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1. Introduction

The theory of complex analysis on complex Banach spaces enjoys a long, well-known, and fruitful his-
tory, which is summarized in the text [11]. This theory generalizes the classical theory of functions of a
complex variable by using norms as an abstraction of the ordinary modulus on the complex plane. In this
paper we investigate complex analysis via an alternative generalization of the complex modulus: the mod-
ulus on Archimedean complex vector lattices. This complex vector lattice modulus naturally leads to the
notion of order convergence, which provides us with an order-theoretic perspective on complex analysis. In
particular, we introduce an order-theoretic approach to complex differentiation on Archimedean complex
d-algebras.

Specifically, in Section 3 we utilize the notion of order convergent nets in complex vector lattices to
develop suitable definitions for order differentiable functions in Definition 3.5. It is then illustrated that
order differentiable functions satisfy the classical sum, product, chain, and, when F is uniformly complete,
quotient rule. A conception of holomorphic functions in the present setting is also introduced.
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We then introduce in Section 4 the notions of super order differentiable functions and o-super order
differentiable functions as a means to strengthen our results on order continuity, the chain rule, and quotient
rule from Section 3.

In Section 6 we apply our theory from Section 3 to power series and show that if a function is analytic
in our abstract setting, then it is holomorphic. In order to perform this task, we first improve our Cauchy-
Hadamard formulas from [12] in Section 5, which now include spectra of convergence of € that are not
necessarily order bounded. The key to this improvement is our obtainment of new formulas for the finite
and infinite parts of a positive element in the sup-completion, which are introduced in [3]. Our alternative
approach perhaps yields simpler formulas than the ones found in [3], which facilitate our proofs for the new
and improved Cauchy-Hadamard formulas.

This paper continues our development of complex analysis on complex vector lattices, which began with
a study of series and power series on such spaces in [12]. The reader will infer that our order-theoretical
approach reveals new insights, such as how the notions of weak order units and projection bands play a
compelling role in complex analysis.

2. Preliminaries

The reader is referred to the standard texts [1,10,13,14] for any unexplained terminology or basic results
in vector lattice theory. As usual, C denotes the field of complex numbers, and the set of strictly positive
integers is denoted by N. We also write Ny := N U {0} throughout.

An Archimedean (real) vector lattice F' is said to be square mean closed (see [4, p. 482] or [8, p. 350]) if
sup{(cos @)z + (sinf)y : 6 € [0,27]} exists in F for every x,y € F, in which case we write

z By :=sup{(cosb)z + (sinf)y : § € [0, 27]}.

Given a square mean closed Archimedean (real) vector lattice F', the vector space complexification F @i F
is called an Archimedean complex vector lattice [8, p. 356-357], and F is called the real part of F @ iF.

Notation 2.1. We denote the real part of an Archimedean complex vector lattice E by F throughout this
paper.

The modulus on an Archimedean complex vector lattice F is defined by
|z +iy|:=2By (z,yeF).

The positive cone E; of E is the set of all elements which are invariant under the modulus, that is,
E; :={z€ E:|z| =z} Observe that E; = Fy.

In [12] it was necessary to confine our theory to the context of universally complete complex vector
lattices. Indeed, without the assumption of universal completeness, fundamental results fail to be true. For
example, it is shown in [12, Remark 3.7] that the geometric series can fail to converge in order in Archimedean
complex vector lattices that are not universally complete. Hence we will focus solely on universally complete
vector lattices in Sections 5 and 6, where we study power series. We are able to relax the conditions on
FE in Sections 3 and 4 to Archimedean complex ®-algebras, although some instances still require uniform
completeness.

If F is an Archimedean (real) ®-algebra, that is, an Archimedean (real) f-algebra possessing a multi-
plicative identity, then its multiplication canonically extends to a complex multiplication on £ = F @ iF.
The multiplication on E will be indicated by juxtaposition, and we denote the multiplicative identity of F
by e throughout. Therefore, F is endowed with a complex ®-algebra structure and can rightly be called a
complex ®-algebra. Note that E is semiprime by [7, Corollary 10.4].
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As usual, if z € E is (multiplicatively) invertible, we denote its multiplicative inverse by z~!. Moreover,
we set 2% := e for all z € E. For more information on complex ®-algebras we refer the reader to [6].

We next record some useful basic properties of E, which we repeatedly and freely use throughout this
paper. Note that real ®-algebra analogues of statements (i)—(iv) can be found in [13, Section 142].

For all z,w € F:

(i) 2w = wz.

(iii) |z| A Jw| = 0 if and only if zw = 0.

)
(ii) [zw] = [2[w].
)
(iv) If z is invertible and positive then 2! is positive.
We next turn to the notion of order convergent nets in E.

Definition 2.2. A net (24)o in E converges in order to z € E (we denote this by writing z, — 2), if there
exists a positive decreasing net (gg)p with infg gz = 0 (in symbols ¢ | 0) such that for all 3, there exists
ap for which |z — 2| < ¢g for all & > ap.

We add that a natural analog of Definition 2.2 for sequences is obtained by replacing the nets (z,)q and
(gp)p with sequences (2z5,)n>0 and (gm)m>0. We will use the notation z, — z to indicate when a sequence
(2n)n>0 in E converges in order to z € E.

3. Differentiation for order convergence

Notation 3.1. F' will denote an Archimedean complex ®-algebra in this section.

Next we extend the classical notion of differentiable functions on C to the Archimedean complex ®-
algebra setting. The notation f: dom(f) — F is used throughout, where by dom(f) we indicate the domain

of f.

In the classical theory of differentiation, the points at which a function is differentiable are contained in
some open set. For the order theoretical analogue, the situation is similar, but with subtle differences, as
will be pointed out where necessary. To that end, we start by introducing the following notation.

Notation 3.2. For z,w € F we write z < w to indicate when w — z is a positive invertible element in F.
The order theoretical analogues of open and closed disks are as follows.

Definition 3.3. For an invertible element r € F and ¢ € E define

o

Ale,r) :={z € E: |z —c| < 1},

which plays the role of the analogue of an open disk. Moreover, we define

Ale,r):={z€ E: |z —¢| <r},
which plays the role of the analogue of a closed disk. We say for ¢ € E and r € E; an invertible element

[e]
that a set of the form U, := A(e,r) is an order open neighborhood of ¢. Furthermore, a set U C F is said to
be order open if for every point ¢ € U there is an order open neighborhood of ¢ contained in U.
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Remark 3.4. Note that for ¢ € E and any invertible element r € E the order disk A(c,r) is order open,
which is not the case for the set {z € E: |z—c| < r}. Consider for example C? with r := (1,1) and ¢ := (0,0).
Then (1,0) < (1,1), but {(z,w) € C2: |(z,w)| < (1,1)} does not contain an order open neighborhood of
(1,0).

With the analogue of open disks in place, we introduce differentiable functions in the current setting.

Definition 3.5. A function f: dom(f) — F is said to be order differentiable at ¢ € dom(f) if there exists an
order open neighborhood U,. C dom(f) of c and an f. € E such that, for every h, — 0 with ¢+ h,, € U, for
all o, there is a net gg | 0 with the property that for all 3, there is an o for which

|f(c+ha)_f(c)_hozfc‘ < ‘halqﬁ (1)
holds whenever a > ag. In this case we call U. a D-neighborhood for f at c.

Remark 3.6. In Definition 3.5, the order openness of U, implies that there exists an invertible element

r € E; such that A(e,r) C U.. Taking (hy)a to be the sequence defined by h,, := %Hr consisting of

positive invertible elements, we have h,, — 0 and ¢ + h,, € U, for every n € Ny. Thus we can divide both
sides of the inequality (1) by |h,| = h,, to obtain

|[(Fle+hn) = f(e))hy" = fe| < g5,
implying that f. is unique.

Definition 3.7. We call the unique f. in Definition 3.5 the order derivative of f at ¢ and will from now on
denote it by f’(c).

Remark 3.8. In Definition 3.5, the assumption that (1) holds for all h, — 0 with ¢+ h, € U, does not imply
in general that (1) holds for all h, — 0 with ¢ 4+ h, € dom(f), as the following example illustrates.

Consider the universally complete vector lattice of all complex-valued sequences CN. Define f: CN — CN
by

(21,22, 23, ...) if |(z1, 22, 23, ...)| € e

(22,23, 24, ...) if |(z1, 22, 23, ...)| K e.

f(ZhZQ,ZB, ) = {

Let ho — 0 satisfy hy € A(0,€) for all a. Then for each «,
|f(0 + ha) - f(O) - ehal =0< |h‘oz|2

holds. Thus f is order differentiable at 0 and f'(0) = e.
However, it is not true that

|f(0+ha) - f(()) - ha| < |ho¢‘q5

holds for some net gg | 0 in (CF_I whenever h,, € dom(f) for all « and h, — 0.
To verify, suppose this statement is true. Note that the sequence

hn =(0,...,0,2,2,2,...)
——

n terms
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satisfies h,, — 0 and h,, € dom(f) for all n € Ny. Moreover, for n > 2 we have

=1(0,...,0,2,2,2,..) = (0,...,0,2,2,...)|
SN—— N——

n—1 terms n terms

=1(0,...,0,2,0,0,0,...)|.
——

n—1 terms

Next fix 3. Note that for any n > 2 we have
(0,...,0,2,0,0,0,..)] < [(0,...,0,2,2,2,...)|gs,
S—— S——
n—1 terms n terms

which is a contradiction. Thus we will say that f is not super order differentiable at 0, a topic which is
explored in Section 4.

Remark 3.9. One can see from Remark 3.8 that the function f: CN — CN defined by

f(Zl, 294,23, ) = (ZQ, 23, %4, )

is not order differentiable at 0. Similarly, one can show that the function f: C? — C? defined by f(z,w) :=
(w, z) is not order differentiable at O either. This fact displays a fundamental difference between order
differentiability and Fréchet differentiability, as f has a Fréchet derivative everywhere on C?2.

The following lemma extends the classical result which states that differentiable complex functions are
continuous. It will be strengthened to order continuity without restriction in Lemma 4.2 using the notion
of super order differentiability.

Lemma 3.10. If a function f: dom(f) — E has order derivative at ¢ € dom(f), then there exists an order
open neighborhood U, of ¢ such that the restriction fly, to U, is order continuous at c.

Proof. Suppose f has order derivative f/(c) at c. Then there is an order open neighborhood U, of ¢ such
that for ho — 0 with ¢ + ho € U, for all a, there exists a net gg | 0 such that for every / there exists an
«q for which

[fletha) = f(c) = haf'(0)] < |halgs  (a > ao).

Let (z4)a be a net in U, converging in order to c¢. Then the net h, := z, — ¢ converges in order to 0.
Moreover, there is a net p, | 0 such that for all v there exists o such that |hq| < p, whenever o > a;.
For as > ag, a1 we have

f(za) = f(O) < |f(c+ (20 =€) = f(c) = (2a — ) f' () + |20 — clf'(c)]
< |20 = clgs + |2a — cllf'(0)] < py(gs + £/ ().
Hence f(zq) — f(c¢). O

We next shift our focus to differentiating the function z — z~!, which is the foundation for the quotient
rule. Denote by E~! the set of invertible elements of E.
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Remark 3.11. A net (z,)q of invertible elements converging in order to an invertible element z has the

L — 271 if and only if there exists an index ag such that {|z4|7': a > g} is order

property that z_
bounded. To verify this fact, note that if {|zo|™!: @ > ag} is order bounded for some «, then for an upper
bound u of {|zo|71: @ > g}, we have
ezt = 27| = fzal e 20 — 2] < ule| o - 2

for all & > ag, and so zojl — 271

On the other hand, if z;' — 27!, then there is a net ps | 0 such that for any 3 there is an g such
that |25t — 27| < pg for all @ > ag. Hence |zq| ™' < |25 — 271 4 |2|7! < pg + |2| 7! for all & > ay, so
{|zal™: @ > g} is order bounded.

Lemma 3.12. If E is uniformly complete, then the set E~' is an order open set. In this case, considering
the function f: E=' — E~! defined by f(z) :== 2~ ! and ¢ € E~1, there exists an order open neighborhood
U. C E7! of ¢ such that f|y, is order continuous.

Proof. Assume that E is uniformly complete. To show that E~! is order open, let c € E~1. If z € U, :=

A(c, 5lc]), then F|c| < |z|. Thus |2| is invertible by [7, Theorems 11.1 and 11.4]. Then z is also invertible
with 27! = Z|2z| 72, where the complex conjugate 7 is defined as usual. It follows that E~! is order open.
o

Moreover, if (za)a is a net in A(c, §|c|) such that z, — ¢, then |2o|7 < 2|c|7! for every a, so 251 — ¢7*

as explained in Remark 3.11. Hence f|y, is order continuous. 0O

Remark 3.13. The set £~ is not necessarily order open if F is not uniformly complete. For example, first
consider the Archimedean real ®-algebra F' = P P[0, 1] of all continuous piecewise polynomials on [0, 1]. Let
Fy := F, and for n € N, let Fj,;1 be the Archimedean real ®-algebra of all functions on [0, 1] that are of
the form

for some m € N, py € F,, and ¢; € (F,,)+ (k € {1,...,m}). Then G := |-, F,, is an Archimedean real
®-algebra. Moreover, if f,g € G, then there exist n € N such that f,g € F},. Since F,, is a ®-algebra, we
have f2 + ¢g? € F, as well, and hence \/f2 + g2 € F,,;1. It follows that G is square mean closed and so G¢
is an Archimedean complex ®-algebra. Of course, the constant function e with value 1 is invertible in G¢.

Let » € G4 be any invertible element and define
z(z) :=1+azAgr(z) (zel0,1]).

Note that z € G satisfies z € A(e,r). Moreover, since r is positive, invertible, and continuous, there exists
a § > 0 such that « < ir(x) for all z € [0,6). Thus z(z) = 1+ 2 on [0,4), and so z is not invertible in G.
Hence G(El is not order open.

Our next lemma confirms that the map z — z~! on a uniformly complete E indeed possesses an order
derivative at every point in its domain E~!.

Lemma 3.14. Suppose E is uniformly complete. Define the function f: E=1 — E~! by f(z) := 2. Then
f'(c) := —c™2 is the order derivative of f at ¢ for every c € E~L.
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Proof. For ¢ € E~1 we have U, := A(c, 3|c|) € E~! as seen in the proof of Lemma 3.12. Let h, — 0 be
such that ¢ + h, € U, for all a. There exists a net (pg)p with pg | 0 such that for every j, there exists an
ap such that for all & > o we have |h,| < pg. Thus for each 8 there is an ag such that

|fc+ha) — f(c) + hac™?| = | — ¢ 2(c+ ha) ' hac+ ¢ % (c+ ha) thalc+ ha)|
= |hal*le| e + ha| ™!
< 2|hqllelPps

for all @ > ap. It follows that f'(c) = —c™2? at every c€ E~!. O

The following theorem extends the four essential differentiability theorems from classical complex analysis
to the Archimedean complex ®-algebra setting. The proofs of these rules are slight variations of stan-
dard arguments. We later present a variation of the chain rule, see Theorem 4.3(iii), where the use of
D-neighborhoods is not needed in the assumption.

Theorem 3.15. Let f: dom(f) — E and g: dom(g) — E be functions. The following hold.

(i) (sum rule) If ¢ € dom(f)Ndom(g) and f and g have order derivatives f'(c) and g'(c) at ¢, respectively,
then f'(c) + g'(c) is the order derivative of the sum map z — f(z) + g(z) at c.

(#3) (product rule) If ¢ € dom(f) N dom(g) and f and g have order derivatives f'(c) and ¢'(c) at c,
respectively, then f'(c)g(c) + f(c)g'(c) is the order derivative of the product map z — f(2)g(z) at c.

(#i) (chain rule) Suppose that f and g are functions so that range(g) C dom(f). Assume that g has order
derivative g'(c) at ¢ € dom(g) and f has order derivative f'(g(c)) at g(c). If there exist D-neighborhoods
Ue for g at c and Vo) for f at g(c) such that g(U.) C Vi, then f'(g(c))g'(c) is the order derivative
of the composite map z — f(g(z)) at c.

(iv) (quotient rule) Suppose ¢ € dom(f) Ndom(g) and f and g have order derivatives f'(c) and ¢'(c) at c,
respectively, and range(g) C E~L. If E is uniformly complete and there exists D-neighborhoods U, for

g at ¢ and Vyy for z — 21 at g(c) such that g(U.) C Ve, then (f’(c)g(c) - f(c)g’(c))g(c)’2 is the

order derivative of the quotient map z — f(2)g(z)~! at c.

Proof. (i) If A(c,7r1) C dom(f) and A(c,r2) C dom(g) with 7 and 7o positive and invertible, then by [13,

Theorem 142.2(iii)] r := r1 A rg is a positive invertible element, and we have U, := A(c¢,r) C dom(f + g) =
dom(f) Ndom(g). Let ho, — 0 be such that ¢+ hy € U, for all a. If gg | 0 and p, | 0 are so that for fixed
B and ~y there is an «aq for which

(et ha) = £(0) = haf'(O)] < lhalgs and g(c+ ha) — g(c) ~ hag ()] < |halpy (&> a0),

then

|(f +9)(c+ ha) = (f + 9)(¢) = ha(f'(c) + '(c)| < |hal(gs + py)-

Hence f'(c) + ¢’(c) is the order derivative of z — f(z) + g(z) at c.

(74) Since dom(fg) = dom(f) N dom(g), there is a positive invertible element r such that, by the same
argument as in (), we have U, := A(c,r) C dom(fg). Let ho, — 0 be such that ¢ + h, € U, for all a. As
ha — 0, there is a sequence gg J 0 such that for any § there is an ag such that |h,| < gs for all a > ap.
Let p, | 0 and ) | 0 be so that for fixed v and A there is an o; such that
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’f(c+ ha) - f(C) - hozfl(c)’ < |ha|p'y and ’g(c—l— ha) - g(C) - hag/(c)| < |ha|l/\ (a > 041)-

Next let ay > a, ;. By adding and subtracting f(c)g(c+hes) and (f(c+ ha)— f(c))g(c) inside the modulus
in the first line below, we obtain

[ e+ ha)gle+ha)=F()g(0) = ha (£ ()g(0) + £(e)g(©)) |
< |fle+ ha) = £(0)||g(c + ha) = 9(0)] + halpslg(e)] + [halirl F(©)
< [hal (2w + 17 @Dty + [hallg' @) + Py 9(@)] + LI FO)

< |hal (9 + 17/ (@D (a5t + 19 @) + pylg(@)] + LI F(C)])

= |halrpa

whenever o > az, and where rg 4 x | 0 is the net

T8 = (Dy + 1 (e)D(as(ln +9'(0))) + pylg(e)] + I f ()]

Hence f'(c)g(c) + f(¢)g'(c) is the order derivative of z — f(2)g(z) at c.

(73) Let U := A(c, ) be a D-neighborhood for g at ¢ and V) be a D-neighborhood for f at g(c) such
that g(U.) C Vy(e)- Then U, C dom(g) Ng~*(dom(f)) = dom(f o g). Let ho — 0 be so that ¢+ hq € U, for
every a. There exists gz | 0 such that for a given arbitrary 3, there exists ag such that

lg(c+ha) = glc) = hag' () < lhalgs  (a = o).
Also, the function g¢|y, is order continuous by Lemma 3.12 at ¢ and g(U.) C V,, so we have k, := g(c+

ha) — g(c) — 0 and ko + g(c) € Vy(c). Thus there exists a p, | 0 such that for a given arbitrary -y, there
exists a1 for which

< |kalpy +

kot (9(0)) = haf'(9(0)) 9/ (©)

= [kalpy + [ (9(c + ha) = 9(6) = hag' () £ (9(0))

< lgle+ ha) = 9(0) = hag'(€) + hag (@) Ipy + |1 (9()) | Ihalas
7'(9(9)] Ihalas

= Ihal (a5, + 19 @l + |1 (9() | a5)-

< (1halas + Ihallg' )] )y +

Hence f'(g(c))g'(c) is the order derivative of z — f(g(z)) at c.
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(iv) Suppose E is uniformly complete. Assume there exist D-neighborhoods U, for g at c¢ and V,
for the map z — z~! at g(c) such that g(U.) € V(. There is an invertible element r € E such that
U :== A(e,r) € dom(f) Ndom(g) = dom(f/g), by the same argument used in part (i) and (ii). Let hy — 0
be so that ¢ + h, € U, for every a. By Lemma 3.14 and the chain rule (4ii) it follows that —g’(¢)g(c)™2 is

the order derivative for z — g(z)~! at ¢, and by the product rule (i) we have that

is the order derivative of z — f(2)g(z) ' ate. DO
We conclude this section with the definition of the order theoretical analogue of a holomorphic function.

Definition 3.16. Let U C FE be an order open set. A function f: U — F is said to be holomorphic on U, if
f is order differentiable at every ¢ € U.

1

An example of a holomorphic function is the map z — z~! on E~! for uniformly complete E by Lem-

mas 3.12 and 3.14.
4. Super and o-super order differentiability

We introduce the concepts of super and o-super order differentiability in this section as a means to
strengthen the conclusions of Lemma 3.12 and Theorem 3.15.

Definition 4.1. We call a function f: dom(f) — E super order differentiable at ¢ € dom(f) if f is order
differentiable at ¢ and the inequality (1) in Definition 3.5 holds for all nets h,, — 0 such that c+h, € dom(f)
for all a.

By following the proof of Lemma 3.10, one readily deduces the lemma below.

Lemma 4.2. If a function f: dom(f) — E is super order differentiable at ¢ € dom(f), then f is order
continuous at c.

Next we provide an analogue of Theorem 3.15(i) — (i4i) for super order differentiable functions. Notice
that, unlike Theorem 3.15(444), no assumptions regarding the D-neighborhoods of g and f are required in
the super chain rule below. The proof is similar to that of Theorem 3.15(7) — (4it).

Theorem 4.3. Let f: dom(f) — F and g: dom(g) — E be functions. The following hold.

(1) (super sum rule) If ¢ € dom(f)Ndom(g) and f and g are super order differentiable at ¢, then f+ g is
super order differentiable at c.

(i) (super product rule) If ¢ € dom(f) Ndom(g) and f and g are super order differentiable at c, then fg
1s super order differentiable at c.

(#9i) (super chain rule) Suppose that f and g are functions so that range(g) C dom(f). If g is order
differentiable at ¢ and f is super order differentiable at c, then f o g is order differentiable at c. If in
addition g is super order differentiable at c, then f o g is super order differentiable at c.
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At this point, one might suspect that the map z — f(z)g(z)~! is super order differentiable whenever f

1

and g are. However, this is not the case in general. In fact, the map z — f(2)g(z)~" can even fail to be

order continuous.

! on an Archimedean complex ®-algebra is

Remark 4.4. It is not true in general that the map z — 2~
order continuous. To demonstrate this fact, recall from Remark 3.11 that a net (z,)s of positive invertible
elements converging in order to a positive invertible element z has the property that z;! — 2~ if and only
if there exists an index o such that {|z4|71: a > aq} is order bounded. With this logical equivalence in

mind, consider the space CN of complex valued sequences. For (k,1) € N x N define frieC N by

1 if1<n<k
fk,l(n) = 1 )
l for all n > k

and by ordering the elements of N x N coordinatewise, we obtain the net (fx,1)(x,). Furthermore, for k € N
define g, € CN by

n) = ,
9:(n) 1 foralln >k

{0 if1<n<k

and note that for the constant 1 sequence e we have |fy; —e| < g; for alll € N, so fr; — e as gx [ 0. It
follows that there is no (kg,lo) € N x N such that {fk_ll : (k,1) > (ko,lo)} is order bounded, since the subset
{ T Tl: 1> lo} consists of sequences whose values on n > ko are unbounded. Hence f ll -+ e by what was
discussed in the first part of this remark.

Despite the lack of order continuity for the map z +— f(2)g(z)~! in general, we prove in Proposition 4.6
that this map, when defined on a universally complete complex vector lattice, is always o-order continuous.
We stress here that universally complete complex vector lattices are Archimedean complex ®-algebras, as
noted in [12].

It is readily checked that any band in a universally complete complex vector lattice F is itself a universally
complete complex vector lattice.

Notation 4.5. Suppose E is universally complete. Given z € F, we denote by z* the multiplicative inverse
of z in the band B, generated by z in E.

Proposition 4.6. If E is universally complete, then the function f: E=1 — E~1 defined by f(z) := 271 is
o-order continuous.

Proof. Let ¢ € B!, and let (2,),>0 be a sequence in E~! such that z, — c. Then there exists a sequence
(Pm)m>0 with p, | 0 such that for every m > 0, there exists an N > 0 such that for all n > N we have
|2n, — | < pm. For each m > 1, let B,,, denote the principal band generated by (|¢| —p., )T, and set By = {0}.
Furthermore, let P, be the band projection onto B,,, and set Q,, := P,,, —P,,,_1. Then for m < n we have

0<Qm(e) AQu(e) = (Pr(e) = Pm1(e)) A (Pn(e) = Pni(e)) < Pni(e) A (e = Pri(e)) =0,

50 (Qm)m>1 is a pairwise disjoint sequence of band projections.
Let m € N be arbitrary. Let N be such that |z, — ¢| < py, holds for all n > N. It follows that

(|C| _pm)Jr < |Zn|
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holds for all n > N, and thus
Qulzy ' < Qul(le] = pm) )

holds for all n > N. If we define u,, := (\/k<N Qm|zk_1|> V Qo ((le] = pm)™)* for each m € N, it follows
that Q|2 | < um for all n > 0. Since (tm)m>1 is a pairwise disjoint sequence, u := sup,,>; Uy, exists in
E, as E is universally complete. For every m € N and every n € Ny we have that Q,,|z, | < u, thus

1 . —1 . —1 . —1
& M5 wlznl M5 mZ<M ml2nl Moo TZISIPM mlznl ™ <,

for each n € Ny. Finally, observe that

et = = o — elle 12 < o — elle M u,

proving that z;1 — ¢~ 1. O

The assumption of universal completeness in Proposition 4.6 cannot be relaxed, as the following remark
illustrates.

Remark 4.7. Consider the Dedekind complete complex ®-algebra (. We look at the sequence (zi)r>0
defined by zj, := fi , as in Remark 4.4. Then z; — e and z,;l € L for every k € Ng, but z;l # e as no tail
of (2, 1) k>0 is order bounded. Hence the map z — 27! is not o-order continuous on the invertible elements
of /2.

C

1

The o-order continuity of the map z +— z~" on a universally complete space motivates the following

definition.

Definition 4.8. We call a function f: dom(f) — E o-super order differentiable at ¢ if f is order differentiable
at ¢ and the inequality (1) in Definition 3.5 holds for all sequences h,, — 0 such that ¢ + h,, € dom(f) for
all n > 0.

The notion of o-super order differentiability allows us to recover a super quotient rule. We begin by

1

proving that the map z — z7" is o-super order differentiable on universally complete complex vector

lattices.

Lemma 4.9. Let E be universally complete, and define the function f: E=1 — E~1 by f(2) := 2=1. Then f
is o-super order differentiable at c for every c € E~L.

Proof. For ¢ € E~1, note that &(c, 1le[) € E7'. Indeed, if 2z € E such that |z — ¢| < 1|c|, it follows that
zlc| < |z|. Hence z € E~'. Let h,, — 0 be such that ¢ + h, € E~! for all n € Ny. Similarly to what was
shown in Proposition 4.6, we have that u := sup,,~¢ |c + h,| ™! exists in E, as F is universally complete.
There exists a sequence (D, )m>0 With py, | 0 such that for every m > 0, there exists an N > 0 such that
for all n > N we have |h,| < p,,. Thus for m > 0 there is an N > 0 such that

|fle+hn) — f(e) +hne?| =] —c2(c+ hy) 'hpe+ ¢ 2(c+ hy) tha(c+ hy)|
= |hn|2|c|_2\c + hnl_l

< |halle| 2 upm,

for all n > N. It follows that f is o-super order differentiable at ¢. O
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Theorem 4.10. (super quotient rule) Let E be universally complete and let f: dom(f) — E and g: dom(g) —
E be functions. Suppose ¢ € dom(f) N dom(g) and f and g are o-super order differentiable at ¢ and

range(g) C E~'. Then the quotient map z — f(2)g(z)~" is o-super order differentiable at c.

Proof. Let h,, — 0 be so that ¢+ h,, € dom(f/g) for every n € Ny. By Lemma 4.9 and the super chain rule
Theorem 4.3(iii) it follows that the function z +— g(z) ™! is o-super order differentiable at c. It then follows
from the super product rule Theorem 4.3(i7) that z — f(2)g(z)~! is o-super order differentiable at c¢. O
5. Improved Cauchy-Hadamard formulas

We improve our Cauchy-Hadamard formulas from [12] in this section and therefore focus solely on
universally complete spaces, as we did in [12].

Notation 5.1. F will denote a universally complete complex vector lattice in this section (with corresponding
real part F as already designated).

We next provide some useful basic properties of E/, which we use freely throughout the rest of the paper.
Note that (ii) follows from (i), which is a consequence of [1, Theorem 2.37]. Together, [1, Theorem 2.44] and
[10, Theorem 18.13] imply (iii)—(v). The veracity of (vi) is explained in [12, Remark 3.3].

For all z,w € E and any order projection P on E,

|z|) = |P(2)], that is, P is a complex vector lattice homomorphism.
sup A) = sup[P(A)] for all & # A C F bounded above.
is order continuous.

(
(zw) = ()()
(
(

is invertible if and only if |z| is a weak order unit.

In particular, F is uniformly complete. Thus for every « € E, and n € N, there exists a unique y € E
such that y™ = x (see [5, Corollary 6]). This nth root of = is denoted by x'/™ in the remainder of this
manuscript.

Remark 5.2. For sequences, our definition of order convergence seems different at first glance from the
definition given in [14, Ch. 4 S. 10] and used in [12], but it is in fact, equivalent if F is Dedekind complete.
Indeed, if ¢, J 0 is such that for all m > 0 there exists N > 0 so that |z, — z| < ¢, whenever n > N, then
for all m > 0, define p,,, := sup,,~,, |2n — 2|, which are well-defined elements in E by Dedekind completeness.
Clearly, the sequence (pm)m>0 is downward directed and satisfies |2m — 2| < pp, for all m > 0. By Dedekind
completeness once more, let p := inf,,>0 py,. For any k& > 0 there is an my, such that p,,, < g, and so, we
have p < infr>0 pm, < infr>oqr = 0, showing that p,, | 0. Note that the converse implication clearly holds.

For an order bounded sequence (z,),>0 in F', we as usual write

lim sup z,, := inf sup z, and liminf x,, := sup inf z,.
n— oo n20m>n n—00 nZOmZ”

Observe that limsup,,_, ., n and liminf, . x, are the order limits of the sequences

(sup :z:n) and ( ir;f xn) ,
m>n n>0 mz=n n>0

respectively.
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We proceed with some notes on the sup-completion F'* of F, a notion introduced in [9, Section 1]. Using
the terminology from [9, Definition 1.1], a cone (C,4+) is a commutative monoid, that is closed under a
nonnegative real number scalar multiplication, for which the following hold:

(i) alz+y) =ax+ay (a€]0,0), z,y € (),
) (a+B)x=azx+ Pz (a,8€]0,00), z€C),
(iii) a(fz) = (aBf)x (a,p €[0,0), x € C),
)

)

In (v) above, the first 0 denotes the real number zero, while the second 0 designates the identity element of
(C,+).

Following [9], we will from now on denote a cone (C,+) by C, for short. Given a cone C, we denote as
in [9] the set

Cy := {x € C: z possesses an inverse under +}.

The nonnegative real number scalar multiplication restricted to Cy can be extended to all of the real numbers
by defining

azr = —a(—z) (o€ (-00,0), z € ).

It is readily checked that Cj is a vector space under 4+ and this expanded scalar multiplication.
A cone C possessing a partial ordering < is called an ordered cone if the following hold:

(vi) x <y impliesz+z2<y+z (z,y,z€ C), and
(vii) z <y implies az < ay (a €[0,00), x,y € C’).

An ordered cone that is a lattice with respect to its partial ordering is called a lattice cone. A lattice cone C
is called Dedekind complete if every nonempty subset of C' which is bounded above (respectively, bounded
below) possesses a supremum (respectively, infimum) in C.

Proposition 5.3. [9, Theorem 1.4] There exists an essentially unique cone F* (called the sup-completion of
F) for which the following hold.

(i) F* is Dedekind complete.
(i1) F = (F?%)p with coinciding algebraic and order structures.
(#91) For each y € F'°, we have

y=sup{z € F:z <y}

(iv) 2+ (xANy)=(z+z)A(2+y) (x€F, y,z€F?).
(v) {y € F*: there exists € F such that y <} C F.
(vi) F* has a largest element.
(vit) For any @ # A, B C F* for which sup A = sup B, we have

sup(a A z) = sup(b A x)
acA beB

for any x € F.
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As noted in [3, (P6)], the following immediate consequence of Proposition 5.3(vii) holds.
Proposition 5.4. For any @ # A C F* and x € F, we have

sup(a Ax) = (sup A) Az
a€A
A salient observation for our purposes is that Proposition 5.3(¢) and (vi) together imply that sup A exists
in F® for any nonempty A C F°.
We utilize the following proposition from [9, Theorem 1.4] and [3, Remark 10].

Proposition 5.5. For F*° the following hold.

(i) F* is a distributive lattice.
(ii) For any projection band B of F, we have that F* = B* x (B%)*.

Next we begin to enhance our Cauchy-Hadamard formulas originally given in [12] to be able to consider
unbounded spectra of convergence. For this task, we rely on the sup-completion of F. By upgrading our
Cauchy-Hadamard formulas, we are able to prove that analytic functions on E are holomorphic. We begin
with some relevant definitions. For more information on series and power series on universally complete
complex vector lattices, we refer the reader to [12].

Definition 5.6. We say that a series Z:O:O a, converges in order if the sequence of partial sums
(> or o @m)m>0 converges in order in E. If Y~ |a,| converges in order, then we say that Y.~ a, converges
absolutely in order.

Definition 5.7. A power series on E, centered at ¢ € E, is of the form Y a,(z — ¢)", where a,, € E for
every n € Ny and z is a variable in E. We say that a power series Y - a,(z — ¢)" converges uniformly
in order on a region D C F if there exists a sequence p,, | 0 such that for every m € Ny, there exists a
K € Np such that

sup
z€D

< Pm

E an(z — )" E an(z—c)"

n=0

holds for every k > K.

Definition 5.8. Let Z;O:o an(z — ¢)™ be a power series. We define the spectrum of convergence of the power
series as

Q.= {r SO Z an(z — )" converges uniformly in order on A(c, r)} .
n=0

We also define p := sup {2 to be the radius of convergence of the power series, which exists in the sup-
completion F® of F'.

We next provide a series of remarks, definitions, and results which we use to improve the Cauchy-
Hadamard formulas given in [12, Theorem 3.11].

Remark 5.9. By [2, Proposition 3], any band projection P: F' — F can be extended to a left-order continu-
ous, additive, and positively homogeneous map P: F* — F* via the formula
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P(y) :=sup{P(z): z € F, = < y} (y € F?).
Given 0 < u € F*®  we define as in [2] a map P,,: F — F by

P.(z) := sup{z A nu}
n>1

for all z € F. and then

for all x € F. By [2, Lemma 4], the map P, is a band projection on F; in fact, P, = Pp, ). We denote
the corresponding band Bp, (¢ by By, for short. Recall that B, is itself a (real) universally complete vector
lattice.

Lemma 5.10. Let 0 < u € F*. Then P,(u) = u and u € BS.
Proof. We first note that

P, (u) = sup{P,(z): x € F, x < u}

= sup{sup{x Anut:x € F, x < u}
n>1
=sup{z:z € F, x <u}

= u.
Secondly, let (2,)q be a net in F such that z, 1 w. From the left-order continuity of P, and Proposi-
tion 5.3(iii) we have P, (z4) = Py(24) T Pu(u) = u. Since P,(x,) € B, for all o, we conclude that u € B

by Proposition 5.5(i4). O

Next we provide an alternative mechanism for dividing positive elements of a sup-completion into finite
and infinite parts to that found in [3]. As stated in the introduction, this new approach perhaps yields
simpler formulas, which facilitate many of the proofs in this section.
Definition 5.11. For 0 < u € F'®, we define

] -1
Uso := Infn""u
n>

and

urp :=sup{r — T Aus : € Fy, v <u}.

Note that A us, € F for every & € F' by Proposition 5.3(v). Ergo the element uz is well-defined in F's.
The following lemma is required for our proof of Theorem 5.13. It is an immediate consequence of the
definition of .

Lemma 5.12. Given 0 < u € F% and m € N, we have Mg = Uso.

Our next result represents an alternative way of breaking positive elements of a sup-completion into
disjoint finite and infinite parts to that found in [3].
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Theorem 5.13. Let 0 < u € F*°. Then the following hold.

(1) u=uFr + Uso-

(79) ur ANuco = 0.
(7i1) uw € F if and only if use = 0.
() ur € Fy.

Proof. (i) Note that

UF + Uoo = SUP{Z — T A Uso: T € Fp,x < u} + oo
> sup{® + Uoo — T A Uoo: © € F,x < u}
>sup{zr: x € Fi,z < u}
=u,

where the last equality follows from Proposition 5.3(41).
Moreover, we have

UF 4 Uso < U+ Uso = v+ inf n 7 u < inf (u+n"tu)=inf (14+n Hu=u
n>1 n>1 n>1

Thus (z) holds.
(#4) If 2 € F and = < u, then by Proposition 5.3(iv) and Lemma 5.12, we have

(T — 2 A Uoo) Aoo =T A (Uoo + T A Uso) — A Uso

=zA (zwLuoo)/\Quoo)fac/\uOO

:a:/\((m+uoo)/\uoo) — T A Uso
=T NUso — TN\ Uso

=0.
Then by Proposition 5.4 and the string of equalities above, we have

0<urA(us Ae)
= (sup{z — 2 Aus: © € Fi, < u}) A (uos A€)
=sup{(x — 2 AN uso) A(uso Ne): z € Fy, x <u}
<sup{(z —x A o) Noo : © € Fy, z < u}
=0.
Thus ur A us A e = 0. But since e is a positive invertible element, we have ur A us, = 0, as claimed.

(7i1) Tt is evident that if u € F, then us, = 0, since E is Archimedean.
Next suppose u ¢ F; i.e. u € F*\ F. Let n € N, and take z € Fy, 2 < n~'u. Then

n > Precy (n_lu) = sup{Precu(y) : y € Fy, y<n tu}

zsup{sup{y/\m(u—ne)Jr} cy€eFy, y<n_1u}
m>1
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>sup{su>p1{y/\m(nz—ne)+} Cy € Fy, y<z}
mz

_sup{sup{y/\mn(ze)+} :y € Fy, ygz}
m>1

2sup{sup{yAm(z—e)+} oy e Fy, ygz}
m2>1

= Sup{]P)e<z<y) Tye F+, y < Z} = IP)e<z(2")
2 Pe<z(e)'

Thus n~tu > sup{Pe<.(e): z € Fy, z < n~'u}. Furthermore, we have

sup{Pe.(e): 2 € Fy, z<n 'u} = sup{su>p1{e Am(z—e)t}:ize Fy, 2 < nlu}
m2=

= sup (sup {e Am(z—e)t:ze Fy, 2< nflu})
m>1

=sup eAm(n tu—e)"
m>1

=sup e Amn~ ' (u—ne)"

m>1

= sup e Am(u—ne)"

m>1
= Pne<u(e)'

Hence n=tu > P,e<qy(e). We thus obtain
Uoo = 711%% I[Dne<u(e)-
It follows from our assumption v € F'* \ F and [2, Theorem 14] that

1I;f1 Ppe<u(e) > 0.

n

Therefore, 1y, # 0.
(iv) We use proof by contradiction. To this end, suppose that ur € F*\ F. By part (iii) of this theorem,
we have (ur)so > 0. Thus

UF A Uso = (UF)oo N Uso = (inf n_lu}-) A <inf n_1u> = inf n  ur = (uF)s > 0,
n>1 n>1 n>1
a contradiction with part (i7) of this theorem. Thus ur € F and hence ur € F., which establishes (iv). O

The finite and infinite parts of elements in the sup-completion, as was shown in Theorem 5.13, yield the
corresponding threefold band decomposition of F'.

Theorem 5.14. For 0 < u € F*°, we have

F =B,, ®B,._ @B
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Proof. Let 0 < u € F*. We first show that B,, N B, = {0}. To this end, suppose z € B, N B with
x > 0. Then z = P, (z) = Py (x). Using Lemma 12 Theorem 5.13(i7), and Proposition 5.4, we obtain

Uoso )

0<z=zAzx=P,, () ANPy_(x) =sup{z Anur} A sup{x A N }
n>1

=sup{z Anur} A (z Aus) =sup{(z Anur) A (z A us)}
n>1 n>1

< sup{n(ur A us)} = 0.
n>1

Hence x = 0. It follows that B, N B, = {0}.
We next show that B, = B,, + B,__, first handling the inclusion B, . + B, C B,. To this end, let
x+y € By, + B, with z,y > 0. Then

r4+y=Pu(z)+P,_(y) = sgli{:c Anur} + sup{y A Moo }

< sup{z Anu}+ sup {y Amu} < 2P, (z Vy),
n>1

and so x +y € By.
For the reverse inclusion, note that, from Theorem 5.13(¢) and [9, Lemma 1.3], we have

U=UF + Uso = UF V Uso + UF N Uso-

It thus follows from Theorem 5.13(4i) that u = ur V us. Hence for any 0 < 2 € B,, we have from
Lemma 5.12, Theorem 5.13(i7), Proposition 5.3(ii), and Proposition 5.5 that

x = Py(z) = sup{z A nu} = sup{z A (nur + nus)} = sup{z Anur + x A nus }
n>1 n>1 n>1

=sup{z Anur + 2 A} =sup{z Anur} + T A to = Sup{x Anur} + bup{x A Moo }
n>1 n>1

= P, (2) + Pu_ (2).
It hence follows that B,, = B,,, + B,__ . We therefore obtain
F=B,»BY=B,,®B,_®B. 0O

We are almost ready to present our new and improved Cauchy-Hadamard formulas but require some
lemmas first.

Lemma 5.15. Let 0 < u € F*. Then Py, (u) = uz.

Proof. First note that P, ,(u) > P, (ur) = uz by Lemma 5.10. Moreover, using Proposition 5.3(iv) and
Theorem 5.13(i7), we have

Pu,(u) =sup{P,,(z): z € F}, z <u} =sup {sup{:z: Anurp}l: x € Fy, x < u}
n>1

<sup{u Anur} = sup{(u; + Uso) ANUF} = sup{u}- + U A (n— Dur}
n>1

=ur,

which proves the lemma. O
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As in [9], we set y* :=y V0 for y € F*.
Lemma 5.16. If 0 < u € F'*, then ux is the largest element of B;, .

Proof. Let y € B, . Then using Lemma 5.12 in the fourth equality below, we obtain

y <yt =Py (y") =sup{Py (2): z€Fy, 2 <y"}

:sup{sup{x/\nuoo}: x € Fy, x<y+}:sup{x/\uoo: re€F;, 2<y"} <us. O
n>1

We next make use of the multiplication on F*® introduced by Azouzi and Nasri in [2, Section 3.2]. This
extended multiplication is defined for 0 < z,y € F* as

xy :=sup{vw: v,w € Fy, v <z, w<y}h.
The following useful lemma from [2] will also be applied in our proofs.

Lemma 5.17. ([2, Lemma 23]) Let (z4)a, (y3)s be nets in F such that xo T x and yg Ty for 0 < x,y € F*.
Then Toye T xy.

As an immediate consequence of Lemma 5.17, we have the following.

Lemma 5.18. Let (yo)a be a net in F such that yo Ty for0 <y € F*. If0 < x,u € F* and vy, < u holds
for every a, then zy < u.

In order to formulate a Cauchy-Hadamard formula which considers unbounded spectra of convergence,
we need a notion of a generalized inverse for positive elements in the sup-completion. We would like to
remind the reader that for z € F the notation z* refers to the multiplicative inverse of z in the band B,.

Definition 5.19. Let x € F{. The generalized inverse of z in F'{, denoted by x~1, is defined by 7! :=
d

4 denotes the largest element of (BY)*.

(x7)* + oo, where oo

Theorem 5.20 (Cauchy-Hadamard). Let Y 2 an(z — ¢)" be a power series on E. Also let L :=
limsup,, . |a,|'/", which exists in F*. The following identities hold.

(i) Bf =B,
(ii) B, = BY.
(iti) (LF)* = pr.

In particular, we have that L~' = p for the generalized inverse of L in F*.

Proof. Towards proving (i), let 7o T p, where r, €  for every a. Fixing «, we have that r, €  implies
>0 o anr? converges in order. Thus by [12, Theorem 3.6(ii)], we have

lim sup(|an|1/"7’a) <e.
n—oo

Let (2, )n>0 be a sequence in F; and set z := limsup z,,. Note that = is well-defined in F'*, and assume

n—0o0
that y € Ey. It follows from Lemma 5.17 and [3, Lemma 24(74¢)], which states that
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a(yVvaz)=(zy)V(zz) (0<az,y,2€F),
that

xy = limsup(z,y). (2)

n—oo

We thus obtain

Lr, = limsup (\an|1/"7“a> <e.
n—oo

It follows from Lemma 5.18 that Lp < e, and thus Lp, < e. Then by Lemma 5.12, we have nLps, < e for

each n € N, hence Lp,, = 0 since F' is Archimedean. It follows that L A poo = 0. Thus if x € B,_, then by

Lemma 5.16 we have

|| AL < poo AL =0,

sox € B,
Next let 0 < 7 € B¢. Then lim sup(|a,|"/"mr) = mLr = 0 < e for all m € N, so by [12, Theorem 3.6(i)]

n—oo
we have mr € (2 for each m € N. Then mr < p and hence r < %p for every m € N. Thus we get r < poo.

Hence r € B,__ and (i) holds.
We proceed with the proof of (ii). For this task, let » € Q. Then as argued in (i) we have Lr < e. It
follows that L.,r < e, and thus Ly p < e holds by Lemma 5.18. By Lemma 5.12, we have that

nLep<e

holds for all n € N. This implies that Lop = 0, which in turn yields Lo, A p = 0. Thus if € Br__, then by
Lemma 5.16 we have

|| Ap < Lo Ap=0.

Hence we get = € B‘pi.

Next, note that by Theorem 5.14 and (#i7) we have Bg 1 B¢. Tt follows from Theorem 5.14 that Bg -
B, & By, . We will show that Bg C By, by illustrating that Bg N Br,. = {0}. To this end, suppose that
B = B;l N Br, is a nontrivial band, and let P be its associated order projection. Fix 0 < € < 1. Since eL%
is a positive invertible element in By ., we have that x := P(eL%) is a positive invertible element in B.
From z € By, we have © A Lo, = 0 by Theorem 5.13(¢4). Thus from (2) we have

limsup(|a,|'/"z) = Lz = Lz = LrP(eL}) = eP(e) < e.
n—oo
Hence by [12, Theorem 3.6(i)] we get that € €, and so € B,. We thus have that z = 0. This is a
contradiction since we above deduced that xz was a positive invertible element in the nontrivial band B.
Hence B = {0}, and so B} C By, . This proves (i).
We conclude this proof by verifying (i#i). To this end, note that by Lemma 5.15 and the left-order
continuity of P, ~ we have

Ly = Br, (L) = limsup Pr, (jan])"/".

n—oo

Setting b,, := Pr, . (ay,) for every n € N, we have that (b,),>1 is order bounded and
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L = limsup |b,|*/".

n—oo

Then by [12, Theorem 3.11(i)], we obtain

(Lr)* =sup Pr,(r) = Pr,(p).
reQ)

Using Theorem 5.14, we have the following two band decompositions for F’
F=DBr, ®BL, @B% =By, ® By, @Bzv

and by () and (i¢) we have B, = B, .. Thus by Lemma 5.15 we obtain

(L]:)* = Slelg PL}' (T) = IF)L}' (,0) = PP}‘ (p) = PF,

proving (ii).

The generalized inverse L~! of L in F? is given by (Lz)* + 0o, where 0o? is the largest element in
(B%)*. By part (iii) we have that (Lz)* = pz, and by part (i), we have that co¢ is the largest element in
B;__, which is po; by Lemma 5.16. We can now conclude that L '=pr+ps=p O

6. Differentiation of power series

We apply our theory of order differentiable functions to power series in this section.
Notation 6.1. Throughout the rest of the paper, E denotes a universally complete complex vector lattice.

Theorem 6.2. Let > 7 an(z — )™ be a power series on E with spectrum of convergence Q1. Then for the
power series Y o nay(z — )" with spectrum of convergence Qs the corresponding radii of convergence
p1 and po are equal. In particular, 1 is order bounded in F if and only if Qo is order bounded in F.

Proof. Let 0 < € < 1, and let € ;. Then the series > > a,(er)" converges absolutely in order by [12,
Theorem 3.6(i)], since

lim sup \an|% (er) <ee < e.
n—oo

Furthermore, we have (¢2r)(er)* < e and

lim sup = (€2r)(er)* < e,
n—roo

so it follows that the series
oo
> nl(Er)(er) )
n=0
also converges absolutely in order by [12, Theorem 3.6(i)]. Hence there is an R € E such that
n((e*r)(er)*)" < R

for all n > 0. Thus
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nlan|(€2r) ™ = nlan (1) (2r)* = e tnla,| (1) (er)* = e 'n|a,|(e2r)" ((er)*)™ (er)* !

= e njan|(2r)"((er)*)™"(er)™(er)* < € 2r*Rlay,|(er)"

)n—l

and so Y2 | nan(e*r converges absolutely in order by comparison to Y -, an(er)™, which yields e*r €

Qs.
On the other hand, if € Q, then similarly we find that Y | na, (er)"~1 converges absolutely in order.
Since

|an|(er)"™ < nlan|(er)" ™" (er)

for all n > 1, it follows that Y a,(er)™ converges absolutely in order, hence er € €.

Next, for any r € Q25 we have shown that er < p1, and by letting ¢ — 1, we conclude that r < p;. Hence
p2 < p1. Moreover, if r € 1, we have that e*r < p2 which yields r < ps and hence p; < ps. Therefore,
p1=p2. O

]

The idea in the following lemma is used to naturally extend the definition of A(c,r) where r € F*.

Lemma 6.3. Let G be a uniformly complete Archimedean complex ®-algebra, r € G4 be an invertible element,

and ¢ € G. Then A(c,r) is the largest order open set in A(c,T).

Proof. Let z € A(c,r). Then s := L(r — [z — ¢|) is a positive invertible element and if y € A(z,s), it

follows that r — [y —¢| > r— |y — 2| — [z —¢c| > 7 —s— |2 —¢| = &(r — |z — ¢|), which is positive and
invertible by [7, Theorem 11.1, Theorem 11.4], hence g(z,s) - g(c, r) and z(c,r) is an order open set.
Suppose z € A(ce,7) \ &(c, r). Furthermore, suppose that there exist an invertible element s € G4 such that
g(z,s) C A(e,r). It follows that z + ths € g(z,s) for all A € C with |[A\] =1, so that

lz—c+3Xs| <7 (3)

for all A € C with |A\| = 1. By the Kakutani representation theorem and then complexifying, there is a
compact Hausdorff space K such that the ideal generated by r is lattice isomorphic to C¢(K), where r
corresponds to the constant function 1. If we identify f,g € Cc(K) with z — ¢ and s, then there is © € K
and g € C with |[Ag| = 1 such that Ao f(x) = 1. This now yields

[+ 520gl(2) = [Mo(Mof + 59)|(x) = [Aof + 39l(2) = Ao f(2) + 59(z) > 1,

which contradicts (3). Hence, z is not an order interior point of A(c,r) and A(c,r) is the largest order open
set contained in A(c,7). O

Notation 6.4. For z,w € F' we use the notation z <, w when w — z is a positive invertible element in B,,.
Furthermore, for y € F* and = € F, by z < y we mean that both z <y and P, , () <, , yr. In addition, if
o

y dominates a positive invertible element in F', the corresponding order disk A(c,y) will denote the largest
order open set in F that is contained in

Aley) ={zeE: |z —d <y} ={re E: Py (jz—c|) <yr}+ By..

So, similarly to Lemma 6.3, this set is defined by
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(o]

A<c7 y) = {l‘ €E: Py}'(u - Cl) Lyr yf} + By,
and it is readily verified that this set is order open.

If we want to think of a power series as a function, then we need to specify the domain, which necessarily
must consist of all the z € E for which the power series converges in order.

Proposition 6.5. Let Y~ an(z — ¢)" be a power series on E. Then the domain of the function f(z) :=
S pan(z — )" satisfies A(c,p) C dom(f) € Ale, p). Furthermore, if p dominates a positive invertible

o
element, then A(c, p) is the largest order open set contained in dom(f).

Proof. Let z € E be so that |z —c| < p. Then P, (|2 —¢|) <, pr and we can write |z —c| =P, (|z—¢|)+
P,._(|z — ¢|). Let L := limsup,,_, |a.|=. Note that L is well-defined in F*. Tt follows from Lemma 5.17
and [3, Lemma 24(447)], which states that

z(yvz)=(zy)V(zz) (0<z,y,2€F),
that L|z — ¢| = limsup,, ,(Jan|" |z — ¢|). From Theorem 5.20 we obtain
lim sup \an|%|z —c|=Llz—¢c|=LP,,(|z—¢|) = LrP,.(|z — ¢|) K e,
n—oo

so that f(z) converges absolutely in order by [12, Theorem 3.6(i)]. Hence z € dom(f). If z € F is such that
>0 oan(z — ¢)™ converges in order, then limsup,, lan| 7|2z — ¢| < e by [12, Theorem 3.6(ii)]. It follows
that L|z — ¢| = limsup,, , . (Jan| 7|z — ¢]) <e.

Since F' is Archimedean and L = Lz + Lo, we find that L]z — ¢| = 0 by Lemma 5.12, so that
Pr_(Jz—¢|) = 0,and Lr|z—c| < e. By Theorem 5.20 and by Theorem 5.14, it follows that P, , (|z—c¢|) < pr,
and

1
n

|2 = el =Py (|2 —cl) + Py (12 = ) + P(1z — ) = Py (12 — c]) + Py (2 = c])

S PF A+ Poo = P

as poo is the largest element in (B,_)* by Lemma 5.16. Hence z € A(c, p).

Suppose that p dominates a positive invertible element. Since A(c, p) is the largest order open set con-
tained in A(c, p), it must therefore also be the largest order open set in dom(f) by an argument analogous
to the proof of Lemma 6.3. O

The remainder of this paper is devoted to proving that analytic functions are also holomorphic in our
present setting.

Definition 6.6. Let f: dom(f) — E and let U C dom(f) be an order open set. Then f is said to be analytic
on U if for every ¢ € U there is a positive invertible element r such that A(c,7) C U and there exists a
power series Y a,(z —¢)™ on E that converges uniformly in order to f(z) on A(e,r).

In the next theorem we show when power series on universally complete complex vector lattices are order
differentiable and consequently infinitely order differentiable. Part of our proof is an adaptation of a classical
argument to the present setting.



24 M. Roelands, C. Schwanke / J. Math. Anal. Appl. 541 (2025) 128671

Theorem 6.7. Let f(z) := > oo jan(z — )" and g(z) := > oo nan(z — ¢)"~ ! be functions defined by the
respective power series with equal radius of convergence p by Theorem 6.2. Then f is order differentiable at 2

if and only if p dominates a positive invertible element and zog € A(c, p). In this case we have f'(zo) = g(2o).

Proof. Suppose f is order differentiable at zy. Then there is a positive invertible element s such that

A(zp, s) C dom(f). But then it follows from

is=|3s|<|2o—c+3s|+]z0—c|<2p

o

o
that p dominates a positive invertible element. By Proposition 6.5 we have that A(zg, s) C A(c, p), so that
20 € Ale, p).
[e]
Suppose that p dominates a positive invertible element and zg € A(c, p). Let r be a positive invertible

element such that r» < p and zg € A(e,r). Let hy — 0 be such that zo + he € A(e,7), then it follows from
[12, Theorem 3.6(i)] and Theorem 5.20 that f(r + ¢) converges absolutely in order. Next for n > 1 define

oo
=2 am

m=0

n

3o oy
7=0

o

on A(c,r). Note that f,,(z) is well defined since
n—1
Z |z — | 120 — ¢ < mrmTh,

Jj=0

and g(r + ¢) converges absolutely in order since p, = ps by Theorem 6.2. Furthermore, we have that
fn(z0) = g(20) and as

n—1 n—1
Z(Z — )" (=) =Y (=" T Nz — )T = (2= )" = (20— )", (4)

we have

oo n—1 oo n—1
= Z am Y (z2—0¢)"7 (20 — ) Z am Y (2 —c)"T 7 (2o — )it
m=0 7=0 m=0 7=0
= f(z) = f(20)
Using the equation in (4) again, we find that
e’} n—1 ) e’} n—1
fa(2)=9(20) = am > (z=0)" (2= =D am Y (20— )" (20 — )
m=0 7=0 m=0 j=0
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Since
n—2—j
((z —c)—(z0—c¢ ) Z 2—c)" IRy — o) = (2= )"V — (29 — )",
k=0
we find that
o] n—2 n—2— j
fu(2) —g(20) = (z — 20 Z am, (z— )" 27T (5 — )kt
m=0  j=0 k=0

and

n—2 n—2—j n—2n—2—j n—2

= C|n—2—g—k|ZO _ C|k+J < r2 = Z(n -1- j)r"_2
j=0 k=0 j=0 k=0 §=0
=in(n- 1)rn2,

Since hq — 0, there is a net gg | 0 such that for all 8 there is an ag such that |h,| < gg whenever a > «.
Then for 8 and such an «g, it follows by combining all of the above established identities that

|f(ZO + ha) - f(ZO) - hag(20)| = |hocfn(20 + hoc) - hag(20)| = ‘haan(ZO + ha) - g<20)|

IN

3lhalas Y larlk(k — 1)rk-
k=0

whenever a > ag. Note that this series converges by applying Theorem 6.2 twice. Thus f is order differen-
tiable at zg where the derivative is g(z9). O

We conclude this paper with the following result, which is a consequence of Theorem 6.7.

Theorem 6.8. Let f: dom(f) — E, and suppose that U C dom(f) is order open. If f is analytic on U, then
f is holomorphic on U.

Proof. Let ¢ € U. Then there is a positive invertible element r € E and a power series Y -, ap(z — c)”
on E such that ;7 ax(z — ¢)* converges uniformly to f(z) on A(c,r) C U. It follows that r < p, and by
Theorem 6.7, the function f is order differentiable at c¢. Hence f is holomorphic on U. O
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