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Nanofluids, as new heat transfer fluids, are in the centre of attention of researchers while 

their measured thermal conductivities are more than conventional heat transfer fluids. 

Unfortunately, conventional theoretical and empirical models cannot explain the 

enhancement of the thermal conductivity of nanofluids. Therefore, it is important to 

understand the fundamental mechanisms as well as the important parameters which influence 

the heat transfer in nanofluids. Nanofluids thermal conductivity enhancement consists of four 

major mechanisms: Brownian motion of the nanoparticle, nanolayer, clustering, and the 

nature of heat transport in the nanoparticles. Important factors which affect the thermal 

conductivity modelling of nanofluids are particle volume fraction, temperature, particles size, 

pH, and the size and property of nanolayer. In this paper, each mechanism is explained and 

proposed models are critically reviewed. It is concluded that there is a lack of reliable hybrid 

model which includes all mechanisms and influenced parameters for thermal conductivity of 

nanofluids. Furthermore, more work needs to be conducted on the nature of heat transfer in 

nanofluids. A reliable database and experimental data are also needed on the properties of 

nanoparticles. 
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INTRODUCTION 

 

     As technology progresses, high-energy microelectronic devices (e.g. electronic chips, laser 

applications) tend to be minimized in the size. They generate more thermal energy and this 

thermal energy needs to be removed. Therefore, enhancement of the heat flux is a critical 

research area. One of the major limitations is the thermal conductivity of the conventional 

heat transfer fluids. The thermal conductivity of the fluids is about two orders lower in 

magnitude in comparison with metals. Consequences, the use of solid particles as an additive 

suspended in a base fluid is a promising technique in order to increase the heat transfer 

characteristics of heat transfer fluids [1]. However, corrosion can cause the limitation for base 

fluid choices which makes the metal oxides as alternative for conventional heat transfer 

fluids. 

 

     Scattering solid particles into liquids is not a new idea, since it can be traced back to 

Maxwell’s theoretical work of 1873 [2]. Maxwell considered suspended particles which had 

dimensions of micrometre and millimetre level. However, the particles of these dimensions 

cause problems of rapid settling, abrasion and clogging. Furthermore, Xuan and Li [3] found 

that fluids with these particle dimensions have limited applications in heat transfer 

enhancement. Nanofluids, however, have the potential to reduce suspension problems. 

 

     Nanofluids [4] consist of solid nanoparticles smaller than 100 nm suspended in a liquid. 

This type of working fluid shows an extremely high heat transfer performance. The increase 

in the thermal conductivity of nanofluids is not only because of the conduction, but also 

because of other mechanisms causing a significant increase in thermal conductivity. Up to the 

present, the fundamental mechanism of the enhanced thermal conductivity of nanofluids 

remains a key challenge in nanofluids research. Although some valuable review papers [5-10] 

have been published on different aspects of heat transfer in nanofluids, there is still a need to 

evaluate different models and identify gaps for future research. In this review paper, each 

mechanism affecting thermal conductivity of nanofluids is reviewed separately and then the 

recent models are discussed. 

 

HEAT TRANSFER MECHANISMS IN NANOFLUIDS 

 

     A nanofluid is a new type of heat transfer fluid used in engineering applications, and it is 

simply a base fluid with nanoparticles suspended. They show a significant enhancement in 

thermal conductivity. This enhancement is related to better thermal conductivity of the solid 

particles than that of the base fluid as well as the high specific surface area of the 

nanoparticles. The specific surface area of the nanoparticles could be 1000 times larger than 

that of microparticles, and because of the heat transfer occurs on the surface of the particles, 

the high specific surface area of the nanoparticles enhances the heat transfer conduction 

capability of nanofluids [11].   
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     Heat transfer conduction means vibration of atoms that are coupled together. The energy 

of the vibrating system is quantised, and phonon is the emission or absorption of quantised 

thermal energy by an atom. Therefore, a phonon is essentially a quantised mode of vibration 

which plays a main role in the thermal conductivity of a material. A greater phonon density 

exists in the hot region than in the cooler one; therefore, heat conduction is essentially due to 

the diffusion of phonons from the hot region to the cold region. 

     

     An idea for the effective thermal conductivity of mixtures is to assume that the diffusive 

heat transfer occurs in both fluid and solid phases. However, models based on this 

assumption can be proper for large particles suspended in a base fluid [12]. They cannot 

predict the anomalous heat transfer characteristics of nanofluids. The important disadvantage 

of the macroscopic approach based on the diffusive heat transport is that the particle size does 

not affect the thermal conductivity. The experimental data for the thermal conductivity of 

different types of nanofluids show that the effective thermal conductivity is greater for 

smaller particles in the case of the same volume fraction. This shows that there are other 

parameters affecting the thermal characteristics of nanofluids.  

 

 

MODELS FOR THERMAL CONDUCTIVITY 

 

     The different factors which potentially influence the heat transfer enhancement of 

nanofluids are Brownian motion of nanoparticles, clustering of nanoparticles, nanolayering of 

the liquid at the liquid/nanoparticle interface, ballistic transport and nonlocal effect, 

thermophoretic effect and near-field radiation[13, 14]. Up to present most of the studies have 

been done on the Brownian motion of the nanoparticles, molecular-level layering of the 

liquid at the liquid/particle interface (nanolayer), nanoparticle clustering, and a combination 

of these factors together with other conditional parameters as temperature, nanoparticles size 

and  volume fraction.  

 

Brownian motion 

 

     In a conventional approach, the effect of the particle Brownian motion is neglected due to 

the large particle size. As the particle size approaches the nanometre scale, the particle 

Brownian motion and its effect on the surrounding liquids involve the heat transfer. The 

contribution of Brownian motion of nanoparticles in order to enhance the thermal conduction 

could be in two different ways: first due to the movement of the nanoparticles which can 

transfer the heat and the second way is the microconvection of the fluid around individual 

nanoparticles. The first one has been shown theoretically to be negligible [13]. The second 

one has also been shown a minor effect on the thermal conductivity by theoretical analysis 

[15]. 

 

     Nanoparticles in nanofluids provide random motions with a corresponding enhancement 

in thermal conductivity. Therefore, the effective thermal conductivity of nanofluids depends 
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on the nanostructures of the suspensions as well as the dynamics of the nanoparticles in the 

base liquids. Consequently, one of the considerations in order to develop a model must be the 

movement of the nanoparticles as a result of the interactions between nanoparticles and the 

liquid molecules [11].  

      

     Keblinski et al. [13] performed molecular dynamics (MD) simulations to calculate the 

thermal conductivity of a simple model of the liquid and solid by using the Green-Kubo 

relationships. Their results demonstrated that the effect of collision between nanoparticles 

due to Brownian motion is not significant since the ratio of thermal diffusion to Brownian 

motion is much higher. Even for a particle size equal to atomic size the ratio is order of 25. 

Furthermore, they bring in attention that the Brownian motion may affect in forming particle 

clusters which can improve the thermal conductivity of nanofluids. 

      

     Xuan et al. [16] offered a model that takes into account the effect of Brownian motion and 

the aggregation structure of nanoparticle clusters. Their simulation is unique from the point of 

view of including the fluid temperature and the structure of nanoparticle clusters in the 

thermal conductivity [11]. The resulting model expressed as 

 

2 2 ( )

2 ( ) 2 3

eff p bf bf p p p B

bf p bf bf p bf c

k k k k k c K T

k k k k k k r

  

 

  
 

  
 

 

(1) 

In spite of the fact that their model is among pioneer models to include the Brownian motion 

effect, it cannot predict the linear increase of conductivity with temperature, as obtained by 

Das et al. [17].  

      

     Yu et al. [18] provided a model for the thermal conductivity of a nanofluid based on one-

dimensional drift velocity model. They showed that the drift velocity in the presence of a 

temperature gradient and the collision of particles could effect as a small fraction of the 

enhancement. Their work is significant in proposing a new mechanism of nanoconvection 

without fitting parameters. 

      

     Das et al. [17] explained that the main mechanism for thermal conductivity enhancement 

in nanofluids can be stochastic motion of the nanoparticles. They indicated that the Brownian 

motion was not important in the conducting behaviour at low temperatures. They also showed 

the possibility of a threshold temperature corresponding to each particle size in which the 

effective thermal conductivity of nanofluids commences to enhance through stochastic 

motion of the particles. They finally indicated that the stochastic motion of the particles will 

be greater for smaller particles. 

     

     Jang and Choi [19] conducted a study in order to account the Brownian motion behaviour 

of nanoparticles. Figure 1 shows their model which consists of four modes of energy 

transport in nanofluids. The first factor is collisions of the base fluid molecules which points 
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on the heat conductivity in microscale. The net energy flux of the collision across a plane at z 

is given by  

 

(1 )bf eff

dT
J k

dz
    

(2) 

 

The second mode is thermal diffusion in nanoparticle fluids which is given by 

(1 )p eff

dT
J k

dz
    

(3) 

 

The third one is the collisions between nanoparticles as a result of Brownian motion. This 

collision is a slow process because the heating time scales is much greater than the Brownian 

motion time scales [13]. This implies that the movement of nanoparticles due to Brownian 

motion is a very slow phenomenon in order to transport significant heat through a nanofluid. 

The fourth mode is thermal interactions of dynamic or dancing nanoparticles with base fluid 

molecules. Jang and Choi [19] postulated that the Brownian motion of nanoparticles in 

nanofluids produces convection-like effects on a nanoscale level, and it can be defined by  

(1 )T eff

dT
J h

dz
     

(4) 

 

where h is the heat transfer coefficient and it is for the flow passed the nanoparticles as 

 

2 2Re Pr
p

bf

d

p

k
h

d
  

(5) 

 

Finally, the resultant model can be expressed as 

 

2(1 ) Re
p

bf

eff bf eff p eff pco bf d eff

p

d
k k Bk C k

d
       

(6) 

 

where B  is a constant for the Kapitza resistance per unit area, pcoC  is a proportional constant, 

and the Reynolds number is defined by 

 

0
Re

p

p

d

bf bf

D d

l 
  

(7) 

where 0D  , bfl   and bf  are the diffusion coefficient, the liquid mean free path and dynamic 

viscosity of base fluid, respectively.  

 

     Their model is focused on the heat transfer between particles and carrier fluids which is 

not directly related to the heat transfer phenomena in the fixed reference frame. The 

advantage of the model is the effects of particle size, temperature and particle volume 
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fraction. However, the Brownian effect was counted since the high temperature-dependent 

properties may be caused by the Brownian motion [12]. 

      

     Bhattacharya et al. [20] developed a model for effective thermal conductivity of 

nanofluids based on Brownian dynamic simulations and the equilibrium Green-Kubo method. 

Their model is a linear combination of particle conductivity and liquid conductivity as 

 

(1 )eff p bfk k k     (8) 

 

where pk  is substituted by the overall thermal conductivity as a result of applying the Green-

Kubo relation as  

 

2
0

1
(0) ( )

i

p

jB

k Q Q j t t
K T V 

      
(9) 

Where T is the temperature,V is the volume of the domain, i is the number of time steps used 

in the simulation, Δt is the time step, and 〈Q(0)Q(j Δt)〉 is the time-autocorrelation function of 

Q(t). By comparing the results of their simulations with the experimental data of Cu-in-EG 

and alumina-in-EG, they indicated that their model can predict the effective thermal 

conductivity of nanofluids well. However, in their model there are some parameters that 

should be set such as the time step and the potential function parameters. 

     

     Kumar et al. [21], proposed a hybrid model to account for the large enhancement of the 

thermal conductivity of nanofluids based on the stationary particle model as well as the 

moving particle model. In the stationary particle model, they developed the model based on 

Fourier’s law of diffusion; therefore, they assumed that there are two parallel paths of heat 

flow in the suspension, one for the nanoparticles and the other for liquid particles. In the 

moving particle model, they applied the Stokes-Einstein formula as well as the kinetic theory 

to account for the temperature effect. Finally, the effective thermal conductivity of 

nanoparticles is modelled by drawing a parallel to the kinetic theory of gases as 

1
(1 )

eff bf

co p

bf bf p

k r
C u

k k r




 


 

(10) 

 

where 
2

2 B
p

p

K T
u

d
 , coC  is a constant, BK  is the Boltzmann constant,   is the dynamic 

viscosity, pd  is the diameter of a particle, and pr  is the radius of a particle. This model 

accounts for the dependence of thermal conductivity on particle size, volume fraction, and 

temperature. Predictions from the combined model agree with experimental data for 

nanofluids with small particle concentration. This model is one of the most popular 

theoretical models in nanofluids literature [22-24]. 

      

     Koo and Kleinstreuer [25, 26] indicated that the Brownian motion produces micro-mixing 

therefore; it is dominant in enhancing the thermal conductivity of nanofluids. They offered a 
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new model for thermal conductivity of nanofluids by adding the effect of Brownian motion to 

the conventional conductivity model and taking into account factors such as temperature, 

particle size, volume concentration, and the properties. They combined the thermal 

conductivity of a static dilute suspension and conductivity due to Brownian motion as follow 

 

eff static Browniank k k   (11) 

 

Wasp's model [27] was used for the static part of the model. A dynamic model of thermal 

conductivity due to Brownian motion of a large portion of surrounding liquid traveling with 

randomly moving nanoparticles was used for the second part. Finally, the model offered as  

 

4
2 2 ( )

5 10 ( , , .)
2 ( )

p bf bf p B
eff bf p bf bf p

p bf bf p p p

k k k k K T
k k c f T etc

k k k k d


  

 

    
    

        

 
(12) 

 

Where   represents the hydrodynamic interaction between particles and affected fluid and f 

considers the augmented temperature dependence due to particle interactions. It is difficult to 

obtain   as well as the function f theoretically and they should be determined from 

experimental data for different nanofluids. For Al2O3-water nanofluids ( 1%p  ),

0.08410.0017(100 )p   , ( , ) ( 6.04 0.4705) (1722.3 134.63)p pf T T       and it is valid 

for 1% 4%p   and 300 325K T K  .  

     Prasher et al. [28] compared the effect of translational Brownian motion and convection 

induced by Brownian motion. They investigated into the existence of an interparticle 

mechanism. By making an order-of-magnitude analysis, they concluded that the local 

convection due to the Brownian motion of the nanoparticles is the only mechanism that could 

explain the anomalous enhancement of thermal conductivity of nanofluids. They also 

founded that the thermal conductivity for large particle sizes should be explained based on 

the conventional effective medium theory such as the Maxwell-Garnett model. Therefore, 

they modified the Maxwell-Garnett model by including the Brownian-motion-induced 

convection from multiple nanoparticles. Their semi-empirical model was written as 

0.333
2 2( )

(1 Re Pr )
2 ( )

eco p bf p bfM

eff eco bf

p bf p bf

k k k k
k A k

k k k k






   
   

    

 
(13) 

 

where the Reynolds number is defined as 
181

Re B

p p

K T

d 
  . Their suggested model has two 

empirical constants ( ecoA and ecoM ) which have to be determined by experiments. They 

indicated that Brownian motion model would be semi-empirical in nature due to the 

complexities involved with the interaction of multiple nanoparticles. They also suggested that 

a numerical simulation is needed to understand the exact origin of the empirical constants. 

However, Das et al. [29] replied that the applicability of the proposed model at asymptotic 
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limits according to Hamilton Crosser model. They also indicated that the moving particle 

assumption is valid when there is a relative velocity between particles and base fluid.  
      

     Chon et al. [30] have developed empirical correlations for the effective thermal 

conductivity of nanofluids. Based on the Buckingham-Pi theorem with a linear regression for 

the experimental results, the following empirical correlation proposed for the effective 

thermal conductivity  

 
0.3690 0.7476

0.7460 1.2321 0.99551 64.7 Re Pr
eff bf p

bf p bf

k d k

k d k


   
        

   

 

(14) 

where bfd  denotes the molecular diameter of base fluid. The Prandtl number and the 

Reynolds number are respectively defined as 

  Pr
bf



 
  

(15) 

2
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3

bf p p bf B

bf

u d K T

l

 

 
   

(16) 

The temperature dependence of the base fluid viscosity  was expressed as 10

co

co

B

T C

coA

 
 

    

, where coA , coB  and coC  are constants and equal to 2.41410−5, 247.8, and 140, for water. 

pu  is the Brownian velocity of nanoparticles based on the Einstein diffusion theory 

.
3 3
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co

co

B B
p B
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K T K T
u

d l d l
A

   
 

 

 



 
(17) 

     Ren et al. [31] offered a model which is based on kinetic-theory-based microconvection, 

liquid layering as well as conduction through both particles and liquid. The model includes 

temperature, nanoparticle concentration and particle size. They assumed a constant nanolayer 

thickness of 2 nm and taking volume-averaged over the base fluid and the particles in order to 

find thermal conductivity of the nanolayer.  

      

     Patel et al. [32] proposed a model for thermal conductivities of nanofluids by taking into 

account the specific surface area of nanoparticles and nanoconvection induced by Brownian 

nanoparticles. In their model, they considered kinetic theory-based micro-convection as well 

as liquid layering in addition to particle concentration. 

      

     Bhattacharya et al. [33] developed a semi-empirical Brownian model which shows the 

localised convection caused by Brownian motion is the main reason for enhancement in the 

effective thermal conductivity of nanofluids. Their model is a combination of the Maxwell 

conduction model and the convection caused by the Brownian movement of the 

nanoparticles. The convective-conductive model which they offered accounts for the effects 

of particle size, base fluid properties, thermal interfacial resistance between the particles and 

liquid, and temperature. The model called multisphere Brownian model (MSBM) which is a 

modified version of Prasher et al. model [28]  
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0.333
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(18) 

where mk  is the matrix conductivity and 
2 b m

p

R k
Bi

d
  is Biot number and bR is thermal 

boundary resistance. They also showed that contrary to the Keblinski et al. [13] model, the 

energy transport due to Brownian diffusion is smaller than the energy transport of conduction 

in liquid. However, they did not consider the energy transport due to convection caused by 

the Brownian movement of the particles. They simply analysed that the Brownian motion 

time scale is greater than the convection time scale. This means that the effects of convection 

are almost propagated instantaneously relative to the Brownian diffusion of the particles. 

They also indicated that bigger particles show greater convection effects in the base fluids, 

regardless of the thermal conductivity of the nanoparticles. To validate the model, they 

compared their results with the experimental data of alumina-in-EG, Cu-in-EG, CuO-in-EG, 

alumina-in-oil and Cu-in-oil. However, in their model, there are two constants which should 

be defined according to each experiment. Furthermore, they provided some research 

directions in order to remove the imperial constants. 

      

     Xu et al. [34] were the first group to develop a fractal convection model which takes into 

account the fractal size distribution of nanoparticle convection caused by Brownian motion. 

Their model takes into account the particle concentration, average size, fractal dimension and 

temperature. Engagingly, their model shows that the contribution of Brownian motion-

induced convection reaches a maximum value at a critical concentration of 12.6 vol% which 

is in good agreement with experimental data for oxide nanofluids [11]. The model is as 
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(19) 

 

Where Nu is the Nusselt number, fD  is the fractal dimension and can be found from 

 min maxln lnfD d d d     . d = 2 in two dimensions and mind  and maxd  are the minimum 

and maximum diameters of nanoparticles, respectively. 

      

     Evans et al. [15] developed a model for Brownian motion considering homogenous (no 

drift velocity) and all volume of the fluid diffuses together with the nanoparticles. They 

showed that the ratio of the thermal conductivity contribution due to Brownian motion with 

respect to the thermal conductivity of the base fluid is proportional to the ratio of the 

nanoparticle and base fluid thermal diffusivity. They assumed particles are well dispersed in 

the base fluid and then they used the molecular dynamics (MD) simulations of heat flow. 

Based on their kinetic theory analysis and results of MD simulation, they concluded that the 



10 
 

enhancements of the thermal conductivity of nanofluids are not affected by hydrodynamic 

effects due to the Brownian motion. Moreover, the effective medium theory, such as the 

Maxwell-Garnett model, can be used for predicting the effective thermal conductivity of 

nanofluids with well-dispersed nanoparticles. Consequently, they offered their model as 

 

1
1 3

2

eff

bf

k

k






 


 

(20) 

 

where   is the ratio of the particle radius to the equivalent matrix thickness. 

     

     Vladkov and Barrat [35] simulated the thermal properties of nanofluids by using the 

molecular dynamics simulations. Based on their simulation results, they conclude that the 

Brownian motion of the particle does not affect the cooling process. Furthermore, the 

Maxwell-Garnett model can predict the effective thermal conductivity of nanofluids. They 

also concluded that the essential parameter which influences the effective thermal 

conductivity is the ratio of the Kapitza length to the particle radius. Therefore, heat transfer 

enhancements observed in nanofluids comes from aggregation effects, such as particle 

clustering and percolation or cooperative heat transfer modes. Their final expression for the 

effective thermal conductivity is as 

 

(1 2 ) 2 2 (1 ) 1

(1 2 ) 2 (1 ) 1

p p

bf bfeff

bf p p

bf bf

k k

k kk

k k k

k k





   
           

   
   

           
   

 

(21) 

 

where bf pk r   is the ratio between the Kapitza length (equivalent thermal thickness of 

the interface) and the particle radius.  

      

     Li and Peterson [36] analyzed the mixing effect of the base fluid directly adjacent to the 

nanoparticles due to the Brownian motion of nanoparticles by using CFX 5.5.1 software in 

order to simulate the corresponding temperature, pressure, and velocity fields. They 

investigated the effects of single, adjacent, and multiple nanoparticles. Their results imply 

that Brownian motion induced microconvection and the mixing significantly enhances the 

macroscopic heat transfer in the nanofluids. Moreover, Brownian motion is one of the 

important factors for anomalous enhancement of the effective thermal conductivity of 

nanofluids. 

      

     Sarkar and Selvam [37] developed the nanofluids system that consist of a base fluid of 

argon and copper particles with various nanoparticles concentrations. They used an 

equilibrium molecular dynamics simulation to model this nanofluid system. Therefore, by 

applying the Green-Kubo relation calculated the thermal conductivity of the base fluid and 

nanofluids. They found that the effective thermal conductivity of copper-argon nanofluids 
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was much greater than predicted by the Hamilton-Crosser model at both of low volume 

concentration (up to 0.4%) and high volume concentration (up to 8%). They also found that 

the liquid atoms motion in nanofluids increases considerably in comparison with the pure 

base fluid (1.41 times for 1% nanofluid). The nanoparticle motion was also 28 times slower 

than that of the liquid phase for 1% nanofluids. This implies that the Brownian motion of the 

nanoparticles is too slow to transport the heat. On the other hand, localized fluid movement 

around nanoparticles is induced by much faster liquid atoms. They concluded that these 

phenomena are the main mechanism for enhanced thermal conductivity of nanofluids. 

However, their simulation considered only single nanoparticles and excluded the effects of 

aggregation. 

      

     Yu-Hua et al. [38] analysed the mechanism of the thermal conductivity of a nanofluid 

including the Brownian motion effect, particle agglomeration and viscosity as well as the 

influence of the temperature. Their model combined the Maxwell model and the Brownian 

motion effect based on Xuan et al. [16] work. They considered while the particles are on a 

nano-scale, the surface area of the particles is larger and this could influence the performance 

of the particles. Therefore, they calculated the thermal conductivity of the nanoparticles as 
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(22) 

where 

3

1 t
eff

p

l

r
 

 
   
 

 and tl  is the thickness of the liquid layer which can be expressed as 

1

341

3

mw
t

bf A

m
l

N

 
   

 

 

(23) 

 

where mwm  is the molecular weight of the liquid on the solid interface and AN  is Avogadro’s 

constant. They also showed that the changes of viscosity and particle agglomeration with 

temperature are important issues. By increasing the temperature, the reduction of the particle 

surface energy would decrease the agglomeration of nanoparticles, and the reduction of 

viscosity would improve the Brownian motion. To validate their model, they compared the 

model with the experimental results of Cu-water and which were in good agreement. The 

results indicated that the maximum error decreased from 7% to 3% when the temperature 

effects of agglomeration nanoparticles were taken into account. 

      

     Shukla and Dhir [39] developed a microscopic model for predicting the thermal 

conductivity of nanofluids based on the Brownian motion of nanoparticles in the liquid. They 

divided the net heat flux due to Brownian motion into a kinetic and an interaction parts. Their 

model is based on ensemble averaging technique assuming the existence of small departures 

from equilibrium and the presence of pairwise-additive interaction potential between various 

nanoparticles as 
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(24) 

 

where i  is the number density of ionic charge in the bulk liquid, nZ accounts for the 

contribution of charged nanoparticles through the number of counterions and p Dr   stands for 

the non-dimensional inverse Debye length. D  is defined as 

 

 
1

24

1

B i

D

l nZ 




 
  

 
 

(25) 

 

where the Bjerrum length Bl  is  2 4B Bl e K T .  

In the model, the kinetic contribution to the effective thermal conductivity was neglected. 

The specific form of the repulsive DLVO potential which accounts for the electrostatic 

repulsion between charged spherical nanoparticles was also selected to design the 

interparticle interaction between various nanoparticles. They analyzed the interparticle 

potential effect on thermal conductivity through calculations involving DLVO interaction 

between the electric double layers on spherical nanoparticles. These calculations show the 

importance of long-range repulsive potentials for the enhancement of thermal conductivity of 

nanofluids.  

      

     Yang [40] developed a thermal conductivity model based on the kinetic theory of particles 

in the fluids under relaxation time approximations. The model takes into account convective 

heat transfer due to the Brownian motion of nanoparticles. It is also expressed as a 

combination of diffusive heat conduction and the particle Brownian motion as  

 

eff diff Browniank k k   (26) 

 

where diffk  is 
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(27) 

 

where 3(4 3) pr   is the volume of the particle, pr  is the particle radius and bR  is the 

thermal resistance per unit area of the particle/ fluid interface. The second term of Eq. (26) is 

corresponded to the convection due to the Brownian motion of the nanoparticles. It is 

analytically derived from integration of the fluid velocity over the hydrodynamic boundary 

layer around the Brownian particle and expressed as 

   
2157.5Brownian f pk c u   (28) 

 

where fc  is the heat capacity per unit volume of the fluid,   is the particle relaxation time, 

and pu  is the Brownian velocity of the particle which two former ones are expressed as 
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where BK is the Boltzmann constant and pm is the mass of the particle.  

Furthermore, he founded that the relaxation time of particle Brownian motion could be 

significantly affected by the long-time tail in Brownian motion.  

      

     Nie et al. [41] represented a new valuable mathematical model based on the Green–Kubo 

linear theory. They used the exact expression for the heat flux vector of the base fluid with 

the nanoparticles to estimate the contribution of nanoparticle Brownian motion to the thermal 

conductivity of the nanofluid. They derived an equation for the contribution of the 

enhancement of thermal conductivity due to the Brownian motion of a nanoparticle as 
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(31) 

 

Their result represented that the thermal conductivity improvement is proportional to T   , 

where T is the temperature (K) and μ is viscosity (Pa.s). They also found that the Brownian 

motion contribution to the enhancement of thermal conductivity of nanoparticle is on the 

order of 
1510 W mK

 at temperature of 320 K. Therefore, the contribution of the Brownian 

motion is negligible in comparison with the value of thermal conductivity of base fluid 

(water).  
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     Vasu et al. [42] have developed two correlations for the effective thermal conductivity of 

Al2O3-water and Cu-water nanofluids by using experimental data taken from literature. Their 

models consider the effects of temperature, volume fraction and nanoparticle size as  
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(33) 

 

Equations (32) and (33) are applicable for Al2O3-water and Cu-water nanofluids, 

respectively. Although their proposed correlations were be able to predict the effective 

thermal conductivity of nanofluids very well, but they are valid only for the nanofluids whose 

data were used to formulate the correlation and in the range of the data.  

      

     Jain et al. [43] used the Brownian dynamic simulation technique coupled with the Green-

Kubo model to calculate the effective thermal conductivity of nanofluids by considering the 

effect of various parameters. They consist of particles concentration ranging from 0.5 to 3 

vol. %, particle size ranging from 15 to 150 nm, and temperature ranging from 290 to 320 K. 

The effect of base fluid hydrodynamic interactions was considered through a position-

dependent interparticle friction tensor. It was also shown that the simulation based on N-

coupled Langevin equations is able to involve the effects of different parameters such as 

particle size, particle concentration, and temperature of the fluid on the effective thermal 

conductivity of nanofluids. A combined parallel model was used for the calculation of the 

effective thermal conductivity due to the assumption that thermal conduction caused by the 

motion of nanoparticles and the base fluid molecules occurs in parallel as 

 

(1 )eff p bfk k k     (34) 

 

where pk  is the thermal conductivity owing to the Brownian motion of the nanoparticles and 

calculated by using the Green-Kubo relation as 
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(35) 

where T is the temperature, V is the volume of the domain, i is the number of time steps used 

in the simulation and Δt is the time step. They also concluded that their model can predict the 

effective thermal conductivity of nanofluids properly which the Brownian motion of the 

particles is the key mechanism for the enhancement in the thermal conductivity of nanofluids. 

     Jung and Yoo [44] developed a model to predict the thermal conductivity of nanofluids by 

using the kinetic theory in order to describe the contribution of the Brownian motion. They 

also considered the contribution of the interparticle interaction due to the existence of the 
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electrical double layer (EDL). Their model is a modification of Maxwell conventional 

conductivity model by adding Brownian motion and electrical double layer effects. 

Therefore, the model can account various factors including temperature, particle size, volume 

fraction, the Brownian motion and interparticle interaction as follows  
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Where Browniank  is the thermal conductivity due to the Brownian motion and EDLk  is the 

thermal conductivity due to the electrical double layer which were expressed, respectively as 
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where  is Coulomb constant 
9 2 2(9 10 )Nm C  and q  is electric charge (C). It was shown 

that the model is applied to Au-water nanofluids satisfactorily with respect to temperature, 

volume fraction and particle size. In the case of high concentration of Al2O3-water 

nanofluids, the effect of the interparticle interaction is more on enhancing the thermal 

conductivity due to EDL. 

     Murshed et al. [45] developed a combined static and dynamic mechanisms-based model to 

predict the effective thermal conductivity of nanofluids. Their model can count most of the 

possible parameters such as particle size, nanolayer, particle movements, interactions and 

surface chemistry of nanoparticles. Furthermore, it was shown that dynamic mechanisms 

such as particle Brownian motion, particle interactions and surface chemistry are significant 

when there are smaller-sized nanoparticles as well as low volume fractions. However, the 

major contributions to the enhancement are from static mechanisms.  The model was 

considered to be the result of both static and dynamic mechanisms as follows 
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(39) 

The significant features of the proposed model were summarized as follows: 

 

 The model was developed by considering nanoparticles with a thin interfacial layer 

together with their static and dynamic mechanisms in the base fluid.  

 

 The second term on the right hand side of Eq. (39) is stand for the interactions 

between pairs of spherical nanoparticles in a stationary suspension. 

 

 The third term on the right hand side of Eq. (39) represents the effect of particle 

Brownian motion, particle surface chemistry and inter-particle interactions for

0.005p  . This part is not applicable when 0.005p   because at such a small 

volume fraction, the interparticle separation distance is too large to cause any 

interactions through the Brownian and potential forces of particles. 

 

 In case of no interaction between pairs of nanoparticles and the interfacial layer, the 

static part of the model reduces to the Maxwell model and when 0p   the entire 

model reduces to bfk .      

      

     Emami-Meibodi et al. [46, 47] offered a simple new model in order to count the Brownian 

motion. The particle size did not involve in their model; therefore, they mentioned that their 

model could work for any suspension including microparticles and nanoparticles. However, 

this is approved that at the same volume fraction and condition, the effective thermal 

conductivity of a nanofluid with smaller particle will be more [48].     

      

     Mehta et al. [49] proposed a theoretical model to predict the thermal conductivity of 

nanofluids at low volume fraction of particles. The heat transfer contributions from 
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liquid/solid conduction and micro-convection around particles were considered separately 

using thermal resistance modeling. The diffusion velocities of particles due to Brownian 

motion were used for the modeling of micro-convection around the nanoparticles. In their 

proposed model, the particles were assumed to be spherical and mono-dispersed without 

agglomeration in the liquid.  The model was validated against a variety of experimental data 

available in the literature for alumina, copper, copper oxide and titanium oxide based 

nanofluids for different concentration of nanoparticles.  

      

     Xiao et al. [50] developed an analytical expression for effective thermal conductivity of 

nanofluids by considering the effect of heat convection between nanoparticles and liquids due 

to the Brownian motion of nanoparticles in fluids. The correlation of effective thermal 

conductivity of nanofluids was given by taking into account the fractal distribution of 

nanoparticles. The model was expressed as a function of the thermal conductivities of the 

base fluids and the nanoparticles, the average diameter of nanoparticles, the nanoparticle 

volume concentration, the fractal dimension of nanoparticles and physical properties of 

fluids. 

     Babaei et al. [51] developed equilibrium molecular dynamics simulations in order to 

investigate the role of micro-convection on the thermal conductivity of well-dispersed 

nanofluids. Their results were shown that while individual convective terms in the heat 

current expression are significant, they essentially cancel each other. Consequently, micro-

convection does not contribute noticeably to the thermal conductivity as well as the predicted 

thermal conductivity enhancements are consistent with the effective medium theory. 

 

Nanolayer 

 

     Nanofluid structure consists of solid nanoparticles, solid-like liquid layers (known as 

nanolayers) and a base fluid. An interfacial thermal resistance is present at interfaces of 

different components of mixtures, which is known as the Kapitza resistance. It has long been 

known that liquid molecules close to a solid surface form a layered solid-like structure [52, 

53], but little is known about the thermal properties of this nanolayer and the connection of 

this layer with the base fluid and the solid. According to Yu et al. [53], the layered molecules 

are in an intermediate physical state between a solid and a base fluid. Therefore, the solid-like 

nanolayer of liquid molecules would be expected to lead to a higher thermal conductivity 

than that of the base fluid. This means that the solid-like nanolayer acts as a thermal bridge 

between a solid nanoparticle and a base fluid, and so it is the key to enhancing thermal 

conductivity [54]. 

 

      Yu and Choi [54] modified the Maxwell equation to calculate the effective thermal 

conductivity of solid/liquid suspensions including the effect of the nanolayer. They assumed 

that the nanolayer around each particle could be combined with the particle to form an 

equivalent particle and because of the particle volume concentration being so small; there is 
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no overlap of those equivalent particles. According to Feng et al. [55], this is not realistic 

because the liquid molecules surrounding the particle surface form the interfacial layer and 

the concentration of these adsorbed molecules in the interfacial layer is lower than that of the 

solid particle. Therefore, the interfacial layer thermal conductivity should be lower than that 

of the solid particles but higher than that of the liquid.  Consequently, Feng et al. [55] 

estimated an upper limit for the effect of the interfacial layer by replacing the thermal 

conductivity of the nanoparticle 
pk with an equivalent one 

pek , namely thermal nanoparticle 

thermal conductivity in the Maxwell model as: 
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The model includes the nanolayer which can predict the presence of a nanolayer with a 

thickness of less than 10 nm.  

     A renovated Maxwell model, which was proposed by Yu and Choi [54] in 2003, was 

limited to suspensions with spherical particles. Yu and Choi [56], in 2004, extended the 

Hamilton-Crosser model suspensions of non-spherical particles to include the effect of the 

nanolayer as    
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(42) 

where esfD  is the empirical shape factor 3esfD   ,   is an empirical parameter depending 

on the particle sphericity or eccentricity and the particle-to-liquid thermal conductivity ratio 

and   is the sphericity defined as the ration of the surface area of a sphere, with a volume 

equal to that of the particle, to the surface area of the particle. 
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(43) 

pjk  is the equivalent thermal conductivities along the axes of the complex ellipsoid in which  
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 j (=a, b and c) is along the semiaxis directions of the ellipsoid,  sek  and slk  are the thermal 

conductivities of the solid ellipsoid and its surrounding layer, rV  is the volumetric ratio and 

 ,d j v  is the depolarization factor.     

e  is the equivalent volume concentration of complex ellipsoids which is defined as  

e rV   (44) 

 

where   is a volume concentration of the solid ellipsoids without the surrounding layer.  

      

     This model can predict the thermal conductivity of nanofluids consisting of carbon 

nanotubes-in-oil. However, it fails to predict the non-linear behaviour of the effective thermal 

conductivity of general oxide- and metal-based nanofluids. In the new model, they assumed 

the thermal conductivity of the nanolayer around each particle is the same than that of the 

nanoparticle, which is not realistic [55]. 

 

     Xue et al. [57] used non-equilibrium molecular dynamic simulations in which a 

temperature gradient was imposed, and they determined the thermal resistance of liquid/solid 

interface. Their simulation indicates that the strength of the bonding between the liquid and 

the solid atoms plays a key role in determining the interfacial thermal resistance. They also 

found that the functional dependence of the thermal resistance on the strength of the 

liquid/solid interactions reveals two distinct regimes. The two regimes [58] are exponential 

dependence for weak bonding and power law dependence for strong bonding. These two 

regimes of the Kapitza resistance have profound implications for understanding and 

designing the thermal properties of nanolayers. 

      

     Xue [58] considered the effect of the nanolayer between the solid particle and the base 

fluid in nanofluids. Xue presented a new model for the effective thermal conductivity for 

nanofluids based on the Maxwell model and average polarisation theory. However, in his 

model, it is not clear how to determine the depolarisation factor component for the different 

shapes of particles, and also the thermal conductivity of nanolayers cannot be determined 

[57]. Another problem with his model is that the predicted thermal conductivity values are 

matched with experimental data by considering the larger nanolayer thickness, which is not 

realistic. Later Yu and Choi [56] showed that Xue’s model gave far higher values of thermal 

conductivity than those given in his paper because Xue used incorrect parameters when 

comparing his model with that of carbon nanotube-in-oil experimental data. Thus the validity 

and accuracy of Xue’s model are yet to be established. 

 

     Xie et al. [59] assumed that the interfacial structures formed by liquid molecule layering 

might play an important role. They investigated the impact of these nanolayers on the 

effective thermal conductivity of nanofluids and also developed an expression for calculating 

the enhanced thermal conductivity of nanofluids. They proposed a new formula for the 

effective thermal conductivity derived from the general solution of the heat conduction 

equation in spherical coordinates. Although by that time, there was no available expression 
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for calculating the thermal conductivity of nanolayers, they proposed a new model for the 

thermal conductivity of a nanolayer as well. For this purpose, they assumed that the thermal 

conductivity variation in a nanolayer is linear and derived the following equation for the 

thermal conductivity of a nanolayer: 
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(45) 

 

Therefore, the average thermal conductivity of a nanolayer depends on the thermal 

conductivity of the fluid, the reduced thermal conductivity of the nanoparticle and the ratio of 

the nanolayer thickness to the original particle radius. They also proposed a formula for the 

effective thermal conductivity of a nanofluid by applying Fourier’s law of heat conduction 

based on the assumption that a nanofluid is statistically homogeneous and isotropic. It is 

obtained as 
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     This equation is the proposed model deduced for evaluating the effect of the nanolayer on 

the effective thermal conductivity of nanoparticle/fluid mixtures. In order to check the for 

validity, they used experimental data of Cu-in-EG, CuO-in-EG, and alumina-in-water and the 

results show that the proposed model predicts these experimental data quite well. However, 

similar to the Yu and Choi [54, 56] and Xue [58] models, this empirical model has to be fitted 

with experimental data by adjusting two fitting parameters. They did not also consider any 

dynamic mechanism like Brownian motion. 

Leong et al. [60] also proposed a new model for the effective thermal conductivity of a 

nanofluid according to the heat conduction in a nanofluid based on Fourier’s law for 

considering the effect of the interfacial layer as 
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where 
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     They compared their model with some experimental data of alumina-in-DI water, 

alumina-in-EG, CuO-in-DI water and CuO-in-EG and concluded that the present model can 

predict the effective thermal conductivity of nanofluids better than previous models. The 

improved results come from the point where the temperature gradient at the boundary of the 

nanolayer is discontinuous. However, a limitation of their model is that they have to set the 

thermal conductivity and thickness of the nanolayer to predict the experimental data, and they 

also assumed that the particles are apart and no interaction occurs between them. 

 

      Yu et al. [54] suggested a new model for the thermal conductivity of nanofluids. The 

proposed model is expressed as a function of the thickness of a nanolayer, the nanoparticle 

size, the nanoparticle volume fraction, and the thermal conductivities of the suspended 

nanoparticles and base fluid. Their model is in good agreement with the experimental data 

 

     Tillman and Hill [61] proposed a revised procedure to determine the nanolayer thickness 

and the thermal conductivity profile inside a nanolayer. They explained that there was no 

known procedure to properly calculate the nanolayer thickness and all previous investigators 

just chose the nanolayer thickness to match their results with the experimental data. They 

assumed that the thermal conductivity profile within the nanolayer is given as 

 

( ) (1 )m

nlk r X Yr   (49) 

 

where X and Y are parameters determined from the continuity of thermal conductivity at the 

interface, m is a power law exponent and r is spherical coordinate radius. To calculate the 

temperature profile inside the nanolayer, they assumed the steady-state heat conduction in 

spherical coordinates with axial symmetry and realised that the temperature profile inside the 

nanolayer can be obtained by using the separation of variable method as 

 1 2( , ) ( )cos ( ) ( ) cosnlT r A r Ey r Fy r      (50) 

 

where E and F are parameters that should be determined through the relevant boundary 

conditions for temperature, and 1( )y r and 2 ( )y r  are the non-linear independent solutions of 

the second-order differential equation of 
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They also calculated the critical nanolayer thickness by solving the following equation,  
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(52) 

 

     The calculated nanolayer thicknesses for alumina-in-EG and CuO-in-water nanofluids are 

approximately 19% and 22% of the corresponding nanoparticle radius respectively, which are 

consistent with data used in other studies. They also compared the results of their model with 

alumina-in-EG, CuO-in-EG, Cu-in-oil, CuO-in-water experiments and their results show 

good agreement with these experimental data. However, in their model, three functions for 

thermal conductivity of nanolayers were tested but just one of them produced stable results. 

This means that their model needs more validation for determining an accurate function of 

the nanolayer thermal conductivity. 

 

     Li et al. [62] investigated the molecular layer of liquid/solid interfaces of a nanofluid with 

an equilibrium molecular dynamic simulation method. They assumed that the nanoparticles 

are spherical and developed their model by tracking the positions of the nanoparticle and the 

liquid atoms around the nanoparticles. They estimated that the thickness of the nanolayer is 

approximately 0.5 nm and will move with the Brownian motion of the nanoparticle. Although 

this finding is very important to the understanding of the thermal property of a nanofluid, 

however, their investigation is not complete. Their nanofluid consisted of 1.5% (volume 

fraction) of copper nanoparticles in an argon base fluid; therefore, it needs to be evaluated for 

different cases.  

 

     Zhou and Gao [63] investigated the effect of interfacial nanolayers and the mutual 

interaction of nearest-neighbouring inclusions on the effective thermal conductivity of 

nanofluids. Firstly differential effective dipole approximation was generalized to obtain the 

equivalent thermal conductivity of the coated nanoparticles with graded nanolayers. The 

multiple image method was then employed to investigate the effect of mutual interaction 

between nanoparticles on the thermal conductivity of nanofluids. The dependence of effective 

thermal conductivity on volume fraction, radius of nanoparticles, thickness of the nanoshell, 

and thermal conductivity of the constituents was shown by an analytical correlation as  
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where ( ) ( ) 2p nl bf p nl bfb k r k k r k             is a dipole factor and t  is the total volume 

fraction of the coated particles which include both original nanoparticles and graded 

nanolayers, expressed as 
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where 
3

0 (4 3) p vr n   is the original volume fraction of nanoparticles and vn  is the number 

of complicated particles per volume. 

 

     Lin et al. [64] conducted a molecular dynamics (MD) simulation for thermal conductivity 

of Cu- EG (ethylene glycol) by considering the role of particle/fluid interface effect as main 

mechanism of the thermal conductivity enhancement. Layer-Maxwell model for effective 

thermal conductivity was developed by taking into account the distinct thermal conductivity 

in the nanolayers around nanoparticle obtained from MD simulations. 

      

     Although the nanolayer effect and its mechanism play an important role in the thermal 

conductivity enhancement of nanofluids, the experiments and simulations [52, 53 and 62] 

showed that the thickness of the nanolayer is only in the order of a few atomic distances (0.5 

to 1 nm). Thus it does not seem to be the only factor for the enhancement [13].  

 

Clustering 

 

     There are two methods for producing nanofluids: the one-step direct evaporation method 

represents the direct formation of the nanoparticles inside the base fluids, and the two-step 

method represents the formation of nanoparticles and subsequent dispersion of the 

nanoparticles in the base fluid. In the two-step method, the nanoparticles are separately 

produced. Thereafter, when the nanoparticles are being dispersed into the base fluid it should 

be treated with various physical treatment techniques to ensure a homogeneous dispersion. 

Different types of physical treatment devices that are being used are the stirrer, the ultrasonic 

bath, the ultrasonic disruptor and the high-pressure homogeniser [65]. These methods were 

used for preventing the nanoparticles to get agglomerated at the first step of nanofluid 

production because the nanoparticles as powder get agglomerated to each other very soon. 

When the nanofluid is treated by sonication (high frequency sound waves typically used to 

aid the dispersion of nanoparticles in a liquid) or other physical techniques, the cluster breaks 

into primary nanoparticles [66]. There have been some works on the effect of sonication time 

on the thermal conductivity of nanofluids [67]. 

 

     Wang et al. [68], proposed a new model for the thermal conductivities of nanofluids based 

on the effective medium approximation and the fractal theory for the description of 

nanoparticle clusters and its radial distributions. The size effect and the surface adsorption of 

nanoparticles (nanolayer) are taken into consideration. Their model predicts the data of CuO-

in-water quite well, but their model is yet to be validated with more experimental results. 

 

     After producing stable nanofluids, nanoparticles in nanofluid get often aggregated, 

because of the collision and forces between them such as the Van der Waals’ forces. This 

occurs usually in fluids with higher concentrations and by the time nanofluids form a cluster. 
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This aggregate structure acts like a local percolation structure and therefore, adds to the 

effective thermal conductivity enhancement of nanofluids locally, however, losing the 

homogeneity as well as the stability of the nanofluid. 

     By creating paths of lower thermal resistance, clustering of particles into percolating 

patterns would have a major effect on the effective thermal conductivity. Although 

percolating structures cannot be set up, local clustering is possible and indeed has been 

observed experimentally. Within such a cluster, heat can move very rapidly. The volume 

fraction of the highly conductive phase is larger than the solid volume and may significantly 

increase the thermal conductivity.  

     Karthikeyan et al. [66] studied effect of clustering on the thermal conductivity of CuO 

nanoparticles dispersed into water experimentally. They had shown that the cluster size has a 

significant effect on the thermal conductivity of CuO-Water nanofluids and the thermal 

conductivity of nanofluid decrease with elapsed time due to clustering of CuO nanoparticles. 

Furthermore, they indicated that the finer particle size and mono-dispersity of nanoparticles 

causes larger enhancement in thermal conductivity of nanofluids. They also noted that in 

general, clustering may exert a negative effect on heat transfer enhancement. The 

nanoclusters are likely to settle in the fluid due to their larger mass that results in a particle 

gradient in the fluid, particularly at low volume fractions, by settling small particles out of the 

liquid and creating large regions of particle free-liquid with high thermal resistances. The 

particle-free zones have higher thermal resistances compared with the particle-rich zone. The 

suppression of clustering of the nanoparticles is also very important for designing effective 

heat transfer fluids. There are some reports on the formation of clusters and aggregates in the 

fluid, which enhances the thermal conductivity of the fluid; however, some others mention 

that the thermal conductivity decreases with elapsed time due to the clustering of 

nanoparticles.  

 

     According to the report of Wang et al. [68] in 2003, these cluster structures act like local 

percolation structures and therefore add to the effective thermal conductivity enhancement of 

nanofluids [68] (this is contrary to the observation of Karthikeyan et al. [66]). They proposed 

a method for modelling the effective thermal conductivity of nanofluids based on the 

effective medium approximation and the fractal theory for the description of nanoparticle 

clusters and its radial distributions. They modified the Maxwell model by taking into account 

the size effect and the surface adsorption of nanoparticles. Their model, however, requires the 

thermal conductivity of particle clusters and their radius distribution to be determined 

numerically [69]. Their fractal model predicts well the trend for variation of the effective 

thermal conductivity with diluted suspensions of nanoparticles and fits the experimental data 

for CuO-in-DI water successfully. In addition, this model has yet to be validated with 

experimental results. The other model was proposed by Prasher et al. [70], and shows that the 

thermal conductivity of nanofluids based purely on conduction phenomenon can be 

significantly enhanced as a result of the aggregation of the nanoparticles. These two groups 

of researchers believe that the cluster effect can enhance the thermal conductivity of 

nanofluids because the heat transport can be much faster along the backbone of the clusters. 
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The important thing is that the cluster sizes are critical to the thermal performance of 

nanofluids. When the cluster sizes increase, the nanoclusters are likely to settle in the fluids 

due to larger mass, which results in gradients in the particle concentrations. Therefore, the 

cluster size should not be more than its critical size for this purpose. There are two major 

methods to make the attractive force between particles balanced, and hence to prevent 

particle aggregation. These two methods are electrostatic stabilisation and steric stabilisation.  

 

     Prasher et al. [71], by using the effective medium theory, showed that the thermal 

conductivity of nanofluids can be significantly enhanced by the aggregation of nanoparticles 

into clusters. They claimed that the observed thermal conductivity of nanofluids can be 

explained by aggregation kinetics. Their predictions of the effective medium theory were in 

excellent agreement with detailed numerical calculations on model nanofluids involving 

fractal clusters and showed the importance of cluster morphology on thermal conductivity 

enhancements. It was also reported that colloidal chemistry played a significant role in 

determining the thermal conductivity of nanofluids. 

 

     Feng et al. [55] proposed a new model for the effective thermal conductivity of nanofluids 

by considering the nanolayer and nanoparticle aggregation. The model is expressed as a 

function of the thickness of the nanolayer, the nanoparticle size, the nanoparticle volume 

fraction and the thermal conductivities of the suspended nanoparticles and the base fluid.  For 

determining the effect of aggregation, they divided the aggregation into two parts: the first is 

the coherent fluid and the other is a quarter of the column. The column also includes two 

parts: the touching particles and the base fluid. They used the thermal-electrical analogy 

technique and the one-dimensional heat conduction model for calculating. The theoretical 

predictions of the effective thermal conductivities of nanofluids are shown to be in good 

agreement with experimental data of CuO-in-water, alumina-in-water, CuO-in-EG, and 

alumina-in-EG. 

     Agop et al. [72] investigated the effects of nanoparticle clustering on the heat transfer in 

nanofluids using the scale relativity theory. They found that in the one-dimensional 

differentiable case, a non-autonomous regime implies a relation between the radius and 

growth speed of the cluster, while a quasi-autonomous regime requires El Naschie’s theory 

through the cluster-cluster coherence (El Naschie global coherence). They offered a hybrid 

mathematical procedure in their work, but they did not offer any practical correlation in order 

to modify the thermal conductivity of nanofluids. 

     Okeke et al. [73] conducted a numerical investigation into thermal conductivity of water 

based nanofluids of Al2O3, CuO and TiO2 considering the particle clustering and interfacial 

layer thickness as effective parameters. Regardless the type of nanofluid, it has been shown 

that the mode of aggregation plays a major rule in thermal enhancement by influencing the 

aggregation rate and compactness of the aggregates. In their study they showed the 

sensitiveness of thermal conductivity to particle aggregation as a possible mechanism for 

thermal enhancement and relations between aggregation mode, aggregate size and 

compactness of the aggregates and thermal enhancement of the surrounding nanofluid. 
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     Witharana et al. [74], studied aggregation and settling behaviour of nanofluids near their 

isoelectric points by using small angle X-ray scattering (SAXS) experiments and optical 

microscopy for a rapidly settling poly-disperse spherical alumina (Al2O3) nanoparticles in the 

size range of 10–100 nm were dispersed in water at room temperature. Two settling regime 

were observed regarding photographic studies and the corresponding settling curve; one 

showing the settling of very large (~ 22 𝜇𝑚) objects and the second one showing a slower 

settling rate of relatively smaller (~ 6 𝜇𝑚) objects. They also indicated that using the SAXS 

technique provided valuable information for this unstable suspension which was not possible 

to obtain from any existing mechanism. Optical microscopy images were also produced on 

drying and dried droplets extracted from the suspension at various times. Dried deposits 

showed the rapid decrease in the number of very large particles with time which qualitatively 

validates the SAXS prediction, and therefore its suitability as a tool to study unstable poly-

disperse colloids. 

 

Hybrid model and other effects 

 

     There is a lack of reported research on hybrid combined models for the effective thermal 

conductivity that takes into consideration all major mechanisms plus other important 

recognized effects like particle settling down time [75-78], temperature [79], pH [80-82], 

dispersion [83] and the particle size effect on surface contact of liquid/particle interaction [41, 

84-86]. However, the following models are valuable because they included some of these 

effects. 

 

     Avsec [87] developed a combined model based on statistical nanomechanics. His model 

accounts for influences such as the formation of the nanolayer around nanoparticles and the 

Brownian motion. He modified the model of Yu and Choi [54] for the nanolayer part of his 

model by expressing the effective volume fraction as 
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However, he assumed that the equivalent thermal conductivity of the equivalent particles had 

the same value as the thermal conductivity of the particle. He also modified Prasher’s 

equation [88] for influence of Brownian motion and then offered the thermal conductivity for 

nanofluids as 
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He compared his model with the experimental works from literature for copper nanoparticles 

(10 nm) in an ethylene-glycol base and also for aluminium oxide nanoparticles in a water 
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base. Although he found good agreement with those two cases, working with the equation 

including fitting parameter is hard in general. 

 

     Murshed et al. [45] offered a combined model, which included the effects of particle size, 

nanolayer, Brownian motion, and particle surface chemistry and interaction potential which 

are the static and dynamic mechanisms responsible for the enhanced effective thermal 

conductivity of nanofluids. They divided the effective thermal conductivity into two parts 

consisting of the static-based and the dynamic part (particle Brownian motion, particle 

surface chemistry and interparticle interactions), i.e.  eff static dynamick k k   , or 
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where 
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     The third term on the right-hand side of equation (57) takes into account the effect of the 

dynamic part on effective thermal conductivity, which is applicable for nanoparticle volume 

fractions more than 0.5%. They compared their model with their experiments as well as with 

experiments in literature consisting of 2TiO (15 nm)/DIW-based, 32OAl /DIW-based, 32OAl

/water-based, CuO/water-based and 43OFe /water-based nanofluids. They found a good 

agreement. They assumed that the nanolayer thermal conductivity (ω), can be between 1.1 

and 2.5 without a sensible logic procedure, however, this model needs to be validated in the 

case of varying each parameter (particle size, nanolayer, Brownian motion, interaction and 

particle surface chemistry) when the others stay constant with proper experiments. However, 

this model could not take into consideration the effect of clustering or settling time.  

 

     Corcione [89, 90], offered an empirical relation for the effective thermal conductivity of 

nanofluids based on literature experimental data with a 1.86% standard deviation of error. His 
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simple correlation can count the influence of the nanoparticle volume fraction, the 

temperature and the nanoparticle diameter as  
10 0.03
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where Re is the nanoparticle Reynolds number, which is defined as 
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and all the physical properties must be calculated at the nanofluid temperature T. Although he 

compared his model with the experimental data of literature, the effect of the nanolayer is not 

taken into consideration in the equation and it needs to be investigated experimentally. 

          Li et al. [91] investigated into the mechanisms of thermal conductivity of nanofluids, 

including particle agglomeration, Brownian motion effects and viscosity as well as the effect 

of temperature. Their results showed that Brownian motion is not enough to describe the 

temperature dependence of the thermal conductivity of nanofluids. They indicated that the 

change of particle agglomeration and viscosity with temperature are also important factors. 

The reduction of the particle surface energy as a result of temperature increase would 

decrease the agglomeration of nanoparticles, and the reduction of viscosity would improve 

the Brownian motion. By taking into account the effects of the nano-scale, the effects of the 

interfacial interaction between nanoparticles and liquid as well as Brownian motion, the 

model was expressed as  
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     Nabi and Shirani [92] introduced a new theoretical model for thermal conductivity of 

nanofluids by taking into account of the Brownian motion and resulted micro mixing of 

nanoparticles and clusters, as well as aggregation kinetics of nanoparticles and clusters. The 

proposed model was expressed as a combination of static and dynamic parts diffusive as  

 

eff static dynamick k k   (62) 

 

where Maxwell’s was used for the static part statick  and dynamick  was evaluated as 
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where ld  is the fractal dimension of backbones and 
p  and a are semi-empirical parameters 

which represent the fraction of the liquid volume traveling with a particle and cluster, 

respectively.        

      

     Li et al. [93] modified Li–Qu–Feng [91] model in order to calculate thermal conductivity 

of CNTs nanofluids. They showed that Li–Qu–Feng [91] model underestimates the 

experiment results and is unable to predict thermal conductivity of CNTs nanofluids while no 

shape factor was included into the model for the special shape of CNTs. Their model taking 

into account the effect of liquid layering, particle clustering, particle shape factor, Brownian 

motion and viscosity of base fluid as  
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where CNTek  and eff  are effective thermal conductivity of CNTs and effective volume 

fraction of nanoparticles considering the nanolayer of nanoparticles, respectively. esfQ  is the 

empirical shape factor which considered 6esfQ   for CNTs. The predicted thermal 

conductivities of VFBN containing CNTs by the modified Li–Qu–Feng model were 

compared with the experimental data as well as Maxwell model [94], Hamilton–Crosser 

model [95], Jang–Choi model [19] and Li–Qu–Feng model [91]. The results showed an 

excellent agreement with the measured data. The authors mentioned that their proposed 

model is more suitable for nanofluids with special shaped other than spherical nanoparticles. 

     Table 1 [27, 91, 93-101] and Table 2 [16, 19, 21, 25, 28, 33-35, 38-40, 44, 54, 59, 60, 64, 

92, 102, 103] summarize the conventional and dynamic models for the thermal conductivity 

of nanofluids, respectively and show the model equations and key parameters required for 

determining thermal conductivity and remarks. 

 

COMPARISON OF DIFFERENT MODELS   

 

     There is no certainty about the correctness of data in literature when the data from 

different researchers with different set-ups were collected. Most of the offered models are 

compared with different data of different investigations. On the other hand, there is no 

approved database for the properties of nanoparticles as well. In this regard, the researchers 

benchmarked the thermal conductivity results of different works [104].  For example, in order 

to find nanoparticle thermal conductivity of aluminium oxide ( 32OAl ), the following data can 

be found in the literature; 46 W/mK [105-106], 40 W/mK [107-108], 36 W/mK [109], and 

also for copper oxide (CuO); 76.5 W/mK [110], 20 W/mK [108], 17.65 W/mK [109], for 

almost the same condition.  
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     Sharifpur et al. [111] investigated a parametric analysis of effective thermal conductivity 

models for nanofluids. They studied the effect of volume fraction, nanoparticle size and 

temperature on different models. However, their work attempted to compare the models 

which do not have adjusting variables. As a result, they found that when the volume fraction 

of the nanoparticles is less than 1%, most of the models can predict thermal conductivity of 

nanofluids, but if the volume fraction increases, different models offer different value for the 

same condition. They also indicated that most of the models which involve the particle size 

can almost give the same value when the particle size is about 20 nm, but different models 

give different value for the same condition whenever the particle size is not near 20 nm. 

Finally, they showed that the models predict different value for thermal conductivity of 

nanofluids with variation of temperature, when all other parameters are the same. 

 

     Regarding the available experimental data of Ho et al. [112] and Das et al. [113] for the 

thermal conductivity of aluminium oxide nanofluid with an average nanoparticle size of 

about 30 nm and at about T=300 K in a water base, Fig. 2 for different models is produced. 

Figure 2 is an attempt to compare the models which do not have adjusting variables. In using 

the models, it is assumed that the nanoparticle size is 30 nm, all properties are at T=300 K, 

the thermal conductivity of aluminium oxide ( 32OAl ) nanoparticles to be 40 Wm-1K-1, and 

the thermal conductivity of the water base fluid to be 0.613 Wm-1K-1. In Fig. 3, the same 

conditions of Fig. 2 are applied but for copper oxide (CuO). However, it is assumed that the 

thermal conductivity of copper oxide (CuO) is 20 Wm-1K-1. The available experimental data 

of CuO/water at about 300 K are the data of Jwo et al. [114] and Mintsa et al. [115]. 

 

     As shown in Figures 2 and 3, the Maxwell model has almost the same deviation from the 

experimental data in some parts (in comparison with the recent models). However, the 

experiments are not matched either. Therefore, there is still a need to work on experimental 

data and mathematical models. Because of the uncertainty of nanoparticle thermal 

conductivity and nanolayer thickness, no more graphs are provided in this work. 

 

 

CONCLUSIONS 

 

      There is an urgent need to understand the fundamental mechanism behind the heat 

transport in nanofluids under stationary conditions before it is being used in industrial 

applications. In this paper, different factors that could be potentially responsible for or 

influence heat transfer enhancement in nanofluids are reviewed. Some theories based on 

these factors in the open literature are also mentioned. 

 

     It was simply found that existing classical models cannot explain the observed enhanced 

thermal conductivity of nanofluids. The different factors that may influence the thermal 

conductivity of nanofluids are molecular-level layering of the liquid at the liquid/particle 

interface (nanolayer), Brownian motion of the nanoparticle, clustering, nanoparticle size, pH, 

temperature and the nature of heat transport in the nanoparticles. It seems that none of these 
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factors could be merely responsible for the enhancement in thermal conductivity; the hybrid 

model should cover all of these parameters. 

 

     However, most of the recently developed models include postulated mechanisms and 

other effects on nanofluid heat transfer. It is not clear yet which of them is the best model to 

use for the thermal conductivity of nanofluids, and it requires further investigation. 

Furthermore, experimental data of different studies do not compare well for apparently the 

same conditions, which makes it difficult for the model developers. More research is also 

required on the nature of heat transport in the nanoparticles. To understand the exact 

mechanisms of heat transfer in nanofluids, further theoretical and experimental investigations 

are required. Finally, researchers need to have a reliable database for the properties of 

nanoparticles and experimental data. 
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NOMENCLATURE 

ecoA  empirical constant 

coA  constant 

cellA  cross-sectional area of the cubical volume of cell, m2 

B  constant for the Kapitza resistance per unit area 

coB  constant 

Bi  Biot number 

b  dipole factor 

coC  constant 

ftC  fitting parameter 

pcoC  proportional constant 

bfc  specific heat of liquid phase (base fluid), J/kg·K 

pc  specific heat capacity of nanoparticle, J/kg·K 

fc  heat capacity per unit volume of the fluid, J/m3.K 

cpc  specific heat capacity of complex particle, J/kg·K 

vc  specific heat, J/K 

esfD  empirical shape factor 

fD  fractal dimension 

0D  nanoparticle diffusion coefficient, m2/s 

mind  minimum diameter of nanoparticles, m 

maxd  maximum diameter of nanoparticles, m 

bfd  molecular diameter of base fluid, m 

pd  average diameter of nanoparticles, m 

pd  nanoparticle diameter, m 

( , )d j v  depolarization factor 

ld  fractal dimension of backbones 

fd  fractal dimension  

0d  diameter of the outermost layer, m 

esfE  empirical shape factor 

e  elementary charge (electric charge carried by a proton), C 

TG  total interparticle potential 

coH  constant 

h  heat transfer coefficient, W/m2.K 

i  number of time steps used in the simulation 
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J  net energy flux, J/ m2 

bfk  thermal conductivity of base fluid ,W/m.K  

effk  effective thermal conductivity ,W/m.K  

pk  thermal conductivity of nanoparticle ,W/m.K  

mk  matrix conductivity, W/m.K  

effpk  effective thermal conductivity of the nanoparticle ,W/m.K  

nfk  thermal conductivity of nanofluid ,W/m.K  

EDLk  thermal conductivity due to the electrical double layer ,W/m.K  

eff nfk   effective thermal conductivity of nanofluid ,W/m.K  

cpk  thermal conductivity of complex particle,W/m.K  

pek  equivalent thermal conductivity based on effective theory medium,W/m.K  

pnk  effective thermal conductivity of nanoparticles,W/m.K  

nlk  nanolayer (interfacial layer) thermal conductivity,W/m.K  

diffk  thermal conductivity due to diffusive heat conduction,W/m.K 

Browniank  thermal conductivity due to particle Brownian motion,W/m.K 

excessk  thermal conductivity enhancement due to Brownian motion,W/m.K 

Maxwellk  thermal conductivity based on Maxwell conductivity model,W/m.K 

pjk  equivalent thermal conductivities along the axes of the complex ellipsoid in 

which j(=a, b and c)  is along the semiaxis directions of the ellipsoid,W/m.K 

slk  thermal conductivity of the solid ellipsoid’s surrounding layer,W/m.K 

sek  thermal conductivity of the solid ellipsoid,W/m.K 

k  equivalent thermal conductivity,W/m.K 

CNTk  thermal conductivity of carbon nanotubes,W/m.K 

CNTek  effective thermal conductivity of carbon nanotubes,W/m.K 

BK  Boltzmann’s constant, J/K 

bfl  liquid mean free path, m 

Bl  Bjerrum length, m 

Pl  mean free path of nanoparticle, m 

tl  thickness of the liquid layer, m 

cellL  length scale of liquid volume, m 

CNTL  length of carbon nanotubes, m 

ecoM  empirical constant 

mwm  molecular weight of the liquid on the solid interface, kg 

pm  mass of the nanoparticle, kg 
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m  power law exponent 

AN  Avogadro’s constant, mol-1 

Nu  Nusselt number 

n  number density of nanoparticles 

vn  number of complicated particles per volume 

N  particle concentration, m-3 

p cN   number of parallel carbon nanotubes chain 

c nn   number of carbon nanotubes in a chain 

coO  constant 

Pr  Prandtl number 

coP  constant 

sdeP  system dependent exponent 

0P  dipole moment of sphere, C.m 

LP  dipole moment of spheres for longitudinal field, C.m 

TP  dipole moment of spheres for transverse field, C.m 

q  electric charge, C 

〈Q(0)Q(j Δt)〉 time-autocorrelation function of Q(t) 

esfQ  empirical shape factor 

cr  cluster radios, m 

pr  radios of nanoparticle, m 

bfr  radios of the base fluid molecule, m 

Re  Reynolds number 

r  spherical coordinate radius, m 

R  radius of the outer interface, m 

bR  thermal boundary resistance, m2.K/W 

netR  net thermal resistance of the entire nanofluid, m2.K/W 

,Fi pR  thermal resistance in the parallel liquid path, m2.K/W  

trR  thermal resistance per unit area of the particle/fluid interface, m2.K/W 

CR  contact resistance, m2.K/W 

t  time, s 

brt  characteristic time of Brownian motion, s 

T  temperature, ºC or K 

nlT  temperature inside the nanolayer, ºC or K 

frT  freezing-point of the base liquid, ºC or K 

V  volume of the domain, m/s 

rV  volumetric ratio 
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pu  average particle velocity, m/s 

pu  Brownian velocity of the nanoparticle, m/s 

X,Y parameters determined from the continuity of thermal conductivity at the 

interface 

 

Greek Symbols 

 

  thermal diffusivity, m2/s 

a  and p  semi-empirical parameters 

  parameter that represents the hydrodynamic interaction between particles and 

affected fluid  

  ratio of the particle radius to the equivalent matrix thickness 

  Coulomb constant, N.m2/C2 

1

D
  Debye length, m-1 

T  thermal boundary layer thickness, m 

nl  nanolayer (interfacial layer) thickness, m 

t  time step 

  permittivity of the liquid, F/m 

bf  dielectric constant of medium 

  dynamic viscosity, Pa.s 

bf  dynamic viscosity of the base fluid, Pa.s 

nf  dynamic viscosity of nanofluid, Pa.s 

  kinematic viscosity, m2/s 

p  kinematic viscosity of nanoparticle, m2/s 

p  density of nanoparticle , kg/m3 

nf  density of nanofluid , kg/m3 

bf  density of liquid phase (base fluid), kg/m3 

cp  density of complex particle, kg/m3 

i  number density of ionic charge in the bulk liquid, kg/m3 

  Kapitza resistance, K4.m2/W 

  particle relaxation time, s 

  volume fraction 

p  volume fraction of nanoparticle 

pl  volume fraction of nanoparticle plus the nanolayer 

  volume of the particle, m3 

eff  effective volume fraction 

e  equivalent volume concentration of complex ellipsoids 
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nl  nanolayer (interfacial layer) volumetric fraction 

t  total volume fraction 

0  original volume fraction of nanoparticles 

  empirical parameter  

  sphericity  

  Kapitza length and the particle radius ratio 

  empirical constant 
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Table 1. Summary of the studies on the theoretical models for thermal conductivity of 
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Table 2. Summary of the studies on the theoretical models for thermal conductivity of 

nanofluids – Dynamic models 
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Fig. 2: Comparison of models with experimental data for 32OAl
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Fig. 3: Comparison of models with experimental data for CuO 
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