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APPENDIX A

CO-VARIANCE MATRIX OF MULTIPLE UNCORRELATED SOURCES

Consider the signals from D sources impinging on the elements of an array. The received
signal of source d at the array elements is:

X, () =S, U, _ (A1)
where S,(t) is the data transmitted by source d and U, is the array vector of source d. The

total received signal at the array is the sum of all the signals plus noise received at the

array, or:

D
X(t) =D S4(t) Ug +n(t) (A2)
d=1

where n is zero mean Gaussian noise at the antenna elements. The co-variance matrix of

the received signals at the array elements is:

R = E{X(t) X" (1)} (A3)

Inserting now (A2) in (A3) and assuming that the signals and noise are uncorrelated, the

co-variance matrix becomes:

H
R=E zD:sd (t)U, [isd(t)UdJ + ol (A4)
d=1 d=1

where I is a unity matrix and o’ is the noise power. Expanding (A4) the following is

obtained:

Si()ST (MU, U +8,()S;(H) U, UY +...+S,(t)Sp () U, UH +
<sz(t)s{(t)UZU,“ + 8, (1)S5(DU, UL +..+8,()SL(HU,UN +
+ ...+

SpMS{OULUY +S,()S;(HULUS +...+Sp (H)Sp () Up UH +]

L+ 0’1 (AS)

Now, if the sources are uncorrelated, then:
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B{S, (0S5 () |=E{S,)S}®) }=.... =E{8,(0Sp (0 }=... =E{Sp (0Si (©) }=.. =0 (A6)

Since the power P; of each signal d € {1,2,...,D} is:
P, = B{S,(0S;(0) | (A7)
and using (A6) and (A7), equation (A5) becomes:
R=P U, U/ +P,U,UY +..+P, U, U} + o7 (A8)

which can be written as:

D
R=>PUU{ +0’1 (A9)
d=1
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APPENDIX B

PROOF THAT THE OPTIMUM COMBINED SINR OF TWO ARRAYS WITH
INDIVIDUAL BEAMFORMING IS EQUAL TO THE SUM OF THE SINR OF
EACH INDEPENDENT BEAMFORMING ARRAY

It was shown in section 4.2.1 that the signal to interference plus noise ratio after optimum
combining of two individual arrays, each with signals combined with independent
optimum beamforming, is the sum of the individual array signal to interference ratios.

However, it was done for the special case where v, =y,,. The derivation will be

extended to the general case (y,, #\,,) in this appendix.

The signal to interference plus noise ratio of optimum combining of the individual array

signals is given in (116) as
SINR ¢ =Uj Rpnc Uy (B1)

withR - the covariance matrix of the signals from the two arrays, given by:

R R
Rnnc - nnC,l11 nnC,12 (BZ)
RnnC,Z 1 l{nnC,ZZ

and U, is the array steering vector in the direction of the desired signal, given by:

Uy =[11] (B3)

The inverse of a two by two matrix is [66]:

R -R
-1 _ 1 nnC,22 nnC,12
RnnC _(RnnC,l 1 RnnC,22 —RnnC,IZ RnnC,ZI)‘ -R R (B4)
nnC,21 nnC,11
. * . .
Since R, 01, =R ¢, the inverse in (B4) becomes:
R -R
-1 _ * 1 nnC,22 nnC,12
RnnC "‘(RnnC,ll RnnC,22 _RnnC,IZ RnnC,lZ)r _ R* R (BS)
nnC,12 nnC,11

Inserting (B5) in (B1), the SINR is:
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SINR . = (RnnC,ll +Ronci2 *Roncin + RnnC,22) (B6)

*
RnnC,ll RnnC,22 —RnnC,IZ RnnC,lZ

If it cans now be shown that R .c1 R e >> Ropepn R:mC,IZ’ then the SINR in (B7)

becomes:

SINRC=( L 1 J (B8)
RnnC,l 1 RnnC,22

insert the components of (93) in (B8), the SINR becomes:

1 1
SINR =[ + ] (B9)
‘V]HRnnl l‘vl WZHRnnZZWZ

and using (88) and (89) the following is obtained:

smc=[@? R U J' (U8R, U,) | (U8 R;L, v, F (05 RS, Ud)J B10
(Rr_lrlll 1 Ud y{ Rnnll R;rllll Ud (R;AZZ Ud )H Rnn22 R;rlx22 Ud

After cancellation of the components in (B10), the following simplified equation is

obtained:

SINR.=( U¥ R, U, + UYR;!,, U, ) (B11)

1¢l

comparing this to (108) and (109) it can be seen that:
SINR . = (SINR, +SINR,, ) (B12)

Using (93), (102) and (105), the product R, ¢ Rpnco, in (B6) is:

2+0%)c*
Runc Runc = —__ Qoo _ 2 (B13)
4((cos(nsiny,,)~1-0")(cos(msin y,,)—1-07))
The relation between the angles y,, andy,, is:
W22 =arctan (ﬂz—) (B I 4)
§-cosy,

where & is the proportion of the range from array 1 to the mobile relative to the distance
between the two arrays. Inserting this angle relationship in (B13) into (B14), the following

results:
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RonciiRunc22= . ' P (BL3)
oS {——- cos(®)— cos(w)—cos —}+1
r r
where
® = msiny,, (B16)
and
I'= &2 -2Ecosy,, +1 (B17)
Let o =% , then (B17) can be written as:
0_4
RnnC,l annC,22 = (B 1 8)

cos(a)cos(w)— cos(w)—cos (o) +1

Using (93), (103), (104) and (B14) the product R, R;nC,IZ in (B6) becomes:

1 1 1 1 1 1
i° (cos(——co+2a)—cos(m)cos(—§m+2oc)+s1n(m)sm(—i—0)+5a)
+0 cos(-——m+la)+cos( co+la)+cos(—1-o)+la)o'2
2 2 2 2 2 2
11 11 ’
—-cos(im +§a) cos(w) — sin(ico+§a) sin(m)) /(1 + 8 cos(a) 6% cos(w)

— 2 cos(a) cos(®)* 6~ 2 cos(a)? cos(®) 6% + 4 cos(a) 6* cos(® ) — 2 cos(a)
+cos(a)’ +4 62— 2 cos(®) + cos(®)? + 6 6* + 6® + 4 6% + 4 cos(a) cos(®)

+ cos(a)? cos(@)? - 2 cos(a) cos(®)? — 2 cos(a)? cos(®) — 6 cos(a) c*

+ cos(a)? o - 6 cos(a) 62 — 2 cos(a) 6® + 2 cos(a)? 62 — 6 6 cos(®)

+0* cos(0)? +2 6 cos()? - 6 6% cos(w) — 2 6% cos(®)) (B19)

Using (B18) and (B19), the ration of R,,c;;Rpnc22 10 Rinciz R;nc’,z can be calculated.

Once (B18) is divided in (B19), the fact that 6% << 1 is used to simplify the result, given
by:
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RnnC,lannC,ZZ — A (BZO)
RnnC,lZRnnC,IZ BC
where
A = cos(a)? cos(@)? - 2 cos(a)? cos(m) — 2 cos(a) cos(® )2 + 4 cos(a) cos(®)
+ cos(a)? — 2 cos(a) + cos(®)? — 2 cos( ) + 1 (B21)

1 1 1 1 . . (1 1
B= (cos(—i ®-3 a) - cos(®) cos(i o= oc) - sin(®) sm(—z— ©-3 a]
+ cos —1-m+la — Cos —1—0)+l (o) —si 1 +loc "(co)z

3 > cos| 5 5 & Jcos(@) - sin| > & + o | sin 622)
C=cos(a)cos(mw) - cos(a)—cos(w) + 1 (B23)

Applying the following trigonometry properties to (B23):
cos(a~b)= cos(a)cos(b) +sin(a)sin(b) (B24)

and

cos(a+b)= cos(a)cos(b) —sin(a)sin(b) (B25)

the equation becomes zero (i.e. B = 0), which results in a large value for the ratio

R R . .
Al G2 and thereby proving that the SINR of the arrays combined with optimum

*
RnnC,lZRnnC,l 2

combining is equal to the individual array SINRs.
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APPENDIX C

BER OF ARRAY WITH MULTIPLE NON-UNIQUE EIGENVALUES
(MULTIPLICITY > 1)

In the case of one eigenvalue with multiplicity equal to one and M-1 eigenvalues with

multiplicity equal to M-1, the characteristic function of the probability density function can

be written as:
A
\P(z)z ( 1)M_l ( M) (Cl)
(z+<7»1>) (z+<?»M ))
A partial fraction expansion of (C1) is:
-C -C
Y(z) = Ve + V) = s
Z+A )" M =hy)  @EHA)TTT (A —Ay)
(C2)
+C
(Zz+hs) by =)™
where
C=)"" (hy) (C3)
Equation (C2) can also be written as:
Q Q Q
¥(z) =C L + 2 Forrrt—M C4
“ {(Z'”H)M_l (z+x )M (z+l5)} ©
where
Q=1 (C5)
F = M)
Q -1 (C6)
,=
(A1 = Ap)”
and
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T - 2™
The inverse Laplace transform of (C4) is given by:
p(n) =L {¥(2)}
(C8)
-C{QMle +NQ Mg M2 Q ™ 1+ Q e"‘“"}
The average bit error rate (BER) of phased shift keyed signals is given by [11]:
BER = [p(n) erfe(yn)dn (C9)

Inserting (C8) in (C9) the following is obtained:

BER:; j {QM_, eM +nQy, e MM L +nMIQ e + Qe mn }erfc(\/ﬁ)dn

(C10)
The following general integral formula [67] is used to solve (C10)

K
{ a a
© I+—-1] ¢, 1+—+1
I K-1et3%) erfe(vbx dx = r b > (K 1+k) b
0

C11)
2a 142 | =0 2 1+2 (
Vo b

2(K -

where

(K—Hk) _ (K-1+k)! C12)
k k!(K -1)!

Using (C11) in (C10) the bit error rate is

M-1 m
BER=-C Y {QM g }Z{M} +coMle,, (C13)
m=2 i=0 l'(m 1)'
where
1+7u1 -1
Cl4
2%1,/1+k1 (€19
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Cm = ——— (C15)

and

p=Y 2l (C16)
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APPENDIX D

OPTIMUM COMBINING WEIGHT VECTOR

The average output signal to interference plus noise power ratio (SINR) is given in (44) as:

H H
SINR =T = bl U;*;s Udes W (DD
W'R,, W
where R, is the interference plus noise co-variance matrix, equal to [54]:
Rnn = UintUgt +0-%1 (D2)

The optimum weight vector, W, , which maximizes the SINR is now required. The

derivation given here is from [58]. Since the interference plus noise co-variance matrix

R, 1s positive definite, i.e.

WHR W>0 D3)
(positive definiteness is ensured since it has an uncorrelated noise component included) it

can be factored into the product of two Hermitian ( G = G" ) matrices:

R, =GG (D4)

mn

and

R '=G'G" (D5)

nn

Matrix G can now be used to transform the weight vector W into a new vector V and visa

versa:

V=GW (D6)

and

w=Glv=cHiy (D7)
Substituting equations (D6) and (D7) in (D1) yields:
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o viG'U, UL G'v D8)
~ VEIGT'GGGTV
which is equal to:
o ViU, Us G'V  VHBV D9)
- viy ~ viy
where
B=G'U, U, G (D10)

The maximization of the SINR has now been reduced to a generalized eigenvalue problem,

that of maximization of (D9), whose solution is:

V=E,, D11)

and

BE__=\__E (D12)

max max max
where A, is the largest eigenvalue of B and E__, is the associated eigenvector. Inserting

(D11) and (D12) in (D9), the following is obtained:

F = Er}rilaxxmax Emax — }"maxErl:ax Emax = x (D13)
™ Erl;{laxEmax Erlj\axEmax -
Inserting (D11) in (D7), the equivalent weighting vector is:
Wopi = G E s (D14)
Let now:
C=G—l Udes (D].S)
then equation (D10) becomes:
B =CC" (D16)
inserting (D16) in (D12), the following is obtained:
BE 0 =CC" E gy = Ay E (D17)

and therefore the maximum eigenvalue is:
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M e =CCH (D18)

B is a rank one matrix and E_, is the only eigenvector with non-zero eigenvalue.

Substitution of (B17) and (D18) in (D14) and also using (D15) and (D16), the weight

vector that will optimize the signal to interference ratio is:

Wopt = G_l G_l Udcs = R;lll Udes a)19)
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APPENDIX E

WEIGHT VECTOR WITH INTERFERENCE CO-VARIANCE MATRIC

In this appendix a derivation will be shown for re-writing the optimum weight vector
containing the full co-variance matrix in terms of only the interference plus noise co-
variance matrix. It will also be shown how the constant in the optimum weight vector
cancels out when estimating the SINR. The optimum weight vector using the received co- -

variance matrix is given in [54] as:

wopt = HR_I Udcs 051)

where p is a constant give as:

i

= (E2)
Utli{es'R 1I'Ides

n

and

R=UdesU(§Ls + Rnn (E3)

is the full received signal co-variance matrix. Using the matrix inversion lemma, the

inverse of the full received signal co-variance matrix can be written as:

-1 H -1 -1 -1 H p-1
_ Rn UdesUdesRnn — QRnn _ Rn UdchdesRnn

R'=R;} n n E4
" 1+U§{esR;rledes Q ( )
where Q is a scalar given by:
Q= 1+U§‘esR;rllUdes (ES)
Inserting now (E4) in (E1) the following is obtained:
QR;III - R;rl\ UdesUier_nl) U
Q des [er: -R;'U, UL R U
W = - nn__ *nn Udes des*“nn . des
op - - - H -1 -1 H p-
UH QRmI] - le1 UdesUglesRn; U Udes (Q Rnn - Rnn UdesUdesRnn )Udes
des Q des
R;rlx (Q ,— UdesU(IiLer_lrl\ ) Udes — R;III Udes

U([;is Rr—lrll (Q - UdesU(liisR;xl] )Udés Uv.liis R;111 Udes
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_ -1 _ -1
SV RIUL Rin Uges = Mnn Rip Uge (E6)

Equation (E6) gives the weight vector in terms of a constant and co-variance matrix of the
interference signals alone (as well as desired signal array vector). Using now (E6) in the

average SINR as given in equation (41), the average SINR becomes:

SINR = Pdes (p'nnRr_nllUdes )H UdesU(}iis (“nnR;rl\Ude's)
(p'nnRr_\rll Udes )H (PintUintUiI;{lt + G?\T )(unn R;,l] Udes )

2 - -
— (“nn) Pdes (Rm'andes)HUdesUges (Rm:Udes)
(unn )2 (Rr:rI\Udes )H (PintUintUiEt + c%\l )(R;rllUdes)

Pdes (R;rllUdes ) " UdesUfi-{as (R;rledes )

(R;rllUdes )H (PintUimUigt + 0-12\1 XR;rllUdes )

(E7)

It can be seen in (E7) that the constant p,  cancels out of the SINR
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