ +...
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Corollary Al:

The p's can be determined in terms of the ¢'s :

1
1-C(s)

P(s)=

Proof:
Note: In this proof the set of initial conditions holds (see (A7), (A8) and (A9)).

The equation given below holds, since £ is a recurrent event:
P;=C;Po+C; P +C;apy+tep +ep;
For j=0: p, =c,p,
For j=1: p, =c¢,p, +c,p,
For j=2: p,=c,p,+c¢,p, +¢c,p,
Continuing this way for j =3,4,... we have that
Dot P tp,+..=(cop,)+(c,py tcop)+ (c,py +C, Py +Copy) + ..

=(py+p +p,t.)c,tec +c, +..)
Applying initial conditions (A8) and (A9) we have that

I+p,+p,+..=0+p, +p,+.)O0+c, +c, +...) (Al12)

Multiplying (A12) through by s’ and summing over j from one to infinity, we obtain

Zr oz

'M8

Il
(=)

2208 =28 p )
j=1 k=0 j=1 k=0 i=0
iP,S’ ip, i ‘1
j=0 j=0 k=0
P(s)=P(s5)C(s)+1 (A13)

(refer to expression (All) for an explanation of why the constant appears in expression

(A13)) . Re-writing expression (A13) we obtain

1
P(s) = Al4
(s) 1-Cs) (Al4)
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Corollary A2:

The g’s can be determined in terms of the ¢’s:
00s)= =€) g J1cs<l.

Proof:

By using equations (A5) and (A6), the ¢’s can be determined in terms of the ¢’s:

qusf _ (A15)
j=0 1

which simplifies to

1-C(s)

0(s) = for —1<s<l1. (A16)

From corollary A1 and corollary A2 we have

1

PO =1"¢co)

and

1 _ 1
1=P(s)  (1=95)Q(s)

for —1<s<1

Therefore, we have that

1

P(s) = = !
1-C(s) (1-9)0(s)

for —1<s<1 (A17)

which can be re-written as

(1-5)P(s) = st) for —1<s<1 (A18)

Taking the limit of (1—s)P(s) as s approaches unity and applying (A10) we have that

lim(1—s)P(s) =lim ! = ! = ! .
sl =1 Q(s)  0()  EXY)

(A19)

Let £, and &, denote the signalling events for the upper and lower one-sided charts,
respectively. Let £, denote a signalling event of the two-sided chart. Let £, (Y), E, (Y) and

E,, (Y) denote the average recurrence time of €,, &, and &, , respectively. We would like
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to determine E,, (Y) from E,(Y) and E,(Y). Either £, or &, (but not both) occurs on
every trial on which &, occurs, and this leads to equation (A20)

Py, =P ;+F (A20)

Multiplying (A20) through by s’ and summing over j from one to infinity, we obtain the
generating functions:

P,(s)=P, (s)+P,(s)—1 (A21)
The constant appears, because probabilities sum to unity. Summing over j from one to
infinity over the probabilities on the left-hand side of equation (A20), must equal one.
Summing over j from one to infinity over the probabilities of the first term on the right-hand
side of equation (A20), must equal one and summing over j from one to infinity over the
probabilities of the second term on the right-hand side of equation (A20), must equal one.
Therefore, summing the two terms on the right-hand side equals two. The problem arises: The
left-hand side of the equation equals one while the right-hand side of the same equation

equals two. This problem is solved by subtracting one from the right-hand side of the

equation.

Multiplying (A21) through by (1—s) and taking the limit as s approaches unity, we
have that ljrrll(l -8)P, (s)= ljrrll(l —s)P, (s)+ ljrrll(l -8)P,(s)— ljrrll(l —s). From (A19) we

have that

L B
E,(Y) E.Y) E,(Y)

—(1-=D

which simplifies to

1 1 1

= + . (A22)
E,Y) E/ () E,{X)
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Theorem 2:

Fu, Spiring and Xie (2002) defined the moment generating function (hereafter mgf) as
Ht)=1+(e' - DS - ¢'0)”'1 and used the mgf to obtain expressions for the first and second
moments of the run length variable N . Fu and Lou (2003) defined the probability generating
function (hereafter pgf) as @(¢) =1+ (r — 1)§(I - tQ)_ll and used the pgf to obtain expressions

for the first and second moments of the run length variable N . Although they used different
methods, both were able to obtain the following expressions for the first and second moments

of the run length variable N :

E(N)=£(1-0)71

EN?)=£(1+0)1-0)"1
where @ is the matrix that contains all the transition probabilities of going from a non-
absorbing state to a non-absorbing state, / is the identity matrix, é =(10,0,...,0) is a row

vector with 1 at the 1" element and zeros elsewhere, 1= (1 1) is a column vector with

all elements equal to unity (refer to the Section 2.3 for more detail about the construction and

the dimensions of these matrices).

In this appendix the derivation of the first and second moments of the run length

variable N will be done using both the mgf and the pgf.

Proof to Theorem 2:

A power series is defied as f(x) = Zanx" . It is also referred to as the generating
n=0

function. Generating functions are very useful combinatorial enumeration problems. In

general we have that x(1—x)™" = x(1+x+x” +...) for |x| <1. Similarly, in this example we
will use the fact that Q(/—Q)"' =Q(I +Q+ Q> +...). In addition, generally we have that
x(1=x)7 =x+2x> +3x° +...=x(1+2x+3x* +...) for |x| <1. Similarly, in this example we

will use the fact that Q( — Q) = Q(I +2Q +30> +...).
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Moment generating function

(See page 373 of Fu, Spiring and Xie (2002))

The mgf is given by ¢(t)=1+ (e’ =D& —e'Q)'1. It is well-known that if the mgf is

differentiable at zero, then the n” moment is given by ¢™ (0). Therefore, in order to find the
first moment, we will have to calculate the first order derivative of the mgf in the point 7 =0,

that is, E(N)=¢'(0). Similarly, in order to find the second moment, we will have to calculate

the second order derivative of the mgf in the point 7 =0, thatis, E (N ? ) =¢"(0).

The first order derivative:

(Differentiation is done by using the well-known product rule).
0= sU-e'0) 1+ -1) % (Eu-c' o)

Att=0:

90)=¢U-0)"1

Therefore we have that E(N)= §(1 -0)'1.

The second order derivative:

(Differentiation is done by using the well-known product rule).

0(1)=e -0 1+ L -0 e L -0 )+ e 1) (g - e'0r)

dt2_
At r=0:

" _ e ! i il i ot
¢"(0)=5U-0) 1+dt(§<1 e'0)'1 +dt(é(l e'Q) q

t=0 t=0

¢"(0)=,U-0) "1+ 2% (- efQ)*q (A23)

t=0

Focusing only on the term di(é(l - e’Q)_lq we obtain:
- 1=0
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d o
E(ﬁ(l ~¢'0) q

J -
- nt n 1
Q4o
_ é(ine”’Q"jl
=&5(e'Q+2e7Q% +3¢7Q° +4e"Q" + )1 L

=50 +20° +30° +40" +..)1
=E0(I +20+30° +40° +..)1

=£0(1-0)1.

t=0

t=0

By substituting di(f(l -e'Q)'1) =&0(I-Q)°1 into expression (A23) we obtain
) <!

t=0

9" (0)=£U-0)'1+2£0(1 - Q)1

—&1-0" +200-0)2)

=&-0" +200 -0 T -0)' )

=¢-0'(1+200 -0l (A24)
—L-o ' a+ou-0)h (A25)
—EI+Q)I-0)71.

Therefore we have that

E(N?)=¢&(1+0)1-0)"1

To get from expression (A24) to expression (A25) we used the following expansion
I+0)I-0)"

=(I+Q)(I+Q0+Q°+Q° +..)
=1+0+Q0°+Q’+..+0+0°+Q’ +...
=14+20+20°+20° +20"* +...
=14+20(+Q+Q° +Q° +..)

=1+20(I-0)".
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Probability generating function
(See page 73 of Fu and Lou (2003))

If N is a discrete random variable taking values of non-negative integers {0,1,2,...},
then the pgf of N is defined as:
o(x) = E(x")=> x"P(N = n) (A26)

The pgf is given by @(r) =1+ (¢t — l)é(l —1Q)"'1. This is obtained by using the definition of

the pgf given in expression (A26).

P(t) = it"P(N =n)

—Zr P(N >n—-1)-P(N > n))

=3ré0 -3 g0
=Y E0-Y 1" 60"
= o
= tit"iQ"l—it"éQ"l+l
o =0
The scalar 1 is obtained from the fact that 1°£0°1=1. By factorizing we obtain

(p(t)—1+(t—1)(2t £o" 1j
—1+<t—1>§(i ]1

=1+ -DEFT-10) 'L

It is well-known that if the factorial generating function exists in an interval around 7 =1,

then the r” factorial moment is given by E ((X ), ) (’) )= (t)) where (X), is the

t=1

falling factorial (x), = x(x—1)(x—2)...(x —r +1). Therefore, in order to find the first factorial
moment, we will have to calculate the first order derivative of the pgf in the point 7 =1, that
is, E(N)=¢'(1). This will give us the first moment of the run length variable N . Obtaining

the second moment of the run length variable N is more difficult. Firstly, we have to find the

second factorial moment by calculating the second order derivative of the pgf in the point
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t=1, that is, E(N(N —1))=¢"'(1). Using the fact that E(N(N —1))= E(N?)— E(N) we can

obtain the second moment of the run length variable N .

The first order derivative:

(Differentiation is done by using the well-known product rule).
| - l 1)

¢'(t)=£&(I-1Q) L+ =D E(1-10)"'1

Atr=1:

P)=£(1-0)"1

Therefore we have that

E(N)=£(1-0)'1. (A27)

The second order derivative:

(Differentiation is done by using the well-known product rule).

00 =< (61 -10)" 1)+ er-r0) ) —1)5—2(5(1 -10)"1)

t2_
2

N i _ - _ d_ _ =}
p'() =2 (El1-10) 1)+ - - Et-0)")

Atr=1:

o od (e
' (1) =2 dt(A_f(I 10) q

d S
ey
5 é(imn_lQnJl
_ 2§[inQ”j1

=2£(00° +10' +20° +30° +...)
=2£0(1+20+30 +..)

=2£0(1-0)"1.

t=1

t=1

Therefore we have that

E(N(N-1)=2£0(1-0)"1. (A28)
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The second moment is derived by using the fact that
E(N(N -1))= E(N*)— E(N) (A29)
Expression (A29) can be re-written as

E(N*)=E(N)+E(N(N -1)) (A30)

From (A27) and (A28) we know that E(N)=£(7-Q)'1  and
E(N(N-1)= 2§Q(1 —Q)°1. By substituting this into expression (A30) we obtain
E(N*)= é([ -0)'1+ 2§Q(1 —Q)”1. During the derivation of E(N?) in the mgf section we
have shown that £(7 - Q)1+ 2£0(1 - Q)" 1=£(I +Q)(I —Q) 1. Thus

EN*)=£U+Q)I -0)"1. (A31)

E(N)=5U+Q)I-0)"1.

322



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<
=

“ UNIVERSITEIT VAN PRETORIA

4

Theorem 3:

In Section 6.1.5 we state that the saddlepoint is the solution to the equation m(t) = u
where m(t) is the first order derivative of the cumulant generating function (cgf) denoted by

k(t). Therefore, the saddlepoint is the solution to the equation x'(t) = x.

Proof to Theorem 3:

For the development of saddlepoint methodology see Daniels (1954) for details on
density approximations, Lugannani and Rice (1980) and Daniels (1987) for discussions on tail
area approximations and Reid (1988) for a review on saddlepoint techniques. Saddlepoint
approximations are constructed by performing various operations on the moment generating

function (mgf) and the cgf.

Let X be a random variable with a density function denoted by f(x). Let ¢(¢)
denote the mgf which is defined as ¢(¢) = je”‘ f(x)dx. The cgf is just the logarithm of the

mgf , i.e. x(r) =log(@(r)). From ¢(f) we can obtain f(x) by using the Fourier inversion

formula as follows

joo

_ L T . —itx _ i K(t)—tx
f=— jw pline™di = [erar (A32)

—joo

where i = \/—_1

By differentiating the integral in (A32) and setting the result equal to zero we obtain

K'(t)=x. (A33)

The solution to (A33) is called the saddlepoint and denoted by 7.

Daniels (1954) used the exponential power series expansion to estimate the integral in

(A32) and derived the following approximation for f(x)

flx) = (;jz JGe (A34)

27Kk (F)
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Expression (A34) is referred to as the first-order saddlepoint density approximation where ¢

is the unique solution to the saddlepoint equation x'(t) = x .

For a rigorous account of the underlying mathematical theory of saddlepoint methods,

interested readers can refer to Jensen (1995).
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Appendix B: Computer programs

Mathcad program 1:

This program calculates the ARL and the probability of a signal for the upper one-sided Shewhart sign chart. . These values
are shown in Tables 2.5, 2.6 and 2.7 for n = 5, 10 and 15, respectively.

n .
i n—i
Probsignalupper (n,p,a) := Z combin(n,i)-p1~(1 - p)
i=n-a
1

ARLupper(n,p,a) :=
PP P Probsignalupper (n,p,a)

n:=10

q:=0.1,0.2..0.9

a:=0,1.n

Mmgnalq. 10.a := Probsignalupper (n,q,a)
Mupperq. 10,2 := ARLupper(n,q,a)

Take note: The output is given in Tables 2.5, 2.6 and 2.7, respectively.
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Mathcad program 2:

This program calculates the ARL and the probability of a signal for the lower one-sided Shewhart sign chart. These values are
shown in Tables 2.5, 2.6 and 2.7 for n = 5, 10 and 15, respectively.

a
Probsig(n,p,a) := Z combir(n,i)-p"-(1 —p)"
i=0
1
Probsig(n,p,a)

ARLlowexn,p,a) =
q:=0.1,02..09
n:= 10

a:=0,1..p
Msigy.10, a := Probsign,q,a)

Mlowery.10,a := ARLlowexn,q, a)

Take note: The output is given in Tables 2.5, 2.6 and 2.7, respectively.
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Mathcad program 3:

This program calculates the ARL’s for the upper- and lower one-sided and two-sided
Shewhart sign charts with both warning and action limits.

Upper one-sided chart:

(w+n-2)
2 . .
pOupper(n,p, w) := Z combin(n,i)-pl(l - p)n_]
i=0
(a+n-2) (w+n-2)
plupper(n,p,w,a) := Z combin(n,i)-p1~(1 - p)n_1 - Z combin(n,i)~pl-(1 - p)n_1
i=0 i=0

1 —plupper(n,p,w,a)r

ARLupper(n,p, w,a,r) :=
pper(n, p ) ( r)
1 — plupper(n,p, w,a) — pOupper(n,p, w)-\1 — plupper(n,p, w,a)

p:=0.£5 n:=1C
a:=n-op.n
wW:=n-p.n

RUla W= ARLupper(n,p, w,a, 1)
Take note: The output is given in Table 2.10.

Lower one-sided chart:

@
2 . .
pOlower(n,p,w) :=1— z combin(n,i)~pl-(1 - p)n_]
i=0
2 ) . 2 . .
pllower(n,p, w,a) = z combin(n,i)~pl~(1 - p)n_1 - z combin(n,i)~p1(1 - p)n_l
i=0 i=0

(1 — pllower(n,p, w,a)r)

ARLlower(n,p, w,a,r) =
1 — pllower(n, p, w,a) — pOlower(n, p, w)-(l — pllower(n, p, w,a)r)
RLla W= ARLlower(n,p, w,a, 1)

Take note: The output is given in Table 2.11.

Two-sided chart:
ARLlower(n,p, w,a,r)-ARLupper(n,p, w,a,r)

ARLtwo(n,p, w,a,r) =
ARLlower(n,p, w,a,r) + ARLupper(n,p, w,a,r)
Rla W= ARLtwo(n,p, w,a,1)

Take note: The output is given in Table 2.12.
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SAS program 1:

This program calculates the SN, and 7, statistics shown in Table 2.3.

proc iml;

* Number of samples;
nn=15;

* Sample size;
n=5;

signmatrix=7j(nn,n,0);
timatrix=j(nn,n,0);

* The known median;
tv = 74;

UN
UN
Yu

IVERSI

1V
NI

* The matrix containing the Montgomery

matrix = {

74.012 74.015 74.030 73.986 74.000,
73.987 73.999 73.985 74.000 73.990,
74.003 74.000 74.001 73.986 73.997,
74.008 74.002 74.018 73.995 74.005,
74.015 74.000 74.016 74.025 74.000,
74.001 73.990 73.995 74.010 74.024,
74.035 74.010 74.012 74.015 74.026,

73.
74.
73.
74.
74.

74
74

74.010 74.005 74.029 74.000 74.020};

* Calculating the SNi statistics;
do k = 1 to nn;
do 1 =1 to n;

if matrix[k,l]>tv then signmatrix[k,1]
else 1f matrix[k,1l]<tv then signmatrix

else signmatrix[k,1]1=0;
end;
end;

signvec=signmatrix([,+];
* Calculating the Ti statistics;

do k = 1 to nn;
do 1 =1 to n;

ERS
BES

TEIT VAN PRETO
ITY OF PRE
ITHI YA PRE

(2001)

995
008
994
001
030

.015
.017

74.
74.

74

74
74

T0
T0

Table 5.2 piston ring data;

010
010

.003
74.
74.
.020
.013

004
005

RIA
RIA
RIA

73.
.003
.015
73.
.000
.024
.036

74
74

74

74
74

[

if matrix[k,l]>tv then timatrix[k,1]=1;

else timatrix[k,1]1=0;
end;
end;

tivec=timatrix[,+];
si_ti=signvec]| |tivec;

create newdata from si_ti[colname =

append from si_ti;

proc print data=newdata;
run;

{"Si"

"Ti"}];

1;
k,

990

990

1)=-

74.
73.
.020
73.
74.

74

74
74

1;

015
991

996
016

.005
.025

74.
74.

74

74
74

001,
006,

.004,
73.
74.

998,
012,

.019,
.026,
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SAS program 2:

This program calculates the ARL, SDRL, 5", 25", 50", 75" and 95" percentile values for
the upper one-sided CUSUM sign chart.

Take note: The programs for the lower one-sided and two-sided CUSUM sign charts are omitted,
since they are very similar to this program and can easily be obtained by making minor
alterations to this program.

proc iml;

* For n even, the reference value k is taken to be even;
* For n odd, the reference value k is taken to be odd;
* Restriction h <= n-k;

* The reference value;
k=1;

* The decision interval;
h=4;

* The sample size;
n=5;

* The z-value will be used in the calculation of the pmf, P (N=z), and the cdf,
P (N<=2z) ;
z=10000;

* The following values will be used to calculate the 5th, 25th, 50th, 75th and
95th percentiles, respectively;

p5p=0.05;

p25p=0.25;

p50p=0.5;

p75p=0.75;

p95p=0.95;

* Calculating the state space;
SRn =do(-n,n,2) ;
S=7j (nrow (SRn),1,1);

do i = 1 to nrow(SRn);

S[i, ]=min (h, (max (0, SRn[i,]-k)));
end;
do i =1 to nrow(S);

do j =1 to nrow(S);

if i=9 then S[i,]1=SI[1i,1;
else if S[i,]1=S[3j,] then S[j,]1=999;
end;
end;

S=S[1loc (5<999) ];

* Defining the vector eta used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
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eta=j(1,nrow(3)-1,1);

do i =1 to nrow(S)-1;
if i = 1 then etall,i]=1;
else etall,i]=0;

end;

* Calculating the transition probability matrix;
P = j( nrow(S) , nrow(3), 0);
T = j(n+l,1,1);

do x = 0 to nj;
T[x+1, ]=pdf ('BINOM',x,0.5,n);

end;

* Calculating the first column of the transition matrix;

do i =1 to nrow(S)-1;
small_t = (k - S[i,] + n)/2;
P[i,1] = sum(T[1l:(small_t + 1),1);
end;

* Calculating the middle columns of the transition matrix;
do j = 2 to nrow(S)-1;
do i =1 to nrow(S)-1;
small_t=ceil ((S[]j,] + k = S[i,] + n) / 2);
P[i,j]=T[small_t+1,1];
end;
end;

* Calculating the last column of the transition matrix;

do i =1 to nrow(S)-1;

Pl[i,nrow(S)] =1 - sum ( P[i, 1l:(nrow(S)-1)]1 );
end;
P[nrow(S),nrow(S) ]=1;

* Defining the vector one used in the formula for the ARL given by
E (N)=eta*inv (I-Q) *one;
one = j(nrow(S)-1,1,1);

* Defining the matrix Q used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
Q = P[l:nrow(S)-1,1l:nrow(S)-11];

* Defining the identity matrix I used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
identity = I(nrow(S)-1);

* Calculating the 5th, 25th, 50th, 75th and 95th percentiles;
pmf=3(z,1,1);

cdf=j(z,1,1);

cdf_5th_p=j(z,1,1
cdf_25th_p=j(z,1,
cdf_50th_p=j(z,1
cdf_75th_p=j(z,1,
cdf_95th_p=j(z,1
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do i =1 to z;
pmnfl[i,1] = eta * (Q**(i-1)) * (identity - Q) * one;
cdf[i,1]=sum(pmf[1:1i,1]);

end;

index=j(z,1,1);

do 1 = 2 to z;
index[i, ]=index[i-1,1+1;
end;

* Calculating the 5th percentile;
do i =1 to z;

cdf_5th_pli,l=cdf[i,];

if cdf_5th_pl[i, ]1>=p5p then cdf_5th_pl[i, 1=999;
end;

cdf_5th_p=cdf_5th_p[loc(cdf_5th_p<999)];
if cdf_5th_p[1l,]1=999 then percentile_p5p=1;
else percentile_pb5p=nrow(cdf_5th_p)+1;

* Calculating the 25th percentile;
do i =1 to z;

cdf_25th_pli, ]=cdf[i,];

if cdf_25th _pl[i, 1>=p25p then cdf_25th_p[i, ]=999;
end;

cdf_25th_p=cdf_25th_pl[loc(cdf_25th_p<999)];
if cdf_25th_pl[1,]1=999 then percentile_p25p=1;
else percentile_p25p=nrow (cdf_25th_p)+1;

* Calculating the 50th percentile;
do i =1 to z;

cdf_50th_pl[i, ]=cdf[i,];

if cdf_50th_pl[i, ]>=p50p then cdf_50th_p([i, ]=999;
end;

cdf_50th_p=cdf_50th_p[loc(cdf_50th_p<999)];
if cdf_50th_pl[1l,]1=999 then percentile_p50p=1;
else percentile_p50p=nrow (cdf_50th_p)+1;

* Calculating the 75th percentile;
do i =1 to z;

cdf_75th_pli, l1=cdfli,];

if cdf_75th_pli, 1>=p75p then cdf_75th_pli, 1=999;
end;

cdf_75th_p=cdf_75th_pl[loc(cdf_75th_p<999)];
if cdf_75th_pl[1,]1=999 then percentile_p75p=1;
else percentile_p75p=nrow (cdf_75th_p)+1;

* Calculating the 95th percentile;
do i =1 to z;

cdf_95th_pli, l=cdf[i,];

if cdf_95th_pli, ]>=p95p then cdf_95th_pl[i, 1=999;
end;
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cdf_95th_p=cdf_95th_pl[loc(cdf_95th_p<999)];
if cdf_95th_pl[1l,]1=999 then percentile_p95p=1;
else percentile_p95p=nrow (cdf_95th_p)+1;

* Calculating the average run length (ARL);
ARL = eta * inv(identity-Q) * one;

* Calculating the second moment;
N2 = eta * (identity + Q) * (inv((identity-Q)**2)) * one;

* Calculating the standard deviation;
SDRL = sqgrt (N2 - ((ARL)**2) );

* Calculating the two-sided ARL;
ARI_two= (ARL*ARL) / (ARL+ARL) ;

* Printing the output;
print_cdf=index]| | cdf;
print_pmf=index| |pmf;

print k [label='Reference value']
, h [label='Desicion interval']
, n [label='Sample size']
S [label = 'State Space']
, P [label='Transition probability matrix' format=.3]
, ARL [label='Average run length' format=.2]
, ARL_two [label = 'The ARL of the two-sided chart' format=.2]
, SDRL [label='Standard Deviation of the run length' format=.2]
, N2 [label='Second moment' format=.2]
percentile_pbp [label='Fifth percentile']
, percentile_p25p [label='25th percentile']
, percentile_p50p [label='50th percentile']
, percentile_p75p [label='75th percentile']
, percentile_p95p [label='95th percentile']

~

14

run;
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SAS program 3:

This program calculates the sign test statistics (SN, ), T; -statistics, upper CUSUM statistics
(S;) and lower CUSUM statistics (S;) for the Montgomery (2001) piston ring data.

proc iml;

* Number of samples;
nn=15;

* Sample size;
n=5;

* The known median;
tv = 74;

signmatrix=7j(nn,n,0);
timatrix=j (nn,n,0);

* A matrix containing the Montgomery (2001) Table 5.2 piston ring data;
matrix =

{74.012 74.015 74.030 73.986 74.000,
73.995 74.010 73.990 74.015 74.001,
73.987 73.999 73.985 74.000 73.990,
74.008 74.010 74.003 73.991 74.006,
74.003 74.000 74.001 73.986 73.997,
73.994 74.003 74.015 74.020 74.004,
74.008 74.002 74.018 73.995 74.005,
74.001 74.004 73.990 73.996 73.998,
74.015 74.000 74.016 74.025 74.000,
74.030 74.005 74.000 74.016 74.012,
74.001 73.990 73.995 74.010 74.024,
74.015 74.020 74.024 74.005 74.019,
74.035 74.010 74.012 74.015 74.026,
74.017 74.013 74.036 74.025 74.026,
74.010 74.005 74.029 74.000 74.020};

* Calculating the sign test statistics, SNi;
do k = 1 to nn;
do 1 =1 to n;
if matrix[k,l]>tv then signmatrix[k,1l]=
else if matrix[k,l]<tv then signmatrix]|
else signmatrix[k,1]1=0;
end;

1;
k,1]=-1;

end;
signvec=signmatrix([,+];

* Calculating the Ti statistics;
do k =1 to nn;
do 1 =1 to n;
if matrix[k,l]>tv then timatrix[k,1l]=1;
else timatrix([k,1]1=0;
end;
end;
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tivec=timatrix([,+];
* Calculating the CUSUM statistics;

* Specifying the reference value;
k=2;

* The starting values are set equal to zero;
SNpluszero=0;
SNminuszero=0;

SNplus=j(nn,1,0);
SNminus=j(nn,1,0);

do 1 = 2 to nn;
SNplus[1l, ]=max (0, SNpluszero+ (signvec[l,])-k);
SNminus[1l, ]=min (0, SNminuszero+ (signvec[1l,]) +k);
SNplus[1l, ]=max (0, SNplus[1l-1, ]+ (signvec(l,])-k);
SNminus[1l, ]=min (0, SNminus[1l-1, ]+ (signvec[1l,])+k);
end;

Nplus=j(nn,1,0);
Nminus=j(nn,1,0);

do 1 =1 to nn;
if SNplus[l,]1=0 then Nplus[l,]1=0;
else Nplus[l,]=Nplus[l-1,]+1;
end;

do 1 =1 to nn;
if SNminus[l, ]=0 then Nminus[l, ]=0;
else Nminus[1l, ]=Nminus[1l-1,]+1;
end;

* Printing the output;

print signvec [label='The SNi statistics'],
tivec [label='The Ti statistics'],
SNplus [label='The upper CUSUM statistics'],
SNminus [label='The lower CUSUM statistics'];
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SAS program 4:

This program calculates the ARL, SDRL, 5™, 25", 50", 75" and 95" percentile values for
the EWMA sign chart.

proc iml;

* Number of subintervals between UCL and LCL;
NN=5;

* Sample size;
n=6;

*

P

p=0.5 when the process is in-control;
=0.5;

* The EWMA parameter: the multiplier;
L=2;

* The EWMA parameter: the smoothing constant;
lambda=1;

* The z-value will be used in the calculation of the percentiles;
z=10000;

* Calculating the control limits;

UCL = L * 2 * sqgrt(n*p*(1l-p)) * sqgrt(lambda/ (2-lambda)) ;
LCL = -UCL;

S=Jj(NN,1,0);

* The interval between the UCL and LCL are divided into subintervals of width

2*delta;
delta = ((UCL-LCL)/NN)/2;
S[1,1] = UCL - delta;

do i = 2 to NN;
S[i,1]1=S[i-1,1]-2*delta;

end;
Q_a=j (NN, NN, 0) ;
Q_b:j (NN, NN, 0) 7
0=3 (NN, NN, 0) ;

do i = 1 to NN;
do j = 1 to NN;
Q_ali,jl=floor(((((S[j,1-delta) - (l-lambda)*S[i,])/lambda) + n)/2);
end;

end;

do i = 1 to NN;
do j = 1 to NN;
Q_bli,jl=floor(((((S[j,1+delta) - (l-lambda)*S[i,])/lambda) + n)/2);
end;

end;

do i =1 to NN;
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do j = 1 to NN;

Q[i, jl=cdf ('BINOMIAL', (Q_b[i, j]),p,n)—-cdf ('BINOMIAL', (Q_ali,j]l),p,n);

end;
end;

eta=3j(1,NN,1);

do i = 1 to NN;
if i = 1 then etall,i]=1;
else etal[l,i]=0;

end;

* Defining the vector one used in the formula for the ARL given by

E(N)=eta*inv (I-Q) *one;
one=j (NN, 1,1);

* Defining the identity matrix I used in the formula for the ARL given

E(N)=eta*inv (I-Q) *one;
identity = I(NN);

* Calculating the 5th, 25th, 50th, 75th and 95th percentiles;

p5p=0.05;
p25p=0.25;
p50p=0.5;
p75p=0.75;
P95p=0.95;
pmf=3(z,1,1);
cdf=j(z,1,1);
cdf_5th_p=j(z,1,1

)i
cdf_25th_p=j(z,1,1);
cdf_50th_p=j(z,1,1);
cdf_75th_p=j(z,1,1);
cdf_95th_p=j(z,1,1);
do i =1 to z;
pnf[i,1] = eta * (Q**(i-1)) * (identity - Q)

cdf[i,1]=sum(pmf[1:1i,1]);
end;

index=j(z,1,1);

do 1 = 2 to z;
index[i, ]=index[i-1,1+1;
end;

* Calculating the 5th percentile;
do i =1 to z;
cdf_5th_pli,l=cdf[i,];

if cdf_5th_pl[i, ]1>=p5p then cdf_5th_pl[i, 1=999;

end;
cdf_5th_p=cdf_5th_p[loc(cdf_5th_p<999)];

if cdf_5th_p[1l,]1=999 then percentile_p5p=1;
else percentile_p5p=nrow(cdf_5th_p)+1;

* Calculating the 25th percentile;
do i =1 to z;
cdf_25th_pli, 1=cdfli,];

if cdf_25th_pli, 1>=p25p then cdf_25th_pl[i, 1=999;
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end;
cdf_25th_p=cdf_25th_pl[loc(cdf_25th_p<999)];
if cdf_25th_pl[1,]1=999 then percentile_p25p=1;
else percentile_p25p=nrow (cdf_25th_p)+1;

* Calculating the 50th percentile;
do i =1 to z;
cdf_50th_pli, l1=cdfli,];
if cdf_50th_pli, 1>=p50p then cdf_50th_pli, 1=999;
end;
cdf_50th_p=cdf_50th_p[loc(cdf_50th_p<999)];
if cdf_50th_pl[1,]1=999 then percentile_p50p=1;
else percentile_p50p=nrow (cdf_50th_p)+1;

* Calculating the 75th percentile;
do i =1 to z;
cdf_75th_pl[i, ]=cdf[i,];
if cdf_75th_pli, ]>=p75p then cdf_75th_pl[i, ]1=999;
end;
cdf_75th_p=cdf_75th_pl[loc(cdf_75th_p<999)];
if cdf_75th_pl[1,]1=999 then percentile_p75p=1;
else percentile_p75p=nrow (cdf_75th_p)+1;

* Calculating the 95th percentile;
do i =1 to z;
cdf_95th_pli, ]=cdf[i,];
if cdf_95th_pli, 1>=p95p then cdf_95th_pl[i, 1=999;
end;
cdf_95th_p=cdf_95th_pl[loc(cdf_95th_p<999)];
if cdf_95th_pl1l,]1=999 then percentile_p95p=1;
else percentile_p95p=nrow (cdf_95th_p)+1;

* Calculating the average run length (ARL);
ARL = eta*ginv (identity-Q) *one;

* Calculating the second moment;
N2 = eta * (identity + Q) * (ginv((identity-Q)**2)) * one;

* Calculating the standard deviation;
SDRL = sqgrt (N2 - ((ARL)**2) );

* Printing the output;
print_cdf=index| | cdf;
print_pmf=index| |pmf;

print UCL [label='Upper control limit'],
LCL [label='Lower control limit'],
delta,
Q,
ARL [label = 'Average run length' format=.2]
SDRL [label = 'Standard deviation of the run length' format=.2],

percentile_pbp [label='Fifth percentile']
percentile_p25p [label='25th percentile'],
percentile_p50p [label='50th percentile'],
percentile_p75p [label='75th percentile']
percentile_p95p [label='95th percentile']

4

4

14
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SAS program 5:

This program calculates the signed-rank ( SR, ) statistics for the Shewhart-type signed-rank
chart using the Montgomery (2001) piston ring data.

proc iml;

* Number of samples;
nn=15;

* Sample size;

n=5;

wsrmatrix = j(nn,n,0);
sgnmatrix = J(nn,n,0);
rank_abs_diff = j(nn,n,0);

final_ rank_abs_diff=3j(nn,n,0);

* The known median;
tv=74;

tvmatrix = j(nn,n,tv);

* A matrix containing the Montgomery (2001) Table 5.2 piston ring data;
obs = {

74.012 74.015 74.030 73.986 74.000,
73.995 74.010 73.990 74.015 74.001,
73.987 73.999 73.985 74.000 73.990,
74.008 74.010 74.003 73.991 74.006,
74.003 74.000 74.001 73.986 73.997,
73.994 74.003 74.015 74.020 74.004,
74.008 74.002 74.018 73.995 74.005,
74.001 74.004 73.990 73.996 73.998,
74.015 74.000 74.016 74.025 74.000,
74.030 74.005 74.000 74.016 74.012,
74.001 73.990 73.995 74.010 74.024,
74.015 74.020 74.024 74.005 74.019,
74.035 74.010 74.012 74.015 74.026,
74.017 74.013 74.036 74.025 74.026,
74.010 74.005 74.029 74.000 74.020};

* Calculating the SRi statistics;
diff=obs-tvmatrix;

do k =1 to nn;
do 1 =1 to n;
if diff[k,1]1>0 then sgnmatrix[k,1l]=1;
else if diff[k,1]1<0 then sgnmatrix[k,
else if diff[k,1]1=0 then sgnmatrix[k,
end;

11=-1;
1]1=0;
end;

abs_diff=abs(diff);

do i =1 to nn;

rank_abs_diff[i, ]=rank (abs_diff[i,]);
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end;

do 1i

end;

do i

end;

do k

end;
SRi =

* Pri
print

= 1 to nn;
do j =1 to nj;
do k =1 to n;
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if abs_diff[i, j]l=abs_diff[i,k] then

final_rank_abs_diff[i, jl=(rank_abs_diff[i, jl+rank_abs_diff[i,k])/2;

end;
end;

= 1 to nn;
do j =1 to n;
do k =1 to n;

if abs_diff[i,jl=abs_diff[i,k] then

final_ rank_abs_diff[i,k]=final_rank_abs_diff[i, j];

end;
end;

= 1 to nn;
do 1 =1 to n;

wsrmatrix[k,l]l=sgnmatrix[k,l]*final_rank_abs_difflk,1];

end;

wsrmatrix[,+];

nting the output;

SRi [label='The SRi statistics'];
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SAS program 6:

This program calculates the FAR's and ARL,'s for the two-sided Shewhart signed-rank
chart and the two-sided Shewhart signed-rank-like chart, respectively.

proc iml;

*Number of simulations;
numsim=10000;

ARLmatrix=j (numsim, 1,0);

* Starting the simulation study;
do ss = 1 to numsim;

* The upper control limit;
ucl = 10;

ucl = ucl-1;

* The lower control limit;
lcl = -ucl;

* Number of samples (must theoretically go to infinity;
nn=10000;

* Sample size;

n=10;

wsrmatrix = j(nn,n,0);
sgnmatrix = j(nn,n,0);
rank_abs_diff = j(nn,n,0);

final_rank_abs_diff=j(nn,n,0);

* The median of the standard normal distribution;

tv=0;
tvmatrix = j(nn,n,tv);
obs = j(nn,n,0);

* Genrating oservations from a standard normal distribution;
call randgen (obs, 'normal');

diff=obs-tvmatrix;

do k =1 to nn;
do 1 =1 to n;
if diff[k,1]1>0 then sgnmatrix[k,1l]=1;
else if diffl[k,1]1<0 then sgnmatrix[k,1l]=-1;
else if diff[k,1]1=0 then sgnmatrix[k,1]=0;
end;
end;

abs_diff=abs (diff);

do i =1 to nn;
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rank_abs_diff[i, ]=rank (abs_diff[i,]);

final_rank_abs_diff[i, jl=(rank_abs_diff[i, jl+rank_abs_diff[i,k])/2;

final_ rank_abs_diff[i,k]=final_rank_abs_diff[i, j];

end;
do i =1 to nn;
do j =1 to n;
do k =1 to n;
if abs_diff[i, jl=abs_diff[i, k]
end;
end;
end;
do i =1 to nn;
do j =1 to n;
do k =1 to n;
if abs_diff[i,jl=abs_diffl[i, k]
end;
end;
end;

do k = 1 to nn;
do 1 =1 to n;

wsrmatrix[k,l]l=sgnmatrix[k,l]*final_rank_abs_difflk,1];

end;
end;
SRi1 = wsrmatrix[,+];
count = j(nn,1,0);

do 1 =1 to nn;
if SRi[l, ]1>=ucl then count |
if SRi[l,]1<=1lcl then count |
end;

do 11 = 1 to nn;
if count[1l1l,]1=999 then goto
end;

skip: ARL = 11;
ARLmatrix([ss, 1]=ARL;
end;

1,1=999;
1,1=999;

skip;

* The simulated average run length (ARL);
simulatedARL = ARLmatrix[+,]/nrow (ARLmatrix);

* The simulated false alarm rate
FAR = 1/simulatedARL;

ucl = ucl+l;
print n [label='Sample size

simulatedARL [label =

(FAR) ;

"1,
ucl [label = 'Upper control limit'],

then

then

'ARL' format=.3],
FAR [label = 'FAR' format=.3];
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SAS program 7:

This program calculates the ARL, SDRL, 5", 25", 50", 75" and 95" percentile values for
the upper one-sided CUSUM signed-rank chart.

Take note: The programs for the lower one-sided and two-sided CUSUM signed-rank charts are
omitted, since they are very similar to this program and can easily be obtained by making minor
alterations to this program.

proc iml;

* The reference value;
k=2;

* The decision interval;
h=8;

* The sample size;
n=4;

* The z-value will be used in the calculation of the pmf, P (N=z), and the cdf,
P (N<=2z) ;
z=10000;

* The following values will be used to calculate the 5th, 25th, 50th, 75th and
95th percentiles, respectively;

p5p=0.05;

p25p=0.25;

p50p=0.5;

p75p=0.75;

p95p=0.95;

* Calculating the state space;
SRn =do ((-n*(n+l)/2), (n*(n+l)/2),2) " ;
S=7j (nrow (SRn),1,1);

do i = 1 to nrow(SRn);

S[i, ]=min (h, (max (0, SRn[i,]-k)));
end;
do i =1 to nrow(S);

do j =1 to nrow(S);

if i=j then S[i,]=S[i,];
else if S[i,1=S[]j,] then S[3j,1=999;
end;
end;

S=S[loc(S<999)];
if h > (SRn[nrow(SRn),]l-k) then print "Not possible";
* Defining the vector eta used in the formula for the ARL given by

E(N)=eta*inv (I-Q) *one;
eta=j(1,nrow(S)-1,1);
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do i =1 to nrow(S)-1;
if i = 1 then etall,i]=1;
else etall,i]=0;

end;

* Calculating the transition probability matrix;
P = j( nrow(S) , nrow(S), 0);

* Wilcoxon siged-rank probabilities for a sample size of 4;
if n = 4 then do;

T4 = j((n*(n+l)/2)+1,1,1);
T4([1:3,]1=1;

T4[4:8,]1=2;

T4([(9:11,1=1;

T = T4/ (2**n);

end;

* Wilcoxon siged-rank probabilities for a sample size of 5;
if n = 5 then do;
T5 = j(( *(n+l)/2)+1,1,1);
, ]

5[1 i
5[4:5,1=2;
[6 11 1=3
5[12:13, 1=
5[14:16,

=1
2
]
]
T5/ (2*

7
2;
=1;
T *n

)i

end;

* Wilcoxon siged-rank probabilities for a sample size of 6;
if n = 6 then do;

T6 = j((n*(n+l)/2)+1,1,1);
T6[1:3,]1=1;
T6[4:5,]1=2;
T6[6,1=3;
T6([7:9,]1=4;
T6[10:13, ]1=5;
To[14:16,]=4;
T6[17,1=3;
T6[18:19,1=2;
T6[20:22,]1=1;
T = T6/(2**n);

end;

* Wilcoxon siged-rank probabilities for a sample size of 7;
if n = 7 then do;

T7 = j((n*(n+l)/2)+1,1,1);
T7[1:3,1=1;
T704:5,]1=2;
T7[6,1=3;
T7(7,1=4;
T7(8:9,1=5;
T7(10,1=6;
T7[(11:12,1=7;
T7(13:17,1=8;
T7(18:19,1=7;
T7[20,]1=6;
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[21 22, ] =5;
7[23,]1=
7[24,]1=
[25 26 ]
7027:29, 1=

T =17/ 2**n)

end;

* Wilcoxon siged-rank probabilities for a sample size of §;
if n = 8 then do;

T8 = j((n*(n+l)/2)+1,1,1);
T8[1:3,1=1;
T8[4:5,1=2;
T8[6, ]1=3;
T8[7,1=4;
T8[8,1=5;
T8[9, 1=6;
T8[10,1=7;
T8[11,]1=8;
T8[12,1=9;
T8[13,]1=10;
T8[14,]=11;
T8[15,1=12;
T8[16:18,1=13;
T8[19,]=14;
8[20:22,1=13;
T8[23,]—12;
T8[24,]1=11;
T8[25,1=10;
T8[26,1=9;
T8[27,1=8;
T8[28,1="7;
T8[29,]1=6;
T8[30,]1=5;
T8([31, 1=4;
T8[32,]1=3;
T8[33:34,1=2;
T8[35:37,1=1;
T = T8/ (2**n) ;

end;

* Wilcoxon siged-rank probabilities for a sample size of 9;
if n = 9 then do,
T9 =
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T9([17,1=18;
T9[18,]1=19;
T9[19:20,]1=21;
T9[21, ]1=22;
T9[22:25,]1=23;
T9([26, 1=22;
T9([27:28,]1=21;
T9[29,]1=19;
T9[30,1=18;
T9([(31,1=17;
T9[32,]1=15;
T9[33,1=13;
T9[34,]1=12;
T9[35,1=10;
T9[36,1=9;
T9[37,1=8;
T9[38,]1=6;
T9[39,1=5;
T9[40, ]1=4;
TO[41,]1=3;
T9[42:43,]1=2;
T9[44:46,]=1;
T = T9/(2**n);

end;

* Wilcoxon siged-rank probabilities for a sample size of 10;
if n = 10 then do;

Ne Ne Ne Ne N

o o~

Ne Ne Ne N

GbWwWrRrOUNdNMAMMDNOJULWERE O~
~

o Ne N
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* Calculating the first column of the transition matrix;

do i =
small_t
P[i, 1]
end;

1 to nrow(S)-1;

= (k - S[i,]
sum (T [1:

+

(n* (n+1) /2)

(small_t + 1),1);

14

)

/ 2;

* Calculating the middle columns of the transition matrix;

+

do j = 2 to nrow(S)-1;
do i =1 to nrow(S)-1;
small_t=(S[7],]
P[i, 7]
end;
end;

k - s[i,]

= T[small_t + 1,1;

+

(n

(n+1) /2)

/ 2;

* Calculating the last column of the transition matrix;

((S[nrow(s),]

do i =1 to nrow(S)-1;
small_t=
P[i,nrow(S)] =

end;

P[nrow (S)

* Defining the vector one used in the formula for the ARL given by
=eta*inv (I-Q) *one;

E (N)

one = j(nrow (

* Defining the matrix Q used in the formula for the ARL given by
=eta*inv (I-Q) *one;
P[l:nrow (S

E (N)
Q =

* Defining the identity matrix I used in the formula for the ARL given
=eta*inv (I-Q) *one;
I(nrow(S)-1);

E (N)
identity =

* Calculating the 5th,

pmf=3j(z,1,1);

,nrow (S) 1=1;

S)_ll 1/ 1);

y—1,1l:nrow(S)

1- sum(T[ 1:

+ k - S[1i,]

-1];

25th,

50th,

+

(n

(small_t + 1)

(n+1) /2)
1)

))

/ 2)

_1;

75th and 95th percentiles;

by
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cdf=j(z,1,1);
cdf_5th_p=j(z,1,1
cdf_25th_p=j(z,1,
cdf_50th_p=7(
cdf_75th_p=j(z,1,
cdf_95th_p=7(

do i =1 to z;
pmf[i,1] = eta * (Q**(i-1)) * (identity - Q) * one;
cdf[i,1]=sum(pmf[1l:1i,1]);

end;

index=j(z,1,1);

do i = 2 to z;
index[1i, ]=index[i-1, ]+1;
end;

* Calculating the 5th percentile;
do i =1 to z;

cdf_5th_pli,l=cdf[i,];

if cdf_5th_pl[i, ]1>=p5p then cdf_5th_pl[i, 1=999;
end;

cdf_5th_p=cdf_5th_pl[loc(cdf_5th_p<999)1];

if cdf_5th_pl[l1l,]1=999 then percentile_pbp=1;
else percentile_pb5p=nrow (cdf_5th_p)+1;

* Calculating the 25th percentile;
do i =1 to z;

cdf_25th_pli, ]=cdf[i, ];

if cdf_25th_pli, ]>=p25p then cdf_25th_p([i, ]1=999;
end;

cdf_25th_p=cdf_25th_pl[loc(cdf_25th_p<999)];

if cdf_25th_pl[1,]1=999 then percentile_p25p=1;
else percentile_p25p=nrow (cdf_25th_p)+1;

* Calculating the 50th percentile;
do i =1 to z;

cdf_50th_pli, l1=cdfli,];

if cdf_50th_pli, 1>=p50p then cdf_50th_pli, 1=999;
end;

cdf_50th_p=cdf_50th_p[loc(cdf_50th_p<999)];

if cdf_50th_pl[1,]1=999 then percentile_p50p=1;
else percentile_p50p=nrow (cdf_50th_p)+1;

* Calculating the 75th percentile;
do i =1 to z;

cdf_75th_pli, 1=cdfli,];

if cdf_75th_pl[i, 1>=p75p then cdf_75th_pli, ]1=999;
end;
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cdf_75th_p=cdf_75th_pl[loc(cdf_75th_p<999)];

if cdf_75th_pl[1,]1=999 then percentile_p75p=1;
else percentile_p75p=nrow (cdf_75th_p)+1;

* Calculating the 95th percentile;
do i =1 to z;

cdf_95th_pli, l1=cdfli,];

if cdf_95th_pli, 1>=p95p then cdf_95th_pl[i, 1=999;
end;

cdf_95th_p=cdf_95th_pl[loc(cdf_95th_p<999)];

if cdf_95th_pl[1,]1=999 then percentile_p95p=1;
else percentile_p95p=nrow (cdf_95th_p)+1;

* Calculating the average run length (ARL);
ARL = eta * inv(identity-Q) * one;

* Calculating the second moment;
N2 = eta * (identity + Q) * (inv((identity-Q)**2)) * one;

* Calculating the standard deviation;
SDRL = sqrt (N2 - ((ARL)**2) );

* Printing the output;
print_cdf=index| | cdf;
print_pmf=index| |pmf;

label='Reference value'],
label="'Desicion interval'],
label='Sample size'],

label = 'State Space'],
[label="'Transition probability matrix' format=fract.],
ARL [label='ARL' format=.2],

SDRL [label='SDRL' format=.2],

percentile_pbp [label='5th'],

percentile_p25p [label='25th'],

percentile_p50p [label='50th'],
percentile_p75p [label='75th']
percentile_p95p [label='95th']

print

(
[
[
[

W ns3 o R

4

4
run;
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SAS program 8:

This program calculates the ARL, SDRL, sth 25t 50“‘, 75" and 95" percentile values for
the EWMA signed-rank chart.

proc iml;

* Number of subintervals between UCL and LCL;
NN=5;

* Sample size;
n=10;

* p=0.5 when the process is in-control;
p=0.5;

* The EWMA parameter: the multiplier;
L=1;

* The EWMA parameter: the smoothing constant;
lambda=0.2;

* The z-value will be used in the calculation of the percentiles;
z=10000;

* The in-control standard devation of the signed-rank statistic;
stdev=sqrt ( n * (n+l) * (2*n+l) / 6);

* Wilcoxon siged-rank probabilities for a sample size of 4;
if n=4 then do,

T4 = j((n n+1)/2)+1,1,1);
T4 [1: 3 1=

T4[4: 8,]= ;

T4([(9:11,1=1;

T = T4/ (2**n);

end;

* Wilcoxon signed-rank probabilities for a sample size of 5;
if n = 5 then do,

end;

* Wilcoxon signed-rank probabilities for a sample size of 6;
if n = 6 then do;

T6 = j((n*(n+l)/2)+1,1,1);
Te[1:3,]1=1;

T6[4:5,]1=2;

T6[6,1=3;

T6[7:9,]1=4;
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end;

* Wilcoxon signed-rank probabilities for

if n

end;

* Wilcoxon signed-rank probabilities for

if n

6[10:13, ]
[14 16, ]
6[17,1=

[18 19 ]
6[20:22, ]
T =

7 then do;
T = 3
701:3,]
7[4:5,]
[61]:31
T07,1=4;
[8 9/]:
7110, ]1=6;
7[11:12,]
7[13:17, ]
[18 19, ]
7020, ]1=6;
[21 22, ]
7[23,]1=
7[24,]1=
[25 26 ]
7[27:29, 1=

T

8 then do;
T8 = J(

5;

5,

1

T6/ (2**n) ;

((n*(n+l)/2)+1,1,1);
=1;
=2;

7;
8;
'7.

4

=5;

T7/ 2**n)

n*(n+l)/2)+1,1,1);

=13;

EIT VAN PRETO

RIA
ORIA
ORIA

a sample

a sample

size of 7;

size of 8;
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T8[32,]1=3;
T8[33 34, 1=
T8([35:37,1=

T = T8/(2**n),
end;

* Wilcoxon signed-rank probabilities for a sample size of 9;
if n = 9 then do;

T9 = j((n*(n+l)/2)+1,1,1)
T9[1:3,1=1;
TO[4:5,1=2;
T9[6,1=3;
TO[7,1=4;
T9([8, 1=5;
T9[9,1=6;
T9[10, ]1=8;
T9[11,]1=9;
T9[12,]1=10;
TO[13,]1=12;
TO[14,]1=13;
T9[15,]1=15;
TO[1l6,1=17;
T9[17,]1=18;
T9[18,]1=19;
T9[19:20,]1=21;
T9[(21,1=22;
T9[22 25, 1=23;
9(26,1=22;
T9[27.28,]=21;
T9[29,]1=19;
T9[30, ]1=18;
TO[31,1=17;
T9[32,]1=15;
T9[33,]1=13;
TO[34,]1=12;
T9[35,1=10;
T9[36,]1=9;
T9([37,1=8;
T9[38, ]=6;
T9([39, 1=5;
TO[40,]1=4;
T9[41,]1=3;
T9[42:43,]1=2;
TO[44:46,]=1;
T = T9/(2**n);

end;
* Wilcoxon signed-rank probabilities for a sample size of 10;

if n = 10 then do,
T10 = j((n*(n+l)/2)+1,1,1);
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end;

* Calculating the control limits;

UCL = L * stdev * sqgrt (lambda/(2-lambda)) ;

LCL = -UCL;

S=3j(NN,1,0);

TEIT VAN PRETO
I

o
0

RIA
RIA
RIA

* The interval between the UCL and LCL are divided into subintervals of width

2*delta;

delta = ((UCL-LCL)/NN)/2;
S[1,1] = UCL - delta;

do i = 2 to NN;
S[i,1]1=S[i-1,1]-2*delta;
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end;

Q_a=7j (NN, NN, 0) ;
Q_b=3 (NN, NN, 0) ;
Q=7 (NN, NN, 0) ;

do i = 1 to NN;
do j = 1 to NN;
Q_ali,jl=floor (((((S[j,]1-delta) - (l-lambda)*S[i,])/lambda) +
(n+1)/2)/2);
end;
end;

do i = 1 to NN;
do j = 1 to NN;
Q0 bli, ']—floor(((((S[j,]+delta) - (1-lambda) *S[i,])/lambda) +
(n+1)/2)/2)
end;
end;

do i =1 to NN;
do j = 1 to NN;
lower = Q_ali,jl;
upper = Q_Dbli,Jjl;
if lower < 0 then if lower*upper > 0 then QI[i, j]
if lower > n*(n+l)/2 then lower_term = 1;
else if lower < 0 then lower_term = 0;
else lower_term = sum(T[1l: (lower+l),]);
if upper > n*(n+l)/2 then upper_term =
else if upper < 0 then upper_term = 0;
else upper_term = sum(T[1l: (upper+l),1);
Qli,J] = upper_term - lower_term;
end;

0;

1;

end;

* Defining the vector eta used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
eta=7j(1,NN,1);
do i = 1 to NN;
if i = 1 then etall,i]=1;
else etall,i]=0;
end;

* Defining the vector one used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
one=7j(NN,1,1);

* Defining the identity matrix I used in the formula for the ARL given by
E(N)=eta*inv (I-Q) *one;
identity = I(NN);

* Calculating the 5th, 25th, 50th, 75th and 95th percentiles;
pS5p=0.05;
p25p=0.25;
p50p=0.5;
p75p=0.75;
P95p=0.95;
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pnf=j(z,1,1);
cdf=j(z,1,1);

cdf_5th_p=7j(z,1,1);
cdf_25th_p=j(z,1,1);
cdf_50th p=j(z,1,1);
cdf_75th_p=j(z,1,1);
cdf_95th_p=j(z,1,1);

do i =1 to z;
pnfl[i,1] = eta * (Q**(i-1)) * (identity - Q) * one;
cdf[i,1]=sum(pmf[1:1i,1]);

end;

index=7j(z,1,1);

do i = 2 to z;
index[1i, ]=index[i-1, ]+1;
end;

* Calculating the 5th percentile;
do i =1 to z;

cdf_5th_pli,l=cdf[i,];

if cdf_5th_pl[i, ]1>=p5p then cdf_5th_pl[i, 1=999;
end;

cdf_5th_p=cdf_5th_pl[loc(cdf_5th_p<999)1];
if cdf_5th_pll1,]1=999 then percentile_pb5p=1;
else percentile_pSp=nrow (cdf_5th_p)+1;

* Calculating the 25th percentile;
do i =1 to z;

cdf_25th_pli, ]=cdf[i,];

if cdf_25th_pl[i, ]>=p25p then cdf_25th_p([i, ]=999;
end;

cdf_25th_p=cdf_25th_p[loc(cdf_25th_p<999)];
if cdf_25th_pl[1,]1=999 then percentile_p25p=1;
else percentlle_p25p nrow (cdf_25th_p) +1;

* Calculating the 50th percentile;
do i =1 to z;

cdf_50th_pli, l1=cdfli,];

if cdf_50th_pli, 1>=p50p then cdf_50th_pli, 1=999;
end;

cdf_50th_p=cdf_50th_p[loc(cdf_50th_p<999)];
if cdf_50th_pl[1l,]1=999 then percentile_p50p=1;
else percentlle_pSOp =nrow (cdf_50th_p) +1;

* Calculating the 75th percentile;
do i =1 to z;

cdf_75th_pli, 1=cdf[i,];

if cdf_75th_pl[i, 1>=p75p then cdf_75th_pli, ]1=999;
end;

cdf_75th_p=cdf_75th_pl[loc(cdf_75th_p<999)];
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if cdf_75th_pl[1,]1=999 then percentile_p75p=1;
else percentile_p75p=nrow (cdf_75th_p)+1;

* Calculating the 95th percentile;
do i =1 to z;

cdf_95th_pli, l1=cdfli,];

if cdf_95th pl[i, 1>=p9%5p then cdf_95th_p[i, ]=999;
end;

cdf_95th_p=cdf_95th_pl[loc(cdf_95th_p<999)];
if cdf_95th_pl[1l,]1=999 then percentile_p95p=1;
else percentile_p95p=nrow (cdf_95th_p)+1;

* Calculating the average run length (ARL);
ARL = eta*ginv (identity-Q) *one;

* Calculating the second moment;
N2 = eta * (identity + Q) * (ginv((identity-Q)**2)) * one;

* Calculating the standard deviation;
SDRL = sqgrt (N2 - ((ARL)**2) );

* Printing the output;
print_cdf=index| | cdf;
print_pmf=index| |pmf;

test = inv (identity - Q);

print test,
NN [label = 'Number of intervals between LCL and UCL'],
n [label = 'Sample size'],
L [label = 'L: EWMA parameter'],
lambda [label = 'lambda: EWMA parameter'],

UCL [label='Upper control limit'],
LCL [label='Lower control limit'],

delta,

Q [format=fract.],

ARL [label = 'Average run length' format=.2]

SDRL [label = 'Standard deviation of the run length' format=.2],

percentile_pbp [label='Fifth percentile'],
percentile_p25p [label='25th percentile'],
percentile_p50p [label='50th percentile'],
percentile_p75p [label='75th percentile']
[ ]

percentile_p95p [label='95th percentile’

4

14
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SAS program 9:

This program calculates the values for the CUSUM Mann-Whitney chart shown in Table

6.9.

proc iml;

* The data used by Sullivan and Woodall (1996) and Zhou, Zou and Wang (2007);
x_obs={

-0.69, 0.56, -0.96, -0.11, -0.25, 0.45, -0.26, 0.68, 0.22, -2.10, 0.65, -1.49,
-2.49, -1.11, 0.23, 2.16, 1.95, 1.54, 0.67, 1.09, 1.37, 0.69, 2.26, 1.86,
0.62, -1.04, 2.30, 0.07, 1.49, 0.52};

* Reference value;

k = 2;

* Calculating the Mann-Whitney (MW) values;

MW=7 (nrow (x_obs)-1,1,.);

do r = 1 to nrow(x_obs-1);
keep=0;
do i =1 to r;
count = Jj(nrow(x_obs),1,.);
do j = r+l to nrow(x_obs);
if x_obs[i,]1>x_obs[73,]
t_sum=count [+, ];
end;
keep = keep // t_sum;
end;
MW[r,] = keep[+l];
end;
t = j(nrow(MW),1,.);
do 1 = 1 to nrow (MW);
til,1=1;
end;
MW = t||MW;

* Calculating the expected value of MWt, i.e. E (MWt);

exp = j(nrow (MW),1,.);
do 1 =1 to nrow(MW);

exp[l,]=(MW[1,1]* ((nrow(x_obs))-MW[1l,1]))/2;
end;

* Calculating the standard deviation of MWt, i.e.

stdev J(nrow (MW),1,.);

do 1 1 to nrow (MW) ;

stdev[l, ]=sgrt ((MW[1l,1]* ((nrow(x_obs))-MW[1l,1])
end;

* Calculating the standardized MWt values, i.e.
SMW J(nrow (MwW),1,.);

SMWt ;

then count[j, ]1=1;

stdev (MWt) ;

* (nrow (x_obs)+1))/12);
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do 1 = 1 to nrow (MW);
SMW[1l,]=(MW[1l,2]-exp[l,])/stdev[1l,];
end;

* Starting values for CUSUM;
S_plus = j (nrow(MW),1,.);
S_plus[1l,]1=0-SMWI[1,]-k;

if S_plus[1l,]1<0 then S_plus[1l,]1=0;

S_minus = J (nrow(MwW),1,.);
S_minus[1l, ]=0+SMWI[1, ]-k;
if S_minus[1l,1<0 then S_minus[1l, ]=0;

* Calculating the CUSUM statistics;

do 1 = 2 to nrow(S_plus);
S_plus([l,]=S_plus[l-1,]1+SMWI[1,]-k;
if S_plus[l,]1<0 then S_plus[l,]=0

7

end;

do 1 = 2 to nrow(S_minus);
S_minus[l,]=S_minus[1l-1,]+SMW[1l,]+k;
if S_minus[l,]>0 then S_minus[1l,]=0;

end;

MW = MW[,2];

print x_obs [label='Xi-values' format=.2],
MW [label='Mann-Whitney statistics'],
exp [label='Expected values of MW-statistics'],

stdev [label='Standard deviation values of the MW-statistics'

format=.3],

SMW [label='Standarddized values for the MW-statistics'

format=.3],
S_plus [label='Upper CUSUM statistics' format=.3]

S_minus [label='Lower CUSUM statistics' format=.3
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SAS program 10:

T
T

RIA
ORIA
ORIA

This program calculates the charting statistics for the Shewhart-type signed-rank-like

chart.
proc iml;

* Number of samples;
nn=15;

* Sample size;

n=5;

wsrmatrix = J(nn,n,0);
sgnmatrix = J(nn,n,0);
rank_abs_diff = j(nn,n,0);

final_rank_abs_diff=j(nn,n,0);

* Median of the reference sample;
tv=74.001;

tvmatrix = j(nn,n,tv);

* A matrix containing the Montgomery (2001)
obs = {

74.012 74.015 74.030 73.986 74.000,
73.995 74.010 73.990 74.015 74.001,
73.987 73.999 73.985 74.000 73.990,
74.008 74.010 74.003 73.991 74.006,
74.003 74.000 74.001 73.986 73.997,
73.994 74.003 74.015 74.020 74.004,
74.008 74.002 74.018 73.995 74.005,
74.001 74.004 73.990 73.996 73.998,
74.015 74.000 74.016 74.025 74.000,
74.030 74.005 74.000 74.016 74.012,
74.001 73.990 73.995 74.010 74.024,
74.015 74.020 74.024 74.005 74.019,
74.035 74.010 74.012 74.015 74.026,
74.017 74.013 74.036 74.025 74.026,
74.010 74.005 74.029 74.000 74.020};

* Calculating the SRLi statistics;
diff=obs-tvmatrix;

do k =1 to nn;
do 1 =1 to n;
if diff([k,1]1>0 then sgnmatrix[k,1l]=1;
else if diff[k,1]1<0 then sgnmatrix[k,
else if diff[k,1]=0 then sgnmatrix[k,
end;

end;

abs_diff=abs(diff);

do i =1 to nn;
rank_abs_diff[i, ]=rank (abs_diff[i,]);

Table 5.2 piston ring data;

1]=
1]1=

1;
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end;
do i =1 to nn;
do j =1 to nj;
do k =1 to n;
if abs_diff[i, jl=abs_diff[i,k] then
final_rank_abs_diff[i, j]l=(rank_abs_diff[i, jl+rank_abs_diff[i,k])/2;
end;
end;
end;
do i =1 to nn;
do j =1 to n;
do k 1l to nj;
if abs_diff[i,jl=abs_diff[i,k] then
final_ rank_abs_diff[i,k]=final_rank_abs_diff[i, j];
end;
end;
end;
do k =1 to nn;
do 1 =1 to n;
wsrmatrix[k,l]l=sgnmatrix[k,l]*final_rank_abs_difflk,1];
end;

end;
SRi =

wsrmatrix[,+];

print SRi [label='Signed-rank-like statistics'];
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Mathematica program 1:

Chakraborti and Van de Wiel (2003) wrote a Mathematica program which deals with the

computation of the upper and lower control limits of the Mann-Whitney control chart for either a
specified in-control ARL or a specified p” percentile of conditional ARL (that is: that level of
which one wants to be 100(1 — p)% sure that it is exceeded for his/her specific reference sample).
In addition, it contains procedures for approximation of the ARL, and percentiles when control

limits are given as well as procedures for computations under out-of-control situations. This

Mathematica program can be reached using the website www.win.tue.nl/~markvdw. This

program has user friendly parameters which I changed to suit my examples in Section 6.1.
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