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ABSTRACT

The large-scale mass distributions of galaxy-scale strong lenses have long been assumed to be well described by a singular ellipsoidal
power-law density profile with external shear. However, the inflexibility of this model could lead to systematic errors in astrophysical
parameters inferred with gravitational lensing observables. Here, we present observations with the Atacama Large (sub-)Millimetre
Array (ALMA) of three strongly lensed dusty star-forming galaxies at '30 mas angular resolution and investigate the sensitivity of
these data to angular structure in the lensing galaxies. We jointly infer the lensing mass distribution and the full surface brightness of
the lensed sources with multipole expansions of the power-law density profile up to the fourth order using a technique developed for
interferometric data. All three datasets strongly favour third and fourth-order multipole amplitudes of ≈1 percent of the convergence.
While the infrared stellar isophotes and isodensity shapes agree for one lens system, for the other two the isophotes disagree to varying
extents, suggesting contributions to the angular structure from dark matter intrinsic or extrinsic to the lensing galaxy.

Key words. gravitational lensing: strong – galaxies: elliptical and lenticular, cD – submillimeter: general

1. Introduction

Strong gravitational lensing occurs when the light from a distant
background galaxy is distorted and magnified into several dis-
tinct images by a massive foreground galaxy. This phenomenon
has become a well-established tool with which to probe the mass
structure and dark matter distribution within the lens galaxies.
For example, the observed surface brightness distribution of the
lensed images has been used to constrain the evolutionary path-
ways of elliptical galaxies (Sonnenfeld et al. 2012), cosmolog-
ical parameters (e.g. Wong et al. 2020; Collett et al. 2018) and
the nature of dark matter via the gravitational effect of low-
mass dark matter halos (Vegetti et al. 2014, 2023; Ritondale et al.
2019b; Hsueh et al. 2020; Gilman et al. 2020; Enzi et al. 2021;
Powell et al. 2023). Moreover, the magnification provided by
the lens increases the effective angular resolution of the data,
allowing the detailed astrophysical processes within extremely
distant objects at important cosmological epochs to be stud-
ied (e.g. Yang et al. 2019; Rizzo et al. 2021; Stacey et al. 2022;
Geach et al. 2023). Fundamental to all these important lines of
research with strong gravitational lensing is the parameterisation
of the large-scale mass distribution of the lensing galaxy (the so-
called ‘macro model’). For galaxy-scale strong lensing events,
this is commonly assumed to be described by an ellipsoidal power-
law mass-density profile with some external shear component to
account for the sometimes complex environment of the lens. This
simple parameterisation can lead to valid questions regarding the
accuracy of the lens model or the robustness of the reconstructed
source, given the uncertainties in the lens modelling.

Indeed, several recent works have highlighted the limita-
tions of the power-law model assumption for the mass dis-
tribution of the lens and the impact this can have on the
astrophysical applications of galaxy-scale gravitational lensing
(Powell et al. 2021; Cao et al. 2022; Van de Vyvere et al. 2022;
Nightingale et al. 2023; He et al. 2023; O’Riordan & Vegetti
2024). The majority of elliptical galaxies have boxy or discy
isophote shapes in their stellar distribution (Bender et al. 1988,
1989; Cappellari 2016) and can exhibit twists and shape vari-
ations with radius (Liller 1960, 1966; King 1978). These fea-
tures should manifest an anisotropic density structure that may
result in systematic errors in the recovered Hubble constant from
lensing (Cao et al. 2022; Van de Vyvere et al. 2022), change
the relative predicted image magnifications by 10−40 percent
(Evans & Witt 2003; Congdon & Keeton 2005; Powell et al.
2022; Cohen et al. 2024), and induce false detections of low-
mass dark matter haloes (Nightingale et al. 2023; He et al. 2023;
O’Riordan & Vegetti 2024; Cohen et al. 2024), leading to biased
constraints on dark matter models.

Recently, Powell et al. (2022) showed that complex angular
structure in the lens and an external shear gradient were required
to focus the source with observations at milli-arcsecond (mas)
resolution (see also Spingola et al. 2018), suggesting that the
sensitivity to angular structure increases with angular resolu-
tion. In this regard, observations of bright and highly magni-
fied starburst galaxies at high redshift with the Atacama Large
Millimetre/sub-millimetre Array (ALMA) can provide a detailed
test of angular structure, given the higher angular resolution
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Table 1. Data used in the analysis.

Name zl zs FWHM ν ∆ν δν RA Dec Project code
(arcsec) (GHz) (GHz) (MHz) (deg) (deg)

SDP 81 0.30 3.04 0.024 × 0.033 290 8 500 135.7983748506 +0.651860959014 2011.0.00016.SV
SPT 0532−50 1.15 3.40 0.035 × 0.050 352 4 62.5 83.21270432730 −50.78545546562 2016.1.01374.S
SPT 0538−50 0.40 2.78 0.026 × 0.029 347 8 62.5 84.57012499581 −50.51444470965 2016.1.01374.S

Notes. For each lens system, we give the lens redshift (zl), source redshift (zs), naturally weighted synthesised beam FWHM (major and minor
axis), central frequency (ν), total continuum bandwidth (∆ν), channel width (δν), RA and Dec of the phase centre (J2000), and ALMA project
code.

when compared to current optical or infrared telescopes. Here,
we have analysed publicly available data from the ALMA
archive for three gravitational lenses observed at an angular reso-
lution of ≈30 mas. By using a pixellated lens modelling method-
ology adapted for interferometric data (Vegetti & Koopmans
2009; Rybak et al. 2015a,b; Rizzo et al. 2018; Ritondale et al.
2019b; Powell et al. 2021, 2022), we investigated the angular
structure in these lens galaxies with multipole expansions of the
power-law density profile.

The paper is structured as follows. In Sect. 2 we give an
overview of the ALMA observations and data reduction. This
section also includes a review of available Hubble Space Tele-
scope (HST) infrared imaging, which we use to compare the
mass and light distributions of the three lens galaxies. In Sect. 3,
we describe the lens model parameterisations and methodology.
In Sect. 4, we report our results and in Sect. 5, we discuss the
possible origins of the angular structure, before summarising and
considering the direction of future work in Sect. 6.

2. Data reduction

2.1. ALMA observations

We obtained data from the ALMA archive for three gravi-
tationally lensed dusty star-forming galaxies: SPT 0532−50
(SPT S J053250−5047.1), SPT 0538−50 (SPT S J053816−
5030.8), and SDP 81 (H-ATLAS J090311.6+003906). These
are galaxy-scale lenses with known source and lens redshifts
(Negrello et al. 2010; Spilker et al. 2016; Table 1). Details of
the lens systems and ALMA observations are given in Table 1.
The observations of SPT 0532−50 and SPT 0538−50 consisted
of multiple epochs in compact and extended antenna config-
urations: we considered only the long-baseline configurations
for this experiment to maintain the higher angular resolution.
The data for SDP 81 were taken during the 2014 ALMA long
baseline science verification campaign, using an atypical array
configuration (ALMA Partnership 2015).

For the two SPT lenses, we used the ALMA pipeline in Com-
mon Astronomy Software Applications (CASA; CASA Team
2022) for the initial calibration of the data. There is an
apparent spectral line emission in two spectral windows for
SPT 0532−50; therefore, these spectral windows are not con-
sidered further in our analysis. No line emission was detected
for SPT 0548−50; therefore, we use all of the spectral windows.
For SDP 81, the calibrated continuum-only dataset was obtained
from ALMA via the science verification project1. The atypi-
cal antenna configuration includes more short baselines, which
results in diffuse, extended low-surface brightness emission in
the image that is not useful for our analysis. Therefore, we
only use baselines with lengths greater than 100 m (≈105 kλ)

1 https://almascience.eso.org/alma-data/
science-verification

to remove sensitivity to this extended emission. For all of the
datasets, the calibrated visibilities were inspected to confirm the
quality of the pipeline calibration and any outlying data were
flagged. No additional time or frequency averaging was done.

We performed several rounds of self-calibration to correct
gain offsets between observational epochs and improve the
dynamic range of the data for each target. We chose a minimum
solution interval required to achieve a signal-to-noise ratio of
greater than 3 for >90 percent of antennas, and only accepted
calibrations that increase the dynamic range of the data and do
not change the synthesised beam size by more than 10 percent.
We iterated the procedure for as long as the dynamic range of the
data improved. For SPT 0532−50 and SPT 0538−50, we derived
gain corrections in phase and amplitude with a solution inter-
val of each observational epoch. For SDP 81, we derived phase-
only corrections of each observational epoch (spanning approx-
imately 50 mins each).

Deconvolved images of three lens systems are shown in
Fig. 1.

2.2. Hubble Space Telescope observations

The three lens systems were observed with the HST using the
Wide-Field Camera 3 (WFC3) at 1.1 and 1.6 µm (F110W and
F160W filters, respectively) as part of programmes GO-12194
(PI: Negrello) and GO-12659 (PI: Vieira). These data were
obtained from the HST archive and processed using standard
procedures within the Astrodrizzle package. During this pro-
cess, the images were drizzled to 60 mas pixel−1.

3. Lens modelling

3.1. Mass distribution

We parameterised the underlying global mass distribution of the
lens as a singular power-law ellipsoidal density profile. Follow-
ing Tessore & Metcalf (2015) and O’Riordan et al. (2020), the
2D dimensionless surface mass density profile (convergence) is
described by

κ(R) =
3 − γ

2

(
b
R

)γ−1

, (1)

where R is the elliptical radius (R2 = q2x2 + y2), γ is the 3D
density slope (γ = 2 is isothermal), q is the axis ratio, and
b =

√
q RE , where RE is the Einstein radius. θq describes the

position angle of the ellipticity, defined in degrees east of north.
We also allowed for an external shear described by a strength, Γ,
and angle, θΓ. We labeled this model ‘PL’.

We then allowed flexibility in the form of multipole per-
turbations that add angular variations to the PL density pro-
file to account for deviations from perfect ellipticity. These are

A110, page 2 of 8

https://almascience.eso.org/alma-data/science-verification
https://almascience.eso.org/alma-data/science-verification


Stacey, H. R., et al.: A&A, 688, A110 (2024)

−5 0 5

∆x (′′)

−4

−2

0

2

4

∆
y

(′
′ )

SDP 81

0.00

0.02

0.04

0.06

0.08

0.10

0.12

m
J
y

b
ea

m
−

1

−1 0 1

∆x (′′)

−1

0

1

∆
y

(′
′ )

SPT 0532− 50

0.0

0.2

0.4

0.6

0.8

1.0

m
J
y

b
ea

m
−

1

−2.5 0.0 2.5

∆x (′′)

−4

−2

0

2

4

∆
y

(′
′ )

SPT 0538− 50

0.0

0.1

0.2

0.3

0.4

0.5

m
J
y

b
ea

m
−

1

Fig. 1. Deconvolved images using natural weighting of the visibilities. The synthesised beam is shown by the black ellipse in the bottom left
corner of each panel and the sizes are given in Table 1. These images are only for visualisation as the lens modelling was done with respect to the
visibility data directly.

described by the following Fourier expansion:

κm(R, θ) = R−(γ−1) [Am sin(mθ) + Bm cos(mθ)] , (2)

in polar co-ordinates for multipole order m, where Am and Bm
are unitless sine and cosine multipole coefficients that give the
strength of the density perturbations normalised to the criti-
cal density at 1 arcsec radius from the lens centre. γ is the
slope of the density profile from Eq (1). We adopted multi-
poles of order m = 3, which allows for asymmetrical density
structure with respect to the lens centre, and order m = 4,
which can create boxy or discy shapes that are often observed
in the isophotes of elliptical galaxies (Bender et al. 1988;
Pasquali et al. 2006; Hao et al. 2006; Chaware et al. 2014)2 if
aligned with the ellipticity. We consider only up to order 4 here,
as these have been predicted to be sources of systematic errors
in the constraints derived from lensing (e.g. Nightingale et al.
2023; Van de Vyvere et al. 2022; O’Riordan & Vegetti 2024).
We label this model component as ‘MP’.

3.2. Bayesian inference

We employed the Bayesian pixellated lens modelling technique
appropriate for interferometric data introduced by Powell et al.
(2021, see also Vegetti & Koopmans 2009; Rybak et al. 2015a;
Rizzo et al. 2018; Powell et al. 2022). This method reconstructs
the source emission on vertices of Delaunay triangles adapted to
the lensing magnification. The source (s) and lens parameters (η)
were inferred by maximising the following posterior:

P(s, η|d) ∝ P(d|s, η)P(s|H, λs)P(η) , (3)

where d is the data. P(s|H, λs) is a quadratic regularising prior on
the source light distribution, s, expressed in terms of a regularisa-
tion form, H, and strength, λs. The regularisation strength is a free
hyper-parameter of the model. We refer to Vegetti & Koopmans
(2009) and Powell et al. (2022) for more details.

We considered three forms of regularisation: gradient, curva-
ture, and area-weighted gradient. Gradient and curvature impose
smoothness in the source surface brightness distribution by min-
imising the gradient or curvature between adjacent points on
the Delaunay grid. The area-weighted gradient is a modifica-
tion to the gradient regularisation that is weighted according
to the triangle area, thereby allowing more freedom in high-
magnification areas and less in regions of lower magnification.
As was demonstrated by Suyu et al. (2006), different source sur-
face brightness distributions may require different forms of reg-

2 Multipoles of order 0 and 2 are implicit in Eq. (1).

ularisation. We adopted the form and strength of regularisation
that maximises the posterior (Eq. (3)).

P(d|s, η) is the likelihood, which we assumed to be Gaussian.
As is described by Powell et al. (2022), it encodes all the linear
operators that describe the signal propagation processes from the
source to the lensed image plane and the instrumental response;
that is,

log P(d|s, η) =
1
Z

e−
1
2 χ

2
, (4)

where

χ2 = sT
MAPLTC̃−1

x LsMAP − 2sT
MAPLTdx + dTC−1d (5)

and Z =
√

det(2πC). sMAP is the maximum a posteriori source
for the lensing operator, L(η). d is the data, dx is the naturally
weighted dirty image, and C is the noise covariance assum-
ing uncorrelated, Gaussian noise. Due to the observing frequen-
cies of these data and the antenna size of ALMA, the antenna
response becomes significant just a few arcseconds from the
pointing centre (which in our case is also the phase centre). We
accounted for the loss of sensitivity using a Gaussian function
with a half-power width of 1.13 × λ/D, where λ is the central
frequency and D is the antenna diameter (12 m)3. We imple-
mented this as a diagonal operator, P, such that the image-plane
noise covariance takes the form C̃−1

x = PTDTC−1DP, where D
is a discrete Fourier transform (the instrumental response). The
terms DTC−1D together are equivalent to a convolution with the
dirty beam, which was performed using a fast Fourier transform.

The posterior probability distributions of the lens param-
eters, η, source surface brightness, and source regularisation
were inferred using MultiNest (Feroz et al. 2009, 2019). The
Bayesian evidence was computed from the integral

E =

∫
P(d|s, η) P(s, λs) P(η) δλs δs δη , (6)

using 240 live points and importance sampling with a constant
efficiency of 0.05 to improve the accuracy of the evidence calcu-
lation (Feroz et al. 2019). From tests on mock data, we have found
that a minimum of 200 live points are required to recover the cor-
rect posterior for these data and the number of model parameters
explored here (we note that this may be data-dependent).

Following an initial optimisation (see Vegetti & Koopmans
2009 for details), we set uniform priors for the lens model parame-
ters at±10 to 20 percent of the optimised values, except the exter-
nal shear, which was uniform in log space (log Γ ∈ [−3,−1]) with
3 ALMA Cycle 7 Technical Handbook; https://arc.iram.fr/
documents/cycle7/ALMA_Cycle7_Technical_Handbook.pdf
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Table 2. Posterior distributions of the parameters of lens models.

SDP 81 SPT 0532−50 SPT 0538−50

PL PL+MP PL PL+MP PL PL+MP

xl 0.542+0.003
−0.011 0.560+0.003

−0.003 2.1043+0.0003
−0.0007 2.1003+0.0004

−0.0003 0.1896+0.0008
−0.0008 0.1907+0.0007

−0.0026
yl −0.170+0.005

−0.009 −0.149+0.003
−0.004 1.8706+0.0001

−0.0003 1.8700+0.0004
−0.0003 −0.0277+0.0009

−0.0016 −0.0254+0.0013
−0.0011

RE 1.609+0.007
−0.002 1.611+0.003

−0.002 0.5420+0.0001
−0.0001 0.5420+0.0002

−0.0002 1.7237+0.0003
−0.0010 1.7243+0.0004

−0.0004
q 0.794+0.010

−0.031 0.832+0.009
−0.008 0.816+0.005

−0.008 0.840+0.005
−0.005 0.894+0.008

−0.003 0.876+0.004
−0.004

θq 12+4
−2 6+2

−1 28.3+1.3
−0.3 23.6+0.5

−0.6 152+1
−1 153+1

−1

γ 1.97+0.04
−0.13 2.00+0.03

−0.07 2.19+0.04
−0.03 2.20+0.04

−0.02 2.22+0.03
−0.06 2.23+0.02

−0.03

Γ 0.032+0.005
−0.019 0.037+0.004

−0.007 0.015+0.002
−0.002 0.022+0.003

−0.001 0.012+0.001
−0.001 0.011+0.001

−0.001
θΓ −8+4

−12 8+2
−2 13+2

−6 26+1
−1 15+3

−4 19+2
−2

A3 – 0.0018+0.0009
−0.0009 – 0.0047+0.0003

−0.0004 – −0.0078+0.0006
−0.0013

B3 – 0.0034+0.0006
−0.0007 – −0.0019+0.0003

−0.0003 – 0.0049+0.0022
−0.0009

A4 – −0.0032+0.0015
−0.0013 – −0.0037+0.0006

−0.0007 – −0.0033+0.0012
−0.0009

B4 – 0.0041+0.0016
−0.0014 – −0.0060+0.0007

−0.0007 – −0.0078+0.0014
−0.0021

K ≡0 28 ≡0 75 ≡0 120

Notes. The uncertainties given are the weighted 1st and 99th percentile ranges of the marginalised posterior sampling with MultiNest. Positions
are given relative to the observation phase centre, given in Table 1. The Bayes factor (K) is relative to the PL model. All angles are defined east of
north.

a free position angle (θΓ ∈ [−90, 90] deg). We marginalised over
the source surface brightness and left the regularisation strength
as a free parameter, which was uniform in log space.

For the multipole coefficients, we set uniform priors of
±0.01. These priors are motivated by observations of isophotes
of elliptical galaxies by Hao et al. (2006) and the analysis of
simulations by Kochanek & Dalal (2004, see also Powell et al.
2022). Additionally, larger m = 4 amplitudes paired with low
ellipticity could produce exotic lensing configurations with six
or more images (Evans & Witt 2001; Hao et al. 2006) and we are
not aware of any such configurations reported for galaxy-scale
lenses. We compared the Bayesian evidence from MultiNest for
the different regularisation types to determine the appropriate
type for the remainder of the analysis. We find that gradi-
ent regularisation gives the strongest evidence for SDP 81 and
SPT 0538−50, while the area-weighted gradient gives stronger
evidence for SPT 0532−50.

4. Results

4.1. Evidence for complex angular structure

Table 2 shows the marginalised posterior of the lens parameters
and the relative evidence for the three datasets and the two differ-
ent lens models tested here. The maximum a posteriori PL+MP
lens model is shown in Fig. 2 for each system. The differences
in the convergence between the lens models are shown in Fig. 3
and have convergence differences up to ≈5 to 10 percent at the
Einstein radius.

The sources are not visually different between the PL and
PL+MP models, as can be seen in Fig. 4. Nevertheless, the
PL+MP is preferred over a PL for all three lenses, with a rel-
ative Bayes factor (difference in lnE) of 28, 75, and 120 for
SDP 81, SPT 0532−50 and SPT 0538−50, respectively (i.e. strong
to decisive evidence in favour of more complex angular structure;
Kass & Raftery 1995). In all cases, the improvement in model
evidence is dominated by the increase in source regularisation
rather than a change in the residuals (i.e. χ2). This indicates that
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Fig. 2. Maximum a posteriori PL+MP lens models. Rows, from top
to bottom: SDP 81, SPT 0532−50, and SPT 0538−50. First column:
model lensed surface brightness distribution, with contours of the con-
vergence in units of the critical surface-mass density in black. Second
column: noise-normalised residuals (data−model); black contours show
the model lensed surface brightness distribution; dashed grey contours
show the mask. Third column: model source surface brightness distribu-
tion, with caustics in black. The colour scale is the same for each column.

the models can fit the data equally well, but the source can be
smoother in the PL+MP case. This is consistent with the find-
ings of Powell et al. (2022), who compared various mass models

A110, page 4 of 8



Stacey, H. R., et al.: A&A, 688, A110 (2024)

SDP 81

−10 0 10

SPT 0532− 50

−5 0 5

SPT 0538− 50

κdiff (%)
−5 0 5

Fig. 3. Difference between PL+MP and PL maximum a posteriori
model convergences (i.e. κdiff = (κPL+MP − κPL)/κPL). The black contours
are the best model lensed surface brightness distribution.

for a system with a lensed radio jet. We interpret this as the regu-
larisation trying to enforce the lens equation (i.e. better focus the
source), as is discussed in Sect. 6.3 of Powell et al. (2022).

We find non-zero m = 3 and m = 4 amplitudes of ≈0.01 for
all three lenses, suggesting a non-negligible departure from the
PL model. The model parameters of the PL fitted with and with-
out multipoles are generally in agreement for each of the three
lens systems, although some parameters deviate by several sigma.
Some notable differences are the positions of the mass centres for
each system, the axis ratios, and position angles. Interestingly, the
shear strength is largely consistent between the PL and PL+MP
models, although the shear position angle does differ by several
sigma for SDP 81 and SPT 0532. Altogether, we do not see clear
evidence that the PL model is not compensating for some unmod-
elled angular structure when multipoles are not included, in con-
trast with the findings of Etherington et al. (2024).

We find that the PL+MP model posterior for SDP 81 differs
significantly in ellipticity, external shear, and multipole ampli-
tudes from that of Hezaveh et al. (2016) using the same set of
observations. The underlying PL model is similar to those of pre-
vious studies using these visibility data from baselines < 2 km
(Rybak et al. 2015a) and deconvolved images (Dye et al. 2015;
Inoue et al. 2016; Tamura et al. 2015; Wong et al. 2015). We
were not able to find a good model for the data using the PL+MP
parameters reported by Hezaveh et al. (2016).

4.2. Isophote and isodensity shapes

Anisotropic shapes are a known feature of the stellar distribu-
tion of elliptical galaxies. Since stars compose the vast majority
of the baryonic matter of elliptical galaxies, by measuring stel-
lar isophotes for these lens galaxies we can test to what extent
the mass-density distribution from lensing may be shaped by
baryons.

For SDP 81, there is lensed emission detected in the
F160W HST/WFC3 imaging that is blended with the lens light
(Rybak et al. 2015b). We modelled this lensed emission with
the PL lens model (Table 2) while simultaneously fitting the
lens galaxy light (see Ritondale et al. 2019b for details of this
methodology). We then subtracted model lensed emission from
the data so as not to include it in our subsequent isophote
fitting. After masking the light from any interposing objects,
we used the isophote tool in the Python package Photutils
(Bradley et al. 2023) that uses an iterative method described by
Jedrzejewski (1987) to fit elliptical isophotes to the lens galaxy
light. These Fourier modes have the function

Rm(θ) = R0 + am sin(mθ) + bm cos(mθ) (7)

PL

PL+MP

Fig. 4. Contours of the sources and source grids for the maximum
a posteriori lens models. Left to right: SDP 81, SPT 0532−50, and
SPT 0538−50. There are only minor visual differences in the source
structure between lens models.

in polar coordinates, where m is the harmonic mode (m = 3, 4)
and R0 is the elliptical path for that isophote at the angles defined
by θ. It should be noted that the isodensity multipole parameters
are not the same as those of the lens model parameters because
the multipoles in the lens model are spherical and the elliptical
power-law model induces a radial dependence. We converted the
multipole shape parameters to an amplitude and position angle
for ease of interpretation; the amplitude of a Fourier mode is
described by

ηm =

√
a2

m + b2
m , (8)

and the position angle is described by

φm =
1
m

arctan
bm

am
. (9)

Boxy or discy shapes can be discerned from the difference
between η4 and the ellipticity position angle (θq), where 45,
135 deg is a truly boxy shape and 0, 90 deg is a truly discy shape.

Figure 5 shows the isophote fits to the F110W and F160W
HST/WFC3 imaging of the three lens galaxies. F110W and
F160W have similar isophote fits. However, SPT 0532−50 has
the most scatter and the least well-constrained isophotes because
the lens is significantly fainter than those of the other two lens
systems.

A comparison of the total lens model convergence (PL+MP;
isodensity) and the F160W isophotes is shown in Fig. 6. In addi-
tion, we show comparisons of the isophote shape parameters and
isodensity parameters from lensing as a function of galaxy radius
for the three lens systems in Fig. 7.

None of the lensing galaxies are truly boxy or discy in their
isodensity shapes, but rather somewhere in between. However,
those of SPT 0532−50 appear quite boxy (Fig. 6). SDP 81 is
largely consistent in terms of its isophote and isodensity shapes,
while SPT 0532−50 and SPT 0548−50 show disagreement. For
SPT 0532−50, the isophote ellipticity position angle is offset by
about 40 deg relative to the isodensity profile at the Einstein
radius, and for SPT 0538−50 this offset is around 25 deg.

In all cases, the ellipticities (1 − q) are in good agreement at
the Einstein radius. We also see that the isophotes for all three
lens galaxies have some change in ellipticity and ellipticity posi-
tion angle with radius, which is not accounted for in the lens
model. We tested whether the position angles of the isophotes
could be used to describe the mass distribution for SPT 0532−50
and SPT 0538−50, given the multipole flexibility. This was done
by fixing the ellipticity position angle to that of the isophotes and
leaving all other parameters free to optimise. The best fits result
in significant residual emission and a more disrupted source,
confirming that the isophote ellipticity position angles are indeed
inconsistent with those of the total mass distribution.
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SDP 81

F110W 1′′

SDP 81

F160W 1′′

−5 0 5 −5 0 5

SPT 0532− 50

F110W 1′′

SPT 0532− 50

F160W 1′′

−5 0 5 −5 0 5

SPT 0538− 50

F110W 1′′

SPT 0538− 50

F160W 1′′

−5 0 5 −5 0 5

Fig. 5. Best-fit isophotes for the three lenses in HST/WFC3 F110W
and F160W filters. Left: data (log scale) and ALMA contours in black.
Neighbouring objects have been masked. Right: noise-normalised resid-
uals (data−model) with a sub-sample of isophote shapes.

5. Discussion

5.1. Origin of the angular structure

The three lenses in our sample are massive elliptical galaxies,
based on their optical colours and morphologies. Massive ellipti-
cal galaxies are generally slow, anisotropic rotators characterised
by triaxial shapes, and are frequently found to have boxy or
discy isophote morphologies to their rest-frame optical stellar
emission (Bender et al. 1988; Cappellari 2016). These features
are likely reflected to some extent in their isodensity structure.
Therefore, one might assume that this could explain the low-
amplitude multipole components that we detect in our lensing
analysis if the total mass follows that of the stellar morphology.

We find isodensity multipole amplitudes in the range of
0.1–1 percent, which is comparable to what is typically seen
in isophotes of elliptical galaxies (Kormendy & Djorgovski
1989; Kormendy et al. 2009), and similar to what has been
explored in recent theoretical work (O’Riordan & Vegetti 2024;
Van de Vyvere et al. 2022; Cohen et al. 2024). However, when
compared directly with these galaxies, there are minor differ-
ences in isodensity and isophote shapes, suggesting that their
stellar distributions are not completely consistent with those of
the total projected mass distributions. As the infrared stellar
emission likely traces the vast majority of the baryonic mass in
the inner halo, any differences could be caused by a different
shape to the galaxy’s dark matter halo that can contribute signif-
icantly to the density at the Einstein radius (Auger et al. 2010;
Sonnenfeld et al. 2012; Oldham & Auger 2018).

Numerical simulations predict that the shape of a dark mat-
ter halo is influenced by baryonic structures and its merger his-
tory (Prada et al. 2019; Chua et al. 2019). As a result, dark mat-
ter haloes can exhibit ellipticity, twists, and misalignment with
baryons that increase with radius (Liao et al. 2017; Emami et al.
2021; Han et al. 2023). However, these simulations do not
resolve the inner radii probed by galaxy-scale lensing, nor do
they resolve them well, so they do not make clear predictions for
our data.

The lens galaxies in this work may be part of groups in
which the halo is disturbed by ongoing mergers and interactions:

κPL+MP

F160W

Fig. 6. Comparison of the total convergence of the maximum a pos-
teriori PL+MP lens model (κPL+MP; colour) and a sub-sample of
F160W isophotes (black). Left to right: SDP 81, SPT 0532−50, and
SPT 0538−50.

SPT 0538−50 and SDP 81 have several close galaxies in projec-
tion in the HST imaging (these have been masked in Fig. 5)
that suggest the lens is the central galaxy of a group (we note
that the redshifts of any neighbours are not reported in cata-
logues, so it is not necessarily clear what they are or whether
they are associated). On the other hand, this does not appear to
be the case for SPT 0532−50, which exhibits the strongest mis-
alignment between its stellar and total mass distribution while
being seemingly isolated. The lens of SPT 0532−50 is signif-
icantly less massive than the others and has a higher redshift,
so it may be in a different stage of its evolution (Despali et al.
2014; Cataldi et al. 2023) or follow a different formation path-
way (Penoyre et al. 2017; Lagos et al. 2018).

Alternatively, rather than the halo of the lens itself, the mul-
tipoles could be caused by density perturbations extrinsic to
the lens galaxy. Galaxies at a different redshift close in pro-
jection could also be perturbing the lensed images. Here, the
distributions of these nearby galaxies do not appear to corre-
late with the ellipticity position angle from lensing: for exam-
ple, SPT 0532−50 demonstrates the largest offset, but no nearby
galaxies are apparent in the infrared imaging. However, these
perturbers need not be directly observable; O’Riordan & Vegetti
(2024) find that the anisotropic distribution of dark sub-haloes
may be interpreted as third and fourth-order multipoles in the
lensing convergence. Line-of-sight interloper haloes may also
induce multipole structure, as they produce a similar lensing
effect and are expected to contribute significantly to the lensing
perturbations (Despali et al. 2018; Amorisco et al. 2022). Such
a scenario could be occurring for SDP 81 and SPT 0538−50,
where the m = 4 amplitudes are inconsistent with those of the
light. Additionally, SPT 0532−50, where the total mass shows
the largest offset from the light, is also at the highest lens red-
shift, where there will be more lensing signal from low-mass
haloes along the line of sight (Despali et al. 2018).

While there are several possible contributions to the incon-
sistency between the isodensity and isophotal shapes for
these lens galaxies, it may be possible to discern these
contributions with non-analytical lens modelling methods
(e.g. Vegetti & Koopmans 2009; Vernardos & Koopmans 2022;
Galan et al. 2022) if different mass components produce differ-
ent lensing signatures. For example, Galan et al. (2022) used a
technique involving wavelets to demonstrate that it may be pos-
sible to differentiate the lensing signal induced by a population
of low-mass haloes from an intrinsic multipole structure in the
lensing galaxy, which could constrain dark matter models. Addi-
tionally, intrinsic multipole shapes or the lack thereof in the lens
galaxies themselves may provide a test of self-interacting dark
matter (e.g. Brinckmann et al. 2018), provided that the baryons
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Fig. 7. Shape parameters against semi-major axis radius as a function of the Einstein radius. Columns, from left to right: SDP 81, SPT 0532−50,
and SPT 0538−50. The points show the F110W (blue) and F160W (mauve) isophote fits and their 1σ errors. The yellow curves show the isodensity
parameters for PL+MP for the approximate range of radii where there is lensed emission (the convergence 1σ errors are too small to see). The
shaded grey region denotes the FWHM of the F160W point spread function (the larger of the two filters). All angle definitions are east of north.
The multipole symmetry means that φ3 cycles over 120 deg and φ4 over 90 deg, so jumps of those magnitudes are not physical.

do not significantly affect the shape of haloes in the regions of
interest (Despali et al. 2022).

5.2. Consequences for lensing studies

Complex angular structure could have significant effects on lens-
ing observables that are relevant for all lines of research in
gravitational lensing, particularly measuring the Hubble con-
stant from time delays (e.g. Wong et al. 2020) and constraints
on dark matter models via the detection of low-mass dark matter
haloes (e.g. Ritondale et al. 2019a; Gilman et al. 2020). Recent
works have attempted to address this by considering compos-
ite models consisting of the observed stellar component (with a
constant mass-to-light ratio) and an elliptical dark matter pro-
file (e.g. Rusu et al. 2020; Nightingale et al. 2023; Chen et al.
2022), or explored the consequences of boxy and discy shapes
(Van de Vyvere et al. 2022). However, composite lens models,
even when the two components are allowed to be misaligned,
only allow for additional angular complexity of order m = 2.
Studies that consider the consequences of higher-order angular
structure on lensing observables typically consider m = 4 and
not m = 3 (Van de Vyvere et al. 2022; Nightingale et al. 2023;
Gilman et al. 2023), and often limit m = 4 structure to true boxy
or discy shapes (i.e. θq − φ4 = 0). We have shown here that these
models do not encompass the true angular complexity of lens-
ing galaxies. Future work involving a larger sample of lenses
is needed to provide statistics on the level of complex angular
structure in lensing galaxies. Such data will provide an essen-

tial test of systematic errors on cosmological constraints derived
from strong gravitational lensing.

6. Conclusions

The singular ellipsoidal power-law model has been the pre-
dominant model in galaxy-scale strong lensing studies for
decades. However, as observatories reach higher angular res-
olutions, the data becomes sensitive to deviations from this
simple assumption. We have shown that significant multipole
expansions of the power-law model up to the fourth order
with Bayes factors between 28 and 120 can be measured with
ALMA observations at an angular resolution of ≈30 mas. While
this is significantly lower evidence than for very-long-baseline
interferometry (VLBI) data at an angular resolution of ∼mas
(Powell et al. 2022), the current relative abundance of lensed
dusty star-forming galaxies compared to extended arcs in VLBI
observations means that future observations with ALMA could
provide a statistically meaningful sample of lensing angular
structure. Additionally, future surveys, such as with Euclid and
the Square Kilometre Array, will allow for the selection of a
large sample of useful targets for high-resolution interferometry
(Serjeant 2014; McKean et al. 2015).

Previous constraints on dark matter models via gravitation-
ally lensed arcs have relied on rare individual detections of
low-mass perturbers to constrain the shape of the dark matter
halo mass function (Vegetti et al. 2014, 2018; Ritondale et al.
2019b; Enzi et al. 2021). Searches for such perturbers could
be susceptible to systematic biases if the angular structure in
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the lens is not accounted for Nightingale et al. (2023). Indeed,
O’Riordan & Vegetti (2024) used mock observations to show
that angular structure in the lens could create false detections in
HST-like data. Here we find, using data of a higher quality than
those provided by the HST, that angular structure with compara-
ble amplitudes does exist in such systems, and can be accounted
for using multipoles. The differences we find between the lens-
ing angular structure and stellar isophotes suggest a contribu-
tion from non-baryonic mass structure, which could be caused
by a misalignment of the galaxy’s dark matter halo (Liao et al.
2017) and/or the influence of a population of low-mass per-
turbers (O’Riordan & Vegetti 2024). Our future work will use
pixellated potential corrections to shed further light on the nature
of the complex angular structure identified for the sample of
lenses presented in this paper.
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