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Investigating the impact of isolation, self-isolation
and environmental transmission on the spread of

COVID-19: case study of Rwanda

Abstract In this work, we propose a ten-compartmental COVID-19 model with
human to human and environment to human transmissions. A notational feature of
this model is the consideration of the infected who escape from the self–isolation
and later spread the disease. The model is rigorously analysed both theoretically and
numerically. From the mathematical point of view, we prove that the disease-free
equilibrium is globally asymptotically stable when the basic reproduction number
Rav

0 is less than one, that is the disease dies out. When Rav
0 is greater than one, we

prove that the model admits a unique endemic equilibrium, locally asymptotically
stable, meaning that the disease would persist, at least inside the basin of attraction
of the endemic equilibrium. The sensitivity analysis of the model highlights that
the environmental transmission is the most influent parameter, which leads in an
increasing number of infected individuals whenever it increases. The model is cali-
brated using the daily cumulative asymptomatic cases in Rwanda reported from the
1 April 2022 to the 14 June 2022. We found that the basic reproduction number is
equal to 0.6479 and most infected people in Rwanda during this period of time are
asymptomatic. We investigate the impact of isolation and self–isolation to reduce
the disease burden, and both sensitivity analysis and numerical analysis show that
the isolation has more effect on the dynamics of the infected than the self-isolation.
We also prove that, the individuals who escape from the self-isolation, contribute,
but weakly to the increasing of the number of infected individuals.
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1. Introduction The Coronavirus disease 2019 (COVID-19) started in
China in December 2019 and was rapidly spread around that country and all
over the world. It was declared a Public Health Emergency of International
Concern by the World Health Organization (WHO) on January 30 2020.
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As of June 30 2023, the disease have caused about 767,726,861 confirmed
cases, among them 6,948,764 succumbed to it [4]. According to the WHO,
the COVID-19 is transmitted through respiratory droplets and contact routes
[5]. Droplets transmission occurs when a person is in close contact (within
one meter) with someone who has respiratory symptoms (e.g. coughing or
sneezing). The transmission may also occur through fomites in the immediate
environment around the infected persons.

The management of COVID-19 patients involves treatment and preventive
measures such as the isolation, the disinfection of the environment, the wear-
ing of protective masks and other basic measures like the physical distancing,
the covering of coughs and sneezes with a tissue or inner elbow and regularly
hand washing with soap or alcohol gel. It is well known that more than 80%
of COVID-19 cases are asymptomatic infected or present just mild symptoms
of the disease [26]. Thus, so that medical center are not overwhelmed, coun-
tries with a great number of cases (France, Ukraine, Switzerland, Italy, etc)
implemented the self-isolation measure of infected showing benign symptoms
[9]. The self-isolation means staying at home and taking common sense pre-
cautions and eventually treatment to avoid close contact with those you live
with and visitors [9]. The isolation centres are only required for critical cases,
that is for the infected requiring intensive care management and ventilators.
Despite these plethora of measures, to contain the COVID-19 pandemic, the
disease still persists in many countries. Thus, one should question the sig-
nificance of these control strategies to mitigate the ongoing pandemic. It is
well known that mathematical and simulation are important tools that can
be used to control human diseases and to assess the relevance of implemented
control strategies [6, 10].

To predict, understand and evaluate the relevance of control strategies
implemented against COVID-19, several mathematical models have been ad-
dressed, with some investigating the impact of the environmental transmis-
sion. In [20] for instance, the authors investigated the impact of contact trac-
ing and quarantine in the evolution of the COVID-19 pandemic. Their model
is applied to the early stage of the COVID-19 outbreak in Poland. They
showed that the implementation of contact tracing may have prevented from
50% to over 90% of cases. Moreover, from their view, the effects of quar-
antine are limited by the fraction of undiagnosed cases. The paper [18] for-
mulated a mathematical model for the dynamical transmission of COVID-19
in the context of sub-saharan Africa, including the environmental transmis-
sion. They afterwards calibrated their model to the weekly data in Cameroon
and Gabon, during and after the lockdown. During the estimation period,
their findings showed that R0 = 1.8377 in Cameroon and R0 = 1.0379 in
Gabon. Moreover, they proved that the number of undetected cases are high
in Cameroon and Gabon and that the lockdown was not the solution to the
outbreak in Cameroon, but was the solution to it in Gabon. A comparative
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study that they have done during the estimation period shows that the en-
vironmental transmission of COVID-19 is greater than the human to human
transmission in Cameroon (R0h = 0.05721 and R0v = 1.78051, with R0h

and R0v the contribution of human–human transmission and environment-
human transmission to the basic reproduction number). But they obtained
an opposite result in Gabon (R0h = 0.63899 and R0v = 0.39894). In the
work presented in [7], the authors used a compartmental model to analyse
the transmission dynamics of COVID-19 in South Africa and to assess the
impact of various control strategies (distancing measure, self-isolation, isola-
tion, lockdown). They numerically showed that if the lockdown measures in
South Africa were implemented a week later than the 26 March, 2020 date it
was implemented, it would have led an extension of the predicted peak time of
the pandemic, and causing about 10% more cumulative deaths. Moreover they
highlighted the effectiveness of self-isolation and contact tracing in curtailing
the pandemic in South Africa. Furthermore, they proved that the environ-
mental contamination has a substantial contribution of 19% to the control
reproduction number. However, to the best of our knowledge, no research
project on COVID-19 investigates the impact of the infected who refuse to
comply to the self-isolation measure. The purpose of this project is to fill this
weakness. To do so, we proposed in this work a compartmental model which
considers: (a) human to human transmission as well as the environmental
transmission; (b) the isolation and the self-isolation measures to mitigate the
transmission of the disease. We assume the infected settled in isolation are
effectively isolated in the sense that they are not in contact with the whole
population and are therefore not infectious; (c) Some self-isolated infected
may escape (refuse to comply) the self–isolation measure and infect suscep-
tible individuals. The propounded model is rigorously analysed. From the
mathematical point of view, we prove the positivity of the model variables,
compute the basic reproduction number and study the stability of equilib-
ria. The sensitivity analysis of the model is done, in order to determine the
parameters which are influential on the dynamics of the infection. Numeri-
cally, our model is calibrated using the daily cumulative asymptomatic cases
in Rwanda reported from the 1 April 2022 to the 14 June 2022. Moreover,
we investigate the usefulness of the isolation, self–isolation, the influence of
the environmental transmission and explore the impact of the transmission
of the individuals who refuse to comply to the self-isolation measure.

The rest of the paper is organized as follows. In Section 2, the model is
formulated in a comprehensive manner. Section 3 presents the well–posedness
of the model and explores the stability of its equilibria. The sensitivity analysis
is developed in Section 4. The model validation and the numerical analysis
are provided in Section 5. Finally, the conclusion of the work is presented in
Section 6.

2. Model formulation
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2.1. Main assumptions In order to simplify the model and for a better
understanding, we assume the hypothesis.

• The massive tests screening is not considered in the model formula-
tion. Thus, the individuals in latent period as well as the asymptomatic
COVID-19 infected are not sent in self-isolation. Indeed, the latently
infected individuals and the asymptomatic cases seem healthy like the
susceptible individuals, and almost all of them ignore their epidemio-
logical status, since they are undiagnosed.

• The symptomatic COVID-19 infected may only recover after being diag-
nosed. In fact after a positive COVID-19 diagnosis test, the infected un-
dergo proper treatment, whether they are isolated or even self-isolated.

2.2. Model variables and equations derivations The total popula-
tion of humans at time t, N(t) is composed of ten disjoints epidemiological
classes: the individuals susceptible to the COVID-19 infection, S(t); the in-
dividuals exposed to the COVID-19 infection, E(t); the carrier COVID-19
individuals, C(t) (this class refer to the asymptomatic infected individuals);
the infected individuals who exhibit moderate/mild symptoms of COVID-19,
Im(t); the infected individuals with severe symptoms, Is(t); the self-isolated
individuals, Q(t); the hospitalized or isolated individuals, H(t); the individ-
uals who escape from the self-isolation, L(t); and the recovered individuals,
R(t). Since only few individuals have contracted the COVID-19 twice [12],
the recovered will be assumed immune. Therefore, at time t, N(t) is given by:

N(t) = S(t) +E(t) +C(t) + Im(t) + Is(t) +Q(t) + L(t) +H(t) +R(t). (1)

Apart from the human variables, we introduce a compartment V (t), which
is the concentration of the SARS-CoV-2 virus in the environment at time t.
The account of this compartment is motivated by the fact that COVID-19
infected cases shed SARS-CoV-2 virus in the environment when they sneeze,
talk or cough and the people who touch objects and surfaces on which these
droplets have landed, and then touch their eyes, noses or mouths, can be
infected [7].

Let µ be the natural mortality rate and Λ the recruitment rate of the
susceptible individuals. The susceptible population can be infected through
human to human contacts with the individuals in the compartments C, Im, Is
and L at the rates βh, ε1βh, ε2βh, ε3βh, respectively (where εi, i = 1, 2, 3 are
the modification parameters) or after contact with a polluted environment,
at the rate βv. Once infected, they enter in a latent period. At the end of
latency, they may either: (i) exhibit severe symptoms, at the rate pγ, (ii)
moderate symptoms, at the rate q(1 − p)γ, or simply be (iii) the carrier
infected individuals, at the rate (1−q)(1−p)γ. We assume that the individuals
asymptomatic may progress to moderate symptoms, and this at the rate ϕ1
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or recover at the rate κ1. While those with moderate symptoms may progress
to severe symptoms at the rate ϕ2 or are self-isolated at the rate α (after
being diagnosed). Self-isolated individuals may escape from the isolation at
the rate fη, recover at the rate τ(1−f)η (since they received drugs or natural
products after a positive diagnosis) or may progress to severe symptoms, at
the rate (1−τ)(1−f)η before their admission in isolation settings. Indeed, the
infected who exhibit severe symptoms are isolated inside hospital, at the rate
θ. But in this compartment, they can decease due to COVID-19 at the rate
χ. Those who escape from the self-isolation would continue their treatment
and may recover at the rate κ2 or progress towards severe symptoms, at the
rate δ.

The infected who are outside isolation, that is those in the compart-
ments C, Im, Is and L shed the Coronavirus in the environment at the rates,
ψ1, ψ2, ψ3 and ψ4, respectively. We call µv the decay rate of the Coronavirus
in the environment.

From above, the human to human force of infection is modelled by

λh(t) =
βh(C(t) + ε1Im(t) + ε2Is(t) + ε3L(t))

N(t)−Q(t)−H(t)
(2)

and the force of infection due to environmental transmission is represented
by:

λv(t) = βvV (t). (3)

Hence the COVID-19 force of infection λ is:

λ(t) := λh(t)+λv(t) =
βh(C(t) + ε1Im(t) + ε2Is(t) + ε3L(t))

N(t)−Q(t)−H(t)
+ βvV (t). (4)

A schematic model flowchart is depicted in Figure 1.
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Figure 1: Diagram showing the interactions between the compartments.

The corresponding system of differential equations is:

dS

dt
= Λ− βh(C + ε1Im + ε2Is + ε3L)S

N −Q−H
− βvV S − µS,

dE

dt
=

βh(C + ε1Im + ε2Is + ε3L)S

N −Q−H
+ βvV S − (µ+ γ)E,

dQ

dt
= αIm − (µ+ η)Q,

dC

dt
= (1− q)(1− p)γE − (µ+ ϕ1 + κ1)C,

dIm
dt

= q(1− p)γE + ϕ1C − (µ+ ϕ2 + α)Im,

dIs
dt

= (1− τ)(1− f)ηQ+ pγE + ϕ2Im + δL− (µ+ θ + χ)Is,

dH

dt
= θIs − (µ+ ω)H,

dL

dt
= fηQ− (µ+ δ + κ2)L,

dR

dt
= τ(1− f)ηQ+ (1− σ)ωH + κ1C + κ2L− µR,

dV

dt
= ψ1C + ψ2Im + ψ3Is + ψ4L− µvV.

(5)

All the parameters of Model (5) and their definitions are gathered in Table 1
below. For biological reasons, all the parameters are assumed nonnegative.
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Table 1: Description of the parameters for the formulation of the model.
Symbol Description
Λ Recruitment rate of susceptible individuals.
µ Natural dead rate.
ψ1 Shedding rate of COVID-19 in the environment by the

carrier individuals.
ψ2 Shedding rate of COVID-19 in the environment by the infected

with moderate symptoms.
χ Death rate due to severe COVID-symptoms.
ψ3 Shedding rate of COVID-19 in the environment by the infected

individuals with moderate symptoms.
ψ4 Shedding rate of COVID-19 in the environment by the individuals

who escape from the self isolation.
γ Incubation period rate of infected individuals.
βh Effective transmission of asymptomatic infected individuals.
βv Effective transmission of COVID-19, due to contact

with the environment.
µv Decay rate of COVID-19 in the environment
p Proportion of formerly exposed individuals who become infected

with severe symptoms.
q Proportion of formerly exposed individuals who become infected

with moderate symptoms.
α Rate of infected individuals with moderate symptoms who enter

in self-isolation.
ϕ2 Transfer rate from the compartment Im to the compartment Is.
ϕ1 Rate of asymptomatic individuals who develop moderate symptoms.
θ Hospitalization rate of individuals with severe symptoms.
δ Transfer rate from the compartment L to the compartment Is.
ω Proportion of individuals who leave hospital due to illness-induced

death or healing.
σω Proportion of individuals who leave hospital due to

illness-induced death.
η Proportion of individuals leaving quarantine by any other means

than natural death.
fη Proportion of individuals who escape from the isolation.
τ(1− f)η Proportion of individuals leaving the self-isolation by the recovering.
κ1 Recovery rate of the asymptomatic individuals.
κ2 Recovery rate of escapers from the self-isolation.
{εi}1≤i≤3 Infectivity modification parameters

3. Mathematical analysis

3.1. Well-posedness of the model In this subsection, we prove that
Model (5) is well-posed in the epidemiological point of view, that is the so-
lutions of the model exist for all time, they remain positive and belong to
a compact set. This result, which the proof is postponed to Appendix A is
summarized in the following theorem.
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Theorem 3.1 Assume

S(0) > 0, E(0), Q(0), C(0), Im(0), Is(0), H(0), L(0), R(0), V (0) ≥ 0.

Then for every t > 0,

S(t) > 0, E(t), Q(t), C(t), Im(t), Is(t), H(t), L(t), R(t), V (t) ≥ 0.

Furthermore, the set

Ω =

{
(S,E,Q,C, Im, Is, H, L,R, V ) ∈ R10

+ , N(t) ≤ Λ

µ
,

V (t) ≤ Λ(ψ1 + ψ2 + ψ3 + ψ4)

µvµ

}
.

is positively invariant.

Thanks to Theorem 3.1, our model admits a unique global solution for non-
negative initial conditions.

3.2. The basic reproduction number for System (5)
For notational elegance and simplicity, we define the following parameters.

d1 = (µ+ γ), d2 = (µ+ η), d3 = (µ+ ϕ1 + κ1), b3 = pγ,
d4 = (µ+ ϕ2 + α), d6 = (µ+ ω), d7 = (µ+ δ + κ2),
b1 = (1− q)(1− p)γ, b2 = q(1− p)γ, d5 = (µ+ θ + χ),
b4 = (1− τ)(1− f)η, b6 = τ(1− f)η, b7 = (1− σ)ω,
d8 = d1d2d3d4d5d7, d9 = d3d4d2d7d5d6, b5 = fη,
K1 = α (b2d3 + ϕ1 b1) , K2 = b2d3 + ϕ1 b1,
K8 = b4d7 + δ b5, K10 = d7ϕ2 d2 + d7b4α+ δ b5α,
K9 = ϕ1 (d7ϕ2 d2 + d7b4α+ δ b5α) K11 = θ (b4d7 + δ b5) ,
K12 = θ ϕ1 (d7ϕ2 d2 + d7b4α+ δ b5α) ,
K13 = θ (d7ϕ2 d2 + d7b4α+ δ b5α) ,
K17 = κ2d6d5,+b7θ δ, K21 = ψ4d5 + ψ3δ,
K18 = ψ3b4d7 + b5ψ4d5 + b5ψ3δ, , K5 = b5α (b2d3 + ϕ1 b1) ,
K14 = b6d6d5d7 + b7θ b4d7 + b5κ2d6d5 + b5b7θ δ,
K15 = κ1d6d5d7d2d4 + b6αϕ1 d6d5d7 + b7θ ϕ1 d7ϕ2 d2

+b7θ ϕ1 d7b4α+ b5αϕ1 κ2d6d5 + b5αϕ1 b7θ δ,
K16 = b6αd6d5d7 + b7θ d7ϕ2 d2 + b7θ d7b4α

+b5ακ2d6d5 + b5α b7θ δ,
K19 = ψ1d5d7d2d4 + ψ2ϕ1 d5d7d2 + ψ3ϕ1 d7ϕ2 d2

+ψ3ϕ1 d7b4α+ b5αϕψ4d5 + b5αϕ1 ψ3δ,
K20 = ψ2d5d7d2 + ψ3d7ϕ2 d2 + ψ3d7b4α+ b5αψ4d5 + b5αψ3δ,
K3 = d7b3d2d4d3 + d7ϕ2 d2b2d3 + d7ϕ2 d2ϕ1 b1 + d7b4α b2d3

+d7b4αϕ1 b1 + δ b5α b2d3 + δ b5αϕ1 b1,
K4 = θ (d7b3d2d4d3 + d7ϕ2 d2b2d3 + d7ϕ2 d2ϕ1 b1 + d7b4α b2d3

+d7b4αϕ1 b1 + δ b5α b2d3 + δ b5αϕ1 b1),

(6)
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K6 = κ1b1d6d5d7d2d4 + b6αd6d5d7b2d3 + b6αd6d5d7ϕ1 b1
+b7θ d7b3d2d4d3b2d3 + b7θ d7ϕ2 d2 + b7θ d7ϕ2 d2ϕ1 b1
+b7θ d7b4α b2d3 + b7θ d7b4αϕ1 b1 + b5ακ2d6d5b2d3
+b5ακ2d6d5ϕ1 b1 + b5α b7θ δ b2d3 + b5α b7θ δ ϕ1 b1,

K7 = ψ1b1d5d7d2d4 + ψ2d5d7d2b2d3 + ψ2d5d7d2ϕ1 b1 + ψ3d7b3d2d4d3
+ψ3d7ϕ2 d2b2d3 + ψ3d7ϕ2 d2ϕ1 b1 + ψ3d7b4α b2d3 + ψ3d7b4αϕ1 b1
+b5αψ4d5b2d3 + b5αψ4d5ϕ1 b1 + b5αψ3δ b2d3 + b5αψ3δ ϕ1 b1.

The basic reproduction number is defined as the number of secondary
infected produced by an index case, during its entire infectious period when
he/she is introduced in a completely susceptible population [25].

Clearly, the unique DFE for System (5) is represented by:

Q0 =
(
S0, 0, 0, 0, 0, 0, 0, 0, 0, 0

)T
, with S0 =

Λ

µ
. (7)

We apply the method of van den Driessche et al. [25] for the computation of
the basic reproduction number. According to [25], we denote by F the vector
of new infections and by W the remaining transfer terms. From Model (5),
we have:

F =
(
λhS + λvS, 0, 0, 0, 0, 0, 0, 0, 0

)T
and

W =



(µ+ γ)E,

−αIm + (µ+ η)Q,

−(1− q)(1− p)γE + (µ+ ϕ1 + κ1)C,

−q(1− p)γE − ϕ1C + (µ+ ϕ2 + α)Im,

−(1− τ)(1− f)ηQ− pγE − ϕ2Im − δL+ (µ+ θ + χ)Is,

−θIs + (µ+ ω)H,

−fηQ+ (µ+ δ + κ2)L,

−τ(1− f)ηQ− (1− σ)ωH − κ1C − κ2L+ µR

−ψ1C − ψ2Im − ψ3Is − ψ4L+ µvV


.

The Jacobian matrices F and W of F and W, respectively, at the DFE Q0

are:

F =



0 0 βh ε1βh ε2βh 0 ε3βh 0 βvΛ/µ
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


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and

W =



d1 0 0 0 0 0 0 0 0
0 d2 0 −α 0 0 0 0 0

−b1 0 d3 0 0 0 0 0 0
−b2 0 −ϕ1 d4 0 0 0 0 0
−b3 −b4 0 −ϕ2 d5 0 −δ 0 0
0 0 0 0 −θ d6 0 0 0
0 −b5 0 0 0 0 d7 0 0
0 −b6 −κ1 0 0 −b7 −κ2 µ 0
0 0 −ψ1 −ψ2 −ψ3 0 −ψ4 0 µv


.

The inverse of the matrix W is:

W
−1

=



d1
−1 0 0 0 0 0 0 0 0

K1

d3d1d4d2
d2

−1 αϕ1

d3d4d2

α

d4d2
0 0 0 0 0

B1

d3d1
0 d3

−1 0 0 0 0 0 0

K2

d3d1d4
0

ϕ1

d3d4
d4

−1 0 0 0 0 0

K3

d8

K8

d5d7d2

K9

d5d7d2d4d3

K10

d5d7d2d4
d5

−1 0
δ

d5d7
0 0

K4

d6d8

K11

d6d5d7d2

K12

d6d5d7d2d4d3

K13

d6d5d7d2d4

θ

d6d5
d6

−1 θ δ

d6d5d7
0 0

K5

d3d1d4d2d7

b5

d2d7

b5αϕ1

d3d4d2d7

b5α

d4d2d7
0 0 d7

−1 0 0

K6

d6d8µ

K14

d6d5d7d2µ

K15

d6d5d7d2d4d3µ

K16

d6d5d7d2d4µ

b7θ

d6d5µ

b7

d6µ

K17

d6d5d7µ
µ−1 0

K7

d8µv

K18

d5d7d2µv

K19

d5d7d2d4d3µv

K20

d5d7d2d4µv

ψ3

d5µv
0

K21

d5d7µv
0 µv

−1



,

The next generation matrix, defined by FW−1 is given as:

FW−1 =



Rh
0 +Rv

0 ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ 0 ⋆
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

where the ⋆ account for terms which are not useful in the sequel,

Rh
0 =

βhb1
d3d1

+
βhε1K2

d3d1d4
+
βhε2K3

d8
+

βhε3K5

d3d1d4d2d7

and

Rv
0 =

βvΛK7

d8µµv
.
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Thus, the basic reproduction number Rav
0 , which is the spectral radius of the

matrix FW−1 is given by:

Rav
0 = Rh

0 +Rv
0

Remark 3.1 In the absence of environmental contamination, that is when
βv = 0, the basic reproduction number of Model (5) simplifies to Rh

0 . Clearly,
Rav

0 > Rh
0 .

The environmental transmission increases the disease level. Moreover, by
simple computations, one gets

∂Rav
0

∂βv
=

ΛK7

d8µµv
,

∂Rav
0

∂ψ4
=
βvΛ (b5αd5b2d3 + b5αd5ϕ1 b1)

d8µµv
,

∂Rav
0

∂ψ1
=

βvΛb1d5d7d2d4
d8µµv

,

∂Rav
0

∂ψ2
=

βvΛ (d5d7d2b2d3 + d5d7d2ϕ1 b1)

d8µµv
,

∂Rav
0

∂ψ3
=

βvΛ(d7b3d2d4d3 + d7ϕ2 d2b2d3
d8µµv

+
βvΛ(d7ϕ2 d2ϕ1 b1 + d7b4α b2d3)

d8µµv

+
βvΛ(d7b4αϕ1 b1 + b5α δ b2d3 + b5α δ ϕ1 b1)

d8µµv
.

(8)

All these derivatives are positive. Thus, the basic reproduction number Rav
0 is

an increasing function of the shedding rates of Coronavirus and an increasing
function of the transmission due to the environment.

The relevance of the basic reproduction number Rav
0 is established in the

following result [25].

Lemma 3.2 The DFEQ0 of System (5) is locally asymptotically stable (LAS)
if Rav

0 < 1 and it is unstable whenever Rav
0 > 1.

The epidemiological implication of Lemma 3.2 is that the COVID-19 can be
eliminated from the community when Rav

0 < 1 and if the initial sizes of the
different subpopulations of the model are in the basin of attraction of the
DFE Q0. For a better control of the disease, the GAS of the DFE is needed.
This will be done further. In the following paragraph, we will discuss the
existence of positive equilibria for Model (5).

3.3. Existence of the endemic equilibrium for Model (5) Let E∗ =
(S∗, E∗, Q∗, C∗, I∗m, I

∗
s , H

∗, L∗, R∗, V ∗) be any positive endemic equilibrium of
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System (5) and λ∗ be the force of infection at the equilibrium. The components
of the endemic equilibrium E∗ takes the form:

S∗ =
Λ

µ+ λ∗
, E∗ =

Λλ∗

(µ+ λ∗) d1
, Q∗ =

λ∗ ΛK1d7d5
(µ+ λ∗) d8

,

C∗ =
λ∗ Λ b1d4d2d7d5
(µ+ λ∗) d8

, I∗m =
λ∗ ΛK2d2d7d5
(µ+ λ∗) d8

,

I∗s =
λ∗ ΛK3

(µ+ λ∗) d8
, H∗ =

Λλ∗K4

(µ+ λ∗) d8d6
,

L∗ =
Λλ∗K5d5d6
(µ+ λ∗) d8d6

, R∗ =
λ∗ ΛK6

(µ+ λ∗) d8d6µ
,

V ∗ =
λ∗ ΛK7d6

(µ+ λ∗) d8d6µv
,

(9)

where λ∗ is the value of the infection force at E∗.
Substituting the expressions in (9) into the force of infection at E∗ shows

that the non-zero equilibrium of Model (5) satisfies the following quadratic
equation in λ∗:

a (λ∗)2 + bλ∗ − c (Rav
0 − 1) = 0, (10)

where a, b and c are as follows:

a = (d9µ+ b1d4d2d7d5d6µ+K2d2d7d5d6µ+K3d6µ+ K5d5d6µ + K6) Λµv,

b = Λd8d6µµv

(
1−Rh

0

)
+ Λµµv (1−Rv

0)

·
(
d9µ+ b1d4d2d7d5d6µ+K2d2d7d5d6µ+K3d6µ+K5d5d6µ + K6

)
,

c = Λµ2d8d6 µv.

Note that a > 0 and b > 0 whenever Rav
0 ≤ 1. Furthermore, c > 0 whenever

Rav
0 > 1. Hence, one has the result.

Theorem 3.3 For System (5), the following statements hold.

(i) If Rav
0 > 1 then System (5) admits a unique endemic equilibrium.

(ii) If Rav
0 ≤ 1, Model (5) do not admits a positive equilibrium, the disease-

free equilibrium is its unique steady state.

Corollary 3.4 When Rav
0 > 1, the components of the endemic equilibrium

for Model (5) are given by Eqs. (9), with

λ∗ =
−b+

√
b2 + 4ac

2a
. (11)

The components of E∗ are obtained by substituting this positive root of (10)
into the steady-state components in (9).
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The paragraph below deals with the global asymptotic stability of the DFE
when Rav

0 ≤ 1

3.4. Global asymptotic stability of the DFE

Theorem 3.5 The DFE point Q0 of Model (5) in Ω is GAS if Rav
0 < 1.

Let x = (E,Q,C, Im, Is, H, L,R, V )T and y = (S,R)T , be the parts of in-
fected and uninfected states for Model (5), respectively. System (5) can be
rewritten as 

dx

dt
= (F −W )x− f(x, y)

dy

dt
= g(x, y),

(12)

where F and W are given as,

f(x, y) =

(
(E + C + Im + Is + L+R)βh(C + ε1Im + ε2Is + ε3L)

S + E + C + Im + Is + L+R

+βvV

(
Λ

µ
− S

)
, 0, 0, 0, 0, 0, 0, 0

)T

,

g(x, y) =

(
Λ− βh (C + ε1Im + ε2Is + ε3L)S

S + E + C + Im + Is + L+R
− βvV S − µS, 0

)T

Since we are in Ω, it is clear that S ≤ Λ/µ. Thus, f(x, y) ≥ 0 in Ω.
Therefore, dx/dt ≤ (F −W )x. Consider now the following auxiliary linear
system

dx̃

dt
= (F −W )x̃. (13)

From Theorem 2 in [25], we have Rav
0 < 1 ⇐⇒ σ(F −W ) < 0, where σ(M) is

the stability modulus of the matrixM (i.e σ(M) = max{Re ν, ν an eigenvalue of M})
and all the eigenvalues of F −W have negative real parts. Thus, the non-
negative solutions of (13) are such that lim

t−→+∞
x̃(t) = 0, or equivalently

lim
t−→+∞

Ẽ(t) = lim
t−→+∞

Q̃(t) = lim
t−→+∞

C̃(t) = lim
t−→+∞

Ĩm(t) = lim
t−→+∞

Ĩs(t) =

lim
t−→+∞

H̃(t) = lim
t−→+∞

L̃(t) = lim
t−→+∞

R̃(t) = lim
t−→+∞

Ṽ (t) = 0. By the stan-

dard comparison principle [23] and the non-negativity of x, the nonnega-
tive solutions of (5) satisfy lim

t−→+∞
E(t) = lim

t−→+∞
Q(t) = lim

t−→+∞
C(t) =

lim
t−→+∞

Im(t) = lim
t−→+∞

Is(t) = lim
t−→+∞

H(t) = lim
t−→+∞

L(t) = lim
t−→+∞

R(t) =

lim
t−→+∞

V (t) = 0. Therefore, since lim
t−→+∞

x(t) = 0, System (5) is an asymp-

totically autonomous system [2] (Theorem 2.5) with the limit system

dS

dt
= Λ− µS. (14)
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It is obvious that the affine System (14) has a unique equilibrium given by
S0, which is GAS. This completes the proof. □

The GAS of the DFE for Model (5) when Rav
0 is less than one is illustrated

in Figure 2.

Figure 2: Stability of the DFE for Model (5) when Rav
0 < 1.

This figure is plotted with βh = 0.25, ϕ2 = 0.1, κ2 = 0.02949, µv = 10.85, µ =
14/350,Λ = 1000, 0221. The other parameters used are in Tables 2 and 3.
With these parameters, Rav

0 = 0.4521.

3.5. Local stability of the endemic equilibrium

Now, we investigate the stability of the unique endemic equilibrium E∗.
Let ξ > 0 be the non-negative real number such that βv = ξβh, then the basic
reproduction number Rav

0 becomes

Rav
0 =

βh [(b1d4d2d7d5 + ε1K2d2d7d5 + ε2K3 + ε3K5d5)µµv + ξΛK7]

d8µµv

Let us consider that Rav
0 = 1 and choose βh as the bifurcation parameter.
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Table 2: Fitted values to simulate Model (5).
Symbol Value Range Symbol Value Range
Λ 100.0221 0–100 ψ1 0.2501 0–1
ψ2 0.0404 0–1 ψ3 0.0569 0–1
χ 0.5422 0–1 ψ4 0.5379 0–1
βh 0.4535 0–1 βv 3.08 · 10−7 0–1
p 0.1342 0–1 q 0.0208 0–1
α 0.0219 0–1 θ 0.5252 0–1
ϕ2 0.6391 0–1 ϕ1 0.1420 0–1
δ 0.4130 0–1 ω 0.2720 0–1
σ 0.1743 0–1 η 0.0459 0–1
f 0.077 0–1 τ 0.0633 0–1
κ1 0.7348 0–1 κ2 0.2949 0–1
ε1 1.2008 0–2 ε2 1.3160 0–2
ε3 1.0028 0–2

Table 3: Values in the litterature to simulate Model (5).
Symbol Value References Range
µ 14/1000 [1] 0–1
γ 1/7 [14] 0–1
µv 0.85 [7] 0–1
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The Jacobian matrix of System (5) at the DFE E0 is given by:

Jβ∗ (E0) =



−µ 0 0 −β∗
h −ε1β∗

h −ε2β∗
h 0 −ε3β∗

h 0 −ξβ∗
hΛ/µ

0 −d1 0 β∗
h ε1β

∗
h ε2β

∗
h 0 ε3β

∗
h 0 ξβ∗

hΛ/µ
0 0 −d2 0 α 0 0 0 0 0
0 b1 0 −d3 0 0 0 0 0 0
0 b2 0 ϕ1 −d4 0 0 0 0 0
0 b3 b4 0 ϕ2 −d5 0 δ 0 0
0 0 0 0 0 θ −d6 0 0 0
0 0 b5 0 0 0 0 −d7 0 0
0 0 b6 κ1 0 0 b7 κ2 −µ 0
0 0 0 ψ1 ψ2 ψ3 0 ψ4 0 −µv


.

System (5), with βh = β∗h has a nonhyperbolic equilibrium point (i.e the
Jacobian matrix Jβ∗

h
has a simple eigenvalue with zero real part (here, zero is

a simple eigenvalue), and the remaining eigenvalues have negative real parts).
Therefore the Center Manifold Theory [3] (Theorem 4.1) can be applied to
analyze the dynamics of System (5) near the bifurcation parameter β∗h. It is
easy to see that the components of a right-eigenvector of Jβ∗

h
associated to the

zero eigenvalue w = (w1, w2, w3, w4, w5, w6, w7, w8, w9, w10)
T , and the compo-

nents of a left-eigenvector v = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10)
T associated

to zero would be given as



w1 = −d1w2

µ
,

w2 =
d4d3w5

b1ϕ1 + b2d3
,

w3 > 0,

w4 =
b1d4w5

b1ϕ1 + b2d3
,

w5 =
d2w3

α
,

w6 =
b3w2 + b4w3 + ϕ2w5 + δw8

d5
,

w7 =
θw6

d6
,

w8 =
b5w3

d7
,

w9 =
b6w3 + κ1w4 + b7w6 + κ2w7

µ
,

w10 =
ψ1w4 + ψ2w5 + ψ3w6 + ψ4w8

µv
,

and



v1 = 0,

v2 =
b1v4 + b2v5 + b3v6

d1
,

v3 =
b4v6 + b5v8

d2
,

v4 =
βhv2 + ϕ1v5

d3
,

v5 =
ε1βhv2 + αv3 + ϕ2v6

d4
,

v6 =
ε2βhv2 + θv7

d5
,

v7 = 0,

v8 =
ε3βhv2 + δv6

d7
,

v9 = 0,

v10 =
ξβhΛv2
µµv

.

Using the result from Castillo-Chavez et al. [3] (Theorem 4.1), we calcu-



J.M.-S. Lubuma, A. J. Ouemba Tassé, F. Signing, B. Tsanou 255

late the coefficients A and B as

A = −2v2

(
d1w2

µ
w10ξβh +

βhµ

Λ

)
(w4 + ε1w5 + ε2w6 + ε3w8)

·(w2 + w4 + w5 + w6 + w8 + w9) < 0

and

B = v2

(
w4 + ε1w5 + ε2w6 + ε3w8 +

ξΛ

µ
w10

)
> 0.

Hence by the theorem of Castillo-Chavez et al. [3] (Theorem 4.1), one has the
result.

Theorem 3.6 If Rav
0 > 1, then System (5) undergoes a trans-critical bi-

furcation with Rav
0 = 1 being the bifurcation parameter, that is when Rav

0

changes from values less, but close to one to the values greater than one, the
DFE changes its stability from stable to unstable, and in this case, the unique
endemic equilibrium E∗ becomes LAS.

The stability of the endemic equilibrium for Model (5) is illustrated in Figure
3. This figure suggests the global asymptotic stability of this equilibrium
whenever Rav

0 is greater than one.

4. Sensitivity analysis The sensitivity analysis is performed to assess
the impact of variation of parameters in the prediction of the model. In this
section, we consider all the parameters as uncertain, but belonging to the
ranges given in Tables 2 and 3. The Latin hypercube sampling (LHS) sam-
ples 1000 values for each parameter using the uniform distribution and the
Partial Rank Correlation Coefficients (PRCC) as well as the p-values are com-
puted for the total number of infected C+Q+H+Is+Im+L. The obtained
result is presented in Figure 4. In this work, we decide that a parameter is
significant if its PRCC value is greater or less than 0.05 and its p − value
less than 0.05, meaning that there is less than 5% of chance that the results
being random. According to Figure 4, the most significant parameters which
contribute in an increasing number of infected when their values increase are
respectively βv, βh and δ. This shows that reducing the environment/human
to human transmission is of paramount importance to mitigate the spread
of COVID-19. This could be achieved through disinfection, social distancing,
lockdown, etc. On the contrary, the natural mortality, the mortality due to
disease and the recovery rates are the most influential parameters which de-
crease the number of infected whenever they increase. The sensitivity analysis
in particular highlights the usefulness of isolation and self-isolation in reduc-
ing the number of COVID-19 infected. Moreover, it shows that the escape
from isolation f has a negative impact on the dynamics of the disease, but it
is not a highly influential parameter.
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Figure 3: Stability of the endemic equilibrium for Model (5).
This figure is plotted with ψ1 = 0.002501, ψ2 = 0.0000404, ψ3 =
0.0000569, ψ4 = 0.0005379, γ = 0.008, βh = 0.24535, ϕ2 = 0.0006391, θ =
0.05252, δ = 0.004130, η = 0.459, f = 1, κ1 = 0.0007348, κ2 = 0.0002949.
The other parameters used are in Tables 2 and 3. With these parameters,
Rav

0 = 5.0559.

5. Numerical simulations: Case study of Rwanda Some simula-
tions are carried out in this section in order to support the mathematical
results, to validate our model and provide a short forecast of the ongoing
epidemic. The model is fitted to the number of asymptomatic reported cases
in Rwanda from 1 April, 2022 to 15 June, 2022 [22]. We choose the num-
ber of asymptomatic cases for the calibration process because, according to
Model (5), the symptomatic infected cases are split into several compart-
ments (Is, Im, L,H, . . . ) of which the data are not available (only the total
data for symptomatic cases are provided). Note that the greatest proportion
of COVID-19 cases are asymptomatic, so, this class of infected is a serious
matter and their control is of paramount importance as far as reducing the
spread of COVID-19 is concerned.

5.1. Model validation For the validation of the model, we fit the cu-
mulative cases of asymptomatic individuals during the period of the 1 April,
2022 to the 15 June, 2022, using the Nonlinear Least Squares Fitting Method.
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Figure 4: PRCCs of the C +Q+H + Is + Im + L.

Thanks to [21], the total population of Rwanda is estimated to 13, 776, 698.
But on the 1 April 2022, only one infected person was in isolation and 4 cases
were reported this day. Among these cases, 3 were asymptomatic. Thus, we
consider the initial condition: S(0) = 13, 776, 693;E(0) = Q(0) = Is(0) =
L(0) = R(0) = V (0) = 0;C(0) = 3; Im(0) = 1;H(0) = 1. Moreover, the
number of cumulative asymptomatic cases displayed in Table 5 are computed
using the daily number of asymptomatic cases reported in [22]. The fitted
parameters are given in Table 2 and the corresponding fitted curve is plotted
in Figure 5(a). In order to assess the accuracy of our predictions, we calculate
two performance metrics: The Mean Absolute Error (MAE) and the Root
Mean Square Error (RMSE), which are defined as follows [14]:

MAE =
1

Np

Np∑
i=1

|Y (i)− Ŷ (i)| and RMSE =

√√√√√√
Np∑
i=1

(Y (i)− Ŷ (i))2

Np
,

where Y (i) represents original cases, Ŷ (i) are predicted values and Np is the
size of the data. The computation of these metrics gives: MAE = 0.0962 and
RMSE = 0.8332. These small values, in conjunction with Figure 5(a) show
that our model performs excellently the dynamics of COVID-19 in Rwanda
and can be therefore used to forecast the outcome of the pandemic in this
country. With the estimated values, one has Rh

0 = 0.6485 and Rv
0 = 6.8521 ·

10−4. Thus, the contribution of the environmental transmission to the basic
reproduction number is negligible in Rwanda. This is in accordance with the
results found in [17]. However, the impact of the environmental transmission
is not negligible in every country, see for instance [7] and the references
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therein. The value of Rav
0 obtained shows that the COVID-19 is expected to

disappear without any additional control measure in Rwanda, especially if its
dynamics does not exhibit a backward bifurcation phenomenon as it is the
case for our model.

The curves of the infectious compartments plotted in Figure 5(b) em-
phasize that the great number of infectious are asymptomatic in Rwanda as
found in [11], followed by the individuals who exhibit severe symptoms of
the disease. These curves also highlight that the infected in Rwanda do not
practically escape from the self–isolation. The latter outcome may explain the
few number of cases reported in Rwanda and supports the good management
of infected individuals in this country [16].

(a) (b)

Figure 5: Fitting curve.
The first figure fits the cumulative number of asymptomatic cases in Rwanda
and the second figure plots the dynamics of the infectious compartments. The
parameters used are gathered in Tables 2 and 3.

5.2. Long-time behaviour of the outbreak in Rwanda From Figure
5, one has the impression that the cumulative number of asymptomatic cases
as well as the number of infected who belong to the compartments C, Im and
Is increase as the time evolves. But, since the value of the basic reproduction
number is less than one, the disease would disappear. In Figure 6, we forecast
the number of infected in the long run (300 days). According to this figure, the
COVID-19 would have disappeared in Rwanda at the beginning of the year
2023. But, actually, a few number of cases continue to be registered in this
country [8]. This would be attributed to the migration of infected, not taken
into account in the model formulation. We however hope that this aspect will
only postpone the end of the outbreak and would not greatly influence the
end of the outbreak in the long run.

5.3. Usefulness of isolation and self-isolation The isolation measure
is a well known control strategy in epidemiology to contain the infectious
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Figure 6: Solution of the model in Rwanda up to 10 months and dynamics
of the infectious compartment of Model (5). All the parameters used are
gathered in Tables 2 and 3.

illnesses. For COVID-19, so that the centres of isolation are not overflowed
and because of what most cases endure a benign shape of the illness, the
self-isolation has been experimented as an another control strategy. In this
project, we have supposed the isolation and the self-isolation to be effective,
in the sense that the isolated and the self-isolated people don’t transmit the
illness. This assumption seems realistic for the case of Rwanda, since the
Rwanda government took strong mitigation measures for a good management
of infected cases and to increase the awareness of the population [16]. In this
paragraph, we investigate the impact of these control strategies by changing
the values of the parameter α of the self-isolation and secondly the parameter
θ of the isolation. Thus, we construct in Figure 7 the curves of infectious with
the initial conditions and the parameters estimated in Rwanda. These curves
show that the number of infectious in the compartments, C, Im and Is are
decreasing functions of α and θ. Table 4 comforts the fact that increasing
α and θ decreases the level of the pandemic. In particular, one observes that
the isolation has bigger impact on the number of infected and on the basic
reproduction number than the self-isolation measure. This figure corroborates
the importance of the isolation and the self-isolation to reduce the spread of
COVID-19.

Table 4: Values of Rh
0 and Rv

0 when the parameters α and θ vary.
α = 0.05 α = 0.1 α = 0.2 θ = 0.05 θ = 0.1 θ = 0.2

Rh
0 0.6427 0.6345 0.6210 0.7592 0.7399 0.7090

Rv
0 6.8214.10−4 6.7725.10−4 6.6918.10−4 7.1273.10−4 7.0796.10−4 7.0031.10−4

5.4. Impact of the environmental transmission The validation of
the model done in Section 5.1 highlighted that the environmental transmission
of the COVID-19 is not too important in Rwanda, practically negligible. This
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Figure 7: Usefulness of isolation and self-isolation measure.
This figure is plotted for (i) α = 0.05;α = 0.1 and α = 0.2; (ii) θ = 0.05; θ =
0.1 and θ = 0.2. The other parameters are in Tables 2 and 3. It emphasizes
the sensitivity of α and θ.

is caused by the adherence of people to barrier measures (regular washing
of the hands; the wearing of mufflers,. . . ) in the country at that particular
time of the pandemic [16]. However, in spite of the poor contribution of the
environmental transmission to the basic reproduction number, one should
remember that βv highly influences the number of COVID-19 infected cases,
as found in Section 4. This result was expected, because the environmental
transmission was modelled like a mass action transmission, which is supported
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by several studies [7, 19]. In this section, we want to illustrate how a few
change in the value of βv would influence the number of COVID-19 infected
cases. We consider three values of βv: 3 · 10−7, 3.04 · 10−7 and 3.08 · 10−7.
The curves of the corresponding number of infected are plotted in Figure 8.
One can see that although the environmental transmission does not have a
significant contribution on the basic reproduction number, βv has a noticeable
impact on the peak of the epidemic.

Figure 8: Impact of the environmental transmission.
This figure is plotted for (i) βv = 3·10−7 (solid line) and for (ii) βv = 3.04·10−7

(dash line), (iii) βv = 3.08 · 10−7 (dotted line). The other parameters are in
Tables 2 and 3.

5.5. Investigating the impact of the individuals who escape from
the self-isolation Until now, we did not investigate numerically the impact
of the individuals who do not comply to the self-isolation measure. This is
addressed in this paragraph, by taking L(0) = 10 the other values of the
initial condition remain the same. We investigate the dynamics of the infected
when f varies. We suppose (i) f = 0.05, (ii) f = 0.5 and (iii) f = 0.9. Figure
9 shows that when f increases, the number of infected increases as well, but
the impact of f is very weak. This figure suggests that the fact that some
infected don’t comply to the self-isolation cannot be relevant to justify the
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persistence or the endemicity of COVID-19.

Figure 9: Impact of the individuals who escape from the self-isolation.
This figure is plotted for (i) f = 0.05, (ii)f = 0.5 and (iii) f = 0.9. The other
parameters are in Tables 2 and 3. This figure shows the weak sensitivity of
f .

6. Conclusion Since the beginning of the outbreak of COVID-19 in
December 2019, more than several protocols and model was developed.

In this paper, we proposed a model which focused on two control strate-
gies: the isolation and the self–isolation of infected cases. Indeed so that med-
ical center are not overwhelmed, countries with a great number of cases im-
plemented the self–isolation measure of infected showing benign symptoms.
The mathematical analysis of the model has been provided. The main results
are summarized as follows:

(a) The model always admits a DFE, which is GAS when the basic repro-
duction number Rav

0 is less than one.
(b) When the basic reproduction number is greater than one, we have

proved that the model admits a unique endemic equilibrium, which is
LAS.

The sensitivity analysis of the model has been done. This analysis has shown
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the high impact of both human to human and environment to human trans-
missions on the number of COVID-19 infected cases and has highlighted the
usefulness of disinfection, isolation and self-isolation to mitigate the spread of
the disease. Numerical simulations have been addressed to support theoretical
and sensitivity analysis. Both these analyses have shown that the escapers
from isolation do not contribute a lot to the spread of the disease and this
fact should not explain or justify the persistence of COVID-19. Numerically,
we fitted the model to the daily cumulative asymptomatic cases in Rwanda
reported during the period: 1 April 2022 to 14 June 2022. With the obtained
parameters, we have found Rav

0 = 0.6485 < 1. Thus, the epidemic will be
overcome in Rwanda. We have shown moreover that most number of cases in
Rwanda are asymptomatic infected cases, which is in line with the previously
study done in [11]. Furthermore, the solution of the model plotted up to 10
months have shown that towards the beginning of the year 2023, the num-
ber of cases would be practically zero. Thus, according to our prevision, the
COVID-19 would have disappeared in Rwanda at the beginning of the year
2023. This outcome does not exactly reflect the reality, but is very close to
that (see the reference [8] for instance). The little gap between this prediction
and the reality could be attributed to two main reasons:

• The migration of infected cases has not been taken into account in the
model formulation;

• The number of asymptomatic cases has been calibrated instead of the
number of symptomatic cases;

Obviously, the number of asymptomatic reported cases would be underesti-
mated. However, we chose to calibrate this number instead of the symptomatic
cases because our model split the symptomatic cases into several compart-
ments (moderate, severe, hospitalized patients,. . . ), from which the data are
not available.

Almost all the models developed until now to understand the spread of
the COVID–19 pandemic forecast a catastrophic impact of the illness world
wide. Indeed, according to the basic reproduction number previously reported
[14, 17, 18, 24, 27], the COVID-19 would persist and would become endemic.
A previous study [15] addressed to assess the knowledge, attitudes and pre-
ventive practices against COVID–19 in Rwanda showed that the population
were aware about the disease and agreed the necessity of self–isolation, social
distancing, hand washing, the using of faces masks and gloves,. . . Moreover,
in this country, the self–isolated patients were closely observed and managed
while they remained in their homes [16]. Rwanda is one of a few countries
that have quickly adopted and implemented strong mitigation measures, and
progressive capacity building to fight against COVID-19. These facts may
explain the elimination of the disease in this country and its lesser impact.

The model we have considered in this paper, has involved several com-
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partments, making the interpretation of the results a bit difficult. This is due
to the fact that some control measures (self-isolation, isolation), different sta-
tus of infected individuals (asymptomatic, moderate infected, severe infected,
escapers from the isolation,. . . ) and different transmission routes (human to
human and environment to human), have been taken into account together.
In our future project, we are going to focus on few aspects of this study to
better highlight their impact on the dynamics of the disease.

Moreover, how can we understand the lesser impact of COVID-19 in Africa
(in general), which has a poor medical/communication system and a great
number of populations (in some countries) who have misconceptions (deny,
attribute it to witchcraft,. . . ) about COVID-19 [13]? This other perspective
is actually the focus of our investigations.
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Appendices

A. Proof of Theorem 3.1. Let

T = sup{t > 0/∀z ∈ [0, t] : (S(z),E(z), Q(z), C(z),

Im(z), Is(z), H(z), L(z), R(z), V (z)) ≥ 0}.

By the definition of T , it follows that T > 0.
To show that S(t) > 0 for all t ≥ 0, we only need to prove that S(T ) > 0.

It follows from the first equation of System (5) that

dS

dt
= Λ− [µ+ λ(t)], where λ(t) is given by the Eq. (4). (15)

Thus,

d

dt

[
S(t) exp

(∫ t

0
λ(s)ds+ µt

)]
= Λexp

(∫ t

0
λ(s)ds+ µt

)
,

Integrating the above equation from 0 to T gives

S(T ) exp

(∫ T

0
λ(s)ds+ µT

)
− S(0) =

∫ T

0

{
Λexp

(∫ t

0
λ(s)ds+ µt

)}
dt.

The multiplication of both sides of the equation above by

exp

(
−µT −

∫ T

0
λh(s)ds

)
yields

S(T ) =

[
S(0) +

∫ T

0

{
Λexp

(∫ t

0
λ(s)ds+ µt

)}
dt

]
· exp

(
−µT −

∫ T

0
λ(s)ds

)
> 0.

From this, we deduce that S(T ) > 0, and thus S(t) > 0 for all t ≥ 0.
To prove the positivity of the other variables, we use the tangent condition.

According to [? ], we need to show that ⟨n(x)|g(x)⟩ ≤ 0, for x on each of the
hyperplane E = Q = C = Im = Is = H = L = R = V = 0 of R9; n is the
outer normal vector to the hyperplane and g(x) is the vector field defined by
the right-hand side of System (5) except the equation for S.

For the hyperplane E = 0, we have n(x) = (−1, 0, 0, 0, 0, 0, 0, 0, 0). This
gives:

⟨n(x)|g(x)⟩ = −βh(C + ε1Im + ε2Is + ε3L)S

N −Q−H
− βvV S ≤ 0.

So the tangent condition is verified.
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Moreover,

dE

dt
=
βh(C + ε1Im + ε2Is + ε3L)S

N −Q−H
+ βvV S ≥ 0, (16)

since we are in the non-negative orthan. Similarly, it can proved using the
other hyperplanes that ⟨n(x)|g(x)⟩ ≤ 0 and dA/dt ≥ 0, A ∈ {Q,C, Im, Is, H,
L,R, V }. Hence, the other variables of the model are positive.

Furthermore, by adding the first nine equations of System (5), we have:

dN(t)

dt
= Λ− µN − χIs − σωH ≤ Λ− µN. (17)

The Gronwall’s inequality applied to (17) gives

N(t) ≤ Λ

µ
+

(
N(0)− Λ

µ

)
exp(−µt), ∀t ≥ 0.

Therefore, if N(0) ≤ Λ

µ
, then for every t ≥ 0, 0 ≤ N(t) ≤ Λ

µ
.

Finally, with the assumption N(t) ≤ Λ

µ
, and using the fact C(t) ≤ N(t),

Im(t) ≤ N(t), Is(t) ≤ N(t), L(t) ≤ N(t), applying the Gronwall inequality
once more, one gets for every t ≥ 0

V (t) ≤ Λ(ψ1 + ψ2 + ψ3 + ψ4)

µvµ
, whenever V (0) ≤ Λ(ψ1 + ψ2 + ψ3 + ψ4)

µvµ
.

B. Table of asymptomatic cases in Rwanda

Table 5: Asymptomatic cases in Rwanda during the period:
01.04.2022 to 14.06.2022 (Asymp. stands for Asymptomatic,

Cum. stands for cumulative).

Dates Asymp. Cum. asymp. Dates Asymp. Cum. asymp.
cases cases cases cases

01-04 3 3 09-05 0 110
02-04 3 6 10-05 4 114
03-04 1 7 11-05 11 125
04-04 0 7 12-05 10 135
05-04 2 9 13-05 6 141
06-04 4 13 14-05 8 149
07-04 1 14 15-05 1 150
08-04 4 18 16-05 6 156
09-04 8 26 17-05 6 162



J.M.-S. Lubuma, A. J. Ouemba Tassé, F. Signing, B. Tsanou 269

10-04 2 28 18-05 3 169
11-04 0 28 19-05 8 177
12-04 1 29 20-05 9 186
13-04 4 33 21-05 11 197
14-04 0 33 22-05 4 201
15-04 1 34 23-05 7 208
16-04 2 36 24-05 4 212
17-04 1 37 25-05 1 213
18-04 0 37 26-05 8 221
19-04 0 37 27-05 3 224
20-04 3 40 28-05 4 228
21-04 2 42 29-05 2 230
22-04 1 43 30-05 9 239
23-04 7 50 31-05 6 245
24-04 3 53 01-06 10 255
25-04 3 56 02-06 38 293
26-04 2 58 03-06 18 311
27-04 4 62 04-06 1 312
28-04 3 65 05-06 13 325
29-04 12 77 06-06 8 333
30-04 7 84 07-06 12 345
01-05 1 85 08-06 18 363
02-05 0 85 09-06 18 381
03-05 3 88 10-06 20 401
04-05 1 89 11-06 18 419
05-05 2 91 12-06 17 436
06-05 9 100 13-06 21 457
07-05 9 109 14-06 27 484
08-05 1 110

Badanie wplywu izolacji, samoizolacji i transmisji
srodowiskowej na rozprzestrzenianie sie COVID-19:

Studium przypadku w Rwandzie
Jean Lubuma, Arsène Jaures Ouemba Tassé, Francis Signing, Berge Tsanou

Streszczenie W niniejszej pracy proponujemy dziesiecioprzedzialowy model COVID-
19 z transmisja z czlowieka na czlowieka i ze środowiska na człowieka. Istotną cechą
tego modelu jest uwzglednienie zarażonych, którzy uciekają z samoizolacji, a następ-
nie rozprzestrzeniają chorobę. Model jest rygorystycznie analizowany zarówno teo-
retycznie, jak i numerycznie. Z matematycznego punktu widzenia udowadniamy, że
stan wolny od choroby jest globalnie asymptotycznie stabilna, gdy Rav

0 jest mniejsze

http://wydawnictwa.ptm.org.pl/index.php/matematyka-stosowana/article/viewArticle/597
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niz jeden, czyli choroba wymiera. Gdy Rav
0 jest wieksze niz jeden, udowadniamy, że

model dopuszcza unikalną równowagę endemiczna, lokalnie asymptotycznie stabilną,
co oznacza , że choroba utrzyma się, przynajmniej wewnatrz basenu przyciągania
równowagi endemicznej. Analiza wrażliwości modelu podkreśla, że transmisja środo-
wiskowa jest najbardziej wpływowym parametrem, który prowadzi do rosnącej liczby
zarażonych osobników, gdy tylko wzrasta. Nasz model został skalibrowany przy uży-
ciu dziennych skumulowanych przypadków bezobjawowych w Rwandzie zgłoszonych
od 1 kwietnia 2022 do 14 czerwca 2022. Stwierdziliśmy, że współczynnik odnowienia
choroby jest równy 0, 6479, a wiekszość zarazonych osób w Rwandzie w tym okresie
jest bezobjawowa. Badamy wpływ izolacji i samoizolacji w celu zmniejszenia obcią-
żenia chorobą, a zarówno analiza wrażliwosci, jak i analiza numeryczna pokazują, ze
izolacja ma większy wpływ na dynamikę infekcji niż samoizolacja.

Klasyfikacja tematyczna AMS (2020): 62J05; 92D20.

Słowa kluczowe: COVID-19; Izolacja; Samoizolacja; Transmisja środowiskowa; Ucie-
kinier; Globalna stabilność; Analiza wrażliwości..
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