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Abstract 

In this study, we develop a model, which we call the quality index (QI) 
model, for measuring how good a mathematics question is. Based on the 
literature on mathematics assessment, we develop a theoretical 
framework, using three measuring parameters: discrimination index, 
confidence index and expert expectation. The theoretical framework forms 
the foundation on which we form an opinion of the qualities and 
characteristics of a good mathematics question. The QI assigns a 
quantitative value to the quality of a question. We also give a visual 
representation of the nature of a question in terms of a radar chart using 
the mentioned criteria and illustrate the use of the QI model by applying 
the measure to question examples, given in each of two formats – 
provided response questions (PRQs) and constructed response questions 
(CRQs). A greater knowledge of the quality of mathematics questions can 
assist mathematics educators and assessors to improve their assessment 
programmes and enhance student learning in mathematics. 

1. Introduction 

Good assessment practices in mathematics are a primary focus for educators, 
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both from the point of view of assessment as a teaching tool as well as of assessment 
as a means of judging attainment. The importance of good assessment practice is 
stated by Boud [6]: 

…the effects of bad practice are far more potent than they are for any aspect of 
teaching. Students can, with difficulty, escape from the effects of poor teaching, 
they cannot (by definition, if they want to graduate) escape the effects of poor 
assessment. Assessment acts as a mechanism to control students that is far more 
pervasive and insidious than most staff would be prepared to acknowledge (p. 
35). 

Although assessment practices diversify into a variety of formats, we follow a 
particular strand in this study, namely the stalwart test or examination format where 
the student is presented with a number of carefully compiled questions or items to 
which s/he has to respond. The compilation of items can include both provided 
response questions (PRQs), where the student has to choose between a selection of 
given responses (e.g., multiple choice questions), or constructed response questions 
(CRQs), where students have to construct and supply their own responses 
(Engelbrecht and Harding [11]). 

How good this particular type of assessment format is depends, inter alia, on 
how good individual items are. Stenmark [42] emphasises this point when she says 
that the success of a mathematics assessment programme depends largely on the 
quality of the questions asked. 

There is a strong personal element involved in writing assessment items. 
Wiggins [47] rightly says that the types of questions asked reflect what we, as 
mathematics educators, value and how we expect our students to direct their time. 
There is no doubt that the assessor sets out with every intention of writing good test 
items. 

Yet, precisely because of the human element it is imperative as well as 
enlightening to measure what the actual quality of any individual test item turns out 
to be. The issue of how we measure the quality of a mathematics test item becomes 
the focus of this paper. 

2. What is a “Good” Mathematics Test Item? 

Assessment in mathematics is often evaluated against the educational principles 
of mathematical content, learning, and equity. These educational principles may 
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seem to be at odds with traditional psychometric technical and practical principles 
that have been used to evaluate the merits of tests and other assessments. Recently, 
however, there seems to be a trend of viewing these principles of content, learning 
and equity as gradually evolving from past psychometric tradition (Mathematical 
Sciences Education Board [25]). 

The question of what the characteristics of a good mathematics test item are has 
not yet been fully answered, and quite possibly never will be, although this question 
has been approached from different perspectives and reported on recurrently in 
literature. 

Good mathematics questions are those that help to build concepts, alert students 
to misconceptions and introduce applications and theoretical questions 
(Massachusetts Department of Education [24]). 

Criteria for measuring good mathematics questions, according to Romberg [39] 
can be traced to three main concerns: 

• Test items must reflect the current view of the nature of mathematics. This 
view emphasises understanding, thinking, and problem solving that require students 
to see mathematical connections in a situation-based problem and to be able to 
monitor their own thinking processes to accomplish the task efficiently. 

• Test items must reflect the current understanding of how students learn. The 
current view of instruction and learning assumes that students are active learners and 
engage in creating their own meaning during the instructional process. 

• Test items must support good classroom instruction and not lend themselves to 
distortion of curriculum. (p. 125). 

Hubbard [15] suggests that good mathematics items are those that require 
students to reflect on results, in addition to obtaining them. Good items specifically 
encourage students to develop relational understanding, a process approach and 
higher-level learning skills. Further, students’ solutions to good items should 
indicate what kind of intellectual activity they engaged in to answer the items. Good 
items direct students to think, as well as to do (Hubbard [15]). 

Stenmark [42] suggested a list of possible characteristics of good open-ended 
questions to open new avenues of thinking for students. These characteristics include 
(amongst others) problem comprehension, approaches and strategies, relationships, 
flexibility in approaches, communication and articulation skills, curiosity and 
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hypotheses, self-assessment and the amount of mathematical learning. Good 
questions and their responses will contribute to a climate of thoughtful reflection 
(Niss [29]). 

This short overview of the qualities of what a good mathematics test item is, 
gives broad descriptive measures but still leaves the question of we how we can 
concretely measure the quality of a mathematics test item unanswered. 

3. Measuring Mathematics Test Items 

Two perspectives on determining how good a question is emerged from 
literature and can be described as a pro-active perspective, on the one hand, and a 
retro-active perspective on the other hand. 

The pro-active perspective advises the item writer on a set of guidelines that 
will, hopefully, ensure that the end product is indeed successful. Such guidelines cast 
light from a developmental perspective, describing good practices. A checklist could 
accompany such a set of guidelines to formalise the process of writing an item. 

The purpose of a checklist is to ensure that the item 

• Is valid and of a high quality 

• Matches the objective 

• Tests at the appropriate cognitive level 

• Is clear and correct 

High quality would include issues of grammatical correctness, spelling and 
punctuation, clarity of language, ambiguity and general editorial tidiness (Integrated 
Publishing [16]). 

Setting a good question, or item, is by no means easy, sometimes described as 
an art: 

Item writing is an art. It requires an uncommon combination of special abilities. 
It is mastered only through extensive and critically supervised practice. It 
demands and tends to develop high standards of quality and a sense of pride in 
craftsmanship. 

Item writing is essentially creative. Each item as it is being written presents new 
problems and new opportunities. Just as there can be no set formulas for 
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producing a good story and a good painting, so there can be no set of rules that 
will guarantee the production of good test items. (R. L. Ebel, quoted in Olson 
and Bunderson [30, p. 5].) 

There is no automatic process for the production of item ideas. They must be 
invented or discovered and in the process chance ideas and inspirations are very 
important. The experienced item writer has most probably acquired skills and 
follows his own set of practices in writing items. Guidelines are especially valuable 
for the novice item writer. The fundamental understanding is that the test writer 
applies a fair amount of his own judgement when writing the item – judgement on, 
for example, how difficult the question will be for the students. In other words, the 
test writer has to be able to place him/herself in the shoes of the student.  

The retro-active perspective centres on what has become known as item analysis 
or psychometric analysis and follows a statistical approach. Item analysis is a 
process that analyses student responses to individual test items in order to assess the 
quality of those items and of the test as a whole. Item analysis is especially valuable 
in improving items which will be used again in later tests, but it can also be used to 
eliminate ambiguous or misleading items in a single test administration. In addition, 
item analysis is valuable for increasing instructors’ skills in item writing and test 
construction, and identifying specific areas of course content that need greater 
emphasis or clarity (University of Washington [43]). 

Item analysis provides parameters for each item in a test, such as the mean, the 
standard deviation, the item difficulty (performance), frequencies and distribution as 
well as item discrimination. When judging whether an item is “good” or “bad” the 
underlying assumption is that the statistical behaviour of “good” items is 
fundamentally different from “bad” items. The items have to be administered to 
students, of course, in order to obtain the needed statistics. 

Guidelines, a checklist and item analysis are valuable tools, yet tools that are 
somewhat clinical and have, we venture to say, at times failed or at least surprised 
even the most experienced item writer. Which experienced item writer has not 
written an item in good faith, judging it to be reasonably easy, following guidelines 
and ticking off a checklist, just to be totally surprised by how difficult it turned out 
to be for the students? In other words, an item may show a high discrimination 
index, a fair mean and acceptable performance level, yet failed the intention of the 
test writer who considered it to be a trivial, really simple question. The intention of 
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the test writer and actual performance did not match. Item analysis does not measure 
such discrepancy. It is the intention of this paper to develop a model that could 
answer to this need. 

Similarly, which student has not been totally confident of his knowledge, having 
studied extensively, just to find him/herself baffled by an item, totally lacking 
confidence in his response, not sure whether the answer was right or wrong? On the 
other hand, a student may find the item really easy to respond to and is baffled to 
discover, on return, that s/he gave the wrong response. Again, item analysis does not 
retro-actively provide for judging whether students responded to an item with 
justified confidence or not. Again, the model developed in this paper aims to answer 
to this need. 

Both the pro-active and retro-active approaches described here are somewhat 
lean on the human element. The intention of the item writer, his judgement on how 
difficult the question is, the experience of the student, the confidence with which the 
student answers the item – these are all factors that are not answered for in either the 
pro-active or retro-active analyses and yet, we feel, contribute to the success of an 
item. Thus, we consider judgement of the item setter (expert expectation) and 
student confidence level to be human elements that should be incorporated into a 
measure of how good a test item is. 

4. Confidence 

It is well documented that mathematical attitude is one of the strongest 
predictors of success in the mathematical sciences (McFate and Olmsted [26]). There 
are, however, a number of non-cognitive factors such as study habits (consistent 
work), motivation (interest and desire to understand presented material) and self-
confidence that may be equally or more important in the prediction of student 
success (Angel and LaLonde [2]). 

When the National Council of Teachers of Mathematics (NCTM) published its 
Curriculum and evaluation standards for school mathematics in 1989, many of the 
recommended assessment methods mentioned were different from those routinely 
used in mathematics classrooms of the 1980s. This report (NCTM [27]) claims that it 
is also important to assess students’ confidence, interest, curiosity and inventiveness 
in working with mathematical ideas.   

Using only the results of multiple-choice tests can lead to incorrect conclusions 
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about what a student does or does not know (Webb [44]). In a study conducted by 
Gay and Thomas [13], with close on 200 seventh- and eighth-grade students that 
focused on students’ understanding of percentage, about a quarter of the students 
had no explanation to support their choice to the multiple choice question. It is 
possible that this lack of response gives some indication of the number of students 
who simply guessed correctly. It is also possible that these students lacked 
confidence in their reasoning and chose not to give any explanation (Gay and 
Thomas [13]). Students need to have a reason for making decisions and solving 
problems in mathematics and the confidence to share that reasoning with others 
(Webb [45]). 

The extent of students’ awareness of their strengths and weaknesses is known to 
be associated with their success or lack of success in some areas of mathematical 
performance. In the literature on mathematical problem solving (Campione et al. [7]; 
Schoenfeld [40]), the successful problem solvers are described as those students who 
have a collection of powerful strategies available to them and who can reflect on 
their problem-solving activities effectively and efficiently. In contrast, descriptions 
of unsuccessful problem solvers tend to portray them as students who have 
command of fewer strategies and who do not function in a self-reflective or self-
evaluative manner (Kenney and Silver [19]). 

Students who are expert learners know when they have mastered, or not 
mastered the required academic tasks and can adjust their learning accordingly 
(Isaacson and Fujita [17]). Such students are said to have high metacognitive ability. 
Isaacson and Fujita [17] showed that low achieving students have lower 
metacognitive knowledge monitoring abilities. They are less able to predict their 
performance after writing a test, rely more on time spent on studying than on 
mastery of concepts to decide their confidence for success, are less likely to adjust 
their self-efficacy depending on feedback received from taking a test and show        
the largest discrepancy between their actual performance and their expected 
performance. 

Metacognition has two components: it refers to knowledge about cognition and 
regulation of one’s own cognitive processes (Baker and Brown [4]). The ability to 
know how well one is performing through monitoring and checking of outcomes of 
learning (self-assessment) is an essential requirement for the planning and control of 
appropriate behaviour to ensure mastery of subject content. Self-reflection and self-
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assessment of the confidence of a student in answering a test item, whether PRQ or 
CRQ, encourages sense making and autonomy. 

A number of studies have been reported where metacognitive ability of students 
was assessed and correlated with test performance by means of confidence 
judgement indicating the likelihood that the answers provided to each multiple 
choice question was correct (Carvalho [8]; Sinkavich [41]). Carvalho [8] 
investigated the effects of test types (free response/short answers and multiple choice 
tests) on students’ performance, confidence judgements and the accuracy of those 
judgements. Carvalho [8] suggested that the continuous pairing of high confidence 
and low accuracy levels observed for some multiple choice assessment, could 
negatively affect students’ self-regulation of learning. When students are asked to 
express their confidence in the correctness of answers provided during assessment 
they are required to engage in the metacognitive activity of judging their conceptual 
understanding and/or mastery of skills and proper application to the task at hand. 

Dunning et al. [10] studied bias in self-evaluation by asking subjects to judge 
their performance on a task after completion. They found that the better performing 
students judged their own performance more accurately. Sinkavich [41] agreed that 
well performing students are better predictors of their performance than poor 
students. 

Kruger and Dunning [21] argued that not only are poor performers unskilled in 
the specific domain being assessed, they also lack the appropriate metacognitive 
skills to recognise their own incompetence or to gain insight into their own 
performance after seeing the more competent performance of their peers. 

Assessment in mathematics must build students’ confidence and competence. 
As we look for increased achievement and motivation in our mathematics 
classrooms, we must acknowledge and develop self-assessment of confidence as one 
of the many ways to include authentic assessment as a key element in the learning 
process. 

The confidence index (CI), which is an indication of confidence, has its origins 
in the social sciences, where it is used particularly in surveys and where a respondent 
is requested to indicate the degree of certainty s/he has in his own ability to select 
and utilise well-established knowledge, concepts or laws to arrive at an answer. 

Hasan et al. [14] postulate that high confidence can be used in conjunction with 
performance on a specific item to differentiate between lack of knowledge and the 
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presence of alternative conceptions. According to this hypothesis low confidence 
would indicate lack of knowledge, when combined with either an incorrect answer 
or a correct answer (a lucky guess). If a student chose a correct answer and reported 
a high certainty of response, such a student is classified as having adequate 
knowledge and understanding of the concept, but if a high certainty of response 
accompanies an incorrect answer it would signify the presence of alternative 
conceptions (misconceptions) (Table 1). 

Table 1. Decision matrix for an individual student for a given question, based on 
combinations of correct or wrong answers and of low or high average confidence 

 Low confidence High confidence 

Correct answer 
Lack of knowledge 

(lucky guess) 
Knowledge of correct 

concepts 

Incorrect answer Lack of knowledge Misconceptions 

(Adapted from Hasan et al. [14, p. 296]) 

This hypothesis was subsequently shown to be limited and often incorrect 
(Potgieter et al. [34]). The hypothesis was aimed to generate a practitioner’s tool for 
easy identification of the presence of alternative conceptions, but did not take into 
account many of the subtleties described above. 

In a more recent study where undergraduate students’ performance and 
confidence in procedural and conceptual mathematics was investigated (Engelbrecht 
et al. [12]), a four-point scale (0-3) was used in which 0 implies a total guess and 3 
indicates certainty. When a student is asked to indicate confidence along with each 
answer, we are in effect requesting him/her to provide his own assessment of the 
certainty s/he has in his selection of the laws and methods utilised to get to the 
answer (Webb [45]). 

Furthermore, the information obtained by utilising the CI can also be used to 
address other areas of instruction. In particular, it can be used: 

• as a means of assessing the suitability of the emphasis placed on different 
sections of a course. 

• as a diagnostic tool, enabling the teacher to modify feedback. 

• as a tool for assessing progress or teaching effectiveness when both pre- and 
post-tests are administered. 
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• as a tool for comparing the effectiveness of different teaching approaches, 
including technology-integrated approaches, in promoting understanding and 
problem-solving proficiency (Hasan et al. [14]). 

5. Expert Expectation 

As more attention is paid to the accountability of education systems, alignment 
between assessments and expectations for learning becomes essential. Although 
expert judgement in assessment has been investigated widely, most of the results are 
on aligning assessment and experts’ expectation with regard to learning outcomes. 
Alignment is critical to helping an education system articulate and maintains its 
desired course and intensity (Webb [46]). Ridgway [37] mentions expert judgement 
as one of two dominant approaches to (what he refers to as) anchor the assessment 
process, allowing a comparison of scores from different tests to each other. 

According to La Marca [22], the two overarching dimensions in alignment are 
content match and depth match between test content and the subject area content, 
both predicated on item-level comparisons to pre-decided standards. Depth 
alignment refers to the match between the cognitive complexity of the skill 
prescribed by the standards and the cognitive complexity required by the test item. 
The systematic review of test items will involve a determination of not only what 
objective, if any, an item measures but also the item’s degree of cognitive 
complexity. 

The alignment as mentioned here is related to traditional conceptions of content 
validity. Alignment should play a prominent role in effective accountability systems. 

It is not only a methodological requirement but also an ethical requirement. It 
would be a disservice to students and schools to judge achievement of academic 
expectations based on a poorly aligned system of assessment (La Marca [22, p. 
5). 

Webb [46] claims that expectations of what students should know about 
mathematics and science together with what they should be capable of doing with 
that knowledge, on the one hand, and assessments that accurately gauge student 
achievement and indicate whether expectations are being achieved, on the other 
hand, form two major elements of education policy. At the University of Maryland, 
Redish et al. [36] noted a large gap between the expectations of experts and novices, 
comparing expert model answers to those of four different groups of novices. 



A MODEL FOR MEASURING THE QUALITY ... 

 

151 

In the studies mentioned above the researchers investigated the alignment of 
expert expectation with assessment results. In our model we use expert opinion 
somewhat differently - we use it as a component of an instrument for measuring the 
quality of test items. We consider the term expert opinion equivalent to predicted 
performance. By giving their opinions, there is an expectation that when experts set 
assessment tasks in the future, they will be influenced by their experiences and 
reflect on the purpose of their questions. The wording of the questions needs to 
reflect what kind of intellectual activity they intend for their students to engage in. 

Nedelsky [28] and Angoff [3] suggested procedures for establishing a cut-off 
score based on subject experts’ judgements about the likely performance of 
minimally competent students on individual test items. Subject experts identify for 
each item of a test the obviously incorrect choices of response to an item and then 
calculate the expected score for each item. The sum total of the expected scores is 
the cut-off score or the score that a minimally competent student would be expected 
to get on the entire test. Judgemental methods for estimating the passing score on an 
examination are generally accomplished by having an expert panel review the test 
items in an intact test form or alternatively, to have the panel consider the items 
individually as members of an item pool, a pool from which a selection of items will 
be drawn at a later date in order to assemble an operational test form (Plake and 
Melican [32]). 

In a study by Plake and Melican [31], they investigated the ability of experts to 
anticipate student performance in test items. In their study, ten experts independently 
rated individual test items in an attempt to predict the performance of (in particular) 
minimally competent students. They found that experts can do a "reasonable, if 
imperfect" job of identifying items that will be omitted by minimally competent 
students. 

In a subsequent study, Plake and Melican [32] examined the robustness of 
expert judgements of items’ level of difficulty by using the Nedelsky method when 
these items were reviewed over a relatively long period of time between ratings. 
They asked five instructors who frequently teach sections of the introductory 
statistics class to predict the performance of a minimally competent candidate on an 
MCQ mathematics test using the Nedelsky standard setting method. The results of 
the study suggest that these experts were fairly consistent in their assessment based 
on using the Nedelsky standard setting method, implying that the practice of 
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developing item banks that have been evaluated by experts may be a viable 
approach. 

In our model we consider the expert expectation of student performance as one 
of the three parameters for measuring the quality of a mathematics question. 

6. Discrimination 

The extent to which test items discriminate among students is one of the basic 
measures of item quality. Item discrimination indicates the extent to which success 
on an item corresponds to success on the whole test. 

For each item the primary indicator of its power to discriminate students is the 
correlation coefficient reflecting the tendency of students selecting the correct 
answer to have high scores. This coefficient is reported by item analysis programmes 
as the item discrimination coefficient or, alternatively, as the point-biserial 
correlation between item score and total score. 

The discrimination index (DI) is a type of correlation that describes the 
relationship between students’ response to a single question and the overall 
performance on the entire test. This statistic tells us how well each question was able 
to differentiate among students in terms of their performance. If a question is very 
easy so that nearly all students answered correctly, the question’s discrimination will 
be near zero. Extremely easy questions cannot distinguish among students in terms 
of their performance. A high level of student guessing on questions will result in a 
question discrimination value near zero. If good students do well and poor students 
do badly, the discrimination index will be close to 1 and vice versa would give a 
value close to –1. 

There are numerous ways of conceptualising and mathematically reporting 
discrimination (Wright [48]). The point measure and the Rasch discrimination index 
are two of them. One way of calculating the DI is to consider equal-sized high and 
low scoring groups on the test (say the top and bottom 27%) as follows: 

,
N

LHDI −=  

where H is the number of students in the high group that responded correctly; L is 
the number of the students in the low group that responded correctly and N is the 
number of students in both groups. Using this definition, the discrimination index 
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can vary from 1−  to .1+  Ideally, the DI should be close to 1. If equal numbers of 

‘high’ and ‘low’ students answer correctly, the item is unsuccessful as a 
discrimination ( ).0=DI  If more ‘low’ than ‘high’ students get an item correct, the 

DI is negative, an indication for the examiner to improve the question. 

Alternatively, some item analysis programmes provide the percentages of 
examinees scoring in the top, middle, and bottom thirds who select each option. In 
this case, one would hope to find that large proportions of the high scorers answered 
correctly, while larger proportions of low scorers selected the distracters. 

Kehoe [18] recommends that items that correlate less than 0.15 with total test 
score should probably be restructured. Such items do probably not measure the same 
skill or ability as does the test on the whole or that they are confusing or misleading 
to students. Also, items that virtually everyone gets right are useless for 
discriminating among students and should be replaced by more difficult items 
(Kehoe [18]). 

7. Research Question and Premises of Departure 

The model for measuring how good a mathematics question is was developed in 
order to address the following research question: 

How do you decide whether a mathematics question is of good or poor quality? 

In order to address the research question, we propose a model, referred to as the 
quality index model (QI), which will be used both to quantify and visualise the 
quality and nature of a mathematics question. 

The purpose of this study is not to measure good assessment but rather good 
questions. Validity and reliability would be characteristics of good assessment – not 
of individual questions. 

In developing the QI model, described subsequently, we attempt to adapt the 
psychometrical analysis of items to something that is richer in the human element. 
We depart from the assumption that issues such as language, clarity and correctness 
and non-ambiguity are all in place. 

Based on the literature review discussed earlier, we depart from the following 
four premises: 

• A good quality question should discriminate well. In other words, high 
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performing students should score well on this question and poor performing students 
should not do well. 

• Students’ confidence when dealing with the question should correspond to the 
level of difficulty of the question. There is a problem with the question when it is 
experienced as misleadingly simple by students and subsequently leads to an 
incorrect response. In this case, students are over confident and do not judge the 
level of difficulty of the question correctly. Similarly, there is a problem if a simple 
question is experienced as misleadingly difficult and students have no confidence in 
doing it. 

• The level of difficulty of the question should be judged correctly by the 
examiner. When setting a question, the lecturer judges the level of difficulty 
intuitively. There is a problem with the question when the lecturer over or 
underestimates the level of difficulty as experienced by students. 

• The level of difficulty of a question does not make it a good or poor question. 
Difficult questions can be good or poor, just as easy questions can be. 

The purpose of this study is not to measure good assessment but rather good 
questions. Validity and reliability would be characteristics of good assessment – not 
of individual questions. 

8. Defining the Parameters 

With these premises as background, three parameters were identified and three 
measuring criteria, based on these parameters were developed. The parameters are 

■ Discrimination index 

■ Confidence index 

■ Expert opinion 

Although only these three parameters were used to develop a model to quantify 
the quality of a question, a fourth parameter was used to qualitatively contribute to 
the characteristics of a question, namely 

■ Level of difficulty 

To address the research question of this study, three measuring criteria, based on 
these parameters, were developed. These criteria form the foundation of the 



A MODEL FOR MEASURING THE QUALITY ... 

 

155 

theoretical framework developed for the purpose of this study, and were used to 
diagnose the quality and characteristics of a test item. 

■ Point measure as a discrimination index. 

■ Confidence deviation: the deviation between the expected students’ 
confidence level and the actual student confidence for the particular item. 

■ Expert opinion deviation: the deviation between the expected student 
performance according to experts and the actual student performance. 

Although the first criterion is a standard tool in item analysis, it is considered 
essential, also in our new model. The other two criteria are novel and dependent on 
human involvement. 

8.1. Discrimination index 

In classical test theory, the point biserial correlation is the Pearson correlation 
between responses to a particular item and scores on the total test. In the Rasch 
model, discussed in Section 9, the point measure correlation is a more general 
indication of the relationship between the performance on a specific item and the 
total test score, and is computed in the same way as the point biserial, except that 
Rasch measures replace total scores. It was therefore decided to use the point 
measure as the measure of discrimination, rather than the Rasch discrimination 
index.   

In order to assign the same measuring scale to all three criteria, the 
discrimination was adapted by subtracting the point measure values (pm) from 1 (the 
perfect correlation). 

( ).201tiondiscriminaAdapted ≤≤−= pmpm  

The discrimination was adapted in this way so that the amount of departure of 
the point measure values from the perfect correlation value of 1 could be 
investigated. Thus, in this model, the closer the adapted discrimination is to 0, the 
better the correlation. 

8.2. Confidence deviation 

Hasan et al. [14] used a CI in physics in conjunction with the correctness or not 
of a response, to distinguish between students’ embedded misconceptions (wrong 
answer and high confidence) and lack of knowledge (wrong answer and low 



B. HUNTLEY, J. ENGELBRECHT and A. HARDING 

 

156 

confidence) and to restrict guessing. The CI is usually based on some scale. For 
example, in Hasan et al.’s [14] study, a six-point scale (0-5) was used in which 0 
implies a total guess, while 5 implies complete confidence. 

In our study, we use the confidence deviation from item expected confidence as 
determined by the match between confidence and item difficulty as measuring 
criteria. 

The CI values for each item were calculated according to a 4-point Likert scale: 

1 :  complete guess 

2 :  partial guess 

3 :  almost certain 

4 :  certain 

To measure the confidence deviation, the confidence measure (average over the 
students) for each item was plotted against each corresponding item difficulty. A 
best fit regression line was fitted to the points, as shown in Figure 1. For any given 
item difficulty, the amount of deviation between the actual confidence measures and 
the confidence values as predicted by the best fit line, is measured by the vertical 
distance ,ˆii yy −  where iy  is the observed confidence value and iŷ  is the 

predicted confidence value from the best fit line for item i. Small confidence 
deviation measures (close to 0) represent a small deviation of the confidence index 
from the item difficulty. 

Ideally an item should lie on this regression line and should have a confidence 
deviation of 0. An item that lies far away from the line indicates that students were 
either over confident or under confident for an item of that particular level of 
difficulty. 

As expected, Figure 1 shows that confidence decreases as item difficulty 
increases. 
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Figure 1. Illustration of confidence deviation from the best fit line between item 
difficulty and confidence. 

8.3. Expert opinion/expectation deviation 

For purposes of this study, the term expert refers to content experts who were 
colleagues who taught the same course as well as the researchers themselves. The 
experts were subject specialists in terms of their mathematical knowledge of the 
content, as well as their experience in the methodological and pedagogical issues 
involved in teaching the content. In total, the opinions of eight experts on the level 
of difficulty of the questions were obtained, independent of each other. Eight experts 
were asked for their opinions on the level of difficulty of each individual item (both 
PRQs and CRQs), and were requested to indicate their opinions as follows: 

1: students should find the question easy 

2: the question is of average difficulty 

3: students should find the question difficult or challenging. 

Experts were informed that their opinions were completely independent of how 
the students performed in the questions. Experts worked independently and did not 
collaborate with other experts. Once all the expert opinions were collected, an expert 
opinion on the level of difficulty of each question (PRQs and CRQs) was calculated 
as the average of the eight expert opinions per question. As it were, the opinions of 
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the experts agreed to a large extent. In cases where there were noticeable differences, 
we discussed the item again with the disagreeing expert(s) and in the end there was 
considerable agreement between the different experts. 

The expert opinion deviation from the item difficulty was measured by the 
amount of deviation of the expert opinion (average of eight expert opinions) from 
the best fit line fitted to the regression between the item difficulties and the expert 
opinion measures over all the items. As with confidence deviation, the amount of 
deviation between the observed expert opinion measures ( )iy  and the predicted 

expert opinion values ( )iŷ  on the students’ actual performance in that item, is 

represented by the vertical distance from the best fit line for each item, as shown in 
Figure 2. Thus, for a point ( )ii yx ,  which lies far from the best fit line, the observed 

expert opinion differs greatly from the expected expert opinion which means that for 
this item i, the experts as a group misjudged the difficulty of the question as per 
student performance. 

Figure 2 shows that the larger the deviation of the predicted value from the 
observed value, the further the observed value is from the regression line and the 
worse the situation is in terms of an indication of quality. 

 

Figure 2. Illustration of expert opinion from the best fit line between item difficulty 
and expert opinion. 



A MODEL FOR MEASURING THE QUALITY ... 

 

159 

8.4. Level of difficulty 

Student performance was used as an estimate of the level of difficulty of an 
item, a common practice. The most effective questions in terms of distinguishing 
between high and low scoring students will be answered correctly by about half of 
the students. Very easy questions may not sufficiently challenge the better students. 
Some very difficult questions are needed to challenge the best students. The level of 
difficulty, although not a direct indication of the quality of the question, is a useful 
parameter when selecting questions to assemble a well-balanced set of questions. 

9. Research Design 

The Rasch model, as a statistical tool, was used in the quantitative data analysis 
of this study. It is a probabilistic model by which linear measures are created to be 
used in subsequent parametric tests (Rasch [35]). 

One of the basic assumptions of the Rasch model is that a relatively stable latent 
trait underlies test results (Boone and Rogan [5]). For this reason the model is also 
sometimes called ‘the latent trait model’. A latent trait or construct is an underlying, 
unobservable characteristic of an individual which cannot be directly measured, but 
will explain scores attained on a specific test pertaining to that attribute (Andrich and 
Marais [1]). For instance, in this study, the latent trait is the mathematical ability of 
first year university students. 

Through the application of this model, raw scores undergo logarithmic 
transformations that render an interval scale where the intervals are equal, expressed 
as a ratio or log odds units or logits (Linacre [23]). Generally, statistical techniques 
applied to ordinal or raw scores produce results that cannot be used to interpret 
anything about the amount of a certain property that an object or person exhibits 
(Planinic et al. [33]). Linear measures, as used in the Rasch model, on the other 
hand, are on an interval scale, where arithmetic and statistical techniques can be 
applied and useful inferences can be made about the results. Misleading and even 
incorrect results can stem from an erroneous assumption that raw scores are in fact 
linear measures (Planinic et al. [33]). 

Response data from 14 different mathematics tests, both CRQ and PRQ format, 
written between August 2004 and June 2006 were collected. The study was set in the 
context of a first year level mathematics major course at the University of the 
Witwatersrand, Johannesburg. Data was collected from the tests written by the 
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Mathematics I Major cohort of students over the period 2004-2006. More than 200 
test items were analysed in this study. 

The Rasch point measure was used as the discrimination index and the 
confidence deviation and expert opinion deviation were calculated as described in 
Section 8. 

10. The Quality Index (QI) Model 

In order to graphically represent the qualities and characteristics of a question, 
3-axes radar charts were constructed, where each of the three measuring criteria is 
represented as one of the three arms of the radar plot. In the proposed QI model, no 
distinction was made between the relative importance of the three criteria in their 
contribution to the overall quality of a question. In order to compare and plot all 
three criteria, the measurement direction for the three axes was standardised between 

0 and 1. This was done using a transformation formula such as ,
ab
axy

−
−=  where 

the original scale interval [ ]ba,  is now transformed onto the required scale [ ]1,0  on 

each axis, with a being the minimum value and b the maximum value for each of the 
respective three criteria. 

In Figure 3, a visual representation of the three axes of the QI chart is given. On 
each axis 0.5 is indicated as a cut-off point between weak and strong and between 
small and large. The closer the values are to 0, the more successful the criteria are 
considered to be in their contribution to the quality of a question. 

 

Figure 3. Visual representation of the three axes of the QI chart. 
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The quality index (QI) is defined to be the area of the triangle in the radar chart. 

Since the sides of the triangle vary between 0 and ,3  the QI ranges between 0 and 

.3.13
4
3 ≈  

Since drawing radar charts is a standard feature in most spreadsheet 
programmes (e.g., MS Excel), the QI of a question can easily be calculated once            
the three measuring criteria have been determined. The formula would be 

( ).
4
3 EOCIDIQI ++=  

For the proposed model, the smaller the QI value of the radar plot i.e. the closer 
the QI value is to zero, the better the quality of the question. A sample group of test 
items was used, in total 207 items, of which 94 of the items were PRQs and 113 
were CRQs. The median QI value for all the test items was calculated and this value 
of 0.282 was used as a cut-off value to define the quality of an item as follows: 

Good quality : QI < median QI 

Poor quality : QI > median QI 

In Figures 4 and 5, an example of a small QI, which constitutes a good quality 
item, versus an example of a large QI constituting an item of lower quality are 
presented for comparison purposes. 

QI < median QI                                          QI > median QI 

 

Figure 4. A good quality item.                     Figure 5. A poor quality item. 

Visualising the difficulty level 

Difficulty level is an important parameter, but does not contribute to classifying 
a question as good or not. Both easy questions and difficult questions can be 
classified as good or poor. 
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In this study, the range of difficulty levels over all the test items was calculated, 
as well as the standard deviation and these parameters were used to determine six 
intervals of difficulty. For each of these six intervals, a corresponding shading was 
chosen to represent the six difficulty levels: very easy; easy; moderately easy; 
moderately difficult; difficult; very difficult. 

The shading for the easy items was a lighter shade of grey and for the more 
difficult items, a darker shade of grey was used. For example, in Figures 4 and 5 the 
dark grey shading of the radar plots represents a difficult item. So Figure 4 visually 
represents a difficult, good quality item and Figure 5 represents a difficult, poor 
quality item. 

11. Research Results and Discussion 

In the presentation of the results, radar plots representing both good and poor 
quality mathematics questions, in each of the PRQ and CRQ formats, will be 
discussed. For each item, the question is followed by a radar plot and a table 
summarising the quality parameters of the test item, i.e., item difficulty; 
discrimination; confidence index; expert opinion and the quality index as defined in 
Section 9. Both the area and the shape of the radar plot can assist us to form an 
opinion on the quality of a question. 

11.1. PRQ format 

Example 1 (PRQ March 2005). For the inequality 23124 +≤+< xxx  which 
of the following corresponds to the correct solution for x in interval notation? 

A. ⎟
⎠
⎞⎜

⎝
⎛−

2
1,1  

B. ⎟
⎠
⎞

⎢⎣
⎡−

2
1,1  

C. ( ] ⎟
⎠
⎞

⎜
⎝
⎛ ∞−∞− ,

2
11, ∪  

D. [ )∞− ,1  

E. ( ] .,2
11, ⎟

⎠
⎞⎜

⎝
⎛ ∞−∞− ∩  
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The PRQ in Example 1, with a QI value of 0.076, is an item of good quality. 
Each of the three measuring criteria is close to zero, and the three arms of the radar 
plot are almost equal in length, resulting in a shape resembling that of an equilateral 
triangle with an area small in magnitude. The adapted discrimination value (0.192) 
indicates that the item discriminates well. The adapted confidence deviation (0.271) 
indicates a small deviation from the expected confidence level and the adapted 
expert opinion deviation (0.267) indicates a small deviation from the expected expert 
opinion. This successful PRQ requires a manipulation of the inequality to choose the 
correct corresponding solution in interval notation. The shading of the radar plot 
corresponds to a moderately difficult item. The small area and shape of the radar plot 
indicate a good quality assessment item. 

Example 2 (PRQ March 2006). 

=
−

++
−→ 1

34lim 2

2

1 x
xx

x
 

A. –1 

B. 0 

C. undefined 

D. 4 
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In comparison, the PRQ in Example 2, with its QI value very close to 1 (i.e., 
very far from 0), is of a poor quality. All the arms of the radar plot are longer than 
the average length of 0.5, with the arm on the adapted confidence deviation axis at 1 
and the arm on the adapted discrimination axis at 0.966. Such large values, far away 
from zero, contribute to the overall quality of this item being poor. The arm on the 
adapted expert opinion deviation axis is shorter (0.544), but still indicates a large 
deviation from the expected expert opinion. The overall effect of the three measuring 
criteria, all far away from zero in magnitude, results in an item of poor quality. The 
shading of the radar plot indicates an easy item. Thus in this item, requiring a 
consolidation of finding the limit of a rational function in which the denominator 
tends to zero, the large, skewed shape of the radar plot indicates that despite the item 
being easy, it is of a poor quality. The item does not discriminate well and both 
students and experts misjudged the question. 

11.2. CRQ format 

Example 3 (CRQ June 2006). Use properties of sigma notation and the fact that 

( )∑
=

+=
n

r

nnr
1

thatproveto2
1  

( ) ( )∑
=

++
=

n

r

nnnr
1

2 .6
121  

 

The CRQ in Example 3, with a QI value of 0.069, is a good quality CRQ. Each 
of the three measuring criteria is close to zero, with a slight skewness of the 
confidence deviation arm. The adapted discrimination value (0.048) indicates that 
this item discriminates well. In addition, the expert opinion deviation measure of 
0.251 represents a small deviation from the expected expert opinion of the students’ 
actual performance in this item. The confidence deviation value of 0.495 represents 
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a slightly larger deviation average from the expected confidence level. The shading 
of the radar plot corresponds to a difficult item. This CRQ item encourages students 
to use logical thinking skills as they use properties of sigma notation and summation 

formula to prove the summation formula for the series ∑ .2r  The shape, small area 

and shading of the radar plot indicate a difficult CRQ item of a good quality. 

Example 4 (CRQ June 2006). 

Let ( )
( )

.
2 2

2

−
=

x
xxf  

You may assume that ( )
( )32

4
−

−
=′

x
xxf  and ( )

( )
.

2
88
4−

+=′′
x

xxf  

Find the points of inflection of f (if any). 

 

The poor quality CRQ in Example 4, has a large QI value of 0.595. This item 
discriminates poorly (adapted discrimination = 0.646), and the other two measuring 
criteria also contribute to the overall poor quality of this item. The adapted 
confidence deviation value (0.783) is close to 1, which causes the radar plot to be 
skewed more in the direction of this axis. The adapted expert opinion deviation is 
also greater than the average value (0.609). Both these large deviations from the 
expected values distort the shape of the radar plot and indicate an item of poor 
quality. The black shading of the radar plot corresponds to the level of a very 
difficult item. This CRQ did not successfully measure students’ consolidation skills 
in using information to draw conclusions. Greater care should be taken when setting 
questions in the assessment components corresponding to higher cognitive levels. 
Careful planning is needed to ensure that the item discriminates well in addition to 
maintaining small deviations from both the expected confidence level and expert 
opinions. The large area and skew shape of the radar plot consolidates the fact that 
this very difficult item is of a poor quality. 
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12. Conclusion 

The model for judging how good a mathematics question is, as developed in this 
paper, has a number of apparent benefits. 

First of all, as mentioned before, drawing radar charts is a standard feature in 
most spreadsheet programmes. So once the measurement criteria for a question are 
known, it is easy to draw the radar chart triangle and a simple routine can be used to 
calculate the QI for individual questions. 

The model is visually satisfying; whether an item is of good or poor quality can 
be witnessed at a single glance. Visualising the difficulty level in terms of shades of 
grey adds convenience to the model. Another visual advantage of this model is that 
shortcomings in different aspects of an item, such as experts completely under 
estimating the expected level of student performance in the particular item, can also 
be instantly visualised. In addition, the model provides a quantifiable measure of the 
quality of a question, an aspect that makes the model useful for comparison 
purposes. The fact that the model can be applied to judge the level of difficulty of 
both PRQs and CRQs makes it useful for both traditional “long question” 
environments, as well as the increasingly popular online, computer centred 
environments. 

The question of how we measure the quality of a mathematics test item does not 
have a single conclusive answer and can be approached from different angles, all 
valid and meritorious. This study offers a model that endeavours to incorporate 
features that are traditionally problematic to quantify such as student confidence and 
expert judgement. The human element features strongly in this particular model and 
in so doing enriches and expands other measures such as pre-tests checks and item 
analysis. In particular, expert judgement forms the cornerstone upon which all tests 
items are set. The QI model is the first to measure the quality of a question in terms 
of, amongst other factors, how accurate the expert judgement is for predicting 
performance. In other words, the QI model provides a measure for the “reasonable 
but imperfect” job that experts do when predicting performance, as concluded by 
Plake and Melican [31]. 

Although authors such as Isaacson and Fujita [17] and Sinkavich [41] found that 
high performing students are more confident than low performing students in 
judging their performance correctly, it is possible for a test item to miss its objective 



A MODEL FOR MEASURING THE QUALITY ... 

 

167 

and deprive well-prepared students of their confidence. Both writers and participants 
of the test item are surprised at the lack of confidence displayed. It is this human 
element that the QI model provides for when measuring the deviation of student 
confidence from expected confidence. 

The research question, formulated as “How do you decide whether a 
mathematics question is of good or poor quality?”, is fairly open-ended and the 
answer is as subjective as is the concept of good or poor quality. This paper offers a 
novel measure for deciding whether a question is of good or poor quality and its 
strength lies in incorporating the human element and juxtaposing both the pre-active 
and retro-active approaches. 

The QI model can assist mathematics educators and assessors to judge the 
quality of the mathematics questions in their assessment programmes, thereby 
deciding which of their questions are good or poor. The QI model provides a single 
measure to determine the quality of a mathematics question, and provides assessors 
and educators with a useful and comprehensive measuring tool to improve the 
quality of the mathematics items in their mathematics assessment programmes. In 
particular, what distinguishes this measurement tool from existing measures is that it 
includes the human element, taking issues such as the intention of the item writer, 
his judgement of the difficulty level of the item, the experience of the student and the 
confidence with which the student answers the item into consideration. Retaining 
unsatisfactory questions is contrary to the goal of good mathematics assessment 
(Kerr [20]). Mathematics educators should optimise both the quantity and the quality 
of their assessment, and thereby optimise the learning of their students (Romberg 
[39]). 
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