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Abstract: The setting where an unknown number m of the largest data
is missing from an underlying Pareto-type distribution is considered. So-
lutions are provided for estimating the extreme value index, the number
of missing data and extreme quantiles. Asymptotic results of the param-
eter estimators and an adaptive selection method for the number of top
data used in the estimation are proposed for the case where all missing
data are beyond the observed data. An estimator of the number of missing
extremes spread over the largest observed data is also proposed. To this
purpose, a key component is a likelihood solution based on exponential
representations of spacings between the largest observations. An effective
and fast optimization procedure is established using regularization, and
simulation experiments are provided. The methodology is illustrated with
a dataset from the diamond mining industry, where large-carat diamonds
are expected to be missing.
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1. Introduction

Extreme value methodology receives growing attention in order to model the
occurrence of rare events with high impact in various fields of application. Es-
timation of the extreme value index (EVI) is then a crucial topic in extreme
value methodology, assuming that the underlying distribution satisfies the max-
domain of attraction condition, i.e. assuming that the maximum of independent
and identically distributed observations Xi, Xs,...,X,, can be approximated
by the generalized extreme value distribution: as n — oo

P(ay(max X;=b.) <y) - Gyly) =exp(~(1+99) ™), (1)
for 1 +~y > 0, where b, € R, a, > 0 and v € R are the location, scale and
shape parameters, respectively. The EVI v is a measure of the tail-heaviness of
the distribution of X with a larger value of v implying a heavier tail of F.

We consider the specific case of Pareto-type distributions with a positive EVI,
which induces a restriction to right tail functions (RTF) given by

F(z)=1-F(x) = P(X > ) :xfif(x) (1.2)
with v > 0 and ¢ a slowly varying function at infinity, that is

Jim % =1 for every y > 1. (1.3)

We then assume that from the original ordered dataset X1 y < Xony < ... <
Xn,n an unknown number of top data Xn_mi1,8n < Xn-mion < ... < Xy N
are missing. So we observe n = N — m observations.

The estimation of m, v > 0 and extreme quantiles Q(1 — p) with small p
based on X1y < Xony < ... < X, y under (1.2) is then the main problem
tackled in this paper. Recent discussions of this problem are given in [11] and
[10] based on a Hill Estimator without Extremes (HEWE) process. Similar to
their technique, we adopt a likelihood-based approach. However, the method is
conceptually different since our starting point is, visually, the Pareto QQ-plot,
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and then mathematically the log-spacings and their Rényi representation, which
allows for transparent, automatic selection of the sample fraction used in the
estimation.

Specifically, it is well known that when v > 0 the EVI can be estimated from
the slope at an ultimate linear part of the Pareto QQ-plot:

n+1 )
(lOg ] 710anj+1’N), ] = 1,. .o, n,

(see for instance Chapter 4 in Beirlant et al. 2004). The celebrated [8] estimator
of v can then be considered as an estimator of the slope of this QQ-plot using
the top k available data:

k
1
Hy = z ZIOanfjJrl,N —log Xk, N,

Jj=1

for some appropriate k € {1,...,n}. In this paper we propose an adaptation of
the Hill estimator for the case that missing data are or could be present at the
top data.

A motivating practical example can be found in [9] from the diamond min-
ing industry. The nature of metallurgical recovery processes in diamond mining
causes the under-recovery of large diamonds. Because of the potentially large
monetary value of even a small number of large diamonds, the number of dia-
monds that are not recovered is an important problem in the diamond mining
industry. We illustrate the proposed methods with the same sample of carat
sizes as used in [9]. Note that here the missing carat data are, though likely, not
necessarily all larger than the largest observed carat size.

The remainder of the paper is organized as follows. In Section 2 we propose
and analyze the estimation of (v, m) and extreme quantiles. We propose asymp-
totic results for the estimators and an adaptive method for selecting k in case
the missing observations are situated above the largest observation. A graphical
method is given to detect the number of missing data in case some observations
are also missing below the largest non-missing observation. Finally, we provide
an efficient way of numerically optimizing a regularized version of the likelihood
through a contraction operator. In Section 3 we present and discuss simulation
results and revisit the diamond data set. Section 4 concludes.

2. Estimation of v and the number of missing extremes under the
Pareto-type model

2.1. Missing data situated above the largest observation

To describe the influence of deleted data from a graphical point of view, in
Figures 1 we illustrate the influence of missing top data on Pareto QQ-plots
of strict Pareto (with ¢(x) = 1, # > 1) and Fréchet samples (with F(z) =
exp(—z~1/7), z > 1) both with v = 0.5. We consider N = 200 and m = 20
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in both cases. From the Pareto QQ-plots (see label ‘m = 0’ in Figure 1) we
observe that the introduction of 20 missing data leads to concavity. This leads to
underestimating extreme quantiles when using the classical linear extrapolation
methods from extreme value analysis. An additional complication arises in the
case of a non-constant slowly varying function ¢, since then the missingness
implies non-linearity in the top portion of the data, and hence the linear part in
the QQ-plot is shortened. In case of slow convergence in (1.3) and/or significant
missingness, linearity could be completely lost, and tail estimation then becomes
problematic.

Thus, we propose to correct the QQ-plot by adjusting the inverse ranks j
to j + m in the construction of the QQ-plot with some appropriate value 1,
leading to a Pareto QQ-plot adapted for missingness:

1
<1og w,log)(n_ﬂ_l,]v), j=1,...,n. (2.1)

In Figure 1 such corrected QQ-plots are given using different values of 1.

Pareto sample, 20 missing extremes Frechet sample, 20 missing extremes
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Fic 1. QQ-plots (2.1) for a sample of size N = 200 and v = 0.5 from the strict Pareto (left)
and Fréchet (right) distributions with m = 20 missing data and 1 chosen as 0, 20, 60.

When 7 < 20 the concavity in the top of the QQ-plot remains to some
extent, while linearity is obtained at m = 20 (at least for upper quantiles), and
convex corrected QQ-plots appear when m > 20. The possibility of estimating
m and v when adjusting the rank numbers is the key idea behind the graphical
motivation.

More precisely, when the observed (non-missing) maximum X, y is situated
below the smallest missing data point Xy _ 1,8 We can exploit the exponential
representations of scaled log-spacings as discussed in [2] and [6] which generalize
the Rényi representation to Pareto-type distributions: under (1.2) with Vj,, :=
log X;‘iileN we have that

. . XN_j_ .
(j—i—m)‘/j,n:(j+m)1ogw, j=1,...,k

XN—j—m,N
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for small enough & can be well approximated by vE; with {E;, j=1,...,k} in-

dependent standard exponential random variables. Hence the pseudo-likelihood
based on a set {V;,, j=1,...,k} equals

k. .

+ +
E mexp<_ﬂm>’

o 7 ¥

leading to the log-likelihood function

k
Xn
l(%m):—klog'y—l—Zlog]—I—m 1Z]V logXi’N,

j=1 ’

. In the derivative of [ with

where we use the fact that 2?21 Vin log

respect to m we next approximate ijl(j + m) = Zf—:ﬁﬂ it by log m+k
which is motivated by Euler’s formula when m, k — oo. The maximum hkehhood
estimators (9, M) are then given by

kzj 13Vin + k’“logX —Hkn—i-klogx
e (22)
_ k :( n,N ) 'Yk_
mr+k Xn_k,N

Note that 4j is a simple adaptation of the Hill (1975) estimator Hy, which
is induced by the missing observations. In case of a strict Pareto distribution,
X1/7 is standard Pareto distributed, so that ("—kNN)_l/’Y =4 Um,m+k, the m-
th smallest order statistics from a uniform (0,1) random sample of size m + k.
The estimator of m given an estimate of v hence tries to match the expected
value mi_% of Upy,m+k-

For any given choice of k, an estimator for extreme quantiles Q(1—p) can now
be presented based on estimators of v and m using the classical Weissman-type
extrapolation on the corrected QQ-plot:

A . 1 mg +n
log Qr(1 —p) = log Xp, kN + <log = —log -~ )
p mi +k

or

A ko
%) ] (2.3)

(" +n)p

One of the main practical drawbacks of the methodology in [10] is the ex-
tremely sensitive log-likelihood function in terms of (v, m/k). Although the
asymptotic theory is sound, the estimator has to be calibrated sequentially and
with a good initial guess to produce accurate results. Moreover, the complicated
definition of the estimators therein makes it difficult to mathematically analyse
these step-wise procedures, and was not pursued in their paper.

In our specification, the likelihood function still empirically suffers the sensi-
tivity issue, especially for small values of k, though to a much lesser degree. To
further robustify our estimator we impose a regularization term on the number

Qr(l—p) = Xnk,N(
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of missing observations (we refrain from also penalizing the tail index since the
two quantities are heavily correlated anyway):

l)\(% m) = 1(77 m) — Am.
The maximum penalized likelihood estimators are denoted by (’Ay,g/\), m,(j))
where one observes that

e
Xn

™ = Hyn + m: log + N (2.4)
n—k,N

1 —1
Xn "Y(M
MM = kM SN ) e (2.5)
Xn—k,N

2.2. Asymptotic results

For a mathematical analysis of the estimators (mfj), ﬁ,(c)‘)) we consider two cases.
First we consider m/k — 0 as m, k, N — oo, which refers to cases with small
m values. Next, we assume that m/k — 6 € (0,1) as k, N — oo and k/N — 0.
Proofs are deferred to Appendix A.

To this end we assume the classical second-order assumption (refer to [7]) on
U(z) = Q(1 — 2z~ 1) with Q the quantile function of the underlying Pareto-type
distribution:

U(ux)
Ulx)

with h_g(u) = (1 —u=?)/B, B > 0 and b a regularly varying function at in-
finity with index —f8. Then from Theorem 4.1 in [3] we have the exponential

representations
. B
i
M; = b —_— E;
ik,N (7+ N,k(k+1) ) i

for Z; n = ilog X;g};%l;\’ with¢=1,...,k, where E;,7 > 1 is a sequence of i.i.d.

standard exponential random variables and by = b(IN/E). More precisely,

=u"(1+ h_p(u)b(z)(1+ o(1))), (2.6)

sup |Z; v — (Mjrn + Rjn)| = 0p(bn 1)
1<j<k

k .
where sup; <;<, | >;_; Rjn/j|/ max(log #1+,1) = 0, (b k).

When the number of missing observations m is limited, expressed by the
assumption m/k — 0 as k, N — oo and N/k — oo, any conventional estimator

A~

Ay, of v could well be adequate as a substitute for 7,2’\) in (2.5). This is confirmed
in a first asymptotic result. In this (j , denotes the bias and Z the zero centered
asymptotic normal distribution of 4.

Theorem 1. Assume the second-order condition (2.6). Then as N, k — oo,
k/N, m/k, X — 0, we have, when imputing an estimator 4y of v in (2.5) satis-
Jying

A =7 = Com + k722,
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where (g n is a deterministic bias sequence satisfying \/ECk,n =0(1) and Zy :=

\/E(’yk — ¥ — Ck,n) s a sequence of rv’s converging weakly to a centered normal
distribution, that

A =T {1 [t s8]0 0y 0)

+m

+ [ + kil/QZk]’fl log i

(1-+0,(1) .

where the rv 'y, has density

Tk+m+1) . AN
m = m 1 7 ’ .
Tem () = 53T D ( + k) v=0

Assuming further that m?/k — 0 we have that
1
I'(m)

From the above result it follows that the penalization parameter A\ can be used
to reduce the bias in estimating m induced by the bias of 4y, ,, especially for small
values of k. A positive penalization parameter then works for estimators 4y
with a positive bias (j . Estimation of by k, 8 and (i, in the present setting is
far from straightforward. In the practical realizations below we choose A = 0.01,
as a first attempt to reduce the bias. In the simulations we will consider the

finite sample behaviour of m,(j) when using different well established estimators

fk,m(”) =

v e (1+0(1)), v > 0.

of v next to the estimator &,(C’\) following from optimizing Iy (v, m).

From Theorem 1 it appears appropriate to use the I'(m, 1) distribution as
the sampling distribution for 7 at fixed k. The goodness-of-fit of this model
will be discussed in the simulation study.

Next we consider the case m/k — § € (0,1) as k, N — oo and k/N — 0. We
propose an asymptotic result for the estimators (94, 05 ) solving (2.2) in case the
missing data were all deleted at the top of the original data set. We here take
A = 0. Below we use the notation ((d,a) = ((1+6)* — §*)/a, a > 0.

Theorem 2. Assume the second-order condition (2.6). Then as N,k — oo,
kE/N =0, m/k— >0 and \/Eka — v >0 we have that

VE((Gi 1) = (7,6)) = No(vA, 3),
with

5(1 + 5) ( 5(115) - IOg(l + 6_1)> <<5,1+5)
Y[1 = §(1 + &) log?(1 + 6] \log(1+471) -1 5,8

and
S =[1-6(1+08)log?(1+5 1]

» ( 72 vo(1+9) log(1+51)>
v6(1 +6)log(1 +4671) 5(1+9) ’
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Note that when § — 0 the result for 4% naturally corresponds with the
classical limit result for the Hill estimator when no data are missing, i.e. a
normal limit distribution with asymptotic variance 2.

2.3. Detecting missing extremes below the largest observation

So far we have made the assumption that all the missing data is above the largest
observation. However, if the data has missing values in large quantiles but not
necessarily above the largest observation, we may adapt our methodology to
this scenario. In essence, the idea is to sequentially keep removing the largest
datapoint from the sample until we reduce to the canonical scenario, that is
where all missing observations are above the largest datapoint in the sample.
We provide details below.

Given an appropriate value of k, the search for missing extreme values that
are situated within the top extreme data (and not necessarily above the largest
observation) can be performed by trimming the likelihood from the preceding
section until we obtain stabilization of the estimators. Trimming has shown to
provide stability in other settings (cf. [4] for an application in outlier detection
and [5] for general threshold selection).

Thus, we consider the deletion of further extreme points, with the rationale
of eventually excluding all regions of the datasets where missing observations
were present. If the m missing top data are all located above X,,_;, ny with
ko < k, then we still have that the spacings V;, with j = kg +1,...,k are
approximately exponentially distributed with mean + if scaled with the inverse
rank numbers j +m, j = ko + 1,..., k. Then, the amount m can be estimated
through maximization of

koo :
Jt+m Jt+m
Liy,mike) = ][] TQXP<T j,n)a

j=ko+1

leading to the trimmed log-likelihood function

k k
I(y,m; ko) = —(k — ko) logy + Z log(j +m) — " Z iVin
j=ko+1 j=ko+1

As before, approximating Z?:ngrl (j4+m)~! by log( Tzljlfo ), we obtain the follow-

ing likelihood equations for the maximum likelihood estimators (i, ks kg k)

N _ 1 k 7 Mg,k Xn—kg,N

Tkok = (E—ko) > imkot13Vim + =5, log Xoohn (2.7)

10 ( mko,k-‘rk ) _ 1 10 n—kq,N !
g Mrg,k+ko’ — Arg,k g Xn—k,N

Direct optimization of the above likelihood is possible and effective through
standard nonlinear numerical procedures. However, we refer the reader to the
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next subsection for a fast fixed-point iterative solver. Note that (%o x,70k) =
(A, 10 ).-

In practice, one first selects k large enough so that one believes that all
missing datapoints are within the top k observations. Subsequently, one plots
(Fko ks ko k) as a function of kg and with k fixed. One then expects to find a
stable region in the plot for a certain value of kg and above. The point from which
stability happens then provides an estimate kg of additional top order statistics
required to be deleted from the sample in order to reduce the dataset to the
canonical case, i.e. where data is missing above the largest sample observation.

As an example, in Figure 2, such a plot for one sample is given for a sample
of size N = 500 from a Pareto distribution with v = 0.5 where 25 missing
observations are all randomly spread in the top 50 of the original data set.
We also present the MSE and bias of (4, k, Mk, ,x) based on 1000 repetitions.
Since all missing observations are situated above X,,_o5 v, we expect the plots
(Fko ks ko k) tO be stable in the region ko > 25 with 1y, , indicating the total
number of missing observations, while for ky < 25 these plots will be decreasing
with decreasing kg as the number of missing observations above such X,,_j, v is
decreasing with smaller kq. The estimates 4z, 1 appear to be reliable for ky > 25.
Compare this with a case where the 25 missing data are all situated above X,, n
(bottom line of Figure 2). Here the plot is stable over the whole plotted area.

The present approach using likelihood trimming only provides a graphical
method assisting in detecting missing observations below the largest observation
Xn,n, and asymptotics are still absent. It appears that methods for detection
of change points in the 4y, ,—1 and My, n—1 plots could be used to provide
an adaptive method to detect a minimal kg value above which the missing
observations are situated. This will be pursued in subsequent work. Note that
formula (2.3) can still be used in this case in order to estimate extreme quantiles.

2.4. Regularized fixed-point optimization

This subsection is devoted to further robustifying our estimator in two ways.
First, we impose a regularization term on the number of missing observations
(we refrain from also penalizing the tail index since the two quantities are heavily
correlated anyway). Subsequently, we prove that we may compute the (possibly)
penalized MLE estimator recursively by defining a suitable contraction operator
and then invoking Banach’s fixed-point theorem. The latter is key to iteratively
computing our estimators without having to have good initial guesses.
To this end, consider the penalized log-likelihood given by

Ix(y,ms ko) =

k k
Xo i
—(k—ko)logy+ Y log(j+m) =y D Vi — = log T .
j=ko+1 j=ko+1 v n—k,N
(2.8)

It is not hard to see that the approximate solution to the score equations
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satisfies the following equations

1
’Yko K A ko, k
kX, " kN € kOanko,N

mk‘g,k‘ - 1 1

Ay Yko ok Tk k

e Xn ko, N Xn—k,N

k
1 Mo,k Xn—ko,N
. 05 n—~Ko,
Yrok = 7—— > Vimn+ log :
’ k—k ’ k—k X,
( 0) et 0 n—k,N

This gives rise to a recursive perturbed estimator for the tail index, given by

1
Xn_kg.N 3 () 3 ()
,.3/(/\) (’I"+ 1) _ ; Xk: GVin + log Xn— kON k‘XvnkokkN1 B eAkOXnéoég,N
ot (k= ko) ; 441 : k= ko i k() )
I eAXn—OIéO,N - Xn—Ok,,N
(2.9)

The corresponding estimator m,&i)k(r) for the number of missing observations is

defined analogously.

It is clear that whenever (2.8) has a unique maximum then proving that (2.9)
is a contraction operator will suffice, by Banach’s fixed-point theorem, to obtain
convergence of f?,gz‘)k(r) as r — oo to the maximizer of (2.8).

Proposition 3. Let A > 0. Then the recursive map ﬁ,gi‘)k(r) is c-Lipschitz
continuous on any compact set bounded away from zero, with ¢ < 1.

Proposition 4. Let A > 0 and let (’yk )k,mﬁ ) be the penalized maximum

likelihood estimator of (2.8), with ’Ay,(g )k > 0. Then for any positive starting
value 'Ay,(c())‘?k(O) >0,
(A ~ (A NC NG
Tim (50, ) (1) = (G i)

Proof. Any c-Lipschitz continuous function with ¢ € (0, 1) is a contraction. Then
apply Banach’s fixed point theorem. O

2.5. Sample fraction selection

In order to select an appropriate value & of the number k of top data several
methods can be used based on goodness-of-fit techniques. For instance:

i) For every k the correlation coefficient r;, can be computed based on the
top k points of the adjusted QQ-plot (2.1) with 7, substituting 7, and
k. then corresponds to the largest correlation ry;

ii) For every k the Anderson-Darling (A-D) W-statistic, given by (cf. [1])

k
Z (25 — 1 logu] r+1log(l — uk_j41, k)]

?rl'—‘
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is computed on
{uj =1- exp(—(j + mk)mn/%), ji=1,.. .Jf}

and ky then corresponds to the smallest TW-statistic W,

From the simulations and practical experiments the use of kyy appears to yield
much better results in cases different from the strict Pareto distribution. While
such adaptive method does not guarantee a consistent estimator for the asymp-
totic MSE optimal k value, it does address the finite-sample case appropriately,
as it appears from simulation studies. However, it is advised to further validate
the choice of k using graphical support from the Pareto QQ-plot adjusted with
Mk, , for instance, by validating linearity in this plot above o N

3. Simulation results and diamond case study
3.1. Simulation results

We conduct a systematic simulation study to investigate the finite-sample be-
haviour of our estimators for varying k, as well as the A-D approach for the
automatic k selection when all missing observations are situated beyond the
largest observation. For varying sample fraction we consider several estimators,
as follows:

1. The estimator (fAy](CO‘Ol)’m;gOAOl))'

2. The estimator (a,ﬁo),m;‘))).
3. The Hill estimator Hy, and an implied number of missing observations
given by plugging it into the second equation of (2.2), yielding a ‘naive’

1
estimator for the number of missing observations: k{(XX’i—kNN)m —1}~4
4. The moment estimator for the EVI, and its implied estimator for the
number of missing observations through the same construct as the previous
case.
5. The Generalized Pareto Distribution (GPD) maximum-likelihood estima-
tor for the EVI, and its implied estimator for the number of missing ob-

servations through the same construct as the previous case.

We have also compared with the estimator from [10] as written in their paper,
but their likelihood is very sensitive, for instance with respect to the starting
value. A stepwise procedure for their estimators could improve the performance,
though we refrain from implementing this. Note that the last two estimators
often provide negative tail indices, so that automatic selection formulae derived
through the Anderson-Darling approach from Subsection 2.5 becomes unstable.
Thus, for automatic selection of & we only consider the following three cases:

la. The estimator (’7]20‘01), m}f'o”) with & selected through the goodness-of-fit

criterion with Anderson-Darling statistic outlined in Subsection 2.5.
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2a. The estimator (?,(CO), m,(f)) with k selected through the goodness-of-fit cri-
terion with Anderson-Darling statistic outlined in Subsection 2.5.
3a. The Hill estimator Hy, ,, with k chosen from the selection of the case la.

In order to assess how deviations from pure the Pareto distribution affect the
estimation procedure, we consider the following distributions with regularly-
varying tails:

i) The Pareto distribution with RTF given by F(z) =272, 2 > 1.
ii) The Burr(2, —2,2) distribution with RTF given by F(x) = ((24+a*)/2)~ /2,

x> 0.

iii) The Fréchet(2) distribution with RTF given by F(z) = 1 — exp(—(z~2)),
x> 0.

iv) The GPD(1/2,1) distribution with RTF given by F(z) = (1 4+ x/2)72,
x> 0.

Notice that we have specified v = 1/2 in all cases, which allows for deviations
in behaviour to be solely attributed to the slowly varying component ¢ of the
distributions. For all distributions we consider a sample size of 500, m = 5, 25, 50,
and compare mean (median when applicable) squared error and bias terms for
the estimation of the tail index, for the number of missing observations, and for
a high quantile (p = 1/500). All results are provided in Appendix B.

Remark 5. We use the iterative procedure from Subsection 2.4, which by
Proposition 4 converges for any positive starting value. For convenience, we
choose 1/2 as starting value, agreeing with the tail index of the simulations,
though any other starting value provides indistinguishable results. Convergence
usually happens within a few iterations, but all results were obtained using 100
iterations.

The main conclusions from the figures are the following:

e Our estimators 1, 1a, 2 and 2a behave better at most k& than the bench-
marks when the true distribution is close to being strictly Pareto, and
the automatic selection procedure is effective regardless of the distribu-
tion type. The regularization terms arising from using A = 0.01 is useful
for fixed k£ but seems to play a less important role when automatically
selecting k.

e When the distribution has a significant deviation from strict Pareto tails,
the automatic estimators la and 2a also outperform the ‘naive’ estima-
tor 3a, except in the m = 5 case when considering the tail index, where
there is a slight underestimation by the estimator 3a, and a slight overes-
timation by la and 2a. For the number of missing observations and high
quantiles, this effect seems to be less pronounced. Note in case m =5 for
all distributions that estimator 3 has a smaller MSE than estimators 1
and 2.

e Estimators allowing negative tail indices, 4 and 5, can only be considered
adequate when the number of missing observations is small (m = 5 in
our study, or 1%), and then in that case, using a very large k. This is



Estimation of tail parameters with missing largest observations 3741

particularly the case for the GPD distribution, iv). Notice, however, that
these estimators do not provide a natural estimate of the number of miss-
ing observations, so that their effectiveness relies solely on m < n.! This
behaviour is extended to the Hill estimator, 3, which in its automatic form
3a can be competitive for tail index estimation.

e Not accounting for missing values decreases the value of estimator 3, but
not removing bias from the regularly varying component (by choosing k
large enough) increases estimator 3. These two very different sources of
bias often cancel each other out, providing “by chance” a good estimate.
This is observed as a sharp decrease in MSE for medium or large k values.
However, estimating such a high k& where the two biases cancel out is
neither straightforward nor in the scope of this article. As expected, the
effect vanishes when considering estimators with automatically selected k.

We end this section checking the validity of the Gamma(m,1) distribution
which follows from Theorem 1 as a sampling distribution for 7, in case of a small
and a moderate m. The goodness-of-fit is illustrated in Figure 17 in case of the
Pareto distribution, based on 10, 000 repetitions. When using 'Ay,iO) a positive bias
with respect to the Gamma model is present with small m. When inserting the
Hill estimator Hy ,, in place of 4, in the second equation of (2.2), the distribution
of the estimates of m for very small values of m follows the I'(m, 1) distribution

quite close and shows a negative bias in case of moderate m.

3.2. Diamond case study

The problem of estimating the amount of missing diamonds in ore mining was
considered before in [9]. They used a Bayesian approach to fit a truncated gen-
eralized Pareto distribution to part of the data. Based on the estimated tail
probability the expected number of diamonds larger than a specific weight was
estimated. Ore recovered from alluvial deposits are less subjected to the possibil-
ity of breakage. If the stones are not recovered during the metallurgical recovery
process, they are discarded onto the tailing dumps from where they can be re-
covered during a re-mining program. Because of the potentially large monetary
value of even a small amount of missing large diamonds, it is of interest to an-
alyze if re-mining of a diamond dump is profitable thanks to the presence of
large diamonds. The Pareto-type model is generally accepted to describe and
analyze carat data.

Here we use the same data set as in [9]. The Pareto QQ-plot of these obser-
vations is given in the bottom left plot of Figure 3. A concave deflection at the
upper part of the QQ-plot appears comparable with the graphs in Figure 1 ob-
tained from simulations. This leads to a systematic decline of the Hill estimates
with decreasing k below 100 (see Figure 3 bottom right, before correction).

In some figures, the curves corresponding to estimators 4 and 5 are completely out of
range due to very negative bias (and thus very large MSE) and related numerical instability.
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o ] o
- —— lambda =0 N —— lambda =0
Hill Hill
© —
o o ]
©
g o
£ E 24
& < |
o
o~ ©
s
o
S ©
T T T T T T T T T T
0 100 200 300 400 0 100 200 300 400
k k

Pareto QQ-plot

45

N 'S o—O0
/ /
A o
‘&ﬁx 00°
o | ™
<
8
@ w0
B oo
g
-
o |
@
—o— Before correction
:ﬂ - —A—  After correction

T T T T T T T
0 1 2 3 4 5 6

Exponential quantiles

Fic 3. Diamonds data. Top left: adapted Hill and Hill estimates, 41, and Hy, ,, respectively,
as a function of k. Top right: My and the plug-in missing observation estimator derived from
inserting the Hill estimator into the second equation of (2.2), as a function of k. Bottom:
original Pareto QQ-plot and adapted QQ-plot using ra7s.

We provide plots of 7 and 4y as a function of k in the top panels of Figure 3
and of the Wy, statistic in Figure 4. We obtain

kw =273, 4;,, = 04798, 1y = 6.4739
The corresponding parameter estimates for A = 0.01 are

k= 273, @,@W =0.4792, mgw = 6.3740.

The plots are virtually indistinguishable between A = 0 and A = 0.01, and hence
we present only the former. The plug-in missing observation estimator derived
from inserting the Hill estimator into the second equation of (2.2) yields a
very stable plot as a function of k£ leading to an estimate of 5 missing observa-
tions.
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Fi1G 4. Diamonds data. Top: W), statistics as a function of k. Bottom left: estimates Yy, 273
as a function of ko. Bottom right: estimates My, 273 as a function of ko.

The bottom panels of Figure 3 shows the difference of Pareto QQ plots be-
fore and after correcting with 6 missing extremes. In Figure 4 the solutions
(Mky 2735 ko 273) Of the trimmed likelihood with 0 < ko < 273 are plotted as a
function of k. From this it appears that no extra missing observations can be
reported apart from 6 missing observations at the top. This is to be compared
with the 8 missing observations reported by the method from [9]. Based on The-
orem 1, a 95% confidence interval for m is obtained using the 0.025 and 0.975
quantiles of the I'(6.45,1) distribution: (2.5,12.3). Based on the Hill imputed
missings estimator we obtain the interval (1.6,10.2).

4. Conclusion

In this paper, we addressed the problem of missing observations in the highest
quantiles of a dataset, assuming that the data followed a Pareto-type distribu-



3744 J. Beirlant et al.

tion. We presented solutions for estimating the extreme value index, the number
of missing data and extreme quantiles, assuming that all missing data were be-
yond the observed data. We also proposed an adaptive method for selecting
the number of top data used in the estimation. Additionally, we introduced a
graphical method in order to infer on the number of missing extremes spread
over the largest observed data. We derived asymptotic results and considered
robustifying our estimator through regularization. We demonstrated the effec-
tiveness of our approach through simulation experiments and an application in
the diamond mining industry.

Appendix A: Proof of Theorems

Proof of Theorem 1. With U, ,, (j =1,...,v) denoting the order statistics of an
i.i.d. sample of size v from the uniform (0,1) distribution, we have using (2.6)
that

Xn N Uk+nl N v —1 Uk—i—m N
: = . 1+0(U h_g| ———— (1 1
ankr,N d < Um,N ) + ( k+m,N) B Um,N ( + OP( ))

=d (Unmk+m)”” (1 + b(k ivm)h—ﬂ (m:; k) (1+ Op(l))>

k
=0, (log E) ,
so that

() s (522 00)

Using & — £ = —(3 = 1)/(13%) = —[Gon + E~Y2Z4(1 + 0, (1)) 2(1 + 0,(1)
and max(Cx.n, k~1/2)log(k/m) — 0 we obtain

1 1

XoN ¢ 7
<Xn—k,N> = oxp(—exn) = 1= exn (1 +0p(1))

with
€ = — [Ck,n + k127, (1 + op(l))}v_2 1og(k:/m)(1 + op(l)).

Now, as A — 0,

k k
M )3 1 (22T (1+ A1+ 0(1)) + exn) — 1
€ Xn—k,N Xn—k,N k,n
_ k
T Xan L
(=5) -1
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x {1 +[=A(1+0(1) + ern] <1 —~ <X)§:ij>>1}

¥ )3 —1}~1 we have

Concerning the distribution of k{(

X g -1
k N ) 1}
{(Xn—k,N

kUm,erk

Xn— k,N

=d
1- Um,m+k

x (1 - %b(ﬂ%)hﬁ (mTJrk> (1 + %) (1+ op(1))>,

while (1 — (XX"’N )_%)71 = 1+ 0p(1). Furthermore, the density of R, :=

n—k,N
—;iU[}"mm;fk is given by
T(k+m+1) 4 v 1 1
m = m 1 _ —_ - am v(q] 1
Jean (V) T'(m)T'(k + 1)kmv + k F(m)U € ( + of ))
as k — oo, m?/k — 0 thanks to Stirling’s formula. O
Proof of Theorem 2. First we define
( ) d a XN ( )4+1,N
1 -1 _ 1 Jj+m)+
Somar =K D04 m)Vy =7 30+ m)log =B
j=1 Jj=1 ’

XN (+m)+1,N
S,@n N = Vin log —— T
le " jzl XN~ (j4+m).N

Using Theorem 4.1 in [3] specifying the exponential representations of Z; y, it
follows that

NP Sl(iq)n,N — 7 — bNkCs148
S/(c,7)n7N —ylog(1+071) — bnils,s

—a M ((8) 7 <log(1 P 1[(()5g(§1++6()5]—_11)>> - A

Xn— G+m)+1,N

Replacing (j+m) log X GimoN

by M; 1 ~ and using classical limit theorems
leads to the stated limit distributions. The term based on R; y in case of st k N

can be handled as in the proof of Theorem 4.2 in [3]. Concerning S K, m  this term
equals 25:1 Rizmn/(j+m) = E:‘Z_:H R; n/i which is o0,(bn g+m) log(k +
m)/m.
The equation defining Oy is given by
1— b log(1+ (6x)™Y) B k Z?ﬂjv‘,n
log(1 + (1)) S
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1—§log(146~ 1)

Tog(lo-1) > 50 that dy is consistent

where the right hand side converges to
and then also 4.

Using that 2?21 JVim = SISLN—(SSSL?N—&-O(I{:_I) as k — oo, the likelihood
equations are given by

A= S+ (B = 0)SE)  + Ok
A log(1+ (8x)71) = S, .
or .
(e =) = Bk = 0) S0 v = Sty =7 + O™
(B — ) log(1 + (0x) ") +~y(log(1 + () ~") —log(1 +671))
=82 x—log(1+37Y).

Using the consistency of 6 and 4 we then obtain

(=) — (B — 8)ylog(1 +671) = S\ =7+ O(k™1)
(0 = 7) log(1 +81)(1 + 0,(1)) = (s — 8) 5737 (1 + 0, (1))
= S,f}mN —ylog(1+ 4§71,

and so

Ve =
Op— 0
_( 1 —ylog(1+071) )‘1 St N =0k

— \og(14+07 ) (140p(1))  — 557 (1 + 0p(1)) Sgr)nyN—vlog(l—i—é‘l) '

Using the asymptotic result in (A.1) now leads to the asserted result after
some algebra. O

Proof of Proposition 3. We ease the notation by defining the constants (with
Xne k ,
=N e (0,1) and A = ﬁ > i—ko+1JVjn- Consequently,

Xn—kg,N
we wish to show that the following function is c-Lipschitz continuous:

respect to x) a =

kal/® — e* ko
eN — gl/z

f(2) = A+ ——log(1/a)

1
k — ko
It will be enough to establish that its derivative is, uniformly and in absolute
value, less than unity. For this, note first that

al/e* log?(a)
|f'(z)] = 2 — /ey

Then |f/(z)] < ¢ < 1 with ¢ > 0 is equivalent to

logQ(a)/c < x2(ex/2a—1/(2w) . 6—>\/2a1/(2w))2.
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Taking square roots and replacing the right-hand side with two Taylor expan-
sions, we obtain, after cancelling terms, the equivalent inequality

i 5 (log(a) — Az)?n+t
(2x) 2"“ (2n+ 1)1

—log(a)

or

Az +log(1/a) <= (log(a) — \z)?"
1<
< Ve log 1/a) Z (22) 2” (2n + 1)!

=/ sinh((log(l/a) + /\I)/(Qx))

10g(1/ a)

But the above assertion is satisfied for any A > 0, since in that case, using the
bounded-away property of the compact K, we get

. 2z )
= it ey S ((log(1/a) + Ax) /(22)) > 1,

and we may simply take ¢ = (1/1)? € (0,1). O
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Appendix B: Simulation plots

Pareto data, MSE (tail index) Pareto data, MSE (missings) Pareto data, MedSE (99.8% quantile)
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Fic 5. Simulations results for Pareto data (v = 1/2,m = 50). Top: mean square error (MSE)
for the tail index, number of missing observations, and 99.8% quantile, as a function of top k
order statistics used. Center: Corresponding bias plots as a function of top k order statistics.
Bottom: density of the estimators with automatically-selected k.
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Pareto data, MSE (tail index) Pareto data, MSE (missings) Pareto data, MedSE (99.8% quantile)
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Fi1c 6. Simulations results for Pareto data (v = 1/2,m = 25). Top: mean square error (MSE)
for the tail index, number of missing observations, and 99.8% quantile, as a function of top k
order statistics used. Center: Corresponding bias plots as a function of top k order statistics.
Bottom: density of the estimators with automatically-selected k.
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Pareto data, MSE (tail index) Pareto data, MSE (missings) Pareto data, MedSE (99.8% quantile)
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Fic 7. Simulations results for Pareto data (v =1/2,m =5). Top: mean square error (MSE)
for the tail index, number of missing observations, and 99.8% quantile, as a function of top k
order statistics used. Center: Corresponding bias plots as a function of top k order statistics.
Bottom: density of the estimators with automatically-selected k.
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Burr data, MSE (tail index) Burr data, MSE (missings) Burr data, MedSE (99.8% quantile)
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Fic 8. Simulations results for Burr(2, —2,2) data (y = 1/2,m = 50). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Burr data, MSE (tail index)
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Burr data, MSE (missings)

Burr data, MedSE (99.8% quantile)
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Fic 9. Simulations results for Burr(2

log(Q(1-p))

,—2,2) data (v =1/2,m = 25). Top: mean square error

(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fi1c 10. Simulations results for Burr(2,—2,2) data (y = 1/2,m = 5). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 11. Simulations results for Fréchet(2) data (v = 1/2,m = 50). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 12. Simulations results for Fréchet(2) data (v = 1/2,m = 25). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 13. Simulations results for Fréchet(2) data (y = 1/2,m = 5). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 14. Simulations results for GPD(1/2,1) data (v = 1/2,m = 50). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 15. Simulations results for GPD(1/2,1) data (v = 1/2,m = 25). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fic 16. Simulations results for GPD(1/2,1) data (v = 1/2,m = 5). Top: mean square error
(MSE) for the tail index, number of missing observations, and 99.8% quantile, as a function
of top k order statistics used. Center: Corresponding bias plots as a function of top k order
statistics. Bottom: density of the estimators with automatically-selected k.
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Fi1c 17. Histograms and fitted I'(m, 1) densities for simulated Pareto data. Top left: N = 500,
m = 5, k = 494; top right: N = 5000, m = 50, k = 4940. In the bottom panels are the
corresponding histograms using the plug-in missings estimator derived from inserting the Hill
estimator into the second equation of (2.2).
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