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Opsomming

Die ideaal om ’'n universele logiese taal en deduksiereéls te ontwerp waarin enige
probleem gestel en opgelos kan word is ten minste so oud soos Leibniz wat 'n
‘characteristica universalis’ wou skep: ’n universele taal waarin enige weten-
skaplike feit uitdrukbaar is. Ook is 'n algemene metode ten doel gestel om die
waarheid al dan nie van enige uitdrukking of formule in die taal te bepaal.

Die werk van Frege, Russel & Whitehead, Tarski, Gddel en andere het gestalte
gegee aan 'n kandidaat vir so 'n universele taal, naamlik eerste orde logika.

Die volledigheidsstelling van GSdel wat verseker dat alle geldige formules gevolge
is van die aksiomas en deduksiereéls, het die hoop op die universaliteit van die
taal en metode versterk.

Volgens Hilbert en sy skool was 'n volledig en konsistente logiese stelsel wat alle
wiskundige beredenering bevat, die enigste sinvolle grondlegging vir wiskunde.
Met volledigheid word bedoel dat elke goed gevormde uitdrukking in die taal
bewysbaar waar of bewysbaar onwaar is. Konsistentheid beteken dat geen goed
gevormde uitdrukking bewysbaar waar en bewysbaar onwaar is nie.

In 1935 het Godel bewys dat in enige konsistente.logiese stelsel met ten minste
'n gegewe minimale uitdrukkingsvermog, daar altyd goed gevormde formules sal
wees wat nie bewysbaar is nie en waarvan die negering van die formule ook nie
bewysbaar is nie. Met ander woorde alle sulke logiese stelsels is onvolledig. ’n
Oop vraag was of daar 'n metode bestaan om sulke formules te identifiseer.

In 1935 het Church en Turing bewys dat daar geen so 'n metode kan bestaan
nie en ons noem dan eerste orde logika (rekursief) onoplosbaar, daar is dus geen
algoritme wat altyd korrek uitspraak kan gee oor of 'n formule uit die aksiomas
en deduksiereéls volg of nie.

Aangesien die klas van alle eerste orde logika formules onoplosbaar is, kan ons
vra welke subklasse oplosbaar is en welke nie.
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Oorspronklik is subklasse onoplosbaar bewys deur te toon dat enige eerste orde
formule ekwivalent is aan ’'n formule in die spesifieke subklas, omdat die hele
klas formules onoplosbaar is, is die subklas dan ook onoplosbaar. Klasse wat so
onoplosbaar bewys is, is reduksieklasse genoem.

In die vroee 1960°s het Biichi en Wang gewys dat sekere berekenings of kom-
binatoriese stelsels deur eenvoudige logiese uitdrukkings beskryf kan word. Die
onoplosbaarheid van die probleme buite logika - die Domino probleem en die
Halt probleem - beteken dan dat sekere subklasse van logiese formules onoplos-
baar is. Die klasse is nie reduksie klasse nie en is ‘werklike’ subklasse van die
logiese stelsel. Die resultate is baie skerper as die verkry met vroeére metodes.

Subklasse is onoplosbaar bewys deur verskillende mense met uiteenlopende
metodes. Die bewyse van onoplosbaarheid is hergiet in 'n homogene vorm deur
Lewis,[20], waarmee die tesis grotendeels gemoeid is.

Die eerste paar hoofstukke handel oor die onoplosbaarheid van sekere kombi-
natoriese probleme, hierdie resultate word dan in latere hoofstukke gebruik om
sekere klasse formules van eerste orde logika onoplosbaar te bewys.
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Summary

The goal of finding some universal language and method for stating and solving
arbitrary scientific problems has been an ideal since Leibniz who envisioned a
”characteristica universalis”: a universal language in which any scientific fact
could be expressed. In addition, a general method for deciding the truth or
falsity of any statement in the language, was envisioned.

Through the work of Frege, Russel & Whitehead, Tarski, Godel and others this
goal of a universal language for formalising mathematical facts, found expression
in the development of what is now known as first order logic. The Completeness
Theorem of Gdédel which states that all valid formulas are deducible, was seen
as a justification for the ideals for the universality of the language and method.

According to Hilbert and his school, the only justifiable foundation for the
practice of mathematics was a logical system encompassing all of mathemat-
ical reasoning which further, was complete and consistent, i.e. all meaning-
ful statements expressible in the language are either provably true or provably
false(completeness) and no contradiction can arise in the system(consistency).

In 1931 Godel showed that in any consistent logical system of some minimal
expressivity there are expressions within the language which are not provably
true or provably false. An open question was whether there was some method
of identifying such expressions.

In 1935 Church and Turing showed that no general method can exist for deciding
whether or not a formula is deducible and that first order logic is therefore
undecidable, i.e. there is no algorithmic procedure which can always correctly
decide whether a formula is valid, i.e. deducible from given axioms and inference
rules, or not.

Given that the predicate calculus as a whole is undecidable, one may ask which
subclasses of the predicate calculus are decidable and which are not.
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Initially, the method which showed some particular class of formulas of first order
logic to be undecidable or unsolvable was a presentation of an effective method
by which any quantificational formula could be reduced to some formula in the
particular class. Such classes are called reduction classes. The unsolvability
of the class then follows from the unsolvability of quantificational theory as a
whole. See Turing,[28].

In the early 1960’s Biichi and Wang showed how simple computational or com-
binatorial systems- Turing Machines or Dominoes- could be naturally described
by simple quantificational formulas.

The unsolvability of these extralogical problems -the dominoe problem or the
Halting problem-then implied the unsolvability of certain logical classes, these
classes not being reduction classes, that is the classes are actual ‘subclasses’
of the class of quantificational formulas. These results are much sharper than
those obtained by the previous reduction methods.

This work is concerned with proofs that certain classes are undecidable, the
results are due to various different people(see chapter 6 for references) but were
recast in a homogeneous form by Lewis,[20] which is the main source for this
work.

The first few chapters are concerned with proving the unsolvability of various
combinatorial problems, these results are then used in later chapters to prove
the unsolvability of the classes of formulas.

i
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Chapter 1

Turing machines and tilings
of the plane

In this chapter we use the unsolvability of the halting problem for Turing ma-
chines to show that a certain combinatorial problem, the origin- constrained
tiling problem, is unsolvable. Most of this chapter is taken from Lewis and
Papadimitriou,[21].

1.1 Turing machines

A Turing machine can be imagined as a device consisting of a finite state control
unit with a potentially infinite tape serving as input and output medium. A
single head communicates between the two.

fig 1(from Odifreddi,[23])

DODDDDEENENN RN

Formally, a Turing machine is a quadruple
(K,%,6,s)
with

K : A finite set of states with s € K, the initial state. The halt state h is not
n K,
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% : A finite set of symbols, containing the blank symbol #, but not containing
the symbols L and R,

é (the transition function) : A function from K x ¥ to (K Uh) x (UL, R).

The transition function is interpreted as follows:
If 6(g,a) = (p,b) with ¢ € K,a € L, then the machine in state ¢ scanning
symbol a, will enter state p and

1. if b € X, rewrite the a as b or
2. if b is L or R, move the head one cell left(L) or right(R).

Since ¢ is a function the operation of the machines is deterministic and the
machine will stop only when it enters the halt-state or attempts to move off the
left tape-end, with the consequent absence of a symbol scanned.

A configuration of a Turing machine is a complete recording of the relevant
information of the computation in a given instant. It takes the form

KURxZ*xEx (E(Z—-#Ue)

where £* is the set of words over ¥ and e is the empty string. This specifies the
current state, the contents of the tape and the head position. The definition is
set up so that the string to the right of the scanned cell does not end with a
blank.
Example:

(g3, e, a, aba) is the following configuration:

fig 2

We now define the relation yields in one step for configurations:
Let M be a Turing machine and let (g1, w1, a1,u1) and (g2, w2, as, uz) be
configurations of M.

Then
(qlx wy,ai, ul) }..M (‘12, wa, az, u?)
iff for some
beZUL,R
2

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&
&

“ UNIVERSITEIT VAN PRETORIA
A 4

6(q1,a1) = (g2,b)

and either
1. be X, w; = ws,u; =uz and az = b or

2. b= L,w; = wsay, and
either
a)up = ajug, if a; # # or u; # e, or
b)us = e, if a; = # and u; = ¢;

or

3. b =R,wy; = wia; and
either
a)u; = asup or
b)u; = uz = ¢ and a3 = #.
Case 1 corresponds to M writing a symbol (without the head moving).
Case 2 corresponds to the head moving one cell left, if it moves to the left of
blank tape then the blank symbol on the cell just scanned is dropped from the
configuration.
Case 3 corresponds to the head moving one cell right, if it moves onto blank

tape then a new blank symbol is added as the new scanned symbol.
A computation by a Turing machine M is a sequence of configurations

COyCI)-"vCﬂ;nZO

such that
Cobpm Cr...Fyp Ch.

We will use the following well-known result, due to Turing,[28]:

Theorem 1.1 (Unsolvability of the halting problem) There exists no gen-
eral algorithm which can answer the following class of questions correctly:

Given a Turing-machine M = (K,X,,s) and an input string w,
does M halt on input w?

The result can be strengthened to the case where w is the empty string. This
is the form of the unsolvability of the halting problem which we will use.
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1.2 Tiling problems

Tiling Problems have the following general form:
We are given:
1) a set X, the space to be tiled

2) a finite set T of representative tiles
3) a spatial relation R C X*, the sampling configuration, and

4) aset Q C T*.
The tiling problem is the problem of determining, given some tiling system
P =(X,T,R,Q), whether or not there is a mapping

r: X =T

such that
(51,52,...,5k) €E R=(751,752,...,75k) € Q

Intuitively, whether or not it is possible to tile X with (an unlimited supply
of)) copies of tiles in T such that all k-tuples of tiles at sampling configurations
R are in some specified set @ of k-tuples of tiles.

Mappings or tilings for which this is true are called accepted tilings. The
term accepted is descriptive of an agent checking to see whether all k-tuples
in R are in the set Q. If some k-tuple in R is not in @ then the tiling is not
accepted.

Note that k-tuples in R are the only sets of points of the space which we
have access to and that we have no control over the order in which such tuples
are visited.

1.3 Tilings of the plane

The tiling problems we discuss in this section have as space to be tiled the first
quadrant of the plane-N2. We imagine the quadrant to be divided into cells,
one for each coordinate pair (z,y) with each cell containing a single tile from
some set [J. .

An accepted tiling is one in which the tile at the origin is some fixed tile dg € D,
all pairs of tiles in horizontally adjacent cells are in some given set H C D?
and tiles in vertically adjacent cells are in some given set V C D?. Because
of the origin-condition such tiling-systems are called origin-constrained tiling
problems.
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fig 3
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Formally:
R consists of three parts Ry, Ry, Ry with

1.
2.
3.

4.
5.
6.

RO = (0,0)
Ry := ((z,y);(z + 1,y);z,y€ N

Ry :=((z,9);(z,y+1);z,y € N.
Q also consists of three parts: dg, H, V with

dy €D
Hc D?
VvV c D?.

Since R is the same for all such tiling systems, we will specify an origin-
constrained tiling system P by the 4-tuple

P =(D,do, H,V).

1.4 Unsolvability of the origin-constrained tiling

problem

In this section we will show that the tiling problem for origin constrained tiling
problems is unsolvable. That is, there exists no general algorithm which, given
an arbitrary origin-constrained tiling system (D, do, H, V) can always correctly
decide whether or not an accepted tiling exists for the system.

We show that if there were such an algorithm then the halting problem for
Turing machines would be solvable.
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1.4.1 Turing machines as tiling systems

Given a Turing machine M we construct a tiling system Paq such that an
accepted tiling for Pp represents an infinite computation by M when started
on the leftmost square of the blank tape.
Let
M= (K,%,6,5s)

then
7)./\4 = (D)dOsH’ V)

where D contains the following tiles:

fig 4
a (p.b) a (p.b)
2 (qa) )" Py
(@ ) (1) (2
(p.b) a (s#) #
# {; # d #
b (g,a)

an @2y () ®

Tiles of type (a)(see fig 4) for each a € X. These tiles communicate un-
changed symbols between consecutive configurations.

Tiles of type (b) for each a € £,q € K such that é(g,a) = (p,b) where
p € K,b € ¥ These tiles communicate the head position upwards and change
the state and scanned symbol appropriately.

. Tiles of type (c.1) for each a € X,q € K such that 6{(¢g,a) = (p, R) where
p € K and tiles of type (c.2) for each &6 € £. These tiles communicate head
movement one square from left to right and change the state appropriately.

Tiles of type (d.1),(d.2) for analogous situations as the above but with
6(3,a) = (p, L).

A tile of type (e)(the origin tile). This tile specifies on its vertical edge the
initial state and the blank symbol. Its right edge can be matched only by the
left edge of tiles oftype (f), which in turn propogate to the right the information
that the top edge of every tile in the bottom row is marked with the blank.

Theorem 1.2 The symbol-sequence between rows k and k + 1 is ezactly the
configuration of M after k — 1 steps.

Proof:

The proof is by induction on the computation step:

Basis:Computation step 0:

The last two tiles ensure that the edge between the first and 2nd row of tiles
correctly gives the starting configuration.
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Induction step:
Assume the tiling correctly represents the computation up to step n: Let

(¢,a),a € £,q9 € K U halt

be the single state-symbol pair in row n.

If the machine halts at step n then we cannot tile the next row. (No tile
contains the halt state so there are no tiles with bottom edge (halt,a).)

If the machine does not halt(¢ € K) then the state (possibly)changes and
the machine either overwrites a symbol or moves one cell left or one cell right.
That is

5(9)‘1) = (p) b) or (p)R) or (P, L)

for some
peKbeX

If the first case holds then the pair (p, b) appears above (g, a) in the next row.
This follows from the construction of the tile set since the only tile with bottom
edge (g,a) has (p,b) as top edge. (6 is a function). No other symbol in row n
changes since only the tile directly above or one of the tiles adjacently above the
state-symbol tile can change, and the transition function uniquely determines
which of these is the case.

If one of the other two cases hold then the only tile with bottom edge (¢, a)
is a tile of type (c.1) or (d.2), then the only tile allowed to the right(left) of this
tile is of type (c.2) or (d.1).

Again no other symbol changes.

So if it exists, then computation step n + 1 is correctly represented in each
case. This completes the proof.

The tiling simulates the computation of M perfectly. If the computation is
infinite then the whole of the first quadrant is tiled in such a way that the
conditions dg, V" and H are satisfied and conversely if the computation halts
after k steps then we can only tile £ + 1 rows. So if the tiling problem were
solvable then the halting problem would be solvable.

We therefore have the result:
The origin constrained tiling problem is algorithmically unsolvable.

References

Turing Machines are of course due to Turing,[28].

The tiling problems presented here are essentially dominoe-systems which
are due to Wang,[31].

The proof of the unsolvability of the origin-constrained tiling problem pre-
sented here is adapted from Lewis and Papadimitriou,[21].
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Chapter 2

Linear sampling problems

In this and the next chapter we use the unsolvability of the origin-constrained
tiling problem to show that another tiling problem, the linear sampling problem,
is unsolvable. All the results and proofs of this chapter are due to Lewis,[20].
The structure and sequence(internal or external) of the proofs have sometimes
been changed to facilitate understanding.

2.1 Definition

A linear sampling problem is a tiling problem of the following kind:
the space X to be tiled by some set of tiles T is

Z % (1,2).

That is, two disjoint copies of the integers which we consider as two numbered
tapes.

The configurations of tiles R§ and R;;0 > 0,0 € Z we may sample are
defined by linear equations, hence the name: linear sampling problems.

These conditions RS and R; are defined as follows.

1. Local Condition: for i = 1,2, R§((n1,17)..., (ns, 1)) iff
njy1=nj +1;5=1,...,0 (i.e. we may sample any 0 consecutive tiles on
either of the two tapes).

2. Global Condition: Ri((n1, 1), (n2,2),(ns, 1), (ng, 2)) iff

nz—ny; = ng—ng (i.e. we may sample any two pairs of tiles, a pair on each
tape, such that the distance between the tiles on the first tape is equal to
the distance between the tiles on the second).

Figures 5 and 6 illustrate the forms of the configurations we may sample for
f = 4.
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fig 5
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fig 6
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It is crucial to note that R} and R; define the only access we have to the
tapes, we cannot view any other configurations of tiles. Further, we do not have
access to coordinates of cells but only to the tuples of tiles at configurations
defined by R and R;.

An accepted tiling is one in which all tuples in R} are in some given subset
of T%(= T x ... x T;0 times) which we denote by L(for local) and all samples
in Ry are in some given subset of 7% which we denote by G(for global).

We will generally denote a linear sampling system by the triple (T, L, G)
where T is the set of tiles and L and G are the subsets mentioned above. The
value of # will be seperately specified.

Once again(and this is a crucial point), we have no control over the order in
which our samples are taken.

The linear sampling problem is the problem of determining, given some
linear sampling system, (T, L, G) whether an accepted tiling of the tapes exists
or not. :

This whole chapter is devoted to showing that the linear sampling problem
is unsolvable for any given 8 > 2. To show this, it suffices to show that the
problem is unsolvable for § = 2 as the following argument shows.

Theorem 2.1 If the problem is unsolvable for § = 2, it ts unsolvable for all
6>2

Proof: Given some § = k, k a natural number, then for each tiling system with
§ = 2 there is an ‘equivalent’ tiling system with 8 = k. This is the system with
the same global condition and local conditions L as follows: L consists of all
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k-tuples such that all consecutive pairs in the k-tuple are in the local condition
for the § = 2 system. Clearly our systems allow exactly the same tilings. So the
unsolvability for the § = 2 system would imply the unsolvability for all systems
with 4 > 2.

Theorem 2.2 The unsolvability of any 8 > 2 implies the unsolvability for § =
2.

Proof: Suppose that the problem is unsolvable for some & > 2. We show that
this implies the unsolvability for § = 2.

Let 7 = (T, L,G) be any l-ary tiling system. Let 7' = (7", L', G’) be the
following system: T/ = T! and

a.)((SI,SQ, . Sz), (Sz+1 y ooy ng)) e L' iff Sl4+1 = S2,8142 = 83 ,.... le.

Si4i = sig1 fori=1,..,1—1 and (sy, ..., 1), (141, ..., S21) € L,

b)((sl, $2y ey 1)y oo (53141, ...,841)) € G' ff (s1, 8141, S2141, S31+1) € G.

The conditions are defined in such a way that a tiling accepted by 7 codes
for a tiling accepted by 7' and conversely. Figure 7 shows a correlated pair of
tilings.

fig 7

b) J 5132%1 825384 1333485 | 8355 [ 55%% |
| ttats [ttty | Gtats [ttt [tstets |

2.2 Correlating the tapes with the plane

2.2.1 Coordinate correlation

We want to show that the linear sampling problem is unsolvable by using the
unsolvability of the origin-constrained tiling problem. We will show the problem
unsolvable for § = 4. To do this we must show that for each origin-constrained
tiling system there is a corresponding linear-sampling system with 8 = 4 which
accepts a tiling iff the origin-constrained tiling system accepts some tiling. We
must therefore correlate coordinates of Z x (1,2) with coordinates of N2. There
are many ways to do this but our correlation must satisfy some strict conditions
if we want the correlation to work. Each coordinate of N? must be represented
infinitely often and at bounded intervals along at least one of the tapes. It will
become clear later why this is a prerequisite.

10
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Notation: The p;-order of a whole number n denoted by Op,, is the highest
power of p; which divides n without a remainder.

When the value of p; is fixed, we often write O(n) for Op,(n).
Example: O(8) = 3 since 23 = 8, while 0,(10) = 1.

Choose two numbers p; and p; which are relatively prime and associate the
coordinate (%, j) in the first quadrant with all coordinates n on the plane such
that the p;-order n is ¢ and ps-order n is j. It is clear why p; and p; must be
relatively prime if we want to represent all tuples (¢,j) € N2. If we correlate
coordinates in this way then the stipulations in 2.2.1 are satisfied.

2.2.2 Conditions on the linear sampling system

We must now construct conditions on tilings of the tapes which are equivalent
to the conditions on tilings of the plane in that an accepted tiling of the tapes
exists iff an accepted tiling of the plane exists. Specifically, the following three
conditions must be met for a tiling of the tapes to be accepted.

1. If two cell coordinates have equal p;- and ps-orders then the cells must
contain the same tile, since all such coordinates are correlated with a single
coordinate of N2.

2. If a cell coordinate has p;- and pj-orders zero then the cell must contain
a tile allowed at the origin of N2.

3. If two cell coordinates n; and ny have py— and p- orders
(4,7)&(i, 7+ 1)
(5, )&(i +1,5);4,5 € N,

then the tiles in the cells must form a pair in V or H respectively. For
notational convenience we change H,V to Aj, A,.

The third conditions correspond to conditions V' and H on tilings of the plane.

The idea is that these conditions on tilings of the tapes will be equivalent
to the conditions on the tilings of the plane and that an accepted tiling of the
tapes will code for an accepted tiling of the plane and conversely. Note that in
the origin-constrained tiling problem we knew all samples were horizontally or
vertically adjacent, in fact these were the only configurations we could sample,
in the correlation with the linear sampling problem we must first find the cells
corresponding to adjacent cells on the plane before we can place conditions on
the tiles in such cells.

We sketch the idea of the mapping between the plane and the tapes.

11
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2.2.3 The idea of the mapping between accepted tilings

Figure 8 illustrates the mapping between the tapes and the plane which we have
in mind:

fig 8

e B e
Ao

.
plane e

2 [kozy tan| tezy 1 i

1 |t tan{ ey 1

0 | kooy tao) k.o ; ?
wemesnwhocaavdaanane

0 i 2

tapes

EEEEEEREEEEEEETEEEEREN

n (Op, (m)=i: Op (n)=j)

LT T T IT T T T I TRl TTTTTT0T

Plane to tapes:
For a given accepted tiling 7 of the plane, define a tiling T' of the tapes as

follows:
for all n € Z and for both tapes

[(n) = 7(i, j)

where 7, j are the p; and p; orders of n.

Tapes to plane:

Given an accepted tiling I' of the tapes, define a tiling 7 of the plane as
follows

(i,j) = I'(n)

where n has p;- and pj- orders 7 and j, respectively.

The idea is that accepted tilings of the tapes map to accepted tilings of the
plane and conversely. If this is the case then the linear sampling problem will

of course be unsolvable.
The correlation between the two tiling systems just sketched is in fact a

laborious task and will occupy the rest of this chapter.

12
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2.3 Construction of the conditions

Implicit in conditions 1-3 of paragraph 2.2.2 is the following.
The consistency constraint:
1.1) Identifying all pairs of cell-coordinates with equal p;- and p;-orders.
1.2) Forcing all such cells to contain the same tile.
The origin constraint:
2.1) Identifying all cell-coordinates with p;- and ps-orders zero.
2.2) Placing the origin constraint on these cells.
The adjacency constraint:
3.1) Identifying pairs of cell coordinates with p; and ps orders

(4, )&(5,j +1)
(4, 7)&(i+1,7);4,j €N.
(These cells of course correspond to cell-pairs which are horizontally or vertically
adjacent on the plane.)

3.2) Placing conditions V' and H, respectively, on the tile-pairs in such pairs
of cells.

2.3.1 Identifying the cells

It is important to note that we do not have access to the coordinates at which
samples are taken, we can therefore not correlate coordinates of cells with the
tiles appearing in the cells to see for each sample whether 1-3 in 2.2.2 are
satisfied or not. In order to identify cells 1.1-3.1 in 2.3 therefore, we must
include within a cell information about the p;- and ps-orders of the coordinate

of the cell.

2.3.2 Addressing information

Since the cells have some fixed finite size, a cell cannot contain its coordinate
or even its p;- and po-orders. We devote the next section to showing that,
somewhat surprisingly, it is enough for a cell v = (n,¢) ; 0 < n;c = 1,2 to
contain the numbers Ay, (n) and Ap,(n), where

Api(n) := rem(np; % (n), p?)

where rem (I, n) is the remainder of ! when divided by n. Note that A, (0) can
be any element of {¢ | 0 < ¢ < p?; ¢ # 0(modp)}

Informally, Ap,(n);i = 1,2 is the result of writing n in p-ary notation, delet-
ing any trailing zeros and taking the last two digits of what is left.
Example

For n = 1,...,120: the sequence A10(n);1 < n < 120 is the following:

13
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01020304 050607080901111213 141516 1718 19 02 21 22 23 24 25 26
27 28 29 03 31 32 33 34 35 36 37 38 39 04 41 42 43 44 45 46 47 48 49 05 51 52
53 54 55 56 57 58 59 06 61 62 63 64 65 66 67 68 69 07 71 72 73 74 75 76 77 78
79 08 81 82 83 84 85 86 87 88 89 09 91 92 93 94 95 96 97 98 99 01 01 02 03 04
050607 080911111213 141516171819 12

Note that for such a tiling A:
A(n + d) = A(n) whenever O(d) < O(n) + 2.

This is known as the agreement property.

Example
For p = 10, A(12) = A(12 + 100) = A(112).

To enable a cell to contain this information we divide both tapes into 3 channels
as figure 9 illustrates:

fig 9
.- Tape 1 -
p, address chanmel 29 | (0 | 3y | Myl D | dnlB | 2@ | 2D | B | 20 | 2@ | 20 |
p, address chemnel 29| DD | D | 2B [ Mk D | 2o | ds) | 2@ | 2 | he® | 3o |
data channet 3 »
5 4 -3 -2 -1 0 1 2 3 4 k] K
py address chamme 2 20 Fde D @ | 2060 | 0] 2 | %@ | 209 | 2@ | 2®
p, address channel 2o, 5 200 | 2D | 202 L 2o | 20| 200 | %@ | 260 | 29 | 209
data chaanct

Tape 2

We imagine that the first and second channel of each cell with coordinate
(n,c);c = 1,2 on both tapes contains the numbers A, (n) and Ay, (n) respec-
tively, i.e. that we have mappings Ai(mi(n,¢)) = Ap,(n);1 = 1,2;¢ = 1,2 where
m; is the projection onto the i-th channel of a tape. We reserve the third chan-
nel for tiles ¢ € T. We will use this information to identify cells satisfying the
relations in 1.1, 2.1 and 3.1 in 2.3.

So if the set of tiles for an origin-constrained tiling problem is 7", then the
corresponding set of tiles for the corresponding linear sampling system is:

Spy X Sp, x T,

where
Spi = Dpu(n),n € 2} = {0 < g < p? : ¢ # O(modpy)}.

A tiling for which the address channels of cells v; = (n;,¢);¢ = 1,2 contain
Ap;(n);7=1,2 in the i-th address channel is called a perfect tiling. We also
talk of the p;-address channel being tiled perfectly for p = p; or p2. This means
that the p-th address channel contains A, of the coordinate. Note that a perfect
tiling does not mention the tiles in the third channel. We will often work in
a fixed address channel and will write A(n) for A, (n). Through an abuse of
notation, we also sometimes write A(v) for A(n) when v = (n,¢);c=1 or 2.

14
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2.3.3 Weakening the conditions

We can slightly weaken 1.1,2.1 and 3.1 in 2.3 to the following.
Given p;, 1 = 1 or 2, we must identify:

1. cells with p; order zero: i = 1 or 2,
2. cells with equal p; order,
3. pairs of cells with p; order j and j + 1 respectively, j € N.

We can then combine 1-3 for i = 1 and 2 to identify cells satisfying 1.1, 2.1 and
3.1 of 2.3 as follows.

Cells satisfying (1) for i = 1 and 2 are exactly the cells in 1.1 of 2.3.

Cell pairs satisfying (3) for i = 2 and (2) for i = 1 are exactly the cells with p;
-orders (k,!) & (k,l1+ 1), as in 3.1 of 2.3. Analogously for pairs with p;-orders
(k, 1) & (k+1,1).

2.4 The origin constraint

Let v; € Z x 1,2.

Assume the p-address channels are tiled perfectly.

Given p = p; or p2, we define a relation Z, C E; on local samples of 4-tuples
(v1,v2, v3,v4) such that

Zp(A(v1), A(v2), A(va), A(va))

iff
Op(l/l) =0.

2.4.1 Constructing the relations Z,,

Given p = p; or pa. Let A, be a perfect tiling of address channel p.
Let (qo, 91, g2, g3) be the entries in the p-address channels of a local sample
of cells at (n,n+ 1,n+ 2,n+ 3) say, i.e.

g =Ap(n+7),0<5<4

on either of the two tapes.

Now assume n has p-order zero. Then n = A,(n) # 0(modp), since the
p-ary expansion of n has no trailing zeros. Denote A,(n) by A(n), and O,(n) by
O(n).

Set ¢ = rem(n, p)(= rem(A(n),p). There are three possibilities.

1. If1 < ¢ < p-3,then q; = g0 + 1(modp) and

A(n+2) =g =n+2= ¢+ 2(modp).
2. Ifg=p—2,then A(n+1)=¢1 =n+1=¢+1=p— 1(modp).

15
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3. If g =p—1, then AM(n + 2) = ¢2 = ¢ + 2 = 1(modp).
Soin 1, 2 and 3: ¢; = ¢o + 1(modp) or g2 = o + 2(modp).

Conversely, if (go, ¢1, 92, ¢3) is a local sample and either g1 = ¢go + 1(modp)
or g2 = qo + 2(modp), then if we assume that O(n) # 0, that is n = 0(modp),
then A(n+ 1) = n + 1 = I{modp) and A(n + 2) = n + 2 = 2(modp) so, by our
assumption A(n) = 0(modp) which is impossible, since A(n) has last digit non-
zero for any n € Z, by the definition of L.

2.4.2 Definition of Z,,

For p = p1,p2
Zp(Mr1), A(v2), A(vs), A(vs))
iff (VI)V2)V3)V4) S RO
and

A(v1) = AM(vo) + 1(modp)
or
A(vz) = AMvo) + 2(modp).

So we have a relation on the address channel of consecutive 4-tuples of tiles
in p-address channels of perfect tilings which is satisfied iff the coordinate of
the first cell of the tuple has p-order zero. We now use Z,, to place the origin
condition on tilings of the tapes.

2.4.3 The origin condition

If the address channels of a local sample of cells satisfy Z, for p = p; and ps
then the first cell of the tuple must have an origin tile in the data channel.
Formally: given a local sample (s, 52, $3, 54) of a perfect tiling:

if Zp,(mi(s1), mi(s2), mi(s3), mi(s4)) for i = 1 and 2, then

71'3(81) € Dy.

2.5 Properties of the tilings

Note from the sequence in section 2.3.2 that the tiles at cells with order 1, are
only determined modp by the preceding sequence of tiles at cells of order 0,
that is, tiles in cells of order 0 are equally close to all tiles in cells of order 1
which are equal modp. Further, surrounding tiles at coordinates of order 0 give
us no information about tiles at cells of order 2, that is, tiles in cells of order 0
are equally close to all tiles in cells of order 2. The following lemma states these
results formally.

16

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

Theorem 2.3 (Tiling lemma) Let ny,n, € Z.
a) If O(n1) = O(n2—n1) = O(n2) then A(n1)+A(n2—n1) = Mn2)( mod p?).
b)If O(n1) = O(na — n1) = O(n2) — 1 then
M) + A{nz — ny) = pA(nz) # 0(modp?).
Note that pA(n2) = 0(modp).
¢)If O(ny) = O(n2 — n1) < O(nz) — 2 then A(ny) + A(nz — n1) = 0(modp?).

We prove part (c) as an example. If O(nl) = O(ng — ny) = i, say, then ny =
n4p't? for some n, € Z and set ny = njp' for some n} # O(modp) Then

A(m) + Mnz — n1) = mp™* 4 (n2 — n1)p™" = nap™* = nhp? = 0(modp?).
The proofs of (a) and (b) are analogous.

2.6 The consistency constraint

Notation:

Let ¢; = Mwi);i = 1,2,3,4 and let n; = m(v;);¢ = 1,2,3,4. Further, for
v = (n,c), set O(r)=0(n).

We will define relations Ep, p = p1, p2 on global samples (11, va, 13, v4) such
that if the p-channel is perfectly tiled and

EP(’\(Vl)v ’\(VZ)a ’\(V3)r ’\(V‘i))r
then
Op(1) = Op(v2) = Op(v3) = Op(va).

We will define E, by placing conditions on a global sample which eliminate
all possible relations between the p-orders of the cells except Op(v;) equal for
1<i<4.

2.6.1 Constructing the relations E,,

Set p = p; or pa. We construct the relation E,.
Let A be some perfect p-tiling.
Take any global sample (q1, 92, 43, ¢4)-
Now by the definition of A: A(n;) = n;p~°(")(modp?)
(we get the right hand side by eliminating all trailing zeros).
Let 1 <1 < 4 be such that n; has the lowest p-order of ny, ns, nz, n4.
Set e; = O(n;) — O(ny) for 1 = 1,2, 3,4, note that ¢; > 0.
Now, since ny — n; = ng4 — nz, we have

A(n2)pPm®) — A(n)pP™t) = A(ng)pP") — A(n3)p°("?)(modp?).

So multiplying through by p~°(™) we obtain
An2)p®? = A(n1)p*! = Mna)p®™ = A(n3)p®*(modp).
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This is the equation we will work with. Now we know that whatever global
sample was taken, it will be the case that e; = 0 for some 1 < ¢ < 4.

We want to specify conditions under which e; = 0 for all 1 <7 < 4. This will
imply that the p-orders of all four cell coordinates are the same.

We do this by setting up conditions which rule out each case in which ¢; > 0
for some 1.

By cases:

a)If e; > 0 for exactly 3 different ¢ then e; = 0 by definition and the three terms
A(ni)p®; 1 # | are all multiples of p, this means that A(n;) = 0(modp), which is
impossible by the definition of A. It follows that it is impossible for one term of
a global sample to have p-order lower than all the rest.
b)If e; > 0 for only one i say e > 0,1 < k < 4, then it follows that A(nj) —
A(n1) # Mng) — A(ng)(modp).

So to rule out this possibility we require that

1)A(n2) — A(n1) = A(n4) — A(nz)(modp).
¢)If e; > 0 for exactly two 7, then by cases: if e;,e; > 0 and e3 = e4 = 0 then
A(n4) — A(nz) = 0(modp).

To rule out this possibility we require that A(n4) — A(nsz) # 0(modp) i.e.
that

2)q4 — g3 # 0(modp).

By the same method as above, to rule out the possibility that any other two
e; are 0 we require that the following be incongruent to 0 modp:

3)g3—q1;4)q1+q4;5)92 + g3 ; 6)qa — 2 5 T)g2 — qa.

The inequalities modp are not all independent but are stated thus for clar-
ity. If conditions 1-7 are met then the coordinates of the sampled 4-tuple will
have the same p- order.

2.6.2 Definition of E,,
So, for p = p; and ps define:
Ep(q1, 92,93, q4) iff
¢i = Mvi) and (v1,v2,v3,v4) € Ry and:
4 — g3 = g2 — q1(modp)
and the following are incongruent to 0 mod p:
92 — ¢1,94— 93,93 — 91, 91 + 94,92 + 43,94 — q2-,

It then follows that if the p-address channel is perfectly tiled, then
Ep(fh, q2, 43, q4) iff Op("l) = Op(n2) = Op("S) = OP("4)'

The point of setting conditions E,, is using them to identify cells with equal
p1- and po-orders, in order to force such cells to contain the same tile in the
data channel.

18

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

2.6.3 The consistency condition

Let 7; be the projection function onto the i-th channel of a cell.
Given a global sample (s1, s2, 53, 54) of a perfect tiling.

If Ep,(mi(s1), mi(s2), mi(s3), mi(s4)) for i = 1 and 2 then

w3(s3) = m3(s4).

2.6.4 The consistency condition effectively imposes the
consistency constraint

The gist of the following theorem is that if ny,ny € Z have equal p;-orders for
i =1 and 2, then we can force the cells at coordinates n; and ns to contain the
same tile in the data channels.

Instead of treating all possible combinations of positions of cells with coor-
dinates ny and ny (both on the first tape, both on the 2nd tape, one on each
tape) seperately, we prove the following theorem.

Theorem 2.4 (E.2) Given any perfect p;-tiling A\ and any perfect
pa-tiling Ay and any given ny,ny € Z with Op,(n1) = Op,(n2) fori=1,2.
There are n,m,my,mqg € Z such that my —m =ny —n, mg —m =1ns —n
and fori=1,2;7=1,2:
Epl(/\,‘(m, 1), /\,-(mj,Q), /\,-(n, l), /\,’(TLJ' ’ 2) and
Epi(/\,‘(mj, 1), /\,‘(m, 2), A,-(nj, 1), /\,'(n, 2)

In other words the p;- and p, address channels of the following global sam-
ples:

1)((m’ 1)’ (mh 2)) (n’ 1)’ (711, 2))! 2)((771, l)’ (mZv 2)’ (Tl, l)a (n2: 2))
3)((7711, 1)) (m’ 2)’ (nlv 1), (n’ 2))’ 4)((m2, 1)1 (m, 2)) (nz’ 1)a (n’ 2))

satisfy E,, and E,, respectively.

Note that n; and ns both appear for both tapes.

Clearly, if we can force the tuples in 1-4 to have the same tile in the data
channels then all cell-coordinates with equal p; orders for i = 1 and 2 will have
the same tile in the data channel.

Proof:
We first find n, m, m{, my which satisfy the above conditions.
Given any ni,no with equal p; and ps orders say

Opi(n;) = e1,0pa(n;) = e;i=1,2.

Then we want n, m to have the same orders so set
€ e
n= Npi'p5*,

Then set m; =m —n+n; and my = m —n + no.
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In order to deal with congruences modp, and modp; we temporarily intro-
duce Ny, N2 for N and My, M, for M. We require N; to satisfy the conditions
modp; for N, and N, the conditions modp; for N. N is then chosen using the
Chinese Remainder Theorem. We do exactly the same for M. For this purpose
we take 0 < N;, M; < p;.

To ensure that the p;- and ps-orders of n,m are e; and es respectively, we
require that

1)N1 # 0(modpy), N2 # 0(modp2),

2)M; # 0(modp, ), M2 # 0(modp,).

To ensure that m; and ms have pj-order e; and pp-order e; we require that

3)My — N1 + Ai(n1) # 0(modpy ), My — N2 + Aa(ny) # 0(modp2),

4)M1 - Ny + /\1(112) ;f O(modpl), My — Ny + /\2(712) # O(modpz).

For the tuples 1-4 to satisfy Ej,, and E,, we must have:

/\1(11,1) - /\1(17,) = Al(ml) - Al(m)(modpl),

Az2(n1) = A2(n) = Az(my) — Az(m)(modps),

Al(ng) - /\1(71) = /\l(mz) - /\g(m)(modpl),

A2{nz) — A2(n) = A2(mz) — A2(m)(modpy). We can write these conditions

a)Ai(n;) — Ai(n) = Ai(m;) — Ai(m)(modp;);i = 1,2;5 = 1,2.

This condition follows directly from condition 1 of E,; for i =1, 2.

Also each of the following must be incongruent to 0(modp;).

Fori=1,2,7=1,2:

b)Ai(m;) — Ai(m), ©)Ai(nj) — Ai(n), d)Ai(n) — Ai(m),

e)Ai(m) + Ai(n;), H)Ai(n) + Ai(my), g)Ai(n;) — Ai(m;).

These conditions follow directly from conditions 2-7 of Ey,; for i = 1, 2.

We must find n, m, my, ms which satisfy the above.

If we can choose N, M by the Chinese Remainder Theorem so that 1-4 are
* satisfied with N;, M; replaced by N, M then we will have:

Opi(n1) = Opi(n2) = Opi(n) = Op;(m) = Opi(my) = Op;(m2).

If, further, n is chosen such that

Opi(n) = Op;i(ny — n) = Opi(nz — n)[= Op;(my — m) = Op;(mz — m)],

then by 1-4 and a) of the tiling lemma

Xi(ny) = As(n) = Ad(n; = n) = As(m; —m) = A(m;) = Xi(m)(modp).

In other words

Ai(n;) = Ai(n) = Ai(mj) — Ai(m)(modp), which is condition (a) above.

To obtain this , we have further requirements on N;:

5)Ai(n1) — Ny # 0(modp;),

6)Ai(n2) = Ni # 0(modp;).

Which will give

O(ny —n) = O(nz — n) = O(n).

It will then follow from (a) that
(B)Ai(m;) = Ai(m) # O(modp),
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(9Xi(n5) = Ai(n) # O(modp:),
since they are congruent to A;(m; — m) # 0(modp;) by the definition.
To satisfy (d) we require that N;, M; satisfy:

T)N; — M; # 0(modp;).

To satisfy (e) we require that M; satisfy:

8) M; + Xi(n1) # O(modp;),

9) M; + Ai(n2) # 0(modp;).

Finally, (f) and (g) will follow from

Ai(n) = Ai(m) # 0(modp;), Ai(m) + Ai(n;) # 0(modp),

and
/\,'(le) - /\;(n) - )\;(mj) + /\,(m) = O(modp,').

It now remains to show that N; and M; can be chosen to satisfy the condi-
tions 1-9 and to construct N, M from them.

Conditions 1-9 eliminate at most p; choices for (N7, M) and at most p
choices for (N3, M3). Consider conditions 3 and 5 as examples:

(3) M, - N, = —/\l(nl)(modpl),Mg - Ny, = —/\g(nl)(modpg). At most
one value for N; is eliminated for fixed M;, therefore at most p; pairs (N;, M;).

(5) Ai(n1) = N; # O0(modp;). This eliminates at most one value for N;, so
again at most p; pairs (Ny, M;).

In total then, at most 9p; pairs are eliminated for (N;, M;).

We will therefore use p; > 10 which will enable us to choose pairs (N1, M)
and (N3, M>) satisfying conditions 1-9. Now given N; = k(modp;),0 < £ < py,
Ny = l(modp»),0 < ! < ps, with p; and ps relatively prime. Then by the
Chinese Remainder Theorem we can find an N such that N = k(modp;),
N = I(modpz).

- Therefore N satisfies conditions 1-9 (replacing N; and N, with N).

Analogously for M. This completes the proof of E.2.

2.7 The adjacency constraint

For the adjacency constraint, we need further relations I, for p = p;, p2 such
that for any perfect p-tiling A:
if I,(A(v1), A(v2), AM(v3), AM(v4)) for some global sample (v1,va, v3,v4) then
Op(v1) = Op(v2) = Op(vs) = Op(v4) — 1,

i.e. nq has p-order one more than nq, ns, ns.

We will then combine E, and I, to identify ‘adjacent’ cells.

2.7.1 Constructing the relations I,
Let p = p; or pa, and let the p-channel be perfectly tiled.
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As in the proof of E; let n;, 1 < ! < 4 have the lowest p-order amongst
n1,n2,ng, ng and let e; = O(n;) — O(ny). We will find conditions under which

e1=e2=63=0ande4=1.

Now ng — ny = ng4 — nz so

g2p°"?) — g, pO") = g4p9"4) — g3p%(*3)(mod p), since g;p(**) = n;( mod p).

Multiplying through with p~9(") we again get

1)q2p°* — q1p°* = ¢4p®* — g3p®*(modp).

If e; > 0 for exactly three 7 then as before, ¢; = 0(modp), which is impossi-
ble.

To rule out the possibility that exactly two e; are zero we use the same
conditions as in Ey,, i.e. we require that the following be incongruent to 0(mod
p):

1)g2 — q1, 2) 94 — ¢a,

3)g3 — q1, 4) 91 + g4,

5)g2 + 43, 6) ¢4 — g2.

We want ey > 0 (specifically e4=1) and we have from (i) that

q4P = 2P5 — 11P°1 + gap§(modp),

we therefore require that

7)g2 — ¢1 + g3 = 0(modp)

(this also rules out the possibility that all four e; = 0).

We now find conditions on our sample which force the case e; = es = e3 = 0,
this will mean that e4 > 0.

It follows from condition (7) above that the following are all incongruent to
0(modp): g3 — q1,92 + ¢3,92 — q1, since ¢; # O(modp).

Now if e; > 0 and e; = ez = e4 = 0 then from (i):

g2 — ¢a + g3 = 0(modp), and from (7)

q1 — 92 — g3 = 0(modp), therefore ¢ — g4 = 0(modp).

To eliminate this possibility we require that

8) 11 — g4 # 0(modp).

If e > 0 and e; = eg = e4 = 0 then by (i)

—q1 — 94 + g3 = 0(modp), so also —¢2 — g4 = 0(modp),

since we require that —g = —¢; + ¢3 by (7).

To avoid this case we require that

9)a2 + g4 # 0(modp).

If e3 > 0 and e; = e3 = e4 = 0 then from (i):

92—q1—¢4 = 0( mod p), so —g3—¢4 = 0( mod p) since (7) implies —g3 = g2 — ¢1(modp).
To avoid this case we require that

10)g3 + g4 # 0(modp).

So the only remaining possibility is that e; = e; = e3 = 0 and eq > 0. We
want conditions under which ey = 1.

If e; = es = e3 = 0 and eg > 2 then O(n;1) = O(n2) = O(n3) < O(ng) — 2,
then by (c) of the tiling lemma:
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A(n3) + A(ng — n3) = 0(modp?), but ny — n3 = ny — ny and
O(n4 — n3z) = O(ns) < O(n4) so

A(n3) + A(ng — n3) = Mnz) + A(nz — nq)

= A(n3) + A(n2) — Mn1) = g3 + ¢2 — q1(modp?)

by (a) of the tiling lemma.

To eliminate this possibility we require that

g3 + g2 — q1 # 0(modp?).

This completes the construction.

2.7.2 Definition of [,

For p = p, and pa, (11, v2,v3,vs) € Ry and ¢; = A(v;) define:
Ip(q1, 92,93, q4) iff
q1 — g2 — g3 = O(modp),
91 — g2 — g3 # 0(modp?)
and each of the following is incongruent to 0(modp)

g4 + 91,94 — q1,
g4 + 92,94 — ¢2,
g4 + 93,94 — ¢3.

We now combine E,; and I;; to set up the adjacency condition.

2.7.3 The adjacency condition

Given a global sample (s, s2, 53, 54)-
If, for i = 1 and 2 I (mi(s1), mi(s2), mi(s3), mi(s4))

and
Ep,_.(m3-i(s1), ma—i(s2), m3-i(s3), m3-i(s4))

then
(m3(s3), m3(s4)) € A;.

2.7.4 The adjacency condition effectively imposes the ad-
jacency constraint

The gist of the proof of the next theorem is that given any p;-orders e;, then
there is some global sample of cells which have equal p;-orders and the fourth
cell has ps_;-order one higher than the rest of the cells.

The adjacency condition will then ensure that any accepted tiling will be
such that the pair of tiles in the data channels of the third and fourth cells,
form a pair in Az_;.

Formally: by I,: Op,(v3) = Op;(v4) — 1 = €5, and by Ep:

Ops-.(v3) = Opy_,(va) = e3-s.
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Hence, by the mapping between the tapes and the plane: A3(vs) = 7(ey, e2)
and A3(v4) = (e}, e5) where, if i = 1, then e} = e;+1and e}, = e; and if 1 = 2,
then €5 = e + 1 and e} = e;. But then by the adjacency condition in 2.7.2:
(m3(s3), m3(s4)) € Ai.

Theorem 2.5 (1.2) We prove the following:
Let Xi;i = 1,2 be perfect p;-tilings. Take any ey,e3 € N. Then fori=1,2
there s some global sample: (v1,va, v, va);v; € Z x 1,2
such that
Op1<n1) = el,Op,(nl) = €7 and

Ey,(Ai(v1), Mi(va, Ai(v3), Ai(va))

and

Ips_i(As=i(v1), As—i(v2), Aa—i(v3), Az-i(va))-

We do the case i = 1, the case i = 2 is analogous. Let n; = m(v;), then
ny, na, ng, ng will have the following form:

ny = kpi*p3*k # 0(modp:),

na = 1p{'pi1 # 0(modps),

ns = mpi*ps*m # 0(modp;),

ng = npf'p*Tin # 0(modp;) with

n=m+ (I — k), since ny — n; = nq — ns.

This will ensure that Op,(v1) = e;.

We treat the condition I, first.

We want k,l, m to be such that

I, (A2(n1), A2(n2), Ad2(n3), A2(na)),

so by the definition of I, we require that

1)Az(n1) — Aa(n2) — A2(n3) = 0(modpy),

2)A2(n1) — A2(na) — A2(ns) # 0(modp?) and

3) The following be # 0(modps):

A2(nq) £ Az(n1),

Az2(ng) £ Aa(na),

A2(nq) £ A2(n3),

Consider condition (1).

If we can choose k, I, m such that

1)Op2(n3) = Opa(ng — n3) = Opa(ns) — 1 then by (b) of the tiling lemma

Aa2(ng) + Az(ng — n3) = 0(modpz), but ng — ng = ny — ny so if we also can
get that

i1)Opa(n2 — n1) = Opa(ny) = Opz(n3) then by (a) of the tiling lemma

/\2(712 - 71,1) = /\2(712) - /\g(nl)(modpg), SO

A2(n3) + A2(ng — n3) = Az(n3) + Az(n2 — ny)
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= Aa(n3) + A2(n2) — A2(n1)(modp3).
This gives
Aa(nz) + Az(n2) — A2(n1) = 0(modp,).
Consider conditions (i) and (ii).
We have that ng —ng = npg°’+1)pf‘ — mpi*p3? = (np2 — m)(pi*p3?)
= ([m +1 - k]p2 — m)p$*p3?. Remember n = m + [ — k.
So for (i) we require that (m — (k — {))p2 — m # 0(modp,), i.e.
a)(pz — 1)m — (k — I)pz # 0(modp,).
For (ii) ny — ny = (k — )p]* p5? so we require that
b)k —  # 0(modpz).
Consider condition (2).
Working backwards with the calculation in (ii) above, we have
/\g(nl) - /\z(ng) - /\2(n3) = —/\2(n2 - 711) - /\2(113) = —)\z(ns) - )\g(n4 - n3)
= —(X2(n3) + A2(ng — n3))(modp3).
Now Ops(n4) = Opa(nz) — 1, so Az(n3) + Aa(n4 — n3) # 0(modp3) which
gives —(A2(n3) + A2(ng — n3)) # 0(modp3).
So if (1) is satisfied then (ii) is also satisfied.

Condition (3) requires that the following be incongruent to 0(modps):
O(n = E)pt, d)(n  Dplt,

e)(n + m)pt,

by the form of ny, ng, n3, ng.

We now treat the condition E,,. By definition of F,, we must have that
1)A1(na) — Ai(n3) = A(n2) — A(n1)(modpy),

and that the following are incongruent to 0(modp):

2)A1(n2) = Ai(n1),

3)A1(n4) — Ai(ns),

4))\1(113) - /\\1(711),

5))\1(711) + A1 (na),

6)/\1(712) + /\1(113),

7)/\1(114) - /\1(712).

For (1),(2) and (3) we require that

A (np§tp§ ) — Ar(mpftpst) = M(1pStp?) — Ar(kpips?) # 0(modpy).
By the definition of A;(n), to satisfy the above, we require:

npl Y — mp3? = 15 — kpj? # 0(modpy).

We can rewrite this as

f)(np2 — m)p3* = (I — k)p3* # 0(modpy).

Analogously, (4),(5),(6),and (7) reduce to the conditions:
g)(m — k)p3* # 0(modpy),

h)kps? + (m + 1 — k)pi**1 # 0(modp),

1)(1 + m)p3? # 0(modpy),

D(m+1-k)p3? — Ip3* # 0(modp).
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We have so many conditions now, also depending on the values of p; and p,
that instead of showing that not all possible choices are eliminated as was done
in E, we give an explicit choice for k,{,m,n for p; = 10,p; = 11:

k=21l=4,m=p;—2,n=1,

inour case 1 =2som =29, fori =1 we have m = 8.
It is routine to check that these choices satisfy the conditions (a) to (j).
This completes the proof of I5.

2.8 Accepted tilings of the plane map to ac-
cepted tilings of the tapes and conversely

Plane to tapes:

Given an origin constrained tiling system D. Let 7 : N X N — D be an
accepted tiling of N2.
We define a tiling of Z x 1,2:

Az(n, ¢) = 7(0p,(n), Op,(n)), for n # 0, and

A3(0,1) = A3(0,2) an arbitrary element of D.

Define
A(n, ¢) = (A1(n, ¢), Aa(n, ¢), As(n, ).

We show that A is accepted by Lp.

DIf vy, vo,v3,v4 € Z x 1,2 and Z,(Ai(11), Ai(v2), Ai(va), Ai(va)) then

Op(v1) =0;i=1,2

By the definition of A3 and the fact that 7(0,0) € Do we have that Az(v1) € Dy.

That is, (2) of 2.2.2 is satisfied, since if any local sample satisfies Z,, and
Zp, then the first cell has p;-order 0 and ps-order 0 by (Z) so by the mapping
A3 the tile in the data channel is a tile in Dy.

Further, (1) of 2.2.2 is satisfied since if any global sample satisfies E,, and
E,, then the p;- and py-orders of all the cells are equal so by the mapping A3
they all have the same tile in the data channel.

Finally, (3) of 2.2.2 is satisfied since if any global sample satisfies E,,_; and
I,, then the ps_;-orders of all the cells are equal (specifically those of n3, n4)
and the p;-order of n4 is one more than the p;-order of the rest.

Then by the mapping Az and the fact that 7 satisfies V, H we have that the
pair (Az(vs), As(vs)) is in A;.

Tapes to plane:

Suppose Lp accepts a tiling #. Assume that both address-channels are
perfectly tiled. The next chapter will justify the assumption.
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Define a tiling of the plane; 7: N x N — D as follows:
T(e1,e2) = w3(A(n,c), where Op,(n) =¢; fori=1,2.

Note that n is any integer with p;-order equal to e;; 1 = 1, 2.

This is a well defined function by theorem E.1.We show that 7 is accepted
by D.

Origin constraint: the tile at the origin is by the mapping 7 the same tile as
appears at any v on the tapes with p;- and ps-orders 0. By Z this tile must be
in Dy, since the tape tiling is accepted.

Adjacency constraints: let e;,e € N and let ¢ = 1 or 2. Then by I.2 there
is some global sample (vy, vy, v3, v4) such that

Op,(v1) = €j for j = 1,2, L, (Xi(v1), Ai(v2), Ai(v3), A(va)) and

Ep,_(A3-i(v1), Az—i(va), Az—i(v3), As—i(v4)).

By I: Op,(v3) = Op;(va)—1 = e; and by Ep: Op,_,(v3) = Op,_;(va) = €3-;.
Hence A3(v3) = 7(e1, e2) and A3(vq) = 7(e}, e5) where, if i = 1, then e} = e; +1
and e, = ey and if i = 2, then e}, = e; + 1 and €| = e;. But then by the
adjacency constraint: if ¢ = 1 then A;(r(e1,e2),7(e1 + 1,e2) or if ¢ = 2 then
Aa(r(e1,e2),7(e1,e2 + 1). So the adjacency constraint is satisfied.

Informally: given any coordinate-pair on the plane, then there are cells one
of which has p-orders the coordinate-pair and the other having one p-order the
same and the other p-order one more. This pair of cells is forced by the adjacency
conditions to have tiles in the data-channels such that the pair of data channel
tiles is a pair in A;. By the mapping to the plane, the horizontally or vertically
adjacent pair of tiles, form a pair in A;.

References:

Linear sampling problems are first described by Aanderaa and Lewis,[2],
deriving from the outomata of Aanderaa,[1].

The 1-systems of Aanderaa and Lewis,[2] are single tape versions of the two
tape systems of this chapter, which are due to Lewis,{20].
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Chapter 3

Less-than-perfect tilings

3.1 Introduction

In the previous section we showed the following: if the address channels of a
tiling are perfectly tiled, then we can identify cells with equal p;-orders, cells
with p;-orders zero and cell pairs with p;-orders corresponding to vertically or
horizontally adjacent cells on the plane. We then set up conditions on the data
channels of local and global samples which satisfy Z,,, Ep,, I, and found that
these conditions are equivalent to our conditions on tilings of the plane in that
a tiling of the plane codes for a tiling of the tapes and conversely.

Our assumption all along was that the address channels contain the correct
information, i.e. that the address-channels were perfectly tiled.

‘We have blithely ignored the fact that if a tiling is accepted, then any trans-
late of the tiling will also be accepted, that is, our sampling conditions are not
sensitive to (independent) movement of the two tapes. This follows directly
from the sampling conditions, G and L of section 2.1. A translation of a per-
fect tiling throws out our correlation between tilings of the tapes and the plane,
specifically, the two tapes need no longer have the same entries in cells with the
same coordinates. ’

Figure 10 shows a translation of a perfect tiling, with k, m > 0.

fig 10

Py address channel o Moy (m=5) {hpy(m4) Do (m-3) hpy(m-2) Doy (m-1) M(;n) Doy (m+1) Dpy(m+2) A (m+3) Ihg (m+4) {Ag, (m+5) ::
P; address channel Apy(m=5) [Apy(m4) [hpy(m-3) hp(m-2) Ap(m-1) p(m)  fApy(m+ ) Phpy(m42) (Ao (me3) (Ao (med) fhpy (me5) L
data channel .
. -5 -4 -3 -2 -1 0 1 2 3 4 5 .
P address channel Aoy (-k-5) [hpy(-k4) [hp(-k-3) [hpy(-k-2) Dpyl-kel) Dhpyi-k)  |hpy{-k1) [Apy(-k+2) [Ap(-k+3) [hp(-&+4) [Apy(-keS) N

p, address channel Aoy k5) [hpy(kd) Doy (-3) gk} gk} fhgp(k)  Phpy(+D) Mgk 2) A (-43) [y k) |hpy (K#5)
) data channel . o
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We have gone to great trouble to set up an internal coordinate system for
the tapes by ‘numbering’ the cells, only to find that we cannot keep the tapes
still!

Now if a linear sampling system accepts some translate of a perfect tiling
then it also accepts a perfect tiling, which as was shown, can be mapped to
an accepted tiling of the plane. But what if ‘worse’ tilings are accepted than
translates of perfect tilings i.e. how much can an accepted tiling differ from
a perfect tiling? This is a crucial question since the constructions in the first
chapter depend on the address channels being perfectly tiled.

In this section we will deal mainly with the address channels, and specifically
with the question:

To what extent can the address channels of an accepted tiling differ
from the address channels of a perfect tiling, and can an accepted
tiling of the tapes in each case be mapped to an accepted tiling of the
plane?

If we can no longer assume that address channels are perfectly tiled then the
only way to try to ensure this is to place conditions on local and global samples
of entries(tiles) in address channels.

3.2 Conditions on address channels

3.2.1 The local condition

If we examine the example of the perfect tiling of an address channel for
n=1,...,120 and p = 10 in 2.3.2 then it is apparent that sequences of p — 1
out of p tiles are consecutive numbers. Every p cells the tiling ‘jumps’. For
cells of order 1 the jump is ‘half-predictable’ in that the entries in the address-
channels of such cells are determined (modp) by the entry in the address-
channel of the preceding cell , on the other hand, at cells of order 2 or more we
cannot predict the ‘jump’ at all from the entry in the address channel of the
preceding cell.

Note that the tiling lemma is a direct consequence of this fact generalized
to arbitrary p-order.

It would therefore be natural to set up as local condition on an address
channels, the condition Ly, p = p; or py, which we now define.

Definition of L,,

Let p = py or p2;p > 10.
L, contains the following 4-tuples:

for 0 <z < p—1, the tuples
(zi,2(i+1),z(i + 2),z(: + 3) ; where 1 < i < p—4,
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for 0 <z < p—1, the tuples

(:c(p— 3)’ z(p - 2)’ a:(p - 1)>a(x + 1))

(Z(p - 2)1 x(p - 1)) a(z + 1)1 (1’ + 1)1)

(z(p—1),a(z +1),(z + D1, (z+ 1)2)

(a(z+1),(z+11,(¢+1)2,(z+1)3) ; where 0 < a<p-—1,

for £ = p — 1,the tuples

(p=1(p=3),(p=-1)(p—2),(p—1)(p—1),ab)

((P - 1)(1’ - 1)) ab: 01,02)

(ab,01,02,03) ; where 0 <a<p-1,0<b<p-1.

These conditions will ensure that under some translation, cells of order 0
will be perfectly tiled and cells of order 1 will be correct modp which by the
discussion above is the best we can do with the local condition.

To place restrictions on the address channels of cells of p-order 2 or higher,
we must place restrictions on global samples.

3.2.2 The global condition

Let A, be a perfect tiling of address-channel p:
Given p = p; or ps, then the tiling lemma implies the following:
if nj,ny € Z then Ap(ny — n;) is congruent (modp?) to one of the following:
DA(ng) — AMng) if O(ny) = O(ng — ny) = O(ny)
DpA(ng) — A(m) if O(ni) = O(ng — i) = O(ng) — 1
A (nk) — pA(m) if O(n2) = O(ng — ) = 0O(ny) — 1
4)—A(n1) if O(n;) = O(nk - n{) < O(nk) -2
5)A(ng) if O(n2) = O(ng —ny) = O(ny) — 1
- 6)[A(ni) — A(m))/p(modp) if O(m() = O(ne) = O(ni — ) — 1
in this case A(n;) = A(ng)(modp)
T)ab: a, b arbitrary with 0 < b<p;0<a<p
if O(n;) = O(nk) < O(ng — nz) - 2.
In this case A(n;) = A(ng)(modp?).

These are the only possible cases since at least two of ng,n;, ny — n; must
have the same order and if nx, n; have the same order then ny — n; cannot have
a lower order.

Now if (q1, ¢2, g3, ¢4) 1s some global sample of address channels of a perfect
tiling at say np, ns, n3, n4, then, since ¢; := A(n;) and ny — n; = ng — nz, we
have that

A(ng —ny) = Mng — ng).

Therefore, some term in the set

{g2 — 01,P92 — 01,92 — P91, — 41, q2}
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is congruent modp? to some term in the set:

{‘14 — 43,P94 — 93,94 — P93, —(q3, 44}

or

94 = g3(modp)

and some term in the first set is congruent modp to the term (g4 — ¢3)/p,
or

g2 = q1(modp)

and some term in the second set is congruent modp to the term (g2 — q1)/p,
or

g2 = q1(modp?) or g3 = g4(modp?).

Conversely if for some arbitrary 4-tuple (g1, ¢2,¢3,94) We have any of the
above congruences, then we can always find ny, ne, n3, ng such that A(n;) = ¢;
and ny — ny = n4 — n3, by adding multiples of p? to the ¢;;1 < i < 4.

3.2.3 Definition of G,

From the above discussion, we can define the global sampling conditions for
pi-address channels as follows.

For p = p1,p2: Gp(01,92, 93, 94) iff

some term in the set {g2 —q1, pg2 — 41, 92 — P91, —4q1, 92} is congruent mod p?
to some term in the set {g4 — g3, P¢4 — 93,94 — Pg3, —¢3, 9}, or

g4 = g3(modp) and some term in the first set is congruent modp to the

term [g4 — ¢3]/p, or

g2 = qi1(modp) and some term in the 2nd set is congruent modp to the
term [g2 — q1]/p, or

g2 = q1(modp?) or g3 = g4(modp?).

3.3 Accepted imperfect tilings

Any other tiling of which all the globally sampled 4-tuples of tiles in p;-address
channels are in the sets G,; and local samples are in the set L,,, will be accepted.
We of course would like that accepted tilings are at worst, translates of perfect
tilings. This hope is forlorn.

We call a tiling of address channels which is not a perfect tiling, an imperfect
tiling.

Since we used only the tiling lemma to define condition Gp, any other tiling
satisfying the tiling lemma will be accepted. In the next section we construct a
tiling which is accepted but far from perfect.
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3.3.1 Construction of an imperfect but accepted tiling

For i = 1 or 2, let O(n) = O,;(n) and A(n) = Ay, (n).
By (a) of the tiling lemma: if O(n;) = O(n2) = O(n2 — n;) then we must
have that
A1) + A(nz — 1) = Ana)(modp?)

o A(nz) - A(m1) = A(nz = ny)(modp?).

This will be satisfied if the difference between consecutive cells of the same order
is the same (modp?).
Consider the following piece of perfect tiling:

Ao(n) of n=1,...,140
01020304050607080901111213141516171819 02
212223 24 25 26 27 28 29 03 31 32 33 34 35 36 37 38 39 04
41 42 43 44 45 46 47 48 49 05 51 52 53 54 55 56 57 58 59 06
61 62 63 64 65 66 67 68 6907 71 7273 747576 77 78 79 08
81 82 83 84 85 86 87 88 89 09 91 92 93 94 95 96 97 98 99 01
0102030405060708091111121314151617181912
212223 2425262728 29 13 31 32 33 34 3536 37 38 39 14

Digits in bold are in cells of order 1. It is apparent that the entries in cells
immediately preceding A(10) and A(110) are the same. The local condition
cannot force cells of order 1 to be correct modp? (we can only force them be
correct modp), we can therefore replace the digit-pairs in cells of order 1 with
others which equal them modp. If we just ensure that the entries are such that
any two consecutive cells of order 1 differ by the same number (modp?), the
tiling remains accepted but is no longer perfect.

The first few numbers of order 1 are:

10,20,30,40 having as values for A(n):01 02 03 04.
We can change 01 to 11 to get the sequence

11 22 33 44... (from 11 22 33 44...),

or to 21 to get the sequence

21 42 63 84... (from 21 42 63 84...),

or to 51 to get the sequence

51 02 53 04... (from 51 102 153 204...), and so on.

Each new sequence is the same modp as the original sequence, we have just
replaced 01 by some k1(0 < k < p), multiplied all terms of order 1 with k1 and
taken the remainder modp? to get the new cell entries for cells of order 1.

Formally we set g(n) = rem((AM(n)(kp + 1)), p?) for all n of order 1.

Part (b) of the tiling lemma requires that for a cell of order 2, we must have
that

AMa) + A(b — a) = pA(b)(modp?), whenever O(a) = O(b—a) =1= O(b) — L.
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This means that when we reach a multiple of k1 which is of order 2 namely
(pkl,2pkl,..), then the digits in the cell of order 2 (with coordinate mpkl;
m # 0(modp)) must be congruent modp? to (mp—1)k1+k1, i.e. the 2nd digit
of the cell must be m. This means that the digits in cells of order 2 of our tiling
must be the same (modp) as the digits in cells of order 2 of a perfect tiling for
our tiling to be accepted.

Exactly as was done for order 1 we can multiply all digits in p;-address
channels of cells of order 2 with some [1 where (1 is in p;-ary notation.

We can continue in this way for cells of order 2,3,4 and so on. That is for
each order 7 > 1 we can multiply all digit-pairs in p-address channels with some
number [1,0 < I < p. We can choose a different (0 <! < p) for each order. In
this way we construct an imperfect but accepted tiling.

We call our constructed tiling a normal tiling.

3.3.2 Normal tilings
Definition of normal tilings

Formally we can define normal tilings a(n) as follows:

a(n) = rem(A(n)(R{O(n))p + 1)),p2)

where h is a function: h: N — {0} — {0,1,..,p~ 1}, and N — 0 denotes the
set of natural numbers without 0.

In the above tiling A{O(n)) was k and ! respectively for orders 1 and 2 re-
spectively. Note that a perfect tiling is a normal tiling with h(¢) = 0 for all 4.
In a normal tiling consecutive cells of the same order differ by al(modp?), for
some 0 < a < p instead of by 01(modp?) in a perfect tiling.

Further, as is clear from the definition: a(n) = A(n)(modp), i.e. a normal
tiling differs from a perfect tiling only on the first digits of the double digit
numbers in the address-channels of the cells. Note that it foilows from the
definition that normal tilings satisfy the agreement property.

We now verify that the tiling lemma is satisfied for normal tilings.

3.3.3 Normal tilings satisfy the tiling lemma

If ny,ny € Z and
1)O(n1) = O(ny — ny) = O(ny), then a(ny) + a(nz — n1) = a(nz)(modp?),
2)0(n;) = O(na —ny) = O(nz) — 1, then a(n;) + a(n2 — n1) = pa(n2)( modp?),
3)O(n1) = O(ny — n1) < O(ny) — 2, then a(ny) + @(n2 — n1) = 0(modp?).
These relations are easily checked using the tiling lemma for perfect tilings
and the definition of a(n).
We prove (2) as an example:
a(ny) + a(nz —ny) = Mny)(kp+ 1) + A(ng — ny)(kp + 1)
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= (kp + 1)(A(n1) + AMna — n1)) = (kp+ 1)pA(n2) = kp?A(n2) + pA(n2)
= pA(n2)(modp?)
= pa(ng)(modp?) since A(nz = a(n2)(modp).

3.3.4 The sets of global samples of address channels of
normal tilings and of perfect tilings are the same

Let n1,ny € Z, then a(ny — n) is congruent modp? to one of the following:
1) a(ng) — a(ny) if O(n1) = O(ng — ny) = O(ny),
2) pa(nz) — a(ny) if O(n1) = O(ng — n1) = O(ng) — 1,
3) a(nz) — pa(ny) if O(ng) = O(ny — ny) = O(ny) — 1,
4) —a(ny) if O(n1) = O(nz — n1) < O(ng) — 2,
5) Q(le) if O(Tlg) = O(Tl2 - n1) S O(Tll) e 2,
6) [a(nz) — a(n1)]/p if O(n1) = O(n2) = O(ny —ny) — 1.
In this case a(n;) = a(ny)(modp).
7) kl arbitrary, if O(nq1) = O(n2) < O(n2 — ny) — 2.
In this case a(n1) = a(ny)(modp?).

So if two pairs of cells in a normal tiling (a pair on each tape) are equidistant
then the same congruences hold as for perfect tilings.

But if such an equality holds for all global samples then these samples are
also allowed in a perfect tiling, so all global samples in a normal tiling are also
global samples in a perfect tiling.

Conversely, a perfect tiling is a normal tiling with A(O(n)) = O for alln € N.

So we have that the set of global samples of perfect and normal tilings are
the same.
- Hence G, accepts all normal tilings along with perfect tilings.

So we have to deal with the fact that not all acceptable tilings are perfect.

3.3.5 Normal tilings are not too bad

If an accepted tiling is normal the correlation between the plane and the tapes
can still be carried out since our definitions of Z,,, Ep,, I; purposely relied only
on the tiling lemma and the values modp of the entries in the address channels.

That is, if we replace A with a the constructions of Z,,, E,,, I, are defined
in exactly the same way with perfect replaced by normal and perfect tilings
A of address-channels by normal tilings «. So for normal tilings the relations
Zp,, Ep;, I still correctly identify cells with the appropriate order relations and
FE.2 and I.2 prove that the conditions are effective.

What if there are accepted tilings which are neither perfect nor normal, nor
translates of either?

In the next section we show that normal tilings are nearly as bad as it gets.
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3.4 Accepted tilings at their worst

Let us examine an arbitrary accepted tiling:

Our local condition on the p;-address channel L,; forces cells of p;-order 0
to be perfectly tiled under some independent translation of both tapes. This is
clear from the discussion above.

We will show that given any n € N, that we can shift the tiling so that both
address channels are normally tiled for all cells of p;-order smaller than n. By
induction on n it will follow that we can get accepted tilings with arbitrary long
normal segments and then Konig’s infinity lemma will imply the existence of an
accepted normal tiling, that is, a tiling for which the address channels are tiled
normally for all orders.

The fact that the existence of arbitrarily long accepted stretches of tiling
by a finite alphabet implies by Konig’s lemma that an accepted tiling exists, is
the reason that each coordinate of N? must be represented infinitely often and
at bounded intervals along at least one of the tapes. Indeed, if this were not
the case for some coordinate n we could collect the segments of tiling between
representations of the coordinate, and since there is no upper bound in length
for such segments there would exist by Konig’s infinity lemma, an accepted
tiling with no representation of n at all.

3.4.1 Aligning the address channels

Given p = p; or ps, we will find a translation under which cells of p-order less
than ¢ have normally tiled p-address channels. We will then use the Chinese
Remainder Theorem to show that we can align both address channels on a tape
by a single shift of the tape.

Basis for the Induction

Let 8 be any accepted tiling.

The address channels of cells of order 0 are normal(in fact perfect) under
some translation. This follows from the local condition L. Specifically such
address channels are correct (modp) under some translation.

Induction hypothesis

Formally the induction hypothesis is as follows:
The tiling 8 is such that there is some normal tiling « and integers 1,1
such that

if O(n) < i then B(n +t.,¢) = a(n) and
if O(n) = 1, then B(n + t., c) = a(n)(modp).
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That is, the accepted tiling 2 is the same as the normal tiling o for p-order
less than ¢ and congruent modp to the normal tiling o for p-order <.

We must then show that there is some normal tiling o’ and integers ¢1,15
such that

if O(n) < i+ 1, then B(n +t¢,,¢) = a'(n)

and
if O(n) =i+ 1, then B(n +t,,c) = a’(n)(modp).

Proof:
We first prove the following:

Lemma 3.4.1 For everyd € Z there is an 5(d) ; 0 < s(d) < p?; s(d) = A(d)(modp)
such that

B(n+d+t.,c)— B(n +tc,c) = s(d)(modp?);c = 1,2
whenever O(n) = O(n+d) =1.

Since the only non-consecutive 4 tuples we can inspect are at positions of the
form ((n1, 1); (n2, 2); (ns, 1), (n4, 2)) we prove the following as an intermediary
step:

Lemma 3.4.2 IfO(d) = i then there is some r(d) ; 0 < r(d) < p%; r(d) = A(d)(modp)
such that
B(n +d+12,2) = f(n +t1,1) = r(d)(modp?)

whenever O(n) = O(n+d) = 1.

Proof of lemma 3.4.2:

Given my, mg such that O(my) = O(my +d) = i = O(mz) = O(ma + d).
Let n be any number of order ¢ such that A{(n) + A(d) # 0(modp) (so that
O(n +d) = i), A(n) — A(m1) # 0(modp), A(n) — A(m3) # 0(modp), A(n) +
A(m1) + A(d) # O0(modp), A(n) + A(m2) + A(d) # O(modp). We can choose
such an n since p > 6. '

Then

(B(mj +¢1,1); 8(mj +d +12,2); 8(n +¢1,1); 8(n +d +12,2));5 = 1,2

is in G since 3 is accepted.

Since B(m + t.,c) = A(m)(modp) for all m of order i by the induction hy-
pothesis, it follows from E, that O(m; +t1) = O(m; +d +1t3) = O(n + ;) =
O(n+d+t2) = O(d+ t; — t1). The last equality follows from the fact that if
O((m] +d+t2)—(mj +t1)) > O(m, +t1) then ﬂ(mJ +1;, 1) = B(Tl+t1, 1)( mod p)
which is contradictory. By (a) of the tiling lemma it follows that
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B(m; +d+13,2)— B(mj +1t1,1) = B(n+d+1t2,2) — B(n+t1,1) mod p? for
i =1,2. It follows that B(my + d +t2,2) — B(m1 +t1,1) = B(ma + d + ¢2,2) —
B(ma + t1,1)(modp?). Lemma 1.4.2 follows.
Proof of lemma 3.4.1
We have that 8(n + d + t2,2) — B(n + t1,1) = r(d)(modp?).
Now given n, d, dq, d; such that
d=dy —dy; O(Tl) = O(dl) = O(dz) = O(d) = O(n - dl) = O(n +dy — d]_) =1.
Then .
B(n+d+1t2,2) = B(n +12,2) = B(n + dy — dy +13,2) ~ f(n +15,2)
=B(n+dy— dy+12,2) — B(n — dy +t1,1) — B(n +t2,2) — B(n ~ dy + 11, 1)
= r(dy) — r(d1)(modp?).
Further, r(d2) —r(d1) = A(d2)—A(d1) = A(d)( mod p) by (a) of the tiling lemma.

Now if dy — d} = d then
r(dy) — r(dy)
B(n+dy —di +12,2) — B(n —dy +t1,1) = (=B(n +t2,2) — B(n — d| +t1,1))
B(n+dy —di +12,2) — B(n+1t2,2) = B(n+ d +t2,2) — B(n + ta,2)
B(n +dy — di + t2,2) = B(n + t2,2).

So 7(dy) — r(d1) = r(dy) — r(d}) if dg — dy = dy — df.

Lemma 1.4.1 for the case ¢ = 2 follows if we set s(d) = r(dy) — r(d1) where
d=dy —d;.
It also follows for ¢ = 1 since given n, d with O(n) = O(n+d) = ¢ we can find a d’
with O(d’) = O(n+d') = O(n+d+d’) = i. Then by the result for ¢ = 2 we have
/B(n+d+t1’ 1)_:3(n+t1) 1) = ﬁ(n+d+dl+t21 2)_r(dl)_(:8(n+dl +i2, 2)_T(d/))
=f(n+d+d +12,2)— B(n+d +t2,2) = s(d)(modp?).

This completes the proof of lemma 1.4.1.

It follows from lemma 1.4.1 that s(kd) = ks(d)(modp?)

whenever O(d) = O(kd) =i .

So A) B(kp* +te,c) = B(P* +to, ¢) + (k — 1)s(p)(modp?) if k # O(modp),
i.e. if O(kp') = i. Since consecutive cells of i order differ by s(p’) , cells of order
i which are (k — 1)p* apart differ by (k — 1)s(p’).

We want to use lemma 3.4.1 to align the tape for cells of order 7, but we do
not want to change the cells of order < 7 which are already correct, this can be
done if the next translate has p-order 7 + 1 or larger.

o

For ¢ = 1,2 we can choose a k. = 1(modp); 0 < k. < p? such that:

B) ,B(kcpi +te, ¢) = s(p').

This follows from (A) and the following : s(d) = A(d)(modp) for each d of
order i, (k. — 1)s(p') = 0(modp), B(p’ + tc,c) = Mp') = s(p') = 01(modp?)
(since s(d) = A(d)(modp) for each d of order 7). It follows that we can choose
k. so that (k. — 1)+ the 1st digit of B(p’ +1.,c) add up to the 1st digit of s(p?).
This proves (B).

Now let I = (k. — 1)p’, then O(l;) > i+ 1 for c = 1,2 and
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Bl + kd + t,c) = ks(d)(modp?) when O(d) = i and k # 0(modp).
Therefore S(lc + n +tc,c) = A(n)s(p')(modp?) for each n of order i, since if
O(n) =i then n = ap* for some a # O(modp) O

B(le+n+te,c) = B(l. +ap’ +tc,c) = as(p')( mod p?). Now s(p') = 1( mod p)
and A(n) is the last two digits having 2nd digit non-zero of n in p-ary notation
so A(n) = a(modp?).

Now let ¢/, = I, + t. for ¢ = 1,2 and let h be such that

a(n) = A(n)(1 + ph(O(n))(modp?) for O(n) < i. There exists such an h by
the fact that cells for orders less than 1, are normally tiled.

We have that B(n +t.,¢) = B(I. + n + t., c) = A(n)s(p)(modp?).

To show that the tiling is normal for cells of order i, we want that for
O(n) <1, B(n +tL,¢) = A(n)(1 + ph'(O(n)))(modp?) for some h'.
We therefore want an A’ such that s(p’) = (1 4+ ph’(O(n)))(modp?).
Define : h'(j) = h(j) if j # i
=(s(p) - 1)/pifj=1.
Remember s(p'} = 1(modp).
Define o’(n) as follows:

o (n) = A(n)(1 + ph'(O(n)))(modp?).

If O(n) < i we have that
B(n+t.,e)=pB(.+n+tec)=p0(n+tcc)

= a(n) = A(m)(1 + ph(O(n))

= An)(1+ pH(O(n)

= o/(n)(modp?),

since O(l;) > i+ 1and O(n+t.) < 1.

If O(n) = i then B(n + t;,c) = B(lc +n +tc,¢)

= AMn).s(p*)

= A(n)(1 + ph'(?)) by definition of h’(7)

= A(n)(1+ ph/(O(n))

= o'(n)(modp?).

Therefore, under our translation the accepted’ tiling has normal p;-address
channels up to order i.

Tiles in cells of p-order i + 1 equal o/(modp)

We now show that if O(n) = i+ 1 then B(n + 1., c) = o'(n)(modp).
Proof:
Let n be any integer of order i + 1. We show that we can find an n’ and d such
that n’,n’ + d,n — d are of order ¢ and
(B(n' + 5, 1), B(n’ + d+ th,2), B(n — d + £, 1), Bln + t4,2))
satisfies I,.
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For then:

PB(n +15,2) = B(n — d+ £, 1)+ A(n' +d +1t,2) = B(n' + 4, 1)

=d'(n—d)+d(n +d)—'(n') = pa’(n) —a'(d) + ' (n') + &'(d) — &' (n')

= pa’(n)(modp?).
The last step follows by (a) and (b) of the tiling lemma.
We explain the first step. If a global 4-tuple (a(n1), a(nq), a(ns), a(ns)) satisfies
I, then O(n1) = O(ng) = O(n3) = O(ng) — 1 = O(na — n1). The last equality
follows from the fact that at least two of O(n3),0(n4),O(ns — n3) must be
equal. Now it follows from (b) of the tiling lemma that

pa(ng) = a(nz) + a(ng — n3)(modp?).
Then by (a) of the tiling lemma

a(ng — n3) = a(ny — ny) = a(n2) — a(n;)(modp?), hence

pa(ny) = a(nz + a(nz) — a(n1)(modp?).
Thus B(n + t5,2) = a’(n)(modp).
By symmetry, if we consider the 4-tuple

B(n' +d+1t),1),8(n" +15,2),8(n+1t],1),8(n — d+1t5,2) it also follows
that B(n + t{,1) = o/(n)(modp).
We now show that given any n of order i + 1 that we can find such an n’,d.
We will choose n’ and d from {p', 2p', ....(p — 1)p'}. Then O(n') = O(d) = i and
we want that n’ + d and n — d are of order i, i.e. that A(n’) + A(d) # 0(modp).
Note that n is of order i + 1 and d is of order i so n — d is also of order ¢. For
each choice of n’ there are only p — 2 choices for d, a total of (p — 1)(p — 2)
choices for the pair (n’, d).
For I we must have the following incongruent to 0 mod p:

qa%q1,94 £ 92, g2 = g3 # O(modp).
So B(n + to,2) must be incongruent modp to each of the following:

LA +t,1), £B(r' + d + th, 2), £8(n — d + 1, 1).
Two choices for n are eliminated, two for n’ + d and two for n — d , i.e. for
d (n is given). Each choice eliminated for n’ disqualifies p — 1 choices for the
pair (n’,d), the same is true for each choice eliminated for d. The same follows
for n’ + d, since for each n’ one d is disqualified. Therefore, (p — 2)1 pairs are
eliminated.
So 6(p — 2) choices are eliminated but the total amount of possible pairs is
(p—1)(p—2)soifp—1>6ie p>8 wecan find n’,d as desired.

This completes the proof.

A useful image for the alignment of the address channels order by order is
the following : imagine having to align some copy C of A(n);n € Z for p = 10
with the sequence \(n);n € Z, without the ability to ‘see’ C globally.

It is impossible to know globally where on C you find yourself since sequences
of arbitrary length repeat at different places, for example, the sequence

0102030405060708090111121314151617 181902
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81 82 83 84 85 86 87 88 89 09 91 92 93 94 95 96 97 98 99 01
appears in cells with coordinates
., 100, also 1001, ...,1100 also 2001,...,2100, etc.

The best one can do is align C for cells order 0 and as soon as you come
across a discrepancy with a cell of order 1, align C so that cells of order 1 are
correct and continue in this way for higher and higher orders.

In general this alignment of C will not terminate since E and I can only
help us to align the cells one order up from those which are already aligned so
there could always be some higher order of which the cells are not yet correctly
aligned.

3.4.2. Combining the alignments

It follows from the lengthy proof above that we can for p;-and pr-address chan-
nels seperately, translate the channels of an accepted tiling in such a way that
the p1(p2) address channels are normally tiled up to an arbitrary large p;(p2)
order.

We now combine the translations for the p, address channels and p, address
channels to show that if we have an accepted tiling then we can shift the tapes
to get both the first and 2nd address channels normal up to any given order.
Remember that shifting the tapes does not spoil the acceptability of a tiling.

By the infinity lemma(Konig) it will follow that the system accepts some
normal tiling since it accepts arbitrary long normal segments.

We use the Chinese Remainder Theorem:

- Let B be any accepted tiling and 3; the projection function onto the ith
address channel. Given any positive integer 7, we show that § has a normally
addressed segment of length 2r + 1.

Let ¢ + 1 be the smallest integer larger than log,, (7).

If 0 < |n| < r then Opy(n) < i+ 1 and Opz(n) < i+ 1 (we set p; < p2).

Now by the discussion in 3.4.1, for p; and ps, there are integers 11,12, 21, t22
such that for some normal tiling o

Bi(n +ti11,1) = ay(n), (p1 order Ist tape),

Bi(n +t12,2) = a1(n), (p1 order 2nd tape),

B2(n + t21,1) = as(n), (p2 order lst tape),

B2(n + t22,2) = as(n), (p2 order 2nd tape).

Now by the Chinese Remainder Theorem there are integers ¢1, t2 such that

ty = t11(modpi*?),

1 = f”l(mOdP2+2)

t2 = tlg(modp;”)
t2 = taz(modpyt?).

Let 511 =ty — t11,512 = t3 — t12, 501 = t1 —ta1, 520 = t3 — t22, then
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Opl(Su) >+ l,Opl(Slg) >1i+1; Opg(Sgl) >i+1,0pa(s22) >t +1
and so by the agreement property, if Op;(n) < i+ 1, then:
,31(11. + tl; 1) = al(n) 1)7

Bi(n +t2,2) = a1(n,2),

/BZ(n + t, 1) = a?(n) l))

Bon + t2,2) = a(n, 2).

The following pair of sequences are normally addressed:
S1=(8(t, —r,1),8(t1—r+1,1),..,8(t1 + 1)),

Sy = (B(ta — r,2),B(t2— 7+ 1,2),...,8(t2 + 1, 2)),

since if 0 < |n| < r then

Op,(n) <i+1 and Op,(n) <i+1 hence

Br(n+te,¢) = ar(n) for k=1,2;¢=1,2.

This combines the alignment for p;-and ps-orders into a single shifting of
the tapes.

3.4.3 Summary

For any accepted tiling we have that given any order i, we can move the two
tapes so that the address channels up to order ¢ are tiled normally. When we
align the address channels for order i + 1 we move the tapes by some multiple
of p'*? which leaves the the address channels of cells with order smaller than
i+ 1 unchanged.

In this inductive way we obtain for each [ € N an accepted tiling with
address channels normal up to order [, Konig’s infinity lemma then implies that
there is an accepted tiling with address channels tiled normally for all orders of
p1 and p3.

This justifies the mapping from accepted tilings of the tapes to accepted
tilings of the plane defined at the end of chapter 1, since if any tiling is accepted
then a tiling with normal address channels is accepted and for normal address
channels we can use Z,,, Ep,, I,; to place conditions on a tiling of the tapes
which are equivalent to conditions on the tilings of the plane.
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References:

The first part of this chapter is an explanation (not given in Lewis,[20]) for
the shift from perfect tilings to normal tilings in the proof in Lewis,[20]. The
proof that any accepted tiling can be transformed into a normal tiling is the
admissibility lemma in Lewis,[20]:p37-42. The admissible and i-admissible tilings
of Lewis,[20]:p29 are not explicitly defined in this presentation of the proof.

The sets L,; and Gp; which have been defined explicitly here, are defined in
Lewis,[20]: p23-24 essentially as the sets of local and global samples of normal
tilings, which does not seem to be a very helpful definition.

Lewis,[20] constructs the relations Z,,, E,,, I, for normal tilings, while they are
presented here as constructed for perfect tilings, and it is then just mentioned
that the same constructions go through for normal tilings, these constructions
are exactly those in Lewis,[20] and this presentation is solely to facilitate un-
derstanding of the development from perfect tilings to normal tilings.

42

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

Chapter 4

A three channel version of
the linear sampling problem

4.1 Introduction

In this chapter we prove a slightly different form of the linear sampling problem
to be unsolvable. This is necessary for the application to first order logic. The
constructions are from Lewis,[20].

4.2 The three channel version

We want to demonstrate the unsolvability of the linear sampling problem for
systems £%;0 >0 where
X=2Z2x1,2,3

that is, the space to be tiled is three disjoint copies of the integers or three
disjoint tapes.

Our local sampling conditions are the same as for the previous system, except
that we now have three tapes, that is, we may sample any 6 consecutive cells
on any of the three tapes.

The global sampling configurations, however, become triples of tiles:

(n1,n2, n3) with n3 = ny — ny.

Further, we must show that the tiling problem for such systems is unsolvable
even if cells on the third tape may contain only either a 0 or a 1 , and no local
condition is imposed on the third tape.

To clarify the idea of the three tape system we eventually construct, we first
sketch an interim three-tape system.
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4.3 The interim system

Let T be a two tape system, with |T'| = ¢, and consider the following three tape
system:

the first two tapes contain tiles ¢t € T, from the original system.

We now consider the third tape.

Set up some bijection f between pairs of tiles from T and numbers
0,1,2,...,9°~1. Thatis, f(a,b) € {0,1,2,..,¢*~1} for each pair (a,b) : a,b € T..
Let each cell on the third tape be divided into ¢® channels and let each channel
contain either a 0 or a 1.

For each pair of tiles let m(n) = 1 indicate that the pair of tiles (a,b) with
f(a,b) = | appears distance n apart, with tile a on the first tape, b on the
second. Further, let 7;(n) = 0 indicate that the pair does not appear distance
n apart anywhere on the first two tapes(one on each tape). That is, the I-th
channel of cell n on the third tape indicates whether or not the pair of tiles
referred to by [ appears distance n apart.

Let the global sampling configurations of our three-tape system be triples of
coordinates : (ny,ng, ng — ny).

Now say we take a global sample of tiles from some nj, ny;ng > ny and from
the k-th channel of ng = ny — n;. Let the tiles a and b appear at n;, n3 on the
first and second tape respectively, and let f(c,d) = k. Now, a 1 in channel k
of ng — n; would indicate that the pair of tiles (¢, d) appear distance ny — nj
apart somewhere on the first two tapes. Disallowing a 1 in this position makes it
impossible for the pair (¢, d) to appear distance np — n; apart and consequently
for (a,b) and (c, d) to both appear ny — n; apart.

In general, disallowing the triple (a, b, 1) where the 1 is read in channel k, makes
it impossible for (a, b) and (¢, d) to appear equal distance ! apart, for any | € N.

In this way we can place conditions on the three tape system which only
allow certain pairs of tiles to appear equal distance apart on the first two tapes.
This is of course exactly what we did in the original two-tape systems.

4.4 The final system

Since our tiling system must contain a single digit (1 or 0) in each cell of the
third tape, we cannot divide the third tape into channels as in the interim
system, instead we let g% adjacent cells on the third tape play the role of these
q? channels.

To carry through the construction in this form we must repeat each tile on
the first two tapes 2 times, then a 1 or a 0 in the cell at dg?+k on the third tape
will indicate whether or not the pair f~!(k) appears distance dg? apart one on
each of the first two tapes. Note that tiles appearing distance dg? apart in this
system correspond to tiles appearing distance d apart in the interim system.

The idea is exactly the same as the interim construction.
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4.5 Conditions on the three-tape system

An accepted tiling of Z x {1,2,3} will be a ‘stretched’ version of an accepted
tiling of Z x {1,2} in that the tiling of Z x {1,2,3} contains ¢? repeats of each
tile in Z x {1,2}, with the numbers 0,...,¢q% — 1 written above the ¢ repeats,
as figure 11 illustrates:

fig 11

IR 8

W3
53

5
&

We fix some correspondence between {0,..g%2 — 1} and the ¢ possible pairs
of tiles in T'.

4.5.1 The correspondence

We will show the problem unsolvable for § = 2, the proof for the case for
6 = i;i > 2 is analogous to that for the two-tape system, at the beginning of
chapter 2.

Given a Z x {1, 2} tiling system, £ := (T, L, G) we set up the conditions for
a corresponding Z x {1,2,3} system £’ = (T", L', G').

Let 7" = ({0,1,2,...,¢> = 1)} x T and let L’ and G’ be as follows.

The local condition
Let (s1,52) and (s2,53) € L, then for each j: 0 < j < ¢%2 -1,

L' ¢ T? contains:

((4,51,F + 1,51),...,(¢% = 1,51),(0,82), ..., (g% = 1,52),(0,53), ..., (5 — 1, 53))

These are just the -tuples which would appear if we stretched out the tiling
of Z x {1,2} as in figure 11.

The global condition

a) For any 51,57 and ji, j2;0 < j1 < j2 < ¢ — 1 with f(j2 — j1) = (51, 52):
i)((J1,51), (42, 82),0) ¢ G,
i1)((51, s1), (j2, 52), 1) € G’ iff (1, 52, 51, 82) in G,

(this is of course always the case if 51,52 € T).

This condition ensures that, if two tiles s;,sy appear d¢®> + k apart and
f(k) = (s1,s2) then a 1 appears at dg” + k on the third tape.

We now place restrictions on which pairs may appear equal distances apart.
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b) For any s1,s2 € T, and any jp,j2; 0 <j1 <ja < ¢ -1
if f(j2 — J1) = (53,54) # (51, 82):
1)((41, 1), (J2, 52),0) € G’ and
i1)((J1, 1), (42, 52), 1) in G’ iff (s1, 52, 53, 54) In G.
¢) For any sy,s2 €T, and any j1,j2; 0< jo<j1 < ¢’ —1land fore=0,1:
(jl) sltj?; 32) € G’-

Condition (b) is the condition corresponding to the global condition of L.
Condition (c) just means that we do not place conditions on pairs for which
J2 < j1. Condition (b) on pairs for which j; < jo suffices.

It should be intuitively clear that the systems £ and £’ are equivalent. For
a formal proof in the form of a mapping from accepted tilings of £ to accepted
tilings of £’ and conversely, see Lewis,[20]:p47-48.

From this the unsolvability of this form of the linear sampling problem follows.
We can strengthen the result to the following.

The linear sampling problem for three tapes is unsolvable, even if we restrict
ourselves to the class of tiling-systems which are such that, if some tiling is
accepted then a tiling with a 0 at coordinate zero on the third tape is also
accepted. The following argument sketches the reason:

Given a three-tape tiling system £ = (T, L, G) then we construct a system
L'=(T',L',G") with T' = TUT where T := {t|t € T}. Consider the tiles  as
the ‘complements’ of tiles ¢t. Set 0 = 1 and T = 0. We then construct as new
local and global conditions:

L' = LU{(E,?|(s,t) € L}

G'=GU{(5,t,1—e)|(s,t,e) € G}.

This means that the tilings accepted by L' are the tilings accepted by £
along with those tilings where each tile is replaced with its complement. One of
the tilings must have a 0 at coordinate zero on the third tape.

References: This presentation is essentially that of Lewis,[20] except for the
interim system constructed here.
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Chapter 5

First order logic

This chépter, taken mainly from Lewis and Papadimitriou,{21}], and Chang and
Li,[6], is a very informal survey of the results and concepts needed for the proofs
in the next few chapters.

5.1 Language
5.1.1 Alphabet

The formulas of first order logic which we will work with are certain strings of
the following symbols:

quantifiers: V and 3

logical connectives: V and —;

«, A\, — are constructed from these in the usual way.
e a countably infinite number of variables: z,y,z...

e a countably infinite number of k-place predicate signs for each & > 0:
P,Q,R...

e a countably infinite number of k-place function signs for each & > 0:
f,g,h ... (0-place function signs are constants)

e parenthesis ().

(Note that in first order logic quantification must be over elements of the domain,
and not over functions or predicates.)
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5.1.2 Terms

Terms are recursively defined as follows:
constants and variables are terms and if ¢t1,%s,...,t, are terms and f is an
n-place function sign then f(t1,%s,...,t,) is a term.

We write f2(t) for f(f(t)) and so on.

5.1.3 Formulas

Formulas are recursively defined as follows:

if P is an n-place predicate symbol, and ¢4, ..., {, are terms, then P(t1,...,t,)
is an atomic formula. Formulas are constructed from atomic formulas using the
logical connectives, quantifiers and parenthesis. We will sometimes omit certain
parenthesis and write for example, Pz f(z) for P(z, f(z)).

If F1, .., Fi, are formulas then (F1V...VF,) is a formula, called the disjunction
of F1,..., Fy and (F1A...AF,) is a formula, called the conjunctionof Fy, ..., F,.

5.2 Interpretations and models

An interpretation 7 of a formula F in first order logic consists of a non-empty
domain D, and an assignment of ‘values’ to each constant, function symbol and
predicate symbol occuring in F, as follows.

1. To each constant, we assign an element in D.

2. To each n-place function symbol, n > 0 we assign a mapping from D" to
D, where D" :={(z1,...,2s) |21 € D,z € D,...,z, € D}.

3. To each n-place predicate symbol P, we assign an n-ary relation on D.

We consider an n-ary relation as a subset S of D", interpreted as the n-tuples
in D for which P is true. We can consider this as a mapping from D" to {T, F}:
P(t1,t2) is mapped to T'(true) iff ¢, and ¢, are mapped to elements dy,d2 in D
such that (dy,d») € S. An interpretation under which a formula is true, is a
model for the formula. ’

5.2.1 Free and bound variables

Roughly speaking, an occurence of a variable is free, if no quantifier applies to
it, otherwise the occurence is bound, consider the formula Q(z) vV Vz P(z). The
first occurence of z is free and the second is bound.

Formulas containing free occurences of variables cannot be evaluated to be
true or false. All the formulas we consider will not contain any free occurences
of variables, such formulas are called closed.
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5.2.2 Truth values of formulas

For a given interpretation, truth values of closed formulas are recursively defined
in the following way: given the truth values of F,G then the truth value of
FVG,FAG,—~F are determined as follows.

o If either G or F is true then the formula GV F is true otherwise it’s false.
e If both F and G are true then the formula F' A G is true, otherwise false.
e —F is true iff F is false.

e Yz F is true if F is true for all replacements of z by elements of D, otherwise
it’s false.

e 3z F is true if F is true for at least one element of D, otherwise it’s false.

Example

Let P be a two place predicate sign and f a 1-place function sign, and let F
be the formula Vz Pz f(z).

Now let D := N = {1,2,3...}; P:={(m,n) :m,n € N,m < n}; f be the
successor function: f(n) =n+1;n€ N.

Then F' is true since every number is less than its successor. Therefore the
formula is true under this interpretation.

5.2.3 Satisfiability of a formula

A formula F is satisfiable iff there exists an interpretation I such that F' is true
under I. If this is the case then we call I a model for F.

The satisfiability problem is the problem of deciding, given a formula or
a class of formulas, whether the formulas are satisfiable or not.

Two formulas are equivalent if they have the same truth values under the
same interpretations.

The problem of determining whether or not a formula is satisfiable by trying
to see whether it has a model or not is clearly problematic since there are in
general an infinite number of possible domains and interpretations.

5.2.4 Rectified formulas

A formula is rectified if no variable occurs both free and bound, and there is at
most one occurence of a quantifier with any particular variable. Any formula
can be transformed into an equivalent rectified formula by renaming variables,

a rectified form of the formula (Q(z) VVz P(z, z)) would be (Q(z) VVyP(y,y))-
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5.2.5 Prenex formulas

If a formula F is of the form q1v1q3v3...¢nvn FM where each ¢; is either V or
3 and FM contains no quantifiers, then F is said to be in prenez form and
q1V1..qn vy is called the prefizr while F'M is called the matriz.

It is well known that any formula in first order logic can be transformed into
an equivalent rectified formula in prenex form.
Example

The formula 32Vy3Jw((Q(2z) A (P(2,y) V ~Q(w)) A R(z)

is a rectified prenex form of the fcrmula

(32(Q(2) A (YyP(z,y) V =VyQ(v)) A R(z).

For a formula F in rectified prenex form, the variables of F' are in one-to-one
correspondence with the occurences of quantifiers.

5.2.6 x-and y-variables

We call the variables of a formula F’ governed by existential quantifiers, z-variables
and the variables governed by universal quantifiers, y-variables.

5.2.7 The functional form of a formula

Consider the formula:

F = 32,Yy1 Yy 322Vy33za FM (21, 41, y2, T2, y3, T3).
Now FM(zy,y1,y2,22,y3,x3) is the matrix of F and contains the variables
Ti,Y1,Y2,%2,Y3,T3.

The functional form of this formula would be:

YuVyaYys FM (a, y1, v2, f(u1, ¥2), ¥s, 9(y1, 2, ¥3)).
Where we replace the z-variables as follows: z; with some constant a, z2 with
the term f(y1,y2) and z3 with the term g(y1, y2, y3)-

This form of the formula makes explicit the following: the value of z; should
be independent of the values of any of the other variables, we must therefore be
able to assign some constant value to z; to make the formula true.The value of
the second z-variable, z2, depends on the values of y; and y2 and we therefore
replace zo with the term f(y1,y2) to indicate the dependence. In the same
way z3 is replaced with the term g(y1, y2, y3) to indicate that the choice of z3
depends on the values of y;, y2 and ys3.

In this way the functional form reflects the fact that it must be possible to
choose values for z-variables, corresponding to replacements of y-variables with
elements from the domain, in such a way that the matrix F™ comes out true
in each case.

In general, if F is a closed rectified formula then the functional form F*
of F, is obtained by replacing in the matrix FM each z-variable z; of F by
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the term fz,(¥i,,..-¥i,) where n > 0 is the number of y-variables (y;,,...%i,.)
governing z; in F, if z; is governed by no y-variable then we replace z; with
a 0-place function sign or constant. The new function signs we introduce are
called indicial function signs and the terms fz,(yi,,...y:,) that replace z; are
called indicial terms for z; in F.

The functional form F* of a formula F is a quantifier free formula with free
variables exactly the y-variables of F'.
We can algorithmically transform any formula F' into it’s functional form F™*.

5.2.8 [ is satisfiable « F'* is satisfiable

We sketch the proof.

If F is satisfiable under some interpretation then for each replacement of
y-variables with elements from the domain, we must be able to choose values
for the z-variables so that the matrix turns out true, we can then expand the
interpretation to include the function sign f, and define fz(y1,..,yn) as the
value which makes F true.

On the other hand, if the functional form F* is satisfiable then there is some
interpretation in some domain D for which F* is true, in particular the element
in D denoted by fr(y1,...,¥n), but then F will also be true if we choose for z
in F the element denoted by fz(y1,...;¥n)-

5.2.9 Herbrand domains

Given a formula in functional form F, define the set of terms D(F') as follows.
e If F' contains no function sign, then 1 € D(F).

o If t1,..,t, € D(F); n > 0 and f is any n-place function sign(indicial or
not) occurring in F, then f(t;..t,) € D(F).

This set of terms is the Herbrand domain. The Herbrand domain is to be con-
sidered as a set of terms without denotation i.e. the terms refer to themselves
and do not have a ‘meaning’ in some external structure, for example: f(f"(l))
is just the term f"*+1(1) and nothing else. We say that the Herbrand domain is
a synlactic domain.

Note that nothing in the definition of satisfiability rules out using a set of
terms themselves as a domain for interpretation of a formula.

5.2.10 Herbrand expansion

The Herbrand expansion of a formula is the set of all formulas:

F{yi1/t1,.-,yn/tn} where y1,..,yn are all the y-variables of F' and
t1,..,tn are any terms in D(F). We call the terms t,;n > 0 the substituents of
the y,;n > 0.

51

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

Example:
the formula:

Yy3zPyz A 3z2Vw—Pwz

has functional form:
VYyPyf(y) AVw—-Puwa,

the matrix of the functional form being
Pyf(y) A —Puwa.
The Herbrand expansion is the following sequence of formulas:
Paf(a) A—~Paa, Pf(a)f(f(a)) A—Paa,
Paf(a) A=Pf(a)a, Pf(a)f(f(a)) A —Pf(a)a,

and so on.

Each formula of the sequence is called a Herbrand instance. The first formula
is obtained by substituting a for both y and w, the second by substituting f(a)
for y and a for w, and so on.

The atomic formulas Paf(a),~Paa, Pf(a)f(f(a)), ~Paa appear together in
the first Herbrand instance, we call such atomic formulas directly related.

Analogously for the formulas Paf(a), ~P f(a)a, P f(a)f(f(a)), =P f(a)a which
appear together in the second Herbrand instance.

Each instance of the Herbrand expansion is viewed as a formula of proposi-
tional logic. In general a formula can have any finite number of indicial function
signs for different z-variables and some finite number k£ > 0 of atomic formulas.
Each Herbrand instance consists of atomic formulas, logical connectives and
parenthesis.

Note that the Herbrand expansion is a listable, countable set since ¢y, .., ¢, are
all in the (countable) Herbrand domain.

We are now ready for the result which we will use in the following chapters.

5.2.11 The functional form of a formula is satisfiable iff
the Herbrand expansion is truth functionally con-
sistent

We sketch the proof. A formula in functional form is satisfied under some
interpretation iff, for each substitution from the domain for the y-variables, the
indicial terms corresponding to the values, make the matrix true.

So to be satisfied the matrix must be true for arbitrary replacements of
y-variables and corresponding indicial terms. Now given any formula and an
interpretation Z in some domain M for which it is satisfied, we show that the
Herbrand expansion is truth-functionally consistent:

define the following mapping from the Herbrand domain to the domain Z:
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o the constants in F map to anything in the domain M,
o the term f(t1, ., tn), 1, - tn € D(F) maps to fZ((tF), (6), ., () € M.

Now define the predicate sets for D(F'):

if P is an n-place predicate sign:

(t, - ta) € Pp = ((t]), ., (t}) € PT.

It 1s clear that the matrix is verified, whichever terms in the Herbrand do-
main we replace into the matrix, since the matrix is verified for arbitrary replace-
ments of elements of M for free variables and corresponding value for indicial
terms.

Now, if we have a model as above then we have a truth assignment:

P(t..t,) true iff((¢%), .., (tZ) € PZ.

This assignment is consistent since PZ consists of a fixed set of n-tuples. The
assignment verifies the matrix of F' whenever we substitute terms from D(F'). In
other words the Herbrand expansion is verified in a truth-functionally consistent
fashion.

Conversely, say that there is some truth assignment .4 which verifies the
entire expansion, that is, a non-contradictory truth assignment for all predicate
letters for all applicable tuples from D(F). Then we can define a model for F
as follows:

P :={(t1,..tn) : Pt;..t, true under A}

A satisfied Herbrand expansion is therefore in effect an exhaustive check
that the formula is true for all substitutions for free variables and corresponding
indicial terms from the Herbrand domain and is therefore a verification that F
is satisfied.

The problem of satisfiability thus shifts from a ‘Platonic’, ‘existence’ point
of view to an (in general) infinite combinatorial problem, i.e. is it possible to
assign truth values to the atomic formulas of the Herbrand expansion,
in a non-contradictory way, such that each instance of the Herbrand
expansion is simultaneously verified?

The relation between the Halting problem and the satisfiability problem for
formulas is clear from the above. A formula is satisfiable iff all the Herbrand
instances can be verified without any inconsistent truth value assignments. It is
conceivable that such a check may never terminate and in fact the next section
demonstrates the unsolvability of the satisfiability problem for certain classes of
formulas of first order logic.
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References:
Versions of the expansion theorem were given by Skolem, Herbrand and

Godel.
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Chapter 6

Introduction to chapters 7
and 8

One of the ways of classifying formulas of first order logic is by the form of the
prefix of the formula in prenix-form.
We can, for example, consider the class of first order formulas with prefix

Vy1 3:1:1\7’y2 .

The names of the variables are unimportant and we therefore refer to this class
simply as

Vav.

We will use the superscript * to denote classes in which no restrictions are placed
on the (finite) number of quantifiers of a certain type at a certain position in
the prefix.

Example

The class of formulas of which the prefix contains any finite number of universal
quantifiers in succession followed by a single existential quantifier is denoted by
v*3

Another way of classifying formulas of first order logic is by the number of
predicate letters of each degree occuring in the formulas. For example, we
refer to the class of formulas with one monadic predicate letter and two dyadic
predicate letters as

(1,2)

In general, the k-th element of the tuple denotes the number of predicate letters
of order k.

For example, in the class (1,2), there is one predicate letter of order 1, two
of order two and none of higher order. When no restriction is placed on the
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(finite) number of predicate letters of a certain order we write oo in the place
of the number.

Example
(00,1) is the class of formulas with any finite number of monadic predicate
letters and one dyadic predicate letter.

We can combine the two classifications and, for example, denote by

[V3V(oo, 1)]
the class of formulas in the intersection of the classes

V3V and (o0, 1).

6.1 The Satisfiability problem for the classifica-
tion

The satisfiability problem for the following classes in this classification were
shown to be solvable:

the monadic class (00)(Léwenheim 1915),

the class 3*V*(Bernays and Schénfinkel(1928)),

the class 3*V3*(Ackermann(1928), Skolem(1928), Herbrand(1931)),
the class I*VWI*(Gdel(1932,1933), Kalmar(1933), Schiitte(1934)).

Given the listed proofs of solvability, the satisfiability problem for this clas-
sification of formulas reduces naturally to the following nine classes: (proven
unsolvable by the names in brackets)

[VIV(o0, 1)] (Kahr(1962)),

[WVWV3(o0, 1)] (Suranyi(1959)),

[v*3(0, 1)] (Gurevich 1966b),

[V3v*(0,1)] (Denton 1963),

[Wv3*(0,1)] (Kalmar and Suranyi(1947)),

[(3*vWV3(0, 1)] (Surdnyi(1959)),

[3*V3V(0, 1)] (Suranyi(1959)),

[V3*V(0, 1)] (Kostryko (1964)),

[V3av3*(0,1)] (Gurevich (1966a,1966b).

These references are from Lewis[20]:91-93.

Lewis,[20] uses the unsolvability of the linear sampling problem to demonstrate
the unsolvability of these classes in a uniform fashion.
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Figure 12 illustrates the sequence and dependences of the proofs of Lewis.

fig 12
Vo
/ \
v
/ Y,
V3V (e ,1) /
[ Y¥V¥3(00,1)
vIA V@1

YYVI*0,1)  3*YVYVI0,1)

¥*30,1)  Y3V*©,1)

3*vav(0,1) YI'V(0,1) YIVI*(0,1)

As an illustration of the method we will show in chapter 7 that the class Vg(to be
defined) is unsolvable by using the unsolvability of the linear sampling problem.
This proof is due to Lewis.

In chapter 8 we show V; unsolvable by showing that for each formula F €V, ,
we can construct a formulain G € V; of which the Herbrand expansion contains
an encoded copy of the Herbrand expansion of F'. The proof we present is a
version of the proof of Lewis without using his notion of bigraph-machinery.(see
Lewis,[20]:p80-86)

We give indications how V3 is shown unsolvable, the proof of which is very
much the same as the proof for V5. The interested reader is referred to Lewis’
monograph for the proofs of the unsolvability of the rest of the diagram.

References: This chapter is essentially from Lewis,[20].
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Chapter 7

The linear sampling
problem and first order
logic

All the results and constructions of this chapter are from Lewis,[20].

Let Vp be the class of all closed, rectified, prenex formulas:
F =Yy Yy, FM

where FM contains no function signs but f, and only the predicate letters
P(dyadic) and Ry, R1, ... (monadic) and such that:

1. the only atomic formulas of F are Pyiy2, Pf(y1)f(y2)
and Riy1, Riyz, Rif(y1); (1 2 0), and

2. if F is satisfiable at all, then F is also verified under some assignment
which falsifies Ptt for each t € D(F).

In other words there is an assignment which gives the value false to all the atomic
formulas of the Herbrand expansion of the form Pf*(1)f"(1);n € (0,1,2,3....)
and verifies the whole sequence E(F).

In this section we use the unsolvability of the linear sampling problem to
show the following.

The satisfiability problem for the class of formulas V), is unsolvable.

We show that V, is unsolvable by showing that for each linear sampling
system £ = (T, L, G) there is some formula in Vy which is satisfiable iff there
exists a tiling acceptable to £. We do this by constructing a formula in V4 which
under a translation states that there is an accepted tiling for L.
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7.1 The formula

Let F be the following formula:
Vylvyz(Ml AMyAMsA M4),
where the M; are as follows (V denotes ‘exclusive or’):

M : Pyiys — Pf(y1)f(y2),
M, : VIZgRiyy AV Riyy,
Ms 2 Vi jer(Riyi A Rjf(y1) AViijyer(Re+iyvi A Ryt f(y1)),

My s Vi jeyec(Riyi A Royjya A H.).
Where H. is Py1ys if e = 1 and =Py y, if e = 0.

7.2 The translation

We associate truth assignments A on atomic formulas in the Herbrand expansion
and tilings T of 7 in the following way.

eFori=1...,9-1:AE Rgf("l) iff 7(n,1) = 4. That is, R;f*(1) is true
under A iff the tile at n on the 1st tape is 7.

e Fori=gq,...,2¢—1: Ak R;f*(1) iff 7(n,2) = i — ¢q. That is, R;f*(1) is
true under A iff the tile at n on the 2nd tape is 7 and

e AEPM()f*(1)iff r(n—m,3) = 1. Thatis, Pf™(1)f"(1) is true under
A iff the tile at n — m on the third tape is a 1.
Under this correlation M; — M4 says the following about 7:

e T1: The truth value of Pf™(1)f"(1) depends only on n —m. This follows
from M; by induction.

o Ty: ViZir(n,1) =iA V?i;l‘r(nﬂ) = i —q). Each cell of the first two
tapes contains exactly one tile.
If y; has substituent f™(1), then f(y1) has substituent f™+1(1) and M3
states:

o T5: (Vijyer(r(m 1) =iAr(m+1,1)=j)A
(V@ jer(t(m,2) =i Ar(m+1,2) =)
This is exactly the local condition that any two consecutive tiles on either
of the first two tapes form a pair in L.

o Ty:ViGjenec(t(m 1) =iAr(n,2)=jAT(n—m,3) = e).

This states that, if we inspect 3 cells, one on each tape, which satisfy our
sampling condition, then the tiles form a triple (¢,7,¢) € G.
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7.3 F'is satisfiable iff an acceptable tiling exists
for 7

We now verify that our correlation of truth assignment and tiling is such that
a tiling exists iff a truth assignment verifying the Herbrand expansion exists.

Tiling to Truth Assignment

Let 7 be a tiling accepted by £ = (T, L, G).

Any two consecutive tiles on either of the two tapes form a pair in L and
any 3-tuple at ny,ny,ny — ny on the 1st, 2nd and 3rd tape respectively form a
triple from G.

Take an arbitrary Herbrand instance of F, say

Flyi/f™ (1), v2/ f*(1));n,m € N,

we show that this instance is verified:
Replacing the occurrences of y;,y2 in M; to My with f™(1) and f*(1)
respectively, we get:

My: Pfm(1)f7(1) < PfOmHD(1)f+1(1)),
M (ViZor(m,1) = 1) A(ViL] 7(m,2) = i - g),
Ms: (Vi jer(t(m, 1) =iAr(m+1,1) = j)A
(Vajyer(t(m,2) = iAT(m +1,2) = j).
My: Vi jeec(t(m,1) =i AT(m,2) = j A H.).
Where H, is Pf™(1)f*(1) if e = 1 and ~Pf™(1)f*(1) if e = 0.

Since 7(n—m, 3) contains only one tile and by the truth assignment we have that
Pf™'(1)f™'(1) has the same truth value for all m’, n’ such that m' —n’ = m—n,
in particular for m,n and m + 1,n + 1, M; is verified.
Since the tiling 7 is accepted, each cell of the first two tapes contains exactly
one symbol so by the truth assignment M, is verified.
Since 7(m,1) and r(m + 1,1) form some pair from L we have by the truth
assignment that R;f™(1), R; f™*!(1) are true for some pair (i,j) € L, so this
Herbrand instance of M3 is verified.

We have that any triple of tiles sampled at some ny,ny,ny — ny, (on 1st,
2nd, 3rd tapes respectively), is in G. The disjunct of M4 which is verified is

i=1(m1),j=7(n,2),e=1(n—-m,3),

since 7(m, 1) = ¢ implies R; f™(1); 7(n,2) = j implies R(,4;yf"(1) and
e = 7(n — m, 3) implies =P f™(1)f*(1) = 0 or 1, depending on the value of e.
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So we have that
Rif™ (1) A Rgyjy f* (1) A=P (1) (1)

for i = 7(m,1);j = 7(n,2) and e = 7(n — m, 3).
So this Herbrand instance of My is verified.

Therefore, each Herbrand instance is verified and F is satisfiable.
Further, if 7(0,3) = 0 then A = -Pf™(1)f™(1).

Truth assignment to tiling

Let A be the truth assignment which verifies the Herbrand expansion, then since
APf™(1)f*(1)) = APf™H(1)f+1(1)) for all m,n € N it is also true
that
APf™(1)f"(1)) = A(Pf™*P(1)f**P(1)) for all m,n,p€ N,
so we can define unambiguously a mapping:

3:2—0,1

as follows

_ [ 1 it AEPMO)f(D),
ms(n —~m) = { 0 if AE-Pfm(1)f*(1) forallm,ne N.

Note that n+p— (m+p)=n—m.
Further, since A verifies every Herbrand instance of M2, we can define mappings:
1,7 N—=T={0,..¢—1} by
n(n)=1iff A E R;f*(1)
ra(n) = i it A = Rigaiy f(1)

We can combine the above three mappings into one by setting:
T (Nx{1,2)u(Zx{3}))—-T
with
7(m,1) = ri(m).

Since A verifies every Herbrand instance of M3:

(r(m,7),7(m + 1,1)) € L for i = 1,2,3 and for all m such that r(m, ) and
7(m + 1,1%) are defined. And since A verifies every Herbrand instance of My:

(t(m, 1), 7(n,2), 7(n— m,3)) € G for all m,n such that r(m, 1) and 7(n, 2)
are defined i.e where m,n € N. (r(n — m, 3) is always defined).

So we have a tiling from 1 onwards.
We can extend this tiling to negative n by shifting the tiling to the left as follows:

@) n ) T(n+pi) ifi=1,2
T ("”)"{r(n,i) fi=3.

Now 7() fulfills the conditions for acceptability in the domain
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{-p,—p+1,..} x {1,2}U Z x {3}.

This means that we can find arbitrarily long acceptable pieces so by Konig’s
infinity lemma there is a tiling of Z x {1, 2,3} accepted by L. Specifically, since
we have an infinite number of arbitrary long stretches of tiling, and for each
n € N the segment (—n,—n+1,...,0,1,2,...,n) is one of a finite number of
segments, there must exist a tiling of the whole of Z.

Thus we have that £ accepts a tiling iff F is satisfiable, but if £ accepts a
tiling, then it also accepts a tiling with 7(0,3) = 0 and then we have a truth
assignment A verifying E(F') such that 4 |= —Ptt, for each t € D(F). Soif F is
at all satisfiable then E(F) is verifiable with P f™(1)f™(1) false for all m > 0.

If the satisfiability problem of this subclass of V; was solvable then we could
for each three-tape linear sampling problem £ of the type discussed in chapter 4,
determine whether or not £ accepts a tiling by determining whether or not the
corresponding formula Fp is satisfiable, therefore this subclass of Vj; is unsolvable
and hence so is V.

References:
The constructions and proofs in this chapter are from Lewis,[20].
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Chapter 8

The unsolvability of V]

This chapter is essentially a version of the proof in Lewis,[20], but without using
bigraph machinery,and including our false starts, in the hope of clarifying the
ideas.

In this section we use the unsolvability of V4 to demonstrate the unsolvability
of the class V3, defined as the class of formulas G of the form

Vy; JzVy, GM
where F' contains only the atomic formulas:
Pyiy2, Pysz, Riyl, Riy; and Riz;1 € N.

The class V} in Lewis,[20] differs slightly from the class discussed here.

We show that, given any F € Vj, that we can construct a G € Vi which is
satisfiable iff F' is. This will imply the unsolvability of V7.

8.1 The correlation

Given an arbitrary F € Vg, let us as a first attempt associate with F' the
following formula:

G1 = Vy1 IzVys FM{Pf(y1) f(y2)/ Pyaz, Rif(y1)/Riz; 0 < i < ¢ — 1}.

That is we replace occurrences in F' of Pf(y1)f(y2) by Py.z and R;f(y1) by
R;z. Further, we replace the prefix Vy,Vyz by Vy;3zVy,. We leave the rest of
F unchanged. Note that G; € V) and we have made very few changes to F' in
order to change it to a formula G, € V.
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In trying to show the satisfiability problem for different formulas, equivalent, we
will work directly with the Herbrand expansions of the respective formulas. That
is, we will try to show that the expansion of G, is satisfiable iff the expansion
of F is.

8.2 Comparing the Herbrand expansions of F
and G;

G1 has as Herbrand expansion F(G1), the following:

FM{Pyiy2/PF™(1)f*(1), Pf(y)f(y2)/ PO,

Riyr/Rif™(1), Riy2/Ri f* (1), Rif(y)/Rif™*1(1) ;

0<i<g—1;n,m2>0},
while F' has as Herbrand expansion E(F'), the following:

FM{Pyiy2/PF™()f"(1), Pfy)f(y)/PF DM,

Riyi/Rif™ (1), Riy2/Ri f* (1), Rif(y1)/Rif™*'(1) ;

0<i<qg—1;n,m>0}.

The underlined denote substituents affected by the change from F' to G;.
Remember that Pf(y1)f(y2) is replaced in G; by Pysz hence the substituent
Pf(1)fm™+(1) for Pf(y1)f(y2) in G1. Although R;f(y1) is replaced by Riz in
G1, z has indicial term f(y;) since f(y;) is the indicial term corresponding to
z in F. Therefore R;f(y;) has the same substituent R;f™*1(1) in G; asin F.

8.2.1 The direct relations
The following pairs of atomic formulas involving the dyadic predicate letter P,
are directly related in E(F"):
forall m,ne N
P (D&PF™H (1) (D)
PITH () f (P (1)
and so on.

On the other hand, in E(G) the following pairs are directly related: for all
m,neN
P (V&P (DF™(D)

P M (D&P ™ (1) 2+ (1)
and so on.

It is apparent that the pairs of atomic formulas directly related in E(G)
differ from the pairs directly related in E(F).
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In E(G) the formula P f™(1)f™*!(1) ‘seperates’ the pair
P (1), PEMHH (D)

which are directly related in E(F).

Recall that to satisfy a Herbrand instance of E(F) we must assign truth
values to the atomic formulas which makes each Herbrand instance true as
a formula of the propositional calculus. Now, in E(F) an atomic formula
Pfm™(1)f*(1) appears both for Py;y; and for Pf(y;)f(y2) so we must as-
sign to it a truth value which verifies both instances in which it appears.
In E(G) the truth value we assign to an atomic formula Pf™(1)f™(1) will
depend on the truth value of the atomic formula Pf"(1)f™*!(1) appearing
with it in the same Herbrand instance. We therefore cannot independently
assign truth values to these two atomic formulas. The same is true for pairs

Pf™(1)fH(1); PFmHH(1) (1) in B(F).
Because of the different dependences there is no clear way to correlate truth
assignments between E(F) and E(G).

We could try to simulate the direct relations of E(F) by building into a new
formula G € V] that certain pairs of atomic formulas in the expansion of G have
the same truth value, specifically the pairs Pf™(1)f™+1(1); Pfm*+1(1)f+1(1),
since it is Pf™(1)f™*1(1) which seperates the pairs directly related in E(F).

So given some Herbrand instance of F', say

FM{Pyiy2/PF™(1)f™(1), Pf(y1)f(y2)/ P (1) fmH(1),
Riy1/Rif™(1), Riya/Ri f* (1), Rif(y1)/Rif™*1 (1)} m,n > 0.

We want a formula G, which has as corresponding part of E(G) the following
sequernce:

FM{Pysys/PF™(D)f(1), PF(u1)f(2)/ P (D™ (1)
Riy/Rif™(1), Riy2/Ri (1) Rif(y1)/Rif™+1(1)}

P fm+1(1) — P12+ (D)

FM{Pyiya/P (1) A1), P f(w1) f(y2) /P HH (1) fmH2(1)
Riy1/Ri (1), Riya/ Ri "+ (1) Rif(y1)/Rif™+* (1)}
P f7HE(1) e PFTHR(1)742(1),
That is, as before, Py;y, has substituent Pf™(1)f"(1) and Pf(y1)f(y2) has
substituent P f™(1)f™+1(1), however, the pair of formulas

P (L) fmH(1); PFmHY(D) 241 (1)

do not appear in FM but are forced to have the same truth value. The
next pair to appear in FM is

P D) (1); PFHH ()™ (D)
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and so on.

In this way pairs Pf™(1)f™(1); Pfm™*1(1)f**1(1) become in effect directly re-
lated in the sense that the atomic formula Pf"(1)f™+1(1) appearing with
Pfm™(1)f"(1) is forced to have the same truth value as Pfm+1(1)f+1(1).

At first glance this Herbrand expansion seems equivalent to E(F) in that the
direct relations of E(F') seem to be mirrored in this expansion, unfortunately, if
we examine the part of E(G) with y; having substituent f~1(1) and y» having
substituent f™(1) we get as part of the expansion:

P™(1)f™(1) — P (L)1)
which together with
P f™H(1) — P (D)
forces the pair
P (L)F(1); PFPHH(D) (1)
to have the same truth value.

This no longer reflects the direct relations of E(F), where such pairs are not
forced to have the same truth value, so the two expansions are not equivalent.

8.3 A refinement

The problem arises because any formula Pf¥(1)f'(1); k,1 > 0 is a substituent
for both Py ys and Pysz in the constructed expansion. We therefore modify our
initial approach by correlating terms f™ (1) in E(F) with terms f2™(1) in E(G).
This means that an atomic formula P f™(1)f*(1) in E(F) is correlated with the
atomic formula P f2™(1)f?"(1) in E(G) and an atomic formula R; f™(1) in E(F)
is correlated with the formula R; f?™(1) in E(G).

We want the directly related pairs in E(G), between formulas corresponding
to directly related pairs Pf2™(1)f%"(1); Pf>™+2(1)f?"*+%(1) in E(F) to have
the same truth value.

8.3.1 The monadic predicate formulas

In the Herbrand instances of E(F) with y;,y> having substituents ™ (1) and
f™(1) respectively, the following monadic formulas are directly related:

Rif™(1); Rif™(1); Ref™ (1)

The last formula appears for R; f(y1).
If R;f™(1) appears for R;y; in E(F) then R;f™*1(1) appears for R;f(y1).
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This Herbrand instance is correlated with the Herbrand instance in E(G)
where y;, y2 have substituents f2™(1) and f2"(1) respectively.

If Ry, is replaced by R;f?™(1) in E(G) it appears in the same instance
as R; f*™+1(1) (which appears for R;z), but in E(F), R;f™(1) and R;f™+(1)
appear together and these two correspond to R; f?™(1) and R; f>™+2(1) in E(G).

So to mimic the direct relations of monadic formulas in E(F), E(G) must
contain the formula:

Rif2m+l(1) - Rif2m+2(1)

which in effect will cause R;f*™(1) and R;f?™*2(1) to be directly related for
the same reason as in the dyadic case.
So for an arbitrary part of E(F), say:

FY{ Py PF™(U) (1), PFu)fua)/PI 4 (L™ (1)
Riyl/Rifm(l))RiyZ/Rif"(l)Rif(yl)/R‘_fm+1(1);0 <i<q—1}

FM{Pyiya/PF™H (1) 41 (1), PF(1n) f(32)/ PFH2(1) F7+2(1)

Riyi/Ri f™ (1), Riya/ Rif" Y (V) R:i f(y1)/Ri f 2 (1);0 < i < g — 1}

we want as corresponding part of E(G):
P Py PF™ (1)1 (1), P ) f(2) /P S (1) £ (1)
Riy1/Rif™(1), Riy2/ Ri f" (V) Ri f(1)/ Ri fP1(1);0 < i < ¢ — L;m,m > 0}

P11 (1) — PH(1) 201
PFImHL(1) 24 (1) o PP (1) 2742 (1)
PfEnt1(1) fAmH(1) o P FAmAN(1) 20D (1)
Rif*™+1(1) & R; fAm+1(1)
FM{Pyyys /P f2m+0(1) FA0 (1), P f(y1) f(y2)/ P FAOHD(1) £ D4 (1)
Riy1 /Ri f* ™D (1), Riga/ Ri fPOTD (D Rif (y1)/ Ri fFMF¥(1);0 < i < g—15,m > 0}

Pf2(n+1)(1)f2(m+1)+1 (1) — sz(m+1)+1(1)f2(n+1)+1(1)
Pf2(m+1)+1(l)fz(n+1)+1(1) - sz(n+1)+1(1)f2(m+1)+2(1)
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Pf2(n+1)+1(1)f2(m+2)(1) - Pf2(m+2)(1)f2(n+2)(1)
Rif ™1 (1) = Rif*m0(1)

That there is no overlap of truth assignments on the atomic formulas, follows
directly from the fact that the sets:

{@n,2m+1);(2m +1,2n+ 1);(2n + 1,2m + 2); (2m + 2,2n + 2)}
and
{242k + 1); (26 + 1,20+ 1); (20 + 1,2k + 2); (2k + 2,21 + 2)}

are disjoint if (m, n) # (k,1).
We now know what we would like E(G) to look like, we have yet to show,
however, that we can construct a G € V; with expansion E(G) as above.

8.4 The construction of G

Since only terms of the form f2¥(1) were substituents for y;, y» in the matrix
FM  we must distinguish between such terms which we will call even and terms
of the form f?*+1(1) which we call odd. To do this we introduce into G two
new monadic predicate signs B and Ry4; (recall that F' contains the monadic
predicate signs Ry, ..., Rg_1). We then construct the following formula as part
of GM| the matrix of G: (Remember that the prefix of G must be Vy; 3zVys.)

G1:((Reyi ARg1z A —Ryp1y1) V (Rgan A Rgz A =Ryy1))

Let y; have substituent f™(1), then G; states that:

(Rgf™(1),~Re41f™(1) and Rgy1 f+1(1)) or

(Rg+1f™(1),mRyf™(1) and R, f™+1(1)).

That is, consecutive terms cannot both satisfy Ry or both satisfy R,4; and
any term f™(1) must satisfy either of the two but not both.

The class of terms {f*(1); k¥ > 0} is therefore split into two disjoint classes,
those satisfying R, and those satisfying Ry41, we call these classes even and odd
respectively.

We now use this division of terms to construct the following subformula as
the next part of G:

G2 : Ryyr A Rqya — FM{P f(y1) f(y2)/ Pyaz; Rif(11)/ Riz, 0 < i < g = 1},
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the other terms having the usual substituents.

This means that, if for m,n € N, R,f™(1) and R,f"(1), then they are
substituents for ¥,y in FM. Note that this implies that both m, n are of the
form 2k + 1 or both of the form 2k for some k € N.

The ‘intervening’ atomic formulas are forced to have the same truth value
by the next subformula:

G3 : (Rg41y1 A Rg192) — (Pyry2 < Pyaz)
(Rey1 A Rgt1y2) — (Py1y2 < Pyex)
(Rg1y1 A Rgy2) — (Py1ye < Pyaz).
So if either f™(1) or f*(1) does not satisfy R, then the pair of formulas
Pf™(1)f"(1); PfH(LF™(1)
are forced to have the same truth value.
Analogously for the monadic predicate letters R;, 0 <1 < g — 1, we have the
subformula:
Gy Rq+1y1 — /\g__rol(R,‘yl — R,‘x).
The complete G is then

VyIB:nVyz(Gl AGaAG3 A G4)

8.5 E(F) is satisfiable iff E£(G) is satisfiable

E(F) = E(G):

Say there is some truth assignment A on the atomic formulas
Rif™(1), PF™ (L) (1)im,n > 0,0< i S g — 1

such that the entire expansion E(F) of F, is verified.

We construct a truth assignment B which verifies E(G).

Set B(R,f°(1)) = true. This means that all even terms f?™(1) satisfy R, and
all odd terms satisfy Ry4;. Now, any dyadic atomic formula Pf™(1)f"(1) in
E(F), determines the truth value of the following atomic formulas in E(G):

{PFA™(L) (1), PFHO™(L), PE™HOF D), PO D))
That is, set B(P f*™(1)f**(1)) = B(Pf**~1(1)f*™(1)) = B(Pf*"~}(1)f**~1(1))
= B(Pf* (1) f*m=1(1)) = A(Pf™(1)f*(1)).
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For n = 0, or m = 0 of course, certain of the above atomic formulas are
undefined.
Analogously, for monadic atomic formula, set

B(R: f*™(1)) = B(R:f*™~1(1)) = A(Rf™(1);0 < i< g - L.

From the discussion of the correlation between E(F) and E(G), in 8.3.1 and
8.4 it is clear that this assignment verifies E(G).

Now for the converse:

E(G) = E(F):

If we have a truth assignment B which verifies E(G) then this assignment assigns
R, true to all odd terms f2¥+1(1) or to all even terms f2*(1),k > 0.

In the first case we have the inverse assignment of the abovei.e. forallm,n € N
set:

AP™1) (1)) = B(PF*™ (1) £ (1))
and for 0 < i< ¢—1 set:

A(R: f™(1)) = B(Rif*™(1))

In the second case odd terms are substituents for y;,ys in F™ and all such
instances are verified.
So set:

A(PF™(1) (1)) = B(Pfm+H(1) £27+1(1))
and for 0 < i< ¢q—1 set:

A(R:f™(1)) = B(R: f*™+1(1).

In either case E(F) is verified if E(G) is.

We therefore have the result that any formula F in V; is satisfiable iff a corre-
sponding G in V] is satisfiable. To each F in V; there corresponds such a G.
Therefore the class V; is unsolvable.

8.5.1 Remarks on the unsolvability proof for V;

The proof that the class V5 in fig.12 of chapter 6 is unsolvable is analogous to
the proof for V; except for the following: for an arbitrary formula F € V; a
formula H is constructed in which three terms of the Herbrand domain of H
are correlated with each term in the Herbrand domain of F' € V; (instead of
two, as was the case here). This is necessary since it is slightly more elaborate to
build into the formula H that E(H) contains an encoded copy of E(F}, than it
was to build it into G (as was done above). This leads to an interim unsolvable
class from which the unsolvability of V5 follows.
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References: The proof presented here is essentially that of Lewis,[20], except
that the proof here is by direct comparisons of the Herbrand expansions of the
formulas. Lewis uses bigraph structures, (see p80-86 in Lewis,[20]) for the proof.

71

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

Bibliography

[1] Aanderaa,S.0.[1966] A New Undecidable problem with applications in
Logic,Ph.D. thesis, Harvard University.

[2] Aanderaa,S.0.,Lewis,H.R.[1974] Linear sampling and the V3V case of the
decision problem,Journal of Symbolic Logic; 39:519-548

[3] Ackermann,W.[1928) Uber die Erfiillbarkeit gewisser Zahlausdriicke, Math-
ematische Annalen; 100:638-649

[4] Bernays,P.,Schonfinkel,M.[1928] Zum Entscheidungsproblem der Mathema-
tischen Logik, Mathematische Annalen; 99:342-372

[5] Borger,E.[1989] Cumputability, Complezity, Logic, North-Holland.

(6] Chang,C.L.,Lee,R.C.T.[1973] Symbolic Logic and Mechanical Theorem Prov-
ing,Academic Press,Inc.

(7] Denton,J.[1963] Applications of the Herbrand Theorem, Ph.D thests, Harvard
University

[8] Godel, K.[1930] Die Vollstandigheit der Axoime des logischen Funktio-
nenkalkiils, Monatshefte fir Mathematik und Physik; 37:349-360 English
translation in van Heijenoort(1971):582-591

[9] G&del,K.[1932] Ein Spezialfall des Entscheidungsproblems der theoretischen
Logik, Ergebnisse eines mathematischen Kolloguiums; 2:27-28

[10] Godel, K.[1933] Zum Entscheidungsproblem des logischen Funktio-
nenkalkils, Monatshefte fur Mathematik und Physik; 40:433-443

[11] Gurevich,Y.[1966a] Problema razresheniya dlya yskogo ischisleniya predika-
tov,Doklady Academii Nauk SSSR; 168;510-511 English translation in Soviet
Mathematics-Doklady; 168:669-670

[12] Gurevich,Y.[1966b] Ob effektivnom raspoznavanii vipolnimosti formul
UIP,Algebra 1 Logika; 5:25-55

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<

{13] Herbrand,J.[1931]

Sur le probléeme fondamental de la logique mathématique. Sprawozdania
z positedzen Towarzystwa Naukowego Warszawskiego, Wydzial III; 24:12-56.
English translation in Herbrand(1971):215-271

[14] Hofstadter,D.R.[1985] Metamagical Themas,Penguin Books

(15] Kahr,A.S.[1962] Improved reductions of the Entscheidungsproblem to sub-
classes of AEA formulas,Proceedings of a Symposium on the Mathematical
Theory of Outomata,Brooklyn Polytechnic Institute, New York.

[16] Kahr,A.S.,Moore,E.F.,Wang,Hao[1962] Entscheidungsproblem reduced to
the V3V case,Proceedings of the National Academy of Sciences of the U.S.A;
48:365-377

[17] Kalmaér,L.[1933] Uber die Erfiillbarkeit derjenigen Zahlausdrucke, welche
in der Normalform zwei benachbarte Allzeichen enthalten, Mathematische
Annalen; 108:466-484

(18] Kalmar,L.,Surdnyi,J.[1947] On the reduction of the decision prob-
lem,second paper: Godel prefix, a single binary predicate, Journal of Sym-
bolic Logic; 12:65-73

(19] Kostryko,V.F.[1964] Klass cvedeniya V3"V, Algebra i Logika; 3:45-65

[20] Lewis,H.R.[1979] Unsolvable Classes of Quantificational Formulas Addison-
Wesley Publishing Co.,Reading,Massachusetts.

(21] Lewis,H.R.,Papadimitriou,C.H.[1981] Elements of the theory of computa-
- tion, Prentice-Hall,Inc.

[22] Lowenheim,L.[1915] Uber Méglichkeiten im Relativkalkiil. Mathematische
Annalen; 76:447-470 English translation in van Heijenoort(1971):228-251

[23] Odifreddi,P.[1989] Classical Recursion Theory,North-Holland.

[24] Skolem,T.[1922] Einige Bemerkungen zur axiomatischen Begriindung
der Mengenlehre. Matematikerkongressen i Helsingfors dem 4-7 Juli
1922, Den femte skandinaviska matematikercongressen, Redogérelse,
Akademiska Bokhandeln, Helsinki, 1923:217-232 English translation in van
Heijenoort(1971):290-301

[25] Skolem,T.[1928] Uber die mathematische Logik,Norsk matematisk
tidsskrift; 10:125-142

[26] Skolem,T.[1929] Uber einige Grundlagenfragen der Mathematik, Skrifter
utgitt av Det Norske Videnskaps-Akademi 1 Oslo, I
Matematisk-naturvedinskapelig klasse; 4:1-49

73

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02:{:»

(27] Surdnyi,J.[1959]  Reduktionstheorie = des  Entscheidungsproblems
im Pradikatenkalkil der ersten Stufe, Veralg der Ungarischen Akademie der
Wissenschaften, Budapest.

[28] Turing,A.M.[1937] On computable numbers,with an application to the
Entscheidungsproblem, Proceedings of the London Mathematical Society,2nd
series; 42:230-265

[29] van Heijenoort,J.From Frege to Godel:A Source book in Mathematical
Logic,1879-1931. Harvard University Press,Cambridge,Massachusetts.

[30] Wang,H.[1961] Proving theorems by pattern recognition 1I, Bell System
Technical Journal; 40:1-41

(31] Wang,H.[1962] Dominoes and the AEA case of the decision problem, Pro-
ceedings of a Symposium on the Mathematical Theory of Automata, Poly-
technic Institute of Brooklyn, New York:23-55

74

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022.



	Tiling problems and logical unsolvability
	Opsomming
	Summary
	Chapter 1: Turing machines and tilings

of the plane
	Chapter 2: Linear sampling problems
	Chapter 3: 
Less-than-perfect tilings
	Chapter 4

A three channel version of

the linear sampling problem
	Chapter 5: 
First order logic
	Chapter 6: Introduction to chapters 7 
and 8
	Chapter 7: 
The linear sampling 
problem and first order logic
	Chapter 8: 
The unsolvability of V1
	Bibliography



