
Citation: Gitau, M.N.; Masike, L.;

Adams, G.P. A Unified Analysis of

DC–DC Converters’ Current Stress.

Energies 2023, 16, 3370. https://

doi.org/10.3390/en16083370

Academic Editors: Julio Cesar Rosas

Caro, Jonathan C. Mayo-Maldonado

and Jesús Elias Valdez Resendiz

Received: 20 February 2023

Revised: 4 April 2023

Accepted: 9 April 2023

Published: 11 April 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

energies

Article

A Unified Analysis of DC–DC Converters’ Current Stress
Michael Njoroge Gitau 1 , Lebogang Masike 1,* and Grain P. Adams 2

1 Department of Electrical, Electronic and Computer Engineering, University of Pretoria,
Pretoria 0002, South Africa

2 Department of Energy, NEOM, Tabuk 49643, Saudi Arabia
* Correspondence: lebogang.masike@up.ac.za

Abstract: There is always a need to analyze current signals generated by various DC–DC converters.
For example, to determine the current stress experienced by semiconductor devices and to evaluate
active and reactive power consumption in converters. The study demonstrates that the shape of a
current signal dictates the analytical expressions required to determine the average and RMS values
of a signal as well as the RMS value of the ripple of that signal. The study also shows that current
signals can be treated as composite waveforms comprising various combinations of trapezoidal,
rectangular, and triangular pulses. The current literature lacks a unified approach to analyze current
stresses in DC–DC converters. This study will propose a unified and generalized analytical technique
that is applicable to any type of DC waveform that can be treated as a composite waveform made
up of a combination of triangular, rectangular, or trapezoidal sections or sub-intervals. Furthermore,
the rectangular and triangular pulses are shown to be a special kind of trapezoidal pulse. This
provides the basis for a very broad generalization of current signals’ analysis based on the analysis of
a trapezoidal pulse. Additionally, a method for the direct evaluation of signals’ ripple RMS content is
developed. This is unlike in the current literature where it is necessary to evaluate the signal’s average
and RMS values before ripple content can be evaluated. The technique developed is applicable to
continuous and discontinuous conduction modes of operation.

Keywords: ripple analysis; DC–DC converter analysis; converter building blocks; converter cells

1. Introduction

The number and diversity of DC loads that include DC–AC converters, IT loads,
electronic lighting, and electric vehicles continue to grow rapidly [1–4] in distribution
networks. Similarly, the number of DC sources in the form of solar PV arrays, battery energy
storage systems, fuel cells, and some of the wind energy conversion systems continues to
increase [1–4]. These developments have led to the emergence of DC distribution systems
as well as hybrid AC and DC distribution systems [1–7]. Moreover, DC distribution systems
have lower power losses and voltage drops, no reactive power demand, high power quality,
and simple system structures [1,2]. The importance of evaluating current stresses in DC
systems is currently demonstrated by the numerous studies that have been carried out to
evaluate current stresses in DC-link capacitors of three-phase inverters [8–15], peak–peak
and RMS ripple in DC–DC converters [15–21], peak–peak ripple in H-bridge DC–DC
converters [20], and ripple analysis in quasi-Z-source DC–DC converters [13]. In [8–10,14],
the dependency of the electrolytic capacitor’s lifespan on the operating temperature and
hence current stress was discussed. Studies have also shown that a capacitors’ lifespan is
halved upon a 10 ◦C temperature rise above the rated operating temperature [8,9]. The
converter lifespan is thus limited by the short lifespan of electrolytic capacitors [8–10,14].
Furthermore, the electrolytic capacitors, used in DC-link circuits and filter circuits as
well as in capacitive reactive components, required to build converters are expensive and
bulky [22–25] compared with metal film and polypropylene capacitors and semiconductor
devices [26,27]. In general, capacitors and inductors account for more than 50% of the
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space requirements in converters. The low current handling capability of electrolytic
capacitors [8,26,27] often requires capacitors to be in parallel to meet current handling
capability, thus increasing space requirements [8]. Semiconductor devices’ current stress
is normally expressed as the mean square current through the devices and is used to
evaluate the ratings and conduction losses in these devices [11,13]. There is therefore a
need to develop generalised techniques that will make it easy to evaluate current stresses in
semiconductor devices, capacitors, and inductors used to build DC–DC converters needed
in realising DC loads and the emerging DC distribution and transmission systems.

The techniques for analyzing current signals presently in use can be grouped into
time–domain techniques [8–10,12–14,16–21] and frequency–domain techniques [11,15,17].
The frequency–domain techniques include Fourier series expansion [11,15,17] based tech-
niques that are used to evaluate current signals’ frequency spectrum. In [11], total ripple
content is evaluated using the harmonics magnitudes. The time-domain techniques include
the following: Lagrange theorem [16] used to evaluate peak–peak ripple in buck, boost
and buck–boost DC–DC converters, Cauchy-Schwarz inequality [13] to evaluate mean
and mean square values of current signals, the first mean value theorem for integrals [28]
used to evaluate a current signal’s mean, and mean squared values [8–13,16]. Additionally,
in [8,10–12,14] the root mean square value (RMS) of ripple was evaluated using the mean
and mean square values. In [8–11,14], the mean and mean square values of current wave-
forms were obtained by partitioning one period of a signal into sub-intervals by exploiting
the additivity principle with respect to the interval of integration [28]. The Taylor series
expansion is used to estimate ripple in DC–DC converters in [19] and in [19,21], state–space
averaged techniques were employed to evaluate the peak–peak inductor current ripple in
DC–DC converters.

In [29–31], the inductor voltage waveform volt-second area balance was used to
evaluate the input–output voltage relationship. The capacitor current waveform amp-
seconds area balance on the other hand is used to determine the average inductor current
in converters. The technique also allows the peak–peak current and voltage ripple to be
obtained. However, it is not suitable for evaluating signals’ RMS values.

In the present literature, the analysis of current signals generated by various DC–DC
converters is treated in a disparate manner. Each converter is treated as unique [22,23,25,32–34]
as there is no structured method that allows the analysis of the different current signals
generated by the various DC–DC converters to be conducted in a unified fashion that exists.
In particular, to evaluate the performance of these converters, it is always necessary to
derive expressions for input- and output-side currents and/or voltage ripple, expressions
for devices’, and components’ RMS currents and average values of input and output
currents. In the case of magnetic components, energy storage capabilities and apparent
power ratings need to be determined.

Studies that utilize converter cells to generate, classify, and analyze switch-mode
DC–DC converters [35,36] were carried out. The study in [36] proposed three three-terminal
basic building blocks (BBBs) and a three-terminal filter block. These were shown to be
sufficient for realizing any non-isolated DC–DC converter excluding those with coupled
inductors. It was also shown that current signals that a converter generates are dictated by
the BBBs used to realize the converter. Consequently, different DC–DC converters generate
similar or even identical current waveforms. This provides the basis for developing a
structured approach for analyzing the current stresses in non-isolated DC–DC converters.
The availability of such a structured and unified analysis technique would reduce the need
to derive equations from scratch in order to analyze the performance of new converters.
That will be the primary focus of this study.

This study will propose a unified and generalized analytical technique that is appli-
cable to any type of DC waveform that can be treated as a composite waveform made up
of a combination of triangular, rectangular, or trapezoidal sections or sub-intervals. The
technique should also be applicable to AC waveforms but limited to evaluating total signal
RMS values. It is thus not suitable for evaluating the fundamental component, individual
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harmonics, or total harmonic content of an AC signal. Moreover, the BBBs employed in this
technique to predict current signals are only applicable to non-isolated DC–DC converters
excluding those with coupled inductors.

The remainder of the paper is organized as follows: Section 2 first classifies the
14 converter cells reported in the literature [23,34] according to current signals generated at
their 3 terminals. Section 2 then unifies the analysis of DC–DC converters derived from a
given converter cell or BBB irrespective of their functionality. Section 3 shows that triangular
and rectangular pulses are a special form of the trapezoidal pulse allowing all three to be
described using a single general expression. In Section 3.1, current signals are treated as
composite waveforms comprising various combinations of triangular, rectangular, and
trapezoidal pulses. This makes it easier to derive analytical expressions for otherwise
seemingly complex waveforms. Section 3.2 develops generalized expressions for analysing
any type of non-isolated DC–DC converters. Furthermore, an expression that allows signal
ripple content to be obtained without the need to first evaluate the signal’s average and RMS
values is also derived. Section 4 provides examples to validate accuracy of the analytical
techniques that were developed. Simulated results are also presented in this section to
further validate the analysis. Concluding remarks are presented in Section 5.

2. Signal Analysis

This section will first classify DC–DC converter cells that have been reported in the
literature according to the type of current signals generated at their terminals. The section
will then introduce the concept of unified analysis of DC–DC converters’ current stresses
by considering the current stresses of DC–DC converters based on converter cell 1-1 (type-1
BBB) and converter cell 1-4 (type-2 BBB).

2.1. Classifying Converter Cells Based on Terminals’ Current Signals and Key Signals Generated
by Converter Cells

Figures 1–3 present circuit diagrams of the three groups of converter cells proposed
in [23,34]. The current signals generated by the various converter cells are also included
in Figures 1–3. These signals can be explained by identifying the BBBs that are used to
realize them, as demonstrated in [35]. The type-1 BBB is shown in Figure 1a whilst type-2,
type-3, and the filter block are shown in Figure 4. The convention adopted to categorize
the converter cells is as follows: there are three groups of converter cells (u = 1, 2, 3). Each
group has four or six members (v = 1, 2, . . . , 4 or 6) and each group member gives rise to
a maximum of six unique DC–DC converters (w = 1, 2, 3, . . . , 6). Thus, converter cell 1-1
refers to the first member of converter cells in group 1 and DC–DC converter 1-1.1 refers to
the first member of the family of converters derived using converter cell 1-1.
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Figure 1. Cont.
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(a) Converter cell 2-1. (b) Converter cell 2-2. 
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(c) Converter cell 2-3. (d) Converter cell 2-4. 

Figure 2. Converter cells that generate pulsed current signals at all three terminals. 
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(c) Converter cell 3-3. (d) Converter cell 3-4. 

Figure 3. Converter cells that generate non-pulsed current signals at all three terminals. 
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Figure 1. Converter cells that generate a non-pulsed current signal at one terminal and pulsed current
signals at two output terminals.
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Figure 4. The other basic building blocks and filter block.

Figure 4 shows the two variants of type-2 BBBs, type-3 BBB, and a filter block proposed
in [35] which together with the type-1 BBB in Figure 1a are the basic building blocks of all
non-isolated DC–DC converters.

2.2. Unified Analysis of DC–DC Converters Based on Cell 1-1

Figure 5 shows converter cell 1-1 and three of the six possible DC–DC converters
derived from converter cell 1-1. Converter cell 1-1 comprises a single type-1 BBB [35]. The
current signals generated at the terminals of converter cell 1-1 when operating in CCM are
shown in Figures 5 and 6.
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The Average, RMS, and Ripple RMS Values for Current Signals from DC–DC Converters
Based on Cell 1-1

A technique to analyze different converter cells needs to be developed. General
expressions for the average, RMS, and RMS ripple values for the various current signals
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generated by converter cell 1-1 shown in Figure 6 are first derived. The average, RMS, and
RMS ripple contents of a periodic current signal, i(t), are obtained using the first mean
value theorem as [28,30,31]:

Iave =
1

Tsw

Tsw∫
0

i(t)dt (1a)

Irms =

√√√√√ 1
Tsw

Tsw∫
0

[i(t)]2dt (1b)

Irms,ripple =
√
(I2

rms − I2
ave) (1c)

The function describing a signal over one switching period, Tsw, is defined and substi-
tuted into (1) to obtain the required values. The input current signals in DC–DC converters
1-1.1 and 1-1.5 comprise a single trapezoidal pulse as shown in Figure 6a. Over one
switching period, it is defined as:

i(t) =

a +
(

b− a
δ

)
t

Tsw
,0 < t < δTsw

0,δTsw ≤ t ≤ Tsw

(2a)

a = IL,ave − 0.5∆iL,pk−pk

b = IL,ave + 0.5∆iL,pk−pk

I1 = In2 = a+b
2 ; ∆iL,pk−pk = b− a

(2b)

Using (1), (2a), and (2b) the average, RMS, and ripple RMS values for the signal in
Figure 6a are obtained as

Isw,ave =
1

Tsw

δTsw∫
0

(
a +

(
b− a
δTsw

)
t
)

dt = aδ +

(
b− a

2

)
δ =

(
b + a

2

)
δ = I1δ (3a)

Isw,rms =

√√√√√ 1
Tsw

δTsw∫
0

(
a +

(
b− a
δTsw

)
t
)2

dt =

√(
a + b

2

)2
+

(
b− a

2

)2 δ

3

=

√
I2
1 δ +

(∆iL,pk−pk

2

)2
δ

3
(3b)

Isw,rms−ripple =

√(
a + b

2

)2
δ(1− δ) +

(
b− a

2

)2 δ

3
(3c)

The output current signals in converters 1-1.2 and 1-1.5 comprise of a single trapezoidal
pulse, as shown in Figure 6b. Over one switching period, it is defined as

i(t) =


0,0 < t < δTsw

a +
(

b− a
1− δ

)(
1− t

Tsw

)
,δTsw ≤ t ≤ Tsw

(4a)

c = a = IL,ave − 0.5∆iL,pk−pk

b = IL,ave + 0.5∆iL,pk−pk

I1 = In3 = b+c
2 = b+a

2 ; ∆iL,pk−pk = b− c = b− a

(4b)
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Similarly, using (1), (4a), and (4b) the average, RMS, and ripple RMS values for the
signal in Figure 6b are obtained as

ID,ave =
1

Tsw

Tsw∫
(1−δ)Tsw

(
a +

(
b− a
1− δ

)(
1− t

Tsw

))
dt

=

(
b + a

2

)
(1− δ) = I1(1− δ) (5a)

ID,rms =

√√√√√ 1
Tsw

Tsw∫
(1−δ)Tsw

(
a +

(
b− a
1− δ

)(
1− t

Tsw

))
dt

=

√(
a + b

2

)2

(1− δ) +

(
b− a

2

)2 (1− δ)

3
(5b)

ID,rms−ripple =

√(
a + b

2

)2
δ(1− δ) +

(
b− a

2

)2 (1− δ)

3
(5c)

The output current in converter 1-1.1 and input current in converter 1-1.2 comprise two
trapezoidal pulses as shown in Figure 6c. It can be defined over one switching period as

i(t) =


a +

(
b− a

δ

)
t

Tsw
,0 < t < δTsw

a +
(

b− a
1− δ

)(
1− t

Tsw

)
,δTsw ≤ t ≤ Tsw

(6a)

I1 = a+b
2 , I2 = b+c

2 , I1 = I2 = In3

a = c = IL,ave − 0.5∆iL,pk−pk,

b = IL,ave + 0.5∆iL,pk−pk

∆iL,pk−pk = b− a = b− c

(6b)

Using (1), (6a), and (6b) the average, RMS, and ripple RMS values for the signal in
Figure 6c are obtained by noting that it is a combination of Figure 6a,b as follows:

IL,ave =
1

Tsw

δTsw∫
0

(
a +

(
b− a
δTsw

)
t
)

dt+
1

Tsw

Tsw∫
(1−δ)Tsw

(
a +

(
b− a
1− δ

)(
1− t

Tsw

))
dt

=

(
b + a

2

)
δ +

(
b + a

2

)
(1− δ) =

(
b + a

2

)
= I1 (7a)

IL,rms =

√√√√√√
(

a+b
2

)2
δ +

(
b−a

2

)2
δ
3(

a+b
2

)2
(1− δ) +

(
b−a

2

)2 (1−δ)
3

=

√(
a + b

2

)2
+

(
b− a

2

)2 1
3

(7b)

IL,rms−ripple =

√(
b− a

2

)2 1
3

(7c)
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2.3. Unified Analysis of DC–DC Converters Based on Cell 1-4

The analysis that was introduced in Section 2.2 will now be extended to converter
cells realized using type-2 BBBs. This will help to demonstrate that the analysis of current
signals can be unified across different converter cells. Specifically, it shows that the analysis
is dictated by the type of signals involved and not the converter generating them.

The Average, RMS, and Signal Ripple Content

Figure 7 shows converter cell 1-4 and three of the six possible DC–DC converters
derived from the cell. Converter cell 1-4 comprises the two variants of the type-2 BBB [35].
Figure 8 shows the current signals generated at the various terminals of the DC–DC
converters derived from converter cell 1-4. These are identical to those for the two variants
of type-2 BBB shown in Figure 4. It is seen in Figures 7 and 8 that the functionality of
a DC–DC converter does not influence the current signals that the converter generates.
Converters 1-4.5 and 1-4.6 are commonly referred to as Sepic and Zeta in the literature.
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In deriving (2)–(7), it was shown that signal analysis is a function of the waveform
and independent of the type of converter cell generating it. The expressions in (2)–(7) will
therefore also be applicable to Figure 8a–c.
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The only difference will be in the determination of In = Inom. From Figure 8a,b, the
nominal pulse amplitude and pulse amplitude variation are obtained as

Inom = In2 = In3 = I1 = IL1,ave + IL2,ave

∆iL,pk−pk = b− a = ∆iL1,pk−pk + ∆iL2,pk−pk
(8a)

For Figure 8c, the nominal pulse amplitude and pulse amplitude variation are obtained as

In = Inom = In1 = I1 = IL1,ave or IL2,ave

∆iL,pk−pk = b− a = ∆iL1,pk−pk or ∆iL2,pk−pk
(8b)

In order to derive the expressions needed to analyze the signals in Figure 8d,e, the first
step is to define them over one switching period. The two signals are similar and hence
are described using similar expressions. The current signals can be described using the
expressions in (9).

i(t) =


(

b−a
δ

)(
t

Tsw
− δ
)
+ b, 0 < t < δTsw(

d−c
1−δ

)(
t

Tsw
− 1
)
+ d, δTsw < t < Tsw

(9a)

I1 = In4 = − a+b
2 , I2 = In5 = d+c

2

a = −IL2,ave + 0.5∆iL2,pk−pk, b = −IL2,ave − 0.5∆iL2,pk−pk

c = IL1,ave + 0.5∆iL1,pk−pk, d = IL1,ave − 0.5∆iL1,pk−pk

∆iL2,pk−pk = b− a, ∆iL1,pk−pk = b− c

(9b)

From (1), (9a), and (9b) the average, RMS, and ripple RMS values for signals in
Figure 8d,e are obtained as follows:

Ic,ave =
1

Tsw

δTsw∫
0

((
b− a

δ

)(
t

Tsw
− 1
)
+ b
)

dt +
1

Tsw

Tsw∫
(1−δ)Tsw

((
d− c
1− δ

)(
t

Tsw
− 1
)
+ d
)

dt (10a)

= −
(

b + a
2

)
δ +

(
d + c

2

)
(1− δ) = I1δ + I2(1− δ) = 0

Ic,rms =

√√√√√√
(

a+b
2

)2
δ +

(
b−a

2

)2
δ
3(

d+c
2

)2
(1− δ) +

(
d−c

2

)2 (1−δ)
3

(10b)

=

√√√√√√√√√√
(

a+b
2

)2
δ(1− δ)+

(
b−a

2

)2
δ
3

+
(

c+d
2

)2
δ(1− δ)+

(
d−c

2

)2 1−δ
3

+2
(

a+b
2

)
δ
(

c+d
2

)
(1− δ)

The expressions in (10a)–(10b) are applicable to terminal three current as well. The only
exception is in the values shown in (9b) which should be substituted with those in (10c).

I1 = In4 = − a+b
2 , I2 = In5 = d+c

2

a = −IL1,ave + 0.5∆iL1,pk−pk, b = −IL1,ave − 0.5∆iL1,pk−pk

c = IL2,ave + 0.5∆iL2,pk−pk, d = IL2,ave − 0.5∆iL2,pk−pk

∆iL1,pk−pk = b− a; ∆iL2,pk−pk = b− c

(10c)
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3. Generalized Signal Analysis

This section will show that it is possible to analyze signals from different converter
cells and ultimately all non-isolated DC–DC converters in a unified fashion.

3.1. Generalized Analysis of Various Types of Pulses

In Section 2 it was shown that converters built using similar BBBs generate similar
current signals. It was also demonstrated that signal analysis is a function of the type of
waveforms under investigation. The analysis was thus demonstrated to be applicable to
other converter cells.

Current signals generated by non-isolated DC–DC converters can be treated as com-
posite waveforms comprising several unique pulses. In general, these pulses are triangular,
rectangular, or trapezoidal. This section will demonstrate that the analysis of the three
types of pulses can be treated in a unified fashion by recognizing that the trapezoidal pulse
is the most general with the rectangular and triangular being special types of trapezoidal.
Furthermore, the orientation of a trapezoidal pulse does not affect the analysis and a single
expression is applicable to both positive and negative pulses and also to both positive
and negative pulse gradients. Figure 9 shows generalized trapezoidal pulses. The signal
duration is from t1 = x1 Tsw until t2 = x2 Tsw where x2 – x1 = δ1, average pulse amplitude
I1 = (a + b)/2, and pulse amplitude variation ∆i1,pk−pk = (b – a). If a = b, they become
rectangular; when a = 0 and b 6= 0 or a 6= 0 and b = 0 they become triangular. Furthermore,
b > a represents a positive gradient and vice-versa. Moreover, a < 0 and b < 0 represent a
negative pulse while a < 0 and b > 0 or a > 0 and b < 0 represent a bipolar triangular pulse.
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1

𝑇𝑠𝑤
∫ 𝑖(𝑡)𝑑𝑡

𝑥2𝑇𝑠𝑤

𝑥1𝑇𝑠𝑤

 (12a) 

=
1

𝑇𝑠𝑤
∫ ((

𝑏 − 𝑎

𝑥2 − 𝑥1
) (

𝑡

𝑇𝑠𝑤
− 𝑥2) + 𝑏)𝑑𝑡 =

𝑎 + 𝑏

2
(𝑥2 − 𝑥1)

𝑥2𝑇𝑠𝑤

𝑥1𝑇𝑠𝑤

  

Figure 9. Generic current pulses.

By recognizing that “a” and “b” can assume positive or negative values, all the pulses
shown in Figure 9 can be described using the following expression.

i(t) =


(

b− a
x2 − x1

)(
t

Tsw
− x2

)
+ b,x1Tsw < t < x2Tsw

0,elsewhere
(11)

This provides the basis for generalizing current signal analysis as the pulses needed
to describe a signal as a composite waveform share a common expression. Consequently,
expressions for average, RMS, and ripple RMS of the pulses can also be generalized as
shown in (12a), (12b), and (12c).

Iave =
1

Tsw

x2Tsw∫
x1Tsw

i(t)dt (12a)
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=
1

Tsw

∫ x2Tsw

x1Tsw

((
b− a

x2 − x1

)(
t

Tsw
− x2

)
+ b
)

dt =
a + b

2
(x2 − x1)

Irms =

√√√√√ 1
Tsw

x2Tsw∫
x1Tsw

(i(t))2dt =

√√√√√ 1
Tsw

x2Tsw∫
x1Tsw

((
b− a

x2 − x1

)(
t

Tsw
− x2

)
+ b
)2

dt (12b)

=

√(
a + b

2

)2

(x2 − x1) +

(
b− a

2

)2 (x2 − x1)

3

Irms−ripple =

√(
a + b

2

)2

(x2 − x1)(1− [x2 − x1]) +

(
b− a

2

)2 (x2 − x1)

3
(12c)

It is seen that (12a), (12b), and (12c) are identical to (3a), (3b), and (3c), respectively, as
would be expected.

3.1.1. Analyzing Converters Employing a Type-3 BBB

As converter cells are built using a very small set of BBBs, most converters generate
similar current waveforms. Hence, the analysis developed for one converter cell is applica-
ble to other converter cells with similar waveforms. This section will utilize the expressions
in (12a)–(12c) to validate this assertion by considering currents in capacitors that employ a
type-3 BBB as one of the BBBs.

Current Stress in Converters 2-3.1 and 3-3.1

The DC–DC converters shown in Figure 10a,b have a decoupling capacitor that con-
nects to a node which forms a type-3 BBB. The capacitors’ current signals for a type-3 BBB
are shown in Figure 10a–d. Figure 10c,d shows how the shape of the capacitor current
waveform changes with load.
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Figure 10c can be partitioned into three unique trapezoidal pulses. The nominal
amplitude, amplitude variation, and durations of the pulses are:

I1 = a+b
2 , ∆i1,pk−pk = (b− a), δ1 = (x2 − x1)

I2 = c+d
2 , ∆i2,pk−pk = (d− c), δ2 = (x3 − x2)

I3 = e+ f
2 ∆i3,pk−pk = ( f − e), δ3 = (x4 − x3)

(13a)
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Using (12a), (13a), and Figure 10c the signal’s average, RMS, and ripple RMS values are
obtained as:

Iave = I1δ1 − I2δ2 + I3δ3 = 0 (13b)

Irms =

√√√√√√√√√√
I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3 +

(∆i3,pk−pk
2

)2
δ3
3

(13c)

From (13b) and (13c), the signal’s RMS ripple content is

Irms−ripple =

√√√√√√√√√√√√√

I2
1 δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2 δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3 δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

+2I1δ1 I2δ2 − 2I1δ1 I3δ3 + 2I2δ2 I3δ3

(13d)

For a capacitor, the RMS and ripple RMS values should be identical as the average
value is zero. The waveform in Figure 10d is applicable during CCM light load operation.
From Figure 10d, four unique pulses are identifiable (two trapezoidal and two triangular)
in each waveform. The nominal amplitude, amplitude variation, and pulses’ durations are:

I1 = a+b
2 , ∆i1,pk−pk = (b− a), δ1 = (x2 − x1)

I2 =
c+g

2 , ∆i2,pk−pk = (g− c), δ1 = (x3 − x2)

x3 − x2 = c(x4−x2)
c+d

I3 =
g+d

2 ∆i3,pk−pk = (d− g), δ3 = (x4 − x3)

x4 − x3 = d(x4−x2)
c+d I4 = e+f

2 ∆i4,pk−pk = (f− e), δ4 = (x5 − x4)

(14)

From (12), (14), and Figure 10d, the signal’s average, RMS, and ripple RMS values are
obtained as:

Iave = I1δ1 + I2δ2 − I3δ3 + I4δ4 = 0 (15a)

Irms =

√√√√√√√√√√√√√√

I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3 +

(∆i3,pk−pk
2

)2
δ3
3

+I2
4δ4 +

(∆i4,pk−pk
2

)2
δ4
3

(15b)
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From (15a) and (15b), the signal’s RMS ripple content is

Irms−ripple =

√√√√√√√√√√√√√√√√√√√√

I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

+I2
4δ4(1− δ4) +

(∆i4,pk−pk
2

)2
δ4
3

−2I1δ1I2δ2 + 2I1δ1I3δ3 + 2I2δ2I3δ3

−2I1δ1I4δ4 − 2I2δ2I4δ4 + 2I3δ3I4δ4

(15c)

3.1.2. Converter Cells with Type-2 BBBs

The DC–DC converters shown in Figure 11a,b are realized using at least one type-2
BBB. They generate capacitor currents as shown in Figure 11c,d. It is also seen that the
capacitor current waveform changes with load.
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Figure 11. Some of group 2 converters and their capacitor current waveforms.

The waveform in Figure 11c can be partitioned into two unique trapezoidal pulses.
The nominal amplitude, amplitude variation, and durations of the pulses are:

I1 = a+b
2 , ∆i1,pk−pk = (b− a), δ1 = (x2 − x1)

I2 = c+d
2 , ∆i2,pk−pk = (d− c), δ2 = (x3 − x2)

(16a)

Using (12), (16a), and Figure 11c, the average, RMS, and ripple RMS values are obtained as

Iave = I1δ1 − I2δ2 = 0 (16b)

Irms =

√√√√√√ I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

(16c)
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From (16b) and (16c), the signal’s RMS ripple content is

Irms−ripple =

√√√√√√√√
I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

[2mm]+I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+2I1δ1I2δ2

(16d)

The waveform shown in Figure 11d is applicable during a CCM light load operation.
Three unique pulses (one trapezoidal and two triangular) are identifiable in Figure 11d.
The nominal amplitude, amplitude variation, and durations of the pulses are:

I1 = a+b
2 , ∆i1,pk−pk = (b− a), δ1 = (x2 − x1)

I2 = c+e
2 , ∆i2,pk−pk = (e− c), δ2 = (x3 − x2)

I3 = e+d
2 , ∆i3,pk−pk = (d− e), δ3 = (x4 − x3)

(17a)

Using (12), (17a), and Figure 11d the capacitor current average, RMS, and ripple RMS
values are obtained as:

Iave = I1δ1 + I2δ2 − I3δ3 = 0 (17b)

Irms =

√√√√√√√√√√
I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3 +

(∆i2,pk−pk
2

)2
δ3
3

(17c)

From (17b) and (17c), the signal’s RMS ripple content is

Irms−ripple =

√√√√√√√√√√√√√

I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

−2I1δ1I2δ2 + 2I1δ1I3δ3 + 2I2δ2I3δ3

(17d)

It is seen that (17d) and (13d) are similar, as expected.

3.2. Generalized Analysis to Cater for Different Types of Signals and Hence a Broad
Range of Converters

Considering the generalized composite waveform shown in Figure 12, the expression
for the current waveform over one switching cycle is obtained as

i(t) =



(
b− a

x2 − x1

)(
t

Tsw
− x2

)
+ b,x1Tsw < t < x2Tsw(

d− c
x4 − x3

)(
t

Tsw
− x4

)
+ b,x3Tsw < t < x4Tsw(

f − e
x6 − x5

)(
t

Tsw
− x6

)
+ b,x5Tsw < t < x6Tsw(

h− g
x8 − x7

)(
t

Tsw
− x8

)
+ b,x7Tsw < t < x8Tsw

0,elsewhere

(18a)
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) (

𝑡

𝑇𝑠𝑤
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The signal’s average, RMS, and ripple RMS values are obtained as

Iave =
1

Tsw

x8Tsw∫
x1Tsw

i(t)dt

=
a + b

2
(x2 − x1)−

c + d
2

(x4 − x3) +
e + f

2
(x6 − x5)−

g + h
2

(x8 − x7) (18b)

= I1δ1 − I2δ2 + I3δ3 − I4δ4 (18c)

Irms =

√√√√√ 1
Tsw

x8Tsw∫
x1Tsw

(i(t))2dt =

√√√√√√√√√√√√√√

(
a+b

2

)2
(x2 − x1) +

(
b−a

2

)2 (x2−x1)
3(

c+d
2

)2
(x4 − x3) +

(
d−c

2

)2 (x4−x3)
3(

e+ f
2

)2
(x6 − x5) +

(
f−e

2

)2 (x6−x5)
3(

g+h
2

)2
(x8 − x7) +

(
h−g

2

)2 (x8−x7)
3

(18d)

Figure 12 comprises four unique trapezoidal pulses. The pulses’ nominal amplitude,
amplitude variation, and durations are:

I1 =
(

a+b
2

)
, ∆i1,pk−pk = b− a, δ1 = x2 − x1

I2 =
(

c+d
2

)
, ∆i2,pk−pk = d− c, δ1 = x4 − x3

I3 =
(

e+ f
2

)
, ∆i3,pk−pk = f − e, δ3 = x6 − x5

I4 =
(

g+h
2

)
, ∆i4,pk−pk = h− g, δ4 = x8 − x7

(19a)

Substituting (19a) into (18d) yields an expression for RMS current as

Irms =

√√√√√√I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3 + I2

2δ2 +
(∆i2,pk−pk

2

)2
δ2
3

I2
3δ3 +

(∆i3,pk−pk
2

)2
δ3
3 + I2

4δ4 +
(∆i4,pk−pk

2

)2
δ4
3

(19b)
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Making use of (1), the ripple RMS value is obtained with reference to (18c) and (18b) as

Irms−ripple =
√

I2
rms − I2

ave =

√√√√√√√√√√√√√√√√√√√√

I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

I2
3δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

I2
4δ4(1− δ4) +

(∆i4,pk−pk
2

)2
δ4
3

+2I1δ1(I2δ2 − I3δ3 + I4δ4)

+2I2δ2(I3δ3 − I4δ4) + 2I3δ3I4δ4

(19c)

It is seen that (19c) and (15c) are similar, as would be expected.
From (13)–(19), further generalization of expressions for determining the signal’s

average, RMS, and ripple RMS values are obtained as

Iave =
k

∑
n=1

Inδn × pulse polarity (20a)

pulse duration
signal period

=
Tn

Tsw
= δn

where δn is the normalized duration of the nth pulse.

Irms =

√√√√ k

∑
n=1

I2
nδn +

k

∑
n=1

(∆in,pk−pk

2

)2
δn

3
(20b)

Irms−ripple =
√

I2
rms − I2

ave (20c)

I2
ave =

k

∑
n=1

I2
nδ2

n + ∑k
m=1 Imδm∑k

n 6=m Inδn (20d)

Irms−ripple =

√√√√√√√√
k
∑

n=1
I2
nδn +

k
∑

n=1

(∆in,pk−pk
2

)2
δn
3

−
(

k
∑

n=1
I2
nδ2

n + ∑k
m=1 Imδm∑k

n 6=m Inδn

) (20e)

Irms−ripple =

√√√√√√√√√√
k
∑

n=1
I2
nδn(1− δn)

+
k
∑

n=1

(∆in,pk−pk
2

)2
δn
3

−∑k
m=1 Imδm∑k

n 6=m Inδn

(20f)

Expressions in (20) are suitable for analyzing any type of signal generated not only by
the various converter cells or any non-isolated DC–DC converter but also by any converter
generating waveforms that can be treated as composite waveforms comprising trapezoidal,
rectangular, and triangular pulses.

4. Analytical Validation
4.1. Analytical Validation of Derivations

Some examples are presented to analytically validate all the theoretical derivations
in particular, to show that analysis is a function of signal shape and can be generalized to
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cater for any non-isolated DC–DC converter, for example. Figure 13 presents four examples
of practical DC–DC converters. Those in Figure 13a,b are derived from converter cell 1-1.w
in group 1, whilst that in Figure 13c is derived from converter cell 2-3.w in group 2, and
finally the converter in Figure 13d is derived from converter cell 3-3.w in group 3.
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(b) Converter 1-1.2. 
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Converter Cell 1-1.w Family of Converters

This section will validate the unification of analysis across a family of converters
derived from the same converter cell. Conventional buck (converter 1-1.1) and boost
(converter 1-1.2) converters based on cell 1-1 are considered. The circuit diagrams are
shown in Figure 13a,b while relevant terminals’ current waveforms are shown in Figure 1a,
Figure 6a–c, and Figure 13a,b. Current signals generated at terminals 1, 2, and 3 of converter
1-1.1 during CCM operation are as shown in Figure 6a–c, respectively, and also in Figure 13a.
The techniques developed in [35] will be employed to determine the converter gains, the
nominal amplitudes, In, and variations of pulses’ amplitudes, ∆in,pk−pk. Consider the
following operating conditions for converter 1-1.1:

Vin = 48 V, fsw = 25 kHz, L = 40 µH, P0 = 300 W,

δ = 0.65, C0 = 20 µF, M = Vo
Vin

= δ
(21a)
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From Figures 6 and 13a, the following data applicable to the analysis of signals from
converter 1-1.1 are obtained:

I1 =

(
a + b

2

)
= I0,ave =

P0

V0,ave
=

300
31.2

= 9.615A (21b)

∆i1,pk−pk = ∆iL,pk−pk =
(Vin −Vo)δTsw

L
= 10.92A (21c)

From (3), (20), (21), and Figure 6b with δ1 = (1− δ) the average, RMS, and ripple RMS
values of it1 are

It1,ave =

(
a + b

2

)
(1− δ) = I1δ1 = 3.365A (22a)

It1,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
= 5.986A (22b)

It1,rms−ripple =

√
I2
1δ1(1− δ1) +

(∆iL,pk−pk

2

)2
δ1

3
= 4.95A (22c)

Using (3), (20), (21), and Figure 6a and letting δ1 = δ, terminal’s two’s current signal is
analyzed as follows:

It2,ave =

(
a + b

2

)
δ = I1δ1 = 6.25A (23a)

It2,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
= 8.158A (23b)

It2,rms−ripple =

√
I2
1δ1(1− δ1) +

(∆iL,pk−pk

2

)2
δ1

3
= 5.243A (23c)

Using (3), (20), (21), and Figure 6c with δ1 = δ, δ2 = 1− δ, terminal three’s current
signal is analyzed as follows:

It3,ave = I1δ1 + I2δ2 = 9.615A (24a)

It3,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
+ I2

2δ2 +

(∆iL,pk−pk

2

)2
δ2

3
= 10.12A (24b)

It3,rms−ripple =

√(∆iL,pk−pk

2

)2 1
3
= 3.152A (24c)

From (22)–(24), it is seen that (3) and (20) yield identical values for the signal average
and RMS values as well as the signals’ ripple RMS values. This demonstrates that the
generalized expressions in (20) yield identical results as those in (3) which were derived by
considering signals generated by converter cell 1-1.w.

The current signals generated at terminals 1, 2, and 3 of converter 1-1.2 during the
CCM operation are as shown in Figure 6a–c, respectively, and also in Figure 13b. Consider
the following operating conditions:

Vin = 31.2 V, fsw = 25kHz, L = 40 µH, P0 = 300 W,

δ = 0.35, C0 = 250µF, M = Vo
Vin

= 1
1−δ

(25a)
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From Figures 6 and 13b, the following data applicable to the analysis of the signals
from converter 1-1.2 are obtained:

I1 =

(
a + b

2

)
= Iin,ave =

I0,ave

(1− δ)
=

300
48(1− 0.35)

= 9.615A (25b)

∆i1,pk−pk = ∆iL,pk−pk =
VinδTsw

L
= 10.92A (25c)

From (3), (20) (25), and Figure 6a with δ1 = δ the average, RMS, and ripple RMS values
of it1 are

It1,ave =

(
a + b

2

)
δ = I1δ1 = 3.365A (26a)

It1,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
= 5.986A (26b)

It1,rms−ripple =

√
I2
1δ1(1− δ1) +

(∆iL,pk−pk

2

)2
δ1

3
= 4.95A (26c)

Using (3), (20), (25), and Figure 6a and letting δ1 = 1− δ, terminal two’s current signal
is analyzed as follows:

It2,ave =

(
a + b

2

)
(1− δ) = I1δ1 = 6.25A (27a)

It2,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
= 8.158A (27b)

It2,rms−ripple =

√
I2
1δ1(1− δ1) +

(∆iL,pk−pk

2

)2
δ1

3
= 5.243A (27c)

Using (3), (20), (25), and Figure 6c with δ1 = δ, δ2 = 1− δ I2 = I1 terminal three’s
current signal is analyzed as follows:

It3,ave = I1δ1 + I2δ2 = 9.615A (28a)

It3,rms =

√√√√√√ I2
1δ1 +

(∆iL,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆iL,pk−pk
2

)2
δ2
3

= 10.12A (28b)

It3,rms−ripple =

√(∆iL,pk−pk

2

)2 1
3
= 3.152A (28c)

Figure 14a,b presents simulated current waveforms it1, it2, and it3 for converters 1-1.1
and 1-1.2, respectively. It is seen from Figure 14a,b that the waveforms are identical to the
analytical waveforms shown in Figure 1a, Figure 5a–c, Figure 6a–c, and Figure 8a–c. On
the other hand, Tables 1 and 2 present analytical and simulated data for converters 1-1.1
and 1-1.2, respectively. In particular, the average and RMS values as well as the ripple RMS
for the current signals it1, it2, and it3.
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Table 1. Analytical and simulated data for converter 1-1.1 when in CCM.

Analytical values for converter 1-1.1 signal it1

δ δ1 = 1− δ

0.65 0.35

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.615 A 10.92 A 3.365 A 5.986 A 4.95 A

Simulated values for converter 1-1.1 signal it1

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.615 A 11.35 A 3.357 A 6 A 4.973 A

Analytical values for converter 1-1.1 signal it2

δ δ1 = 1− δ

0.65 0.65

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

9.615 A 10.92 A 6.25 A 8.158 A 5.243 A

Simulated values for converter 1-1.1 signal it2

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

9.615 A 11.35 A 6.258 A 8.212 A 5.317 A

Analytical values for converter 1-1.1 signal it3

δ δ1 = δ δ2 = 1− δ

0.65 0.65 0.35

I1 ∆i1,pk−pk It3,ave It3,rms It3,rms−ripple

9.615 A 10.92 A 9.615 A 10.12 A 3.152 A

Simulated values for converter 1-1.1 signal it3

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.615 A 11.35 A 9.615 A 10.17 A 3.314 A
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𝐼1 ∆𝑖1,𝑝𝑘−𝑝𝑘 𝐼𝑡2,𝑎𝑣𝑒 𝐼𝑡2,𝑟𝑚𝑠 𝐼𝑡2,𝑟𝑚𝑠−𝑟𝑖𝑝𝑝𝑙𝑒 

9.615 A 11.35 A 6.258 A 8.212 A 5.317 A 

Analytical values for converter 1-1.1 signal it3 

𝛿 𝛿1 = 𝛿 𝛿2 = 1 − 𝛿   

0.65 0.65 0.35   

𝐼1 ∆𝑖1,𝑝𝑘−𝑝𝑘 𝐼𝑡3,𝑎𝑣𝑒 𝐼𝑡3,𝑟𝑚𝑠 𝐼𝑡3,𝑟𝑚𝑠−𝑟𝑖𝑝𝑝𝑙𝑒 
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Figure 14. Current waveforms for converters 1-1.1 and 1-1.2 during CCM.

From (26)–(28), it is seen that (3) and (20) yield identical signals’ average and RMS
values as well as signals’ ripple RMS values. This, together with the analyses in (22)–(24),
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validates the unification of analysis across a family of DC–DC converters derived from a
given converter cell and further validates the generalized analysis in (20). This analysis is
valid for operation up to the boundary between continuous and discontinuous inductor
current operations.

Table 2. Analytical and simulated data for converter 1-1.2 when in CCM.

Analytical values for converter 1-1.2 signal it1

δ δ1 = 1− δ

0.35 0.35

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.615 A 10.92 A 3.365 A 5.986 A 4.95 A

Simulated values for converter 1-1.2 signal it1

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.605 A 10.923 A 3.357 A 5.974 A 4.942 A

Analytical values for converter 1-1.2 signal it2

δ δ1 = 1− δ

0.35 0.65

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

9.615 A 10.92 A 6.25 A 8.158 A 5.243 A

Simulated values for converter 1-1.2 signal it2

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

9.605 A 10.923 A 6.248 A 8.156 A 5.242 A

Analytical values for converter 1-1.2 signal it3

δ δ1 = δ δ2 = 1− δ

0.35 0.35 0.65

I1 ∆i1,pk−pk It3,ave It3,rms It3,rms−ripple

9.615 A 10.92 A 9.615 A 10.12 A 3.152 A

Simulated values for converter 1-1.2 signal it3

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

9.605 A 10.923 A 9.605 A 10.11 A 3.152 A

4.2. Analysis Applicable to Different Types of Converters

This section will demonstrate that the analysis is applicable to any type of non-isolated
DC–DC converter. Circuit diagrams for converter cell 2-3.w and a DC–DC converter 2-3.1
with buck–boost functionality are shown in Figures 2c and 13b, respectively. Terminals’ and
capacitor current waveforms generated during CCM are shown in Figure 2c, Figure 6a,b,
Figures 13c and 15a,b.
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4.2.1. CCM Operation of Converter 2-3.1

Current signals generated at terminals 1, 2, and 3 of converter 2-3.1 as well as converter
coupling capacitor current waveform during CCM operation are as shown in Figure 6a,b
and Figure 15a,b, respectively. During CCM, operating conditions are as follows:

Vin = 48 V, fsw = 25 kHz, Po = 200 W, M = Vo
Vin

= δ2

(1−2δ)

L1 = 40 µH, L2 = 80 µH, C1 = 160 µFCo = 60 µF, δ = 0.35
(29a)

Using (29a) and Figure 6b, data relating to it1 are obtained as:

I1 = IL1,ave =

(
a + b

2

)
=

I0,ave(1− δ)

(1− 2δ)
=

P0(1− δ)

V0,ave(1− 2δ)
=

200× (1− 0.35)
19.6× (1− 2× 0.35)

= 22.11A (29b)

∆iL1,pk−pk =
Vo(1− δ)Tsw

L1
=

19.6× (1− 0.65)
40× 10−6 × 25× 103 = 12.74A (29c)

Using (20), (29), and Figure 6b with δ1 = (1− δ) the average, RMS, and ripple RMS
values of it1 are

It1,ave = I1δ1 = 22.11× 0.65 = 14.372A (30a)

It1,rms =

√
I2
1 δ1 +

(∆iL,pk−pk

2

)2
δ1

3
=

√
22.112 × 0.65 +

(
12.74

2

)2 0.65
3

= 18.07A (30b)

It1,rms−ripple =

√√√√ I2
1δ1(1− δ1)

+
(∆iL,pk−pk

2

)2
δ1
3
= 10.955A (30c)

From (29) and Figure 6a, the following data relating to it2 are obtained:

I1 = IL2,ave =

(
a + b

2

)
=

I0,aveδ

(1− 2δ)
=

P0δ

V0,ave(1− 2δ)
=

200× 0.35
19.6× (1− 2× 0.35)

= 11.905A (31a)

∆iL2,pk−pk =
(Vin + Vo)δTsw

L2
=

(48 + 19.6)× 0.35
80× 10−6 × 25× 103 = 11.83A (31b)

Using (20), (29), (31), and Figure 6a with δ1 = δ, terminal two’s current signal is
analyzed as follows:

It2,ave =

(
a + b

2

)
δ = I1δ1 = 4.167A (32a)

It2,rms =

√
I2
1δ1 +

(∆iL,pk−pk

2

)2
δ1

3
= 7.327A (32b)

It2,rms−ripple =

√
I2
1δ1(1− δ1) +

(∆iL,pk−pk

2

)2
δ1

3
= 6.027A (32c)
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The capacitor current signal shown in Figure 15a can be divided into three unique
trapezoidal pulses (i.e., k = 3). The following data are relevant to the capacitor current signal:

a = IL2,ave − IL1,ave +
1
2

(
δ

1−δ

)
∆iL2,pk−pk +

1
2 ∆iL1,pk−pk

a = 11.905− 22.11 + 11.83
2
( 0.35

1−0.35
)
+ 12.74

2 = −0.65

b = IL2,ave − IL1,ave − 1
2

(
δ

1−δ

)
∆iL2,pk−pk − 1

2 ∆iL1,pk−pk

b = 11.905− 22.11− 11.83
2
( 0.35

1−0.35
)
− 12.74

2 = −19.76

c = IL2,ave − 1
2

(
δ

1−δ

)
∆iL2,pk−pk

c = 11.905− 11.83
2
( 0.35

1−0.35
)
= 8.721

d = IL2,ave − 1
2 ∆iL2,pk−pk

d = 11.905− 11.83
2 = 5.991

(33a)

e = IL2,ave + 0.5∆iL2,pk−pk

e = 11.905 + 0.5× 11.83 = 17.821

f = IL2,ave + 0.5
(

δ
1−δ

)
∆iL2,pk−pk

f = 11.905 + 0.5× 0.35
1−0.35 × 11.83

(33b)

δ1 = δ = 0.35

δ2 = 0.5− δ = 0.5− 0.35 = 0.15

δ3 = 0.5− δ = 0.5− 0.35 = 0.15

(33c)

The nominal pulse amplitudes, durations, and amplitude variations are obtained
using (33a) and Figure 15a as:

I1 = a+b
2 = −10.205; ∆i1,pk−pk = (b− a) = 19.11

I2 = c+d
2 = 7.356; ∆i2,pk−pk = (d− c) = −2.73

I3 = e+f
2 = 16.456; ∆i3,pk−pk = (f− e) = −2.73

(34a)

Using (20), (29), (33b), and Figure 15a, the capacitor current signal is analyzed as follows:

Ic,rms =

√√√√√√√√√√
I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3 +

(∆i3,pk−pk
2

)2
δ3
3

= 9.8A (34b)

Ic,rms−ripple =

√√√√√√√√√√√√√√√√

I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

+2I1δ1 × (I2δ2 + I3δ3)

−2I2δ2 × I3δ3

= 9.8A (34c)

Figure 16a presents simulated current waveforms it1, it2, and it3. Figure 16b, on the other
hand, presents current waveforms for the coupling capacitor, ic, inductor L1, iL1, and inductor
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L2, iL2, for converter 2-3.1. It is seen from Figure 16 that the simulated waveforms are similar
to the analytical waveforms shown in Figure 2c, Figure 5a–c, Figure 6a–c, and Figure 8a–e
and which were used to derive the analytical expressions. On the other hand, Table 3 presents
analytical and simulated data relevant to converter 2-3.1. In particular, the average and RMS
values as well as ripple RMS values for the current signals it1, it2, it3, and ic.

Table 3. Analytical and simulated date for converter 2-3.1 under CCM.

Analytical values for DC–DC converter 2-3.1 signal it1

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

22.11 A 12.74 A 14.372 A 18.07 A 10.955 A

Simulated values for DC–DC converter 2-3.1 signal it1

I1 ∆i1,pk−pk It1,ave It1,rms It1,rms−ripple

22.04 A 12.726 A 14.326 A 18.023 A 10.936 A

Analytical values for DC–DC converter 2-3.1 signal it2

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

11.905 A 11.83 A 4.167 A 7.327 A 6.027 A

Simulated values for DC–DC converter 2-3.1 signal it2

I1 ∆i1,pk−pk It2,ave It2,rms It2,rms−ripple

11.864 A 11.911 A 4.172 A 7.34 A 6.039 A

Analytical values for DC–DC converter 2-3.1 signal it3

I1 I2 I3 δ1 = δ3 δ2

27.01 A 10.206 A 17.21 A 0.15 0.35

It3,ave It3,rms It3,rms−ripple b− a = f − e d− c

10.205 A 14.17 A 9.827 A −2.94A −18.69 A

Simulated values for DC–DC converter 2-3.1 signal it3

I1 I2 I3 δ1 = δ3 δ2

26.985 A 10.113 A 17.041A 0.15 0.35

It3,ave It3,rms It3,rms−ripple b− a = f − e d− c

10.154 A 14.129 A 9.825 A −2.79 A −18.755 A

Analytical values for DC–DC converter 2-3.1 signal ic

I1 I2 I3 δ1 δ2 = δ3

−10.205 A 7.356 A 16.456 A 0.35 0.15

Ic,ave Ic,rms Ic,rms−ripple b− a d− c

0 9.8 A 9.8 A 19.11 A −2.73 A

Simulated values for DC–DC converter 2-3.1 signal ic

I1 I2 I3 δ1 δ2 = δ3

−10.258 A 7.259 A 16.432 A 0.35 0.15

Ic,ave Ic,rms Ic,rms−ripple b− a d− c

0 9.808 A 9.808 A 19.046 A −2.22 A
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10.205 A 14.17 A 9.827 A −2.94A −18.69 A 

Simulated values for DC–DC converter 2-3.1 signal it3 

𝐼1 𝐼2 𝐼3 𝛿1 = 𝛿3 𝛿2 

26.985 A 10.113 A 17.041A 0.15 0.35 

𝐼𝑡3,𝑎𝑣𝑒  𝐼𝑡3,𝑟𝑚𝑠 𝐼𝑡3,𝑟𝑚𝑠−𝑟𝑖𝑝𝑝𝑙𝑒 𝑏 − 𝑎 = 𝑓 − 𝑒 𝑑 − 𝑐 
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−10.258A 7.259A 16.432A 0.35 0.15 
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Figure 16. Various current waveforms for converter 2-3.1.

From (30)–(35) and Table 3, it is seen that expressions in (24) yield accurate signal
averages and RMS values as well as signals’ ripple RMS values. The good agreement
between analytical and simulated values validates the accuracy of the analytical techniques
that were developed.

4.2.2. CCM Operation of Converter 3-3.1

Current signals generated at terminals one, two, and three of converter 3-3.1 and
current through the decoupling capacitor during CCM operation are as shown in Figures 6c
and 17a,b, respectively.
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Consider a converter that is operating under the following conditions:

Vin = 24 V, fsw = 25 kHz, P0 = 540 W, δ = 0.35

L1 = 80 µH, L2 = 50 µH, C1 = C0 = 80 µF, M = Vo
Vin

= 1−δ
(1−2δ)

(35a)

From (35a) and Figure 6c, the following data are relevant to it1 and it2:

∆iL2,pk−pk =
(Vo −Vin)(1− δ)Tsw

L2
=

(52− 24)× 0.65
50× 10−6 × 25× 103 = 14.56 A (35b)

∆iL1,pk−pk =
VoδTsw

L1
=

52× 0.35
80× 10−6 × 25× 103 = 9.1 A (35c)
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From (20), (35a), (35b), and Figure 6c with δ1 = δ, δ2 = (1− δ) the average, RMS, and
ripple RMS values for signal it1 are obtained as follows:

I1 = I2 =
I0,aveδ

(1− 2δ)
=

P0δ

V0,ave(1− 2δ)
=

540× 0.35
52× (1− 2× 0.35)

= 12.115 A (36a)

It1,ave = I1δ1 + I2δ2 = 12.115× 0.35 + 12.115× 0.65 = 12.115 A (36b)

It1,rms =

√√√√√√ I2
1 δ1 +

(∆iL,pk−pk
2

)2
δ1
3

+I2
2 δ2 +

(∆iL,pk−pk
2

)2
δ2
3

=

√√√√√√ 12.1152 × 0.35 +
(

9.1
2

)2 0.35
3

+12.1152 × 0.35 +
(

9.1
2

)2 0.65
3

= 12.4 A (36c)

It1,rms−ripple =

√√√√√√√√√
I2
1δ1(1− δ1) +

(∆iL,pk−pk
2

)2
δ1
3

+I2
1δ1(1− δ1) +

(∆iL,pk−pk
2

)2
δ1
3

−2I1δ1I2δ2

= 2.627 A (36d)

From (35a) and Figures 6c and 13d, the following data are relevant to it2:

I1 = I2 =
I0,ave(1− δ)

(1− 2δ)
=

P0(1− δ)

V0,ave(1− 2δ)
=

540× 0.65
52× (1− 2× 0.35)

= 22.5 A (37a)

Using (20), (37a), and Figure 6c with δ1 = δ, δ2 = (1− δ),terminal two’s current signal
is analyzed as follows:

It2,ave = I1δ1 + I2δ2 = 22.5× 0.35 + 22.5× 0.65 = 22.5 A (37b)

It2,rms =

√√√√√√ I2
1 δ1 +

(∆iL,pk−pk
2

)2
δ1
3

+I2
2 δ2 +

(∆iL,pk−pk
2

)2
δ2
3

=

√√√√√√ 22.52 × 0.35 +
(

14.56
2

)2 0.35
3

+22.52 × 0.35 +
(

14.56
2

)2 0.65
3

= 22.89 A (37c)

It2,rms−ripple =

√√√√√√√√√
I2
1δ1(1− δ1) +

(∆iL,pk−pk
2

)2
δ1
3

+I2
1δ1(1− δ1) +

(∆iL,pk−pk
2

)2
δ1
3

−2I1δ1I2δ2

= 4.203 A (37d)
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From (35a) and Figures 13d and 17b, the following data relating to ic are obtained:

a = IL1,ave − IL2,ave +
1
2 ∆iL2,pk−pk +

1
2 ∆iL1,pk−pk

a = −0.654

b = IL1,ave − IL2,ave − 1
2 ∆iL2,pk−pk − 1

2 ∆iL1,pk−pk

b = −20.114

c = IL1,ave − 1
2

(
δ

1−δ

)
∆iL1,pk−pk

c = 9.666

d = IL1,ave − 1
2 ∆iL2,pk−pk

d = 7.566

e = IL1,ave +
1
2 ∆iL1,pk−pk

e = 16.666

f = IL1,ave +
1
2 ∆iL1,pk−pk

f = 14.566

(38a)

δ1 = δ = 0.35

δ2 = 0.5− δ = 0.5− 0.35 = 0.15 = δ3
(38b)

I1 = a+b
2 = −10.384, ∆i1,pk−pk = (b− a) = −19.46

I2 = c+d
2 = 8.616, ∆i2,pk−pk = (d− c) = −2.1

I3 = e+f
2 = 15.616, ∆i3,pk−pk = (f− e) = −2.1

(38c)

Using (20), (35a), (38), and Figure 17b the capacitor current signal is analyzed as follows:

Ic,rms =

√√√√√√√√√√
I2
1δ1 +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2 +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3 +

(∆i3,pk−pk
2

)2
δ3
3

= 9.829 A (39a)

Ic,rms−ripple =

√√√√√√√√√√√√√√√√

I2
1δ1(1− δ1) +

(∆i1,pk−pk
2

)2
δ1
3

+I2
2δ2(1− δ2) +

(∆i2,pk−pk
2

)2
δ2
3

+I2
3δ3(1− δ3) +

(∆i3,pk−pk
2

)2
δ3
3

+2I1δ1(I2δ2 + I3δ3)

−2I2δ2 × I3δ3

= 9.83 A (39b)

Figure 18a shows the current waveforms generated at the three output terminals
of converter 3-3.1. Figure 18b, on the other hand, shows the current waveforms for the
coupling capacitor and controlled switches S1 and S3. It is seen that these waveforms are in
agreement with the analytical waveforms shown in Figure 4c, Figure 10b, and Figure 13d
and which were used to derive the analytical expressions.

Table 4 presents analytical and simulated data relevant to the analysis of current
signals generated by converter 3-3.1. In particular, the nominal amplitudes of various
current pulses, variations of the pulses’ nominal amplitudes, signals it1, it2, it3, and ic
average and RMS values, and the signals’ ripple content RMS values. The simulated data
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are used to validate those derived analytically and in turn validate the accuracy of the
analytical techniques that were developed.
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Figure 18. Current waveforms at output terminals and through some of the components of converter
3-3.1. (a) Current waveforms for it1, it2, and it3; (b) Coupling capacitor and switches S1 and S3
current waveforms.

Table 4. Analytical and simulated data for converter 3-3.1 under CCM.

Analytical values for DC–DC converter 3-3.1 signal it1

I1 I2 ∆i1,pk−pk ∆i2,pk−pk δ

12.115 A 12.115 A 9.1 A 9.1 A 0.35

δ1 δ2 It1,ave It1,rms It1,rms−ripple

0.35 0.65 12.115 A 12.4 A 2.627 A

Simulated values for DC–DC converter 3-3.1 signal it1

I1 I2 ∆i1,pk−pk ∆i2,pk−pk δ

12.233 A 12.233 A 9.232 A 9.232 A 0.35

δ1 δ2 It1,ave It1,rms It1,rms−ripple

0.35 0.65 12.233 A 12.523 A 2.679 A

Analytical values for DC–DC converter 3-3.1 signal it2

I1 I2 ∆i1,pk−pk ∆i2,pk−pk δ

22.5 A 22.5 A 14.56 A 14.56 A 0.35

δ1 δ2 It2,ave It2,rms It2,rms−ripple

0.35 0.65 22.5 A 22.89 A 4.203 A
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Table 4. Cont.

Simulated values for DC–DC converter 3-3.1 signal it2

I1 I2 ∆i1,pk−pk ∆i2,pk−pk δ

22.662 A 22.662 A 14.811 A 14.811 A 0.35

δ1 δ2 It2,ave It2,rms It2,rms−ripple

0.35 0.65 22.662 A 23.065 A 4.293 A

Analytical values for DC–DC converter 3-3.1 signal it3

I1 I2 I3 I4 δ1 = δ3

10.723 A 20.235 A 10.4 A 0.9575 A 0.15

It3,ave It3,rms It3,rms−ripple δ2 δ4

10.571 A 12.72 A 7.072 A 0.15 0.15

Simulated values for DC–DC converter 3-3.1 signal it3

I1 I2 I3 I4 δ1 = δ3

10.425 A 19.693 A 10.387 A 1.118 A 0.15

It3,ave It3,rms It3,rms−ripple δ2 δ4

10.429 A 12.452 A 6.804 A 0.15 0.15

Analytical values for DC–DC converter 3-3.1 signal ic

I1 I2 I3 δ1 δ2 = δ3

−10.384 A 8.616 A 15.616 A 0.35 0.15

Ic,ave Ic,rms Ic,rms−ripple b− a d− c

0 9.829 A 9.83 A −19.46 A −2.1 A

Simulated values for DC–DC converter 3-3.1 signal ic

I1 I2 I3 δ1 δ2 = δ3

−10.509 A 8.633 A 15.826 A 0.35 0.15

Ic,ave Ic,rms Ic,rms−ripple b− a d− c

0 9.973 A 9.973 A −19.7 A 2.028 A

From (35)–(39) and Table 4 it is seen that expressions in (20) yield accurate values
for signal averages and RMS values as well as signals’ ripple RMS values. There is good
agreement between analytical and simulated values. This validates the accuracy of the
analytical technique that was developed.

5. Conclusions

The analysis of current stress in various components of any DC–DC converter is
needed to evaluate losses and size components. At the moment, the analysis of current
signals is treated as unique to a given DC–DC converter. However, recent studies have
shown that there is a set of three three-terminal BBBs and a three-terminal filter block
which between them, are sufficient for realizing all non-isolated DC–DC converters without
coupled inductors. Additionally, these BBBs generate unique current signals at their
terminals.

This paper has shown that the analysis of current signals is a function of the signals’
shape and is independent of the converter topology. The study also demonstrated that
current signals generated by DC–DC converters can be treated as composite waveforms
comprising triangular, rectangular, trapezoidal, or a combination of these pulses. The
triangular and rectangular pulses were shown to be special cases of the trapezoidal pulse.
Consequently, generalized analysis of any signal was possible based on the analysis of a
generalized trapezoidal pulse. A generalized expression that allows the direct evaluation
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of current signal ripple content without the need to first evaluate signal average and RMS
values (as is currently the case) was derived.
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