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Abstract

In this work, we analyze four finite volume methods for the nonlinear convective Cahn-Hilliard equation with
specified initial condition and periodic boundary conditions. The methods used are: implicit one-level, explicit one-
level, implicit multilevel and explicit multilevel finite volume methods. The existence and uniqueness of solution,
convergence and stability of the finite volume solutions are proved. We compute L2- error and rate of convergence
for all methods. We then compare the multilevel methods with the one-level methods by means of stability and CPU
time. It is shown that the multilevel finite volume method is faster than the one-level method.
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1 Introduction

In this work, we consider one-level and multilevel finite volume approximations for the one dimensional convective
Cahn-Hilliard (CCH) equation:

U — YUy + E2Upprr = (f(U))ze, T € M, t >0, (1.1)

with initial condition

u(z,0) =u’(z), =€ M. (1.2)

and periodic boundary conditions

o o .
%U(—L,t) = ﬁU(L,t), ] = 0, 1, 2,3 and 0 < ¢t < 7*’7 (13)
where

fu) =’ ~u,

7 is the driving force, M = (—L, L), u® € L?(M) and ¢ is a dimensionless interfacial width.

This equation is a successful model for the description of several physical phenomena: spinodal decomposition of
phase separating systems in an external field, phase transition observed in alloys, glasses, polymer solution and bi-
nary liquid mixtures, faceting of growing thermodynamically unstable surfaces (see [7], [8], and the references cited
therein).

The CCH equation is on one side related to the Cahn-Hilliard (CH) equation and on the other side it is related to
the Kuramato-Sivashinky (KS) equation, i.e., for small driving force v — 0, Eq. (1.1) behaves as the CH equation

and for large v — oo, the transformation v — ¢ reduces Eq. (1.1) to KS equation [2, 7, 5, 11]. When v ~ 1, the
gl
morphologies of the solutions do not coarsen as time progresses but rather display periodic patterns [11].

The CCH equation, Eq. (1.1), has been studied by several researchers, theoretically and numerically. Analytical
solutions have been obtained for a single interface in the presence of the driving force, i.e v # 0, in an infinite system
[21]. The effect of this driving force on the coarsening dynamics of the one-dimensional Cahn-Hilliard equation at
T = 0 has been studied by Emmott and Bray [22] when ¢ = 1. They observed that the driving force v has an
asymmetric effect on the solution of a single stationary domain wall. They also noted that the behavior of the kink
anti-kink pair (bubble) depends on y~! and the separation of the interfaces. Later, Golovin et al. [7] demonstrated
numerically that the one-dimensional convective Cahn-Hilliard equation exhibit a transition from coarsening to chaotic
behaviour as «y increases. The presence of the driving force elucidates a fundamental asymmetry between kinks and
anti-kinks which is not present in the Cahn-Hilliard theory [5]. In Podolny et al. [8], the dynamics of domain walls
(kinks) governed by the convective Cahn-Hilliard equation is studied by means of asymptotic and numerical methods.
The bifurcations of stationary solutions for different values of v with ¢ = 1 has been studied by Zaks et. al [6]. Eden
and Kalantarov [2] proved the existence of compact attractor and a finite inertial manifold that contains it and X. Zhao
and C. Liu [9] proved the existence of optimal solutions for the one dimensional convective Cahn-Hilliard Equations.
Aderogba et. al. [1] solved the CCH equation numerically using fractional step-splitting methods for v = 0.1 and
€ = 1. They observe that the solution coarsens as ¢ progresses and they tested numerically the transition of CCH
equation from coarsening to an order less pattern as ~ increases, which is the behavior of Kuramoto Sivashinsky
equation.

Note that from (1.1)-(1.3), for j = 0, we have

/L u(z, t)dr = /L u®(z)dx, Vt.

—L —L



Hence for the analysis of (1.1)-(1.3), it is important to assume that

/L u’(z)dx = 0.

—L

In this work based on [4], we focus on the solution of the one dimensional CCH equation, with v = 1, using multi-
level finite volume discretization. In many important phenomena (turbulence, excursion, etc ) the solutions involves
multi-scale analysis. Hence a reliable simulation requires a large number of degrees of freedom, which increases
the calculation costs. Multilevel simulation in which the principle rely on the separation of scales are therefore one
possibility to describe these phenomena. Early contribution include [16, 17, 18, 20], but there is now a vast literature
in this research direction. It is worth mentioning that though the approach may differ from researchers to researchers,
the common feature remains the same: the separation of scales.

The multilevel method we discus in this paper was formulated by Bousquet and co-workers in [4], in which a hier-
archical multilevel finite volume discretization is analyzed. The contribution in [4] is a followup of ideas started in
[14, 19]. Our motivation in this work are as follows: formulate, analyze and implement the multilevel approach ad-
vocate in [4] for nonlinear partial differential equation with high order derivative. In [4], the shallow water equations
in which the convective term has been linearized around a constant flow is discussed, but here we are interested in a
partial differential equation containing the full convective expression uu, and the fact that

L
/ uuzudr = 0, (1.4)
—L
plays a crucial role in designing reliable schemes. Hence when discretizing (1.1), it is desirable to approximate wu,,
in such a way that the discrete counter part of (1.4) hold. Thirdly we would like to formulate linear schemes, even
though one has a nonlinear problem. Of course, one of the difficulties is that one has a nonlinear problem but one is
interested in designing linear schemes. Thanks to Mickens [23], we achieve that. In particular, we approximate the
nonlinear term uu,, in such a way that the discrete analogue of property (1.4) hold.

The schemes we construct are easy to implement and are respectively called:
(a) linear implicit multilevel approximation
(b) explicit multilevel approximation.

For the sake of comparison, we also formulate two one-level methods associated to the multilevel methods. After
the construction of the new schemes, we show the existence and uniqueness of the solutions. At this step, we should
bear in mind that since we are dealing with linear equations in finite dimension, existence of solutions is equivalent to
uniqueness. Thus we provide conditions under which there is one solution. The third contribution of this work is the
stability of the new schemes. Indeed, we show that the implicit multilevel method is conditionally stable with region
of stability smaller than one obtained if the one level implicit method is considered on the fine mesh. For the explicit
methods we provide conditions under which the multilevel method has the same region of stability as and is less
restrictive than that of the one-level method on the fine mesh. The fourth contribution of our study is the convergence
analysis of the implicit methods. Indeed, we show that the implicit methods are first order accurate in time and second
order accurate in space.

The last contribution of this work are numerical results. Indeed, we confirm all the theoretical findings. It is validated
numerically that the implicit methods are indeed second order in space. Next we demonstrate that in all numerical test,
the CPU time of the multilevel method is smaller than the one level methods on the fine mesh. Our contribution can
be regarded as extension to the works [4, 19]. Indeed, in the latter 1D advection equation is analyzed and 2D shallow
water linearized around a constant flow is proposed and implemented. In contrast, in our work we tackle fourth order
nonlinear partial differential equations. One of the challenge as mentioned earlier is to discretize the nonlinear term
uu, in a linear way while maintaining basic properties, and as a consequence saving computational time.

The rest of this work is organized as follows: in the next section, we recall some preliminaries and introduce some
standard notations. We also discuss in Section 2 some properties of difference operators and the discrete analogue



of Loy space. In Sections 3 and 4, one level and multilevel finite volume approximations are constructed and the
stability and convergence of these methods are analyzed. Numerical simulations that confirm the theoretical work are
considered in Section 5 and some conclusions are given in Section 6.

2 Some preliminaries and space discretization

In this section, we recall some preliminaries which are helpful to our discussion and we present the space discretization
in an interval. Unlike finite difference methods in which the equation is approximated at the grid points (point wise
approximation), the finite volume method is based on the integral formulation, i.e., based on subdividing the spatial
domain into intervals called grid cells and approximating the integral over each of these grid cells (for more details see
[26]). Finite volume is in between finite element and finite difference, hence take the good qualities of these methods,
in particular less regularity is required for convergence as compared to finite difference. Our work can be regarded
as an extension of the works of Bousquet et al. [4] in the sense that we incorporate higher order derivative and deal
directly with a nonlinear problem.

To develop finite volume approximations we first introduce some standard notations and results.

We partition M into N cells (intervals) (k;)1<;<n of uniform length Ax with NAx = 2L. For0 <i < N

.’Ei+1/2 = iAx — I/7 so that kl = (%‘—1/27 :L.'H-l/Q)'
We also consider the center of each cell:

xizwz(i—l)Aaﬁ—i—%—ngiSN.

We denote u]* as the approximate solution to the cell average of the true solution at ¢,, = nAt with MAt = T,

0<n<DM,ie.,

1
up ~ Az 5 u(z, t,)de,1 <i <N,

which is obtained recursively by starting with the sequence u{ given by

1
ud

= 0 1<i<N.
i Ax/kiu(x)dx, <i<

Define the space H}, as

N
Hy = {u (ui),u; € Rlujpn = w4, 1 € Z and Zuz 0}.

=1

We equip Hj, with the inner product

N
(u,v), = Az Z UiV,

i=1

and discrete L2 norm

N 1/2
|, = (Am Zﬁ) .
1=1



For u, v € Hj,, we introduce the following difference operators:

_ 1 1
Viu; = E(uz —um1), Viu = E(uiﬂ — u;),

Apu; = V(Y u) = (Wit1 — 2u; + ui—1),

1
Ax?

1
Afui = Ay (Apu) = —— (Apuivr — 2800 + Apui—1),

T Ag?
V: (Uﬂ)z) = (V;fui)vﬂ_l + ui(VZvi),
V}: (uivi) = (V;ui)vi_l + uz(V;vl)
From the definitions of H;, and the discrete operators, one obtains:

Lemma 2.1. Letu,w € Hy, then

N N
E in;fui = — E uivgwi.
i=1 i=1

We define the following norms and semi-norms on Hp,

N 3
laly,p = <A$ Z(thi)2> ,
=1

N 3
a2, = (Am Z(Ahuz')2> ;
=1

oo = mn .

In Eq. (2.1), V;, can be replaced by V;. Using Egs. (2.1)-(2.2), we obtain

2

4
luf1n < Ar falln , [alz, < A2 [all,

and the following are obtained by direct computations

1
ol <2 ), ful < 5 il

We recall following identities and inequalities which are helpful for the later discussion.

e Foranyu,v e H,

20w — v, )y = [fullf; — VI3 + [Jw = VI3,

200 —v,v) = [[ullf = V][5 = [lw—v][3.

e Forz € [0, 1],

1 2z
<) <1-—u=x.
2
e Young’s inequality: For any a,b € R and any ¢ > 0, we have

b 1
b< —a?+ —b2
b= 50t o5

2.1

2.2)

2.3)

2.4)

2.5)
(2.6)

2.7)

(2.8)



e Cauchy-Schwarz’s inequality: For N € N

1/2

N N 2 /N
> aibi < (Z af) (Z bf) : (2.9)
i=1 =1 1=1

We also note that for u € Hj, then the discrete Poincaré’s inequality holds: that is, there exist > 0 independent of
the spatial step size such that

nllully < |ufip. (2.10)

Before the formulation of the finite volume discretization of (1.1)-(1.3), one observes that
L
/ wuydr = 0. (2.11)
-L

Hence, when discretizing (1.1), it is desirable to approximate uu,, in such a way that the discrete counter part of (2.11)
hold (see [15, 24, 25]). In this regard, in [3], uu, was approximated using finite difference scheme by a linear term
which moreover replicate (2.11) in the discrete setting. In the same spirit, one introduces a bilinear map C}, given as
follows

Ch : Hp x Hp, — RN,

2.12)
(Ch(ll, V))l = al[uivzvi -+ UZV;m + ’Ui+1v7;7.ti] + ag[uivgvi + le;{ul -+ vi,lvguiL

where a1, s € R as we will see play a crucial role in obtaining consistency of the approximation. One readily check
that the property

(Ch(u,v),u), =0, (2.13)
holds for any u, v € Hy,.
Lemma 2.2. Foru € Hy, we have

jul? ), < lulon ]

Proof. Applying Lemma 2.1 for all u € Hj,, we have

N N
f? ) = (Viu)(Vyiw) == ui(Apu),
i=1

i=1

which by Cauchy-Schwarz’s inequality gives

[ul? ), < [|Anulnllulln = fulp]ws.
O

For u €€ Hp, Lemma 2.2 and Young’s inequality implies the existence of 7, positive constant independent of Ax
such that

nalyn < [ujgp. (2.14)



Lemma 2.3. Foru,v € Hp, we have

N
ZAQCVZ [gpi,%V;ui} u; < H”H%,hv
i=1

where

Proof. Foru,v € Hj, from lemma 2.1, we have

N N
ZAﬁV: [wi,%v;uz} u; = —AxZgoF%(V;ui)Q (2.15)
i=1

i=1
From the definition of ¢;_1 /2, we get
3Ax
2

N N N
A:EZVZ [cpi,%v;ul} Uy = — ((Ui)2 + (vi,1)2) (Vyui)? + sz (V;ui)z . (2.16)

=1 =1 =1
Since the first expression of the right hand side of Eq. (2.16) is negative, we obtain

N N
AxZV,T [%_%V;ui] u; < sz (V;Uz‘)2 = |u‘ih'

i=1 =1

3 One-level finite volume method

In this section, we present two traditional one level finite volume methods: namely implicit finite volume method and
explicit finite volume method. For the implicit method the existence of solution has been proved and convergence
analysis has been studied. The stability analysis has been examined for both schemes. For both methods thirteen point
stencils are used to approximate (1.1)-(1.3). The introduction of these classical schemes are important at least for two
reasons:

(a) comparison with multilevel methods.

(b) these schemes that are categorized as classical present significant challenges for their analysis as we will see.

3.1 Implicit finite volume method

This method approximates the nonlinear term uu,, at time ¢ = (n + 1)At by the relation:
wg P~ (O (T a")); =aq [ul TV + @V ul T 4 G Vi (3.1)

=g 4 0. 4 g — 1
+ oofu TV U+ 4V ul T 4 iV ug T,

u" is an approximation of u" ! given by

0" = au” +au"t Fazu" 4 g, ut ot (3.2)
where a1, as, ..., and a,,, are constant coefficients that determine the approximation with
3l +az)(ar +as + -+ am,) = 1. 3.3)



For m < mg — 1, the term " is given by the relation

o =um. 34)

The nonlinear term on the right hand side of (1.1) is also approximated by a linear term given by the relation

Apfulthy ~ Vi e  Vyul ! (3.5)

17% i
where

n _ f/(u?)+f/(u:tfl)
901'_% - 9 .

The fourth order derivative is discretized using the central space difference method and together with (3.1) and (3.5),
the full discretization of Egs. (1.1)-(1.3) is given as follows:

W )

thl — Cp(u" A", + 2AZu T = v Qplév;u?ﬂ ’ (3.62)
1

u) = Az /k u®(z)dz. (3.6¢)

Remark 3.1. Using Taylor’s expansion, we have

\vas ug%vw?“} = 3u Uy, |Zl+6u ui |j+3Atu2 umt|?+6Atu Uy Uyt |?+(9(At2 + Aa:z). 3.7
(Ch(@™,a")); = 3(ar + az)(ar +az + -+ + @y Jutiy |} +O(AL + Az?). (3.8)

From (3.7) and (3.8), we can see that the approximations (3.5) and (3.1) are consistent provided (3.3) holds for the
latter. One can easily show that the other terms in Eq. (3.6a) are consistent with their corresponding terms.
Hence the finite volume method (3.6) is consistent.

The problem (3.6) is a linear problem in finite dimensional space, hence existence of solution is equivalent to unique-
ness of solution. Thus, we only show that the approximations u',u?, ..., u™ satisfying (3.6a)-(3.6¢), are unique.

Theorem 3.1. If At < 42, then the approximate solution u™ of (3.6) is unique.

Proof. Forn =0,1,...,M,let v* and let v"* are two solutions of (3.6) such that u’ = v°. Let z* = u” — v". Clearly
z° = 0. We would prove by induction on n forn = 1,..., M that z* = 0. One obtains

1 " n n ~n n v T " s
() — (G (L)) + (C (v ) + 2A220 = v {(p. th;“]

At 7 7 z—%
- Vi eVt e
fort =1,... N, where
o = f) + f'(wity)
i—% - 2 .
We assume that z" = 0 and using (2.13), (3.9) becomes
]‘ ~Nn n — 7
E(Z?H) — (Cp(z" T, a")); + A% = v (g@i_%vh z;“) : (3.10)



Multiplying Eq. (3.10) by AtAz zf“ and adding the resulting equalities for« = 1, ..., N, we obtain

N
274 + At 13, = AtAT YV (91, V2,
i=1
which after application of Lemma 2.3 gives

2" 5 + Ate?2" T3, < Atlz" T, (3.11)

Using Lemma 2.2 and Young’s inequality, (3.11) implies that

At
(1= o)l < 2,
. At .
which for 12 < 1 gives
Iz = 0.
Therefore, z"t! = 0. This completes the proof of uniqueness and hence existence of the solution. O

Theorem 3.2. The finite volume method defined by (3.6) is conditionally stable in L™ (0, T; Hy,), that is, for At < &2
andl1 <n<M

2T
™7 < 297 |[u®.

Proof. By multiplying Eq. (3.6a) with 2AzAt u;”rl and summing from ¢ = 1 to N, we obtain

N N N

2Ax Z(u?+1 —uM)ul Tt 4 2At Axe? Z A%u?“ui’“ =2At Az Z v [cp?_lv,:u?ﬂ} u?“.
2

i=1 i=1 i=1

Using Eqgs. (2.5) and (2.1), we get
N

oL = )l + (o — w4 2a e = 28t A SV (@ Vit urt 3a2)
: , : ;
i=1
Using Lemma 2.3 together with (3.12), we have
[l 5 — o5 + " — "+ 24t < 28t (3.13)
Using Lemma (2.2) and Young’s inequality, (3.13) becomes
n At
R A e e Y [
By dropping the term [[u™*! — u™|?, one obtains
At
1 ] e < G.14

At

1
Based on (2.7), for — < —, (3.14) gives
22 — 2

2At
2 <2 e un2.
By induction over n, we obtain
2n At 2T
|2 <2 e 02 <22 3.

Therefore, the proof is complete. O



Theorem 3.3. Suppose that the solution u(x,t) of Egs. (1.1)-(1.3) is sufficiently smooth. Assume that At and Ax
satisfy the relation (3.38) and At < min(4e?, c), with c independent of At and Ax given by (3.36). Then, the solution
of the finite volume discretization (3.6) converges to the solution of Eq. (1.1) in the discrete L?-norm with rate of
convergence O(At + Ax?).

Proof. Let

Tit1/2
U?:/ w(z,ty)de,1 <i< N,0<n<M
x

i—1/2
be the cell average of the exact solution u of Egs. (1.1)-(1.3). From the smoothness of «
ol = ulxg, ty) +0(Az?),1<i<N,0<n<M

and denote

Making use of Taylor expansion, we obtain

U?’H_l —

At
- At : Zut|?+7vtt’?+O(At2>

AR = g | +Altlagant|; +O(AL + Ax?)
AROPT = Uy |} + Dbzt || +O (AL + Az?)
\vas [w;glv—vgl“} = 3u2um|:+6u u§|:—|—3Atu2 uzxt|?—|—6Atu Uy um|?+(9(At2 + A:E2).
2
n n Az n
(Cr@™,0")i = B(ar + )01+ as + -+ + amy Juua |+ 5= (01 = az)(ar + a2+ + Qg Ju [
+ Az(ay — ag)(ar + az + - + apy) u2|]+O(AL + Az?)

For a1 = ag, we get

Cr(0"1,0") = uu, | +O(At + Ax?),

all the terms are second order accurate in space.
Thus, in this study, we consider ai; = a5 and combining all the terms, we obtain

n+l _ .n

v, v,

“—Qx L —(Cp" T o™); + e2A2y T = v;[ng_%v;uf“] + e, (3.15)
v) = u%(z),
n W)+ () - : : o
where 1/)1,_ 1= and r}" is the truncation error of the finite volume discretization (3.6) for 0 < n <
2

M —1and 1 <7 < N. There exists a positive constant c¢; such that
max|r?| < ¢ (At +Az?),0<n< M —1,1<i< N. (3.16)

Lete” =v" —u",0 < n < M, where u? is the solution of Eqgs. (3.6a)-(3.6¢). It is clear that " € Hj, and € = 0.
Substituting u™ = v™ — e” into Eq. (3.6a), we obtain

UTL+1 )

thUi _ (Ch(vn+1’,an))i+€2AiU;z+1 _ V,J{ [u)?_%v;u;”l]
e —ef 15 a 272 1 1
S TAar (Cr(e"™',0" —&")); +*ARe; ™ — V) [@Zévﬁeﬁ
-V [(W—% - ‘p?—%) Vﬁ”?ﬂ} — (Ch(0™*,€"));. (3.17)

10



Using (3.15), Eq. (3.17) becomes

entl _en

i Y v (Ch(en+l,1~)7l _én))i+52Aie?+1 [ n — n+1}

+ Vi [(w” ) v;uyﬂ F(Ch™ L&) + 1. (3.18)

2
Multiplying Eq. (3.18) by 2AtAace?+1 and summing the corresponding equalities for ¢« = 1, ... N, we obtain

N
2(en+1 —e”, e"“)h + 2At€2||enJrl ”%h = 2AiAx Z V’t [Spn*

7 [
i=1

V_enﬂ] ettt
% h 1

N
+ 2AtAx Zl v [(wf_% - cp?_%) V;U?+1} entt

+ 2At(Cp (0™ @), e ), 4 2k(r, e T, (3.19)
Using (2.5) and Lemmas 2.1, Eq. (3.19) yields

e M5 — lle™ (17 + lle"™" — e |5 + 2Ate*[e" |3, < 2Atle™ [T,

N

—6AtAxZ[(U el +ul el ) Vv, "‘H]
i=1
N

+ 38t Az 3 [[(e0)? + ()2 IV v Vet
i=1

+ 2At(Cp (0™, @), e ), + 248 (x", e ). (3.20)

We estimate each of the terms on the right hand side of (3.20) as follows:

N
—2At Ax Z (B el + vy e 1)) Vvl TV, er !

i=1
< — N n — n+1 — n+l
< 6At [( max, vy |) (1r<nizi)§v|vh U] ﬂ (Aaz Z lei' [V}, el ™ + lei_1 ||V, e > (3.21)

Since w is smooth then there exists constant ¢, such that

max |V, vft <ey Yn=0,1,---,M—1.
1<i<N

Thus,

N N
—2At Ax Z?)(Uf e+l el )V vtV et < 6sey At (Ax Z el ||V, el T + e ||V, el )

i=1 i=1

N 1/2 N 1/2
< 6scy At |2 (Ax Z(e?)2> (Ax Z(Vh n+1) )

i=1 i=1

< 12sc9 At He”||h|e”+1 ‘Lh

82 C% ni|2 n+1(2
S 6 At 7He ||h + (S]_ |e ) l,h . (322)

o1

11



N
BALAZ Y [(ef)? + (ef1)?] V, vp v ert!

i=1

N
< 3cp At (sz [(e?)Q +( ) ] |V7 n+1 >

i=1

N
< 3ey At e (Ax > llerl +letal] IVye ”+1I>

i=1

N 1/2 N 1/2
< 6cp At [|€"[|oo,n (A:c Z(e?)2> <M D (Vyerthy? )

i=1 i=1
2
, .

=62 AL [l€"||ocn [€”[|n €™ 1n

2
< 3A¢ (gz e 12 + 2 [l€"]|2 , e

From the definition of the bilinear map C',, we have

(Ch(™+h &™), e" ), Amaz Y VIDER 4+ eV ol e Vot ] et

i=1

N
+ Az a Z [Pt (Ve + en (Vo er vy or T et

i=1

‘We now estimate each of the terms in (3.24).

AxZUnJrl n+1 _ _sz n+1 ;erl))

= _Ax Ze v+ n+1 n+1 + Un+1 v-i— n+1]

< cof€” IIhIIe"“Hh + s [ [ln[e" 1 n-

N
Aa 3 ETu T < man (V)
1=

N
Az Ay e |e"+1|]

=1
< coll€”[lnlle™ ]

=2

Az Y [Ea Vivr T e < max (Vi

As z el ww]
=1

< coll€[[nlle" -

12

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



In a similar fashion, we obtain

MZU”“ R e < calle e+ s &1 e 1 (3.28)

MZ Vil et < co|€]|nlle™ |- (3.29)
N

Az > (67 Vi opt et < col|€(|nlle™ ™ n. (3.30)
=1

Combining the inequalities from (3.25)-(3.30), we have

2AL(CH(" &), &), < 2t]a] (28] [u €1 + G € €]

452 36c302

d5

sm[ |~"||h+64|e“+”}+m[ 162 + ssllem 2| @3

The last term of (3.20) is estimated as follows.

(l' en-‘rl) < AQ?Z’I"” n+1

=1

1/2
< NA:U max |7"Z| (A;vz ntl) )

i=1
2
2 (e 1)+ 2 pene
— 203 1< <N 2 h
AL2¢2 b}
< 55 L(At+ Az?)? 53||e”+1||%. (3.32)

Thus, from (3.22), (3.23), (3.31) and (3.32), we get

2.2
e I+ 2802061, < 28061 0 A (TS E e 6 e )

45202
04

C2 -
1 3A¢ (5 €12 + Balle™ % €1 ) A [ &2 +64|e"“|ih}

4Nt L322
3

2.2
+ At[%?a
5

&7 + a5 e 13| + L(At+ A7) + At dgle 2,

which on rearrangement gives

2
[1— At(03 + 85)][|le" |7 + 2Ate?[e" T3 ), < AL[2+ 661 + 4]l 3 ), + [1 +6 Atcs (‘Z + 5)} lle™ 17
2

2
S 9c -
+3At 8 le” (|3, €T ), + AL a? [5 - 52] €™ 1%
5

4At L3c?

LAt + Az?)2. (3.33)
J3

Using (2.4), Lemma 2.2 and Young’s inequality, (3.33) becomes

13



At(Q + 601 + 54)2

[1— At(d5 + d5)]lle" |7 + 2Ate?|em 1[5, < le™ FHI5 + Ate?le™ 3,

4e2
2 .2 2
+l1+6 AL (22 2] en2
01 P
3At s n s29¢21 .,
2R e anea? |54 52 1R
4At L2c?
+ Tcl(m + Az?) (3.34)

Using (2.14), (3.34) gives

., o 3AL O
[1— Atd|le™ 7 + Ate?n?le"™ T ), < (1+ Ates) [[€"[[7 + Ateal[&” |7 + AL le™[[7 le"* %,
+ Ates(At + Ax?)?, (3.35)
where
4122 (24661 + 4)?
== S JNTY YT Sl 2200
C3 P c=03+05+ 12
s?2c3 2 52 9c3
=6 2 =402 |+ 2.
C4 ((51 —|—52>, Cs a[&l—!-ds}
For 1
At < % =c (3.36)
then it follows from (3.35) that
n n c n ~n 3At 62 n n
le" |7 + AtePr?len T, < 487 [(1+At65) e[| + Atealle™ (|7 + A, e 7 le" 3,
+ Ates(At + A:c?)?]. (3.37)
Now for
302 c3 02 _C6 2 2, -Tc
8 (At Aa?) < Dt eXp(—TCG>, (3.38)
where ¢g = ¢5 + mg Acg and A = Y _"°, |a;|?, we prove by inductive method that
1
et + S Aty en I, < 480 [(1 + Ates) |l |2 + Atey||e”]|2 + Ates(At + A:&)ﬂ . (3.39)

For n = 0 from (3.37), one obtains

RYANAD)
el + AretaPlelf <4 |1+ At + o) IR + 22 11 1

+ Ates(42°°) [(At + Az?)?]

and hence,

1
le!||? + 5At52772|e1 Th S AR (1+ At(es + ca)) [|€°]]7 + Ates(At + Az?)?]

14



which is (3.39) for n = 0. Now suppose that (3.39) is true up to the order n — 1. Thus, for s =0,1,...,n — 1,
1 ~s
e 17 + S At e [T ), < 450 [(1+ Ates) [le [} + Atea|[€°||; + Ates(At + Az?)?] . (3.40)

It is now remaining to treat the term ||€°||7. For s < mg — 1, it is clear from (3.4) that ||€°||;, = ||e®||5. Thus, (3.40)
becomes

1
et IR + At le T ) < 480 [(14 At(es + ca)) [le°]F + Ates(At + Aa?)?]. 341

It follows from (3.41) that

esth]|2 < 48te [(1+ At(es +ca)) [|€®]7 + Ates (At + Az?)?].

After s + 1 iterations, we get

S

e < 4R D14 At(es + ea)™ )1 + Ates(At + Aa?)? (1 + Ab(es +ca)) |

j=0
= 4AtsH) e [Atc3(At +A2%) 3 (1 + At(es + 04))j]. (3.42)
j=0
For the case s > my — 1 and mg > 1, it follows from (3.2) that
mo
~s ~s5—i+1
€°lln < > lail €7,
i=1
which by Cauchy-Schwartz’s inequality gives
le°]17 < A[Ileslli + e TR e e TR (3.43)

Hence, (3.40) gives

et < 457 (14 Ates) [l€°[7 + Atea A([]e* 7 + e 7 + -+ + e+ 2]

+ 488 [Ates (At + Az?)?] . (3.44)
It follows easily that
maX{IIeSHIIi,IIeSII%, s IIeS’mf’“lli} <48 (1 + At cg) maX{HeSH% le* %, - IIeS’m““H%}
+ At ez (At + Ax?)?|. (3.45)

which after s — mg + 2 iterations gives

max{ e 12, e*[13, .. e 23 |
< 46T EDAE (1 4 Areg) 0 ma{ e R e 2R )7 }
s—mo+1
+ Ates(At+ Az?)? Y (1+Atc6y]. (3.46)
j=0

15



Combining (3.42) and (3.46), we get

S

||es+l H2 4(5+1)Atc [At 63 At + Al’ 2 Z 14 AtCG :|
7=0

s+1 _
(S+1)Atc |:At03 At+A ( 1 +Atc ]‘):|

AtCG
< 46+ gen (s + 1) At cg) [Ci(m + Az?) ] (3.47)

and

81|12 < mo AACHDAL exn (s + 1) At cg) [Ci(m + A:ﬁ)ﬂ : (3.48)
Ce
fors=0,1,...,n— 1.
Going back to (3.37), we have

3At 0y
Az

e + Ate2Plen R , < 450 [(1+ Aes) " + Atey 872 +
+ Ates 458 (AL + Az?)?
< 48t (1 1 Ates) [|e7]|2 + Ateg]6™[2 + Ates(At + Ax‘z)?}

N 3At 6,
Az

le” (17 le" 3

478 exp(nAt cg) [Z—Z(At + Axﬂ e 2,
which by (3.38) gives
le" 7 + Ate?n?len T, < 48t [(1 + Ates) [|€" 7 + Ateal[€”||7 + Ates(At + sz)z] + %Até‘?nQIe"“\ih
Thus, we obtain
|e" T2 + %At&nﬂenﬂ\{h < 4Ate [(1 + Ates) |le"]|2 + Atcy €))7 + Ates (At + Ax2)2} : (3.49)

Using (3.47) and (3.48), (3.49) gives

"2 < 47 exp (n Ateg) [ (At + Aa?)?]
< 47 exp(T cg) [Z—E(At v sz)ﬂ , (3.50)
forn =1,2,..., M. Thus, it follows from (3.50) that
le”[n < C(At + Az?),

for a constant C' independent of At and Ax. This completes the proof. O

Remark 3.2. The condition At < 4<? in the convergence analysis expresses that one needs the solution of the discrete
system (3.6a)-(3.6¢) to exists. It is worth noting that the convergence result Theorem 3.3 is conducted for oy = .
The case when ay # i is treated in the same way but the rate of convergence will change.

16



3.2 Explicit finite volume method

Here, we approximate the solution of Eq. (1.1) using an explicit finite volume method:

wth —yn

S — (Calanu)i + ARy = Vi [er, Vi

un S : (3.51)
Ry

forl<n<M-—-1and1 <i¢<N.
The finite volume discretization (3.51) is explicit, hence the solution u” is computed at each time step, but one of
important feature of this scheme is the following:

Theorem 3.4. We assume that the following are satisfied for some 0,0 < § < 1:
At 1-9
<

A 1o (3.52)
1A6§2t < (1) (3.53)
o (ORI I 634
Then the finite volume method defined by (3.51) is stable is L™ (0,T; H},) stable in the following sense:
I < e (55) a0 < e <o (P50 ) 10l < exp (5 ) 0l n = 12200
At g 2leexp<<M€j>At> " |1h<exp<T) I

Proof. To prove the stability we use the approach used in [15]. Multiplying Eq. (3.51) by 2AtAzu and summing
the equalities for ¢ = 1, ..., N together with (2.6) and Lemma 2.2, we arrive at

At
o = = A < e (55) o (3:55)

Now we have to estimate the term ||u”Jrl —u"||?. By multiplying Eq. (3.51) by 2AtAz(u?*" — u}) and adding the
corresponding equalities forz = 1,..., IV, we obtain

2wt — w2 — 2AH(Ch(u",u"), u" T —u"), 4+ 2Ate2(Apu”, Ay (u" Tt —u™))
N
= —2AtAz Y [ oIy Vyul Vi (gt u?)}

=1
N

= 2AtAz Y [(goggé + 1) Viul Vi (- uy)] +2AH(Vyu", Vi (0 —u™)),. (3.56)
=1

Using (2.8) and (2.9), we majorize all the terms in (4.26) as follows:
36A¢2 . L i

2AH(Ch (", u"), uH =) < (o + a3+
64=* At? 1
—2At52(Ahu”,Ah(un+1 _ un))h < %‘un@’h 4 Z||un+1 _ un”i; (357)

IN

Azt
16!’4:2

N
At? 1
—20t82 Y (1 +1) Vil Vi (! — )| < 14T, + e - ut

—n — n n n ]‘ n n
2NV 0", Vy (0 ) < R e

17



Thus using (3.57), (3.56) becomes

o+ —

36At2 2t A
h < (o] + fera)* [ [F o™ £, + 642 0" [3

uth = Az
At? n n 16A#° u”
P e+ S

Ax 4
which by (3.52) gives
n+1 ni|2 At2 2 2 n|2
™™ =", < 36— (laa| + |az|)”u + Ate”(1 = 6) "3,
At? 16At2
‘*‘144@”“””}1“ A2 "3, (3.58)
On substitution of (3.58) back into (3.55), we arrive at
n AN A . 16At2 o
o = exp (55 ) I+ Aol B < 3
36At? 4 T
+ 200 (Gl + Joal)? + 5ol ) "I 59

Using Lemma (2.14) and (3.53), (3.59) can be reduced to

a1 = e (5 ) 17+ 8025207 < 2525 (sl + sl + s 07 ) I 0”360
We then need to show by induction on n, that
o+ G e < e (5 ) I G:61)
For n = 0, from (3.60), we obtain
-+ et < e (5F) 01+ 250 [l + el + 5 1R I 0
which with (3.54) leads to
R e e g T 6.6

which is (3.61) for n = 0. Assuming now that (3.61) is true up the order n — 1, for s = 0,2,...n — 1, we have
At . sAt
ol < exp (55 11 ama ol < s (250 11 66
Using (3.63)in (3.60), one obtains

At
[ 4 A28 a2, < exp ( ) o2

36AL < 2nAt
exp

4
+ 0% exp (2220 [+l + Sl I " .

which by (3.54) gives

At At
o+ Ao, < e (5 ) I+ G e

18



re-written as follows

At At
o+ e < exp (55 ) I (.64
from the induction assumption, one sees
At At
I < enp (55 ) Il - G20 2

At At At At
<o (5 [ow (5 )n PR - S | - G

n+1)At s)ALY |
< oxp (1250 ) - ettt Yoy (250w,

Hence we have
t s)At (n+1)At
L2 4 Se2622 E exp ( > \“Sﬁ,h < exp <52 ][5

Therefore, the proof is complete. O

4 Multilevel finite volume approximation

This section is an application of the method presented in [4], in which the shallow water equations is analyzed.
Here, we are concerned with the convective Cahn-Hilliard equation (1.1)-(1.3). We formulate in the spirit of [4]
two methods approximating (1.1)-(1.3), namely: implicit multilevel finite volume method and explicit multilevel finite
volume method. These new methods are next studied thoroughly. We first examine the stability analysis of the implicit
multilevel method and then the existence of unique solution and the convergence analysis of the method. Lastly, we
provide conditions under which the explicit multilevel method is stable.

To make this text self contained for the reader, we recall below the multilevel finite volume approximation as described
in Bousquet et. al. [4]. Let Ny and M be integers such that 3NgAx = 2L and AtMy = T. We discretize M into fine
meshes and coarser meshes. The fine mesh is consisting of 3Ny cells (k;)1<i<3n, of uniform length Az and centres
x;, where

A
xi:(i—l)A:p—i—Tx—Ll <i <3N,
The coarse mesh is consisting of N cells (K;)1<;<n, of uniform length 3h, where

K1 = (z31-2—-1/2, T3141/2)-
The approximation of the cell average, denoted by u;, on the fine grid, 1 < 7 < 3Ny, is given by

%ui(t) — (Cr(u(t),a(t)); + e2AZu;(t) = Ap fu(t)). 4.1)

The approximations U on the coarse mesh is given by

1
U, = g[usl—Z +ugi—1 +ug],1 <1< No,
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and the incremental unknowns are defined by

Z31—2 =wuz—2 — Uy,
Z3—1 =uz—1 — Uy, 4.2)
Z3 =uz — U

2
From (4.2), it is observed that Z Z31—o = 0, and by inverting the system, one can obtain

a=0

ugi—2 = U+ Z31_2,
usj—1 =U; — Z31—9 — Z3y, 4.3)
Uusy = Ul + Zgl.

We use the following discretization for Eq. (1.1), 1 < < Ny, on the coarse grid:

%(t) — (Csn(U(),TU1))1 + 2 A2, Ui(t) = Asn f(UL(1)), (4.4)

where U] is the approximation of the cell averages for U over K.

Letp > 1 and ¢ > 1 be two fixed integers. We discretize (4.1) on the finer mesh by using time step At/p and equation
(4.4) on the coarser mesh by using time step At.

We assume that n is a multiple of ¢ + 1 and (ul’)1<;<3n, are known, where u] is an approximation of the average
value of u over k; at the grid ¢t = nAt, fori =1,...,3Ny. For0 <r <pand1 <m < g+ 1, we let u;”'w/p be the
approximate solution of the mean values over k; at time t,,;/, = nAt + rAt/pfori =1,...,3Ng and U Z"er the
approximate solution of the mean value on the coarse mesh K at time t,,4,,, = (n + m)At fori =1,..., Ny.

4.1 Implicit multilevel schemes

Here we apply the implicit finite volume method discussed in section 3 to discretize (4.1) on the fine mesh and (4.4)
on the coarse mesh. Forr =0,1...,p—1and s = 1,2,...,q, the following multilevel scheme is used to discretize
Egs. (1.1)-(1.3).

%(U?HTH)/;) - u?+r/p) _ (Ch(un+(r+1)/p7ﬁn+r/p))i + 62A%u?+(r+l)/” _ V;Lr [gp?f;/pvgu?ﬂ”l)/p}

)

(4.5a)
Un+m+1 _ Un—i—m ~nbm
g (@ (UL AU = [Q?f;mv;hUﬁm“} : (4.5b)
2
u?+(r+1)/p _ ?13(;]?1)/1) (4.5¢)
yrrml = Ulzjvrzﬂ (4.5d)
1
ud = Az /kl u’(z)dz, (4.5¢)

£ + (U

where 1 <i <3Npand 1 <1< Npand ®)"7" =
2

The multilevel discretization consists in alternating p steps on (4.5a) with smaller time step At/p, from ¢,, to ¢,,11 and
then g steps on (4.5b) with time step At, the incremental being frozen at ¢,,11 from ¢,,11 to ¢, 4+1. Then, using Eq.
(4.3), we go back to the finer mesh for p steps from ¢, 411 t0 t54-g42.

Theorem 4.1. For At < 4e2, then the approximate solution u™ of (4.5a) - (4.5e) is unique.
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Proof. Suppose vo = ug and let v}, v2 ... v} € H;,, AtMy = T, such that v" satisfies (4.5a) and (4.5b) with the
relation (4.3). Let z¢ = u* — v* with z° = 0, we then have

1
T =2 = (G ")) = (Cp (v, 97))i] + AR

nYi

= Vi [ Vit = Vit

We use mathematical induction on n and n can be written as n = s(q + 1) + m for 0 < m < q. Since z0 = 0, the
theorem holds for n = 0. We assume that z¢ = 0 for ¢t < n. If m = 0, we need to show the theorem holds by induction
on r using Eq. (4.5a). By assuming that z"*"/? = 0, we have

Z?-&-(T-‘rl)/:n

At _ (Ch(Z"‘F(T"'Fl)/P’ﬁ"‘FT‘/P))i + EQA%LZ?+(T+1)/P _ v+ ( n"'T/Pv}TZ’n"rl) (46)

Multiplying (4.6) by %zﬁ /P 4nd summing from i = 1 to i = 3Np, we obtain

n T At€2 n—+(r AtA,ZC n—+r -, n
|2 ED/e) 2 : |gntrHD/p2 ZV+( + /pv +1).

=1

Hence using Lemmas 2.3 and 2.2, we get

At
(1= ol <o,
) At . . .
which for < 1, and after repeating p times gives
4p 2
lz"J5 < o,
and implies
2"+l = o.

If mg > 1, we use Eq. (4.5b) to prove the theorem. We first calculate U™ and V" using Eq. (4.2) from u™ and v",
respectively, we have

ST 2= [(Con (U T~ (O (VL) + 20, 20

= Vi (‘I’?—%V;hUan) -V (‘I’?—évghvznﬂ) ) 4.7)
where Z" =U" — V", ¥ | = M forl =1,..., Ny. Using the assumption U" = V", (4.7) becomes
2

Zn+1
At

— (Csp (27T, 0"), + 2202, 20 =V, (@” 1v3h2"+1)

Multiplying Eq. (4.7) by 3At Aale"+1 and adding the corresponding equalities for [ =1, --- | Ny, we obtain

12712, + At 272, —3AtA:EZV (@;ﬁ_%v;hz;’“) Zntl,
=1

Hence using Lemma 2.3, one obtains

| Z7TH3, + Ate?| 2713 2.3n < At‘znﬂﬁ,:sh- (4.8)
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Applying Lemma 2.2 and Young’s inequality, (4.8) leads to

At
(1= SHIZ™ B, <0,

At
which for 2 < 1, gives Z"T1 = 0. Therefore, z"*! = 0. This completes the proof of Theorem 4.1. [
€

Theorem 4.2. The multilevel method defined by the equations (4.5a) -(4.5¢) is conditionally stable in L>°(0,T;H},)
in the sense that if At < 2, then

™2 < 2% w3

Proof. By multiplying (4.5a) by 2% u?+(r+1)/P and adding the corresponding equalities for i = 1,...,3Np, we
obtain
= A LV
2Ax Z (u?+(r+1)/p — u?-‘rr/l’) u?"!‘(r-ﬁ-l)/? +2Ax At 2 Z A%u?+(r+1)/pu?+(r+1)/p
' p A
=1 P
At 8
=28z Z Vir [wﬁjz/pv;“?ﬂﬁl)/p} u?ﬂrﬂ)/p. 4.9
p =1 =3

Using Lemma 2.3, Eq. (4.9) becomes

n T n-r n T n-+r At n T D 2At n T
a0 g S s < SR I (d10)

Applying Lemma 2.2 together with Young’s inequality, (4.10) becomes

At
[l HCFDPE — P D e R < e D

2pe
Thus we have

At
{1 N } [u H DR < P 2

2pe
Based on (2.7), for

At
2pe?

1
<35 @.11)
we have
24
a0/ < 93 /2
After p iterations, we obtain
2At

[l IR < 27 . (4.12)

We now perform ¢ iterations on the coarse grid, Eq. (4.5b), using time step At and the relations (4.3). At time
tpem = (n+m)At,2 < m < ¢ + 1, the incremental unknowns Z; are frozen at time (n + 1)At.
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Multiplying Eq. (4.5b) by 6Az At U;"*™*! and adding the equalities for / = 1, ... Ny, we get

N N
6Az Y (Ut —optmopt Tt 4 6AzALe® Y A UM gt (4.13)
1=1 =1
N
= 6AzALY" VE, [@ Vg U g,
1=1
Using Lemma 2.3 together with (4.13), we get
U S, — U5, + U U, 4 248 UM ) S2AHUTTTHR g, (4.14)
Using Lemma 2.2 and Young’s inequality, (4.14) becomes
n-r+m n-+m n-+m n-r+m A n-r+m
O = O, + U = U E, < S UM,
Thus we have
At n-+m n-r+m
1= ] IO, < o,
Using (2.7)), for
At 1
- <= 4.15
5z = 3 (4.15)
we obtain
[UmHm 2, < 2 U3, (4.16)
since the incremental unknowns are frozen ate ¢,,41, we have 7t — 7t for s = 1,---,q. From the definition
of the increments Z;fl*}l, Eq. (4.2), we have
ugt™ = Ut ZEt D 1<I< Ny, a=0,1,2.
Taking the sum over «, we get
2
Z |u;zl45rrg Z ‘Uner Znga\Q — 3|Un+m‘2 + Z |Z§ll+1a
— a=0
Form = 1,...q + 1, the following relation holds
w7 = U, + 12 (4.17)
By adding ||Z"*"|? to both sides of inequality (4.16) and using (4.17), we get
H n+m+1||2 < 2 ||un+mH%L.
After q iterations, we have
[un R < a7
and using (4.12)
n ZSHCES
[u <2 (|7
By induction over n, we have
271 t
o7 < 2755 uC 7 < 25 uC3.
This completes the proof. O
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Remark 4.1. It should be noted that the stability condition At < €2 includes the condition of existence/uniqueness of
solution At < 4g2.

About the convergence of the scheme presented, we claim that

Theorem 4.3. Suppose that the solution u(x,t) of Eq. (1.1) is sufficiently smooth. Assume that At, Ax are given such
that the conditions below are satisfied. Then, the solution of the finite volume discretization (4.5a) - (4.5€) converges
to the solution of Eq. (1.1) in the discrete L?-norm with rate of convergence O(At + (3Az)?).

The proof of this result uses the same techniques presented in the proof of Theorem 4.2, and Theorem 3.3.
There are positive constants ¢y, ¢z, c3 such that

1
At < 4e? | Ate; < min (2, g) )

3cp (At 21
2 (+Ax2> §ﬁ62n24_Texp(—TC3)

Ax \ p
2
C2 At 2 1 2 2,.,.T
— — < — —
Ar (p + (3Axz) ) < 5pe 4 exp( TC3).

Remark 4.2. The stability conditions for the implicit one-level and multilevel methods are given below:
. : At 9
o The one-level finite volume method on the fine mesh is stable when — < €*.
p

o The one-level finite volume method on the coarse mesh is stable when At < g2,
o The multilevel finite volume method is stable when both (4.11) and (4.15) are satisfied, i.e., At < £2.
Hence we see that the stability condition of both the one-level on the coarse mesh and multilevel method is the same.

Remark 4.3. Remark 3.2 applies for Theorem 4.3.

4.2 Explicit multilevel finite volume method

For0 <r <p-—1land1l <m < ¢, we discretize Eq. (1.1) using explicit multilevel finite volume method.

i(u;ﬁ(r“)/p _ u?+r/p) _ (Ch(u"“/p,u””/p))i + €2A%u?+r/p =V [sp?jlr/pvgu?w/p} 7 (4.182)
2
(]l7l-~_7n-"_1 — Uln+m o n+m ym+m 2A2 n+m _ v+ n+r/po— rrnt+m
Al (Cs (U , U i +e° A5, U, = V3, <I>F% ViUl . (4.18b)
ul TP = e (4.18¢)
Uln+s _ Uly—f;\?o7 (4.18d)
1
ud = ac u®(z)dz, (4.18e)

where 1 < 7 < 3Ny, 1 <1 < Ny. Since it is explicit, we have a unique solution. But as far as the stability is
concerned, we claim that
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Theorem 4.4. We assume that the following satisfied for some §,0 < 6 < 1:

2O Y minfps1) (4.19)
R < 0P (1~ ) min{p, 9) (4.20)
20 (Ul + lash? + s 17 ) 1l < 2% exp (5 ) @21
200 (ol + gy 0012 1l < 28 e (2L ). 422)

Then the multilevel method defined by the equations (4.18a) - (4.18e) is stable in L (0, T; H},) in the following sense:
At At T
12 < exp (S5 ) It < <o (P50 0P < e (5 ) I, m=1.2 Mo 23
€ € €
s(g+1)+r/p)2 rAt s(q+1))(2
||u ? PH S €xXp p52 ||u K || ) r= 1) 27 Y 22 (424)

Proof. To prove this assertion we use the approach discussed in section 3 for the one-level explicit method. We assume

n is a multiple of ¢ + 1. Multiplying Eq. (4.18a) by 2%hu?+r/ P and taking the sum from i = 1 to 3Ny together with
(2.6) and Lemma 2.2, we obtain
At e?

Jur D a0 g S e <o (S5) g @9
, -

To estimate the term ||u"("+1)/P —u+7/P||2 'we multiply Eq. (4.18a) by 2% (P T/P " r/P) and summing
from ¢ = 1 to ¢ = 3Ny, we find

n T n-—+r 36At2 n—+r n—+r 64At2 n—+r
[ur Dt/ < DAL (Jea] + o) ™77 w77 2 ), + Py e
44A8% n 16At2 ..
+ p2A{L‘4 Hll * /P”‘}t‘u %,h + p2A$2|u * /pﬁ,h'
Using (4.19), we obtain
n A n—+rmr 36At2 n n—+r At n—+r
[ur e gt /e < 2a, onl + ) o[ ™ PR+ =1 =),
pAax p
At? 16At2
n+r 41,,n+r/p|2 n+r 2
+ 144p2Ax4 u /P||h|u P+ AL lu /p T h- (4.26)

On substitution of (4.26) into (4.25), we get

At ) At
e P [

36A¢2
p2 Az

Using Lemma (2.14) and (4.20), we obtain

144

(o]l + S ™ | o e,

At At
HunJr(TJrl)/P”}QL — exp (}952) ||un+r/p||i + ?6252n2‘un+r/l’|ih

36A¢2
p2 Az

144
[l + ol + g WP a2, <0, @)
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In a similar fashion, from (4.18b) together with the assumptions (4.19), (4.20) and (4.22), we obtain

At
JurEm R, exp( )||U”+m3h+me26“

36AL2
<
- 3Az

2
o]+ Joal)? + 55

||U"+’”||§h} U 3, [ R
Now we need to prove the following by induction on n

At
2

”HH—U/”H% 2(52772|u”+7"/”|2 < exp <At) I "+T/p||2 forr=0,1,...,p—1,
1% pe?

Ju
At At
U 4 SO R g < e (5) IOV B form = 12,

We first show (4.29) and (4.30) hold by induction on r and m when n = 0. We first show

)At "/ At
Il + 5o zzexp( o < e (25 ) Il
holds.
For n = 0, the relation (4.27) becomes
A

T T At T
R N e E I

2

At 4 T I T
#3650 [l + faal) + 5o a1 P R

p2Azx
For r = 0 using (4.21), we get
At At
Up|2 £ 28 252,2,02 < 0
/o1 + 2P0 < oxp () Il
Let us assume that (4.31) holds up to » — 1. From the assumption for s = 1,2, ...,r — 1, we have
/P15 < u=D7)3
and
s/p|2 SALY | o
u <e u
o1 < oo (25 ) Il
The relation (4.27) becomes
At At
a0+ S, < exp (25 )
p pe?

At? 2rAt
p2Ax P

+ 36

AN, At )
<owp (5 ) WPl + oo

which shows us that (4.29) is true for n = 0. From (4.34), we have
1912 £252n2 )At r/ At 0
o°n E p < ,
I3, + exp( > lu \1 b S €XP 22 [ ”h
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

4 T
2200 [l + 1+ s Il

(4.33)

(4.34)



which implies

At
]2 < exp ( ) 1w]2. (435)

We then show (4.30) by using induction on m for n = 0. From the definition of U, we have
0™ 134 < "5 (4.36)

For m = 1, from (4.19), we have

At
102, — exp ( ) U2, + At252 U o

36At? 4At
o [l + laa)? + e 0B | 10 107 < 0

Then using (4.35) and (4.36), we have

At
102, — exp ( ) U2, + At |0 2.,

36At? 20t 4
- o (250 [l + foal® + s IR RO <0 @

and using (4.22), we arrive at

I02[13, + = At e20%n?|U [T ), < exp <A > 10" 55
We now assume that (4.30) holds true up to the order ¢ — 1, that is
07+ eI g < e (55 ) 10T @3
and we observe that
U2, < exp <§t) U3, form=1,...,q— 1. (4.39)

From (4.28) and (4.39) together with (4.22) we obtain the result. Thus using (4.3) and (4.17), we find

At
o < oxp (55 ) I form =0.....
Assuming Eqgs. (4.29) and (4.30) hold up to the order n, using the same approach as in the case n = 0, we prove by
induction on r and m. Hence, (4.29) and (4.30) hold for any n = s(q + 1), where s is a positive integer.

Therefore, the proof is complete. O

Remark 4.4. By the subscript 3h, we mean the discrete operators, discrete norms and discrete semi-norms are applied
on the coarse mesh discretization.

Remark 4.5. To compare the stability regions of the multilevel method withe associated one level method, we use the
step sizes At and Ax on the fine mesh and At and 3Ax on the coarser mesh for the one-level methods as discussed
in this sectlon
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o When p <9, the multilevel method has the same region of stability as the one-level method on the fine mesh but
smaller region of stability from the one-level method considered on the coarse mesh.

o When p > 81, the multilevel method has the same region of stability as the one-level method on the coarse mesh
but smaller region of stability from the one-level method considered on the fine mesh.

o When 9 < p < 81, the multilevel method is less restrictive than the one-level method on the fine mesh and more
restricted than the one-level method on the coarse mesh.

5 Numerical results

In this section, some numerical simulations of the CCH equation, (1.1), with specified initial condition and periodic
boundary conditions at some values of 71" are presented. All the results are computed in a matlab platform using
Windows 8.1 Intel CORE i3, 6G RAM PC and the parameters are chosen as: L = 3,¢ = 0.3,p = 5,1 = ag = %
and ¢ = 9.

For the one-level finite volume method, we use the following temporal and spatial step sizes

e on the fine mesh:time step size At/p and spatial step size Az, i. e., M = pMy and N = 3N.
e on the coarse mesh: time step size At and spatial step size 3Az, i. e., M = My and N = Nj.

For the implicit one-level method we use the following approximations:

~T

u' = (u”+u"_1), forn=1,2,..., M,

[N

and u’ = u®.

In the case of multilevel methods, for n = s(q + 1), we consider the following approximations

Gelat+r/p _ % (us<q+1>+r/p n us<q+1)+(r—1>/p) forr=1,.. .p—1
aslat) — ysla+1)

)

ﬁs(qul)er _ 1 (Us(q+1)+m + US(q+1)+mfl) form =1 q
> , yeeos (.

5.1 Example 1

‘We use the initial condition
2
u’(z) = sin (?) .

The numerical plots obtained from the four finite volume methods presented in sections 3 and 4 with this initial
condition are shown in Figs 1 to 3. The CPU time for all the cases considered are shown by Tables 1-2. Figs 1 to 3 and
Tables 1-2 show that the computing time and the results obtained using the multilevel method is intermediate between
the results obtained using the one-level method on the fine mesh and the ones on the coarse mesh. For large domain,
L = 30, itis seen from Table 1b that the computational time is greatly saved when using the implicit multilevel method
as compared to the implicit one-level on the fine mesh.
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Table 1: CPU time for implicit methods at different values of T'.

L Method CPU time
Fine 0.158
3 Coarse 0.049
Multilevel 0.116
Fine 1.180
30 Coarse 0.124
Multilevel 0.626

Method Ax At CPU time Method T Az At CPU time
Fine 0.02 | 0.005 35.692 Fine 0.2 | 0.02 | 0.005 | out of memory (972.626)
0.1 [ 0005 | 1212 T 1 0.1 [0.005 34.484
02 | 0.0 | 0355 2 102 | 001 16,787
Coarse | 002 | 0.005 | 1971 Coarse | 02| 0.02 | 0.005 11.556
0.1 [ 0005 | 0.132 1 101 |0.005 1.074
02 [ 0.01 | 0.089 02 | 0.01 1355
) 0.02 | 0.005 | 19221 ) 02 | 0.02 | 0.005 233.720
Multilevel |—=5=——5605 T 0.715 Multilevel =505 13.776
02 | 0.0 | 0243 02 | 0.01 6.506
(a) L = 3. (b) L = 30.

Table 2: CPU time when Az = 0.2 and At = 0.005 for the explicit methods at 7" = 2.
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(a) One-level method on the fine mesh

(c) One-level method on the coarse mesh

(b) Multilevel Method
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Figure 1: Comparison of the implicit methods when Az = 0.02 and At = 0.005 for example 1 at T = 2
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(c) One-level method on the coarse mesh
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Figure 2: Comparison of the implicit methods when Az = 0.2 and At = 0.01 for example 1 at 7' = 2
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Figure 3: Comparison of the explicit methods when Az = 0.2 and At = 0.005 for example 1 at T = 2
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5.2 Example 2

‘We consider the initial condition
u®(z) = cos(m ),

with periodic boundary conditions.

The numerical simulations obtained from the finite volume methods are shown by Figs 4 to 6. As in example 1, the
results obtained from the multilevel method are intermediate between the results from the one-level on the fine mesh
and that of the ones on the coarse mesh.

5.3 Convergence rate

Here, we consider the exact solution

u(z,t) = sin <27TLSE> cos(27t), (5.1

for which the source term is obtained on substitution of « into Eq. (1.1).
The convergence rate is calculated based on the relation:

Rate = log(e1/e2)/log(2),

where e; and ey are Lo-errors when the spatial step sizes are Az and Ax/2, respectively. Tables 3 and 4 show the
Lsy-errors and the corresponding convergence rates due to each of the finite volume methods for some temporal and
spatial step sizes at 7' = 0.1. It is shown that all the methods are second order accurate in space. The numerical
simulations of the exact solution and the corresponding numerical solutions are also shown by Figs 8 and 9.

The Ls-error for the multilevel methods is calculated by the formula:

3N,

_ Mo Moy2

Lg-error = , | Az E (u; " —v;7°)2,
i=1

where ufw" and vZM" are numerical and exact solutions, respectively. Fig. 7 shows the 2D plot of ¢ versus Ly-error
obtained using the multilevel method for some values of Az and At. Let m be an integer and 0 < s < 1 such that

My—1=m(g+1)+s(¢g+1).

In Fig 7, the points, (g, Lo-error(q)), in which s = 0 (as in Fig 7b) or s is small as compared to the values of s for some
neighbouring ¢’s (as in Fig 7a), are connected by a curve. It is shown from these figures that the curve is increasing
and all the Lo-errors obtained using the multilevel methods lie above these curves. Thus we note that the accuracy of
the multilevel method relies on suitable choice of gq.
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(c) One-level method on the coarse mesh

Figure 4: Comparison of implicit methods when Az = 0.02 and At = 0.005 for example 2 at 7" = 2

(b) Multilevel Method
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0.2
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(d)uversuszatT = 2

Method Ax At Lo error Rate | CPU time
0.2 0.01 0.0432
Fine 0.1 0.0025 0.0111 1.9606 0.406
0.05 0.000625 0.0028 1.9889 3.115
0.025 | 0.00015625 | 6.9982 x 10~% | 1.9971 24.898
0.2 0.01 0.4077
Coarse 0.1 0.0025 0.0872 2.2250 0.117
0.05 0.000625 0.0228 1.9370 0.282
0.025 | 0.00015625 0.0058 1.9743 1.631
0.2 0.01 0.3521
Multilevel 0.1 0.0025 0.0623 2.4984 0.261
0.05 0.000625 0.0151 2.0467 0.978
0.025 | 0.00015625 0.0038 1.9984 18.546

Table 3: Ly-error and convergence rate of implicit methods for some values of At and Az at T = 0.1
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—— Multilevel
= = =Fine
—w— Coarse

2

(c) One-level method on the coarse mesh (d)wversus x atT = 2

Figure 5: Comparison of implicit methods when Az = 0.2 and At = 0.01 for example 2 at 7" = 2

Method Ax At Lo error | Rate | CPU time
0.2 0.002 0.0348
Fine 0.1 0.00025 0.0091 | 1.9364 2.871
0.05 | 0.00003125 | 0.0023 | 1.9774 | 45.084
0.2 0.002 0.3946
Coarse 0.1 0.00025 0.0778 | 2.3418 0.331
0.05 | 0.00003125 | 0.0204 | 1.9327 3.171
0.2 0.002 0.1485
Multilevel | 0.1 0.00025 0.0287 | 2.3730 0.794
0.05 | 0.00003125 | 0.0072 | 1.9935 9.516

Table 4: Ly-error and convergence rate of explicit methods for some values of At and Ax atT = 0.1
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(c) One-level method on the coarse mesh
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Figure 6: Comparison of explicit methods when Az = 0.2 and At = 0.005 for example 2 at T" = 2
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(b) Explicit multilevel when Az = 0.2, At = 0.005at T = 2.

Figure 7: q versus Lo-error for multilevel methods
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Figure 8: Numerical results from implicit one level and multilevel methods when At = 0.005 and Az = 0.02
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Figure 9: Numerical results from explicit one level and multilevel methods when At = 0.0005 and Az = 0.1
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6 Conclusion

In this work, we presented one-level and multilevel finite volume approximations for the solution of the convective
Cahn-Hilliard equation with given initial condition and periodic boundary conditions. We study the existence/uniqueness
of solutions, stability and convergence analysis of the finite volume methods. We computed the computational time
for some chosen temporal and spatial step sizes at some values of 7'. It is observed that the multilevel method is
faster than the one-level. When the domain is large, the multilevel methods saves more time as compared to the one-
level method. From the convergence analysis, we prove that all methods are second order accurate in space and it is
validated numerically. Our next task is to extend this analysis to multi-dimensional problems.
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