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In this two-part study, developments in finite element technology and the application thereof
to topology optimization are investigated. Ultimately, the developed finite elements and
corresponding topology optimization procedures are aimed at, but not restricted to, aiding
the design of piezoelectrically driven compliant mechanisms for micropositioning applica-
tions. The objective is to identify and exploit existing, or to develop new, finite element
technologies to alleviate the numerical instabilities encountered in topology optimization.
Checkerboarding and one-node connected hinges are two commonly encountered examples
which can directly be attributed to inadequacies or deficiencies in the finite element solution
of structural problems using 4-node bilinear isoparametric finite elements (denoted Q4). The
numerical behaviour leading to checkerboard layouts stems from an over-stiff estimation of
a checkerboard patch of Q4 elements. The numerical model of a one-node connected hinge
using Q4 elements, on the other hand, possesses no (or very little) stiffness in rotation about
the common node.

In the first part of the study, planar finite elements with in-plane rotational (drilling) degrees
of freedom are investigated. It is shown that the skew-symmetric part of the stress tensor
can directly be used to quantitatively assess the validity of the penalty parameter γ, which
relates the in-plane translations to the rotations. Thereafter, the variational formulations
used to develop these planar finite elements with drilling degrees of freedom are extended to
account for the piezoelectric effect. Several new piezoelectric elements that include in-plane
rotational degrees of freedom (with and without assumed stress and electric flux density)
are implemented, evaluated and shown to be accurate and stable.
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Furthermore, the application of alternative reduced order integration schemes to quadratic
serendipity (Q8) and Lagrangian (Q9) elements is investigated. Reduced or selective reduced
integration schemes are often used to enhance element accuracy by ‘softening’ higher order
deformation modes. However, application of reduced integration schemes to Q8 and Q9
elements is usually accompanied by element rank deficiencies. It is shown how the application
of five and eight point modified integration schemes preserve the accuracy benefits of reduced
integration, while preventing element rank deficiencies.

In the second part of the investigation, the salient features of elements with drilling degrees
are utilized in two schemes to prevent, or improve the modelling of, one-node connected
hinges. In principle, the first scheme uses the rotations computed at interior nodes to
detect excessive rotations at suspect nodes. The second scheme essentially replaces planar
elements forming a one-node hinge, where appropriate, with a more realistic beam model of
the material layout while other elements in the mesh are modelled using planar elements as
usual.

Next, the dependence of optimal topologies on element formulation is demonstrated. At-
tention is especially paid to plate and shell applications. It is shown that Mindlin-Reissner
based elements, which employ selective reduced integration on shear terms, are not reliable
in topology optimization problems. Conversely, elements based on an assumed natural strain
formulation are shown to be stable and capable of reproducing thin plate topology results
computed using shear-rigid elements. Furthermore, it is shown that an ad hoc treatment of
rotational degrees of freedom in shell problems is sensitive to the related adjustable param-
eter, whereas optimal topologies, using a proper treatment of drilling degrees of freedom are
not.

Finally, the use of reduced order integration schemes as a strategy to reduce the stiffness of
a checkerboard patch of elements is considered. It is demonstrated that employing the five
and eight point integration schemes, used to enhance the accuracy of Q8 and Q9 elements,
also significantly reduce the stiffness of a checkerboard patch of elements, thereby reducing
the probability of observing checkerboard layouts in optimal topologies.
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6.1 Schematic representation of a general material layup. . . . . . . . . . . . . . 150

6.2 Various multilayer models with solid and design layers. . . . . . . . . . . . . 152

6.3 Quadrilateral element with drilling degrees of freedom. . . . . . . . . . . . . 155

6.4 Quadrilateral Mindlin-Reissner plate element. . . . . . . . . . . . . . . . . . 155

6.5 Warped and projected shell element. . . . . . . . . . . . . . . . . . . . . . . 161

6.6 MBB beam geometry and constraints. . . . . . . . . . . . . . . . . . . . . . 163

6.7 Compliance and constraint function values for the MBB beam problem. . . . 164

6.8 Optimal topologies of MBB beam for various values of α. . . . . . . . . . . . 165

6.9 Example plate problems, geometry and constraints. . . . . . . . . . . . . . . 166

6.10 Optimal topology compliance as a function of plate thickness for the simply
supported plate problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.11 Optimal topologies of a simply supported plate. . . . . . . . . . . . . . . . . 173

xvii

 
 
 



6.12 Optimal topologies of a corner supported square plate subjected to center
point load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . 174

6.13 Displaced shape of optimal topology computed using DKQ analyzed using
SRI elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.14 Optimal topologies of a corner supported square plate subjected to uniform
distributed load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . 174

6.15 Corner supported cylinder geometry and constraints. . . . . . . . . . . . . . 175

6.16 Optimal topologies of a corner supported cylinder with single layer material
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

6.17 Pretwisted beam geometry and constraints. . . . . . . . . . . . . . . . . . . . 176

6.18 Optimal topologies of a pretwisted beam with single layer material model. . 176

7.1 Modified reduced order integration schemes. . . . . . . . . . . . . . . . . . . 180

7.2 Example base cells often used in topology optimization. . . . . . . . . . . . . 183

7.3 Checkerboard patch with average density ρ =1/2. . . . . . . . . . . . . . . . 185

7.4 Local χ fields for various elements resulting from mean strain field ε̄11 = ε̄22 =
1 and ε̄12 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

7.5 Optimal topologies of the MBB beam using symmetry and employing Q4 and
Q4X elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.6 Strain energy density of fully integrated Q8 elements. . . . . . . . . . . . . . 193

7.7 Variation of p∗ for fully integrated Q8 elements. . . . . . . . . . . . . . . . . 194

7.8 Strain energy density of Q8 elements with 5-point integration scheme. . . . . 195

7.9 Zoom of strain energy density of Q8 elements with 5-point integration scheme. 196

7.10 Strain energy density of Q8 elements with 8-point integration scheme. . . . . 197

7.11 Zoom of strain energy density of Q8 elements with 8-point integration scheme. 198

7.12 Effect of integration scheme setting on p∗1: 5-point scheme. . . . . . . . . . . 199

7.13 Effect of integration scheme setting on p∗1: 8-point scheme. . . . . . . . . . . 200

7.14 Effect of integration scheme setting on p∗2: 5-point scheme. . . . . . . . . . . 200

7.15 Effect of integration scheme setting on p∗2: 8-point scheme. . . . . . . . . . . 201

B.1 Convergence histories for MBB beam for various values of α. . . . . . . . . . 234

B.2 Optimal topologies of a simply supported square plate subjected to center
point load, single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 236

B.3 Optimal topologies of a simply supported square plate subjected to center
point load, single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 237

B.4 Optimal topologies of a simply supported square plate subjected to center
point load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . 238

xviii

 
 
 



B.5 Optimal topologies of a simply supported square plate subjected to center
point load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . 239

B.6 Optimal topologies of a simply supported square plate subjected to center
point load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 240

B.7 Optimal topologies of a simply supported square plate subjected to center
point load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 241

B.8 Optimal topologies of a clamped square plate subjected to center point load,
single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

B.9 Optimal topologies of a clamped square plate subjected to center point load,
single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

B.10 Optimal topologies of a clamped square plate subjected to center point load,
ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

B.11 Optimal topologies of a clamped square plate subjected to center point load,
ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

B.12 Optimal topologies of a clamped square plate subjected to center point load,
honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

B.13 Optimal topologies of a clamped square plate subjected to center point load,
honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

B.14 Optimal topologies of a corner supported square plate subjected to center
point load, single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 248

B.15 Optimal topologies of a corner supported square plate subjected to center
point load, single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 249

B.16 Optimal topologies of a corner supported square plate subjected to center
point load, single layer model, t = 0.1. Solved using MMA not OC. . . . . . 250

B.17 Optimal topologies of a corner supported square plate subjected to center
point load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . 251

B.18 Optimal topologies of a corner supported square plate subjected to center
point load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 252

B.19 Optimal topologies of a corner supported square plate subjected to center
point load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 253

B.20 Optimal topologies of a corner supported square plate subjected to uniform
distributed load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 254

B.21 Optimal topologies of a corner supported square plate subjected to uniform
distributed load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . 255

B.22 Optimal topologies of a corner supported square plate subjected to uniform
distributed load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . 256

B.23 Displaced shape of optimal topology, computed using DKQ analyzed using
SRI elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

xix

 
 
 



B.24 Displaced shape of optimal topology, computed using ANS analyzed using
SRI elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

B.25 Optimal topologies of corner supported cylinder with single layer material
model for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . 259

B.26 Convergence histories for corner supported cylinder with single layer material
model for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . 259

B.27 Optimal topologies of a corner supported cylinder with ribbed material model. 260

B.28 Optimal topologies of corner supported cylinder with ribbed material model
for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

B.29 Convergence histories for corner supported cylinder with ribbed material model
for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

B.30 Optimal topologies of a corner supported cylinder with honeycomb material
model.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

B.31 Optimal topologies of corner supported cylinder with honeycomb material
model for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . 264

B.32 Convergence histories for corner supported cylinder with honeycomb material
model for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . 264

B.33 Optimal topologies of pretwisted beam with single layer material model for
various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

B.34 Convergence histories for pretwisted beam with single layer material model
for various values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

xx

 
 
 



List of Tables

3.1 Ten element piezoelectric cantilever subject to pure bending. . . . . . . . . . 82

3.2 Relative percentage error on stress and electric displacement for Cook’s mem-
brane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.3 Relative percentage error on vertical tip displacement of piezoelectric bimorph. 88

4.1 Eigenvalues of a square Q8 serendipity element for different integration schemes
(plane stress, |J | = 1, E = 1, ν = 1/3). . . . . . . . . . . . . . . . . . . . . . 99

4.2 Eigenvalues of a square Q9 Lagrange element for different integration schemes
(plane stress, |J | = 1, E = 1, ν = 1/3). . . . . . . . . . . . . . . . . . . . . . 100

4.3 Displacement results for distorted cantilever beam. . . . . . . . . . . . . . . 102

4.4 Cook’s membrane: Center displacement vC . . . . . . . . . . . . . . . . . . . 105

4.5 Cook’s membrane: Stress analysis. . . . . . . . . . . . . . . . . . . . . . . . 105

5.1 Normalised tip displacement of a diagonal member. . . . . . . . . . . . . . . 140

5.2 Normalised displacement of a one-node hinge. . . . . . . . . . . . . . . . . . 140

5.3 Output displacement of optimal mirror mechanisms. . . . . . . . . . . . . . . 141

6.1 Percentage difference: Corner supported square plate subjected to center
point load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . 168

6.2 Percentage difference: Corner supported square plate subjected to uniform
distributed load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . 169

7.1 Effective constitutive terms for different elements employing various integra-
tion schemes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

B.1 Percentage difference: Simply supported square plate subjected to center
point load, single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 236

B.2 Percentage difference: Simply supported square plate subjected to center
point load, single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 236

B.3 Percentage difference: Simply supported square plate subjected to center
point load, ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . 238

xxi

 
 
 



B.4 Percentage difference: Simply supported square plate subjected to center
point load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . 238

B.5 Percentage difference: Simply supported square plate subjected to center
point load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 240

B.6 Percentage difference: Simply supported square plate subjected to center
point load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 241

B.7 Percentage difference: Clamped square plate subjected to center point load,
single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

B.8 Percentage difference: Clamped square plate subjected to center point load,
single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

B.9 Percentage difference: Clamped square plate subjected to center point load,
ribbed model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

B.10 Percentage difference: Clamped square plate subjected to center point load,
ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

B.11 Percentage difference: Clamped square plate subjected to center point load,
honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

B.12 Percentage difference: Clamped square plate subjected to center point load,
honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

B.13 Percentage difference: Corner supported square plate subjected to center
point load, single layer model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 248

B.14 Percentage difference: Corner supported square plate subjected to center
point load, single layer model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 249

B.15 Percentage difference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

B.16 Percentage difference: Corner supported square plate subjected to center
point load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . 251

B.17 Percentage difference: Corner supported square plate subjected to center
point load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . . . . 252

B.18 Percentage difference: Corner supported square plate subjected to center
point load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 253

B.19 Percentage difference: Corner supported square plate subjected to uniform
distributed load, ribbed model, t = 0.1. . . . . . . . . . . . . . . . . . . . . . 254

B.20 Percentage difference: Corner supported square plate subjected to uniform
distributed load, honeycomb model, t = 0.01. . . . . . . . . . . . . . . . . . . 255

B.21 Percentage difference: Corner supported square plate subjected to uniform
distributed load, honeycomb model, t = 0.1. . . . . . . . . . . . . . . . . . . 256

xxii

 
 
 


	FRONT
	Title page
	Summary
	Acknowledgements
	Dedication
	Contents
	List of Figures
	List of Tables

	Chapter 1
	Part 1
	Part 2
	Back



