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1 | INTRODUCTION

It is a very hot topic in automation and control field to estimate unknown states for a nonlinear system based on
measured outputs. Quite a number of design methods have been proposed in the literature. Among these methods,
high-gain observers associated with the triangular structure have a higher important position in nonlinear observer
design. Researchers have been carried out new developments in various directions.'”

The above results are derived under the condition that the output can be accurately measured. However, in prac-
tice, the output sensitivity of some systems such as electrical devices!® and mechanical systems,!! may not be constant.
In other words, there inevitably exists output uncertainty. In order to resist unknown measurement uncertainty, robust
high-gain observer design methods were introduced and well discussed in References 12-16. Compared with a constant
high-gain, a dynamic high-gain could achieve better balance between the speed of state reconstruction and the mea-
surement noise sensitivity.!>17:'8 However, larger high-gain brought about the phenomena of oscillation and variation
in the presence of measurement uncertainty.'®° Therefore, studies on the high-gain observer design with measurement
disturbance by filtering technique have received more attention. In Reference 21, the states were estimated by inserting
filtered measurements for single-output linear observable systems. Some researchers also analyzed the effect of output
noise on high-gain observers when low-pass filter was used.?>?* Motivated by the high sensitivity of high-gain observers to
output disturbance, filtered high-gain observers were addressed in the presence of measurement uncertainty with
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saturation function.!®?* In the latest work,'* a low-pass filter on the measurement channel was inserted to reduce the
sensitivity to measurement noise. It should be noted that the error of the output and its estimation was filtered. Then, the
filtered error was used to construct an observer.

In order to estimate unknown states and parameters simultaneously, the adaptive technique has been developed
for linear systems with unknown parameters,?-3° and nonlinear systems with unknown parameters as well.313* The
unknown parameters appear in two different ways, that is, linear and nonlinear parameterized ways. Therefore, adaptive
observer design has been studied for nonlinear systems with parameters in linear parameterized way,?> 283> and nonlin-
ear parameterized way,**? respectively. However, the observers based on adaptive technique show erratic performance
if there exist measurement disturbances.*>*

Besides unknown parameters or uncertainties in the presence of system states and outputs, another significant issue
in observer design field is that the observer gains are referred to fragility or nonresilience.*> For example, the authors in
Reference 46 pointed out that the closed-loop system presented ambiguous when the control gain involved some distur-
bances. In addition, it is revealed that observer gains may show insignificant drifts because sensor equipment gets aging
since they are produced offline. More outcomes on nonfragile cases and states uncertainty cases for nonlinear systems can
be found in References 47-54. However, there are some limitations in present works: (a) The observer gains are obtained
by solving some linear matrix inequalities (LMIs). (b) The design methods may be unsuccessful if the LMIs are infeasible.

Motivated by above investigations, we firstly present the definition of nonfragile high-gain observer for
lower-triangular systems with output uncertainty. Then, by inserting an output filter, an augmented nonlinear system
is obtained and the output uncertainty is transformed into the state equation. Radial basis function neural networks
(RBFNN5) are used to approximate the measurement uncertainty. By an input-output filter on the augmented system, a
new augmented adaptive observable canonical form is derived. Then, a corresponding adaptive observer with gain per-
turbations is designed to estimate the states and the coefficients of the RBFNNs, and a disturbance observer is designed
to estimate the approximation error. By constructing a Lyapunov function, it is shown that the estimation errors of the
states and the approximation error are uniformly ultimately boundedness (UUB). If the measurement uncertainty can be
exactly approximated by the RBFNNSs, then, the estimation errors of the states will converge to origin. Moreover, under
a persistent excitation condition, the estimation errors of the coefficients of the RBFNNs will converge to origin as well.
At last, the obtained results are extended to nonlinear system with adaptive observer form and output disturbance.

The main contributions of this paper summarize as follows: (a) For the first time, definition of nonfragile high-gain
observer is presented for lower-triangular nonlinear systems with output uncertainty. (b) By an output filter and an
input-output filter and RBFNNs approximation theory, a new augmented adaptive observable canonical form is derived.
The design of nonfragile high-gain observer is transformed into the design an adaptive observer with gain perturbations.
(c) By constructing a Lyapunov function, the convergence of the estimation errors is analyzed. In addition, nonfragile
adaptive observers are also extended to nonlinear systems with unknown parameters in the state equation and uncertainty
in the measured output.

This paper is organized as follows. We introduce the problem description and some lemmas in Section 2. In Section 3,
we propose a new augmented adaptive observable canonical form and nonfragile observers for nonlinear systems with
the observer sensitivities and measurement disturbance. In Section 4, the results are extended to nonlinear systems in
adaptive observer form with output uncertainty. The experimental simulation results are shown in Section 5. The last
Section summarizes this paper.

2 | PRELIMINARIES AND PROBLEM DESCRIPTION

In this section, we introduce some fundamentals for later use.
Lemma 1. (Reference 55): A continuous function g(v) defined on a compact set Y C R, can be approximated
by the following RBFNNZ,
A AT
8) =0 @) + u,

where v = (01,02, ... ,09)" € Y, O € RP and u are the input vector, the weight vector and the approximation
error, respectively. The approximation error u satisfies |u| <y and u > 0. The basis function vector ¢(v) =
(@1(0), 2(v), ... , @p(v))" € RP and is continuous. The ideal weight O* is given by

0" =arg ro.nein{suplg(vlé) - g},

. vEY
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where hy = {O : ||0]| < h} and h is a designed constant. Then,
gw) = 0" () + u*,
| < m,
where u* is the optimal approximation error and u > 0 is the upper bound of the approximation error.

Lemma 2. Meyer-Kalman-Yacubovich Lemma®: Let Hy, H,, and H;z are three matrices with appreciate
dimensions. If and only if the triples (Hy,H,,H;) satisfy the strictly positive real condition, that is,
Re{H;(jwl — Hy)"'H,} > 0, then, there exist two positive definite matrices Py and Wy, a constant real vector Jy,

and a positive real number ¢, such that

HEPQ + PoH; = —]()Jg — eoWo,

PoH, = HI.
Lemma 3. Let
010 --- 0 <=k
A= : H : : :
00 0 --- 0 =k,
0 -+ 0 —kup

Then the characteristic polynomial of the matrix A is A" + k1 A" + ki AV + -+ k1A + k.

Proof. The characteristic polynomial of A is

-1 0 --- 0 k
A -1 -+ 0 ks
det(AIl-A)=| : : : : :
0 0 o -+ 2 ky
-1 0 0 -+ 0 A+kpn

Expanding by the last row of the determinant yields,

-1 0 ... 0 kl

-1 --- 0 k
det (A1 — A) = A"(A + Kny) — (~1)*2 )
0 0 A ky

Then, we expand the above determinant by the last column. Therefore,

det (A — A) = A"(4 + kny1) + Y (kiA"™)

i=1

— )’n+1 + kn+1/1n + klﬂn_l 4+ 4+ kn—lﬂ + kn.

The proof is completed.
Next, we consider the following nonlinear system with measurement uncertainty,
X(t) = Agx(t) + Bou() + o2, %),
€]

y(t) = Cox(t) + d(1),
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where

0 1 0 0
Ao=|" " 7 | By=|'landc, = (1 0 .- 0), x(t), y(t) and u(t),
o0 --- 1 0
0

are the state variable, the output variable and the control variable, respectively. The measurement uncertainty d(¢) is
a continuous nonlinear function. The nonlinear function ¢o(f,x) = (¢1(t, X)), P2(t, X)), ... ,Pn(t,x))T € R™, ¢i(t, x) €R
are continuous nonlinear functions and satisfy

|i(t,x) = a6, X)] < o(IX1 (D) = 1 (D] + [xX2() = X2 ()] + - - - + |xu0) = Xi (D)D),

where xlf = (X1,X2, ... ,X;), i=1, ... ,n) and ¢ > 0 is a constant. The measurement noise d(t), by Lemma 1, can be
approximated by RBFNNS,

dt) = )} alei(t) + V' (o), @)

i=1

where ¢;(t) are the radial basis functions, a} represent the optimal coefficients and v*(¢) is the optimal approximation
error. We assume that the optimal approximation error v*(¢) and its derivative v*(¢) satisfy [v*(£)] <V" and [v*(t)| < V"
where v and V" are two positive constants. Our aim is to design a nonfragile observer for the nonlinear system (1) with
the measurement noise (2).

Remark 1. Except for RBFNNSs, FLS (fuzzy logic system) is also able to approximate the measurement distur-
bance by implementing adaptive laws to identify the weights. It is proposed based on fuzziness characteristics
of human brain thinking, and has superior adaptability and approximation ability.>’>® RBFNNs are two-layer
forward networks. The hidden nodes implement a set of radial basis functions. The output nodes implement
linear summation functions. Whereas, FLS consists of a knowledge base, a fuzzifier, a fuzzy inference machine
and a defuzzifier. In the point of estimating measurement disturbance, they share the same effectiveness.

3 | THE NONFRAGILE OBSERVER DESIGN STRATEGIES

Introduce the following filtering action to the output with disturbance. Then,

Xn41() = —Lkint 101 (OXnp1 (£) + Y(E), (3)

where 60,41 () is an unknown function and denotes the gain perturbation, L and k,; are two positive parameters. We can
obtain the following augmented system,

X(t) = A X(0) + Byu(t) + (£, %) + Bod(0),
V() = Xnta (D), 4

where X(t) and y(t) are the state variable and output of the system (4), respectively.

o1 --- 0 0 0
: : : _ t,x
Al = , By = , By= and ¢(t,x) = d)O( ) .
o0 -- 0 1 0 0
o - _Lkn+10n+1(t) 0
Let b,y =1, and choose n positive constants by, ... ,b, such that the polynomial A"+ byA" !+ ...+ Ab,_1 + b,

is Hurwitz.



We insert the following input-output filter on the system (4),

m

ni(t) = X;(t) — Z glilal, j=1,...,n,

i=1
A1 () = Xn1a (B), (5)

where &[i] = Dal[i] + Eg;(t), a[i](0) = 0 and «;[i] is the jth element of the vector a[i].
The matrices D and E are given as,

—Lb; 1 0 --- 0 —Lb;
D= ) e and E = ) )
- Ln_lbn_l 0 0 - Ln_lbn_l
—L"b, o0 --- 0 —L"b,

Let @max be the upper bound of |@;(t)| (i =1, ... ,m). Then, the following results can be obtained.
Lemma 4. For the filter system &[i] = Da[i] + Eq;(t), a[i](0) = 0, the following inequalities hold,

1 _
Cooeazel )
log[i]] < L™ —Pmacj=1....n i=1....m,
(:‘3/122
T T . . . . . ..
where b = (bl, ,bn) , P1 is a positive definite matrix, A1 and A, are the maximum and the minimum

eigenvalues of the matrix Py, respectively, and c; is a positive constant,

Proof. Make the coordinate transformations as follows,

ol gl .
j[l](t)—T, j=1,..,n,i=1, ... ,m.

Let [i]() = (Q1[i](D), ... , 9,[i](®))T. Then, we have

A[i1(0) = LALSIiN(E) + bi(D),

where
-b 1 0 --- 0
A = : |
—by.y 0 0 -+ 1
—b, 0O 0 --- 0

Since the polynomial A" + by A"! + - - - + Ab,_1 + b, is Hurwitz, there exists a positive definite matrix P; and
a positive constant c;z satisfying AZT Py + P1A, < —c3P;.
Construct the Lyapunov function as Vo (t) = 7 [i](¢)P,8[i](¢). Then,

Vo(t) = LOT[i1(t)(AT Py + P1A2)IIil(¢) + 297 [i1(£)P1 bei(1)
< —esLOTHOPL L) + 2007 [i(OPLLI1(0)3 (b Pib)} g
< —c3LVo(t) + 242 [|bll @maxVy (8).

Since

1

L -1 . c 1 1
Vi® =2V, (OVo(®) < —§Lv; (&) + AZ [|bl| @max,
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thus,

1
1 247 11bl|
VOZ ® < Pmax-
C3
Moreover, we have )
L 1 247 1Bl
leglill = DIISTIO ] < D7 2 g,
(33/122
which completes the proof. m

From (2) and (5), the system (4) can be rewritten as

A(t) = Ain(t) + Biu(t) + d(t, n) + BF' ()a + Bov* (1),

() = Cn(®), (6)
where y(¢) is the output,
Lb;
aj a1[1] + @1(2) ]
a=|: | p®= : , C=0---01), B=| °
L"b,
A ar[m] + @m(t)
bn+1»

The system (6) is called an augmented adaptive observable canonical form.

‘We will proceed the observer design under two cases. The first case is that the optimal approximation error v*(t) # 0.
The second case is that the optimal approximation error v*(¢) = 0, that is, the output uncertainty d(t) can be written as
d() = ZiL1a; oi(0).

Under the first case, we propose the following observer,

71(t) = A1) + C(ns1 () — g1 (£) + Bru(t) + (¢, ) + BET(H)A(t) + Bod(0),
a(t) = LAB()(y(t) — Ch),
D(t) = —KoD(t) + Koy () — Ci),

m
Xi(t) =i+ Y qlildi, j=1,...,n,
i=1

Xne1(6) = Al (), @)
where
L%k10:(0)
L3k292(t)
G = ) ) gl(t)7 gz(t)7 ey 0n+1(t)’
Lnkn—lgn—l(t)
L”+1kn9n(t)
0

are the observer gain perturbations, A is a positive definite matrix and xy is a constant satisfying xy > 2

Remark 2. Due to manufacturing reasons, such as sensor equipments aging or round-off errors in numerical
calculations, there always exist gain perturbations.®® For example, in Reference 61, the authors pointed out
that there exists +10% sensitivity error in the displacement sensor of a magnetic bearing suspension system.
Moreover, there are two basic forms of observer gain perturbations, that is, multiplicative perturbations®? and
additive perturbations.*’ In fact, these two forms of perturbations are interconvertible, for example, 8(£)x; () =

X1(6) + (6(6) — 1)y (£), and x, () + d(t) = (1 + j%) X, (£) when x; (£) # 0.
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Under the second case, the following observer is presented,

1) = A1ii(t) + Cns1 () = flupr (1) + Biu(t) + ¢(t, 7) + BT (A,
a(t) = LAB@O(y (1) — Ch),
Xi(0) = A(t) + Y alila, j=1,....n,

i=1
X416 = s (0. ®)
Now, we give the following definitions.

Definition 1. For the nonlinear system (1), we construct the system (7) with unknown gain perturba-
tions 6;(t), i=1, ,n. If the gain perturbation 6;(f) € (1 — 0,1+ 9) (9 is the maximum allowable gain
perturbation), and there exist two positive real numbers ¢;, d; such that

%(6) =X <dy, j=1, ... ,n, t> 1, 9)

then, we call the system (7) is an UUB nonfragile high-gain observer of the nonlinear system (1).

Definition 2. For the nonlinear system (1), we establish the system (8) with unknown gain perturba-
tions 6;(t), i=1, ... ,n. If the gain perturbation 6;(t) € (1 — 0,1+0) (49 is the maximum allowable gain
perturbation), and the output uncertainty d(t) can be exactly approximated by RBFNNs, and

lim %) - X0 =0, j=1, ... .n, (10)

then, we call the system (8) is a nonfragile high-gain observer of the system (1).
In addition, if the unknown parameters a;‘ can be identified, that is

tlim(d(t) —a)=0, (11)
then, we call the system (8) is a nonfragile high-gain observer with identification of the nonlinear
system (1).

For the first case, make the following coordinates transformation,

Zi(t)—w i=1,...,n,

Zn1(8) = fpga (8) — ﬁn+1(t)- 12)
From (6), (7), and (12), it is easy to infer the error system as follows,

2(t) = LAz(t) + $(t, n) + bpT ()a(t) + Bav(0),
d(t) = =LA Cw,

P(t) = v*(£) + ko) + KkoCw, (13)
where
o1 0 --- 0 —k191(t) LZ1 b1
A _ . . . ’ w= . i b _ .
0 0 O 0 —kn0,(t) L"z, b,
0 0 0 —kui10,41(0) Zn+1» by

-(¢>1(t ny) — 1t 7))

and g(t.n) = | R ]
77 (bult. 1) = bult. 7))

0



The system (13) can be rewritten as

2(8) = LAZ(t) + L yzn1 (1) + d(t, ) + bBT (Ha(t) + Bo1(¢),
d(t) = —LAp(t)Cw,

P(t) = V*(t) + koD(t) + koCw,
where
010 --- 0 -k 1 = 0:1(t)k,
T : 1-0,(t))k
e and g | A0k
0 0 --- 0 —kg :
0 _kn+1 (1 - 9n+1(t))kn+1
The observer gain vector k = (ky, ..., kyn,kni1)T is produced by
k = Azb + sb,
where
0 1 0
Az = ,
0 0 0
1 0 0

and s is a positive real number.
For the matrices A, b, and C given in (14), we have the following result.

Lemma 5. The matrices A, b, and C given in (14) satisfy the strictly positive real condition. Moreover, there exist
two positive definite matrices P and W, a constant real vector J, and a positive real number € such that

ATP+PA=—JJT — W, (15)

and
Pb=CT. (16)

Proof. Note that
A A e 4 Ak 4 k4 Ak
=(A4+8)A"+ b A 4+ 1" 2by 4 - - -+ Abp_1 + by).

By simple calculation, we have

CAI-A)'b = 1
s+ A
Therefore,
Cljeol ~ A b= — s 2

s+jo  S+a? 24w

According to Lemma 2, the triples (4, b, C) are strictly positive real. Therefore, the conclusions (15) and (16)
hold, which completes the proof.

Let A3 be the minimum eigenvalue of matrix JJT + eW, 1,4 and A5 be the maximum and minimum eigen-
values of the matrix P, respectively, and A¢ be the minimum eigenvalue of matrix A~L. Then, we have the
following result of the UUB nonfragile high-gain observer. n

8
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2
Theorem 1. Ifthe high-gain L satisfies that L > max { SHZM, 4”%'2, %
3 3 3

. . . _ s s
(i=1,...,n) fall in the interval <1 8/14||k||\/nT1’1 + RTINS

function, then the system (7) is an UUB non-fragile high-gain observer for the system (1).

Proof. Construct the following Lyapunov function
V() = Vi(t) + Va(D),

and
Vi) = ;T(t)v(r),

Va(t) = 2 (OPz(t) + & (HA'a(®).
The derivative of V;(¢) is given as follows,

Vi) = 5T (O (1) + KkoD(t) + KoZns1 (1)
= D ()* (1) + KoV () — KoD(t) + KoZnt1 (1)

< =2k Vi(t) + VLV (£) + koD (O (1) + koD (O)Zps1 (D)
2
< (=2Ko + 3)V1(D) + %Ilz(t)ll2 + Ca,

1 =%2 K2 —#2
where ¢, = Ev* + 7"1)* .

The derivative of V,(t) can be calculated as,

V,(t) = 2T (OPz(t) + 2T (OP2(D) + & (DA~ a(e) + a” (A a()
= Lz (t)(ATP + PA)Z(t) + 2Lz (H)PbBT (Ha(t) — 2LaT ()AALB(t)Cw + 2zT (H)PH(t, 1)
+ Ly "Pz()2n11(t) + Lz ()P yzps1 (0) + 22" ()PB(1).

Due to
,
160l < 02<|z1<t)|>2---+02( ay +---+|zn<t>|>
< o\m@ 0 + -+ 20) < onlz O,
and
27" PB,(t) < |IPIPlIz0I* + 2V1 (1),
and

Ly"Pz(t)zn1(t) + LZT (OP yzns (t)
< 2L OPZO)} (£7Px)* [Zas (D)

n+1 2
< 2L/14||Z(t)||2<2(1 - 9i)2kf>

i=1

< 2LAg V1 + 10ma Ikl 12(D]12,

where 0y is the maximum value of [1-6;,i=1,...,n+1.
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Then, by combining with (15)-(21), we can indicate that

V() < = ALl + 1PN + 21|Pllonl|z®NI* + 2LAs V1 + 16max Ikl 12011
2

+ 30 Iz + (=2K0 + 3)V1(t) + 2Vi(f) + ¢4

—c1LllzZ@)11? + ca,

where ¢; = % — 244\ N+ 10mallk]| > 0.
If ¢, L||z(t)||? > 2c4, we can imply

t
/ V(tydt = V(1) — V(to) < —ca(t — o).
t,

0

V(to)

Lett; =ty + %.When t > t;, we have

€

V() < Vito) — calt — o) < 4522,
C1L

1 2
lzOll < L34/ =2,
C1

and

b
lal| < 173y /24 22)
C1/16
From Lemma 4 and (22), when t > t;, we have
R m
%) = X,(0)] = lny(®) — A;(0) + Zaj[i]aﬂ
y 12 2 |I b
<zl + ™ ————@mallall
(33).22
<Lice, j=1,....n, (23)

! L 2vamil ||b|| .
where ¢ = ¢ \/j + L' ——X 2 | The proof is completed.

e\ A A2 "

- 2 —_
Remark 3. Note that ¢4 = %1’)*2 + %"v*z is dependent on the optimal approximation error of the RBFNNS.
Since RBFNN s can be able to approximate a continuous function with an arbitrary accuracy, thus ¢, can be
arbitrarily small. Therefore, the estimation errors of the states can be arbitrarily small as well.

For the second case, from (6), (8), and (12), the dynamical error system is given by,

2(t) = LAZ(8) + Lyz(t) + $(t, ) + bp" (a(v),

a(t) = =LAS(HCw. (24)
Next, we give the following result of the nonfragile high-gain observer.

Theorem 2. Ifthe high-gain L satisfies that L > 4”P lon " the observer gain perturbations 6(t) fall in the interval

3

(1 - %”k”\/m, 1+ 4/l4||k||\/n_+1> and B(t) in (6) is an uniformly bounded function, then the system (8) is a
nonfragile high-gain observer for the system (1).

Proof. We focus on the Lyapunov function V,(¢) such as

Va(t) = 2" (H)Pz(t) + a (A~ a().
10



The derivative of V,(¢) can be expressed as follows,

Va(t) < =AsLIIz0)II + 2LAs\/nl k]| Omasl 201> + 2[|Pllonliz(d)]>
< —eLlzOl?, (25)

where ¢, = % —2M4V/ 1+ 10| k]| > 0.
Therefore ||z(¢)|| and ||d@(t)|| are uniformly bounded for any ¢ > f,. Note that ||z(¢)|| and ||z(¢)|| are uniformly
bounded and

t
c,L / 2 (0)z(x)dr < Va(ty) — Va(o0) < Vi(0).
L,

0

By Barbalat’s lemma,® we can imply that
}LI?OHZU)H = }Lfglo”ﬂ(t)” = tlirgllx(t)” =0, (26)

which confirms the correctness of Theorem 2.
If p(¢) in (6) satisfies the following persistent excitation condition

t+,

B (v)dr > LI, (27)

t

where [; and [, are two positive reals, then, the result of the non-fragile high-gain observer with identification
is given as follows. ]
Theorem 3. If the high-gain L satisfies that L > ‘”'iﬂ, the observer gain perturbations 0,(t) fall in the interval

3

_ s Ay . . . . o ..
<1 PYNTICR 1+ 4/14||k“\/n_+1> and f(t) in (6) satisfies the following persistent excitation condition (27), then,

the system (8) is a non-fragile high-gain observer with identification of the system (1).

Proof. According to Theorem 2, we have ||z(¢)|| and ||a@(¢)|| are uniformly bounded V¢ > ¢,.
From (13) and (26), we can also indicate ‘
tlim ai) =0.
Then, there is a constant a such that tlim d(t) = a. Thus, for any r > 0, there exists t, > 0 to reveal that

@@ —all <r, t>t. (28)

Next, we prove a = 0 by contradiction. Assume that a # 0.
Consider the following bounded function,

Q). 1 = % (@'t + A ae+ L) - a" OATaw)) .

Then,

Q. v _

7 al(t+IHAtae + ) —a'Atae)

t+1 d
= / —a' (o)A Yd(r)dr
dr

t+1 d
= —L/ d—dT(T)ﬂ(T)Zn+l(f)dT
t T

t+1; t+1; .
=L / 21 (D) (DAB(T)zn41 (7)d7 — L / a’ (0)P()zpn ()dr
t t

t+1; t+1;
-L / a" (0)B(2)z1(t) = kn1Znr1())dr — L / a'(0)p()p" (v)d(r)dr. (29)
t t

11



From (27) and tlim [lz(H)]] = 0, when ¢ > t,, there exists a positive constant R satisfying
— 00

dQ(a), 1)

t+1, t+1
n <RL / Zo,(vdr - L / alp(r)pr(v)adr
t t

t+, t+,
—2L / a' p(r)p" (a(r) - aydr - L / (@(z) — a)p(r)p" (r)(a(x) - d)dr
t t

t+1 LL
<RL / z . (n)dr — %am
t

<

—lz—LaTa. (30)

The inequality (30) contradicts the boundedness of Q(d(¢), t). Therefore, we can conclude that tlimc”z(t) =0.

The proof is completed. m

Remark 4. If0;(t) =1 (i=1, ... ,n+ 1), which means that there don’t exist observer gain perturbations, our
conclusions also hold.

Remark 5. Based on the technology of LMIs, some authors investigated the observer design with non-fragile
characteristics.*3->° However, if the LMIs-based sufficient conditions are infeasible, then, the design method
will fail. While, our nonfragile observers is always available.

Remark 6. In References 12-14 and 16, robust high gain observers were studied for nonlinear systems with
unknown measurement uncertainties. In order to suppress the effect of the measurement uncertainties fur-
ther, dynamic high-gain observers were investigated in References 12,17,18. However, larger high-gains may
yield the problems, such as oscillations and variations.!>?® Recently, it is shown that filtering technique is an
effective way to resist unknown measurement uncertainty.'#21-23 Especially in Reference 14, a low-pass filter
on the measurement channel was inserted to reduce the sensitivity to measurement noise. For measurement
noise such as a finite sum of sinusoids, the estimation errors have the low-pass filtering behavior. However,
in all the literature mentioned above, the following problems are neglected: (i) estimation the unknown mea-
surement uncertainties to suppress the effect of the measurement uncertainties and (ii) the effect of observer
gain perturbations.

In this paper, for the first time, the definitions of nonfragile high-gain observers are presented for nonlinear
systems with unknown measurement uncertainty. After an output filter, an augmented nonlinear system
is derived and the output uncertainty is put into the state equation. Then, the measurement uncertainty is
approximated by RBFNNs. An adaptive observer with gain perturbations and a disturbance estimator are
designed to estimate the states, coefficients of the RBFNNSs, and the approximation error, respectively. The
estimation errors of the states are UUB and can be arbitrarily small if the RBFNNs have enough approximation
accuracy and the observer gains can be varied in a prescribed range. If the measurement uncertainty can
be exactly approximated by the RBFNNs and the observer gain perturbations do not exceed the maximum
allowable range, then, the estimation errors of the states will converge to origin. Moreover, the estimation
errors of the coefficients of the RBFNNs will converge to origin under a persistent excitation condition.

Remark 7. In Reference 64, an observer was designed for a nonlinear system with immeasurable states,
multiplicative noises and measurement noise. However, the observer gains are required to guarantee a
positive-definite matrix and a small convergence region. Since both the matrix and the convergence region
are dependent on the observer gains, it may be difficult to select appropriate design parameters. However, by
introducing the output filter in this paper, such a problem can be settled.

4 | FURTHER EXTENSIONS

With regard to the nonlinear systems with unknown parameters in the state equation and uncertainty in the mea-
sured output, we can also apply the above observer design strategies to resist the negative influence of the uncertainties.
Consider the following classical nonlinear adaptive canonical form with the output disturbance,

12



p
X(8) = Agx() + Bou(t) + ¢o(t, ) + Y &Tu(o),

i=1
(@) = Cox(t) + d(t), (31)
@i1(0)

where ¢; are unknown parameters, I';(t) = (
@in(t)

> and ¢;j(H) i=1, ... ,p, j=1, ... ,n) are continuous functions.

From (2), the system (31) becomes

p
X(t) = Aox(t) + Bou(t) + ¢o(t, X) + Z G,

i=1

() = Cox(t) + Y @i pi(t) +v"(0). (32)

i=1
By inserting the output filter (3), we can obtain the following augmented system,

ptm
X(t) = AX() + Biu(t) + ¢(LX) + Y, O + Bav* (1),

i=1
V(O = Xp1 (D), (33)

where & = (&1, .. ,&p, af, - ,afn)T, o) = <l;)1 I;)p (plo(t) <pn(1)(t)> and ©(t) is the ith column vector of

matrix O(r).
Similar to the filtering transformation (5), we make the following transformation,

p+m

(6 =X - Y GliE, j=1,...n,
i=1
M1 (8) = Xng1 (D).

where §[i] = Ds[i] + E10;(t), 5[il(0) = 0, §;[i] is the jth element of the vector [i] and the matrix

0 -Lb
01 --- 0 —L%;

E = T
0 0 --- 1 —L",

Then, we can obtain the augmented adaptive observable canonical form as

A(t) = An() + Buu(®) + ¢(t, n) + BAT (D& + Byv* (0),
r(@) = Cn(0), (34)

where

61[1]

o1[p]

A() = .
o1[p + 1]+ @1(0)

o1[p + m] + @um(0)

13



For the system (34), the UUB nonfragile high-gain observer can be designed as follows,

A(t) = ArA(D) + Gllinsr (6) = Alpar () + Buu(®) + (2, ) + BAT(DE(t) + Bybd(D),
E(t) = LAA()( () — Ci),

D(t) = —Kod(t) + Koy () — Ci),
pt+m

X0 =0+ Y olié, j=1 ....n,

i=1

Xns1(6) = fipan (). (35)
Similar to the observer (8), we establish the nonfragile high-gain observer (with identification) as,

71(0) = A1A(6) + G(na1(8) = iy (O) + Bru(t) + ¢(t, 1) + BAT(0)E®),
&t) = LAA®)(y (1) — Ch),

p+m

X0 =0+ Y olié, j=1 ...n,
i=1
Xp41(8) = Ay (0). 6

Based on the results in Section 3, we have following corollaries.

Corollary 1. Ifthe high-gain L satisfies that L > max { 8”P”"", 4”;,”2’ 4;;“ } the observer gain perturbations 0;(t)

. . s s . .
fall in the interval (1 ST 1+ 8/14”]{”@) and A(t) in (34) is an uniformly bounded function, then the

system (35) is an UUB non-fragile high-gain observer for the system (31).

Corollary 2. Ifthe high-gain L satisfies that L > 4”P”0" , the observer gain perturbations 0;(t) fall in the interval

(1 - 4A4||k||\/n_+1’ 4/14||k”\/n_+1> and A(t) in (34) is an uniformly bounded function, then the system (36) is a
non-fragile high-gain observer for the nonlinear system (31).

If A(t) in (34) satisfies the persistent excitation condition
t+ly
/ A@AT(2)dr > 1], (37)
t

where [; and I, are two positive reals, then we can obtain the following corollary.

Corollary 3. If the high-gain L satisfies that L > 4”P lon " the observer gain perturbations 0;(t) fall in the inter-
3

1 1 P ) A in (34 . o "
val ( PN R + YNTICT and A(¢) in (34) satisfies the persistent excitation condition (37), then, the
system (36) is a nonfragile high-gain observer with identification of the nonlinear system (31).

The proofs of Corollary 1, Corollary 2, and Corollary 3 are similar to those of Theorem 1, Theorem 2, and Theorem 3,
and omitted.

5 | SIMULATIONS
In this section, some numerical simulations are presented to illustrate the correctness and validity of our observer design
strategies.

Example 1. Consider the following one-link manipulator system shown in Figure 1. The dynamic equation

of such a system is described by®>%’

{Dq+Bq+Nsinq=T+Td, -

Mt +Hr = u—Kpg,

14



where g, g, § are the link position, velocity and acceleration, respectively. The torque 7 is produced by the
electrical system and z; denotes the torque disturbance. u is the system input. Set the mechanical inertia
D =1 kg m?, the coefficient of viscous friction at the joint B=1 Nm s/rad, N = 10 as the positive constant
related to the coefficient of gravity and the mass of the load, the armature inductance M = 0.1 H, the armature
resistance H = 1 Q and the back electromotive force coefficient K, = 0.2 Nm/A.
By letting x1(¢) = q, x,(t) = ¢, x3(t) = 7 and y = x;(¢) + d(¢), the one-link manipulator system (38) can be

represented as

x1(8) = x(0),

Xo(t) = —2x2(t) — T sinx + $(x3(8) + 7a(t)),

X3(8) = = 2x() — Bxy(1) + £,

y(®) =x1(8) + d(®)

(39)

where u = 5 cos 0.5¢.

For the purpose of comparison with Reference 14, we set the torque disturbance z; = 0 and the observer
gain perturbations 8(¢) = (1, 1, 1, 1)7 in this scenario. Make an output filtering action and introduce RBFNNs
to approximate the disturbance d(t). Then, the following augmented system can be derived,

-

X(t) = X,(8),

X () = X3(b) — Xp(t) — 10sin X, (0),

3%:(8) = 10u(t) — 2%,(6) — 10%5(0),

X4(t) = X1(t) — LksXa(t) + T ak @u(t) + (o),
y(t) = X4(b).

Further, make an input-output filtering transformation. Thus,

-

@) = m@) + Lbi(aja1[1] + a7 o1(t) + aSaa[2] + a5 pa(F) + ajaa[3] + ajps(8) + ajar[4] + a, pa(1)),
A5 (t) = n3(t) — ma2(t) — 10sin 1 (8) + L?ba(afon [1] + a5 a1 (t) + @l [2] + af@a(t) + ajan (3]

+ a;p3(0) + aja[4] + a, pa(t)),

) A3(t) = 10u(t) — 2n2(t) — 10n3(t) + L*bs(a;an [1] + a1 (8) + ajan [2] + a5 po(t) + afaq [3]

+ a;@3(0) + ajar[4] + a; p4(t)),

74(t) = m(t) — Lkana + (ajon[1] + af@1(8) + @50 [2] + a5 @2(8) + a3en[3] + a3 @3 (t)

+ aya1[4] + a;a(D) + v (1),

y(6) = na(0),
R
= / ’\\/ '
m = | H M +
. K.
| o u
‘ e
% l ‘ _
q | > ®
& |/ I/
~ / Tr
B

FIGURE 1 The model of one-link manipulator.
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where a[i] are produced by

@1[1] = =Lbyoy[1] + a3 [1] — Lby 1 (2),
ay[1] = —L?byan [1] + a3 [1] — L?br01 (1),
a3[1] = —L3bzaq [1] — L*bs 1 (8),

@1[2] = =Lbyo1[2] + a,[2] — Lb, 1 (0),
@3[2] = —L?by1[2] + a3[2] — L?br05(0),
J a3(2] = —L3b31[2] — L3b3,(0),

@1[3] = —Lbya;[3] + a,[3] — Lby p5(2),
@3[3] = —L?by1[3] + a3[3] — L?br03(0),
a3[3] = —L3b3a1[3] — L3b35(1),

@1[4] = —Lbyo[4] + a;[4] — Lby p4(0),
@y[4] = —L?bya1[4] + a3[4] — L?br04(0),
\(13[4] = —Lbson[4] — L*b3@4(0).

Then, we design the UUB nonfragile high-gain observer as follows

(1) = A1) + L2ky 01(£)(na(t) — A4(0)) + Lby(Gra1 [1] + d1901(0) + daon [2] + G22(0)
+ Az [3] + Az @3(t) + daar [4] + Aaga(D)),

712(8) = A3(8) — A, () — 10sin 7, (£) + L3 k2 0,(6)(na(t) — A (t)) + L?by (G [1]

+ a101(1) + Qa1 [2] + G22(8) + A3 [3] + A3 3(1) + Qe [4] + Aa@a(D)),

713(8) = 10u(t) — 27(f) — 10A3(2) + L3k303(t)(na(t) — A4(0)) + L3b3(dr01[1] + d1p1 (1)
+ Qa1 [2] + G22(8) + Qza[3] + A3 3(0) + Agar[4] + da@a(D)),

73(8) = Ay (1) = LkaBa(Dfly + (@ aa[1] + G11(8) + o0 [2] + A202(0)

+ zon[3] + A3 @3(t) + Qa1 [4] + Aa@a(D)) + (D),

1 d1(f) = 50000L(a1 [1] + ¢1(0))(n4(t) — A4(1)),

a(t) = 50000L(a;1 [2] + @2(1))(na(t) — (L)),

as(t) = 50000L(an[3] + @3(O)(na(t) — l4(2)),

a4(t) = S0000L(a1[4] + @4(£))(na(t) — (1)),

B(t) = —koD() + Ko(na(t) = A4(D)),

Xi() = (0 + G [1] + Gaaa[2] + dsen [3] + daen [4],

%(t) = (D) + Gr1a[1] + Gas[2] + dsa(3] + daaal4],

Xa(0) = A5(0) + dras[1] + Grs[2] + d305[3] + daas[4],

Xa(t) = 0y 0).

\

In Reference 14, a finite sum of sinusoids was applied to model the measurement noise and demon-
strated that high-gain observers have the low-pass filtering behavior. Firstly, similar to Reference 14, we set
the measurement disturbance d(t) as,

d(t) = 3sin(250¢ + 1) + 5sin(433t + 2). (40)

The initial conditions are given by x(0)= (0.1, 0.2, 0.3, 0.4)T, @)= (1.5, 2.5, 1, 2)T and
7(0)=(1.1, 1.2, 1.3, 1.4)T. Set L=3, Kk, =200, b=(,2, 15 1) and s=3. The observer
gain can be obtained as k=(5, 7.5, 4.5, 4)7. The basis function vector is give by ¢(t) =

T
1 1 1 1 __ 150(cos(500t)—5) .
<—1+e*hm +35 5 19 o 26 ot 1.2> » where h(t) = =———="—— +sin(500f). We plot the
trajectories of the estimation errors of the UUB high-gain observer and the three degree low-pass filtered
observer proposed in Reference 14 in Figures 2, 3, and 4, respectively. It is observed that our observer design

methods have superior steady-state performance.
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FIGURE 2 The comparison trajectories of the estimation errors of x; (f) with the disturbance (40).

Secondly, in order to reveal the performance of our proposed observer design further, we set the measure-
ment disturbance as,

d(t) = 3sin(0.2t + 1) + 5sin(200¢ + 2), (41)

which is a finite sum of both high- and low-frequency sinusoids. Under the same conditions, we plot the
estimation error trajectories of the UUB high-gain observer and the three degree low-pass filtered observer'4
in Figures 5,6, and 7, respectively. Our observer design methods also yield more superior steady-state
performance than the method in Reference 14.

Example 2. Consider the one-link manipulator system (39) with d(t) = zizzlai(pi(t), and the torque distur-
bance 75 = Zl-zlei(Pi,z(f), where {; are unknown parameters, and ¢ 2(f) = sin(100¢), @,,(t) = sin(200¢). By
inserting the output filter, the one-link manipulator system (39) can be rewritten as,

(30t = %00,

X(t) = X3(t) — Xo() — 108inx;(8) + Yo Gi@ia(0),
Xs3() = 10u(t) — 2%(t) — 10%3(2),

Xa(t) = X () — LksXa () + Yo aipit),
V(0) = Xa(D).

A

Let & = (&1, &, ay, az)T. After the input-output filtering transformation, we have the following augmented
adaptive observable canonical form

-

() = ma(t) + Lby1(&161[1] + £261[2] + £361[3] + &301(8) + E461[4] + L4 (1)),

i (t) = n3(t) — ma(t) — 10sin i (£) + L?by(E16,[1] + £:61[2] + &E361[3]

+ & @1() + £461[4] + E492(D)),

173() = 10u(t) — 272(t) — 1073(t) + L3b3(£161[1] + £:61[2] + £361(3]

+ &301(0) + $a61[4] + Laga(D)),

14(8) = m(t) — Lkang + (5161[1] + £261[2] + £361[3] + E301(8) + £461[4] + Sap2(D)),
(1) = na(t),
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FIGURE 3 The comparison trajectories of the estimation errors of x,(¢) with the disturbance (40).
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FIGURE 6 The comparison trajectories of the estimation errors of x,(¢) with the disturbance (41).
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FIGURE 7 The comparison trajectories of the estimation errors of x;(¢) with the disturbance (41).

where §;[i] are produced by

(6,111 = —Lb161[1] + 6,[11,

82[1] = —=L2b161[1] + 83[1] + @1.2(0),
83[1] = —L3b364[1],

61[2] = —=Lb,6,[2] + 8,[2],

82[2] = —=L?b261[2] + 83[2] + @2.2(0),
83[2] = —=L3b36[2],

81[3] = —Lby6,[3] + 6,[3] — Lby g1 (1),
82[3] = —=L?b61[3] + 83[3] — L2brp1 (1),
83[3] = —=L?b36,[3] — L*b3 1 (),

61[4] = —Lb16,[4] + 6,[4] — Lby (1),

52[4] = —L%b,61[4] + 83[4] — L?brg2(0),

\5.3[4] = —L3b36,[4] — L*b3pa(1).

Therefore, we can establish the nonfragile high-gain observer with identification as follows,
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Set @1(t) = sin(200t) and ¢,(t) = sin(300¢), & = (1, 2, 1.5, 0.5)7 and the observer gain perturbations 6(t) =
(1 +0.5sin(), 1 —0.2sin(t), 1+ 0.2sin(f), 1+0.01sin(t))”. The rest parameters are same to those in
Example 1. In Figure 8, we can plot the trajectories of the estimation errors. The estimation errors of the
unknown parameter are also shown in Figure 9. The simulation results demonstrate the validity and efficiency

-

A1 () = 75(8) + L2ky 01(D)(ma(t) — 74(8)) + Lb1(8,61[1] + €,61[2] + £:61[3] + E3001 (1)
+&,81[4] + €,02(1)),

f12(t) = A13(8) = f1,(6) + 10in 71, (6) + L ko020 (1a(8) — 714 (1)) + Lby (8,81 [1]
+&,81[2] + £;81[31 + E;01(0) + £,81[4] + E,02(1)),

3(t) = 10u(t) — 277,(t) — 10715(1) + L*k303()(na(t) — A4(8)) + L*b3(&,81[1]
+&,61121 + E,01(1) + £381 3] + E302(0)),

A4(t) = 711(8) = LkaOa(D)Ay + (na(t) — A4(0)) + Lby (8,61 (1] + ,61[2] + €;61[3]

1+ &0 + 861141+ E402(0),

£,(6) = 50,000L(8: [11)(1a(8) — A4(£)),

£,(t) = 50,000L(3,[21)(14(8) — Ag(0)),

E5(6) = 10,000L(51[3] + @1 (D) (ma(8) — A4(0)),

£,(6) = 10,000L(51[4] + @2(0)(na(t) — A4(1)),

X1(0) = (0 + E81[1] + E81[21 + &581[3] + &,61[4],
X(0) = fy(0) + &162[1] + &,6:12] + £;6,[3] + &,5,141],
X3(0) = A3(0) + &85[1] + &,63(2] + £385[3] + &,55141,

ﬁm=mm.

of our methods.

6 | CONCLUSION

For the first time, we presented the definitions of nonfragile high-gain observers and design method for lower-triangular
nonlinear systems with output uncertainty. The output uncertainty was approximated by RBFNNSs. After an output filter
and an input-output filter, a new augmented adaptive observable canonical form was derived. Then, we designed an
observer with gain perturbations to estimate the states and the coefficients of the RBFNNs. Besides, a disturbance observer
was also designed to estimate the approximation error. We gave the maximum allowable gain perturbations as well. At
last, the obtained results were extended to nonlinear systems in adaptive observer form with output uncertainty.
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