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CHAPTER 1
MOTIVATION AND PURPOSE

1.1 MOTIVATION

The numerical solution of partial differential equations plays an
important role in engineering and scientific applications [2,7,14,27].
Owing to improvements in numerical techniques and computer technology,
the solution of partial differential equations which were previously
difficult to solve is now possible. The finite element method, which
is one of the general techniques for constructing approximate solu-
tions to partial differential equations, was also used to achieve
this. The method divides the domain of solution into a finite number
of subdomains (the finite elements) and uses variational concepts to
construct an approximation over the collection of finite elements
[2,14,28,34]. It is because the method is of such a general nature
that it has been applied with success to a wide range of problems in

all areas of engineering and mathematical physics [2,33].

The basic idea of the finite element method can be explained briefly
by means of the Galerkin method. Assuming that a solution to the
operator equation, L(u) = f, has to be found, then a suitable finite
dimensional space M (the trial space) and a basis (wl""’wN) of
M have to be selected. The Galerkin method consists in finding an

approximation to u of the form

where the unknown coefficients a5 j=1,...,N have to be determined

so that

(L(U) - £,V) = 0
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for all V e M, where (:,-) denotes the Ly inner product [14].

The quality of the approximation depends entirely on the choice of the
space M and the construction of appropriate basis functions [2,14].
A basis for M can be selected in such a manner that each basis func-
tion is a piecewise polynomial with support on a small region of the

spatial domain.

A serious shortcoming of this method, however, is that the approximate
solution will depend to a large extent on the properties of the basis
functions. Up till now, mainly piecewise polynomials have been con-
sidered as basis functions, and a number of polynomial basis functions
were constructed to solve linear and nonlinear partial differential

equations.

Although the class of finite element methods predominates, it has had
less influence on nonlinear parabolic, hyperbolic and other time-
dependent nonlinear problems such as convection-dominated phenomena.
Usually, applications of Galerkin finite element methods and finite
difference methods to these problems result in spurious oscillations
[13,27]. The oscillations seem to occur mainly where convection domi-
nates diffusion [5,7,27]. Although the oscillations can be removed by
a stringent mesh refinement, this undermines the practical utility of
the methods. This shortcoming prompted the development of numerical
schemes which do not exhibit spurious oscillations. This in turn led
to the classical upwind difference schemes [13,27,36,45] and Petrov-
Galerkin methods [5,7,26,29] that use trial functions biased in the
upstream direction, 1i.e. the direction from which the convection

emanates. Although these methods usually suppress numerical oscil-

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

3

é%
<

lations, they are at times inaccurate [17,27]. In addition, parabolic
and hyperbolic flows have solutions that develop steep gradients and
discontinuities, which are the mathematical equivalent of shock waves.
Usually, it is only possible to model this kind of behaviour satisfac-
torily by using a very small mesh in the relevant numerical schenme.
It would therefore be advantageous to develop a basis function that
has the ability to approximate steep gradients and is also biased in
the upstream direction. By constructing such a basis function an

important property of fluid flow would be better modelled.

Since polynomials are the basic building blocks of most approximating
functions, the approximation abilities of polynomials and rational
functions are here compared. According to the theorem of Weierstrass
[34] a polynomial p exists for every f e C[X] and every € > 0,
such that
[f(x) - p(x)] < e for all x €X,

where X 1is an interval of the real line. To determine the degree of
approximation of f Dby polynomials define the nth degree of approxi-
mation E (f) by

B,(1) = inf {sup [£(9) - p,(x)} ,
Py xeX

where the infimum is taken for all polynomials P, of degree n on
X. The question that then arises is whether one can estimate how fast
E (f) approaches zero. Powell (32] and Lorentz [24] found that the

. S . 1 .
least maximum error of best approximation converges like o, l.e.

E (Ix]) = 03).

A rational function, r. oo On an interval X is defined as
b
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rm’n(x) = x € X, (1.1)

where pm(x) and qn(x) are polynomials of degree m and n
respectively [4,24,32]. According to a corollary of the theorem of
Weierstrass, each function f € C[X] 1is approximable by Tyone
Furthermore, it is a known fact that a best rational approximation
exists [4,8,32]. Let R (f) now denote the nth degree of approxi-
mation of f by rational functiomns, i.e. rn’n(x), then the infimum
should be taken for all rn,n(x) that are finite on X; in other
words q (x) #0 for x e X. Since the set of polynomials is con-
tained in the set of rational functions, it 1is clear that
Rn(f) < En(f). To establish how much smaller | Rn(f) can be than
En(f), the degree of approximation of f(x) = |x| on X = [-1,1] by

rational functions can be considered. Newman [24] has already demon-

strated the existence of an upper bound, R (]|x|) < 3e'vﬁ, n > 5. But,
an optimal error bound for |x| by rational functions has not yet
been established, whereas the error bound by polynomials is optimal.
By this example it can be seen that the error of approximation by
rational functions is therefore of a different order of magnitude than

that of polynomial approximation.

The approximation ability of a rational function is even better illus-
trated if its effect on the exponential function {ex, -1 <x <1} is
taken into consideration. Since rm,n(x) in equation (1.1) remains
unchanged if pm(x) and qn(x) are replaced by cpm(x) and cqn(x),
where ¢ 1is any non-zero constant, the parameters provide (m + n + 1)
degrees of freedom. For this reason it is appropriate to compare the

rational approximant LI with a polynomial approximant pm+n(x)
)
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[24]. Then, according to [24], the least maximum error of a rational
approximation to e, when m=n=2, would be a mere 0.000087,
while that of a polynomial approximation Py would be 0.000547. The
gain in accuracy is remarkable and shows the ability of the rational
function to approximate functions with a steep gradient or a suddenly
changing solution without diverging rapidly to an unbounded value
[24]. Rational approximations are therefore preferred to polynomials,
and are used in computer subroutines almost exclusively for the calcu-
lation of transcendental functions such as sines, exponentials, etc.

[32].

Recently, rational functions have been developed to construct numeri-
cal algorithms to compute the numerical solutions of linear and non-
linear ordinary differential equations [11}. The power and efficiency
of such algorithms were demonstrated by Luke et al [25] and Van Nie-
kerk [49] in the numerical solution of ordinary differential equa-

tions.

It was the approximation abilities of rational functions and the suc-
cess achieved by rational functions in the numerical solution of
ordinary differential equations that prompted the introduction of

rational functions as basis functions for the finite element method.

1.2 PURPOSE OF THIS STUDY

As stated in the previous paragraph, the approximation ability of
rational functions has led to the introduction of rational functions,
instead of polynomials, as basis functions for the finite element

method. To avoid any poles in the rational function, the denominator
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should be chosen in such a manner that it does not include any zeros
in the range of the variable x, x € X. Furthermore, owing to the
flexibility of the rational function, an attempt should be made to
construct a rational basis function that is biased in the upstream
direction. By doing so, it is hoped to achieve, via the finite ele-
ment method, a more efficient rational numerical scheme with improved
approximation abilities than that of a numerical scheme utilising
polynomials on the same mesh. Morecover, the effect of convection in

parabolic and hyperbolic problems would then be physically modelled.

The main objectives of this thesis are to develop rational basis func-
tions for the finite element method and to evaluate these rational
schemes by applying it to time-dependent convection-diffusion, nonli-
near parabolic and hyperbolic equations. Properties of the rational
schemes, for example convergence, consistency and stability, have been

restricted to the linearised versions of these equations.

1.3 OUTLINE OF THESIS

In Chapter 2 the concept of a rational basis function is established
and the properties of such a function developed for use in later
chapters. To approximate higher-order partial derivatives, lHermite
rational basis functions are also constructed. The efficiency of the
rational approximation method is then illustrated on a stiff ordinary

differential equation.

In Chapter 3, a convection-diffusion equation
u, +6u_=cu,_, €>0, 6>0
t X XX
is examined, where ¢ is the diffusion coefficient and ¢ the con-
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vection coefficient. Oscillatory solutions appear if the cell Peclét
number gﬁ > 2 [7]. The rational basis functions that are construc-
ted, however, are biased in the upstream direction as shown in Figure

1.1 and thus satisfy the convection property of the flow.

1 T 1

Xi-1 Xi Xi+1
FIGURE 1.1 : Rational basis function

These rational basis functions are used both as trial and test func-
tions in the Galerkin method and produce a numerical scheme where both
test and trial functions are equally upwinded. This differs from the
standard Petrov-Galerkin method where only the test function was
biased in the upstream direction and where one had to change the mag-
nitude of upwinding by mecans of a free parameter. Next the numerical
scheme is employed with different boundary conditions and compared
with the exact solutions available. The properties of the numerical
scheme are also examined for consistency, stability and convergence.
Then the rational basis functions are compared with the linear shaped
basis functions with and without upwinding. From this comparison it
follows that the rational basis function is found to give rise to a
numerical scheme in which eigenvalues have reduced imaginary compo-

nents, thereby increasing dissipation and reducing oscillations of the

solution.
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In Chapter 4 the nonlinear Burgers equation

+ uu, = .
u uu = €u . € 0,

t
where ¢ 1is the coefficient of kinematic viscosity, is examined. For
small values of ¢ the solution develops steep fronts, and numerical
methods are unable to describe the sudden change in gradient, resul-
ting in numerical oscillations [9]. It is the approximation abilities
of a rational basis function that prompted this approach when it was
found that the change in gradient had been satisfactorily approxi-
mated. The method was extended to include higher-order rational basis
functions whereby the accuracy of the method was also improved. This
extension is unique in the sense that higher-order rational basis
functions did not involve the coupling of more node points in a mesh,

but still only couple three nodes, leaving the tridiagonal structure

of the matrices intact.

Next, the nonlinear Korteweg-de Vries equation

U Fouu, +oeu o= 0, €>0,

t XX

where € 1s the coefficient of dispersion, is examined. The presence
of the third-order partial derivative calls for rational basis func-
tions that have higher-order continuous derivatives. This leads to
the construction of the Hermite rational basis functions which are
used as test functions in conjunction with the linear hat functions as
trial functions in a Petrov-Galerkin method. 1In this way, a consis-
tent numerical scheme is achieved that couples five nodes and is able

to model a solitary wave without any significant phase errors.

In Chapter 5, the numerical solution of hyperbolic equations of the

form
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ug + f(u), =0
are examined. A rational numerical scheme is proposed that is accu-
rate in smooth regions of the solution and produces a sharp resolution
at a point of discontinuity or shock. The convergence of the nume-

rical scheme is then proved.
In Chapter 6, a conclusion is drawn based on all the results found in

the previous chapters, and finally, the numerical scheme is compared

with other existing schemes.
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CIIAPTER 2
RATTIONAL APPROXIMATION

2.1 INTRODUCTION

The numerical approximation of a differential equation can be done by
means of a weak formulation of the equation. In the variational
statement, however, the test and trial functions have to be selected
in order to obtain a numerical approximation to the exact solution.
The Petrov-Galerkin method is obtained by choosing different test and
trial functions; the Galerkin method by choosing identical test and
trial functions. These functions are defined in terms of piecewise
continuous functions, namely the finite element basis functions in the
finite element method. The quality of approximation in the finite
element method depends entirely on the choice of a test and trial

function.

A rational function has better approximation abilities than ordinary
polynomials and this property is used to construct C° continuous
rational basis functions. Thus, by means of the finite element method

a rational approximation method is derived.

The above-mentioned topics are discussed in this chapter and the
effectiveness of the rational approximation method is demonstrated on
a stiff ordinary differential equation. Further, C!' continuous

Hermite rational basis functions are also constructed.
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2.2 DEFINITIONS
For the sake of convenience, the notation and definitions of the ter-

minology are introduced:
2.2.1 €°,¢',...,C" spaces

The space that has k th-order continuous derivatives on  [a,b],

k < n, is denoted by Ck[a,b].
2.2.2 L_ norm
p

Define Lp norm as

b
loly = C [ 16601 ax)t /e

a
for x € [a,b].

2.2.3 Basis functions
A set {¢1,¢2,...,¢n} is a set of basis functions for the space X
if

(i) all the members of the set are linearly independent, and

(ii) each element in X can be represented by a linear combination of

f> 1< k<n, i.e. X-= span{¢1,¢2,...,¢n}.
2.2.4 Support

The set on which the function ¢ is nonzero is called the support of

the function.
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2.2.5 Inner product
Let X Dbe a real linecar space. Define for each ¢1,¢2 € X a real
number (¢1,¢2), such that
(1) (¢1,¢1) > 0 ; the equality holds if and only if ¢1 = 0.
(1) (4,.0,) = (4,.9,).
(iii) (a¢1,¢2) = a(¢1,¢2), a is any scalar.

(v) (8, + 6., 8) = (4,:8) + (4,,6).

If (¢1,¢2) = 0, then ¢1 and ¢2 are orthogonal to each other.
The inner product

(6,09, = [ 69, dx
is used in this thesis. In an inner product space the Ly norm is

defined by 4], = {(4,6))' /2.

2.2.6 Sobolev space

The Sobolev space Wg[a,b] of order (m,p) [30] is the linear space
of functions in Lp[a,b] whose distributional derivatives D% of
all orders |e|, 0 < Ja| <m, are in Lp[a,b], i.e.

Wg{a,b] {4]D% € L,a,b] for 0 < faf <}

b
{wlf WP dx < ).
a

Only p=2 and m=1 will be considered and a norm of the Sobolev

where Lp[a,b]

space W![a,b] is defined as
) b
Il ) = O 19+ 9710 .

a

Henceforth, the set of elements of W;[a,b] that are zero at end

points a and b is indicated by Hé.
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2.2.7 Rational function
Let RST(x) denote the rational functions of order (S,T), which is

a function of the form
a XS +a xS'1+...+aS T
o S » 5 |bi[ # 0.
b x +bx +...+bT i=0
0 1

Rg p(x) =

2.2.8 Bounded variation
A function f defined on [a,b] 1is of bounded variation [23] on
[a,b] if its variation V) f on [a,b] is finite, where

b 1n
Of = S Of(t:) - f(t.
Vof = sup 2 lf(tJ) f(tJ_1)|,

and the supremum is being taken over all arbitrary partitions,

a = t0 < t1 <LKt = b, where n € N 1is arbitrary.
2.2.9 Existence of best approximation
Let X be a normed linear space with norm |-||. Let Xy bea finite

dimensional subspace of X. Then each point x € X has a best ap-
proximation xy € XN; that 1is

lIx - XN” = min [jx - yll.
yEXN

This result is proven by Prenter [34] and assures the existence of a
best approximation. The problem now remains to compute the approxi-

mation numerically. TFor this reason the variational method is dis-

cussed in the next section.
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2.3 VARIATIONAL STATEMENT OF A PROBLEM
Consider the problem of finding a function u(x), 0 < x < 1, which
satisfies
Lu=-u,_+u="F(x)=x,0<x<1
XX
u(0) = 0, u(l) = 0. (2.1)

The data of the problem consists of all the information given in
advance: the domain of the solution (0 < x < 1), the nonhomogenous
part given by the function f(x) = x, the coefficients of various
derivatives of u and the values the solution attains at the bounda-
ry. Since the data in (2.1) is smooth, there exists a unique solu-
tion, wu(x) = x - sinh x/sinh 1. In most applications, however, there
is no solution to the classical statement of the problem because some

of the data is not smooth.

To overcome this difficulty, the boundary-value problem is reformu-
lated to admit weaker conditions on the solution and its derivatives,
by means of a variational or weak formulation of the problem. The

variational statement is given as follows: Find u € I such that

1
j‘ (-u,, +u-x)vdx =0
H XX

or ((ug v u-x,v) =0 forall vel (2.2)
u(0) =0
u(l) =0

where 1 is the set of all weight or test functions v that have

zero values at x =0 and x = 1.

It should be appreciated that the classical solution of (2.1), if it

exists, is the only solution of (2.2) and that the specification of
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the set I of test functions is an important aspect of an acceptable
weak formulation. The set [ to which the solution u belongs is

called the class of trial functions.

If u and v are sufficiently smooth, then

1 1
J~ -u, v dx = j~ u v, dx - u_v
/ XX J XX X

1
= J~ u v dx .
X X
0

1

0

Since the same order of derivatives of both trial and test functions

appears one may choose Il = 1l. Therefore, (2.2) can be replaced by

the following variational problem: Find u € Hé such that

(u,v,) + (u,v) - (x,v) =0 for all ve Hé (2.3)
where Hé is the set of all functions that vanish at the end points

and whose first derivatives are square- integrable. Thus, w € H; if
1
[ (5)? dx <o and w(0) = w(1) = 0. (2.4)
0
Since (2.3) has only first derivatives the smoothness requirements are

weakened, thereby enlarging the class of data for which (2.3) makes

sense.

2.4  GALERKIN METIOD
The Galerkin method [2] is explained by using the model problem in
Section 2.3. Consider the problem in the following variational form:
Find u € Hé such that

(ux,vx) + (u,v) = (x,v) for all v e H;. (2.5)
The set II! is a linear space of functions and secondly, l% is
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infinite-dimensional. Suppose that an infinite set of functions
{¢1(x),¢2(x), ...} in Hé has the property that each test function

vV E Hé can be represented as

ORI ANG (2.6)

1=

where the ﬂi are constants and the series converges in a sense
appropriate for the space Hé. It is clear that a finite number of
terms in (2.6), say N, will yield an approximation N of v, that
is

N
W09 = B A0, 2.7

An approximation vy converges to a function v in the l%—norm
[2,14] if

éim J”l[(v - vN)2 + (v - (VN)X)Z}dX = 0. (2.8)
-0 ()

The N basis functions {¢1,¢2,...,¢N} define an N-dimensional sub-

space ™ o
0 0

Galerkin's method consists of seecking an approximate solution to (2.5)
in a finite-dimensional subspace H§N) of the space Hé. Thus, the
variational statement of the approximate problem is: Find uy € HgN)

where
N
uy = .§ a; 9. (x) (2.9)
1=1
such that

(u[(J>VI<]) + (uNavN) = (X,VN) (210)

du
for all vy € HéN), where uﬁ = HEN'
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If the N coefficients a; in (2.9) are determined, then the
approximate solution uy will be determined because ¢i are known.

To determine a; substitute (2.7) and (2.9) into (2.10) to obtain

td N ¢ X
Of {g&fsii ﬂifﬁi(x;] [J>_J1 . ¢J(x;]
+ i§1 ﬂiwi(x)j§1 aj¢j(x) - Xi§1 ﬂi¢i(x)}dx =0 (2.11)

for all ﬂi, i=1,2,...,N.
Because ﬂi are arbitrary, (2.11) represents N equations to be

satisfied by the aj, j=1,...,N.

Consider the following natural choices,

Bo=1, ﬂi =0, 1#1

1
for the parameters in (2.11). This yields

z
o K . = F 5
o HN T
where
= ('
Kij = (BL05) + (8, 8))
(.9,
and
dy.
e—
i~ dx
Next, choose ﬂo =1, ﬂi =0, i # 2, so that (2.11) yields
§
Ko.a. = F .
PA S R

Continuing in this way, a system of N equations in N  unknown
coefficients,

T Koo = Fp, i=1,2,.00,N (2.12)

where
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Kij = ( i>¢j) + (¢i’¢j)
and Fl = (X7¢1)>

is obtained.

Since the trial functions and test functions coincide, the formulation
has led to a symmetrical stiffness matrix K = [Kij], reducing the
computational effort in obtaining an approximate solution. In addi-

tion the stiffness matrix is positive definite, for if J € RN is a

N
nonzero vector and w = Y ﬂi¢i, then
i=1

N
T _ -y s

i,j=1

= (w,w) + (w,w)
> W2 .

> 2

Since {¢1,...,¢N} is lincarly independent and 7 # 0, it follows

that Ile00 = max |w(x)] # 0. The Sobolov inequality, [14], gives
<x<1
that
Ly, s
Il < 371,
so that

B'KB > 0, F#0.
llence, K is positive definite [6] and the solution e. in (2.12) is
unique. Therefore, using (2.9) a unique Galerkin approximation uy

exists.
Further, the exact solution wu(x) satisfies

(o) + () = (x,vy) (2.13)
for all vy € H(N).
0
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Subtract (2.10) from (2.13) and let e(x) = u(x) - uy(x), which indi-
cates the error in the Galerkin approximation; then one obtains the
following orthogonality condition:
P N
(e’,vg) + (e,vy) = 0 for all vy € Hg ). (2.14)

Consider, for any arbitrary test function, vy € H(N)
N 0o’

Ju - VN”;1 = (v’ - vy u’ - vﬁ) + (u - vy U - vN)
0 .
= (v’ - Uyt Uy - Vs ulo-oug +oug - v&) (2.15)

(U g uy - vy, U Uy oy - vy
Using the orthogonality condition (2.14) the right-hand side of (2.15)

reduces to

7 /

(" - ug v - ug) + (u- uy, u- o)

+ (uﬁ -V Uy - v+ (uy - vy uy - VN). (2.16)
The left-hand side of (2.15) is the error between the exact solution
u and an arbitrary element vy € HgN). Since each term in (2.16) is
positive the error is minimised by choosing vy = uy- This shows that

the Galerkin method provides the best possible approximation of u in
nMN).
0

llowever, it is important to realize that the quality of the Galerkin
approximation is completely determined by the choice of basis func-

tions ¢i.

2.5 FINITE ELEMENT BASIS FUNCTIONS

The basis function ¢i is defined piecewise over subregions of the
domain called finite elements. Partition the domain (i.e., the inter-
val 0 < x < 1) of the model problem into a finite number of elements,

say Qi, i=1,2,...,N. See Figure 2.1.
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FIGURE 2.1: Elements Qi

The set of basis functions is now constructed along the following

criteria:

1. The basis functions are generated by simple functions defined
piecewise over each element Qi.

2. The basis functions are smooth enough to be members of Hé.

3. The basis functions are defined in such a way that the parameters

@, are precisely the values of uN(x) at the nodal points x;.

Consider the following basis functions,

X - X
1-1 X < x € X,
I A G A R |
X: 4 = X
po(x) = ¢ Ci+l C ¢ < x
1 r o )\if.\s.\l_i_l
0 , eclsewhere,
with
1 . C < v
H ) 4\i_1$.\5\i
1
,’ = (- "- .
Vi) = 1  Xg EX Xy
' 0 ., clsewhere
for i=1,2,...,N, where h=x; - x; 4 is the length of element Q..

It is clear that the hat-shaped function ¢i associated with node 1
is obtained by combining lincar functions defined on elements Q. and

Q.

41 respectively as shown in Figure 2.2.
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wi(x)

i-1 i i+l
i )

FIGURE 2.2 : Basis function ¢i

The construction of the basis function is such that its value is unity

at one node and zero at all other nodes. More specifically, if X;

is the x coordinate of node j, then

1 1=
¢l(>\J) = .
0 1% ]
This implies that
- N-1
=q., for j=1,...,N-1.

Note that i = 0,N are not included because the basis functions

satisfy the homogeneous conditions. Since
1

/e

0 "1

2
(x)]2dx = <o
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the basis functions have square-integrable first derivatives, 1i.e.

1
gy € I

Thus, it is clear that the linear hat functions satisfy the criteria
1, 2 and 3. Since the basis function ¢i couples three nodes X: {5
X4 and X1 this results in a stiffness matrix of bandwidth three.
This stiffness matrix is a symmetrical positive-definite matrix and

possesses a unique inverse.

2.6 ERROR BOUNDS FOR THE GALERKIN METIOD
In Section 2.4 it was shown that the error in the Galerkin approxi-
mation satisfies
’ v/ = - / (N) 2
(e VR * (e,vN) =0 for all vye HO , (2.17)
where e(x) = u(x) - uy(x). Let i(x) be the interpolation function
that coincides with the exact solution wu(x) pointwise. Then, since
i- uy€ H§N) and using the Cauchy-Schwarz inequality [23],  the
error becomes
le]l?
It

0
= (e’,u’-1") + (e,u-1)

1 1 1 L
< (ef,e”) /Z(u’-ﬁ’,u’-ﬁ’) [, (e,e) /Q(u—u,u-u) /2

(e’5u” - ug) + (e,u-uy)

By definition of the Sobolev norm |lef| . [14],
1I

0
1/
(e”,e") /% < lef
I

and
(e,e)' /2 < el
I

so that above equation becomes
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5/ /N 1 nd ~ 1
el < flell [a-37u-0)' M2+ (wiwm) 2] (2.18)
0
Since the inequality,

is true for aj,as > 0, (2.18) finally becomes

lell < Cllu - (2.19)
It It
0 0
where C 1is a constant. Thus, the error norm of the Galerkin solu-

tion is always smaller than the crror of an interpolation function
multiplied by a constant. For a linear hat function [13,14],

llel| < Ch.
I

As h - 0, the Sobolev norm approaches zero and the Galerkin solution

uy converges to the exact solution u.

In general the approximation error satisfies [3,14,34]

- 14
llu uNHH1 < Ch
0

where C is a constant independent of h and g = min(k,s), with s
the order of the derivatives of uy that are square-integrable on

[a,b] and k the degree of the basis functions on a uniform mesh h.

2.7 CONSTRUCTION OF RATTONAL BASIS FUNCTIONS

It is evident that sudden changes in a function and its derivatives
could only be satisfactorily approximated by linear hat-shaped func-
tions if a sufficiently small mesh interval h 1is used. This entails
that the order of the stiffness matrix K would increase, thus intro-
ducing computational difficulties. A better approach would be to

introduce basis functions that are able to cope with sudden changes in
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a function and its derivatives, without substantially decreasing the

mesh interval .

Rational functions have been known to possess this ability to appro-
ximate a steep function [4,8,32]. The criteria developed in Section

2.4 will be used to construct a rational basis function.

For this purpose, consider a rational function

b
R(X) = a + 1+—CX 5 X € [O,h] (2-20)

1 . .
where a, b and c are constants. Let ¢ = p in order to normalise

x and define the functions ¢1(x) and ¢0(x) on [0,h] by

(%) "
g (x) =a +
1 | X
1+ B
and
(x) "
¢ (x) =a + .
0 0 X
1+ I
By enforcing the interpolation constraints, ¢1(O) =0 and

¢1(h) = 1, two equations are obtained to solve a and b1’ namely

a +b =0
1 1
and
1 _
a.1+2b1—1
giving a = -b1 = 2. Thus,
_ 2 ;
¢1(x) = s 0 <x <h.

Similarly, from the constraints, ¢O(O) =1 and ¢O(h) =0, one

obtains b0 =2 and a =-1 so that

0
h - x )
¢0(X) = m ) 0 S X S h.
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The graphs of the functions are shown in Figure 2.3.

FIGURE 2.3 : The functions ¢0 and ¢1

From these piecewise functions a rational basis function at an inte-

rior node x; with local support on [x. ;,x. 4+2h] is defined by
¢1(x—xi_1). x € [x; 1,x;]

yi(x) = (2.21)
¢O(x-xi) , X € [Xi,xi+1]‘

The graph of the basis function is shown in Figure 2.4. The rational

basis function is called a (1,1) rational basis function in agree-

ment with the degree of thc numerator and the degree of the denomi-

nator of (2.20).

i

1 T  Sam—
Xi-1 Xi Xi+1
0 h 2h

FIGURE 2.4: Rational basis function ¢i
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Consider a (2,2) rational function on the interval [0,h], i.e.

R(x) =a Xb —
’ 1+ pt (H)

Define ¢1(x) and ¢O(x) by

, x € [0,h].

b
() = a s —
! L E + (E)2
and
b

0 )
X
)2

X
1+ i (H

where x € [0,h]. From the interpolation constraints, ¢1(O) =0,

g (x) =a +

0 0

¢1(h) =1, ¢0(0) =1 and ¢O(h) = 0, it follows that
3
2

1+ E + (%)2

6, (x) =3 -

1
3
_%,L 2
1+ % + (E)2

where x € [0,h]. The (2,2) rational basis function ¢. at node

1l

and ¢0(x)

x; 1is then defined by (2.21).

In a similar manner the (3,3) rational basis function is defined by

(2.21), where

3
4 .
b (x) =5 :

A Rk
and

3
1
g (x) =- g+ — .
R A IRk

Consequently, the (T,T) rational approximations on the interval

[0,h] are defined by

6 (x) =a s 1
! L E oL+ (E)T
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and
4 (x) " [0,h]
X) =a + . x € [0,h].
0 0 X X\ ? ?
1+H+ +(H)
Again, the interpolation constraints give a = - % , bO =1+ %,

_ 1 _ 1
al =1+ T and b1 =-1- T

From these rational interpolatory functions a (T,T) rational basis

function at x; with support on [xi-l’xi+1] is defined by

b () = (2.22)

¢0(x—xi) , X E€ [xi,xi+1].
Note that all cases satisfy the relation

¢0(x) + ¢1 (x) =1, x € [0,h].
This method to construct higher-order basis functions is unique in the
sense that it is not extended to include more node points. This means
that the danger of introducing real singularities is avoided and that
all  (T,T) rational basis functions couple only three adjoining
nodes. Thus, the banded structure of the stiffness matrix in the
Galerkin method will stay intact. It should be observed that these
basis functions reduce to the piecewise linear basis functions in the

limit as T — .
The rational basis functions constructed are C° continuous and in

order to approximate higher-order partial derivatives it is necessary

to have C'-continuous functions, namely Ilermite rational basis

functions.

llermite rational basis functions can be constructed by considering
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piecewise functions w?, ¢g, /i, ¢; which satisfy the following

interpolation properties on the interval 0 < ¢ < 1, namely

¢(1)(O) =0, ¢?(1) =1, a'ZL(O) = azL(l) =0,
dy° dy®

$O) =1, W1 =0, 720 = (1) = 0,
a! ay

$0) = ¥ (1) = 0, ZH0) =0, g1 =1,

0, By an, By oo

B(0) = 9 (1) = 0, g22(0) = 1, g

Let ¢f(§) be a (3,1) rational function of the form

wio = S Ao cecr

Enforcing the interpolation constraints the parameters e and [ are
a=-3
and g =05.

Similarly,

po - Qg

Note that,
P RO =1, 0<E<T

Again, using the interpolation constraints, it follows that
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_ - 1)
zb;(f)—iiﬁ~+ , 0<¢<t.

By analogous arguments, (3,2) llermite rational basis functions are

obtained, namely

0o =3 D gy,

Wie - LB D g ey,

oo =281 g cpey

and
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The graphs of the (3,1) Hermite rational basis functions are shown

in Figure 2.5.

0.00 1’//: 100
FIGURE 2.5 : (3,1) llermite rational basis functions

This method is easily extendable to higher-order Ilermite rational

basis functions.

2.8 DPROPERTIES OF INNER PRODUCTS OF RATTIONAL BASIS FUNCTIONS
The properties of the rational basis functions are established by the

following theorems:
Theorem 2.8.1

The (T,T) rational basis functions ¢j-1’ ¢j and ¢j+1 satisfy the

following relations:
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(11) (¢J-1’¢J) + (¢J’¢J) + (¢J+1’¢J) =h
(1) (185 + (B,p9;) = 0

y =0

OEENCPRDEEE.

(i) (¥ = (Fapo¥))

(vid) (05 = (95.95) + (95,p089) = 0.
Proof

Construct the (T,T) rational basis functions wj-l’ ¢j and ¢j+1

defined by (2.22) in Figure 2.6.

do do U
¢1 (bl
R ! 1 ¥ ’l
j-2 j-1 j i+l 42

FIGURE 2.6 : Basis functions ¢j—1’ ¢j and ¢j+1
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(i) TFrom the construction of the basis functions, it follows that
h

(Wy.195) = [ 4,8, &

and
h
[ 66 dx,

0

therefore

(¢j_1a¢j) = (¢j+1’¢j)'

(ii) Since ¢0 + ¢1 = 1, it follows that
h h

h h
=0f 6.9, dx+0f x3 dx+0f 69, dx+0f 6,6, dx
h h
Of AURERLES RO
h h
=Of¢1 dx+0f¢0dx
h
= J~ dx = h.
0
(1ii) Now,
h
W19 = [ 459, &
and
h
(W ¥p) = [ 476, &
so that
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=f 69, dx+f 69 dx
0 l0
1

h
SARNEXACEN R

= 0.

(iv) Consider,

| XT-1
(H+ +Ti-T )
’ = ) L ;
¢1 1 X %, T, 2
(RS SN
and
1 XT—l
(H + +T{T__ )
¢’ =-b .
0 X X\ T 2
(e X (DD
Since b1 = -bo, it follows that
b =gl
Now,
h
(W5:99) = [ (614, + 49, )dx
h h

t

Of 419 dx +Of 49 dx

h h
I , ,
-¢0¢1‘01+0f 6,4 dx+0f 619 dx
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‘d  dx
0

v) 1o¥5) = fwdx

1
)\ ’
1 [ o

\
- ¢ ¢’ dx
i,
h

fw'dx

0
= 4ydy |- f 979, dx.

From this it follows that

2Of¢0¢0 dx = -1
and therefore

(¢3_1>¢j) =" 7

|
=S
<~
-
-~
o

~

(Vl) (¢3_1>¢3> - /

il
—~~
<.

[SEFPIEN
<.
(PPN
]
—
~—

(vii) It follows that
h
(W5 1:99) = [ 4] dx
h
(W5,095) = [ 4.4, dx

and
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h h

(5595 = [ 436, dx gr 674! dx.

The above relations and the fact that ¢6 = —¢; yield the relation

(¥ 1:95) + (95,099 + (95.99) = 0.

Theorem 2.8.2

For the (1,1) rational basis functions ¢j-1’ ¢j and ¢j+1

following relations hold:

(1)
(1i)
(iii)

(iv)

Proof

(1)

(ii)

(iii)

(¢j,¢j) = Oh - 12hfn 2

(¢j-1’¢j) i (¢j’¢j+1) = 6hfn 2 - 4h
RNV {

(¢ja¢j) = gﬁ :

(¢3_1>¢j) = (¢3:¢3+1) = Bh

(;/)JJ/'J) = (¢17¢1) + (¢07¢0)

_ 1 ox 9 h h - xy9 d
_6[(h+x) dX’h.of(h+x) X
=6h- 8 /n 2+ 3h- 4h /n 2
= Oh - 12h /n 2.
(¢j‘1’¢j) = (¢0>¢1)

_ hh - X 2x

AR LT dx
6h /n 2 - 4h
and (¢j’¢j+1) = (¢0,¢1) = 6h ¢n 2 - 4h.
(94,95 = (87,67) + (8].0)
h[ 2y,

O%

h{ ~9h ]2
_2h 12k
(

h o+ x)?2

the
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() () = (99,
= (67.4))
Moo o,
= X
o (h+x)?2 (h+x)?
7
:-GH°

For the higher-order rational basis functions the integration becomes
unwieldy. Numerical integration by a Gaussian Legendre quadrature
with 20 points was used to obtain the following numerical values for
the (2,2) rational basis function:
(1) (¢j’¢j) = 0,6862h
(11) (¢j_1a¢j) = (¢ja¢j+1) = 0,1569h
(1ii) (¢3,¢3) = 2,2092/h
(iv) (¢3_1>¢,j) = (¢j,¢j+1) = -1,1046/h.
Likewise, for the (3,3) rational basis function:
(1) (#5.¥;) = 0,6877h
(11) (¢j-1’¢j) = (¢j’¢j+1) = 0,1562h
(iii) (¢3,¢3) = 2,1528/h
() (585 = (¥9,q) = -1,0764/h.

Theorem 2.8.3
For the (T,T) rational basis functions, ¢j-1 and ¢j, the inner

product
W ) — L

if the order T tends to infinity.

Proof
The rational basis functions ¢j(x) and ¢j_1(x) on the interval

[0,h] are defined by
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1+
1 T
v, (x) = - + - - , x € [0,h] ,
J-1<) T 1-+% + +(%yr [0:1]
and
1
1 +
h(x) = 1+ 1. T , x e [0,h] ,

X Xy 1
L+p+ ..o+ (H)
respectively. The derivatives of the basis functions are

IS TCIR O (L

i (x) =
J-1 h{1 + E o+ (E)T}2
and
V() (1 + %)(1 o4 T(%)T-l)
(x) = :
J 1+ X+ .+
Now,

p (1 + %)2(1 +2X 4 ...+ TxT_i)2

Ix.
T4 ¢
)

59 = S

(1 +x+x>+ ... +x

Define the function fT by

(1 +2x + ... + TxT_l)
(1 +x+x%+ ...+ xl)4

2

f0(x) = 1- (1+p)?

Now, for 0 < x <1

: T-1,2
Lin (1 + %)2 (1 +2x + ...+ Tx % ;
T-00 (1+x+x2+ ... +x)
,r '
1 1 1 - X 2} r 2
) (1 + T)2(1 . x(l - ; - Tx7))
= lim T
T—'oo (1 - X )4
T - x
9. Tyvo (1 - (T + 1)xT + TXT+1)2
=lim (1 + ) T2
T—)oo (1 - X )
=1
and for x =1,
1y T, 2
(1 + [T+ 1]

[T + 1]4
1
-1
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llence, the sequence of continuous functions fT(x) satisfies

where

%im fp(x) = 1(x),
—00

0 , 0<x«1
£(x) = { ,
Z,Xzi

Since, for all 0 <x <1, T>0

C(l+x+ ... +x

Taoxs ...+ Ly (T + 1)xT o+ X

(1 +2x+ ...+ TxT-i)

T)2
2T

it follows that

(1 +2x + ... + TX?_i)Q <1
(1 +x+ ...+ xr) B
Therefore,

£ ] < [(1+ )2 - 1] <3

for all 0<x<1 and T > 1.

llence, a function exists, say g(x) =3, on 0 < x <1 such that

1,(0] € gx) , T=12,...

Then, according to Lebesque's dominated convergence theorem [38,39]

Thus,

1 1
fT dx = g. f dx = 0.

T-1
: : 1 Tve (1 +2x+ ...+ Tx )2
lim -h(9: ,,9%) = lim (1 + m)? dx
T P g g~ T (T+x+ ... xT)4
=1 ,

which proves the theoren.
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2.9 ERROR ESTIMATES FOR RATIONAL APPROXIMATION

In this section the approximation abilities of the rational basis
functions are investigated. llowever, the subject remains a study in
itself, because the rational basis function represents a nonlinear
approximation. The objective here is only to obtain an error bound

for the approximation and not to establish an optimal error bound.

X

Let Ry denote the set of all rational functions of order T, i.c.,
ES

rp € Ry if

rp(x) = L r O m<T, k<T.

bl,x + ... +Db
0

From this definition it is clear that in particular the (1,1)
X
rational basis function belongs to R;y. Denote by |uJ| the supremum

norm of the function u on the interval [a,b], i.e.
Jull = sup  Ju(x)].
x€a,
Let RT(u;[a,b]) be the error corresponding to the best uniform ap-
proximation of the function u in the interval [a,b] by means of
rational functions of order T, that is
Rp(us[a,b]) = inf{flu - s r € Ry).
Popov [31] has shown that if the k-th derivative of the function u,
namely u(k), is of bounded variation in the interval [a,b], then

lLI‘(US [a,b]) < C(k)(b - a)k\/gu(k)/TkH

where Vgé denotes the variation of the function ¢ on the interval

[a,b] and C(k) 1is a constant, depending only on k.
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A rough estimate of the rational approximation to a function u is

now obtained, namely:

Theorem 2.9.1
If ue C*[a,b], and uy is the (1,1) rational approximation to
u, and assume that u’ and u" are bounded, then

[Jlu - uyll < Ch (2.23)
where ||-]| is the supremum norm on the subinterval [x;,x5,4]  of

length h and C a constant.

Proof

Divide the interval [a,b] into N subintervals of length h. Let

roxim the i 8y X Wi <. . = X. + h.
uy approximate wu over the interval [x;,x; 4], with x; , =x; +h

Since uy is a rational approximation of order 1,

uy(x) = u(xi)¢0(x - X)) u(xi+1)¢1(x - x;) (2.24)

where ¢O and ¢1 are  (1,1) rational basis functions and

X € [Xi’xi+1]'

The (1,1) rational approximation over a fixed interval h is

(2u(xs,y) - u(x;))x + hu(x;)
uN(X) - Rt h +ux -

_ P(x)

T(x)

x € [0,h].
llence, the error in the approximation is

e(x)

u(x) - uy(x)
_0(u(x) - P(x)
1(x) '
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Define

g(x) = (x + hu(x) - (2u(x;,q) - ul(xy))x - hu(x;)

;%f_%_h%[(k + hu(x) - (2u(x1+1) u(x )X - hu(\ )]

where x € (0,h).

By definition, g(0) = 0, g(h) =0 and g(x) =0
Since g(x) has three zeros, a point ¢ € (0,h) exists such that

g"(é) = 0. Therefore,

1F)e® = XE Mg v nyur(e) + 20 (0)]
for x,¢é € (0,h).

Thus,

[|Qell < [hllu”ll + flu” 1]
so that

lell = Igei < FOalla"l + 1]

Assuming the derivatives to be bounded, it follows that |le|| < Ch,
where € is a constant. This gives another bound for the inter-
polation error in terms of the step size, which gives the assurance
that the interpolation error would decrease as h tends to zero. It
would be very difficult, however, to establish an optimal error bound.
Therefore, in order to prove convergence of a numerical scheme the
well-known Lax equivalence theorem [1,35], which unfortunately holds

only for linear equations, will be reverted to.
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2.10 LAX EQUIVALENCE THEOREM
Consider a linear initial value problem

ue = Lu, t>0 (2.25)
and

u(x,0) = f(x).
The initial value problem can be approximated by a numerical scheme of
the form

Mo g, w0, (2.26)
where U? ~ u(ih,nk) and ( 1is a difference operator. The diffe-
rence scheme (2.26) is stable if constants K and J and some norm
-l exist such that,

I < kPO

where t =nk and K and f are independent of h and k.

A difference scheme (2.26) is consistent up to time t in a norm
II-l  with (2.25) if the exact solution u to the initial value
problem (2.25) "almost" satisfies the difference scheme, that is

u(ih, (n+1)k) = Qu(ih,nk) + 7(h,k) ,
where 7(h,k) — 0 as h,k — 0. The term, 7(h,k) is called the

local truncation error at 1ih and nk.

Finally, the Lax equivalence theorem [1,35] 1is as follows:

Given a properly posed linear initial-value problem and a linear
numerical approximation to it that satisfies the consistency con-
dition, stability is the necessary and sufficient condition for

convergence.
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2.11 GALERKIN'S METHOD APPLIED TG A STIFF ORDINARY
DIFFERENTIAL EQUATTION

The new method consisting of rational basis functions is applied to
the test problem [16],

ur = Au - g(x) + g7 (x)
with u(0) =3, g(x) = sin(0,1x) + 2 and analytical solution

A
u(x) = g(x) + (u(0) - g(0))e™™
where ) 1s a stiffness ratio.

Let
N

U ouy = Z Ui¢i(x).
i=0
with ¢i a (1,1) rational basis function.

The method of Galerkin gives

(UN - ’\UN>¢J) = ('/\g(x> + g'(X), ¢J)’ J=0,1,..,N

or
N N
GBI 2 (995U
i:() :
= - A(sin(0,1x) + 2,¢j) + 0,1(cos (0,1x), ¢j), j=0,...,N
where (u,v) = ]~ uv  dx. The initial condition was imposed by

replacing the first equation by U0 = 3.

In matrix notation write the above system as
AU =B
where A isa (N+1) x (N+1) matrix, B a (N+ 1) x1 matrix
_ T
and U= (U,,...,Uy .
[0,1] for h=0,01 and A =-10. The numerical results of the

This problem has been solved on the interval

method are compared with the analytical solution and the numerical
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solution obtained by using linear hat functions. The results are

given in Table 2.1. The errors are the relative errors.

TABLE 2.1

x  ANALYTICAL ~LINEAR  RATIONAL AR N
0,1 2,377788  2,373420  2,377052 1,9E- 3 3,5E - 4
0,2 2,155334  2,142028  2,147861 5,8E- 3  3,5E - 3
0,3 2,079783  2,058134¢  2,063536 1,0E- 2 7,8 - 3
0,4 2,058305  2,026942  2,032506 1,5E- 2 1,3E - 2
0,5 2,056717  2,015471  2,021081 2,05 - 2 1,7E - 2
0,6 2,062443  2,011256  2,016866 2,56 - 2 2,2E - 2
0,7 2,070855  2,009713  2,015297 3,0E - 2 2,75 - 2
0,8 2,080250  2,009156  2,014695  3,4E - 2 3,2 - 2
0,9 2,000002  2,008065  2,014436 3,95 - 2 3,6E - 2
1,0 2,009879  2,008014  2,014288 4,38 - 1 4,1E - 2

In the interval [0;0,3] the solution has a steep gradient since it
changes from 3 to 2,079. In the vicinity of this steep gradient the
rational approximation is very effective as shown by the results in
the table. This indicates that the rational approximation compares

very favourably to the linear approximation for linear problems.

2.12 CONCLUSIONS

In this chapter the Galerkin method was introduced and the concept of
a rational basis function was established. (C°-continuous rational
basis functions and higher-order (° rational basis functions were
constructed without coupling more than three adjoining nodes. This
means that only tridiagonal matrices are obtained in the Galerkin

method. C! llermite rational basis functions were also constructed to
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Gﬁaw

achieve continuity of the function and its first derivative at a node

in the computational mesh.
Finally, the Galerkin method with (1,1) rational basis functions was

applied to a stiff ordinary differential equation and it was found to

perform excellently in the vicinity of a steep gradient.
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CIAPTER 3
CONVECTION-DIFFUSION EQUATIONS

3.1 INTRODUCTION

In transport equations which describe physical processes such as fluid
flow, heat and mass transfer in chemical and nuclear engineering,
etc., diffusion and convection may be involved. The dominance of one
effect over the other will determine whether the transport is due to

diffusion or to convection.

Numerical approximations of transport equations introduce errors, and
thereby influencing the relative role between the diffusion and con-
vection of a fluid. The consequent effects of these approximations on
the numerical solution are observed either as numerical dissipation,
in which sharp fronts or gradients are smeared, or as numerical oscil-
lations, in which different components of the initial solution pro-
pagate with phase and amplitude errors. The last phenomenon is at-
tributed to the presence of convection. (scillations in a piecewise
linear element solution of the convection-diffusion equation appear if
the cell Peclet number, gh , cxceeds two [7]. The disturbance in
the solution is rectified by using the technique of upwinding [5,7].
In the Petrov-Galerkin method test functions which are biased in the
upstream direction are implemented. llowever, the rational basis
functions in Section 2.7, see Figure 2.3, are naturally biased in the
upstream direction and therefore simulate the effect of upwinding in a
natural manner. In this chapter a Galerkin method is formulated by
using rational basis functions. The characteristics of the rational

difference scheme are investigated with regard to consistency,
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stability and numerical convergence of the method. A comparison is
drawn with linear shaped basis functions and upwinding. Numerical

results are also presented.

3.2 CONVECTION-DIFFUSION EQUATION

Consider
u o= eu . - 5ux , €>0, 6>0, xe (0,1), t = (0,T] (3.1)
with initial condition
u(x,0) = uy(x), x € (0,1).
Three different boundary values will be employed, namely
(a) Homogeneous Dirichlet
(b) Periodic

(c) Neumann.

The diffusion coefficient, €, describes, for example, the spreading of
ink in stationary water due to the Brownian motion of the water
molecules. If, however, the water is in motion, then in addition to
diffusion, the ink is also convected by the moving fluid.  The

convection is indicated by é.

3.3 DISCRETISING THE CONVECTION-DIFFUSION EQUATION

3.3.1 Homogencous Dirichlet boundary conditions

Consider the convection-diffusion equation

u = e - bu, , €>0,6>0, xe (0,1), t € (0,T] (3.2)
with the initial condition
u(x,0) = uy(x), x € (0,1) (3.3)

and boundary conditions
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u(0,t) =
u(1l,t)

|
[e)
*+
v

>0 (3.4a)
0. (3.4b)

0, t

v

Divide the interval [0,1] into N subintervals of length h and
the time interval [0,T] 1into J subintervals of length k. Intro-
duce rational basis functions

g (x) 5 i=1,...,N-1,
which are independent of time at the nodes. Since the boundary values
are zero, the associated system will only be solved in the (N - 1)

interior nodes (see Figure 3.1).

1 lill ‘bl wN"l
T i 13
0 h ih (N-1)h
U, U, Uy

FIGURE 3.1 : Basis functions for spacec discretisation

Galerkin's method seeks an approximate solution to (3.2) in the form

N-1
u(x,t) « .21 Ui(t)¢i(x) (3.5)
1=
which satisfies the following system
(ut + bu - euxx,¢j) =0 j=1,...,N-1, (3.6)

1
where (u,v) = j‘ uv dx. The substitution of (3.5) into (3.6) and

0

the fact that (u ,¢:) = - (u ¥t

3 J) result in
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(¢j-1>¢j)Uj-1 + (¢j’¢j)Uj + (¢j+1’¢j)Uj+1

+ 6(¢3—1’¢j)[5-1 + 5(¢3,¢j)Uj + 6(¢j+1’¢j)Uj+1

+ (951 WDU; g + (W5, ¢ €(8,1 8V = 0

for j=1,...,N-1, where U(t) = 908D (3.7)
Discretize in time the approximating system (3.7) of first-order ordi-
nary differential equations. For this purpose, let

U? ~ u(ih,nk)
and

T,0h) = (1 - U + aut*!
where 6 € [0,1] is a parameter that determines the difference ap-
proximation in time. For example, =0 and 1 will correspond to
forward and backward differencing respectively. The nodal values at a

specific time level (n + 1)k are determined from the following

scheme:

n+l n n+l o n n+l o
Wiopo¥3) (Ugg = Ug) = Gy (U = ) (099) Uy - Uag)
# BR8P0 Tp(US )+ Bk(95,0)Tp(UD) + Bk(9,1,9:)Ty(US,)
v ek (U5 9D TS ) + ek (W5, TH(UD) + ek(¥), 1,99)T(U3, )
0 (3.8)

for j=1,...,N-1.

If =1 an implicit backward-difference scheme results, which in
matrix notation is
PLAARS ik (3.9)
where A = (&ij , B = (bij)’ 1<i, j <(N-1) and
n _ n T
U = (U1 sy UN-1) .

The elements of A and B for the (1,1) rational basis function

are:
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a = 9h - 12h 1n 2 + Tke/3h

a, = 6hln 2 - 4h - Tke/6h + ké/2

a3 41 = 6h In 2 - 4h - T7ke/6h - ké/2 , i=2,...,N-2
3 5 = 9h - 12h In 2 + 7 ke/3h , 1=2,...,N-2
8y juq = 60 In 2 - 4h - Tke/6h + k6/2 , i=2,...,N-2
AN | N-2 7 6h In 2 - 4h - Tke/6h - kd/2

AN 1 N-1 T 9h - 12hln 2 + Tke/3h

bi1 = 9h - 12hln 2

bya = 6hln 2 - 4h

by jq = 6hln 2 - 4h i=2,... N2
by ;= 9h - 12hln 2 . i=2,...,N-2
bi,i+1 = 6h 1n2 - 4h , 1=2,...,N-2
bN-l,N-Q = 6hln 2 - 4h

bN—l,N-l = 9h - 12hln 2.

Elements not mentioned are zero.

If, however, 6 =0 then a numerical scheme exists which is forward
in time. From (3.8) with 6 =0 the j-th equation for the (1,1)
rational basis function is typically

(6hln 2 - 4h)U§f% + (9N - 12hln 2)U§+1 + (6hln 2 - 4h)U§i%

Tek | Ok
= (6hln 2 - 4h + gf= + ?—)Ug_1

+ (9h - 12hln 2 - %ﬁk)Ug
7ek 8k
+ (6hln 2 - 4h + pr= - 7-)U‘J?+1. (3.10)

In matrix notation this forward-difference scheme may be written in

the form
AT ST 4 kT = 0

where T = (U?,...,U§_1)T and A and B are tridiagonal matrices.
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This provides an explicit scheme which gives nodal values at time

level (n+1)k.

3.3.2 PTeriodic boundary conditions
The boundary conditions (3.4) are replaced by
u(0,t) = u(l,t).
To find the approximate solution at the end point, a basis function is

added at x = 1. Schematically the basis functions are represented as

follows.
v, Vs N
l..
t
t
1
1
1}
1
\
\]
\
Y
Ay
\
\
\
\
\
\
7 T N
0 h ih Nh
U =
Uo U1 i U0 UN U1

FIGURE 3.2: DBasis Tunctions for periodic boundary conditions

The exact solution wu(x,t) 1is approximated by

N
u(x,t) = ug(x,t) = z U (8)9; (x).
i=1
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The Galerkin approximant results in the system
N

N
PRUENAORES N CHALACO
i=1 1=1

+52 LU () = i=1,...,N.

By using the 1mp1101t backward-difference scheme in time, a similar

system to (3.9) is obtained.

3.3.3 Ncumann boundary conditions
Consider the boundary conditions
0(0,£) =0 , t>0
Diey=0 , t>0.
The Galerkin approximant uN(x t) 1is defined by

Jdu du Jdu
(?‘Ea v) + 6( N g!) + 6 N , V) + <a—ﬁ,v> =0
where
du du
N
<-(7—'N, V> = (ax— - O)V

x=1

is added to include the Neumann boundary condition and

vV E span{¢1,¢g,...,¢N}. This results in the system
N N

ECNAORE N CRIAC

i=1 i=1

+62 (¥,95)U <t>+(2¢;Ui¢j>‘ =0, j=1,...,N.
i=1 x=1
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The basis functions are shown in Figure 3.3.

'bl lj)i ‘bN
1+
T ] 1
0 h ih Nh
U U. 8]
1 1

FIGURE 3.3 : Basis functions for Neumann boundary conditions

By using a backward-differcnce scheme in time, an implicit scheme

similar to (3.9) is obtained.

3.4 CONSISTENCY

Consider the discrete equation (3.8) with 4 = 0:

n+1 n+1 oyl
(¢j-1’¢j)Uj-1 + (¢j’¢j)Uj + (¢j+1’wj)Uj+1

) {(¢j-1’wj) - ek (¢3-1,¢3) - 6k (¢3_1,¢j)}U§-1
. 4 4 X g b
- {(y95) - ek (95,95) - Ok (93,95))05

- {(1/)3+1’¢J) - ek ('(‘53+1>7r/)3) - 6k ('(’«1’3+1>7/)j)}U3}+1 = 0. (3.11)
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Define the local truncation error Tj o 8t (jh, nk) by
Tj,n = }lﬂz {Wj_1a¢j)u((j'1)h’(n+1)k) + (¢j,¢j)u(jh,(n+1)k)
* (g V(D (DR - {55 585) = &k (Bp, #)
- 5k(¢j_1,¢j)}u((j—1)h,nk) - {(¢J’¢J) } 51\(¢3a¢3)
- 5k(¢3,¢j)}u(jh,nk) B {(¢j+1,¢j) - fk(¢3+1,¢j)
- 6k(¢j+1,¢j)}u((j+1)h,nk)}.

The application of the Taylor series

u((j£1)h,nk) = u + hu_ + hzu * h3u L + 0(hs)
J IR X 2 oxx T 6 xxx 24 xxxx

. 1.0
and u((j#1)h, (n+1)k) = v # hu + kug + F(h*u + 2hk w . + kgutt)
1 2 21
+ (= DBu o+ 3hk uep + Shikug o+ k3uttt)

+ 0(h4,h8k,h?k% hk3 k4)
yields

2y

" 1 1
r. = HK[(¢j_1,¢j) {u-hu + kug + F(h%u - 2hku o+ KPu, )

J»h

1, 13 A 2 2 3
5 - 3hktu o+ 3hku o+ Kug )}

+ (¢.,9){u + ku, + R k3u }
3’73 B A i A A (A A 6
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+ (¢j+1,¢j){u + hu + kug + g(hzuXX + 2hkuxt+k2utt)
1
+ 6(h3uXXX + 3hk2uXtt + 3h2kutxx + k3uttt)}

2 3
- {05 q B5) - k(W5 99 - SR 9 Hu - hug e - B )

- {(¢ja¢j) - fk(¢3:¢3) - 5k(¢j,¢j)}“

2 3
RCREAEEICRRORRICINNRUESINES S S

0, 1, b2k, Bk, )
which by using the relations for the (T,T) rational basis functions,

can be simplified to

: 1 hk? hk3
Ly = ag|hkug + Spuge + 504

h? h2k

+

(RO q00) + SR(PS 19 i + o)

%EUXX {(¢j-1’¢j) + (¢j+1’¢j)

- k(9 1,8) - k(D5 p8) - SO p0) - Bk(¥,p08))

+

0(E, 13,h2k,hk2,k9)

k k> !
=g+ gy 5y ¢ {500+ (g ¥ lavg
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112 i , , , .|
* ?_—ux)(E l‘{(¢J+1,¢J) + (wJ_13¢J)}H‘E
) (hux * %iuxxx)%lé(¢j_1’¢j) + O(%}i, h3, h%k, hk%, k3)

=g+ eh(¢j_1,¢j)uxx - 26ux(¢§—1’¢j) + 0(h%,k). (3.12)

Since the (1,1) rational basis function satisfies
/ , 7
(¢J_17’¢)J) = 6h
and
(9 128:) =~ 3
‘]-1’1"] 9 0
it follows from (3.12) that
. _ 7
hliTO Tj,n = U - opeu .+ 6ux.
The equation differs from the original equation (3.1) due to the added

diffusion coefficient % .

The (2,2) and (3,3) rational basis functions yield

lim T. = u, - 1,1046¢u__ + du
h,k0 I t xoox
and
hliTO Tj,n = - 1,0764611XX + 5ux
respectively.

The added diffusion coefficient in (3.12) is - €{1 + h(¢3_1,¢3)}.

According to theorem (2.8.3), however, h(¢3_1,¢3) — -1 as T — w.
This means that the added diffusion coefficient tends to zero with
increasing T, and the discrete equation almost coincides with equa-

tion (3.1). Therefore, by increasing the order of the rational basis
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function, the consistency property of the discrete equation is im-
proved. It is important to note that the added diffusion coefficient
is independent of h and k and is negligible for small values of
€. From this argument it is evident that the numerical scheme is
naturally dissipative and will tend to damp numerical oscillations

arising from the convective ternm.

3.5 STABILITY
The stability of a numerical scheme is influenced by the algorithm,
the choice of basis functions and the integration by time. Consider
the forward-difference scheme (3.10)

™ -1 - ke Iy, (3.13)
A numerical scheme (3.13) is stable if a small perturbation, €,, of
the initial data remains bounded as t increases. The initial error
vector, ¢€,, satisfies the recurrence relation

- 1=
€nel = (I- kA B)en

and

- -1pyn+l-

€peq = (I - kA "B) " 7¢,. (3.14)
The von Neumann or Fourier stability analysis [36] studies the evo-
lution of individual components in an eigenfunction expansion of the

initial vector.

For this purpose, let {A.} and {v.} be the eigenvalues and eigen-
vectors respectively of the eigenvalue problem

Bv = Mv.
The eigenvalues, {Ai}, may be complex, since the convection term
yields a skew-symmetrical matrix B [7]. Expand the initial error

vector, €,, in eigenvectors, that is
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— N —
where @, are constants.
Using (3.15) in (3.14),
N N
- -1 _ - _
fpr = (L= DN 0¥ - KA 1B_§ 0.7,
1=1 1=1
“1osn N —
= (I - kA "B) i§1 (1 - XAk)egvy
N
= (-4 )¥lev..
o1 i i

For each eigenvector, v., the term (1 - Aik)n+1 is the amplification

factor of the component a; in the initial error.

Therefore, no component of the error will grow if
I1 - Aikl <1 (3.16)

i.e. the numerical scheme is stable.

With only diffusion present, the eigenvalues are real and positive and
(3.16) yields the stability condition
k< 2/Amax'
If convection is present, the eigenvalues may be complex. Then
|1 - Ak = (1 - Re(X)K)* + (Im(),)k)?
<1

gives the stability constraint
2 Re(4;)

(Re()«i))2 + (Im()«i))2

Implicit backward integration schemes are unconditionally stable and

k <

there is no restriction on the time step necessary for stability.
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The stability of the general forward-difference equation (3.11) is
examined by the standard Fourier stability analysis [1,7,36]. This is
in fact the same as above matrix eigenvalue analysis except that the
boundary conditions are not taken into consideration. The

substitution of

A ij7h
jtee

A

(where i% =-1 and 7> 0) into (3.11) yields

€= 105 4085) - 6k 1,9) - k(¥4 9)
+ ($5,095) - 8k (8,1,95) - €k(¥,;,95))cos b
#{(50089) - (5 085) - B8, 195) + SK( 4, 8))
- ek(¥,q,89) + k(P ¥9)) sin 7
- {(5505) - (5,00) - ek (95,91

[(¢ja¢j) + {(ﬁj_laéj) + (¢j+1>¢j)}cos 7h].

Using the relations for the (T,T) rational basis functions, the
above equation reduces to
€= [0 {2005 1095) + R(P,9)I(1 - cos 7h)

- 2i5k(¢3+1,¢j)sin vh]/[h - 2(¢j_1,¢j)(1 - cos 7h)].

A necessary condition for stability is that the amplification factor

¢ satisfies [¢]% < 1. This condition is equivalent to
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2e¢ (94,94 ) [h - 2(9. . -

k < €(¢J’¢J)[ (¢J-1’¢J)(1 cos 7h)] ‘
{f(¢3,¢j)}2(1 - cos 7h) + 62(1 + cos 7h)

Denote the right-hand side as a function of cos 7h, that is

f(cos yh). Then,
£/(cos 7h) = 295, ¥[8 + €2(95,9)% + 482 (p;_y,05) /1]

/[62(¢3,¢j)2(1 - cos 7h) + 62(1 + cos 7h)]?,
where f’ = H‘%%E“?H . Since (¢3,¢3) and (¢j_1,¢j) are positive,
it follows that the function f is monotone increasing over [-1,1]
if

2 20,07 7 \2 2

-8 + ¢ (¢j,¢j) + 46 (¢j_1,¢j)/h >0 (3.17)

holds. A minimum value of the function is then attained at the

left-hand side of the interval, i.e. cos 7h = -1, and it yields the

condition
h- 4(9: 4,0
k < : (¢J_1 ¢J). (3.18)
(¥,9)

J
If, however,
S8 W07+ AR (BB /0 < 0
the function f 1is montone decreasing over [-1,1] and a minimum

value is attained at cos 7h = 1, which yields the condition
c(9%,9%)h
ks_(_J_.l_)_.
52
This last condition is less strict than (3.18), because from (3.17)
h - . D) < €2 (g 9 )2h/ 62
U 405 g0 ¥5) S (09208

and by substituting this into (3.18) it yields
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K < h - 4(¢]-1’¢J)

) 62(¢’j,¢’j)211

D

Thus, (3.18) is the stability condition for the explicit scheme.

In particular the (1,1), (2,2) and (3,3) rational basis functions
give

k < 0.156 h%/¢ ,

k < 0.168 h%/¢
and

k < 0.174 h? /¢
respectively. From conditions (vi) and (vii) of theorem (2.8.1) and
theorem (2.8.3) it can be seen that

h(p,90) — 2
as T — w. Therefore, it is clear that the stability condition

weakens with the increasing order of the rational basis functions.

3.6 CONVERGENCE

From a previous analysis in Section 3.4 it was seen that the discrete
equation 1is not consistent with the original partial differential
equation due to an added diffusion coefficient. This coefficient,
however, depends only on the order of the rational basis function and
is therefore not influenced by any choice of the mesh parameters. In

addition, it becomes negligible with increasing T as shown by the
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consistency analysis with  (1,1), (2,2) and (3,3) rational basis

functions.

If the time step is chosen according to criterion (3.18), the numeri-
cal scheme is stable and it converges to a solution of the convection-
diffusion equation with a slightly different diffusion coefficient,
€. With the increasing order of rational basis functions, however,
this added diffusion coefficient becomes negligible so that in the
limit the Lax equivalence theorem assures the convergence of the
numerical scheme to the actual solution of the convection-diffusion

equation.

3.7 OSCILLATIONS DUE TO PIASE ERRORS

The propagation of oscillatory numerical errors inhibits the solution
of a discrete equation. The eigenvalues A, and eigenvectors of
A 1p may be complex due to the domination of the convection term [7].
The imaginary parts of the eigenvectors generate the oscillatory
ripples in the numerical solution, while the real part determines the
amplitude of the solution. This implies that each component in an
eigenvector expansion of the initial vector has an associated ampli-
tude and phase and these may differ for different components. The
inability to propagate individual frequencies or wave numbers without

phase and amplitude errors leads to oscillations.

Consider the convection-diffusion equation

+ - =
5ux eu 0

u
t X

with the initial condition u(x,0) = uy(x). Assume the initial data

consists of the single component
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U, (x) = 70eXp(10€x)
where 7y is the wave number of component ¢ and i? =-1. The
analytical solution to the above is

“ed%t io (x- 6t)
u(x,t) = 7,8 et .

Thus, the solution may be viewed as a wave propagated along the con-
stant lines x - 0t, but with exponential decay of the ahplitude in
time as a result of diffusion. The wave number 7y also plays a role
in the amplitude decay and translation of the initial disturbance. To
compare the amplitude decay and phase change at a time 7 = mk for
the analytical solution and the forward-difference scheme (3.11), sub-
stitute

" = N exp(iaejh), amplitude 7,

J
into (3.11) to obtain after simplification

"o ¢
[h: {2(¢J‘1’¢J) + 6k(¢3)¢3)}(1 - Cos O'Eh)
- 2i6k(¢3+1,¢j)sin ash]/
[h - 2(¢j_1,¢j)(1 - cos g,h)] (3.19)

Tn+1 -4

or
= (A n+l
Tnel ( Z) 70'
The amplification factor, Ag , ensures the stability of the forward-
difference scheme if |A,| < 1. This has been done in Section 3.5.
After m time steps the solution is
U? = (Ag)m70 exp(iaejh)
which is to be compared with the analytical solution. The substitu-

i9
tion of Ae = pye £ into above yields

UL = 7 0 exp(i(nfy + opjh))
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and the phase shift for component ¢ after m time steps is mﬁe.
Then, from (3.19) and using the relations for (T,T) rational basis

functions,
-2§k(¢3+1,¢j)sin ogh
hoo {245 1595) + ek(95,95)}(cos oph - 1)

tan 96 =

h- 4(y. :

But, . ( (pr_;,qu)
(95,95
J7)

K = h - 4("/)J_17¢3)
6(¢j7¢j)

0, = tan—l[ék sin a,h /[h + (¢j,¢j)(cos o - 1]].

then choosing an optimal time step,

, and using the (T,T) relations results in

From the numerical calculation of (¢j,¢j) in Section 2.8 it can be
seen that (¢j,¢j) increases with increasing order of the rational
basis functions. Since (cos o/h - 1) is negative, the argument of
tan’ ' increases with increasing order. Because, tan’ ' is an in-
creasing function on (-1,1) it follows that the phase error also
increases with higher-order rational basis functions for the forward-

difference scheme.

3.8 COMPARISON WITH LINEAR SIAPED BASIS FUNCTIONS AND UPWINDING

In finite-difference analysis of convection-dominated problems,
backward or upwind differencing of the convection term has been used
to damp numerical oscillations. A Taylor series expansion of this
backward-difference approximation gives a leading term 0(h) in the
truncation error [7]. This term can be interpreted as an added
numerical or artificial diffusion. However, in finite element methods

upwinding can be interpreted as weighted-residual methods in which the
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test functions differ from the trial functions in the sense that they

are biased in the upwind direction.

If in the convection-diffusion problem ¢ > 0, then the flow is from
left to right. Thus, the upwind direction is to the left and test
functions- éj can be constructed that are weighted in this direction.
A simple approach is to add and subtract a quadratic function on the
left and right sides respectively of the linear hat basis function ¢j

in Figure 3.4.

FIGURE 3.4 : (uadratically biascd test functions ¢j

This is done by introducing a scaling factor w that specifies the

amount of upwind desired:
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[ x - X3 1 . w(x - xj-l)(xj - X)

N 2 > Xy S XSy
. X: 4 - x  w(x- x:)(xX: 4 - X)
O = |l _ J7 A+ (< x
v5(x) = B v ) XX € Xy
0 , X < xj_1 and x > Xj+1'

Using {ij(x)}, j=1,...,N, as test functions and {¢j(x)},

j=1,2,...,N, as trial functions in a variational formulation, yields
[7]

h ) €

6’(Uji11 + 4Uj + Uj+1) + %(UJ'*‘l - Uj'1) - H(Uj+1 - 2Uj + Uj‘].)

+ w[ﬁ(‘Uj_1 + Uj+1) - 6’(Uj+1 = 2Uj + Uj‘ 1)] = 0.

By lumping the time-dependent terms and using a Taylor series to
expand Uj+1 and Uj—l the expression

duwl
u + du - (€ + —%l)uxx + 0(h?) =0

is obtained at point x = X3 Note that as w 1increases, the nume-

rical diffusion increases proportionally and will tend to damp nume-

rical oscillations arising from the convection term. The term é%h

represents a numerical or artificial diffusion that is 0(h).

Discretising the lumped system forward in time yields

n+l _ € w6 \m _ 2e , whym
Uj = Uj + k{(h2 +BE* ?E)Uj—l (h2 + SH)Uj

€ dw &\
* (ﬂg T 8L ?H)Uj+1} )
The eigenvalues are

_ 2¢  wh ar/€ wb\ 2
/\1—H-2-+3I{)‘2[(i1—2-+6-ﬁ)

- (gﬁ)2]1/2cos Ni%_T , i=1,2,...,N. (3.20) .
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llence, the upwinding w reduces the imaginary components and a larger
convective term is now nceded to dominate diffusion, thereby reducing
oscillations.  Furthermore, the real part becomes larger, thus in-

creasing the dissipative decay.

Now, a lumped forward scheme with (T,T) rational basis functions is

Il+1 _ n k / / 6 n 4 / T
U, = Uj + H{('f( j-1’¢j) + ?)Uj_1 - €(¢j’¢j)Uj

J
e ) - UL (3.21)

with eigenvalues

e(9%,9%)

T | /
7/)/‘ 7¢/' €y2 2 1/9 :

- 2{{-1L%-l——} - (gﬁ) ] cos g 5 =1, N (3.22)
Since,

lig - h(¥5493) = 1
and

Lim h(9%,9%) = 2
im h(95,9%)

—o0

(3.22) coincides with (3.20) if upwinding is neglected, i.e. w = 0.

The eigenvalues of the lumped scheme of the (1,1) rational

approximation and the linear hat-shaped approximation yield

R 7e 7e.2 5.2/ ir
o= [( =) - (G J CoS g7

32 G p2
and
1
L 2 ol ? 8 2} /2 ir
Sibve [(;;) (1) COS N5 T
respectively.
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If oscillations are present, that is when the cell Peclet number

satisfies gh > 2, then the linear eigenvalues have real and

imaginary components

L _ 2 o6 \2 i7
AL = e - 12[(25) - (=) oS 5T

Similarly, if g > % E , then
R Te o [8.2 7ey]?
eI by - GY)

3h h*
and it is clear that the imaginary part of the eigenvalue is smaller

than that of the linear ecigenvalue, while the real part of it is

bigger than that of the linear eigenvalue.

This suggests that the rational basis functions are usually better
than linear hat-shaped functions, and a consistency analysis has shown
that they naturally introduce numerical dissipation that prohibits

numerical oscillations.

It can ecasily be shown that for the lumped difference schemes the

following stability criteria prevail:

. s 7 ¢ ~ 3h?
Rational; if h < 33 then k < e
. 7 € 14 ¢
and if h > 3% then k < 3 5;
Linear; if h < 2¢ then k < h*
’ - ¢
and if h > 2% then k < %f .
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It is clear that the rational approximation enables one to use larger
time steps k and space steps h than its linear counterpart. Thus
the same results could be obtained by using a standard piecewise

linear scheme and, merely change € to T7¢/6.

In conclusion, the shape of the rational basis functions is biased in
the upstream direction, introducing natural numerical dissipation.
Therefore, the eigenvalues of the discretised schemes have reduced
imaginary components, thereby increasing dissipative decay and redu-

cing oscillations of the solution.
3.9 NUMERICAL RESULTS

3.9.1 llomogeneous Dirichlet boundary conditions

In order to obtain a solution, the space interval (0,1) was divided
into 40 subintervals, i.e. h = 0,025, the time step k = 0,01, the
diffusion coefficient ¢ = 0,01 and the convection coefficient 6 =1
were used. For the initial value wu, an impulse of unity height and

centralised at x = 0,3 was considered, namely

x/hy - 2, 2h; <x <3
uy(x) = | -x/hy +4, 3hy <x <4y
0 , elsewhere

<
<

and h; = 0,1.

The analytical solution [48] is given by

o)
u(x,t) = 2 eyx+’\tbn sin n7x

n=1
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with A = -62/4¢ - en’7?, v = §/2¢ and

—2hu
b = {(¥* - n27%)sin 2hynr + 2un7 cos 2hyn7}
1 hl(v + n27%)2
-3hv (0 )
- (v* - n®*r%)sin 3hynr + 2vnr cos 3hynr}
hl(y + n272)?

-4hu
+ {(v* - 227%)sin 4hyn7 + 2un7 cos 4hjnr}.
hl(V + n27%)?

Figure 3.5 shows the numerical and analytical solution at different
time levels for the backward-difference scheme (3.9) with (1,1)

rational basis functions.
The results obtained compare favourably to those obtained by Mitchell

and Griffiths [26], who used full upwinding with quadratic trial

functions.
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—— ANALYTICAL
==== APPROXIMATE

0.84. t=0.2
0.4
0.24
0 o
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044 t=0.4
0.24
0+
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0 0.2
0.4+ t=0.6
0.21
0
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0 0.2
0.4+ t=20.8
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/’/,
0+ ==
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FIGURE 3.5 : Dirichlet boundary conditions solved with backward-
differcnce scheme
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A comparison of the forward- and backward-difference schemes is also
presented. Both schemes have been solved with (1,1) rational basis
functions for different values of h, namely h = 0,0333, 0,02,
0,0167 and 0,0125. The parameters are ¢ = 0,01 and 6 =1 with
time step k = 0,001. The results are compared by means of the

relative Lo norm, i.e.
V-,
Il = 2

2

&

wvhere U 1is the approximant and V the analytical solution (3.23).
The results at time T = 0,6 for the (0,1) rational basis function

are presented in Table 3.1.

TABLE 3.1 : Relative Ly norm for (1,1) rational basis functions

Difference _ ~ _ _ _ ]
scheme h=0,033 | h=0,025 | h=0,020 | h=0,0167 | h=0,0125

Forward 6,035-2 | 4,80E-2 | 4,23E-2 | 4,15E-2 | 4,25E-2

Backward | 8,30B-2 | 7,21E-2 | 7,09E-2 | 7,17E-2 | 7,35E-2

The forward-difference scheme yields better results than the backward-
difference scheme, where a skew-symmetrical matrix had to be inverted
in comparison to the forward-difference scheme, where a symmetrical
matrix had to be inverted. This is where the main difference exists
between the two numerical schemes. Numerical results for the forward-
difference scheme at time T = 0,6 for (1,1), (2,2) and (3,3)

rational basis functions are shown in Table 3.2.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



ﬁﬁiw

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Y

UNIBESITHI YA

73

PRETORIA

TABLE 3.2: Relative Ly norm for different rational basis functions
using a forward-diffcrence scheme
h=0,033 | h=0,025 | h=0,020 | h=0,0167 | h=0,0125
(1,1) | 6,93E-2 | 4,80E-2 | 4,23E-2 | 4,15E-2 4,25 E-2
(2,2) | 7,80E-2 | 4,11E-2 | 2,80E-2 | 2,28E-2 2,07E-2
(3,3) | 7,45E-2 | 4,22E-2 | 2,62E-2 | 1,80E-2 1,21E-2

From the table it is clear that higher-order methods improve the

results, and that the accuracy increases with smaller h. In Figures

3.6, 3.7, and 3.8 the numerical and analytical solutions at T = 0,6

with h = 0,0125, k = 0,001 and different rational basis functions

are compared. The graphs clearly demonstrate the superiority of the

higher-order rational basis functions for the forward-difference

schemes. The better performances of the higher- order basis functions

correspond with the consistency analysis.
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FIGURE 3.6 : (1,1) Rational basis function
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FIGURE 3.7 : (2,2) Rational basis function
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FIGURE 3.8 : (3,3) Rational basis function
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The forward-difference scheme is also implemented at different time

In Table 3.3 the discrete Lo

steps to verify the stability condition.

norm,

at time T = 1,0

A dash in the table indicates that the stability condition is being

violated.

TABLE 3.3

N
IEZ = b ) (g - vy)?

i=1

is tabulated for different rational basis functions.

Ly norm for dif ferent space and time steps.

(1,1) Rational basis function
h/k 0,01 0,005 0,0025 0,001
0,0333 1,80L-3 0,91E-3 1,74E-3 2,37E-3
0,0200 - 0,29E-3 0,76E-3 1,40E-3
0,0167 - - 0,65E-3 1,28E-3
0,0125 - - 52 ,95E-3 1,18E-3
(2,2) Rational basis function
0,0333 2,31E-3 0,99E-3 1,40E-3 1,97E-3
0,0200 - 0,29E-3 0,31E-3 0,88E-3
0,0167 - - 0,14E-3 0,74E-3
0,0125 - - 0,05E-3 0,63E-3
(3,3) Rational basis function
0,0333 2 ,53E- 3 1,13E-3 1,31E-3 1,81F-3
0,0200 - 1,09E-3 0,29E-3 0,67E-3
0,0167 - 1,15E-3 0,21E-3 0,57E-3
0,0125 - - 0,24F-3 0,38E-3
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The numerical results correspond extremely well with the stability
condition and also indicate that the higher-order rational basis
functions have a less rigid restriction on the time step, which is in
accordance with the theoretical analysis. The last column,

k = 0,001, suggests that the error improves with O(hl/g) when the
order of the basis function increases. From this observation it is
evident that higher-order basis functions improve the numerical

convergence of the scheme.

3.9.2 Periodic boundary conditions

Again, for the initial value wu, an impulse of unity height at

x = 0,3 is considered. The parameters are h = 0,025, k = 0,01,

e = 0,01 and 6 =1. The exact solution of [48] is given by

[e¢] _ 2,
e (2n7)* et

u(x,t) = h + [
nzl 2(n7)2h

- 2 cos 2nr(x - 6t - 3h) + cos 2n7(x - t - 4h)}.

]-{cos 2n7(x - t - 2h)

Using a backward-difference scheme with (1,1) rational basis

functions, the numerical results are indicated by Figure 3.9.
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FIGURE 3.9 : Periodic boundary conditions
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3.9.3 Neumann boundary conditions
The same parameters as in the previous section are used in a backward-
difference scheme with (1,1) rational basis functions to obtain the

numerical results indicated in Figure 3.10.
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FIGURE 3.10 : Ncumann boundary conditions
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In this case, no analytical solution exists, but the solution seems to

be fairly smooth.

3.10 CONCLUSIONS

The numerical scheme proposed in this chapter consists of a standard
Galerkin method with identical upwinded test and trial functions.
Since the rational basis function is biased in the upstream direction,
the effect of convection-dominated flow is taken care of in a natural
way. The numerical scheme is naturally dissipative and tends to damp

numerical oscillations arising from the convective term.

In addition, the method is easily extended to include higher-order ra-
tional basis functions without coupling more than three node points.
The advantage of this method is that the tridiagonal structure of the
difference scheme stays intact while improved accuracy is achieved by

the higher-order rational functions.

Finally, the numerical results validate the theoretical analysis that
higher-order basis functions yield a numerical scheme with improved
consistency properties and higher accuracies. The rational scheme is
stable while convergence to the exact solution is assured by increa-
sing the order of the rational basis functions. Moreover, the effect
of upstream differencing is simulated in a natural way without adjus-
ting any parameter to change the amount of upwinding as found in

standard upwinded schemes [7,26,27,29].
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CHAPTER 4
NONLINEAR DISSIPATIVE AND DISPERSIVE EQUATIONS

4.1 INTRODUCTION

In applications the numerical solution of nonlinear problems are most
important. As examples the time-dependent Burgers equation and the
Korteweg-de Vries (KdV) equation are studied using a rational approxi-

mation method.

Consider the time-dependent Burgers equation

Lu=u +uw - e =0, ¢>0, xe [0,]] and t € [0,T],

t XX
where ¢ is the coefficient of kinematic viscosity. The equation
arises in the studies of turbulence and shock wave theory. The
mathematical properties of Burgers equation have been studied by Cole
[10] and the equation provides a model where the transport of momentum

of the fluid, u, + uu,, s dissipated by the viscous term eu

t
For small values of ¢ the solution develops steep fronts and, depen-
ding upon the spatial mesh, numerical methods are unable to describe
the sudden change in gradient, resulting in non-physical oscillations
in the approximate solution. To suppress these unwanted non-physical
disturbances various techniques have been developed for application in
numerical methods. In finite-difference schemes the first derivative
of the convective term is replaced by the standard backward (upwinded)
and forward (downwinded) difference replacements, while in finite

elements a Petrov-Galerkin method with different test and trial

functions is introduced.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

éi
<

81

N+1

The Petrov-Galerkin approximation is the element u € ¢ which

satisfies

(Lu$;) = 0 for all ;€ AL

¢N+1 and ¢N+1 respectively are different

The trial and test spaces
(N+1) dimensional subspaces of Hé. Typically, the trial functions
¢i are the linear hat functions and the test functions ¢j are
obtained by a linear combination of ¢i and a quadratic polynomial.

For example Mitchell, et al [27], uses the following trial and test

functions:
6.(x) = $(x/h - i)
and ¢i(x) = ¢(x/h - 1), 1i=0,1,...,N,
where
¥(s) = 4(s) + ao(s),
0 Is| > 1
#(e) = { 1 Is] < 1
0 Is| > 1
s(s) =¢ -3s(1-s) 0<s<1
-0(-3) -1<s8¢<0

and o is an arbitrary parameter. This numerical scheme has a free
parameter that has to be selected to vary the amount of upwinding. In
fact, @ =1 produces the upstream (backward difference) for the
first-order space derivative. llowever, the rational basis functions
developed have the same characteristic shape as the above test func-
tions that are biased in the upsgream direction.  Thus, by using

rational basis functions the upwinding parameter e 1is eliminated and
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this justifies the application of rational basis functions for the

Galerkin method.

The Korteweg-de Vries equation is a nonlinear wave equation which
describes nonlinear dispersive wave phenomena. The equation will be

considered in the form

Lu =nu, + uu, + cu =0,

t
where wu(x,t) 1is a real valued function for -w < x<w and ¢ a

XXX

real constant. The existence and uniqueness of a solution of the KdV
equation for periodic initial data have been examined by Jeffrey and
Kakutani [21]. The KdV equation on the real line has numerous conser-
vation laws that have to be satisfied. The most important of these
conservation laws is that any numerical scheme should aim to conserve

the Lo energy of the solution wu, namely
dLy ®
_d 27, =
at——af:/o‘olldk—o.

In a Petrov-Galerkin method the third-order partial derivative demands
a test function wj which is at least C!-continuous. Sanz-Serna et
al [42] proposed a Petrov-Galerkin scheme,
(Lu,p;) = 0 for all y; ¢ Pl e gl

where the trial functions ¢i are the linear hat functions and the
test functions ¢j are defined as a linear combination of the llermite
spline functions over an interval [Xj-Q’Xj+2]' In so doing a five-
node replacement for the third-order partial derivative is obtained,
assuring a better approximation. The unknown coefficients in the

linear combination are chosen to satisfy consistency and to introduce

upwinding in the polynomial scheme.
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To investigate the ability of a rational function to model a disper-
sive wave, continuous lHermite rational basis functions possessing
continuous first derivatives at a node are constructed, as discussed
in Section 2.7. These llermite rational basis functions are used as
test functions in conjunction with linear hat functions as trial
functions in the Petrov-Galerkin scheme to solve the Korteweg-de Vries

equation numerically.

In this chapter the rational difference schemes for both equations are
developed. Some numerical results are also presented and comparisons
are made with other numerical schemes to demonstrate the efficiency of

the rational approximation method.

4.2 DISCRETISING THE BURGERS EQUATION
Consider the initial-boundary value problem

U UL -oeu = 0, ¢>0, xe (0,1), t e (0,T]

XX
with
u(x,0) = uo(x) , 0<x<1,
u(0,t) = qo(t) , t 20, (4.1)
u(l,t) =q (t) , t 20

Divide the interval [0,1] into N subintervals of length h and
the interval [0,T] in J subintervals of length k. Introduce
rational basis functions

¢i(x), i=1,...,N-1
which are independent of time at the nodes. Galerkin's method con-

sists of seeking an approximate solution to (4.1) in the form of

N-1
1(08) = B U (6, (4.2)

1=

which satisfies the following systen:
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(ng + () - € 95) =0, j=l N1, (4.3)
where (u,v) = jﬁ uv dx.

Hlence, the substitution of (4.2) into (4.3) and the application of

product approximation [9] results in

wj-l"pj)Uj—l + (¢J’¢J)UJ + (¢j+1a¢j)Uj+1
1 ’ + 4 + . A .
N 7{(¢j-1’wj)U§-l (¢J,¢J)UQJ (¢J+1’¢J)[%+1} (4.4)
+ 6{(¢j_13¢j)UJ_1 + (¢3:¢3)UJ + (¢j+1>¢j)UJ+1} = 03
j=1,...,N-1.

Discretise the approximating system (4.4) of first-order ordinary dif-
ferential equations in time. For this purpose, let

U? ~ u(ih,nk)
and

T, = (1 - O} + auit,
where @ € [0,1] is a parameter that determines the difference ap-
proximation in time. For example, # =0 and 1 will correspond to
forward and backward differencing respectively. The nodal values at a
specific time level (n+1)k are determined from the following scheme:

£¢j_1,¢j)<vgf} - E§-1> v (950 (U3 : U ¢ (s, p005) (U : )
C 5 T 2]+ (5 )TGLUN2] + (9, # gL, )2)
k{95 VTR0 )+ D5 99Tp(US) + (95,4,99T(U5, )} = 0,
j=1,...,N-1.

In matrix notation this difference scheme may be written in the form
AT T 4 (1 - 98T M 4 (1 - O)kCT
+ OB ™1 4 greu™! < o, (4.5)

where 7 = (U?,...,Uﬁ_l)T.
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For the  (1,1)  rational basis functions the eclements of the

tridiagonal matrices are

aj ;1 =6hén2- 4, i=2, ... N-1,
8 j4q = 6h ¢n 2 - 4h i=1,...,N-2,
ai,i = 'ai,i-l - ai,i+1 +h, i=2,...,N-2,
al,1 = aN-l,N—l = ai,i , i=2,...,N-2,
P17 T i=2,. .. N1,
il T % , i=1,...,N-2,
i =0, i=1,...,N-1,
P Ie i=2, .. N1,
i je1 7 - Te i=1,... N2,
Cii T 7% i-17 Ci,ie1 0 1=2,...,N-2,
- i=2, ... N-2.

€10 TON-1,N1 7 %50

The implementation of higher-order rational basis functions leads to
similar tridiagonal matrices. If @8 =0 the difference scheme (4.5)
reduces to

AT 2 ATt - kBT - T (4.6)
Since A is strictly diagonally dominant, it is nonsingular [6], and

an explicit forward-difference scheme is obtained.
However, if # =1, an implicit backward-difference system of non-

linear equations arises, which has to be solved iteratively by means

of the Newton-Raphson method.
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4.3 CONVERGENCE, CONSISTENCY AND STABILITY FOR THE BURGERS EQUATION

The consistency analysis of the nonlinear scheme (4.5), with 6 = 0,

by using u? instead of u in a Taylor series expansion at (jh,nk)
yields

k k2
Tj,n Uy Ty U B Yy T (¢j—1’¢j)hutxx

} / / / / 1
M % 6{(¢j-1’¢j) + (¢j+1’¢j)}uxx + Q(uz)x
2 4
e A v 00012k, KP)
1 / /
= ug + 5(u?), eh(¢j_1,¢ Ju, + 0(h%,k).
For the (1,1) rational basis function

, / 7
(¢J_19¢J) = - 6h

so that

. 14 1 2 7
Iim T. =u, + 5(v°) - # eu,_.
hks0 90 t 2( )x 6 "~ xx
This corresponds to the consistency analysis of the convection-

diffusion equation.

The nonlinear difference scheme cannot be analysed, however, by means
of the Lax equivalence theorem owing to the existence of the nonlinear
convection term. By linearising the term uu - to 6ux, however,
where 6 indicates the convection coefficient, the convection-
diffusion equation is obtained with known consistency, stability and
convergence properties as discussed in Chapter 3. Note that the
behaviour of the linear equation need not be similar to that of the

nonlinear equation.
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4.4 DISCRETISING THE KORTEWEG-DE VRIES EQUATION
Assume that the KdV equation

ug +ouu o+ oeu o= 0, €¢>0, -®<x<w, (4.7)
together with the initial condition

u(x,0) = uy(x), -0 < X< w , (4.8)
has a unique solution such that, for a fixed t, wu(x,t) and all its
x derivatives tend to zero as |[x| — . Rewrite (4.7) in the

conservation form

1
u + (3 112)X +eug, = 0. (4.9)
A subinterval [a,b] is chosen on which the boundary conditions are

approximately satisfied.

Divide the fixed interval [a,b] into a uniform grid

a=Xp <X < ... <Xy = b, with h=x. - j=1,...,N.  Let

X .
J J-1’
¢j € C'  be a piecewise test function defined at each node X5
j=0,1,...,N.
The weak solution of (4.9) is given by
1
(ut’¢j) + 2’((u2)xa¢j) + e(ux>(¢j)xx) =0 (4'10)

b
where (f,g) = [ f(x)g(x)dx.
a

Define by 4;(x) = 4((x - Xo)/h - 1) the piecewise linear hat func-
tion associated with the node X i=0,1,...,N, where
OE+1) -1 L0,
4(§) =1 4, , 0<gct,

0 , elsewhere

with

#°(6) = ¢
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and

0 =1- ¢

Since the trial function ¢i(x) has compact support, the support of
the continuous differentiable test function ¢j(x) should be extended

to obtain a better node replacement in the numerical scheme.

By using the same technique as Sanz-Serna, et al [42], define ¢j(x),

X € |X. X as
[ J'Q,

J+2J
'(bJ(X) = ¢((X - XO)/h - J)) j:0a1’~"9N) (411)

where 9(¢) € C1[-2,2]. This function is defined as a linear combi-

nation of the llermite rational basis functions, i.e.

WO = o €+ 1) + @i (6) +a (€ 1)
PO P(E )+ AP+ B(E 1),

where
¢?(§+1) ’ -156507
(&) =4 4 () , 0,
0 , elsewhere ,
and
pE+1) , -1<£<0,
v () = { 9, (6) , 0T,
0 , elsewhere.
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Approximate the exact solution wu(x,t) by

N
uN(X’t) = i§OUi(t)¢i(X), (4.12)

where Ui(t) denotes the approximant at node x;, and use product

approximation on the nonlinear term, i.e.

N
o) = 2 B4, (4.13)

The substitution of (4.11), (4.12) and (4.13) into (4.10) and the

evaluation of the inner products yield

MO + ST2 + €U =0 (4.14)
where

U- [Uo(t),---,UN(t)]Ts

T
T = (2,0 (1)
and M, S and G are five-banded (N+1) x (N+1) matrices which are

functions of the parameters @, ﬂi’ i=-1,0,1.

The elements of the j-th row of the matrices M = (mij)’ S = (sij)

and G = (gij) are

m.

Jaj—'l a—l(¢g’¢?) * ﬁ'1(¢(2)’¢1) ’

m.

T G 0 ,0 0
550 = B B F e (6040) + B (6059)),
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&

mj,j+2 @ (¢‘:,¢g) + ﬂl (¢?a¢;)a

i~ d, @ 2, @

wn
|

53,31 %[“-1G1 * ﬁ_lG ta (d¢8 * ﬂo(%gg’¢i)]

d d . \
s;o=abe @Ry -5 @) a6 a0
d dé9
RE RN NN

—

5,50 T %[ (?fg’ - B (ag—,¢1) +a G o+ 6T,

i = 200 G20 - 8 G
j)j-2 h2 -t

Jod-1 7 o2 0
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JJ 2 0 1 1
€
gJ,J"’i £2—(2ﬂ1 - ﬂo)’
= &

gJ J*2 12 ﬂl’
where

Fo= (69,60 + (80,80),

Fo=(600) ¢ (40,8),

6 = -3 + )
and

G2 = a’;\ﬂ,'fﬁl d¢g )

Note that j=0,1,..., N with U_2 = U_1 = UN+1 = UN+2 = 0.
The parameters ai,ﬂi, i=-1,0,1, remain to be selected to give an
approximation for (4.14) that is consistent with (4.7). Therefore,
the application of a Taylor expansion to (4.14) eventually yields
1 1\,
{h(a_l v+ al) + (ﬂ_l + ﬂo + ﬂl)(1,¢1 + ¢2)}u
-d8 1 112
c (o ra ra) s (B4 B+ BODGE L P ) H00),
2y -
- e(ﬂ_1 + ﬂo + ﬂ1)uxx + eh(ﬂ_1 - ﬂi)uxx +0(h*) =0

By enforcing

o o+ a +a =1
-1 1

ﬂ +ﬂ+/3=0
@1'% = 1.
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a local truncation error of 0(h) is obtained.

llowever, by selecting

a=a =a

-1 1
and

=0

ﬂo

additional constraints are obtained which yield I/ : % and
ﬂ1 = - %. This leaves only a as a free parameter to introduce
upwinding in the numerical scheme. Discretise in time the ap-

proximating system (4.14) of first-order ordinary differential
equations. For this purpose, let
Uﬁ ~ u(jh,ek),
where k 1is the time step, i.e. 0 < ¢k <T, 0< £ <J and
Te(Ug) - (1- 9)U§ i 0U§+1
where 6 € [0,1].
For example, 6 =0 and % will correspond to the forward dif-

ferencing and Crank-Nicholson scheme respectively.

In matrix notation the difference scheme may be written in the form

Mot - oh ks sty(m) )+ anyth) = T (4.15)

If 0= % an implicit scheme arises and the resulting system of non-
linear equations has to be solved by Newton iteration. However, if
§ =1, the inverse of the matrix M has to be computed and Ue+1 is

computed explicitly in terms of Ug.
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4.5 NUMERICAL RESULTS

4.5.1 The Burgers equation
Consider the Burgers equation

u, +uu, - oeu, =0, xE€ (0,1), t € (0,T]

t X

with initial and boundary values

uo(x) sin mx , 0<x<1
t
q,(t)

respectively. The theoretical solution to this problem is given by

"
2
—~

feunl
~—

"

o
C‘

Cole [10], namely

¢}
L exp[-en’r’t/€*]nA  sin (nrx)

u(x,t) = 2er n=1 — ;
A+ n§1 exp[-en?r*t/£2]A_ cos (n7x)
where
1 1 X
A, =Of exp[- Eof £(£)de]dx
and

1 1 X
Ay 28[ exp[- 7e gr f(¢)dé]cos (n7x)dx.
The solution develops a steep front near x = 1 which broadens and

dies out with time.

The numerical results obtained from (4.5) are compared with the exact
solution and the compact differencing technique of llirsh, which is
probably the most successful of all finite difference techniques for
solving the Burgers equation [9,27]. The (1,1) rational scheme is
solved implicitly with # =1, k =0,01 and N =19, i.e. h = 0,055,

while the compact differencing results have been obtained by means of
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a time step k = 0,001 in a Crank-Nicholson scheme. The numerical

results and absolute errors are shown in Table 4.1.

TABLE 4.1 :Sinc initial condition (¢ = 0,01, t = 0,5)

X Exact Compact Rational Error Error
differencing (1,1) Compact | Rational
0,5 0,589 0,589 0,592 0,0 3,0E-3
0,56 | 0,649 0,648 0,651 1,0E-3 2,0E-3
0,62 0,707 0,709 0,708 2,0E-3 1,0E-3
0,67 | 0,762 0,760 0,762 2,0E-3 | 4,0E-4
0,72 | 0,814 0,820 0,812 6,0E-3 2,0E-3
0,78 | 0,861 0,852 0,856 9,0E-3 5,0E-3
0,83 0,902 0,917 0,894 1,5E-2 8,0E-3
0,89 | 0,934 0,911 0,917 2,38-2 | 1,7E-2
0,94 0,937' 0,964 0,936 9,78-2 | 1,0E-3
1,0 0,0 0,0 0,0 - -

From the results it is clear that the (1,1) rational approximation

is performing excellently in comparison with the scheme of Hirsh.

Numerical results for this problem are also obtained by Christie, et
al [9], using quadratic trial functions %j and quadratic test

functions wj with full upwinding in a standard Pectrov-Galerkin

technique where the nonlinear convective term is approximated by
o N-1 N-1 .
(U9§> ¢j) = (iél Ui%i i§1 Ui%i’¢j)'

Numerical results are also obtained for the above Petrov-Galerkin
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scheme using product approximation on the nonlinear term, that is
R N-1 R
(7u 1 o 2 ’
(u"g;a’ﬁj) = 7(151 U; %15¢J)

The Galerkin method with (1,1) rational basis functions is compared
to these Petrov-Galerkin schemes in the range where the solution
changes its gradient using h = 0,055. The other parts of the domain

are neglected in Table 4.2, since the solution is linear over these

parts.
TABLE 4.2 :Comparison with Petrov-Galerkin techniques at
at t=0,5 (e =0,01)
: Standard Product Rational
X Exact Petrov- Galerkin approximation (1,1)
0,83 | 0,902 0,895 0,907 0,894
0,89 | 0,934 0,911 0,952 0,917
0,94 | 0,937 0,764 0,774 0,936
1,0 0,0 0,0 0,0 0,0

Integration in time for the Petrov-Galerkin techniques in Table 4.2 is
carried out using the Crank-Nicholson scheme with time step k = 0,001,
while an implicit scheme with time step k = 0,01 is used for the
(1,1) rational approximation. The results again show that the ratio-
nal approximation is accurate in the vicinity of the wave front. This
can only be attributed to the better approximation ability of a ratio-

nal function when the solution suddenly changes.

Secondly, consider Burgers equation,

+uu - ﬁ u,. =0, x€R, te (0,7

u
XX

t
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with initial condition

. 2a
1x:0) = g v eprax By > X € R

where R 1is the Reynolds number and the constants a and b are

chosen arbitrarily. The solution is given by the solitary wave

2
u(x,t) = R(T + exp(a?x - at/R) + b)) -

Rosinger [37] solved this problem by means of a stable and convergent

explicit nonlinear difference scheme. For purposes of comparison with
his results, an explicit scheme, 6 =0, with (1,1) rational basis
functions is implemented with the following parameters: R =10,
a=20, b=1, h=0,04, k =0,001 and time T = 0,14. The results
are shown in Table 4.3, where V and U denote the numerical and
exact solutions while E  denotes the relative error (U - V)/V.
Despite the relative large h the (1,1) rational approximation
performs satisfactorily and is obtained very easily by computation as

a result of the explicit scheme.  The maximum slope is attained at
_al b

= R_ 5 = 0,23
At this point the (1,1) rational approximation compares favourably
with the exact solution as shown in Figure 4.1. At the extreme tur-
ning points the rational approximation tends to undershoot/overshoot

the exact values.
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TABLE 4.3 : Solitary wave initial condition

(1,1) Rational Rosinger
h=0,04, k=0,001 | h=0,004, k=0,02
T=0,14 T =0,14

X U v E v E
0,012 | 3,949531 | 3,925373 6,1E-3 | 3,968594 | -4,8E-3
0,052 | 3,889390 | 3,844439 1,1E-2 | 3,905095 | -4,0E-3
0,092 | 3,761903 | 3,685953 2,0E-2 | 3,830391 | -1,8E-2
0,132 | 3,506132 | 3,398354 | 3,1E-2 | 3,598506 | -2,6E-2
0,172 | 3,045331 | 2,936078 | 3,6E-2 | 3,046040 | -2,3E-4
0,212 | 2,356164 | 2,309563 1,9E-2 | 2,243422 | 4,8E-2
0,252 | 1,566964 | 1,619406 | -3,3E-2 | 1,444392 7,8E-2
0,292 | 0,897744 | 1,008460 | -1,2E-1 | 0,837771 6,7E-2
0,332 | 0,460267 | 0,566468 | -2,3E-1 | 0,453413 1,5E-2
0,372 | 0,220802 | 0,294721 | -3,3E-1 | 0,235205 | -6,5E-2
0,412 | 0,102323 | 0,145769 | -4,2E-1 | 0,118771 | -1,6E-1
0,452 | 0,046634 | 0,069848 | -4,9E-1 | 0,058783 | -2,6E-1
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The relative Ly error norm is 1,19E-2 for the rational approximation.




UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02:&

98
4 -
. T Analytical
. Numerical
\ h 0,04
\
\ k = 0,0001
‘\ T = 0,14
8 -
2
1 4
0 .
-0.3 0.7

FIGURE 4.1 : Comparison between (1,1) rational approximation
and analytical solution '
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considerably as shown in Table 4.4.

TABLE 4.4 : Hligher-order rational approximations

(2,2) Rational (3,3) Rational
Ly norm: 7,4E-3 Ly norm: 5,3E-3
X v E V E
0,012 3,938371 2,8E-3 3,943696 1,5E-3
0,052 3,866204 5,9E-3 3,875893 3,5E-3
0,092 3,718861 1,1E-2 3,734006 7,4E-3
0,132 3,439305 1,9E-2 3,458755 1,452
0,172 2,972186 2,4E-2 2,989769 1,8E-2
0,212 2,322565 1,4E-2 2,329009 1,2E-2
0,252 1,601427 -2,2E-2 1,592654 -1,6E-2
0,292 0,970357 -8,1E-2 0,951974 -6,0E-2
0,332 0,526358 -1,4E-1 0,507473 -1,0E-1
0,372 0,263673 -1,9E-1 0,249492 -1,3E-1
0,412 0,125669 -2,3E-1 0,116779 -1,4F-1
0,452 0,058195 -2,5E-1 0,053199 -1,4E-1
Next, let R =10, a=17,5, b =0,0 and apply the rational approxi-

mation method to the soliton solution. The relative Lo error norm for

Rosinger's method with L = 0,00681 and %k = 0,025 is 0,13, while
the (1,1), (2,2) and (3,3) rational approximation method with
h=0,05 and k = 0,001 yields 0,012, 0,008 and 0,0059 respec-

tively. Different Reynolds numbers were also used to investigate the

sensitivity of the method. Excellent results were obtained at high
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Reynolds numbers, e.g. when R = 1000 the relative L, error norm is

2,8E-4.

4.5.2 The Korteweg-de Vries cquation
The first example considered is

u +un +oeu, =0, x€ [0,2]

t XXX

with initial condition

u(x,0) = 3¢ sech?(ax + d),

where
c=20,3 ,
e = 0,000484
a = (c/ll-e)l/2
and
d =-a

The theoretical solution

u(x,t) = 3¢ sech?(ax - act + d)
represents a single soliton with amplitude 0,9 which moves across the
interval in the time period, 0 <t < 1. (Qutside the interval [0,2]

the solution is considered to be negligible.

Sanz- Serna, et al [42], considered a Petrov-Galerkin scheme with Her-
mite cubic test functions and subsequently modified the scheme to in-
clude product approximation. The amount of upwinding needed in the
rational scheme was determined by numerical experimentation and
@ = 1/6 yielded the best results. In this case the test function
¢j(x) is slightly biased in the upwind direction and assumes the form

as shown in Figure 4.2.
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FIGURE 4.2 : Test function ¢j with a=1/6

The numerical results of the (3,1) Hermite rational basis functions
with @ = % are compared to the results of Zabusky-Kruskal, Petrov-
Galerkin and modified Petrov-Galerkin [42] in Table 4.5. The accuracy

was measured by the norms

Ju - Ul

1

14
max {u(x:,t,) - U
Wips {u(x;,t,) - Us}

and

N ¢/ 2 1/2
- Ul =[5 {uteotg) - U]
< J.

for a fixed ty = k, 1<¢
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The rational scheme (4.15) was solved implicitly (4 = %) and expli-
(6 =0)

predicted by the linearised truncation error analysis.

citly and the accuracy excceded the first-order accuracy

The rational
method gives very good results for moderate values of h, but the

other methods soon catch up for smaller values of h. This shows a

slower rate of convergence for these methods.

TABLE 4.5 : I, and L errors (x 1000)
o T Modified (3,1) (3,1)
%ﬁﬁgiﬁﬁ gi%ggﬁin Petrov- Rational Rational
BoRe arErt Galerkin implicit explicit
L L L L L L L L L L
2 ® 2 ® 2 e 2 o 2 ©
h=0,05 | t k=0,025 k=0,025 k=0,025 k=0,025 k=0,001
0,25| 34,64 19,4| 81,39| 42,18| 52,15|30,22| 7,77{17,75| 8,50(20,28
0,501122,68| 63,5|102,54| 51,85 64,90|22,85(10,17,12,49(11,08{13,84
0,75(210,441122,4|125,84| 87,60| 89,01|35,86|11,25[16,46]12,80(23,10
1,00{298,19/161,4{150,57,100,41]107,20|39,39(13,16(26,99(15,36|23,85
h=0,033 k=0,01 k=0,01 k=0,01 k=0,001
0,25 31,18] 14,27 5,94| 2,80( 1,33| 4,73] 1,39| 4,05
0,50 43,35] 21,65 7,56| 4,53| 1,52} 4,13} 1,91| 6,37
0,75 56,21| 29,78] 8,70| 4,85| 1,61 4,96| 2,53| 6,05
1,00 74,08| 39,37 9,49| 5,85| 1,94} 4,66| 3,58| 9,57
- i k=0,005
h=0,01 k=0,0005 k=0,005 k=0,005 h=002
0,25 5,94| 2,05 4,46/ 1,21 0,21] 0,07| 0,20| 0,65
0,50 13,17{ 4,22 7,01 2,15 0,38} 0,11| 0,24| 0,76
0,75| 21,08| 6,36 10,08, 3,09| 0,57 0,17| 0,27} 0,76
1,00| 28.66| 8,13| 13,26| 3.83| 0,74] 0,21| 0,38] 0,96

Next, the rational scheme is compared to a self-adaptive conservative

scheme (SACS) by Sanz-Serna [41] in Table 4.6.
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TABLE 4.6 : L _(x 1000) AT T =1

SACS (3,1) Rational

h k L h k L

0 00

0,02(0,005 [36,1 0,05 [0,025]26,99
0,01/0,0005| 9,76]0,03310,01 | 4,66
0,01]0,001 | 7,84]0,02 |0,005| 0,96

Secondly, consider the equation

+ 0u + = - X
6uX uXXX 0, w < X < w

g
with solitary-wave initial data
u(x,0) = A sech®(cx)
and
A= 2¢%.
The exact solution on the infinite interval is
u(x,t) = A sech?®(cx - wt),
where

w = 4c3.

In Table 4.7 the numerical results are compared to the results of the

numerical schemes reported by Taha, et al [46] and Bona, et al [3].
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TABLE 4.7 : Comparison of different schemes with different amplitudes
on the interval [-20,20] at time T =1

Taha and Pseudospec- |Calahan
A Zabusky- [Ablowitz tral by method with| (3,1)
Kruskal |local Fornberg and|quadratic rational
scheme Whitham splines
A =1 |N=231 N=251 N=65 N=96 N=96
J=50 J=8 J=104 J=25 J=25
L =0,00469| L =0,00173| L =0,00113 | L =0,00178|L =0,000982
Q 0 ¢ 8} 109] 0
A = 2 |N=501 N=401 N=129 N=144 N=145
J=5263 J=10 J=238 J=45 J=200
L =0,00930| L =0,00332| L =0,00474 | L =0,00288|L =0,00317
o0 [0} [eo] 09 [0 0]
A=4 N=801 N=129 N=172 N=175
J=37 J=870 J=140 J=200
L =0,01747| L =0,01752 | L =0,0171 |L =0,0116
[¢ 9] e o] ¢ 9] [04)

From Table 4.7 and Figure 4.3 it is clear that the rational scheme
performs satisfactorily and its accuracy can only be attributed to the

better approximation abilities of a rational function.
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FIGURE 4.3 : (3,1) Rational scheme with A =4, J = 200
and N = 175

Although the method is not a conservative scheme in the lincarised
sense, that is [42]

C(U) = o,
the Lp-energy does not vary much for the (3,1) lHermite rational ap-

proximation as shown in Table 4.8.
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TABLE 4.8 : Encrgy of (3,1) Hermite rational approximation

t h/k=0,05/0,025h/k=0,033/0,01h/k=0,02/0,005| Exact energy
0,25 0,0863 0,0866 0,0867 0,0868
0,50 0,0857 0,0864 0,0867 0,0868
0,75 0,0852 0,0862 0,0867 0,0868
1,00 0,0848 0,0861 0,0866 0,0868

4.6 CONCLUSIONS

The numerical results obtained by the rational approximation method
for the Burgers equation demonstrate that the technique is accurate in
the vicinity of steep gradients of the solution. In the numerical
experiments conducted with the explicit rational approximation it
seems that the scheme is remarkably stable. Although the elements of
the tridiagonal matrices A, B and € involve the integration of
rational functions it presents no difficulties since the integration
is obtained accurately by numerical integration. In addition, the
matrix T the explicit rational computational algorithm stays
constant throughout the iteration sequence, thus providing a very
efficient algorithm. Both implicit and explicit schemes were found to
perform satisfactorily at steep gradients and for different Reynolds
numbers.  The approximation ability of the rational function was
clearly demonstrated by the approximation of the wavefronts in the

examples with Burgers equation.

Furthermore, the extension to higher-order rational basis functions

provides an excellent method to increase the accuracy of the approxi-
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mation as clearly demonstrated by the results. The method is unique
in the sense that additional node-points are not necessary and hence,
the tridiagonal structure of the matrices is maintained.  Another
distinct advantage is that these rational schemes do not possess an
unknown parameter that has to be chosen to vary the magnitude of
upwinding desired. In conclusion, it is evident that the rational
scheme obtained from Galerkin's method with rational basis functions

provides an efficient method for solving the Burgers equation.

The rational scheme for the Korteweg-de Vries equation in most cases
presents a significant improvement over the methods considered. The
error norms reflect the accuracy and efficiency of the new method and
suggest that the order of accuracy is better than the first-order ac-
curacy predicted by a linearised truncation error analysis. Although

the scheme is not conservative in the linearised sense various numeri-

o0
cal experiments have indicated that the energy jﬂ u?dx, for
~- 00

computational purposes, remains constant. Finally, it must be
emphasised that this method gives a consistent numerical scheme that
on account of the influence of the rational functions, has better

approximation abilities than most other existing numerical methods.
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CHAPTER 5
NONLINEAR HYPERBOLIC CONSERVATION EQUATIONS

5.1 INTRODUCTION
In this chapter nonlinear scalar equations of the form
U+ f(u), =0 (5.1a)
u(x,0) = uo(x), (5.1b)
where u is a real valued function, u € Lw(m), f a twice conti-
nuous differentiable function, and (x,t) € R x R_ are studied.
These equations are commonly called conservation laws by anology with
examples which arise in the study of nonlinear wave phenomena when

dissipation effects, such as viscosity are neglected. These equations

admit discontinuous solutions, namely shock waves.

There are several difficulties in solving such equations numerically.
Typically, numerical schemes produce oscillations behind a shock.
Furthermore, all difference schemes have numerical diffusion, disper-
sion or both due to the truncation crror. As a result, there will be
diffusion across the discontinuity with each time step. Therefore, it
is necessary to have a numerical method that is accurate in smooth
regions of the solution while giving a sharp resolution at a discon-

tinuity or shock.

Considering the properties of rational functions, it is envisaged that
the rational approximation method would adhere to the above require-
ments. TFirstly, a brief introduction to the mathematical theory is

presented, followed by the development of the numerical scheme and
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proof of the convergence. Numerical results are also presented to

show the efficiency of the method.

5.2 MATIEMATICAL SURVEY
The solution of hyperbolic conservation laws of the form
u f(u), =0 (5.2a)
u(x,0) = uo(x) (5.2b)
contains discontinuities, that is the mathematical representation of
shock waves. To allow discontinuous solutions one considers weak

solutions of (5.2) that satisfy

fwfw (geu + 4. £(u))dx dt + f°°¢(x,0)u(x,0)dx =0, (5.3)
0 -0

-0
where ¢(x,t) is any C; test function [43]. The integral equation
(5.3) imposes a constraint on the value of u on both sides of the

discontinuity, namely the Rankine-llugoniot condition, which states

that
S[ug - Ur] = [f(ug) - f(ur)],
where S = %% is the speed of the discontinuity and uy and u. are

the states on the left and the right of the discontinuity respective-
ly. In the effort to solve the initial-value problem, which classi-
cally could not be solved, the class of solutions was extended by
(5.3). Therefore, several physically unacceptable discontinuous solu-
tions can arise, risking the uniqueness of the problem. An additional
condition has to be imposed on weak solutions of conservation laws in
order to select the physically relevant solution. Usually this con-
dition identifies the relevant solution u as a limit of solutions,
u(e), with some dissipation present for the viscous equation

ug + fu), = eu , €>0. (5.4)
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Oleinik [20,43] has shown that as ¢ - 0, the solution converges to a

solution of the scalar conservation law obeying the entropy condition

(W) - 1) ) - )

u - ue = = u - ur (5'5)

for all u between up and U Such limit functions can be charac-
terised by an entropy function n(u) [20,52], defined as follows:

(i) n satisfies o f =T ,
where F 1is the entropy flux.

(ii) n 1is a convex function of wu, i.e. > 0.

Moy
The multiplication of (5.1a) by My then yields

n + M f (),

= T Fx

= 0.
It was shown in [19] that if a sequence of solutions wu(e) of (5.4)
converges, boundedly and almost everywhere, to a limit u as e — 0,
then the limit satisfies

n(u)t + F(u), €0 (5.6a)

in the weak sense, i.e.
© 0 [09]
- j~ J~ [.n + ¢, Fldx dt - j~ #(x,0)n(u(x,0))dx < 0, (5.6b)
0 -0 -0

for all non-negative smooth test functions ¢(x,t) of compact sup-

port. Relations (5.6) are called entropy inequalities.

Therefore, in accordance with the above, the numerical approximation

of (5.4) will be considered.
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5.3 DISCRETISING THE HYPERBOLIC EQUATION

In order to solve (5.1), where f(u) = %ug, the equation
u, + f(u), - eu =0 (5.7)
u(x,0) = uo(x), x € I = [a,b]

will be considered. Since this is identical to the nonlinear Burgers

equation, the discrete system (4.4) is applicable, namely

(¢j-1;¢j)Uj-1 “/“ (¢J’¢J)UJ + (¢j+1’¢j)Uj+1
- f{(¢j_1a¢j)U§_1 + (¢j>¢j)U§ + (¢j+1’¢j)U§+1}
+ 6{(¢j-1’¢j)Uj—1 + (¢ja¢j)Uj + (¢j+1a¢j)Uj+1}
=0 j=1,...,N-1.
Using the properties of the (T,T) rational basis functions,
’ / 1
-(¢J"1’¢J) = (¢J+1’¢J) = - J
/AE
(95,45)= 0,
(¢j-1’¢j) = (¢J+1’¢J)
and
. . b 1. . ) =
(851585 + (95,05 + (V089 = b
and discretising the system forward in time the result is

AU+ BUR el

j-1 j+1
I n I
= AUj_% + BUj + A?j+1
n 9 Al 9 T n il

where

A = (¢J‘1’¢J)/h’

B = (¢J’¢J)/h ’

C = -c(¥5 1)

20 + B =1
and A = k/h.
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5.4 CONVERGENCE
In order to investigate the convergence of the numerical scheme (5.8),
define the difference approximation Uy k(x,t) to (5.1) as piecewise

constant functions,

Uy g (x5t) = Ug for (x,t) € [jh,(j+1)h) x [nk,(n+1)k).

Introduce the following definitions [18,20,52].

Definition 5.4.1.

A difference scheme is consistent with the conservation law
U+ f(u)X =0, u(x,0) = uo(x), x €1

if it can be written in the conservation form

NG L\ i

j-1 j j+1
= AU?_ + BU“ + AU§+1 A[hf(U§+1,U§) (Un Un Dl (5.9

where hf is a Llpschltz continuous function, i.e.

3 K> 05 |hy J+1,U N - hf(U U DI < Kot - Y,

AL B
and satisfies hg(u,u) = f(u).

In the case of (5.8) the function becomes
| n, _1,,/m o I\ 9 1 n
hf(Uj+1an) = q((Uj+1) + (Uj) ) + C(Uj - Uj+1)
so that

he(u,u) = f(u) = % u? .

Definition 5.4.2.
A difference scheme is consistent with the entropy inequality

1), + Fu), <0

if a numerical entropy flux, hF, exists which satisfies
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(1) hF(u,u) = F(u),

(i1) hp is a Lipschitz continuous function,

(iii) An(Un Nk Bn(U“+1) + Av(UﬁIi)
] Av(Uj N Bn(U“) - An(UJ+1)

- Afhp( J+1,Un) - hF(U?, j_1)] <

Definition 5.4.3
(a) The total variation (IV) of a mesh function U | is defined
>
as

V(U™ = |U - U§|.

j+1
(b) A numerical scheme is total-variation stable if the total varia-
tion in x of a sequence of numerical approximations Uh,k(x’t)
is uniformly bounded in t and h. This means that a constant
K* independent of k and h exists, such that
VY <K V.
Therefore, a constant K can be found independently of k and
h, such that TV(U") < K Tv(17).
(c¢) A numerical scheme
it - s,
where S 1is a difference operator, is total-variation dimini-
shing (TVD) if
vty <va.

To establish the convergence of the numerical scheme it is necessary

to prove the following lemmas.
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Lemma 5.4.4
If the numerical scheme (5.8) is consistent with the conservation law

and total-variation stable, then for all p and ¢
B - Wh <30 - ok, (5.10)
j< e !
where M is a constant, A = k/h a constant and [a,b] a finite
interval of the real line.

Proof. It can be shown after tedious manipulation that

Upfl N
J
- . Py . P P P - 1
= A[hf(UJ+%,U )1 f(Uj)] I A[hf(Uj,Uj_li fin)] 1
—A[hf(U§+1,Up ) - f(Ug )] + A[hf(ug ,Up D - f(Ug )]
P+l optl p+1 _ yp+ly p—l b1y p-1 _ yp-1
+A(Uj Uj-l) + A(Uj UJ+1) A(Uj UJ 1) A(Uj UJ+1)
Therefore, using the Lipschitz condition,
IUI?""l . UI?"lI
AU,y - OB« (U - OB (U, ! oy ! vk -t
[0,y - U]+ (U - OB U E - Uty U o)
1 1 1 1 - 1 1 1
e A[URT - W) tug* ®H 1U§ USRS

From the total-vallatlon stability of U? and assuming A = k/h
constant, it follows that

n+1 -1
where M 1is a constant, so that

|UP+1 U§‘1|h < Mh.
b a
J<

- \

The triangle inequality yields

I

p— 2 .
£ |- U%n ) |U1+2 - U
i ; ]

i< b- a 1:q
(p - @)Mh

Yo - ok

I
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Lemma 5.4.5
If the numerical scheme satisfies the assumptions of the previous
lemma and is total-variation stable, then it is also stable in the

norm

U = TV(U) + max [Uj|. (5.11)
J

Proof. The lemma is proved for periodic boundary conditions.  The
assumption of total-variation stability means a constant K exists,
not depending on h or k, such that

TV(U") < K TV(W).

By definition of total variation

max US - min UY < 3 ]Un - UQ|
j j joo
= TV(U"Y
< K TV(UP).

Using periodic boundary conditions, that is Ug = Uﬁ , and consis-
tency with the conservation law, gives

U =210 for all n > 0.
N :
J J
Now
min Ug < % ) Ug < max Ug ,
J J J
where N is the number of mesh points in the space interval. From

the above

U2 > min U2 2 -K V(W) + max [U3] > K TV(U) + £ B U2,
J j j J j J
UY < max U% < K TV(UWO) + min |U%] < K TV(UO) + % DRGS
J N ; J AR
J J J
Thus,
- T KTV Y
J j J
and
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1 .
U?-NJZUggKTV(UO) YV j

implies that

n_ 1 0] ¢ 17710 .
|UJ N ? UJI <K TV(U) V5.
But

n, 1 0 n_ 1 )
1105 N|§ Ujl[ <10 -y ? U3| < K TV(U?)

so that for all j

n ; 1
LESEUCHE L]
<K TV(U) + max |U%[. (5.12)
J
llence
max |U%] < K TV(UO) + max |U9] (5.13)
j J j J
and
V(U™ + max |U2| < 2K TV(UO) + max [U%[. (5.14)
J J

From (5.12), (5.13) and (5.14) it is clear that the numerical scheme
is uniformly bounded in the L1 norm, L norm and the norm (5.11)

respectively.

The convergence of the numerical scheme is outlined in the following

theorem [18,43].

Theorem 5.4.6
Assume that the numerical scheme (5.8) is consistent with the conser-
vation lawv and its entropy inequality. If the resulting numerical

approximation is TV stable, then a sequence {U, | } ¢ {U }}
1’7 ’

exists which converges to a measurable function u(x,t) in the sense

that
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b
10, (1) - u(x,t) dx — 0
a it

and
T b
Uy, o (68) - u(x,t)[dx dt — 0, T >0,

a 1271

o

as i —w, i.e. (h;,k;) — (0,0). Furthermore, its limit is the

weak solution of (5.1) that satisfies the entropy inequality.

Proof. The first part is analogous to that of [43].

Based on lemmas 5.4.4 and 5.4.5, the set of functions {Uh,k}’ con-
sidered as functions of x, 1is uniformly bounded, and by assumption
has uniformly bounded total variation on each bounded interval on any
line t = constant, t > 0. According to Illelley's theorem [43] a sub-
sequence {Uﬂ,k} exists which converges at cach point on any bounded
interval of this line to some function of finite variation. Let {t }
be a countable dense subset of the interval (0,T]. By means of a

diagonal process a subsequence {Up  } from {U |} 1is found which
i ™

converges at every point on each line t =1t m=1,2,... as

m’

1 — .

Let Uy = U, . and show next that for every t € (0,1}, {U;(-,%)}
it

is a Cauchy sequence in Ll([a,b]). For t e (0,T] find a

subsequence {tms} ¢ {t,} such that tms — t as s — o. Then

b
I;(t) = J; |U; (x,8) - Uj(x,t) [dx
b

f ( )| ]~bl ( ) ( )1d
< |U. (x,t) - U.(x,t dx + U.(x,t - U.(x,t dx
0 A i ng g i mg ] mg

b
¥ }; |Uj(x,tms) - Uj(x,1) | dx

=1 +1 +1.
1 2 3
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Since IUi(x,th) - Uj(x,tms)l <M, for all x € [a,b], M a real

constant, then as a result of the Lebesque bounded convergence theorem

(38], 12 — 0 as i,j — .

Denote by means of [¢] the greatest integer value of o, then
U (x,8) = Us(x, [t/k; ]k, ]
Using lemma 5.4.4
b
J; |Ui(x,[t/ki]ki) - Ui(xa[tms/ki]ki)|dx
(J+1)h,
) U (x, [6/k: k) - UL (e [6 ks Tk ) ] dx
j<(b-a) /iy JGhi 1 (6 [6/k;]k; (61 Mg iJk) |
s

Lt -t |,
S

I

1

(VAN

I

where L 1is a constant. Similarly, 13 SLjt- ¢, [, thus
s

I+ 1 <2Lft- tmsl.

n | <€ For

Now, for € > 0 given, select ¢ ~ such that 4L|t - ¢
S S

this fixed s select i1 and j large enough so that 212 < €. Then
for these s, 1 and j

Iij(t) < €.
Since ¢ is arbitrary, Iij(t) — 0 as 1i,j — o. Thus, for every
fixed t € (0,T] the sequence {U;(x,t)} is a Cauchy sequence in
Ll([a,b]). Since L1 is complete, it follows that {U;(x,t)} has a

limit u(x,t) for each fixed t, 0 <t < T.
It is necessary to show now that Iij(t) — 0 as 1i,j — w, uni-

formly in t, 0<7<t<T. Let €>0 Dbe given and choose a

finite subset F c {t } with the property that if 0 <t < T, then

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



&
&

a‘ UNIVERSITEIT VAN PRETORIA

A 4

UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

119

. . . € . .
a t €F exists satisfying 2L|t - t | <5 . Select 1 and ]

large enough such that 212 < e for all t, € F.  Then Iij(t) <€
for these i and j. Since € 1is independent of t, Iij(t) — 0

as 1i,j — o uniformly in t.

Thus, for any 7, 0<7<T,

fI t)dt — 0

as 1,j] — o.

T b
Now, f f |U; (x,8) - U (x,8) [ dx dt

f f (x,8) - Us(x,8) [dx dt + f Ii5(6)dt (5.15)

-
Let M = max |U.(x,0)], then from (5.12) it follows that
1

|U; (x,t)| <M, therefore

7 b
f f U5 (x,8) - U (x,8) | dx dt

ff xt)}xdt+ff U (x,t) [dx dt

2(b - a)Mr. (5.16)

Select 7 so small that 2(b - a)Mr < ¢/2 and i and j large

[FaN

I

enough that the second integral in (5.15) is at the most  ¢/2.
Consequently, for these i and j
T
f Ii5(6)dt <
0
T
and Jr Iij(t)dt — 0 as 1i,j — . Hence, U, (x,t) is a Cauchy

0
sequence in Ll((O,T] x [a,b]) and it follows that {U,(x,t)} con-

verges to a limit wu(x,t), which is measurable because the sequence

{U;} is measurable [39].
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According to Rudin [39], if {U.} 1is a Cauchy sequence in

Ll((O,T] x [a,b]) with limit wu, then a subsequence exists which
converges pointwise almost everywhere to u(x,t). Since ]Ui| <N,
then |u| <M and, if necessary, redefine u on a set of measure

Zero.

The second part of the theorem proves that u(x,t) is a weak

solution.

Define the following piecewise constant functions:

Mt) = 1

J
0'(x,t) = 45
I
(x,t) = hf(U§+1,UQ) :

bp(x,t) = (057 - /e, (5-17)

Mxt) = <¢J+1 ->/h
- hF( J+1’U )
for (x,t) € [jh,(j+1)h) x [nk, (n+1)k).

=
=
~~
=
ct+
A
|

Multiply (5.9) by a smooth periodic scalar function, ¢(x,t) € Cé(I),
i.e. ¢2 = ¢(jh,nk) and sum over j and n, to obtain
] g FUAT | + BB+ AT,

n+1

) L __l__r___l_ {AUn+1 Un+1 n+1}1k

n+1 n+1
oy (¢j+1 ) éj )l (Un+1
n,i h ' J+1’

= 0 (5.18)

}+1)hk

using summation by parts and periodicity of the boundary conditions.
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Owing to the definitions (5.17),

- M, 0) (AU (x+h,0) + BUM(x,0) + AU (xh,0) ) dx
I

f f 620, 6) (AU (e, 1)+ BUM(x,6) + AR (D, 0) ) dx dt

-f f M, (0 dx d = 0, (5.19)
0 I ’
where I = [a,b]. Since hf is K-Lipschitz continuous, f

continuous, ¢ continuous and Ug bounded, then
4,801 < (UL, U8 - £(U)] + [£(UY)]
" - U“| + N
<N,
10 (x + 1,0)] <N,
|¢h<x )] <N,

<K

j+1

|¢ (x,t)] <M
and
|¢ (x,t)] <M
where M 1is an arbitrary constant. Moreover, if
lim UF = U" = u(x,t),
00 J

then

Iim fh(x,t) lim h{(Un

Ut = he(UN,UY) = £(UY).
L i ) = (UL U = £(U7)

+1°?

Finally, based on Lebesque's dominated convergence theorem [38] and

the fact that 2A + B =1,

Jr¢(x,0)u(x,0)dx + erj~ (ggu + ggf(u))dx dt = 0, x €1,
I 0 1

which proves that u(x,t) 1is a weak solution.
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In order to show that the numerical scheme satisfies the entropy
inequality, consider the discrete entropy inequality

An(Un 1) + By( g+1) + An(Un+1)

j+1
AU(UJ 1) Bﬂ(Uj) - AU(Uj+1)
¥ A[hF(Uj+1, j) - hF(Ug,Ug_l)] < 0. (5.20)

Multiply (5.20) by h¢?’ ¢g >0, sum over n and j,
- 3 h¢Q(An(UQ_1) + Bn(UQ) + An(U§+1))
n+1 1
+1 1
- E ——J———K——l—{An(UJ D+ BU(Un ) + An(U?Il)}lk
(¢n+1 n+1)
j+1 j n+l (n+l
Dy T hF(Uj+1’Uj Yhk
]
< 0.

Again this gives

- j~ ¢h(x,0)(An(Uh(x+h,t)) + Bp(U h(x t)) + An(U h(x-h,t)))dx
I

LT T Geh,t) + B0 (e,)) ¢ Ap(0h(xeh 1))
01
x ¢2(X,t) ¥ ¢£(X,t)Fh(X,t)]dx dt < 0.

Further,
lim Fh(x,t) = lim hF(Un+1,Un)
h-0 Joo J

n
= F(UY).
If 5 is a continuous convex function in R,  then owing to

Lebesque's dominated convergence theorem
[0 )
- J~¢(x,0)n(u(x,0))dx - j‘ ja{n(u)gg + ggF(u)}dx dt <0,
I o T

for x € I. This proves the theorem.
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5.5 DBOUNDS FOR THE ADDED VISCOSITY
Linearise the nonlinear discrete equation (5.8) by replacing the

nonlinear terms

n 0
(U +1) +1

and
1,m S (m
7V )% 2y Uiy
where S is the velocity of the shock wave. By a Taylor series
expansion, the linecarised truncation error Tj g, at (jh,nk) is
1 2 2 2 1(3
Tj,n = qe{hA(2u + 2kut #hfu o Kue s hikug 3= U
K3
+ hB(kU, + Z—uLt + g Upp) - DA(2u + Mug )
¢ 55 (ohu + %—uxxx) - kCh2u ) + O(h%, 12k, KP).

Using 2A + B = 1, the above simplifies to

T, =u + S0, + k2u + Ah2u
j,n t 2ttt Bttt txx
Sh?
+ Su, + _%_uxxx - Chug, + 0(h%,h%k,hk? k?)

= U+ SuX + 0(h,k),
which shows that the numerical scheme is first-order accurate in h
and k. The term CthX represents the contribution due to the dif-

fusion term. Neglect this term temporarily and denote the truncation

error by
1l _ k 1(2 2 S}
Ty n = g+ glpg * 5lppe * AN 0p ¥ SU Tl
Now,
Ytxx = (ut)xx
= (-SuX)XX
=-Su___.
XXX
Similarly,
_ Q2
Ugg = S Uyx
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and
- _q3
Yett = S Uyxx
The replacement of the terms in the truncation error yields
n _ Sk $3k? s . h2S
Tj,n = ug +Su S+ (- S - AR S
S%k

The term - s the coefficient of numerical dissipation, while

31.2
(- 565— - SAR? + B2 %) is the coefficient of numerical dispersion.
Inclusion of the added viscosity or diffusion yields
, S%k $3k2 S
lj,n =u, + Su o+ (5 - Ch)ug, + (- - SAh? + h2 5) Ux

3.2
The coefficient of numerical dispersion (- §6£— - SAR? + K? %) stays

intact for both the discrete hyperbolic and parabolic equations. The
dispersive coefficient indicates Fourier components travelling at
different speeds, resulting in oscillations. A steep gradient, such
as a shock, contains high-frequency Fourier components. Dissipation
damps the high-frequency terms more strongly than the low-frequency
terms. This results in smoothing shocks. IHigh-frequency components
move more slowly than low-frequency terms. Thus, if there is only a
small amount of numerical dissipation present, these high-frequency
components will lag behind the low-frequency components, resulting in

oscillations trailing the shock wave [36].

In order for the coefficient of numerical dissipation to be represen-
tative of the viscosity of a '"real physical fluid", the amount of dis-
sipation or diffusion must be negative or else the amount of diffusion
would be "unphysical”. This means that

21
§7£ - Ch < 0.
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From this a lower bound for the diffusion coefficient ¢ 1is obtained.
Te

Since C = g for a (0,1) rational basis function, it follows that
12 9
¢ > 7°8%k ~ 0,435°k. (5.21)

For ~ (0,2) and (0,3) vrational basis functions, it follows

respectively that

21,
€ Z T—%UIG EQE ~ 0,4582k

and (5.22)

1 82]( ~ / 2
€ 2 Tj0761 -5 = O,LGS k.

This suggests that the diffusion coefficient increases with increasing

order of rational basis functions.

The stability of the linearised discrete equation was also examined by
a standard Fourier stability analysis in Chapter 3 and the following
conditions for the (1,1), (2,2) and (3,3) rational basis functions
were found, namely

h?
€ < 0,156 K

o
(WaN

h?2
0,168 o (5.23)
and

h?

€ < 0,174 K_
respectively. By using the above to select ¢, an upper bound is
obtained which simultancously satisfies the stability properties of

the numerical scheme.
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5.6 NUMERICAIL RESULTS

Consider the linear hyperbolic equation
Ug = cu ., ~o< X<, t >0,

with initial condition

1, 0,05<x<0,15
u(x,0) = uo(x) =

0 , elsewhere.

The exact solution is u(x,t) = uo(x - ¢t). Restrict t to

0<t<0,75 and x to -1<x<2. Select ¢c=-1, h=20,02 and
h = 0,01, while the time step is taken as k = 0,001. The Courant
condition, ICI% <1, 1is satisfied for both choices of h, namely

0,05 and 0,1.

The dependency of the numerical solution of (5.8) upon € 1is inves-

tigated and the results are given in Table 5.1.
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(1,1) Rational approximation
h\e 0,0004 0,0005 0,00075 0,001
0,02 0,01545 0,01498 0,01618 0,01812
0,01 0,00884 0,00921 0,01125 0,01289
(2,2) Rational approximation
0,02 0,01485 0,01579 0,01762
0,01 0,00908 0,01094 0,01954
(3,3) Rational approximation
0,02 0,01740
0,01 0,01238

Table 5.1 shows the same tendency as predicted by the lower and upper
bounds (5.21), (5.22) and (5.23). From the table it is clear that the
smaller space step yields better results owing to the better appro-
ximation of the initial data. By increasing the order of the rational
basis functions one has to increase ¢ in order to avoid oscilla-
tions. This is so because the large wave number frequencies are not
damped by the small numerical dissipation and as a result, a trail of
oscillations is left behind the wave. An increase in the order of ap-
proximation has a distinct advantage as can be seen from Figures 5.1

and 5.2. The graphs also verify that any phase errors are very small.
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FIGURE 5.1 : (1,1) Rational approximation with h = 0,02
and ¢ = 0,001 '
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FIGURE 5.2 : (3,3) Rational approximation with h = 0,02
and ¢ = 0,001
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Secondly, consider
1
o +5(?), =0, co<x<w, t>0

with the continuous initial condition

1 , x<0
u(0,t) =< 1-x , 0<x¢<1
0 , x>1

The exact solution for t < 1 is
1 , x < ¢t
x-1

U(X,t) = m s t
0 , x20 ,
which describes a wave, consisting of a fan of characteristics for

x <1

(2N

0 <x<1. At time t =1, however, a shock wave is formed which is

described by the solution

1, x> (t+1)/2
u(x,t) =
0 , x< (t+1)/2

for t > 1. To avoid boundary conditions, x and t are restricted
to -1<x<3 and 0<t <2,5 respectively. The time step was
fixed, namely %k = 0,001. The numerical scheme (5.8) is tested by
using h = 0,0444 and h = 0,0222 for different orders of approxi-

mation (see Table 5.2).
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Lo error norm at t = 2,5

(1,1) Rational approximation
h\e 0,01 0,009 0,0075 0,001
0,0444 0,44810 0,47033 0,44377 0,57296
0,0222 0,63652 0,60408 0,55208 0,32754
(2,2) Rational approximation
0,0444 0,47804 0,46109 0,43589 0,59586
0,0222 0,61935 0,58781 0,53725 0,33643
(3,3) Rational approximation
0,0444 0,47345 0,45689 0,43236 0,60687
0,0222 0,61137 0,58025 0,53035 0,34094

The results indicate that higher-order rational approximations yield
better results than lower orders except for the lowest artificial
viscosity where a growth in the L» norm was measured. This can be
ascribed to the sudden change in gradient of the numerical solution.
Introducing a bigger viscosity enlarges the length of the transition
in which the shock changes its gradient, thereby smoothing the solu-
tion considerably. Although the Ly norms for the larger space step
are better than that of the smaller space step, the results obtained

by the latter are very smooth and inhibit the formation and growth of

numerical oscillations as seen in Figures 5.3 and 5.4.
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FIGURE 5.3: (1,1) Rational approximation with
¢ = 0,0075 and h = 0,04444
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FIGURE 5.4 : (1,1) Rational approximation with
¢ = 0,0075 and h = 0,0222
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The results obtained by the previous problems compare favourably with

those reported by SOD [44, 45].

Next, the rational scheme is compared to a uniformly second-order non-
oscillatory scheme (UNO2) by Harten, et al [18] and a typical second-
order total-variation diminishing scheme (TVD2), [18]. Both schemes

can be written as

n+1 n -
o = UL -A(f
UJ UJ A(

~

jife T )

fj+1/2 - ,
1 n .
) N - - Ad - “ . -ad - [ Q- >
f(UJ) + ?f\LJ"‘l /2(1 /\%J'I/Q)S‘]/[:l.*-/\(a"]'*'l /2 1]_1/2)] 1{ '1;J+1 /2 2 0

n 1 n .
f(UJ+1) - 7&j+1/2(1+/\aJ+3/2)SJ+1/[1+/\(aJ+3/2-aj+1/2)] 1f aJ+1/2< O,

where
([(US,g) - TUD)/(Ug,y - U9 i UL # Uy
Ai41/2 T ) df(UY) oo
au +
and : :
sg = m(S}, $3)

: + - e o -\
S-m1n{|Sj}, |Sjl} if sgn(Sj) = Sgn(Sj) =S

0 otherwise.

The schemes differ only in their calculation of Sj :

. i_. n

+ n o, 1 n
UNO2 Sj =d | EDjil/QU ,

jt' /2
where
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Garg U= Ugg - Uy

Dj+1/2U m(DjU, Dj+1U)
and

DJ-U = Uj+1 - 2Uj + Uj_l.

In Table 5.3 solutions of UN02, TVD2 and an explicit rational scheme
are presented for the constant coefficient case

u +u =0, u(x,0) = sin 7x, -1 <x <1,
with periodic boundary conditions at time, t = 2. In [18] the time -
step was chosen according to k/h = 0,8 for UNO2 and TVD2, while

a fixed time step k = 0,001 was used for the explicit rational

scheme with ¢ = 0.

TABLE 5.3 : L1 and L _ error norms (x 1000) at time t = 2

L (x 1000) Li (x 1000)

h UNO2 | TVD2 (1,1) UNO2 | TVD2 (1,1)
0,1 7,00 | 81,19 | 10,99 | 8,94 | 67,78 | 14,19
0,05 1,61 | 34,77 9,89 | 2,04 | 20,33 | 12,60
0,025 0,39 | 14,53 9,82 | 0,49 5,63 | 12,51
0,0125 | 0,09 | 59,75 9,82 | 0,12 1,53 | 12,50

The table illustrates the approximation ability of a rational scheme
on a coarse mesh. The UNO2 method performs better than the general
explicit rational method. This can be explained by the specialised
nature of the algorithm to solve hyperbolic equations. TFigure 5.5
shows that the rational approximation at t =2 adapts 1itself

satisfactorily at the extreme turning points.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

136

(02:{:»

2.0

----- Numerical
1,5- —— Analytical.

0.5+

U 0.0y

-0.51

—1'0-

..1.5-

-2.0+
.

FIGURE 5.5 : (1,1) rational with h =0,1 and ¢ =0
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Next, the inviscid Burgers equation
U+ %(uQ)X = 0, u(x,0) = sin 7x, -1 < x <1,

with periodic boundary conditions is considered. For UN02 and
TVD2,  the time step was chosen according to  k/h = 0,5, while
k/hh = 0,1 and € =0 are used for the rational scheme. Due to the
periodic boundary conditions an implicit rational scheme arises. The
LOO error and L1 error for a refinement sequence with N = 20, 40 and
80 are listed in Table 5.4 for all the numerical schemes under con-

sideration.

TABLE 5.4 : L; and LOO error norms at t = 0,15

L (x 1000)

h UNO2 | TVD2 (1,1) (2,2) | (3,3)
0,1 18,90 | 22,38 7,82 | 17,78 7,76
0,05 5,71 10,54 3,87 | 3,87 3,87
0,025 1,55 4,42 2,36 | 2,33 2,31

L (x 1000)

h UNO2 | TVD2 (1,1) 2,2) | (3,3)
0,1 10,90 18,54 5,82 5,74 5,71
0,05 3,03 5,05 3,50 | 3,47 3,46
0,025 0,78 1,34 1,83 1,82 1,82

It can be seen from the table that the numerical method which couples
only three adjoining nodes performs satisfactorily in comparison to

the more sophisticated algorithms in [18] and [40].

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



The solution develops a shock at t =

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

138

Gﬁaw

The implicit scheme was ap-

el L

plied with parameters h = 0,05, ¢ = 0,01 and k = 0,005 and Figure

5.6 shows the numerical results at time t = 0,35. This result com-

pares favourably to that of Sanders [40]. The influence of the vis-

cosity term can be appreciated when € = 0 as shown in Figure 5.7.
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FIGURE 5.6 : (1,1) Rational approximation with ¢ = 0,01
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FIGURE 5.7 : (1,1) Rationmal approximation with ¢ = 0,0
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5.6 CONCLUSTONS

A rational approximation scheme was proposed and it was found to
perform satisfactorily in comparison with existing methods. The con-
vergence of the nonlinear scheme was established and an upper bound
obtained for the added viscosity to ensure that the transition length

in which the solution changes its gradient was not unrealistically

enlarged.

This method is able to follow a discontinuity owing to the approxi-
mation ability of a rational function. Convection also seems to be

correctly modelled by this rational scheme.
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CHAPTER 6
CONCLUSIONS

In almost all the numerical experiments conducted it was found that
the rational approximation was more accurate than its polynomial
counterpart. This increase in accuracy can only be attributed to the
approximation ability of a rational function. To capitalise on this
property a coarse computational mesh was used to obtain the rational
solution, in comparison to the finer mesh of the finite difference or

finite element methods using polynomials.

The shape of the rational basis function was constructed to be biased
in the upstream direction. In so doing , the free parameter present
in upwinded schemes, which has to be chosen in advance and has a
significant effect on the accuracy of the solution, is eliminated.
The investigation conducted in Chapter 3 suggested that the effect of
convection was modelled satisfactorily, since the numerical scheme
yielded eigenvalues with reduced imaginary components. This resulted
in numerical solutions where the numerical oscillations were greatly

suppressed.

Another distinct advantage of using rational basis functions in the
Galerkin method was that the numerical scheme couples only three
adjoining node-points in the computational mesh, giving tridiagonal
matrices. This leaves only the computation of the inverse of a
tridiagonal matrix for an explicit forward-difference scheme 1ini-
tially, or at each time step for an implicit backward-difference

scheme. The numerical scheme for the Korteweg-de Vries equation has
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five-banded matrices due to the choice of the test function which
consists of a linear combination of Hermite rational basis functions.
Thus, it is clear that by using rational basis functions the compu-

tational efficiency in the finite element algorithm is maintained.

The concept of using rational functions as basis functions represents
a new method for numerical analysts using the finite element method to
solve partial differential equations. The formulation of rational
basis functions and the extension to higher-order rational basis func-
tions are unique and this contribution makes a significant impact on
the accuracy and ease of the computational algorithm which is used to
obtain the numerical solution of these equations. Finally, the
advantages of using rational basis functions in the finite element
method are twofold; firstly they have better approximation abilities,
owing to the influence of the rational function, and secondly these
functions simulate upwinding and therefore satisfies an important pro-

perty of fluid flow in nonlinear parabolic and hyperbolic problems.
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SUMMARY
This thesis is concerned with the development of rational basis func-
tions for the finite element method to obtain the numerical solution
of time-dependent partial differential equations. The concept of a
rational basis function is introduced and it is found to be biased in
the upstream direction. This, together with the fact that a rational
function possesses better approximation abilities than a polynomial,
motivated the application of rational basis functions in the Galerkin
method to solve convection-dominated phenomena. This method gives
rise to a rational difference scheme that approximates steep gradients
and discontinuities satisfactorily without a stringent mesh refine-
ment. The method is extended to higher-order rational basis functions
and continuous llermite rational basis functions with continuous first

derivatives.
The investigation of the new method is mainly of a numerical and ex-

perimental nature. If the analytical solutions of the problems con-

sidered are available they are compared to the numerical solutions.
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If the solutions are not available, the numerical results are compared

to the solutions obtained by existing numerical methods.

The rational method is applied to:

(1)
(ii)

(iii)
(iv)

a stiff ordinary differential equation,

the convection-diffusion equation with Dirichlet, periodic
and Neumann boundary conditions,

the Korteweg-de Vries equation, and

linecar and nonlinear hyperbolic equations.

Convergence, consistency and stability properties of the rational

difference schemes are investigated.
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SAMEVATTING

llierdie proefskrif verteenwoordig 'n studie van die ontwikkeling van
rasionale basisfunksies vir die eindige-element-metode om die nume-
riese oplossing van tydafhanklike parsiéle differensiaalvergelykings
te verkry. Die begrip van 'n rasionale basisfunksie word geformuleer,
en daar is gevind dat die funksie na die stroomopwaartse rigting
geweeg is. llierdie neiging, en die feit dat 'n rasionale funksie
beter benaderingseienskappe as 'n polinoom besit, het gelei tot die
gedagte om rasionale basisfunksies in die Galerkin-metode te gebruik
om die verskynsel van konveksie op te los. Die metode gee aanleiding
tot 'n rasionale verskilskema wat in staat is om steil hellings of
diskontinuiteite in 'n oplossing te hanteer sonder om die oplossings-
rooster aansienlik te verfyn. Die mectode is ook uitgebrei na hoér
orde rasionale basisfunksies en kontinue llermitiese rasionale basis-

funksies met kontinue eerste afgeleides.
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Die ondersoek van die nuut geformuleerde metode is hoofsaaklik nume-
ries en eksperimenteel van aard. Indien analitiese oplossings van die
probleme onder beskouing wel bestaan, word dit gebruik om die benader-
de oplossing numeries te toets. Indien die oplossings nie bestaan
nie, word die resultate numeries vergelyk met oplossings wat deur

ander numeriese metodes verkry is.

Die rasionale metode word toegepas op:
(1) 'n stram gewone differensiaalvergelyking,
(ii) 'n konveksie-diffusie-vergelyking met periodiese, Dirichlet-
en Neumann- randvoorwaardes,
(1i1) die Korteweg-de Vries-vergelyking, en

(iv) lineére en nie-lineére hiperboliese vergelykings.

Konvergensie, steekhoudendheid en stabiliteitseienskappe van die

rasionale verskilskemas word ondersoek vir die gelincariseerde

vergelykings.
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