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A B S T R A C T

We construct and analyse nonstandard finite difference (NSFD) schemes for two epidemic
optimal control problems. Firstly, we consider the well-known MSEIR system that can be
used to model childhood diseases such as the measles, with the vaccination as a control
intervention. The second optimal control problem is related to the 2014–2016 West Africa
Ebola Virus Disease (EVD) outbreak, that came with the unprecedented challenge of the
disease spreading simultaneously in three different countries, namely Guinea, Liberia and Sierra
Leone, where it was difficult to control the considerable migrations and travels of people
inbound and outbound. We develop an extended SEIRD metapopulation model modified by
the addition of compartments of quarantined and isolated individuals. The control parameters
are the exit screening of travelers and the vaccination of the susceptible individuals. For the
two optimal control problems, we provide the results on: (i) the (global) stability of the
disease-free and/or endemic equilibria of the state variable systems; (ii) the positivity and
boundedness of solutions of the state variables systems; (iii) the existence, uniqueness and
characterization of the optimal control solutions that minimizes the cost functional. On the
other hand: (iv) we design Euler-based nonstandard finite difference versions of the Forward-
Backward Sweep Method (NSFD-FBSM) that are dynamically consistent with the state variable
systems; (v) we provide numerical simulations that support the theory and show the superiority
of the nonstandard approach over the classical FBSM. The numerical simulations suggest that
significantly increasing the coverage of the vaccine with its implementation for adults as well
is essential if the recurrence of measles outbreaks is to be stopped in South Africa. They also
show that the optimal control vaccination for the 2014-2016 EVD is more efficient than the
exit screening intervention.

1. Introduction

Dynamical systems defined by systems of ordinary differential equations play a vital role in the modelling of real-life problems
that arise in a variety of fields in Science, Engineering and Technology (SET). However, most of the differential equation
models cannot be completely solved by analytic techniques. Consequently, numerical schemes and simulations are of fundamental
importance in gaining some useful insights on the solutions of the differential equations.
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The nonstandard finite difference (NSFD) method was initiated by R.E. Mickens more than three decades ago. In the first two
apers [1,2], the founder of the NSFD method made an important observation, namely that the traditional procedures in the design
f finite difference schemes had to be suitably changed if the schemes are required to have zero local truncation errors or not to
ontain instabilities and chaotic behaviour.

The 1994 monograph [3], recently revised and enlarged as [4], constitutes a self-contained and comprehensive treatment of
he nonstandard approach. Since its publication, the NSFD method has extensively been applied to differential equation models
riginating from problems in SET and shown great potential in replicating the dynamics and significant properties of the involved
ontinuous models (see, for instance, the papers [5–9], the books [3,10], the edited volumes [4,11,12] and the review paper [13]).

To the authors’ best knowledge, the nonstandard approach has not been used yet for optimal control problems despite its success
nd the progress made so far. The aim of the current paper is to fill this gap. We construct and analyse NSFD schemes for two
pidemic optimal control problems. While the first optimal problem is related to the well-known MSEIR (Infants with temporary
assive immunity, Susceptible, Exposed, Infectious, Recovered) model [14,15] with the vaccination as a control parameter, the
econd optimal control problem, which is related to the 2014–2016 West Africa Ebola Virus Disease (EVD), requires prior
onstruction of a suitable model for the associated state variable system. In this regard, the unprecedented challenge to be factored
nto the model is that the 2014–2016 EVD simultaneously erupted in three different countries, namely Guinea, Liberia and Sierra
eone [16], where it was difficult to control the considerable migrations and travels of people inbound and outbound [17–20]. We
herefore develop an extended SEIRD (Susceptible, Exposed, Infectious, Recovered, Deaths due EVD) metapopulation model, which
s enriched by the 𝑄 and 𝑃 compartments of quarantined and isolated individuals, respectively. In this new SEIDQPR model, as

the state variable system, we introduce the exit screening of travellers and the vaccination of susceptible individuals as control
parameters, thereby defining our second epidemic optimal control problem.

For the two epidemic optimal control problems, we study the existence, the uniqueness and the characterization of the optimal
control solutions that minimize the cost functional by using, among other tools, Pontryagin maximum principle. Furthermore, we
design Euler-based NSFD-Forward Backward Sweep Methods (NSFD-FBSM) that preserve the dynamics of the state variable systems
and generate numerical simulations that support the theory and illustrate the superiority of the NSFD-FBSM over the classical FBSM.
Since our main focus is to construct, analyse and implement NSFD schemes for epidemic optimal control problems, we state the
results for the underlying continuous models, and provide only clear indications and or references for their proofs.

The rest of the paper is structured as follows. In Section 2, some generalities about the optimal control theory are presented.
Section 3 deals with NSFD schemes in the general context. In Section 4, we study theoretically and numerically (NSFD-FBSM) of the
optimal control MSEIR problem with vaccination as a control. The same thing is done in Section 5, but for an EVD metapopulation
model with exit screening and vaccination control measures. Concluding remarks and the discussion are given in Section 6.

2. About optimal control problems

The theoretical setting of this paper is an optimal control problem [21]

𝐽 (𝑥∗, 𝑢∗) = min
𝑢∈𝑈

𝐽 (𝑥, 𝑢) (1)

subject to
{ 𝑑𝑥

𝑑𝑡
(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡))

𝑥(0) = 𝑥0,
(2)

where:

•
𝑈 ∶= {𝑢 ∶ [0, 𝑇 ] → R𝑚, Lebesgue measurable}

is the set of admissible controls;
• Eq. (2) is supposed to be a dynamical system on an attractive compact set 𝛺 ⊂ R𝑛, for 𝑢(𝑡) constant, with the function
𝑔 ∶ [0, 𝑇 ] ×𝛺 × 𝑈 → R𝑛 being continuous in its three arguments;

• With, 𝑓 ∶ [0, 𝑇 ] ×𝛺 × 𝑈 → R a continuous function in its three arguments, 𝐽 is the objective or cost functional defined by

𝐽 (𝑥, 𝑢) ∶= ∫

𝑇

0
𝑓 (𝑡, 𝑥(𝑡), 𝑢(𝑡))𝑑𝑡.

Further conditions and/or smoothness properties on the functions involved in (1)–(2) will be stated where they are needed.
In Eqs. (1), 𝑢∗ is called an optimal control in the set 𝑈 , while 𝑥∗ is an associated solution of the state Eq. (2). The pair (𝑢∗, 𝑥∗)
is an optimal solution of the optimal control problem (1)–(2).

To reformulate the constrained problem (1)–(2) as a problem without constraints, we introduce a new variable 𝜆 ∶ [0, 𝑇 ] → R𝑛,
the adjoint variable, through the Hamiltonian, 𝐻 ≡ 𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)), of the optimal control problem (1)–(2), defined by

𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) = 𝑓 (𝑡, 𝑥(𝑡), 𝑢(𝑡)) + ⟨𝜆(𝑡) ∣ 𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡))⟩, (3)

where ⟨. ∣ .⟩ denotes the inner product in R𝑛. The necessary conditions for the existence of an optimal control solution is the
Pontryagin maximum principle that, in the context of this paper, is stated for a minimization problem as follows [22]:
2
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Theorem 1. If the pair (𝑢∗, 𝑥∗) is an optimal solution of Problem (1)–(2), then there exists a piecewise continuously differentiable adjoint
ariable 𝜆 ∶ [0, 𝑇 ] → R𝑛 such that the following statements hold:

• Optimality conditions:

𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡)) ≤ 𝐻(𝑡, 𝑥∗(𝑡), 𝑢(𝑡), 𝜆(𝑡)) (4)

for any control 𝑢 ∈ 𝑈 and at every time 𝑡 ∈ [0, 𝑇 ]. This implies that 𝜕𝐻
𝜕𝑢𝑖

= 0.

• Adjoint or costate system: 𝜆 solves the adjoint system

𝑑𝜆
𝑑𝑡

= −
𝜕𝐻(𝑡, 𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆(𝑡))

𝜕𝑥𝑖
, 𝑖 = 1, 2,… , 𝑛. (5)

• Transversality condition:

𝜆(𝑇 ) = 0. (6)

In epidemiology of human infectious diseases, which is our primary interest, the optimal control problems are such that the
controls are nonnegative and bounded. We therefore assume that a control 𝑢 ∈ 𝑈 is such that

for almost every 𝑡 ∈ [0, 1], 0 ≤ 𝑢𝑖(𝑡) ≤ 1, 𝑖 = 1,… , 𝑚, or 𝑢(𝑡) ∈ [0, 1]𝑚. (7)

Furthermore, we impose additional conditions on the involved functions so that the Pontryagin’s necessary conditions in Theorem 1
become sufficient for the existence of an optimal control solution to (1)–(2), which is possibly unique. For simplicity and in light
of the epidemic optimal control problems under consideration in this work, we state the result for scalar controls i.e. 𝑚 = 1 [22],
though extensions to vector-valued controls are available (see, for instance, the Arrow sufficient theorem in [23]).

Theorem 2.

1. Assume that the function 𝑓 (𝑡, 𝑥, 𝑢) is convex in the argument 𝑢. Further, assume that this function and the function 𝑔(𝑡, 𝑥, 𝑢) have the
following behaviour for all 𝑡 ∈ [0, 𝑇 ], 𝑥 ∈ R𝑛 and 𝑢 ∈ R

𝑔(𝑡, 𝑥, 𝑢) ≤ 𝛼(𝑡, 𝑥) + 𝛽(𝑡, 𝑥)𝑢
|𝑔(𝑡, 𝑥, 𝑢)| ≤ 𝐶(1 + |𝑥| + |𝑢|)
|𝑔(𝑡, 𝑥, 𝑢) − 𝑔(𝑡, 𝑥, 𝑢)| ≤ 𝐶|𝑥 − 𝑥|(1 + |𝑢|)
𝑓 (𝑡, 𝑥, 𝑢) ≥ 𝐶|𝑢|𝛾 − 𝐶

(8)

where 𝛼, 𝛽 ∶ [0, 𝑇 ] ×R𝑛 → R𝑛, 𝛾 ≥ 1, and 𝐶 > 0 represents a generic constant that is different in each occurrence and is independent
of the arguments. Then, there exists an optimal control solution (𝑢∗, 𝑥∗) of (1)–(2) with 𝐽 (𝑥∗, 𝑢∗) finite.

2. In the particular case where the functions 𝑓 and 𝑔 as well as the right-hand side of the system (5) are Lipschitz on the state and
costate variables, the solution of the optimality system (1), (2), (4) and (5) is unique for small time.

3. Finally, assume that the controls are bounded as in (7), i.e., 0 ≤ 𝑢(𝑡) ≤ 1. Then, the optimal control 𝑢∗ is given by

𝑢∗(𝑡) =

⎧

⎪

⎨

⎪

⎩

1 if 0 ≤ 𝑡 ≤ 𝑇 ∗

0 ≤ 𝑢∗ ≤ 1 if 𝑇 ∗ ≤ 𝑡 ≤ 𝑇 ∗∗

0 if 𝑇 ∗∗ < 𝑡 ≤ 𝑇
(9)

and thus,

𝑢∗ = min
{

1,max{0, {𝑢 ∶ 𝜕𝐻
𝜕𝑢

= 0}
}

or 𝑢∗ = max
{

0,min{1, {𝑢 ∶ 𝜕𝐻
𝜕𝑢

= 0}
}

, (10)

where 𝑇 ∗ is the largest time in the interval [0, 𝑇 ] such that 𝜕𝐻
𝜕𝑢

< 0, while 𝑇 ∗∗ is the smallest time in [𝑇 ∗, 𝑇 ] such that 𝜕𝐻
𝜕𝑢

> 0.

3. Nonstandard finite difference forward backward sweep method

It is well-known that classical numerical methods such as the Euler, the explicit Runge Kutta and linear multistep methods
generally fail to preserve the dynamics of the differential equation models. For instance, these schemes can exhibit spurious/ghost
solutions, a phenomenon reported as elementary instability [3,7]. The nonstandard finite difference (NSFD) method introduced by
Mickens [3] more than three decades ago has shown great potential and is increasingly being used in various areas of Sciences,
Engineering and Technology (SET) to produce dynamically consistent schemes [3,6,7,9,10]. In this section, we propose NSFD
schemes to solve optimal control problems, using the forward backward sweep method (FBSM) [22]. We will focus on Euler-based
NSFD schemes, thereby rehabilitating the classical forward and backward Euler schemes, which have the advantage of being simple
to implement. We start with the dynamical system on 𝛺 defined by the state variable System (2) where we assume for the moment,
that there is no control i.e., 𝑢(𝑡) ≡ 0 and thus

𝑔(𝑡, 𝑥(𝑡)) ≡ 𝑔(𝑡, 𝑥(𝑡), 0). (11)
3
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Given an integer 𝑝 > 1, we divide the interval [0, 𝑇 ] into 𝑝 subintervals [𝑡𝑖, 𝑡𝑖+1] of equal size 𝛥𝑡 = 𝑇 ∕𝑝 where 𝑡𝑖 = 𝑖𝛥𝑡, 𝑖 = 0, 1,… , 𝑝−1.
We denote by 𝑥𝑖 = (𝑥1𝑖, 𝑥2𝑖,… , 𝑥𝑛𝑖) an approximation of the solution 𝑥(𝑡) ≡ (𝑥1(𝑡), 𝑥2(𝑡),… , 𝑥𝑛(𝑡)) of (2)&(12) at the time 𝑡 = 𝑡𝑖:

𝑥𝑖 ≃ 𝑥(𝑡𝑖) (12)

he NSFD forward Euler scheme that we will use is based on Mickens rule, (Rule 2 [7]), of the nontrivial denominator function of
he discrete derivative, instead of the step size 𝛥𝑡. It reads as follows: for 𝑖 = 0, 1, 2,… , 𝑝 − 1,

𝑥𝑖+1 − 𝑥𝑖
𝑟(𝛥𝑡)

= 𝑔(𝑡𝑖, 𝑥𝑖), 𝑥0 = 𝑥(0) (13)

where, with 𝑞 > 0 to be determined in due course,

𝑟 ≡ 𝑟 = 1 − 𝑒−𝑞𝛥𝑡
𝑞

= 𝛥𝑡 + (𝛥𝑡2) (14)

For epidemic models, the state system (2) &(12) with respect to which the set R𝑛+ is forward invariant will have the so-called
productive-destructive form [9], namely

𝑔(𝑡, 𝑥) = 𝑏(𝑥) − 𝑥 ⊗ 𝑑(𝑥), (15)

where the two vector functions satisfy 𝑏(𝑥) ≥ 0, 𝑑(𝑥) ≥ 0 for 𝑥 ≥ 0, and the symbols ⊗ represents the tensor product of two vectors.
In this case, we will construct NSFD schemes by both Rule 2 above and Mickens’ Rule 3 on the nonlocal discretization of nonlinear
terms as follows: for 𝑖 = 0, 1, 2,… , 𝑝 − 1,

𝑥𝑖+1 − 𝑥𝑖
𝑟

= 𝑏(𝑥𝑖) − 𝑥𝑖+1 ⊗ 𝑑(𝑥𝑖), 𝑥0 = 𝑥(0). (16)

emark 3. The asymptotic behaviour of 𝑟(𝛥𝑡) in (14) guarantees that the NSFD schemes are convergent and the rate of convergence
s 1 as for the classical Euler scheme. The key point is that the dynamics of the continuous model must be properly incorporated
nto the definition of the function 𝑟(𝛥𝑡). In a nutshell, by choosing the parameter 𝑞 such that it captures the dynamics of the system

(2), we will show later, for epidemic models that the NSFD schemes (13) and/or (16) are discrete dynamical systems on 𝛺 that
preserve the properties of the continuous system such as the equilibrium and their stability properties as well as the positivity and
boundedness of solutions.

We now turn to the construction of a reliable numerical method for the initial value state system (2) and the adjoint system (5)
coupled with the transversality condition (6) which, for convenience, are rewritten as follows:

⎧

⎪

⎨

⎪

⎩

𝑥′(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡)), 𝑥(0) = 𝑥0
𝜆′(𝑡) = 𝜑(𝑡, 𝑥(𝑡), 𝜆(𝑡), 𝑢(𝑡)), 𝜆(𝑇 ) = 0
𝑢(𝑡) = ℎ(𝑡, 𝑥(𝑡), 𝜆(𝑡))

(17)

where 𝜑(𝑡, 𝑥(𝑡), 𝜆(𝑡), 𝑢(𝑡)) = −(𝑓𝑥(𝑡, 𝑥(𝑡), 𝑢(𝑡)) + ⟨𝜆(𝑡) ∣ 𝑔𝑥(𝑡, 𝑥(𝑡), 𝑢(𝑡))⟩), and the function ℎ defining 𝑢 comes from (9)–(10).
The discretization of the interval [0, 𝑇 ] through nodes (𝑡𝑖) was done earlier. The notation 𝑢𝑖 and 𝜆𝑖 have the same meaning as 𝑥𝑖

in (12). For iterations 𝑚 ≥ 0 and choosing an initial guess 𝑢(0) = 𝑢(0)(𝑡), the continuous Forward Backward Sweep Method (FBSM)
aims to find, at each iteration, 𝑥(𝑚+1), 𝜆(𝑚+1) and 𝑢(𝑚+1), solutions of the following systems:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑𝑥(𝑚+1)(𝑡)
𝑑𝑡

= 𝑔(𝑡, 𝑥(𝑚+1)(𝑡), 𝑢(𝑚)(𝑡)), 𝑥(𝑚+1)(0) = 𝑥0

𝑑𝜆(𝑚+1)(𝑡)
𝑑𝑡

= 𝜑(𝑡, 𝑥(𝑚+1)(𝑡), 𝜆(𝑚+1)(𝑡), 𝑢(𝑚)(𝑡)), 𝜆(𝑚+1)(𝑇 ) = 0

𝑢(𝑚+1)(𝑡) = ℎ(𝑡, 𝑥(𝑚+1)(𝑡), 𝜆(𝑚+1)(𝑡)).

(18)

The algorithm to approximate the system in (18) is described in the four steps below.

1. For 𝑚 = 0, choose an initial guess 𝑢(0)𝑖 for 𝑖 = 0,… , 𝑝;
2. For 𝑚 ≥ 0:

• Compute 𝑥(𝑚+1)𝑖+1 by the nonstandard forward Euler scheme (13) as follows:

𝑥(𝑚+1)𝑖+1 − 𝑥(𝑚+1)𝑖

𝑟
= 𝑔(𝑡, 𝑥(𝑚+1)𝑖 , 𝑢(𝑚)𝑖 ), 𝑥(𝑚+1)0,𝑖 (0) = 𝑥0,𝑖

or, equivalently,

𝑥(𝑚+1)𝑖+1 = 𝑥(𝑚+1)𝑖 + 𝑟𝑔(𝑡, 𝑥(𝑚+1)𝑖 , 𝑢(𝑚)𝑖 ) for 𝑖 = 0, 1,… , 𝑝 − 1,

(19)

where the denominator function 𝑟 is defined as in (14) such that the following minimum requirement on 𝑞 for the
stability of equilibrium points holds:

𝑞 >
{

|𝜎|
}

, (20)
4
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where 𝜎 runs in the set of all eigenvalues of the Jacobian matrices of the right-hand side of System (2) evaluated at the
equilibria [6].

• Compute 𝜆(𝑚+1)𝑖 by the classical backward Euler scheme as follows:

𝜆(𝑚+1)𝑖+1 − 𝜆(𝑚+1)𝑖

𝛥𝑡
= 𝜑(𝑡𝑖+1, 𝑥𝑚+1𝑖+1 , 𝜆

𝑚+1
𝑖+1 , 𝑢

𝑚
𝑖 ), 𝜆

(𝑚+1)
𝑝 = 0

or, equivalently,

𝜆(𝑚+1)𝑖 = 𝜆(𝑚+1)𝑖+1 − 𝛥𝑡𝜑(𝑡𝑖+1, 𝑥𝑚+1𝑖+1 , 𝜆
𝑚+1
𝑖+1 , 𝑢

𝑚
𝑖 ) for 𝑖 = 𝑝 − 1,… , 0.

3. Update the discrete control as follows:

𝑢(𝑚+1)𝑖+1 = ℎ(𝑡𝑖+1, 𝑥
(𝑚+1)
𝑖+1 , 𝜆(𝑚+1)𝑖+1 ) for 𝑖 = 0, 1,… , 𝑝.

4. We stop the process at the iteration 𝑚 once the values of the unknowns at the previous iteration are very close to the ones
at the present iteration [22]. Otherwise, we repeat the process in the loop from item 2 with the iteration 𝑚 + 1.

emark 4. It can be difficult to numerically solve the system (18) since it is a two-point boundary value problem. This explains
hy, for each loop of the algorithm, the strategy is that the state variable system is solved forward in time from 0 to 𝑇 , while the
djoint equation is solved backward in time from 𝑇 to 0. The proof of the convergence of the FBSM can be found in [24].

In the following sections, we construct Euler-based NSFD-FBSM for epidemic control problems and show the superiority of these
ew schemes over the classical FBSM.

. The MSEIR model

.1. Optimal control

The first epidemic model we consider is the MSEIR system [14]. Though this system is well-known to model childhood
iseases [25], we specifically use it to get insight on the optimal control and eradication of the measles disease in light of the October
022 – April 2023 outbreak in South Africa [26]. However, we use here a relatively simple version of the MSEIR model proposed
n [15], as the MSIR to which we add the latent compartment. More precisely, we divide the total population, 𝑁 ≡ 𝑁(𝑡) at time 𝑡,
nto five mutually exclusive compartments: 𝑀 ∶= 𝑀(𝑡), the compartment of infants with temporary passive immunity transferred
rom their mothers at birth; 𝑆 ∶= 𝑆(𝑡), the compartment of individuals who are susceptible to the measles virus; 𝐸 ∶= 𝐸(𝑡), the
ompartment of individuals exposed to the measles virus; 𝐼 ∶= 𝐼(𝑡), the compartment of infectious individuals and 𝑅 ∶= 𝑅(𝑡), the
ompartment of recovered individuals. The description of model parameters are provided on Table 1, respectively. The model is
iven by the system of ordinary differential equations below.

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑑𝑀
𝑑𝑡

= (1 − 𝑏)𝛬 − (𝑑 + 𝛿)𝑀

𝑑𝑆
𝑑𝑡

= 𝑏𝛬 − 𝛽 𝑆𝐼
𝑁

− 𝑑𝑆 + 𝛿𝑀

𝑑𝐸
𝑑𝑡

= 𝛽 𝑆𝐼
𝑁

− (𝜖 + 𝑑)𝐸

𝑑𝐼
𝑑𝑡

= 𝜖𝐸 − (𝛾 + 𝑑 + 𝛼)𝐼

𝑑𝑅
𝑑𝑡

= 𝛾𝐼 − 𝑑𝑅.

(21)

The system is subject to the non-negative initial conditions

𝑀(0) =𝑀0, 𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝐼(0) = 𝐼0, 𝑅(0) = 𝑅0. (22)

It is biologically sound to assume that the effective transmission number is greater than the infective death rate: 𝛽 > 𝛼. It is clear
hat the first equation in (21) has, for 𝑀0 ≥ 0, a unique solution

𝑀(𝑡) =
(1 − 𝑏)
𝑑 + 𝛿

𝛬 +𝑀0𝑒
−(𝑑+𝛿)𝑡, ∀ 𝑡 > 0, (23)

and a unique equilibrium point

𝑀∗ =
(1 − 𝑏)𝛬
𝑑 + 𝛿

,

hich is globally asymptotically stable. Injecting the solution of Eq. (23) into the other equations of Model (21), we obtain the
ollowing result:
5
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Table 1
Description of parameters used in the model.

Parameters Parameter description Units Values Ref

𝑏 Fraction of infants without immunity – 0.39 [15]
𝑑 Natural death rate day−1 0.01143/365 Estimated
1∕𝛼 Time from the infection to death day−1 1/58 Assumed
𝛽 Effective contact number day−1 60 Assumed
𝛿 Loss of immunity rate day−1 1/180 [14]
1∕𝜖 Duration of the latent period day−1 1 Assumed
𝛾 Recovery rate day−1 0.47 [15]
𝛬 Recruitment constant individual/day 1879 Estimated

Theorem 5.

1. The MSEIR Model (21) is a dynamical system on the biologically feasible region

𝛺 =

{

(𝑀,𝑆, 𝐼, 𝐸,𝑅) ∈ R5
+ ∶ 0 ≤ 𝑁 ≤ 𝛬

𝑑

}

,

which attracts all solutions starting outside 𝛺.
2. The model always admits a unique disease-free equilibrium 𝐸∗ given as

𝐸∗ = (𝑀∗, 𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗) =
(

(1 − 𝑏)𝛬
𝑑 + 𝛿

,
𝛬(𝑏𝑑 + 𝛿)
𝑑(𝑑 + 𝛿)

, 0, 0, 0
)

(24)

3. The basic reproduction number of Model (21) is given as

0 =
𝛽𝜖(𝑏𝑑 + 𝛿)

(𝑑 + 𝜖)(𝑑 + 𝛿)(𝛾 + 𝑑 + 𝛼)
.

4. The disease-free equilibrium is locally asymptotically stable (LAS) whenever 0 < 1. It is unstable when 0 > 1.
5. When 0 > 1, the Model (21) admits a unique endemic equilibrium 𝐸∗∗ ∶= (𝑀∗∗, 𝑆∗∗, 𝐸∗∗, 𝐼∗∗, 𝑅∗∗), with

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑀∗∗ =
(1 − 𝑏)𝛬
𝑑 + 𝛿

, 𝑆∗∗ =
𝛬(𝑏𝑑 + 𝛿)

𝑑(𝑑 + 𝛿)(𝛽 − 𝛼)

(

𝛽
0

− 𝛼
)

𝐸∗∗ =
𝛬(𝛾 + 𝑑 + 𝛿)
(𝛽 − 𝛼)𝜖

(0 − 1), 𝐼∗∗ = 𝛬
(𝛽 − 𝛼)

(0 − 1),

𝑅∗∗ =
𝛾𝛬

𝑑(𝛽 − 𝛼)
(0 − 1).

(25)

In this case, the endemic equilibrium is GAS.

The results in 5 can be obtained as for the variants models of (21) investigated in [14,15]. Note that statements in items (4) and
(5) of Theorem 5 are a rephrasing of the fact that the MSEIR model (21) enjoys the sharp threshold property introduced in [27].
In this reference, Lyapunov functions are constructed in a systematic manner and they are used to establish the global asymptotical
stability of the disease-free equilibrium and the endemic equilibrium when 0 ≤ 1 and 0 > 1, respectively.

As alluded to earlier, childhood diseases such as Measles, Mumps and Rubella (MMR) can be modelled by the MSEIR system. We
now want to introduce the vaccination as a control intervention in the MSEIR model. We assume that at the time 𝑡, the susceptible
infants are vaccinated at the 𝑡-dependent rate 𝑢(𝑡). Given that the MMR vaccine is 99% effective after two doses [28], we assume
for the sake of simplicity of our model that vaccine is 100% effective. This leads to the system

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑀 ′ = (1 − 𝑏)𝛬 − (𝛿 + 𝑑)𝑀, 𝑀(0) =𝑀0 ≥ 0
𝑆′ = 𝑏𝛬 + 𝛿𝑀 − 𝛽 𝑆𝐼

𝑁
− 𝑑𝑆 − 𝑢𝑆, 𝑆(0) = 𝑆0 ≥ 0

𝐸′ = 𝛽 𝑆𝐼
𝑁

− (𝑑 + 𝜖)𝐸, 𝐸(0) = 𝐸0 ≥ 0
𝐼 ′ = 𝜖𝐸 − (𝛾 + 𝑑 + 𝛼)𝐼, 𝐼(0) = 𝐼0 ≥ 0
𝑅′ = 𝛾𝐼 − 𝑑𝑅 + 𝑢𝑆, 𝑅(0) = 𝑅0 ≥ 0

(26)

which can be written in the compact form (2) as

𝑥′ = 𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡)), (27)

where 𝑥 = (𝑀(𝑡), 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)), 𝑥0 = (𝑀0, 𝑆0, 𝐸0, 𝐼0, 𝑅0) and 𝑔(𝑡, 𝑥(𝑡), 𝑢(𝑡)) is defined by the right hand side of (26).
Our goal is to minimize the following cost functional defined, as in [22], by

𝐽 (𝑥, 𝑢) = ∫

𝑇

0
𝐴𝐼(𝑡) + 𝑢(𝑡)2𝑑𝑡, 𝑖.𝑒., 𝑓 (𝑡, 𝑥, 𝑢) = 𝐴𝐼(𝑡) + 𝑢2(𝑡) in (18). (28)

ere 𝐴 ≥ 0 is the weight parameter linked to the variable 𝐼 and the function 𝑢 belongs to the set
6

𝑈 = {𝑣, 𝑣 Lebesgue measurable, 0 ≤ 𝑣(𝑡) ≤ 0.8, for almost every 𝑡 ∈ [0, 𝑇 ]}. (29)
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Similar to [22], the upper bound of the controls is set to much less than 1 in (29) because it is impossible to vaccinate all the
population. The specific upper bound 0.8 is chosen, due to the reported low coverage of the MMR vaccine in South Africa, the
country under consideration for this study [26,29].

By adding the equations in (26), we have the conservation law
𝑑𝑁
𝑑𝑡

= 𝛬 − 𝑑𝑁 − 𝛼𝐼.

Thus, the state variable, (�̄�, �̄�, �̄�, 𝐼, �̄�), of an optimal solution of the optimal control problem belongs to the biologically feasible
region 𝛺. More so, we have the following straightforward result.

Theorem 6. For 𝑢(𝑡) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, the dynamical System (26) enjoys qualitative properties similar to those in Theorem 5.

It can be shown that the above specified functions 𝑔(𝑡, 𝑥, 𝑢) and 𝑓 (𝑡, 𝑥, 𝑢) satisfy the assumptions stated in Theorem 2. For instance,
in the expressions of the 1 functions 𝑓 and 𝑔 in Eqs. (26), (27) and (28), it is clear that 𝑓 is convex, while the first and the third
inequalities of Condition (8) is obvious. Regarding the second condition, we have

∥ 𝑔(𝑡, 𝑥, 𝑢) ∥2 = [(1 − 𝑏)𝛬 − (𝛿 + 𝑑)𝑀]2 + [𝑏𝛬 + 𝛿𝑀 − 𝛽𝐼𝑆
𝑁 − (𝑑 + 𝑢)𝑆]2 + [ 𝛽𝐼𝑆𝑁 − (𝑑 + 𝜖)𝐸]2

[𝜖𝐸 − (𝛾 + 𝑑 + 𝛼)𝐼]2 + [𝛾𝐼 − 𝑑𝑅 + 𝑢𝑅]2

≤ (1 − 𝑏)2𝛬2 + (𝛿 + 𝑑)2𝑀2 + (𝑏𝛬 + 𝛿𝑀)2 + 2𝛽2𝑆2 + (𝑑 + 𝑢)2𝑆2 + 2𝛽(𝑑 + 𝑢)𝑆
+ ((𝑑 + 𝜖)2 + 𝜖2)𝐸2 + 𝐼2[(𝛾 + 𝑑 + 𝛼)2 + 𝛾2] + 𝑢2𝑆2 + 2𝛾𝑢𝛬

2

𝑑2
+ 𝑑2𝑅2

≤ 𝑀2((𝛿 + 𝑑)2 + 𝛿2) + 𝑆2(2𝛽2 + 𝑑2) + ((𝑑 + 𝜖)2 + 𝜖2)𝐸2

+ ((𝛾 + 𝑑 + 𝛼)2 + 𝛾2)𝐼2 + 𝑑2𝑅2 + 𝑢2( 2𝛬
2

𝑑2
) + 2𝑏𝛬2𝛿

𝑑
+ 𝑏2𝛬2 + 2𝑑 + 2𝛽(𝑑 + 1)𝛬𝑑 + 2𝛾𝛬2

𝑑2
≤ 𝐶(1+ ∥ 𝑥 ∥ +|𝑢|)2

where

𝐶 = max{ 2𝑏𝛬2𝛿
𝑑 + 𝑏2𝛬2 + 2𝑑 + 2𝛽(𝑑 + 1)𝛬𝑑 + 2𝛾𝛬2

𝑑2
; (𝛿 + 𝑑)2 + 𝛿2; 2𝛽2 + 𝑑2;

(𝑑 + 𝜖)2 + 𝜖2; (𝛾 + 𝑑 + 𝛼)2 + 𝛾2; 𝑑2; 2𝛬2

𝑑2
}.

onsequently, with additionally Theorem 1, we have the following existence and characterization result for the optimal control
roblem under consideration.

heorem 7. System (26) admits a unique control 𝑢∗ ∈ 𝑈 and an associated trajectory 𝑥∗𝑢 such that the objective functional 𝐽 is minimized.
he Hamiltonian of System (26) being

𝐻(𝑡, 𝑥, 𝑢, 𝜆) = 𝐴𝐼(𝑡) + 𝑢(𝑡)2 + 𝜆1

(

(1 − 𝑏)𝛬 − (𝛿 + 𝑑)𝑀
)

+ 𝜆2

(

𝑏𝛬 + 𝛿𝑀 − 𝛽 𝑆𝐼
𝑁

− 𝑑𝑆 − 𝑢(𝑡)𝑆
)

+ 𝜆3

(

𝛽 𝑆𝐼
𝑁

− (𝑑 + 𝜖)𝐸
)

+ 𝜆4

(

𝜖𝐸 − (𝛾 + 𝑑 + 𝛼)𝐼
)

+ 𝜆5

(

𝛾𝐼 − 𝑑𝑅 + 𝑢(𝑡)𝑆
)

, (30)

n optimal control solution (𝑢∗, 𝑥∗) is characterized as follows in three steps:

• The function 𝜆 ∶= (𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5) is the solution of the adjoint system [30]

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜆′1 = − 𝜕𝐻
𝜕𝑀

= −𝜆1(𝛿 + 𝑑) + 𝜆2

(

𝛿 + 𝛽 𝑆𝐼
𝑁2

)

− 𝜆3𝛽
𝑆𝐼
𝑁2

𝜆′2 = − 𝜕𝐻
𝜕𝑆

= −𝜆2

(

−𝑑 − 𝑢(𝑡) + 𝛽
𝐼(𝑀 + 𝐸 + 𝐼 + 𝑅)

𝑁2

)

− 𝜆3𝛽
𝐼(𝑀 + 𝐸 + 𝐼 + 𝑅)

𝑁2
− 𝜆5𝑢(𝑡)

𝜆′3 = − 𝜕𝐻
𝜕𝐸

= −𝜆2𝛽
𝑆𝐼
𝑁2

− 𝜆3

(

−𝛽 𝑆𝐼
𝑁2

− (𝑑 + 𝜖)
)

− 𝜆4𝜖

𝜆′4 = − 𝜕𝐻
𝜕𝐼

= −𝐴 − 𝜆2𝛽
𝐼(𝑀 + 𝑆 + 𝐸 + 𝑅)

𝑁2
− 𝜆3𝛽

𝐼(𝑀 + 𝑆 + 𝐸 + 𝑅)
𝑁2

+ 𝜆4(𝛾 + 𝑑 + 𝛼) − 𝜆5𝛾

𝜆′5 = − 𝜕𝐻
𝜕𝑅

= −𝜆2𝛽
𝑆𝐼
𝑁2

+ 𝜆3𝛽
𝑆𝐼
𝑁2

+ 𝜆5𝑑

subject to the transversality conditions

𝜆1(𝑇 ) = 𝜆2(𝑇 ) = 𝜆3(𝑇 ) = 𝜆4(𝑇 ) = 𝜆5(𝑇 ) = 0.

• The control 𝑢∗ is a critical point of 𝐻 , i.e.,

0 = 𝜕𝐻
𝜕𝑢

= 2𝑢(𝑡) − 𝜆2(𝑡)𝑆(𝑡) + 𝜆5(𝑡)𝑆(𝑡) at 𝑢∗. (31)

• The optimal control is

𝑢∗(𝑡) ≡
⎧

⎪

⎨

⎪

0 for 0 ≤ 𝑡 < 𝑇 ∗

1
2
(𝜆2 − 𝜆5)𝑆 for 𝑇 ∗ ≤ 𝑡 ≤ 𝑇 ∗∗

∗∗

(32)
7

⎩
0.8 for 𝑇 < 𝑡 ≤ 𝑇
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where 𝑇 ∗ is the largest time in the interval [0, 𝑇 ] such that 𝜕𝐻
𝜕𝑢

> 0 at 𝑢 = 0 and 𝑇 ∗∗ is the smallest time in the interval [𝑇 ∗, 𝑇 ] such

that 𝜕𝐻
𝜕𝑢

< 0 at 𝑢 = 0.8.

With the material accumulated till now, we are in a position to design an Euler-based nonstandard finite difference forward
ackward sweep method (NSFD-FBSM) from the continuous FBSM below. For 𝑚 = 0, 1, 2,… and given 𝑢(𝑚) solve:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑𝑥(𝑚+1)

𝑑𝑡
= 𝑔(𝑡, 𝑥(𝑚+1), 𝑢(𝑚)), 𝑥(𝑚+1)(0) = 𝑥0

𝑑𝜆(𝑚+1)

𝑑𝑡
= 𝜑(𝑡, 𝑥(𝑚+1), 𝜆(𝑚+1), 𝑢(𝑚)), 𝜆(𝑚+1)(𝑇 ) = 0

𝑢(𝑚+1) = 1
2
(𝜆(𝑚+1)2 − 𝜆(𝑚+1)5 )𝑆(𝑚+1) ≡ ℎ(𝑡, 𝑥(𝑚+1), 𝜆(𝑚+1))

(33)

where the state variable system has the productive-destructive form (15), as seen in (26). The Euler-based NSFD-FBSM for the system
(33) consists of the steps below.

• For 𝑚 = 0, choose an initial guess 𝑢(0)𝑗 , for 𝑗 = 0, 1,… , 𝑝.
• For 𝑚 ≥ 0:

– Compute (𝑀 (𝑚+1)
𝑗+1 , 𝑆(𝑚+1)

𝑗+1 , 𝐸(𝑚+1)
𝑗+1 , 𝐼 (𝑚+1)𝑗+1 , 𝑅(𝑚+1)

𝑗+1 ) by the NSFD scheme (14) and (16) explicitly detailed, in the Gauss–Seidel
order, as follows: for 𝑗 = 0, 1,… , 𝑝 and with (𝑀 (𝑚+1)

0 , 𝑆(𝑚+1)
0 , 𝐸(𝑚+1)

0 , 𝐼 (𝑚+1)0 , 𝑅(𝑚+1)
0 ) = (𝑀0, 𝑆0, 𝐸0, 𝐼0, 𝑅0) ≥ 0,

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑀 (𝑚+1)
𝑗+1 −𝑀 (𝑚+1)

𝑗

𝑟
= (1 − 𝑏)𝛬 − (𝛿 + 𝑑)𝑀 (𝑚+1)

𝑗+1

𝑆(𝑚+1)
𝑗+1 − 𝑆(𝑚+1)

𝑗

𝑟
= 𝑏𝛬 + 𝛿𝑀 (𝑚+1)

𝑗+1 − 𝛽
𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗

𝑁 (𝑚+1)
𝑗

− 𝑑𝑆(𝑚+1)
𝑗+1 − 𝑢(𝑚)𝑗 𝑆(𝑚+1)

𝑗+1
𝐸(𝑚+1)
𝑗+1 − 𝐸(𝑚+1)

𝑗

𝑟
= 𝛽

𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗

𝑁 (𝑚+1)
𝑗

− (𝑑 + 𝜖)𝐸(𝑚+1)
𝑗+1

𝐼 (𝑚+1)𝑗+1 − 𝐼 (𝑚+1)𝑗

𝑟
= 𝜖𝐸(𝑚+1)

𝑗+1 − (𝛾 + 𝑑 + 𝛼)𝐼 (𝑚+1)𝑗+1

𝑅(𝑚+1)
𝑗+1 − 𝑅(𝑚+1)

𝑗

𝑟
= 𝛾𝐼 (𝑚+1)𝑗+1 − 𝑑𝑅(𝑚+1)

𝑗+1 + 𝑢(𝑚)𝑗 𝑆(𝑚+1)
𝑗+1

(34)

where 𝑟 is defined in (14), with 𝑞 ≥ 𝑑 + 𝛿 + 𝛼 + 𝜖 + 𝛾 satisfying (20).
– Compute 𝜆(𝑚+1)𝑗 with 𝜆(𝑚+1)𝑝 = 0 by the classical backward Euler scheme: for 𝑗 = 𝑝 − 1, 𝑝 − 2,… , 0.

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

𝜆(𝑚+1)1𝑗+1 − 𝜆(𝑚+1)1𝑗

𝛥𝑡
= −𝜆(𝑚+1)1𝑗+1 (𝛿 + 𝑑) + 𝜆(𝑚+1)2𝑗+1

⎛

⎜

⎜

⎝

𝛿 + 𝛽
𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑁 (𝑚+1)
𝑗+1 )2

⎞

⎟

⎟

⎠

− 𝜆(𝑚+1)3𝑗+1 𝛽
𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑁 (𝑚+1)
𝑗+1 )2

𝜆(𝑚+1)2𝑗+1 − 𝜆(𝑚+1)2𝑗

𝛥𝑡
= −𝜆(𝑚+1)2𝑗+1

⎛

⎜

⎜

⎝

−𝑑 − 𝑢(𝑚)𝑗+1 + 𝛽
𝐼 (𝑚+1)𝑗+1 (𝑀 (𝑚+1)

𝑗+1 + 𝐸(𝑚+1)
𝑗+1 + 𝐼 (𝑚+1)𝑗+1 + 𝑅(𝑚+1)

𝑗+1 )

(𝑁 (𝑚+1)
𝑗+1 )2

⎞

⎟

⎟

⎠

− 𝜆(𝑚+1)3𝑗+1 𝛽
𝐼 (𝑚+1)𝑗+1 (𝑀 (𝑚+1)

𝑗+1 + 𝐸(𝑚+1)
𝑗+1 + 𝐼 (𝑚+1)𝑗+1 + 𝑅(𝑚+1)

𝑗+1 )

(𝑁 (𝑚+1)
𝑗+1 )2

− 𝜆(𝑚+1)5𝑗+1 𝑢
(𝑚)
𝑗+1

𝜆(𝑚+1)3𝑗+1 − 𝜆(𝑚+1)3𝑗

𝛥𝑡
= −𝜆(𝑚+1)2𝑗+1 𝛽

𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑁 (𝑚+1)
𝑗+1 )2

− 𝜆𝑚+13𝑗+1

⎛

⎜

⎜

⎝

−𝛽
𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑁 (𝑚+1)
𝑗+1 )2

− (𝑑 + 𝜖)
⎞

⎟

⎟

⎠

− 𝜆(𝑚+1)4𝑗+1 𝜖
𝜆(𝑚+1)4𝑗+1 − 𝜆(𝑚+1)4𝑗

𝛥𝑡
= −𝐴 − 𝜆(𝑚+1)2𝑗+1 𝛽

𝐼 (𝑚+1)𝑗+1 (𝑀 (𝑚+1)
𝑗+1 + 𝑆(𝑚+1)

𝑗+1 + 𝐸(𝑚+1)
𝑗+1 + 𝑅(𝑚+1)

𝑗+1 )

(𝑁 (𝑚+1)
𝑗+1 )2

− 𝜆(𝑚+1)3𝑗+1 𝛽
𝐼 (𝑚+1)𝑗+1 (𝑀 (𝑚+1)

𝑗+1 + 𝑆(𝑚+1)
𝑗+1 + 𝐸(𝑚+1)

𝑗+1 + 𝑅(𝑚+1)
𝑗+1 )

(𝑁 (𝑚+1)
𝑗+1 )2

+ 𝜆(𝑚+1)4𝑗+1 (𝛾 + 𝑑 + 𝛼) − 𝜆(𝑚+1)5𝑗+1 𝛾
𝜆(𝑚+1)5𝑗+1 − 𝜆(𝑚+1)5𝑗

𝛥𝑡
= −𝜆(𝑚+1)2𝑗+1 𝛽

𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑚+1) 2
+ 𝜆(𝑚+1)3𝑗+1 𝛽

𝑆(𝑚+1)
𝑗+1 𝐼 (𝑚+1)𝑗+1

(𝑚+1) 2
+ 𝜆(𝑚+1)5𝑗+1 𝑑
8
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Table 2
Initial conditions to simulate the optimal control problem (26).

Variables 𝑀(0) 𝑆(0) 𝐸(0) 𝐼(0) 𝑅(0)

Initial conditions 250,000 20,000,000 5,612[26] 931[26] 500

With 𝜆𝑚+1𝑖,𝑗 = 0, for 𝑗 = 𝑝 and 𝑖 = 1, 2, 3, 4, 5, it is easy to check that, for 𝑗 = 𝑝 − 1, 𝑝 − 2,… , 0, the following simple and
explicit expression holds:

𝜆𝑚+14,𝑝−1 = 𝐴𝛥𝑡 and 𝜆𝑚+1𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 if 𝑖 ≠ 4
𝐴𝛥𝑡 + (1 − 𝛥𝑡(𝛾 + 𝑑 + 𝛼))𝜆𝑚+14,𝑝−𝑙+1 if 𝑖 = 4 and 𝑗 = 𝑝 − 𝑙,

𝑙 = 1, 2,… , 𝑝 − 1.
(35)

ote that the second bullet of the Euler-based NSFD-FBSM falls in the category of symplectic schemes for optimal control problems
see, for instance, [31] and the references therein).

By adding the equations of System (34), it is clear that the NSFD scheme satisfies the following discrete counterpart of the
onservation law:

𝑁𝑚+1
𝑗+1 −𝑁𝑚+1

𝑗

𝑟
= 𝛬 − 𝑑𝑁𝑚+1

𝑗+1 − 𝛼𝐼𝑚+1𝑗+1 ≤ 𝛬 − 𝑑𝑁𝑚+1
𝑗+1 . (36)

Hence,

𝑁𝑚+1
𝑗+1 ≤ 𝛬

𝑑
whenever 𝑁𝑚+1

𝑗 ≤ 𝛬
𝑑
.

This leads to the result.

Theorem 8. For a constant discrete control, 𝑢𝑚𝑗 = �̃�, the NSFD scheme for the state variables preserves the positivity and boundedness of
the continuous state variables in the sense that

(𝑀𝑚+1
0 , 𝑆𝑚+10 , 𝐸𝑚+10 , 𝐼𝑚+10 , 𝑅𝑚+10 ) ∈ 𝛺 ⟹ (𝑀𝑚+1

𝑗 , 𝑆𝑚+1𝑗 , 𝐸𝑚+1𝑗 , 𝐼𝑚+1𝑗 , 𝑅𝑚+1𝑗 ) ∈ 𝛺. (37)

4.2. Numerical solutions

NSFD theta (Euler for 𝜃 = 0 or 𝜃 = 1) schemes for the MSEIR model with constant control (e.g., 𝑢 = 0) are constructed and
analysed in [32] where numerical simulations that illustrate the preservation of the stability of the equilibrium points as well as
the positivity and boundedness of the solutions, as per Theorem 8, are given. Here, we are interested in the impact of the control.
We apply the NSFD-FBSM developed in the previous subsection to solve the optimal control problem (26).

The involved parameters are estimated as explained below, based on the reality of the October 2022 to April 2023 measles
outbreak in South Africa [26,29]. From these references, it is reported that laboratory tests performed on a sample of 5612
individuals, resulted in 931 cases. We, therefore, take the initial conditions 𝐸(0) = 5612 and 𝐼(0) = 931. Furthermore, it is highlighted
in the same references that the coverage of the MMR vaccine is alarmingly below the 95% target that is needed to eradicate the
measles disease, while a significant number of adults fail to receive the first dose of the vaccine. This means that the number of
individuals, including adults, who are susceptible to measles is high. Hence, we assume that 𝑆(0) = 20, 000, 000, one-third of the South
African population. We further assume that 𝑀(0) = 250, 000 and 𝑅(0) = 500, thereby completing Table 2 of the initial conditions.
The values of the parameters are assumed, estimated or quoted in Table 1 which implies that 0 = 1.0226. In particular, since the
annual natural mortality per 1000 inhabitants in South Africa for 2021 was 11.43, and assuming that the carrying capacity, 𝛬∕𝑑,
for the MSEIR model is 60, 000, 000, the total population of South Africa, we estimate the recruitment constant, 𝛬, to 1,879.

The numerical result provided on Fig. 1 highlights the usefulness of the vaccination to mitigate the number of infected individuals
and to increase the total population, though 0 = 1.0226. It is seen that the vaccination profile should be at its highest value during
43 days before dropping down to 0 at the final time. This is consistent with Eq. (10) in the specific form (32) and (35).

For comparison purpose, we show on Fig. 2 the solution of the optimal control problem defined in (26) using the classical
forward–backward-sweep Euler scheme. We choose the step size 𝛥𝑡 = 0.08 for both the state variable and the adjoint equations.
The inefficiency of this numerical method is apparent. More precisely, both curves of latent and infected individuals lead to
negative solutions. Moreover, the vaccination profile reduces to zero, thereby suggesting that no control was implemented, which
is unrealistic. This observation is a new fact in the literature in supporting the superiority of the NSFD-FBSM over the classical
Euler-based FBSM.

5. Ebola patch model with optimal exit screening and vaccination

5.1. Ebola patch model with exit screening

In the paper [33], the authors investigated the transmission dynamics and optimal control of the Ebola Virus Disease (EVD) in
a complex but realistic setting of patch model in the light of the 2014–2016 West Africa EVD that arose simultaneously in three
9
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Fig. 1. Optimal vaccination solved by the NSFD-FBSM with 𝛥𝑡 = 2 for the state variables and 𝛥𝑡 = 0.005 for the adjoint variables (0 = 1.0226). This figure is
lotted with 𝐴 = 3, 𝑞 = 500 (the other values of the parameters are in Table 1).

ountries (viz. Guinea, Liberia and Sierra Leone) to and from which migrations and travels by road, sea and air were considerable.
heir models took into account the entry-exit screening and the quarantine measures. In this paper, we restrict ourselves to the exit
creening only as recommended by WHO. The model involves the variables 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑄𝑖, 𝑃𝑖 and 𝑅𝑖 (for each patch 𝑖), the definitions
f which are given on Table 3. The flow diagram for the model is depicted on Fig. 3.

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

𝑑𝑆𝑖(𝑡)
𝑑𝑡

= 𝛬𝑖 −
𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖

𝑁𝑖
− 𝜇𝑖𝑆𝑖 −

𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝑆𝑖 +

𝑛
∑

𝑗≠𝑖
𝑎𝑖𝑗 (1 − 𝜂𝑆𝑗 )𝑆𝑗

+
𝑛
∑

𝑗=1
(1 − 𝜙𝑗 (𝐸𝑗 ))𝜐𝑗𝜉𝑖𝑗𝑄𝑗 ,

𝑑𝐸𝑖(𝑡)
𝑑𝑡

=
𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖

𝑁𝑖
− 𝜇𝑖𝐸𝑖 − 𝛼𝑖𝐸𝑖 −

𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝐸𝑖 +

𝑛
∑

𝑗≠𝑖
𝑎𝑖𝑗 (1 − 𝜂𝐸𝑗 )𝐸𝑗 ,

𝑑𝐼𝑖(𝑡)
𝑑𝑡

= 𝛼𝑖𝐸𝑖 − (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖)𝐼𝑖,

𝑑𝐷𝑖(𝑡)
𝑑𝑡

= (𝜇𝑖 + 𝛿𝑖)𝐼𝑖 − 𝑏𝑖𝐷𝑖,

𝑑𝑄𝑖(𝑡)
𝑑𝑡

=
𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝜂

𝐸
𝑖 𝐸𝑖 +

𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝜂

𝑆
𝑖 𝑆𝑖 − (𝜇𝑖 + 𝜐𝑖)𝑄𝑖,

𝑑𝑃𝑖(𝑡)
𝑑𝑡

= 𝜙𝑖(𝐸𝑖)𝜐𝑖𝑄𝑖 − (𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖)𝑃𝑖,

𝑑𝑅𝑖(𝑡) = 𝛾𝑖𝐼𝑖 + 𝜃𝑖𝑃𝑖 − 𝜇𝑖𝑅𝑖,

(38)
10

⎩ 𝑑𝑡



Mathematics and Computers in Simulation 228 (2025) 1–22A.J. Ouemba Tassé et al.

t

p

Fig. 2. Optimal vaccination solved with the classical Euler-based FBSM with 𝛥𝑡 = 0.08 for the state and adjoint variables. This figure is plotted with 𝐴 = 3 (the
other values of the parameters are in Table 1). The dynamical inconsistency of the classical scheme with respect to the positivity of solutions and the impact
of the vaccination intervention is apparent.

where

𝜙𝑖(𝑒) =
{

0 if 𝑒 ≤ 0,
𝜙𝑖 (where 𝜙𝑖 ≤ 1 is a positive constant) if 𝑒 > 0,

(39)

he constant 𝜙𝑖 being the probability for a quarantined individual to be infected. The other definitions of the model parameters are

rovided in Table 4. For convenience, we introduce the following notation:

 = (𝑆,𝐸, 𝐼,𝐷,𝑄, 𝑃 ,𝑅) ∈ R7𝑛
+ where 𝑆 = (𝑆1,… , 𝑆𝑛), 𝐸 = (𝐸1,… , 𝐸𝑛), 𝐼 = (𝐼1,… , 𝐼𝑛),

𝐷 = (𝐷1,… , 𝐷𝑛), 𝑄 = (𝑄1,… , 𝑄𝑛), 𝑃 = (𝑃1,… , 𝑃𝑛), 𝑅 = (𝑅1,… , 𝑅𝑛),

𝐻𝑖 = 𝑆𝑖 + 𝐸𝑖 + 𝐼𝑖 +𝑄𝑖 + 𝑃𝑖 + 𝑅𝑖, 𝑁𝑖 = 𝐻𝑖 +𝐷𝑖, 𝐇 =
𝑛
∑

𝑖=1
𝐻𝑖;

𝐃 =
𝑛
∑

𝑖=1
𝐷𝑖; 𝛬 =

𝑛
∑

𝑖=1
𝛬𝑖, 𝛶 =

𝑛
∑

𝑖=1
(𝜇𝑖 + 𝛿𝑖), 𝜇𝑚 = min

1≤𝑖≤𝑛
{𝜇𝑖}, 𝑘𝑖 = (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖),

𝑏𝑚 = min1≤𝑖≤𝑛{𝑏𝑖}, 𝜇𝑀 = max
1≤𝑖≤𝑛

{𝜇𝑖 + 𝛿𝑖 + 𝜓𝑖}, 𝜔𝑖 = 𝜇𝑖𝑏𝑖𝑘𝑖 + 𝜇𝑖𝑏𝑖𝛼𝑖 + 𝜇𝑖𝛼𝑖(𝜇𝑖 + 𝛿𝑖) + 𝛾𝑖𝑏𝑖𝛼𝑖,

𝑎𝑀 = max
1≤𝑖≤𝑛

(

𝛽𝑖(1 + 𝜈𝑖) + 𝜇𝑖 +
𝑛
∑

𝑗=1
𝑎𝑗𝑖

)

; 𝛼𝑀 = max
1≤𝑖≤𝑛

(

𝜇𝑖 + 𝛼𝑖
)

; 𝛾𝑀 = max
1≤𝑖≤𝑛

(

𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖
)

;

𝑏𝑀 = max
(

𝑏
)

; 𝜐𝑀 = max
(

𝜇 + 𝜐
)

; 𝜃𝑀 = max
(

𝜇 + 𝜓 + 𝜃
)

; 𝜇𝑀 = max
(

𝜇
)

.

(40)
11
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Table 3
Variables of the model for each patch 𝑖.

Classes Description

𝑆𝑖 Susceptible individuals who did not undergo screening or who
were negatively screened.

𝐸𝑖 Latent individuals coming from the infection of the individuals in 𝑆𝑖.
𝐼𝑖 EVD symptomatic cases who left the latent compartment 𝐸𝑖.
𝐷𝑖 Ebola-death cases.
𝑄𝑖 Travellers positively screened at the exit borders and quarantined.
𝑃𝑖 Isolated individuals who failed to travel due to a positive

screening, followed by a positive diagnosis at the exit borders.
𝑅𝑖 Individuals who recover from EVD.

Fig. 3. Flow diagram between compartments of two patches 𝑖 and 𝑗 (𝑖≠𝑗) for Model (38).

ith the step function 𝜙𝑖 in (39), it can be shown by some algebraic computation that System (38) has a unique disease-free
quilibrium, DFE≡ 0, given in terms of the notation (40) by

0 = (𝑆0, 0, 0, 0, 𝑄0, 0, 0) ∈ R7𝑛
+ . (41)

n [33], the authors computed the control reproduction number, 𝑐 , of Model (38) using the next generation matrix. They also
onsidered the more explicit threshold

 = max
1≤𝑖≤𝑛

𝛽𝑖𝛼𝑖(𝑏𝑖 + 𝜈𝑖(𝜇𝑖 + 𝛿𝑖))

𝑏𝑖𝑘𝑖

(

(𝜇𝑖 + 𝛼𝑖) +
𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝜂

𝐸
𝑖

) , (42)

which reduces to the basic reproduction number of Model (38) in the particular case when all susceptible travellers are negatively
screened, while all latent individuals are quarantined i.e 𝑄0

𝑖 = 0. Here is the result established in [33] for the qualitative properties
of Model (38).

Theorem 9.

1. Model (38) is a dynamical system on the biologically feasible region

𝛤 =
{

 = (𝑆,𝐸, 𝐼,𝐷,𝑄, 𝑃 ,𝑅) ∈ R7𝑛
+ ∶ 𝐇 ≤ 𝛬 and 𝐃 ≤ 𝛶𝛬

}

,
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Table 4
Parameters of the model.
Parameters Epidemiological interpretation Units

𝑎𝑖𝑗 Rate of susceptible/latent individuals of patch 𝑗 who
wish to migrate to patch 𝑖. week−1

𝜇𝑖 Natural mortality rate in patch 𝑖. week−1

𝛬𝑖 Constant recruitment of susceptible in patch 𝑖. indiv.week−1

𝛽𝑖 Effective transmission rate of EVD in patch 𝑖 due
to individuals in 𝐼𝑖 compartment. indiv.week−1

𝑏𝑖 Burial rate of Ebola-deceased in patch 𝑖. week−1

𝛾𝑖 Recovery rate of infected who belong to the 𝐼𝑖 compartment. week−1

𝜃𝑖 Recovery rate of individuals who belong to the 𝑃𝑖 compartment. week−1

𝛼𝑖 Exit rate of the 𝐸𝑖 compartment to the 𝐼𝑖 compartment. week−1

𝜈𝑖 Modification parameter for the infectiousness of
the Ebola-deceased. –

𝜂𝑆𝑖 Proportion of susceptible individuals in 𝑆𝑖 who –
are positively screened at the exit-border of patch 𝑖.

𝜂𝐸𝑖 Proportion of latent individuals in 𝐸𝑖
who are positively screened at the exit of patch 𝑖. –

𝛿𝑖 Mortality rate due to EVD of infected individuals
in patch 𝑖 who belong to the 𝐼𝑖 compartment. –

𝜓𝑖 Mortality rate due to EVD of infected in patch 𝑖 who
belong to the 𝑃𝑖 compartment. week−1

𝜐𝑖 Exit rate from the 𝑄𝑖 compartment by any means
different from the death. week−1

𝜙𝑖(𝐸𝑖)𝜐𝑖𝑄𝑖 Proportion of quarantined individuals
who are positively diagnosed. indiv.week−1

𝜉𝑖𝑗 Rate at which the quarantined who are negatively
diagnosed in patch 𝑗 left patch 𝑗 to patch 𝑖 (𝑗 ≠ 𝑖). week−1

𝜉𝑖𝑖 Rate at which the quarantined who are negatively
diagnosed in patch 𝑖 cancel their trip. week−1

Fig. 4. Numerical simulations suggesting, for 𝑐 > 1, the existence of a positive interior equilibrium and its stability. The values to plot these figures are in
Table 5. With these values, 𝑐 = 3.9537 > 1,  = 4.2333 > 1.

which is attractive.
2. The DFE, 0, is unstable whenever 𝑐 > 1. It is locally asymptotically stable if 𝑐 < 1. In the latter case, 0 is globally asymptotically

stable (GAS) provided that the exit screening is 100% negative i.e 𝜂𝑆𝑖 = 𝜂𝐸𝑖 = 0 for all patches 𝑖.
3. The DFE is GAS if  < 1.

Remark 10. The existence and stability of endemic and or boundary equilibria in the case when 𝑐 > 1, and particularly when
𝑐 < 1 <  , are investigated numerically as seen on Figs. 4 and 5, respectively.

The exit screening which is the main intervention that WHO recommended for the 2014–2016 Ebola outbreak in Guinea, Liberia
and Sierra Leone can be detrimental to the country that implements it as far as the number of infected individuals is concerned.
To address this concern, we combine the exit screening with the vaccination as a supplement intervention. Such a strategy is sound
13
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Fig. 5. Numerical simulations suggesting the GAS of the DFE when 𝑐 < 1 <  . Here 𝛽2 = 0.21329;𝑐 = 0.9312 < 1,  = 1.1287 > 1. The other values for the
simulations are as in Table 5.

as the Ebola vaccination is increasingly used since the discovery of the rVsV-ZEBOV-GP Ebola vaccine and the Ad26.ZEBOV/MVA-
BN-Filo vaccine which occupied a prominent place in the control of the 2018–2020 EVD outbreak in the Democratic Republic of
Congo [34,35].

We assume that the exit screening implemented in Patch 𝑖 targets only the latent travellers at the time-dependent rate 𝜂𝑖(𝑡), and
we denote by 𝜎𝑖(𝑡) the time-dependent rate for the vaccination in Patch 𝑖. As the EVD vaccine is not 100% perfect, among the 𝜎𝑖(𝑡)𝑆𝑖
individuals vaccinated, we assume that, only a fraction 𝜅 acquired immunity. With this in mind, Model (38) becomes for 𝑖 = 1,… , 𝑛:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

�̇�𝑖(𝑡) = 𝛬𝑖 −
𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖

𝑁𝑖
− 𝜇𝑖𝑆𝑖 +

𝑛
∑

𝑗≠𝑖
𝑎𝑖𝑗𝑆𝑗 −

𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝑆𝑖 − 𝜅𝜎𝑖(𝑡)𝑆𝑖,

�̇�𝑖(𝑡) =
𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖

𝑁𝑖
− 𝜇𝑖𝐸𝑖 − 𝛼𝑖𝐸𝑖 +

𝑛
∑

𝑗≠𝑖
𝑎𝑖𝑗 (1 − 𝜂𝑗 (𝑡))𝐸𝑗 −

𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝐸𝑖,

�̇�𝑖(𝑡) = 𝛼𝑖𝐸𝑖 − (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖)𝐼𝑖,
�̇�𝑖(𝑡) = (𝜇𝑖 + 𝛿𝑖)𝐼𝑖 − 𝑏𝑖𝐷𝑖,

�̇�𝑖(𝑡) =
𝑛
∑

𝑗≠𝑖
𝑎𝑗𝑖𝜂𝑖(𝑡)𝐸𝑖 − (𝜇𝑖 + 𝜐𝑖)𝑄𝑖,

�̇�𝑖(𝑡) = 𝜐𝑖𝑄𝑖 − (𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖)𝑃𝑖,
�̇�𝑖(𝑡) = 𝜅𝜎𝑖(𝑡)𝑆𝑖 + 𝛾𝑖𝐼𝑖 + 𝜃𝑖𝑃𝑖 − 𝜇𝑖𝑅𝑖
𝑆𝑖(0) = 𝑆0

𝑖 ≥ 0, 𝐸𝑖(0) = 𝐸0
𝑖 ≥ 0, 𝐼𝑖(0) = 𝐼0𝑖 ≥ 0, 𝐷𝑖(0) = 𝐷0

𝑖 ≥ 0,
𝑄𝑖(0) = 𝑄0

𝑖 ≥ 0, 𝑃𝑖(0) = 𝑃 0
𝑖 ≥ 0, 𝑅𝑖(0) = 𝑅0

𝑖 ≥ 0.

(43)

Our aim is to minimize both the cost of the control measures and the number of infected individuals. Therefore, we can define
the objective functional by

𝐽 ≡ 𝐽 (𝑥, 𝜎, 𝜂) = ∫

𝑇

0
𝑓 (𝑡, 𝑥, 𝜂, 𝜎), with 𝑓 (𝑡, 𝑥, 𝜂, 𝜎) ∶= [

𝑛
∑

𝑖=1
𝑤𝑖𝐸𝑖(𝑡) +

𝑑𝑖
2
𝜎𝑖

2(𝑡) +
𝑐𝑖
2
𝜂2𝑖 (𝑡)]𝑑𝑡, (44)

where 𝑇 is the maximum duration of the implementation of these two measures, 𝑤𝑖 is the weight factor associated with latent
humans 𝐸𝑖; 𝑑𝑖 and 𝑐𝑖 are the weight factors linked to the control variables 𝜎𝑖 and 𝜂𝑖, respectively. The control set is

𝑈 = {[(𝜎 )𝑖=𝑛, (𝜂 )𝑖=𝑛], ∀𝑖 ∶ 𝜎 , 𝜂 Lebesgue measurable, 0 ≤ 𝜎 (𝑡), 𝜂 (𝑡) ≤ 1, a.e. on [0, 𝑇 ]}. (45)
14
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w
t
𝜂
t

T

The Hamiltonian of the optimal control problem of minimizing 𝐽 (𝑥, 𝜎, 𝜂) in (44) subject to (43) is

 =
𝑛
∑

𝑖=1
𝑤𝑖𝐸𝑖(𝑡) +

𝑑𝑖
2
𝜎𝑖

2(𝑡) +
𝑐𝑖
2
𝜂2𝑖 (𝑡) + 𝑧1𝑖[𝛬𝑖 −

𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖
𝑁𝑖

− 𝜇𝑖𝑆𝑖 +
𝑛
∑

𝑗=1
𝑎𝑖𝑗𝑆𝑗

−
𝑛
∑

𝑗=1
𝑎𝑗𝑖𝑆𝑖 − 𝜎𝑖(𝑡)𝑆𝑖] + 𝑧2𝑖[

𝛽𝑖(𝐼𝑖 + 𝜈𝑖𝐷𝑖)𝑆𝑖
𝑁𝑖

− 𝜇𝑖𝐸𝑖 − 𝛼𝑖𝐸𝑖 +
𝑛
∑

𝑗=1
𝑎𝑖𝑗 (1 − 𝜂𝑗 (𝑡))𝐸𝑗

−
𝑛
∑

𝑗=1
𝑎𝑗𝑖𝐸𝑖] + 𝑧3𝑖[𝛼𝑖𝐸𝑖 − (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖)𝐼𝑖] + 𝑧4𝑖[(𝜇𝑖 + 𝛿𝑖)𝐼𝑖 − 𝑏𝑖𝐷𝑖]

+ 𝑧5𝑖[
𝑛
∑

𝑗=1
𝑎𝑗𝑖𝜂𝑖(𝑡)𝐸𝑖 − (𝜇𝑖 + 𝜐𝑖)𝑄𝑖] + 𝑧6𝑖[𝜐𝑖𝑄𝑖 − (𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖)𝑃𝑖]

+ 𝑧7𝑖[𝜎𝑖(𝑡)𝜅𝑆𝑖(𝑡) + 𝛾𝑖𝐼𝑖 + 𝜃𝑖𝑃𝑖 − 𝜇𝑖𝑅𝑖],

(46)

here the right-hand side of (43), denoted by 𝑔(𝑡, 𝑥, 𝜂, 𝜎), and the integrand, 𝑓 (𝑡, 𝑥, 𝜂, 𝜎), are written explicitly. It can be shown that
he functions 𝑓 and 𝑔 satisfy all the assumptions used in Theorems 1 and 2. In particular, the choice of the quadratic terms 𝜎2𝑖 and
2
𝑖 guarantees that the objective functional 𝐽 is convex, while the behaviour of 𝑔 stated in Theorem 2 can be obtained as we did for
he 𝑀𝑆𝐸𝐼𝑅 optimal control model. Therefore, we have the existence and characterization result below.

heorem 11.

1. Let (𝜂∗, 𝜎∗) be an optimal control of (43) with an associated state 𝑥∗𝜂,𝜎 . Then, there exists a differentiable adjoint function 𝑧(𝑡) ∶
[0, 𝑇 ] → R7𝑛, solution of the adjoint system

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

�̇�1𝑖(𝑡) = − 𝜕
𝜕𝑆𝑖

= 𝛽𝑖
(𝐼𝑖 + 𝜈𝑖𝐷𝑖)

𝑁𝑖
(𝑧1𝑖 − 𝑧2𝑖) + 𝜇𝑖𝑧1𝑖 + 𝑧1𝑖

∑𝑛
𝑗=1 𝑎𝑗𝑖 + 𝜅𝜎𝑖(𝑡)𝑧1𝑖

−𝑧7𝑖𝜎𝑖(𝑡)𝜅 −
𝑛
∑

𝑗=1,𝑗≠𝑖
𝑧1𝑗𝑎𝑗𝑖,

�̇�2𝑖(𝑡) = − 𝜕
𝜕𝐸𝑖

= −𝑤𝑖 + 𝑧2𝑖[𝜇𝑖 + 𝛼𝑖 +
𝑛
∑

𝑗=1
𝑎𝑗𝑖] − 𝑧3𝑖𝛼𝑖 − 𝑧5𝑖

𝑛
∑

𝑗=1
𝑎𝑗𝑖𝜂𝑖(𝑡)

−
𝑛
∑

𝑗=1,𝑗≠𝑖
𝑧2𝑗𝑎𝑗𝑖(1 − 𝜂𝑖(𝑡)),

�̇�3𝑖(𝑡) = − 𝜕
𝜕𝐼𝑖

=
𝛽𝑖𝑆𝑖
𝑁𝑖

(𝑧1𝑖 − 𝑧2𝑖) + 𝑧3𝑖(𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖) − 𝑧4𝑖(𝜇𝑖 + 𝛿𝑖) − 𝑧7𝑖𝛾𝑖,

�̇�4𝑖(𝑡) = − 𝜕
𝜕𝐷𝑖

=
𝛽𝑖𝜈𝑖𝑆𝑖
𝑁𝑖

(𝑧1𝑖 − 𝑧2𝑖) + 𝑧4𝑖𝑏𝑖,

�̇�5𝑖(𝑡) = − 𝜕
𝜕𝑄𝑖

= 𝑧5𝑖(𝜇𝑖 + 𝜐𝑖) − 𝑧6𝑖𝜐𝑖,

�̇�6𝑖(𝑡) = − 𝜕
𝜕𝑃𝑖

= 𝑧6𝑖(𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖) − 𝑧7𝑖𝜃𝑖,

�̇�7𝑖(𝑡) = − 𝜕
𝜕𝑅𝑖

= 𝑧7𝑖𝜇𝑖,

𝑧𝑙𝑖(𝑇 ) = 0, 𝑙 = 1,… , 7, 𝑖 = 1,… , 𝑛.

(47)

such that (𝑡, 𝑥, 𝜂, 𝜎) ≥ (𝑡, 𝑥∗𝜂∗ ,𝜎∗ , 𝜂
∗, 𝜎∗).

2. There exists a unique control (𝜎∗, 𝜂∗) ∈ 𝑈 such that the cost functional defined by (44) is minimized.
3. These controls can be expressed, ∀ 𝑖 = 1,… , 𝑛, as

𝜂∗𝑖 (𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if 0 ≤ 𝑡 < 𝑇 ∗
𝜂𝑖
,

∑𝑛
𝑗=1,𝑗≠𝑖 𝑎𝑗𝑖(𝑧2𝑗 − 𝑧5𝑖)𝐸𝑖

𝑐𝑖
, if 𝑇 ∗

𝜂𝑖
≤ 𝑡 ≤ 𝑇 ∗∗

𝜂𝑖
,

0 if 𝑇 ∗∗
𝜂𝑖
< 𝑡 ≤ 𝑇 .

(48)

and

𝜎∗𝑖 (𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if 0 ≤ 𝑡 < 𝑇 ∗
𝜎𝑖
,

𝑆𝑖𝜅(𝑧1𝑖 − 𝑧7𝑖)
𝑑𝑖

, if 𝑇 ∗
𝜎𝑖
≤ 𝑡 ≤ 𝑇 ∗∗

𝜎𝑖
,

0 if 𝑇 ∗∗
𝜎𝑖
< 𝑡 ≤ 𝑇 .

(49)

where, like in the case of the MSEIR optimal control problem, 𝑇 ∗
𝜂𝑖
& 𝑇 ∗

𝜎𝑖
and 𝑇 ∗∗

𝜂𝑖
& 𝑇 ∗∗

𝜎𝑖
are defined as 𝑇 ∗ and 𝑇 ∗∗, respectively.

Going forward, we want to solve numerically the optimal control problem of minimizing 𝐽 in (44) subject to (43) in its equivalent
form (43), (47), (48) and (49). The starting point is to consider the continuous FBSM, (18), which here reads as follows: For the

0 0 0 0 (𝑚+1) (𝑚+1) (𝑚+1) (𝑚+1)
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iterations 𝑚 ≥ 0, we choose an initial guess 𝜂 = 𝜂 (𝑡) and 𝜎 = 𝜎 (𝑡) and seek for 𝑥 , 𝑧 , 𝜂 and 𝜎 solutions to the
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system:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥(𝑚+1)(𝑡)
𝑑𝑡

= 𝑔(𝑡, 𝑥(𝑚+1)(𝑡), 𝜂(𝑚)(𝑡), 𝜎(𝑚)(𝑡)), 𝑥(𝑚+1) = 𝑥(0)

𝑑𝑧(𝑚+1)(𝑡)
𝑑𝑡

= 𝛹 (𝑡, 𝑥𝑚+1(𝑡), 𝜂(𝑚)(𝑡), 𝜎(𝑚)(𝑡)), 𝑧(𝑚+1)(𝑇 ) = 0

𝜂(𝑚+1)(𝑡) ∶= 𝜑1(𝑡, 𝑥(𝑚+1)(𝑡), 𝑧(𝑚+1)(𝑡)),

𝜎(𝑚+1)(𝑡) ∶= 𝜑2(𝑡, 𝑥(𝑚+1)(𝑡), 𝑧(𝑚+1)(𝑡)),

(50)

where 𝜑1, 𝜑2 are functions that come from (48) & (49), and

𝛹 (𝑡, 𝑥(𝑚+1)(𝑡), 𝜂(𝑚)(𝑡), 𝜎(𝑚)(𝑡)) = −(𝑓𝑥(𝑡, 𝑥(𝑚+1)(𝑡), 𝜂(𝑚)(𝑡), 𝜎(𝑚)(𝑡))
+ 𝑧(𝑚+1)𝑔𝑥(𝑡, 𝑥(𝑚+1)(𝑡), 𝜂(𝑚)(𝑡), 𝜎(𝑚)(𝑡))).

With the discretizations 𝑡𝑘 of [0, 𝑇 ], we propose the following Euler-based NSFD-FBSM.

• For 𝑚 = 0, we choose the initial guess 𝜂𝑘,0, 𝜎𝑘,0, 𝑘 = 0, 1,… , 𝑝.
• For 𝑚 ≥ 0 ∶

– We compute 𝑥𝑘+1,(𝑚+1) by the Nonstandard Forward Euler scheme for (43),

𝑥𝑘+1,(𝑚+1) − 𝑥𝑘,(𝑚)
𝑟

= 𝑔(𝑡𝑘, 𝑥𝑘,(𝑚+1), 𝜏𝑘,(𝑚)), 𝑥𝑘,(𝑚+1)0 (0) = 𝑥𝑘0 , 𝑘 = 0, 1,… , 𝑝 − 1,

which, ∀ 𝑖 = 1,… , 𝑛, corresponds to

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆𝑘+1,(𝑚+1)𝑖 − 𝑆𝑘,(𝑚)𝑖
𝑟

= 𝛬𝑖 − 𝜆
𝑘,(𝑚+1)
𝑖 𝑆𝑘,(𝑚+1)𝑖 − 𝜇𝑖𝑆

𝑘,(𝑚+1)
𝑖 −

𝑛
∑

𝑗=1
𝑎𝑗𝑖𝑆

𝑘,(𝑚+1)
𝑖

+
𝑛
∑

𝑗=1
𝑎𝑖𝑗𝑆

𝑘,(𝑚+1)
𝑗 − 𝜅𝜎𝑘,(𝑚)𝑖 𝑆𝑘,(𝑚+1)𝑖 ,

𝐸𝑘+1,(𝑚+1)𝑖 − 𝐸𝑘,(𝑚)𝑖
𝑟

= 𝜆𝑘,(𝑚+1)𝑖 𝑆𝑘,(𝑚+1)𝑖 − 𝜇𝑖𝐸
𝑘,(𝑚+1)
𝑖 − 𝛼𝑖𝐸

𝑘,(𝑚+1)
𝑖 −

𝑛
∑

𝑗=1
𝑎𝑗𝑖𝐸

𝑘,(𝑚+1)
𝑖

+
𝑛
∑

𝑗=1
𝑎𝑖𝑗 (1 − 𝜂

𝑘,(𝑚)
𝑗 )𝐸𝑘,(𝑚+1)𝑗 ,

𝐼𝑘+1,(𝑚+1)𝑖 − 𝐼𝑘,(𝑚)𝑖
𝑟

= 𝛼𝑖𝐸
𝑘,(𝑚+1)
𝑖 − (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖)𝐼

𝑘,(𝑚+1)
𝑖 ,

𝐷𝑘+1,(𝑚+1)
𝑖 −𝐷𝑘,(𝑚)

𝑖
𝑟

= (𝜇𝑖 + 𝛿𝑖)𝐼
𝑘,(𝑚+1)
𝑖 − 𝑏𝑖𝐷

𝑘,(𝑚+1)
𝑖 ,

𝑄𝑘+1,(𝑚+1)𝑖 −𝑄𝑘,(𝑚)𝑖
𝑟

=
𝑛
∑

𝑗=1
𝑎𝑗𝑖𝜂

𝑘,(𝑚)
𝑖 𝐸𝑘,(𝑚+1)𝑖 − 𝜇𝑖𝑄

𝑘,(𝑚+1)
𝑖 − 𝜐𝑖𝑄

𝑘,(𝑚+1)
𝑖 ,

𝑃 𝑘+1,(𝑚+1)𝑖 − 𝑃 𝑘,(𝑚)𝑖
𝑟

= 𝜐𝑖𝑄
𝑘,(𝑚+1)
𝑖 − (𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖)𝑃

𝑘,(𝑚+1)
𝑖 ,

𝑅𝑘+1,(𝑚+1)𝑖 − 𝑅𝑘,(𝑚)𝑖
𝑟

= 𝜅𝜎𝑘,(𝑚)𝑖 𝑆𝑘,(𝑚+1)𝑖 + 𝛾𝑖𝐼
𝑘,(𝑚+1)
𝑖 + 𝜃𝑖𝑃

𝑘,(𝑚+1)
𝑖 − 𝜇𝑖𝑅

𝑘,(𝑚+1)
𝑖 ,

(51)

where 𝑟 is defined by (14) with

𝑞 ≥ min
(

1
𝑎𝑀

, 1
𝛼𝑀

, 1
𝛾𝑀

, 1
𝑏𝑀

, 1
𝜐𝑀

, 1
𝜃𝑀

, 1
𝜇𝑀

)

(52)

and satisfying the analog of (20) for the model (43).
– The adjoint discrete system is defined through the classical backward Euler scheme as follows: for 𝑘 = 𝑝 − 1,… , 0

𝑧𝑘+1,(𝑚+1) − 𝑧𝑘,(𝑚+1) = 𝛹 (𝑡 , 𝑥𝑘+1,(𝑚+1), 𝑧𝑘+1,(𝑚+1), 𝜂𝑘+1,(𝑚), 𝜎𝑘+1,(𝑚)), 𝑧𝑝,(𝑚+1)(𝑇 ) = 0,
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This gives the following discrete system for 𝑙 = 1, 2,… , 7, 𝑖 = 1, 2,… , 𝑛 and 𝑘 = 𝑝 − 1, 𝑝 − 2,… , 0 :

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑧𝑘+1,(𝑚+1)1𝑖 − 𝑧𝑘,(𝑚+1)1𝑖
𝛥𝑡

=
𝛽𝑖(𝐼

𝑘+1,(𝑚+1)
𝑖 + 𝜈𝑖𝐷

𝑘+1,(𝑚+1)
𝑖 )𝑆𝑘+1,(𝑚+1)𝑖

𝑁𝑘+1,(𝑚+1)
𝑖

(𝑧𝑘+1,(𝑚+1)1𝑖 − 𝑧𝑘+1,(𝑚+1)2𝑖 )

+𝜇𝑖𝑧
𝑘+1,(𝑚+1)
1𝑖 + 𝑧𝑘+1,(𝑚+1)1𝑖

𝑛
∑

𝑗=1
𝑎𝑗𝑖 + 𝜅𝜎

𝑘+1,(𝑚)
𝑖 𝑧𝑘+1,(𝑚+1)1𝑖

−𝑧𝑘+1,(𝑚+1)7𝑖 𝜎𝑘+1,(𝑚)𝑖 𝜅 −
𝑛
∑

𝑗=1,𝑗≠𝑖
𝑧𝑘+1,(𝑚+1)1𝑗 𝑎𝑗𝑖,

𝑧𝑘+1,(𝑚+1)2𝑖 − 𝑧𝑘,(𝑚+1)2𝑖
𝛥𝑡

= −𝑤𝑖 + 𝑧
𝑘+1,(𝑚+1)
2𝑖

[

𝜇𝑖 + 𝛼𝑖 +
𝑛
∑

𝑗=1
𝑎𝑗𝑖

]

− 𝑧𝑘+1,(𝑚+1)3𝑖 𝛼𝑖

−𝑧𝑘+1,(𝑚+1)5𝑖

𝑛
∑

𝑗=1
𝑎𝑗𝑖𝜂

𝑘+1,(𝑚)
𝑖 −

𝑛
∑

𝑗=1,𝑗≠𝑖
𝑧𝑘+1,(𝑚+1)2𝑗 𝑎𝑗𝑖(1 − 𝜂

𝑘+1,(𝑚)
𝑖 ),

𝑧𝑘+1,(𝑚+1)3𝑖 − 𝑧𝑘,(𝑚+1)3𝑖
𝛥𝑡

=
𝛽𝑖𝑆

𝑘+1,(𝑚+1)
𝑖

𝑁𝑘+1,(𝑚+1)
𝑖

(𝑧𝑘+1,(𝑚+1)1𝑖 − 𝑧𝑘+1,(𝑚+1)2𝑖 ) + 𝑧𝑘+1,(𝑚+1)3𝑖 (𝜇𝑖 + 𝛿𝑖 + 𝛾𝑖)

− 𝑧𝑘+1,(𝑚+1)4𝑖 (𝜇𝑖 + 𝛿𝑖) − 𝑧
𝑘+1,(𝑚+1)
7𝑖 𝛾𝑖,

𝑧𝑘+1,(𝑚+1)4𝑖 − 𝑧𝑘,(𝑚+1)4𝑖
𝛥𝑡

=
𝛽𝑖𝜈𝑖𝑆

𝑘+1,(𝑚+1)
𝑖

𝑁𝑘+1,(𝑚+1)
𝑖

(𝑧𝑘+1,(𝑚+1)1𝑖 − 𝑧𝑘+1,(𝑚+1)2𝑖 ) + 𝑧𝑘+1,(𝑚+1)4𝑖 𝑏𝑖,

𝑧𝑘+1,(𝑚+1)5𝑖 − 𝑧𝑘,(𝑚+1)5𝑖
𝛥𝑡

= 𝑧𝑘+1,(𝑚+1)5𝑖 (𝜇𝑖 + 𝜐𝑖) − 𝑧
𝑘+1,(𝑚+1)
6𝑖 𝜐𝑖,

𝑧𝑘+1,(𝑚+1)6𝑖 − 𝑧𝑘,(𝑚+1)6𝑖
𝛥𝑡

= 𝑧𝑘+1,(𝑚+1)6𝑖 (𝜇𝑖 + 𝜓𝑖 + 𝜃𝑖) − 𝑧
𝑘+1,(𝑚+1)
7𝑖 𝜃𝑖,

𝑧𝑘+1,(𝑚+1)7𝑖 − 𝑧𝑘,(𝑚+1)7𝑖
𝛥𝑡

= 𝑧𝑘+1,(𝑚+1)7𝑖 𝜇𝑖.

(53)

Note that except from 𝑧𝑘,(𝑚+1)2𝑖 , all the terms 𝑧𝑘,(𝑚+1)𝑙𝑖 with 𝑙 ≠ 2 are equal to zero due to the transversality condition. The discrete
analog of part of Theorem 9 is as follows:

Theorem 12. Assume that 𝜂(𝑡) and 𝜎(𝑡) are constant. Then, the NSFD scheme (51) is dynamically consistent with the continuous Model
(38) in the sense that it is a discrete dynamical system on the biologically feasible region 𝛤 . Moreover, under the conditions (20) and (52),
the disease-free fixed (DFF) point of the NSFD scheme of (51) is elementary stable in the sense that the disease-free equilibrium of the
continuous model coincides with the DFF and both of them are LAS if the control reproduction number is less than one.

The first part of Theorem 12 is obtained by the construction of the NSFD scheme under consideration. The second part is
essentially based on the Lyapunov indirect method, which amounts to showing that the spectral radius of the Jacobian matrix
of the defining function of disease-free fixed point is less than 1 whenever the control reproduction number is less than 1. This is
precisely the case under the conditions (20) and (52), in view of an intrinsic relation that holds between this Jacobian matrix and
that of the continuous model (38) evaluated at the disease-free equilibrium [8].

5.2. Numerical simulations

The numerical simulations for our NSFD-FBSM (51), (52) and (53) for the optimal control problem that combines the vaccination
and exit screening measures will be implemented in Guinea (patch 1), Liberia (patch 2) and Sierra Leone (patch 3), the countries
that were more affected by the 2014–2016 EVD outbreak. The parameters to be used were mostly estimated in [33] from real data
and they are gathered in Tables 5–6. We solve the optimality system during forty weeks. For comparison purpose, we also use the
classical Euler-based FBSM.

Fig. 6 should be read in conjunction with Table 7 regarding the role of 𝑇 ∗ and 𝑇 ∗∗, the times needed to include the bounds of
the controls as explained in Eqs. (48) & (49). Though the exit screening is implemented in an optimal manner, the solutions curves
on Fig. 6 suggest that the impact of the screening intervention alone is weak. This reinforces the need to combine it with another
control strategy such as the vaccination. The control profiles show that the exit screening has to be at its highest value in Guinea,
Liberia and Sierra Leone during 16 weeks, 38 weeks and 19 weeks, respectively, before dropping to their lowest bounds at the final
time. The optimal vaccination must be implemented in Guinea, Liberia and Sierra Leone during 34 weeks, 39 weeks and 29 weeks,
respectively, before decreasing until their lowest values at the end time. This figure highlights that the vaccination intervention is
more efficient than the border measures, and justifies the implementation of the former for the control of EVD during the 2018–2020
DRC Kivu Outbreak [43].

On the other hand, we illustrate on Fig. 7 the same optimal control problem using the classical Euler-based FBSM with the same
initial conditions and the step size ℎ = 0.05. The superiority of the NSFD over the classical schemes has been abundantly studied
in terms of the preservation of features of the continuous models such as boundedness of solutions, stability of equilibrium points
and conservation laws [1,3,4,6,7,9,10]. In this work, the superiority of the NSFD-FBSM on the classical Euler scheme is observed
on two additional accounts. Firstly, the latter produces negative latent individuals which is not acceptable. Secondly, all the curves
merge and all the control profiles reduce to the constant function zero, which leads to an unrealistic situation that neither the exit
screening nor the vaccination intervention has an impact on the control of the infection.
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Table 5
Parameters values to simulate System (43). The parameters without source in the table were estimated in [33].

Par. Values Source Val Fig. 4 Par. Values Source Val Fig. 4

𝜂𝐸1 0.2967 0.5433 𝜅 0.5 [36]
𝜇1 0.0002 0.00004 𝜐1 0.477 0.51868
𝛽1 0.1523 0.0015 𝛽2 0.01329 0.0006312
𝛽3 0.1615 0.3128 𝜐2 2.6571 0.53906
𝜈1 2.1556 0.508 𝜈2 0.9219 3.0656
𝜈3 1.1275 0.867 𝜙𝑖 , ∀ 𝑖 0.022 0.022
𝛿1 0.857 [35] 0.857 𝛿2 0.75 [37] 0.075
𝛿3 0.5 [38] 0.5 𝜐3 0.6682 0.5764
𝜓1 0.3 [39] 0.3 𝜓2 0.4 [40] 0.04
𝜓3 0.5 [38] 0.5 𝜉21 0.0145 0.0764
𝜉31 0.4516 0.4676 𝜉12 0.8712 0.5018
𝜉11 0.03 0.4557 𝜉22 0.0339 0.5109
𝜉33 0.0959 0.7053 𝑑𝑖 ,∀ 𝑖 200
𝜉32 0.4072 0.4873 𝜉13 0.2677 0.2328
𝜉23 0.9466 0.0612 𝑎21 0.000064 × 50 0.000284
𝑎31 0.0001 × 50 0.0121 𝑎12 0.00054 × 50 0.05548
𝑎32 0.0001 × 50 0.0150 𝑎13 0.00063 × 50 0.000122
𝑎23 0.000036 × 50 0.0131 𝑏3 0.5 [37,38] 0.5
𝑏1 1∕2.01 [37,38] 1∕2.01 𝑏2 1∕4.5 [37] 1∕4.5
𝛾1 0.0059 [41] 0.059 𝛾2 0.026767 [41] 0.6026767
𝜃1 0.001120 [41] 0.75 𝜃2 0.031486 [41] 0.075
𝜃3 0.015743 [41] 0.75 𝛾3 0.010038 [41] 0.010038
𝑤1 1 𝜇2 0.0002 14/1000
𝜇3 0.0002 10.17/1000 𝜋𝑖 , ∀ 𝑖 0.03703 [42] 0.03703
𝛼1 1.2746 10.5239 𝛼2 4.6956 0.083333
𝛼3 0.5817 0.1 𝜂𝑆1 0.1065 0.21
𝜂𝑆2 0.2541 0.21 𝜂𝑆3 0.5383 0.2317
𝜂𝐸2 0.2366 0.226 𝜂𝐸3 0.1390 0.4229
𝑤1 0.002 𝑐1 0.125
𝑤3 0.65 𝑤2 0.2
𝑐2 0.5 𝑐3 0.68

Table 6
Initial values of the variables for Model (38).

Countries E(0) I(0) D(0) Q(0) P(0) R(0) Total

Guinea 330 286 286 286 286 286 1,760
Liberia 1,319 1,060 1,060 1,060 1,060 1,060 6,619
Sierra Leone 1,262 720 720 720 720 720 4,862

Table 7
Values of times 𝑇 ∗

𝑐𝑖
and 𝑇 ∗∗

𝑐𝑖
for the incorporation of bounds per type of control, 𝑐𝑖 = 𝜂𝑖 (exit

screening) or 𝑐𝑖 = 𝜎𝑖 (vaccination).
Exit screening Guinea Liberia Sierra Leone

𝑇 ∗
𝜂𝑖

16 38 19
𝑇 ∗∗
𝜂𝑖

40 40 40

Vaccination Guinea Liberia Sierra Leone

𝑇 ∗
𝜎𝑖

34 39 29
𝑇 ∗∗
𝜎𝑖

40 40 40

6. Conclusion and discussion

The nonstandard finite difference (NSFD) method was introduced by R. Mickens [3] more than three decades ago. The method has
hown great potential and is becoming an established field to produce property preserving numerical schemes for various differential
quation models of real life problems [3,6,7,10].

The motivation of this paper is twofold:

• To the authors best knowledge, the NSFD approach has not been used yet for optimal control problems.
• The lack of a suitable optimal control model for the 2014–2016 West Africa Ebola Virus Disease (EVD) outbreak that came

with the unprecedented challenge of considerable migrations and travels of people inbound and outbound Guinea, Liberia and
Sierra Leone, the three countries where the disease simultaneously erupted.
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Fig. 6. Optimal control problem with exit screening combined or not combined with vaccination and solved with the NSFD scheme with 𝑞 = 500, ℎ = 1 for state
variable and ℎ = 0.005 for the adjoint variables. The values of the parameters are in Table 5.

We considered the optimal control problem for the well-known MSEIR model applied to the recent Measles outbreak in South Africa,
with the vaccination as a control intervention [14,22]. Furthermore, using the exit screening of travellers [44] and the vaccination
of susceptible individuals, we developed for the 2014–2016 EVD an extended SEIRD metapopulation model modified by additional
compartments of quarantined and isolated individuals.

After investigating the dynamics (e.g. positivity and boundedness of solutions, stability of equilibria, etc.) of the state variable
systems, we designed Euler-based NSFD versions of the forward–backward-sweep method (NSFD-FBSM) that preserve the dynamics
of the state variable systems. We generated numerical simulations that support the theory and highlight the superiority of the NSFD-
FBSM over the classical FBSM in the sense that the classical FBSM leads to negative solutions and does not highlight the impact of
the control measures implemented. The nonstandard-based numerical simulations suggest that significantly increasing the coverage
of the MMR vaccine with its implementation for adults as well, is vital and essential to stop the recurrent measles outbreaks in South
Africa, a finding that aligns with [29]. Likewise, our simulations show that the optimal vaccination control for the 2014–2016 West
Africa Ebola Virus Disease is more efficient to mitigate the number of infected individuals than the exit screening intervention.

Though being a more efficient intervention, the vaccination is modelled in this work in the simplest manner by assuming that it
is 100% effective, which is not always the case. We plan to address this concern by adding a separate compartment that accounts
for vaccinated individuals who then are infected at a reduced rate [45]. Moreover, since the Euler-based scheme are of order
1, this work can be extended by considering higher-order NSFD schemes such as the (modified) theta, the Runge–Kutta and the
time-reversible methods developed in [5,32,46–48], respectively. In the patch model, we did not considered the residence place
of individuals [49]. This aspect can be investigated with possibly additional control parameters of treatment such as the recently
approved Ebanga drug [50].
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Fig. 7. Optimal exit screening combined or not with vaccination solved with the classical Euler FBSM with ℎ = 0.05 for the state and adjoint variables. The
values of the parameters are in Table 5. The dynamical inconsistency of the classical scheme with respect to the impact of the control measure is apparent.
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