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In this paper, we develop and analyze a mathematical model for spreading
malaria, including treatment with transmission-blocking drugs (TBDs). The
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The mathematical analysis reveals that, depending on the model's demogra-
phy, the model can exhibit forward, backward, and even some unconventional

types of bifurcation, where disease elimination can occur for both small and
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large values of the reproduction number. We also conduct a numerical analysis
to explore the short-time behavior of the model. A key finding is that for one
type of demographic growth, the population experienced a significantly higher
disease burden than the others, and when exposed to high levels of treatment
with TBDs, only this population succeeded in effectively eliminating the disease
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1 | INTRODUCTION

Malaria is a vector-borne infectious disease caused by infection with single-celled protozoan parasites of the genus
Plasmodium—single-celled organisms that cannot survive outside their host(s). Malaria pathology is caused by repeated
reproduction of the parasites in the human red blood cells. The sporozoites, the transmissible stage of Plasmodium parasite
residing within the mosquito mid-gut, are transmitted to humans through bites of infected female Anopheles mosquitoes
(vectors) when they feed on human blood [1, 2]. Anopheles mosquitoes become infected when they feed and ingest human
blood that contains mature gametocytes, the transmissible stage of the Plasmodium parasite within human.

Despite malaria being preventable and treatable, it remains one of the most prevalent and deadliest human infections
in developing countries, especially in Sub-Saharan Africa, where young children and pregnant women are most affected
[3, 4]. According to the WHO malaria report (2020) [5], there were estimated 241 million cases of malaria worldwide in
2020, resulting in around 627 thousand deaths. The WHO African region carries a disproportionately high share of the
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(A) Estimated number of malaria cases by WHO in Africa (B) Estimated number of malaria deaths by WHO in
and globally Africa and globally

FIGURE1 Visualization of data obtained from the World Health Organization (WHO)-Global Health Observatory (GHO) [6] for the
estimated number of cases and deaths for 2010-2017. We used Python programming language to plot these figures using the data obtained
from WHO-GHO [6]. [Colour figure can be viewed at wileyonlinelibrary.com|

global malaria burden with as much as 95% of malaria cases and 96% of malaria deaths, where 80% are children, recorded
in Africa in 2020 [5].

Increased investment and research on malaria control interventions have resulted in impressive reductions in global
malaria cases and mortality; see Figure 1. Figure 1B shows that the number of malaria-caused deaths has continued to
decrease globally and in Africa for the years 2010-2017. Particularly, it can be estimated from the data that the number of
malaria-caused deaths in Africa has fallen by approximately 27.4% in 2015 compared to 2017. However, in Figure 1A, the
number of malaria cases decreased in the years 2010-2015, but it started to increase in the years 2015-2017, even though
the malaria cases in 2010 was still higher than in any year from 2010 to 2017. Specifically, the number of malaria cases in
Africa has fallen approximately by 6.1% in 2015 compared to 2010. However, there was an approximately 2.4% increase
in the number of malaria cases in Africa in 2017 compared to the year 2015; see Figure 1.

Despite the reduction of the number of disease-caused deaths, malaria remains a major global health problem, and
there is empirical and theoretical evidence that the current suite of interventions alone will not be sufficient to eliminate
it in most endemic areas, particularly in Sub-Saharan Africa [7]. Novel intervention strategies need to be considered.
Recently, several researchers and scientists have shifted their research to new in-host transmission-blocking interventions
(TBIs) such as transmission-blocking drugs (TBDs) and vaccines (TBVs) [8, 9]. It is expected that new medicines that
block transmission and target dormant reservoirs of the malaria parasite, such as the hypnozoite of P. vivax, will have an
important role in the eradication of malaria.

As mentioned in [10], TBDs can be drugs targeting the malaria parasite within the human host, the parasite in the
vector, or the vector itself. Such drugs are designed to be administered to humans so that during the blood meal, the
mosquito will take them together with the blood [11]. Transmission-blocking properties of common drugs have been
known for some time. However, to eradicate malaria, it was necessary to develop drugs specifically designed to completely
block Plasmodium parasites transmission [12], and there are many promising clinical advances in the development of
such novel TBDs; see [8-10, 12]. Also, the use of TBDs to target the reservoir of malaria infection plays an important role
in reducing or possibly stopping the transmission of malaria between humans and mosquito vectors.

Many epidemiologists and other scientists have invested their efforts in learning malaria's dynamics and control-
ling its transmission. An impressive variety of biological literature and epidemiological models exist to study the
immuno-pathogenesis and dynamics of malaria transmission. The use of mathematical models increases the impact of
the theory on the practices of disease management and control; see, for example, [13-29].

Moreover, given the pivotal role that demographic factors play in shaping the transmission dynamics and control of
infectious diseases, a multitude of mathematical models for infectious diseases have incorporated various demographic
structures, revealing their significant impact on the dynamics and control of diseases (refer to [30-36] for further insights).
For an extensive and systematic review of models that incorporate dynamic population structures into infectious disease
transmission models, we refer to the work of [37]. Therefore, the incorporation and thorough examination of various types
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of demographic growths within malaria modeling is essential for enhancing the understanding of disease transmission
and the design and implementation of effective control measures using TBDs.

Hence, in this paper, we propose a novel minimalistic mathematical model for malaria with TBD treatment, which, on
the one hand, keeps its essential features, such as the creation of the protected class, and, on the other hand, allows for
a comprehensive analysis of the impact of the chosen demographic model on the disease’s transmission and its control
with the drugs. We provide a mathematical analysis of the model and present comprehensive numerical simulations to
reveal the impact of the demography on its short- and long-term behaviors.

The paper is organized as follows. In Section 2, we formulate the model, and in Section 3, we present its mathematical
analysis. In particular, in Section 3.3, we determine the disease-free equilibrium (DFE) point and study the dependence of
the number of replications on the treatment coverage rate and the efficacy of TBDs; in Section 3.4, we carry out a rigorous
study of the existence and number of endemic equilibria for the different types of population growth and the possibilities
of occurrence of bifurcations; and in Section 3.5, we prove the global asymptotic stability of the DFE. In Section 4, we
present numerical results that illustrate the effect of treatment with TBDs and the impact of population growth in malaria
dynamics. The paper ends with conclusions in Section 5.

2 | THE MODEL

We propose a simplified model of malaria transmission using treatment with TBDs, which, nevertheless, captures the
essential features of the treatment by introducing the protected class. Thus, the human population is subdivided into four
compartments: susceptible (Sj), infectious (I},), recovered (R},), and protected (Pj). On contact with an infectious mosquito,
a susceptible human can become infectious at the rate % Once infectious, the individual may recover naturally at the

rate o, joining the recovered class, or may recover after tregtment with a TBD at the rate wy, thus becoming protected, that
is, noninfective and immune. Recovered individuals may lose their immunity at the rate of y,, and protected individuals
may lose their protection at the rate of 9;,. All individuals may die at the rate d,(N). In addition, infectious individuals
may die also of the disease at the rate §,,. For the disease-free human population, we use the general demographic model

N; = bp(Ny) — dp(Ny)Np, 1)

where by, is the total birth rate (individuals per unit time) and dj, is the per capita death rate (per individual per unit time).
In this paper, we will consider four demographic models for the human population.

(a) Malthusian growth,
bn(Np) = 7nNp, dp(Np) = pn-
(b) Simplified logistic, or affine, growth,
br(Ni) = An, dp(Nw) = pn.
(c) Logistic growth—density-dependent birth rate,

N, .
br(Nip) = Ny (1 - %) , dn(Nw) = piip, With 7> ppp.

(d) Logistic growth—density-dependent death rate,

bu(Np) = 7pNp, dn(Np) = pan + ponNh.

We assume that there is no vertical transmission of the disease, that is, the recruitment to the human population occurs
only in the susceptible class. In the mosquito population, the rate of infection of a susceptible mosquito due to contact with

Variables Description Quasi-dimension TABLE1 State variables, their
S Susceptible humans H description, and corresponding
I, Infectious humans H quasi-dimension.

Ry Recovered humans H

Py Protected, that is, successfully treated and noninfective humans H

Sy Susceptible mosquitoes v

I, Infectious mosquitoes v
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infectious or recovered human is , and all mosquitoes die at the rate d,(N,). As for humans, the recruitment to

h
the mosquito population occurs only in the susceptible class and is described by a function b,(N,), so that the disease-free
mosquito dynamics is given by

N\: = bv(Nv) - dv(Nv)Nv- (2)

We assume that there is a unique N? > 0 satisfying

b(NY) — dy(NJ)N, = 0, (3)

|

d(No) d(No)

FIGURE 2 Flow diagram showing the malaria transmission dynamics between human and mosquito populations with a
transmission-blocking drug treatment, Here, ¢ = 1 — ¢, b, (IN,,) and b,(N,) represent the net rates of births, whereas dj,(IN,) and d,(N,)
represent the net rates of deaths for humans and vectors, respectively. Description of the parameters of the model is given in Table 2. [Colour
figure can be viewed at wileyonlinelibrary.com]

TABLE 2 Parameters, their description, and corresponding quasi-dimension.

Parameters Description Quasi-dimension

An Total constant recruitment rate of susceptible humans H x day™

b7 Per capita birth rate of humans day!

. Per capita birth rate of mosquitoes day™!

Bon The probability of transmission from infectious vector (mosquito) to sus- Dimensionless
ceptible humans during bite

Py The probability of transmission from infectious humans to susceptible Dimensionless
vectors during bite

a Average number of bites on humans by a single female mosquito per unit H X (V x day)~!
time if humans were freely available.

Ap Force of infection from infectious vectors to susceptible humans day™*

A, Force of infection from infectious humans to susceptible vectors day™

wp Constant rate of treatment of infectious human with TBD day™!

c Probability that TBDs confer 100% reduction in transmission Dimensionless

Yh Waning rate of immunity day™!

o Natural recovery rate of infected humans by immune response day™

¢ Reduction of the infectivity of recovered humans to vectors Dimensionless

Han Density-independent death rate of humans day™!

M1y Density-independent death rate of mosquitoes day™

Hon Additional density-dependent part of the death rate for humans H! x day™

Moy Additional density-dependent part of the death rate for mosquitoes V-1 x day™

I Disease-induced death rate day™

9 Rate at which individuals in class Py, lose their protection against infection ~ day™

Note: We use the notations H for dimension of number humans, V for number of mosquito vectors.
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which is globally attractive on (0, c0).
The description of the compartments in model (4) with TBDs is given in Table 1.
The flow of the model is shown on Figure 2, while the parameters are described in Table 2.
Therefore, we shall study the non-linear system of ODEs

), = DN + 74Ri + 9P = (@i + du(Nw) ) S,

I, = iy Sh — (@h + 0 + du(Ni) + 6)]n,

R, = (1 ='Qwn + &)l — (i + dn(Ni) R,

1 P, = cond — 9 + du(Ni)Pu, “
St = b = (apn ) 4 4N ) 5.,

L+GR
11,1 = aﬁhv%sv - dy(NV)I,,

with initial conditions
Sp(0) > 0, Ip(0) > 0, Ry(0) > 0, Pr(0) >0, (5)
Sy(0) > 0, I,(0) > 0.

We note that the adopted infection force corresponds to the situation when the number of humans significantly exceeds
the number of mosquitoes; see [15, tab. 2.3].

3 | ANALYSIS OF THE MODEL

In the next subsection, we present various results on the mathematical analysis of the model (4).

3.1 | Basic properties of the model

In this subsection, we find the invariant region of the model (4), and in particular, we show the non-negativity of its
solutions. To simplify the expressions, we let g;(Ny) = wp + 6 + 6, + dw(Np), 8- (Nk) = yn + dn(Np), and g,(Np) = Iy +
dn(Np), Ap = aPyn, Ay = APy, and f, = (1 — )y, + 0.

Proposition 1. The region RS := [0, 00)®\{0} is positively invariant for system (4).
Proof. The system model (4) can be written in a matrix form as
x' = AX)X + b(x),

Where X= (Sh7 Ph7 Slh Ih7 IV7 Rh)T’ b(X) = (bh(Nh)v bv(Nv), O’ 07 07 O)T’ and

—%{” —dp(Np) O 0 Yh 0 0
0 —8p(Np) 0 cwy 0 0
0 0 20X _g,nN,) 0 0 0
A®x) = ’ A,
0 0 0 —gi(Np) N 0
A,S, _ £&AS,
0 0 0 N, dy(Ny) N,
0 0 0 Sr 0 —gr(Nh)

The matrix A is Metzler matrix, and it is well known that the systems determined by Metzler matrices preserve
invariance of the non-negative cone. O

The time derivatives of the total human population Nj(f) and mosquitoes N, () can be obtained by adding the first four
and, respectively, the last two, equations, of system (4):

{ N}, = ba(Ni) = du(Ni)Ni = 8l (©)

N\S = bv(Nv) - dv(Nv)Nv-
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Therefore, often, we will find it advantageous to work with the following version of (4):
N, = bp(Ny) — dpn(Np)Np — S,

I, = apun ]f,—“h(Nh —In — Ry — Pn) — (wn + 6 + du(Ni) + 6p)1i,
R, = (1 = 0wy + )y — (vn + du(Ni))Rn,

P} = cwplp — (9 + dp(Ni))Pp,

Ny = by(Ny) — dy(NW)Ny,

I, = ap, S (N, - 1) — dy (N

Ny

(7

The analysis of (7) depends on whether the demography is Malthusian (case a) of (1) or not.

Proposition 2. Let Nﬂ and N? be the positive disease-free equilibria of (6) in cases (b)-(d) of (1). The set Q = Q; X Q, C
RS*, where

Qy = {(NnIn.Rn.P) € RY : 0 < Sy + Iy + Ry + P, <N},

Q,={SnL)ER] : 0<S,+I, <N},

is positively invariant and attracts all solutions to system (4) emanating from R}".

3.2 | The case of the Malthusian growth of the human population

The case when the first equation in (6) describes the Malthusian growth, that is,
N, = mNp — uinNp = 8pln 2= raNy — Spln, (8)

though arguably the simplest, does not fit into the general theory and thus requires a special treatment. In fact, the
disease-free population does not have an equilibrium if r, = 7, — py;, > 0, it has a continuum of equilibria (Nﬁ = N, for
any initial condition Ny of N) if r;, = 0, and it decays to zero if r, < 0.
Ifr, < 0, then Nj,(f) - Oast — oo, hence Ij,(¢), Sy(t), Ry(t), Pp(t) - 0ast — oo irrespective of 6. Thus, the whole human
population is wiped out, and we have globally attractive disease-free (but also human-free) equilibrium (0, 0, 0, 0, Nf,) ,0).
Consider now the case r, > 0. Consider the first two equations of (7):

!
Nh
'

Ih

We can make the following observations.

rpNp — oplp,
I
aﬂuhN—”h(Nh —Ip — Ry — Pp) — (wn + 0 + p1n + 6p)Ip.

©)

Lemma 3. The number of infectives I, and hence the numbers of recovered R;, and protected P, remain bounded
irrespective of ry, > 0, and the bound is independent of Ny, (0).

Proof. Using the notation introduced at the beginning of Section 3.1, we see that the second equation in (9) yields
I;z < Ath,max - giIha

where we used max>ol,(f) < Nymax = maxgoN,(t) < oo, valid by the positivity and (3). By the second equation of (6),
Ny max is independent of Nj(0). Hence,

L

ApN,
max I(f) < max {Ih(O), el } = Inmax; (10)

where I}, max is independent of 7, and Nj,(0) and the statement for I, is proved.
The statements for Ry, and Py, follow directly from (7). O
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Corollary 4. There is no globally stable equilibrium for (7) if r, > 0.

Proof. Since Ij,(t) < I max, t > 0, we have

N/

= TnlNn — only = "N — Splp max

and, as above,

Onlhmax Ondp max Ondn max
Ny() 2 €WN(0) + ——"2(1 — €l) = ¢! <Nh(0> - > T
Fn

rp Tn

Hence, the population will tend to infinity if we take sufficiently large initial population N (0).

Proposition 5. If 6, < ry, then I(t) »> 0ast — oo.

Proof. Denoting n = r, — 6p, (8) implies
Ny > Ny(0)e™.

Consider the last equation in (7), written as

1 R 1 R
I&:Av(h-i_gr h)Nv_ Av(h+Cr h)+ﬂv L
Ny Ny,

Using Lemma 3, the non-negativity of solutions and the boundedness of N,, we have

L(t) < e L,(0) +

(e—rlt _ e—uvt) ,

Hy

for some constant K, with an obvious modification if 4 = .

Corollary 6. Under the assumptions of Proposition 5, I(t) — 0 as t — oo.
Proof. As above, the second equation of (9) yields

—&it t
In(t) < e™8'T,(0) + e_/ S, (s)ds,
An Jo

and we obtain the thesis either by direct integration or by applying L'Hdspital rule.

Proposition 7. Ifr, =0, then I(t) »> 0ast — oo.

Proof. If we take N = Sy, + Iy, + Ry, + Py, + S, + I, as a Lyapunov function for (4), we obtain

N' = =61

WILEY—22

Since, by Lemma 3, the trajectories are bounded, LaSalle's principle shows that all positive trajectories converge to
the largest invariant set contained in {(Sy, I, R, Py, Sy, ) € Rﬂ . I =0}, and hence, I,(t) > 0ast — co. O
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Summarizing, if r, = 0, the disease will be eliminated, but we do not have criterion which would ensure the survival
of the whole population, that is, that N, - N, > 0 and t - 0. On the other hand, if r, = 7, — u1, > 8y, then there is
no asymptotically stable equilibrium for the whole system (7) as the population is growing unboundedly; however, the
numbers of infective hosts and vectors (and hence of recovered and protected humans) tend to zero, and thus, we can talk
about elimination of the disease.

3.3 | DFE and basic reproduction number R,

In cases (b)-(d) of (1) and under assumption (3), system (7) has a unique positive DFE point given by £° =
(N;?’ 0,0,0, NS, 0), where Ng is the positive equilibrium of (1). We note that such mathematical assumptions are demo-
graphically meaningful and are currently often used in the literature. They are, however, not satisfied in the simplest case
of the Malthusian demography, which, therefore, requires a separate analysis; see Section 3.2.

By using the next generation matrix method based on the approach and notations used in [38, 39], we find that the control
reproduction number, R, (this is the basic reproduction number of the disease model 7, with active TBD treatment, i.e.,
¢ > 0)is given by

ARANY (8 + fr&r) ApAN? [0+ (1 = ) op + 0) &
Re= 040,00 = 040,00 ) an
N,d,g’g; N,d,g’g;

where b) = by(N)), d) = du(N)), & = &i(Ny), & =g (N)), g = gN}), by = b,(\), and dj = dy(Ny).
Remark 8.

1. The control reproduction number can be rewritten in the form
RI=R,(Ri+ Ry, (12)

which can be derived as follows. When an infectious mosquito is introduced into a fully susceptible human pop-
ulation, it will infect humans during its average infectious period, dl—o, at the rate %. The total number of human
v h

infected by this mosquito during its entire infectious period is approximately equal to R, = ~

@
v h
other hand, if an infectious human is introduced into a population of mosquitoes composed only of susceptible
ones, during its average infectious period g—lo, it will infect mosquitoes at the rate %. After its infectious period, a
i h

will recover, and during its recovered period, glo, it will infect mosquitoes at the rate %. So the
h

4, 0
X 15 X Sh. On the

. 1—
fraction {=9ete

total number of mosquitoes infected by an infectious human will be R; + R, with

A 1-c¢ A
Ri=—><—gx58 and Rr=¢x%x hg’

x S9,
& N, &i & N,

and (12) follows upon noticing that at DFE we have S} = N} and S) = Ny.

2. The description given in the previous point does not depend on the nature of the function b,(Nj) and can be used
in the case of Malthusian growth with r, = 0 with Ng = Ny(0), which is a DFE. However, we can't use this value
to determine the local stability of DFE.

3. One can see that R, is a decreasing function of c, the probability that the TBDs confer 100% reduction in
transmission. So, one needs to increase this parameter to control the evolution of the disease.

A AN [0+ +0)E ]

Npgge?

obtained when ¢ = 0 (i.e., with no treatment with TBDs), and ¢(c) =

4. R. can be written as R? = Ré (1 — @(c)), where Ry = is the basic reproduction number,

coyé,

—— represents the TBD-induced
&+ (wp+0)é,

reduction in R,.



OUIFKI ET AL. Wl L EY 9737

3.4 | Endemic equilibrium points

The endemic equilibrium point is any point EEP = (S*,I;,R;,P;, S, I¥) with all the coordinates positive, solving the
system

-

* * £ 13 * *
bh + vnR; + 9P} — <Ah17; + dh> Sy =0,
I\t % kR
AhN_;‘Sh _gi Ih =0,

frIZ _g;'kRZ =0,
\ conl; — gsP: =0,
(LHER) "
b — (AN— rd) s =o,
(I'+¢,.R:)
e Sy — dOI = 0,

*
h

Ay

where by = bp(N}),d; = du(N;), 8 = &i(N;), g = g(N;), and g5 = gp(N;) (assuming Ny >0 exists). We obtain

A (1+5"—,{'>I*N°
R* = &I* P = thI* It = v g Jhv
T g h? T v afr ) .’
h™ g'h h™ g h AV(1+ L )Ih+d3Nh

S_;

N;

where S} = N? — I*. Using the equation A, I} — gl =0 s Ap(N; — Py — Ry — NIy — g/I'N; = 0, and after some

i'h'“h
calculations, we obtain

gdiN? (R -1
I = N (RE 1) , (13)

[ fr cw, 0 * NT*
A, <1+?> <Ah <1+g7+g—j>Nv +giNh>

r r P

with

AhAv<1+%)N3
R = i

s 40 \T*
g N,

We note that when &, = 0, the first equation of (6) becomes N;l = by(Ny) — di(Ny)Np,. Then, N;: = N;: is a positive unique
solution to (1), which exists in cases (b)—-(d). In the Malthusian case, this scenario is only possible if r, = 0; then, Nﬁ is

&t
* 0 g* 0 5k 0 g% 0 * 0 3 3 3 *2 AhN‘?AV<1+g> 2
any Np(0). Therefore, by = b,.d; = d,.g = g.& = &, and g, = g,, which implies that R7* = —gan = R..

Hence, (13) can be written as
gaN,? (RE-1)

I = .
A, <1 + fg—f:) (Ah <1 + % + %>N8+g§’NZ>
r r D

h

This leads to the following result:

Proposition 9. Consider (1) in case (a) with r, = 0 or (b)-(d). If 5, = 0, then system (4) exhibits a forward bifurcation;
that is, system (4) has

1. no endemic equilibrium points if R? € [0, 1],
2. a unique endemic equilibrium point if R? € (1, +co).

Next, we assume that 6, > 0 and find NZ‘ for three particular cases:
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3.4.1 | Case b,(Ny) = nyNp, and dy, (Nyp) = pin
Using the expression of d, we obtain g; = g7 = yi + pin. & = 8 = I + s, and g' = g7 = wy, + o + 6, + pp, which

A,N°A, <1+5;">
implies that R¥? = gOTN*V' Therefore, (13) can be written as
i v 'h

N; (AWNEp ;)

= (14)
" (ON} +g'N;)p

érfr Ca
wherepzAv<1+?>and0 AhN‘)( g?+%>

Remark 10. If we return to Section 3.2, that is, with b,(Ny,) = r, Ny, then (14) and the stationary case of (8) lead to the
following equation for a possible stationary population size:

N* (AppN® — g°dON*
N} — 8 Y =0, (15)
p (6N + g'Ny)

which, if N;: # 0, gives

. PNJ(Apdy — 1n0)
8i(AnG;ry, + 8,dY)

We see that N; > 0 (and hence, by 14 and 15, I* > 0) provided &, > ry, (1 + = . r o S m > so, in particular, 6, must be
r P
bigger than ry,, which is consistent with Corollary 5.

Hence, in particular, in the case of a Malthusian population, large disease-induced death rates 6, > r;, can stabilize
the population what would be exponentially growing in the absence of a disease. However, according to Corollary 4,
this stabilization will never be global.

3.4.2 | Case b, = A, and dy, (Ny) = pin

We first note that, in this case, (1) has a unique positive solution NZ y" Using R2 =
1h

NO d0 7 we can write (14) as

dOgONoN* <R2 _ N_Z>

I =
" (0 +g'Nyp

Substituting the expression of I into the equation b;‘l - d;‘lN; - 5hIZ = 0 and using 4, = th}?, we obtain

NO
N® — yiyN; — 6 =0. 16
HinNy — HiwiNy — Op O+ g?N;’l‘)p (16)

dggONON* <R2 _ _h>

0
To find the endemic equilibrium points of model system (5), we substltute -4 — 1 = x*into (16) and solve for x* > 0,
which is equivalent to finding N; (0 NO) that satisfies (16). In fact, it is easy to see that if 0 < Ny < Ng, then x* > 0.
N?
Moreover, if x* > 0, then —’; > 1, which, by N0 > 0, implies 0 < N, < N0 Replacing Ny

factorizing and collecting with respect to x*, we obtain the following equation:

X2 +b(k-R:)x* +a(1-RZ) =0, 17)
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X7 x*
0 1 R2 0 RZ
(A x>1 B)0<k<1
FIGURE 3 An illustration of the model's bifurcation behavior.
where
5,8°d°
b=a= % > 0,
1h
1
_ (O+N)g)pyp >0 (18)
- 5,809 !

In this case, we can apply Proposition 1 of [40]. We obtain
Proposition 11.
1. Ifx > 1, then system (4) exhibits a forward bifurcation; that is, system (4) has

(a) no endemic equilibrium points if R? € [0, 1],
(b) a unique endemic equilibrium point if R? € (1, +0).

2. Ifk <1,then0< Q. := Kb=242yb=)+1 Vbb(l_'(m < 1 and system (4) exhibits backward bifurcation; that is, system (4) has

(a) no endemic equilibrium points if R? € [0, Q,),

(b) one endemic equilibrium point if R = Q,,

(c) two endemic equilibrium points if R? € (Q,, 1),

(d) a unique endemic equilibrium point if R? € [1, +o0).

An illustration of the bifurcation results in Proposition 11 is presented in Figure 3.

3.4.3 | Case by(Ny,) = rN, <1 - %) and dp, (Ny) = pin

We first note that, in this case, the solutions of (1), rNj, <1 - % > —u1pnNRp = 0, are 0 and Ng = M which is biologically

feasible if r > py;. One can show that, under this condition, and in the absence of the disease, the human population
will converge to N2 Subsequently, in this section, we restrict our analysis to the case where r > u;;,. For notational
convenience, we set n = r — pyp.
In this case, NZ satisfies
N; (ANgp = 0dIN;)

N*
* h 5
PN (11— =2 ) = puNF =6 =0. 19
h( K) e o T g N (19)

Therefore, N;l‘ =0, or

N+ qiN; +qo =0, (20)



9740 W OUIFKI ET AL.
ILEY
where
K(5,NSd%*R2—n6p) _ K&,NOdO R2 rop
qO rpg? - rp c K(shd()go )
_ 10p=Kg) (np+8,d)) K50 0
B g_° S N
i i
As in the previous case, we replace N; b
QX+ Qix* + Q=0 (21)

ON®
where Q) = Kahrzfr;:dg (NY (N +q1) + qo) = Kér]f,odo ( 3 +QO> Q=g Nodo (1N} +2qo), and Q, =
Substituting qo and q; in Qp and Q;, we obtaln

Qo =RZ-1,

Q=2(R:-x1),

Q2 =R: - k>,
where

rp(0 + g'N?) + K6,d0g? rop
K1 = 00 >0and1<2=ﬁ>0
2K§hd‘)gi K(Shdvgl

Let

A(R?) =Qi—4Q0Q: =4 ((x -2k + DR+ (k] — k2) ) -
One can easily show that 7 — «, > 0, therefore,

« Ifk, — 251 + 1> 0, then A (R2) > 0 for all R..

2
« Ifk; —2K1 +1 <0, then A (R?) > Oifand only if R2 < k3 1= KK22:‘+1.
27 1
. . . Ké,d’g° ONO . .
Noting that k; > x, ifand only if k4 := % > 1, we discuss the following two cases.

Casekyq > 1
In this case, k1 > k3, leading to the following result.

Proposition 12.
1. If1 < Ky, then Equation (21) has

(a) no positive roots if R? < 1,

(b) a unique positive root if 1 < R? < ky,
(¢c) two positive roots if k; < R? < ks,
(d) no positive roots if k3 < R2.

2. Ifk; <1 < Ky, then Equation (21) has

(a) no positive roots if R? < i,

(b) a unique positive root if ky < R2 < 1,
(c) two positive roots if 1 < R? < ks,

(d) no positive roots if k3 < R2.

3. Ifky < 1, then Equation (21) has

(a) no positive roots if R? < i,
(b) a unique positive root if ky < R2 < 1,
(¢c) no positive roots if 1 < R2.

K, N°d° qo-
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Proof. We first note that if k; > 1 and x; > k3, then 2x; — 1 > k3, which, together with «, < k3, implies that
2_K12

K2 < 2k1 — 1. Therefore A (R?) > Oifand only if RZ < k3 := KKZK . Furthermore, k3 — k1 = —% < 0and
27 1 1= —K2

— (’“1—’“2)2

= o > 0, implying that k, < k3 < k3.

K3 — K2

1. If1 < Ky, thenky—2k1+1 = K, — k1 — k1 +1 < 0 (because k, —k; < 0and —k;+1 < 0). This implies that A (R2) > 0
Ky —K?2

i iET2 - o (mD(kak) (k1=x3)"
ifandonlyif R; < k3 := PRy Furthermore, k3 —x; = Grol)r, Ty

that k, < k3 < k7. Thus, we explore the following cases.

<O0and k3 —k; = > 0, implying

(a) If R? < 1, then R? < k; and R? < k,, implying that Q, > 0,Q; > 0 and Q, > 0. In this case, Equation (21)
does not have a positive root.

(b) If1 < R? < Kk, then Qp > 0 and Q, < 0. In this case, Equation (21) has a unique positive root.

(c) Ifky < R? < k3, then A(R.) > 0, implying that (21) has two real roots X, = %Z’ which are positive
because, in this case, Qp > 0, Q; < 0, and Q, > 0. ’

(d) If k3 < R2, then (21) has no positive roots. In fact,

(i) If k3 < R2? < k1, then A (R,) < 0, implying that (21) has no real roots.
(ii) Ifx; < R2,then Qy > 0, Q; > 0, and Q, > 0. In this case, Equation (21) does not have a positive root.

2. Ifky <1< Kk, then

(a) If R? < k3, then Qy < 0, Q; < 0, and Q, < 0. In this case, Equation (21) has no positive roots.

(b) Ifx; < R? < 1,then Qy < 0 and Q, > 0. In this case, Equation (21) has a unique positive root.

(c) If1 < R? < k3, then, just like Case 1(c), we have A (R.) > 0, implying that Equation (21) has two roots,
which are positive because Qp > 0, Q; < 0, and Q, > 0.

(d) If k3 < RZ, then just like Case 1(d), Equation (21) has no positive roots. In fact,

(i) If k3 < R2? < k1, then A (R,) < 0, implying that (21) has no real roots.
(ii) Ifx; < R2, then Qy > 0, Q; > 0, and Q, > 0. In this case, Equation (21) does not have a positive root.

3. If k1 < 1, then

(a) If R? < k3, then Qy < 0, Q; < 0, and Q, < 0. In this case, Equation (21) has no positive roots.
(b) If k; < R% < 1, then Qy < 0 and Q, > 0. In this case, Equation (21) has a unique positive root.
(c) If1 < R, then Qy > 0, Q; > 0, and Q, > 0. In this case, Equation (21) has no positive roots.

This completes the proof. U

Caseky <1
In this case, k7 < k, leading to the following result.

Proposition 13.
1. If1 < ky, then Equation (21) has

(a) no positive roots if R? < 1,
(b) a unique positive root if 1 < R? < Ky,
(¢c) no positive roots if k; < R2.

2. Ifxy <1 < Ky, then Equation (21) has

(a) no positive roots if R? < ks,
R . 2
(b) two positive roots if k3 < RZ < 1,
(¢c) a unique positive root if 1 < R? < ky,
sy . 2
(d) no positive roots if k, < R:.

3. Ifx, <1, then Equation (21) has

(a) no positive roots if R? < i,
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(b) a unique positive root if ki, < R? < 1,
(¢c) no positive roots if 1 < R2.

Proof.
1. If1 < k1, then

(a) IfR? < 1, then R? < kj and R? < k,, implying that Qy < 0,Q; < 0, and Q, < 0. In this case, Equation (21)
does not have a positive root.

(b) If 1 < R? < Ky, then R? < k,, implying that Qy > 0 and Q, < 0. In this case, Equation (21) has a unique
positive root.

(c) Ifx, < R2, then Qy > 0,Q; > 0, and Q, > 0. In this case, Equation (21) does not have a positive root.

. IfK1 <l< K'z,thel'l

(a) If R? < ky, then Qy < 0,Q; < 0, and Q, < 0. In this case, Equation (21) does not have a positive root.
(b) Ifk; < R? < 1,then Qy < 0,Q; > 0, and Q, < 0. Here, we have (k; — (2x; — 1)) = (ky — k1) + (1 — k1) > 0,
implying that A (R.) > 0 if and only if R > k3. Moreover, since

(k1 — 1)
1=
. (k2= @k —1)
ks — Ky = (k1 —1) (k1 — k2) >0,
(k2 — (2x1 — 1))

then k1 < k3 < 1. Thus,

(i) Ifk; < R? < k3, then A (R,) < 0, implying that (21) has no positive roots.

(ii) If k3 < R2 < 1, then A(R.) > 0, implying that (21) has two real roots, X, = %Z, which are
positive because QyQ, > 0 and —Q;Q, > 0.

(c) If1 < R% < Ky, then Qp > 0,Q; > 0, and Q, < 0, and Equation (21) has a unique positive root.
(d) Ifk, < R2, then Qy > 0,Q; > 0, and Q, > 0. Here, Equation (21) does not have a positive root.

. Ifx; <1, then

(a) If R? < k1, then Qy < 0,Q; < 0, and Q, < 0, and Equation (21) does not have a positive root.

(b) If k1 < R2 < Ky, then Qy < 0,Q; > 0, and Q, < 0. Given that Q“ > 0 and QQl < 0, then if Equation (21)
had two real roots; then, their product is positive and their sum is negatlve implying that they are negative.
Therefore, in this case, Equation (21) does not have any positive root.

(c) Ifk; < R2 < 1, then Qy < 0,Q; > 0,and Q; > 0, and Equation (21) has a unique positive root.

(d) If1 < R2, then Qy > 0,Q; > 0, and Q, > 0. Here, Equation (21) does not have a positive root.

This completes the proof.

Remark 14. The endemic equilibrium points mentioned in this proposition are given as solutions to

( L glN; *
Sh A I;Ih’
bi
R = <1,
) P = th[*

h g; h’
o e

VoA (1+M)P+d3N;’

[Sy =Ny - I},

0

N
where NZ = —&
x*+1

with I} derived from the stationary form of the first equation of (7) as

br(N;) — dn(N;)N;: FN; (Ng - N;) rN)?x*
h n oK SpK(x* + 1)
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I I I

0 1 Ky K3 R? 0 R? 0 e 1 R?
(A)1<K2<K1 (B)K2<1<K] (C)K]<l.
FIGURE 4 Anillustration of the model's bifurcation behavior for «, < k.
I Iy L

h

0 1 Ko R? 0 k3 1 Ky  RZ 0

(A) 1<K <Ky B)rx1 <1<y O)xy<1

FIGURE 5 Anillustration of the model's bifurcation behavior for x; < .

Next, we give an illustration of the bifurcation results in Propositions 12 and 13. For this, we express I , in terms of x*.

02y

. x _ INX o, .
Since I} = Rw Ve have two positive roots:
NO2 (;q ~R2x \/A) (R2-1)
I* — h
h

. 2
+ K5h ()(1 _1 + \/Z)
where
AR =4 ((Kz -2k + 1) R2 - (K2 — Kf)) )
We note the following:

« Clearly, when R2 = 1, we have I =o.

2
Ky —Kj

« The two real roots IZ coincide when A = 0, that is, when Rg =K3 1= ———.
+ 2 - 1

« When R? = k,, we have <K1 -R2+ \/Z ) = k1 — k2 + | k1 — k3|, implying that one of the two real roots IZ isequal to 0.

An illustration of the bifurcation results in Proposition 12 is presented in Figures 4 and 5.
Remark 15.

1. As announced in the introduction, we easily see the difference in the model's bifurcation behavior when we
change the equation describing the population’'s demography.

2. We observe from Propositions 12 and 13 and corresponding Figures 4 and 5 that the model does not always have
an endemic equilibrium point even if R, > 1. This result, not common in SIR models, highlights the complex
and counter intuitive ways in which the interplay of the demography and intervention strategies can influence
the dynamics of diseases, emphasizing the significance of adopting a comprehensive modelling approach.

We conclude this subsection by deriving the formulae for the endemic equilibrium in demographic model (d)
introduced in Section 2. Due to their complexity, however, we only use them in numerical simulations.

3.4.4 | Case by(Ny) = 7Ny, and dyp(Ny,) = p1n + ponNy,
To simplify the expression, we set &, = wp+ 0+ 06p+ pan, &, = Yn + tin> &, = n + Hans and T; =1+ %. In this case,

-

we have
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<R§ _ (Nh”;;l;)_;?il)Nh > N;(:N;;dfjg? < frb 1)
0

N ton+8r,

=

h .
A, A N* coy fr 1 frér 1 N* YA N* fr 1 T
< ANy (N;M“gm tinae ) (e L) + (N 8 AN -+ !

Hence, by replacing Ij, by I; in the equation by,(N,) — dn(NR)Ny, — 6nI, = 0, after some algebra, we get

N;; (gsN;° + qaN;* + @3N;° + @oN;? + q1. N;; + qo) =0, (22)
where
qs = p, [dydn + ATy (Gon = pan) = fr— 8, — &, — 281)] >
Qs = =3, ATy [ARNG pion + 81,81, + 8. 8p, + frin + (fr + 8:)(&i, + & + &p, — (mn — p1n))]
+ 13,60y (S &1, + 281, + 8p,)s

Q3 = —pon [N)d; 618780 121 RE + ApALN; Ty pion(con + fr(1 + &) + 28, 8r, — (zn — p1n))
+ ATy ((81,8p, + 8,8, + &,8p)(fr + 8, — (Th — p1n)) + £i,8p,8r,
— (0 — w1 (fr +8:)(&i, + &p, +8r)) — didn (&, + 8p, + &) ErSr +8r) + 8,8, )] -

Q2 = —pan [N) A5 0npng) RO fr + 28, + 8p,)
+ ARAN; 1an Ty (f18p, + 8, (Con + &p,) + (&S + & )(COp + 8p, + fr +8r)
= (mn — pan)(con + gp, + fr(& + 1) + Zgrl))
+ ATy ((fr + 8r,)(8i,8p,8r — (Th — 111)(8r,&r, + &p,8r, + 81,8p,)) — £i,8p,&i, (Th — H1n))
— dy6n ((grfr + & )(&r,8r, + &p,8r, +81,8p,) + gplg%)] >

q1 = =N d; 5ol R [8p, 81, + 8p, + &1 ) fr + 81))]
+ ApAuNy pon Ty [(grfr + g )(con + fr)(mn — p1n) — congr, — &, (fr + &)
+ (n — pan) (Erfr + 818, + @ + & )(fr +8))] +81,8,8r (fr + &) [AT1(n — pian) + di6n)

and
ApAVTIN; (mp, — Mlh)(Cgrlwh + gpl(fr + grl))

5hgr1gpl g?N],(l)d:

Qo = —0n8r8p, 8 N Ay (& fr +8r) | RE —

3.5 | Global asymptomatic stability of the DFE

In this subsection, we investigate the global asymptomatic stability of DFE following the approach in [41] (see also
[42,43]). We proceed by verifying that system (23) satisfies the conditions of Theorem 4.3 in [41]. For this, as in Section 3.1,
we write the vector x = (Sy, I, Ry, Py, Sy, I,)T as (x5, X4), with x; = (Sy, Py, S,)T and x4 = (In, Ry, I,)T, which represent the
noninfected and the infected humans and mosquitoes, respectively. With this new notation, model (4) can be written as

X, = A1(%,0) (%, — x¥) + App(xX)x, 23)
x, = Ax(X)x4,

and we introduce the notation x? = (N?,0,NY).
Remark 16. We note the following.
« For the case b, = A, b, = A,,dp, = pip, and d, = uy,, that is when, the dynamics of both host and vector

populations are given by the simplified logistic model, the DFE is given by (Ng 0, NE ,0,0, 0) = (:—” 0, :— 0,0, 0)
1h v

and

s
— i 9 0 0 Yh —AhN_:
A1(x5,0) = 0 —@On+upwm) O , Apx) =| con 0 0
0 0 —Hw _Av% _CrAv% 0
h h
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« For the case b,(Ny) = 7Ny, by(N,) = m,N,, dp(Nn) = pin + uonNp, and d,(N,) = p1y + pouN,, we have the DFE

given by (N7),0,N,0,0,0) = (ﬂo At 0, o,o) and
Hon Hiy

—monNn  piin + 9p 0
A1(x5,0) = 0 —@n+diNw) O ,
0 0 —uwN,

S,
Mih  Hin+ Yh _AhF:
Alz(x) = Cwp 0 0
S, S,
_A\JI\T‘; _CrAvN_: Hiv

« For the case by(Ny,) = rNj, (1 - ’%) _by(N,) = 1N, (1 - %) . dn(Nw) = s, and dy(N,) = pi1y, We have the DFE

v

given by (N2, 0,N2,0,0,0) = (%£,0,K,%=,0,0,0) and

—ésh é(K—ZSh—Ph)+19h 0
A;(x,,0) = 0 —(On + pn) 0 |1,
0 0 —;—vv )
é(K—ZSh—ZPh—ZRh—Ih) IL((K—ZSh—ZPh—ZRh)+)/h —Ah%l
Au(x) = Cwp 0 0
~A3 ~GAvy —5 (K= 28, - 1)

+ In the general case, we have

—g&Ny) 0 Ahf]_h

A= £ -a®» o | (24)
Av% ‘SrAv% _dv(Nv)

For the purpose of our global stability analysis, we check below that assumptions H; to H; in [41, Theorem 4.3] are
satisfied. In fact, one can prove that

H;: System (23) is defined on a positively invariant and absorbing set Q of the non-negative orthant. The system is
dissipative on Q.
H,: The DFE x° of the subsystem x} = A;(x;, 0)(x; — x°) of (23) is globally asymptotically stable on Q.
H;: The matrix A,(x) given by (24) is Metzler. The graph in Figure 6, whose nodes represent the various infected disease
states, is strongly connected, which shows that the matrix is irreducible.
We will show next that assumptions H, and Hs are satisfied for the cases of b, (Ny,) and d,(Ny,), discussed in
Section 5. For the sake of analysis of the global stability, we further assume that

H,: The equation by(Ny) — (dx(Np) + 6,)Nj, = 0 has a unique solution N} in (o, N}(l’).
This, along with S, < N} and S, < Ny, give the following upper bound matrix:

g 0 A

AZ = fr _gf 0
N N 0
AVN_: grAVIV: _dv

So A,(x) < A,, and the equality is possible only when x = x°. Thus, under Hy, assumption Hy of [41, Theorem
4.3] is satisfied.

We now decompose matrix A, into blocs as
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FIGURE 6 Digraph associated to the matrix A,(x).

4 Ir -gt 0
M=-g/, N=(0A,), P= AN ] 0= gA’iv”_dO ,

with g = gi(Nz) and g/ = g/(N}). Because Q is Metzler stable matrix, we obtain that A, is stable if and only if
M — NQ~'M is Metzler stable, that is, the spectral bound of M — NQ~!M is negative. Therefore, 4, is stable if

where

ArANY [gf + fr&/]

(25)
&N d,(NY)

ApA,N (g, (NY+H(1-C)a, +0)E, ]

N4, (N8 (N0 (N0 , A, is stable if and only if

Since R? =

. 2 4 ._ @+8)elEINy

Hs: R: <RI := @ N

We note that Hs ensures that assumption Hs of [41, Theorem 4.3] is satisfied and that due to [, we have RY < 1.

The above assumptions ensure that all assumptions of [41, Theorem 4.3] are satisfied. Hence, we have the following

result.
Theorem 17 (Global stability of DFE). The DFE of model (4) is globally stable when R. < R
We can also note

Corollary 18. If 6, = 0, then the coexistence DFE of model (4) is globally stable when R. < 1.
Proof. 1f &, = 0, then k > 1 and R} = 1 because N = N), gi(N}) = gi(N)), and g,(N}) = g,(N)). O

3.6 | Existence of EEPs versus global stability of the DFE

We note that the existence of EEPs is related to the global stability of DFE in the sense that the existence of an EEP for
certain values of model's parameters precludes global stability of DFE for these parameters. In this section, we show that
the results obtained above are consistent, that is, the sets of parameters for which DFE is globally stable and for which
there exist EEPs are disjoint.

In Theorem 17, we established that DFE is globally stable when R, < R’. However, in Figures 3-5, we see that the
model admits at least one EEP if Q* < R, < 1, where

i. Qf=Q.ifx <1,
ii. Q# = K3 if K1 < K2,
iii. Q# = K2 ifK'z < Ki.

If the inequality Q* < R¥ < 1 were to hold, then considering R? within the interval (Q¥, R¥) would lead to a contra-
dictory scenario, whereby the model would exhibit both a globally asymptotically DFE point and, at least, one endemic
equilibrium point, which is absurd, as noted in the preamble to this section.

Hence, we proceed to demonstrate that Q* > R¥ < 1 by analyzing the sign of Q* — R¥. Our calculations are confined

to case i, that is,
kb—2+24/b(1—-x)+1
b b

Q#=Qc=
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where

NY&gdd) (0 +NY2) panp
= » K= 00N0
mnbp ong; dyN,,
‘We have the following proposition:

Proposition 19.

1 IfRf < \/%H, then R* < Q. forall k € (0,1)
1-R#*

ijl <RY then " := R{ — 24/ —— € (0,1), and we have

(@) Q. > Rfforallk € (k*,1),
(b) Q. < Rf forall k € (0,«%).

2 If

Q, b(1—x)
¢ = > 0 for « € (0,1).
o \/b(l—t«)+1(\/b(1—x)+1+1) .1

Proof. Calculating the derivative of Q. with respect to x, we obtain

2

Then, the function ¥ — Q. increases from < 1to 1. Hence,

Lt . 5 . Vb+1+1 ‘
JfRE < T then R7 < Q. for all ¥ € (0,1);
2.if \/ﬁ - < R¥, then by letting

+1+

x=14/b1-x)+1and B=/b(1-R¥),

we obtain k = % (-x*+b+1) and

2x-x>+B -1 _(B-x+1)B+x-1)
b B B '

Qc — R? =
For ¥ € (0,1), we have x € (1,1 + b), implying that B+x — 1 > 0. Hence, Q. — Rf = Qifand only if x = B+ 1, that is,

1- R
T

k=K"=

(-B+1*+b+1)=Ri-2

S =

We note that since R¥ — R¥ -2/ 1_TR§ isincreasing and \/b_21 - < R# < 1,indeed k* € (0, 1). This leads to the results
+1+
in 2(a) and 2(b). O

We can see from this proposition that in Cases 1 and 2(a), we have Q. > R¥, which implies that there is no conflict
between the global stability of the DFE and the existence of EEPs. We will skip the calculations in the remaining cases.

4 | NUMERICAL SIMULATIONS

In this section, we run some numerical simulations to monitor the short- and long-term impacts of the disease on four
populations of equal size but with different demographics, discussed earlier. Additionally, we investigate how these pop-
ulations respond to treatment with TBDs. For the sake of our simulations, we set w;, = ¢wypg, Where ¢ represents the
treatment's coverage and wyo is the TBD-induced recovery rate. We use the parameter values listed in Table 3. We opt for
two specific values of the transmission-blocking parameter: ¢ = 0 to signify conventional treatments, and ¢ = 1 to emulate
TBDs. Moreover, we select ¢ = 0.3 and 0.9 to indicate treatment coverage at low and high levels, respectively. We note
that the parameter uyj, is selected to yield an average lifespan of 62 years, whereas Ay, to, and Kj are chosen to ensure
that the populations have size equal to N,‘q’ = 10 at equilibrium.

This leads to
i An = pnN?,
Tp—Hin

. pop = N0
h
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TABLE 3 Parameters, baseline values, range, and references. Parameters Baseline value or range Reference

Humans

Hin 4.4%x107° Assumed
An 44.19 Assumed
T 4.86 x 10~ Assumed
Hon 4.42 x 10712 Assumed
Th 0.001 Assumed
K, 1.04 x 10° Assumed
B 0.24 [16]

a 0.33 [16]

no 3.5%x1073 [16, 44]

c 0,1) Varied

Y 0.005 [16]

c 2x107° Assumed
Sn 0.00047 [45]

& 0.05 [11]

I, 0.001 Assumed

Mosquitoes

s 0.13 [42]

Ay 1x10* Assumed
Bon 0.022 [16]

iy 0.047 [16]

Hay 2x107° [42]

NO
iii. K, = ——n
h=Hn

We utilize dotted lines to illustrate the model's output in the absence of infection or treatment. The dashed lines are used
to depict the output of the model with infection but without treatment, whereas the solid lines includes the treatment.
Moreover, different demographic models are associated with colors as follows:

(a) blue: by = A, dp = pn,

(b) red: by, = ryNp(1 — N /Ky), dn = pin,
(c) green: by, = mp Ny, dyp = pin + p2nN,
(d) black: b, = p1pNp, dn = prn.

4.1 | Model without treatment

The model without treatment is obtained by setting ¢ = 0. In this case, we have R? = 5.02,kx = 630325.08, k; = 7.32, and
K, = 10.21.
Given that R, > 1,

i. Proposition 11 yields that the blue line in Figure 7B will tend to a positive value as t tends to oo, and
ii. sincel < k3 < kz and 1 < R, < k3, Proposition 13 implies that the red line in Figure 7B will tend to a positive
value for large values of ¢.

Furthermore, in Figure 7B, we observe a substantial difference in the responses to the disease for the populations
depicted in blue, red, and black. We also notice that the blue line displays the highest disease prevalence, followed by the
red line, then the black one. The population shown in green exhibits a response to infection similar to that in black; this
is partially attributed to the low value of yus),.

4.2 | Adding treatment

In this section, we conduct simulations to observe the dynamics of the model under the influence of treatment. We con-
sider two values of the transmission-blocking parameter: ¢ = 0 for conventional treatments, and ¢ = 1 for TBDs. The
simulations are performed for two levels of treatment coverage: low, ¢ = 30% and high, ¢ = 90%.
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4.2.1 | Treatment with conventional drugs, c =0
Low treatment coverage, ¢ = 0.3

In this case, Rg = 1.68, k = 350503.86, k1 = 4.29, and x; = 4.12.
Given that R, > 1, we have the following results.

within a reasonable timeframe.

i. From Proposition 11, we obtain that the blue line on Figure 8B will tend to a positive value as ¢ tends to co. Further-
more, Figure 8B illustrates the rapid nature of this convergence, resulting in the disease practically reaching EEP
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ii. Becausel < k; < k7 and 1 < R, < k», we deduce from Proposition 12 that the red line on Figure 8B will tend to a

positive value for large values of t. Furthermore, Figure 8B illustrates the rapid nature of this convergence, leading
to the disease practically reaching EEP within a reasonably short timeframe.

High treatment coverage, ¢ = 0.9

In this case, R2 = 0.73, k = 275085.36, k1 = 3.48, and k, = 2.42.
Given that R, < 1, we have the following results.

i. Since k > 1, then, from Proposition 11, we obtain that the blue line in Figure 9B will tend to zero for large values of
t. Furthermore, Figure 9B illustrates the rapid nature of this convergence, resulting in disease elimination within

a reasonable time.
ii. Because 1 < k; < kj and R, < 1, we deduce from Proposition 12 that the red line in Figure 9B will tend to

zero when t is large enough. Furthermore, Figure 9B illustrates the slow nature of this convergence, leading to the
disease persistence even after a reasonably long time.

4.2.2 | Treatment with TBDs,c =1
Low treatment coverage, ¢ = 0.3.

In this case, R? = 1.66, k = 470671.58, k1 = 5.59, and k, = 6.75.
Given that R, > 1, then we have the following results.

i. From Proposition 11, we obtain that the blue line on Figure 10B will tend to a positive value as ¢ tends to co.
Furthermore, Figure 10B illustrates the rapid nature of this convergence, resulting in the disease reaching EEP
within a reasonable time.

ii. Because1l < k1 < Ky and 1 < R, < k;,, we deduce from Proposition 13 that the red line on Figure 10B will tend

to a positive value for large values of t. Furthermore, Figure 10B illustrates the rapid nature of this convergence,
leading to the disease reaching EEP within a reasonably short time.

High treatment coverage, ¢ = 0.9

In this case, R? = 0.71, k = 425533.00, k1 = 5.10, and k, = 5.78.
Given that R, < 1, we have the following results.
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i. Since k > 1, then, from Proposition 11, we obtain that the blue line on Figure 11B will be close to zero for large

values of t. Furthermore, Figure 11B illustrates the rapid nature of this convergence, resulting in disease elimination
within a reasonable timeframe.

ii. Because 1 < k1 < k3 and R, < 1, we deduce from Proposition 13 that the red line on Figure 11B will tend to zero
when ¢ is large enough. Furthermore, Figure 11B illustrates the slow nature of this convergence, leading to the

disease persistence even after a reasonably long time.

Finally, it is worth noting that in each of Figures 8B-11B, there is a significant difference between the responses to
the treatment for the populations depicted in blue, red, and black. Additionally, the blue line exhibits the highest level
of disease prevalence, followed by the red line, then the black line. The population shown in green has a response to
treatment similar to that in black; this could be explained by the low value of ;.
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4.2.3 | Positive versus negative
In the previous section, we observed that, under treatment, the blue line presents the highest disease prevalence, followed
by the red line and the black and green lines. Given that, prior to treatment, the disease prevalence was initially higher
in the blue than it is for the other lines, it may be relevant to explore the reduction in the burden of the disease caused by
the treatment.

For this purpose, we define and plot the “reduction” terms:

i. the absolute change in I (t), defined as

AIL(t) := I(t)without treatment — Ij,(t) with treatment,

and
ii. the percentage change in I;(t), given by

In(t)without treatment — I, (t) with treatment
I, (t)without treatment )

We note the following.

i. In Figures 12-15, the left graphs show that, for all values of c and ¢, AI}(t), represented in blue, is positive for all
t > 0, implying that treatment leads to a decrease in the number of cases for this population. The large values
of AIL,(t) compared to those of the other lines indicate that population represented in blue undergoes the highest
reduction in the number of infected cases. The right graphs indicate that the reduction can exceed 100%. The same
goes for the red line on Figures 13-15.

In contrast,

ii. In Figures 12-15, the left graphs show that, for all values of c and ¢, AIj,(¢), depicted in black and green, becomes
negative for a fixed period of time. This means that, for this population, treatment leads to a temporary increase in
the number of infected cases. The right graphs indicate an increase in the number of infections exceeding 100%.
This also applies to the red line in Figure 12. This apparent paradox can be explained by the fact that the treatment,
while temporarily reducing the number of infectives, leads in turn to an increase in the number of susceptibles,
which then leads to the increase in the number of infectives.
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4.3 | Summary

Following a comprehensive mathematical and numerical analysis of the responses of the four populations to both the
disease and treatment with TBDs, it is noteworthy to emphasize the following key findings.

i. When the four populations are exposed to malaria, the population represented in blue experiences the highest
disease burden. Nonetheless, when treatment with TBDs is used with a high coverage, this population will be the
first to eliminate the disease, demonstrating the highest reduction in disease prevalence when compared to the
other three populations.
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ii. It is observed that, through the application of treatment with TBDs, disease elimination becomes attainable at
high coverage levels. Nevertheless, among the four populations, only the one depicted by the blue line successfully
achieves disease elimination within a reasonable timeframe.

It is worthwhile to point out that the population in blue, whose behavior differs so significantly from the other three,
is described by the simplified logistic, or affine, model. Though very popular in modeling, it is biologically incorrect as it
describes populations in which the total birth rate is independent of the size of the population. This feature can explain
the outlier behavior observed above as even a dramatic drop in the population size due to the disease does not impact the
number of newborn susceptibles, thanks to whom the population rebounds.

5 | CONCLUSION

In this paper, we developed and analyzed a mathematical model for the spread of malaria disease that integrates treat-
ment with TBDs. The foundation of our model lies in its incorporation of four distinct demographic types, allowing for a
more realistic representation of population dynamics and shedding light on their potential significance in disease trans-
mission and control strategies. We calculated the model's control reproduction number and equilibria and performed a
global stability analysis of the DFE point. Moreover, we delved into the bifurcation dynamics of the model, unraveling
the intricate ways the disease can manifest and spread within different subpopulations. Of paramount importance is our
finding that, depending on the population's demography, the model can exhibit a forward bifurcation, a backward one,
or even some unconventional types of bifurcations in which the disease can be eliminated either for low or high values
of the basic reproduction number (R.).

This finding challenges commonly accepted beliefs about the types of bifurcations that can occur in malaria models by
presenting other types of bifurcation besides the forward and backward ones. This illustrates the fact that demography
has a significant impact on the dynamics of malaria and holds profound implications for disease control strategies. It
highlights the potential for disease elimination even in regions with moderate to high transmission potential, given the
right intervention strategies and deployment of TBDs.

In addition to analytical exploration, we conducted extensive numerical simulations to validate and expand our find-
ings. Our simulations revealed distinct responses to the disease and TBD treatment among three of the four demographic
populations. Remarkably, the demographic group displaying the highest increase in disease prevalence also exhibited the
most substantial reduction in disease burden following treatment with TBDs. This counter intuitive observation suggests
a complex interplay between demography, disease transmission dynamics, and disease control. Furthermore, our sim-
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ulations unveiled an intriguing phenomenon, whereby the demographic group experiencing the lowest disease burden
exhibited a temporary surge in disease prevalence as a direct consequence of TBD intervention. However, these temporary
spikes were ultimately followed by a reduction in disease burden.

The above underscores the intricate and sometimes counter intuitive mechanisms through which intervention strate-
gies can impact disease dynamics, underscoring the importance of a comprehensive modeling approach.

In conclusion, our study introduces a comprehensive mathematical model integrating TBDs into the malaria transmis-
sion dynamics framework. Our mathematical analysis and numerical simulations uncover novel bifurcation scenarios
and intricate demographic responses to disease and intervention strategies. These findings collectively provide a novel
understanding of malaria transmission dynamics and offer valuable insights for designing effective and nuanced disease
control strategies in diverse demographic settings.
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