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Abstract

A vector space X is called an ordered vector space if it is ordered through < for any elements
r,,z€ Xanda € RT, 2 <y = x+2<y+zand 0 <z implies 0 < az. If in addition,
X is a lattice, that is if for a pair {z,y} the inf{x,y} and sup{z,y} exists, then X is a Riesz
space (or a vector lattice). In this study, we discuss Banach lattices, ordered Banach spaces,
operators on these spaces and their applications in economics, fixed-point theory, differential

and integral equations.
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Introduction

A vector space X is called an ordered vector space if it is ordered through < for any x,y,z € X
and @ € R, a > 0, z < y implies that z + z <y + z and if x < 0 then ax < 0. If X is also a
lattice, then X is called a Riesz space (or vector lattice). The positive cone of ordered vector
space X, denoted by X T, is the set of positive elements of X. This set is closed under addition,
closed under multiplication by positive scalars, and the only element of this set with an additive
inverse is zero. In any non-trivial vector space X, we can define a cone K, with the properties
mentioned above. In general, a cone K defines a partial ordering on the vector space X, as
follows, * <y <= y—x € K for all z,y € and the pair (X, K) is called an ordered vector
space. A norm complete normed Riesz space or a complete ordered vector space is called a

Banach lattice or ordered Banach space respectively.

In this study, we discuss the notion of operator theory in ordered Banach spaces (or lattices),
with focus being on positive, regular, and order bounded operators. These operators have been
studied since the early 1960s and they have applications in financial mathematics, economics
and in applied mathematics. It is known that cones play an important role in order theory.
We will discuss some cones in this study, which are generating. In particular, we discuss the
Order Sequential Continuity (OSC) property, which is generated by some kind of a cone and it
is more general than Lorentz cone. On the other hand, we discuss order continuity of a norm.

Examples to show that OSC property and order continuity are not equivalent are provided.

The theory of operators has many applications, in physics, differential and integral equations,
and those notions have implications in financial mathematics, mathematical biology and eco-

nomics. We, therefore, discuss the relationship between positive, regular and order bounded

© University of Pretoria
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operators. It is known that every positive or regular operator is order bounded but the converse

is not true in general. We illustrate this, and other assertions, in the study.

Applications of Banach lattices operators in economics, in particular, the Leontief model is
discussed. In these applications, it is shown that the notion of order continuous norm plays a role
in determining whether the Leontief model has a solution or not. The second application is on
differential equations and fixed-point theory. J. Nieto and R. Rodriguez-Lépez [45] established
some results on partially ordered spaces, to show existence and uniqueness of a fixed-point.
Their results were more general than those of Tarski’s as Tarski’s theorem requires the space
to be a lattice. Recently, M. Alfuraidan and M. Khamsi [7] studied some fixed-point of partial
differential equations. In their study, the operator 7' is not continuous, and the continuity of
the operator was replaced by OSC property on the space. We will discuss the above-mentioned

results in this study.

In chapter one, we introduce partial ordering, ordered vector spaces and Riesz spaces, and
some of their properties that are useful in our study. We present examples to show that ordered

vector spaces are more general than Riesz spaces.

In chapter two, we discuss order continuity and OSC property. We illustrate by examples

that OSC property and order continuity are not equivalent.

In chapter three, we discuss positive, regular, and order bounded operators. Examples to
show that these operators are not equivalent are discussed and the conditions under which

regular operators is equivalent to order bounded operators is discussed.

Lastly, in chapter four we discuss the applications of operators in Leontief model and fixed

point theory cases.

© University of Pretoria
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1 Preliminaries

1.1 Partial ordering

Definition 1.1. Let X be a non-empty vector space. A relation ” <7 is called a partial order

if for any z,y,z € X,

1. z <z (reflexive).
2. z <yandy < z then z < z (transitive).
3. x <yand y <z then z < y ( anti-symmetric).

The pair (X, <) is a partially ordered set. In short, it is called a poset. Next, we follow with

an example of a poset.

Example 1.2. Let (X, || -||), be a normed space and f € X*, where X* is the norm dual of X.

The relation < defined by
35y = llz—yll < fly) - fl2)
is a partial ordering on X. First, we show reflezivity: that is for all x € X = <y x if and only if

lz — =] =0< f(z) - f(z) =0.

© University of Pretoria
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Next, we show transitivity, taking any elements x,y, z € X, if

2py = llz—yl < fly) - fl2)

and

y=2pz = |ly—zl < f(2) = f(y),

then, by the triangle-inequality, we have that
e =yl +lly — 2] < lz — =]l

Thus, implying that

v 2pz = o -z < f(z) = f(a).

Lastly, we show anti-symmetry: that is, for any x,y € X

y=2pr = |ly—zl < f(z) - f(y),

which is

0= fly) - flz) = z=y.
Definition 1.3. Let A be a subset of a partially ordered set X. A point x € X is called
1. an upper-bound (or lower-bound) of A if x > y for every y € A.
2. supremum in A if © <y for every upperbound z € X.
3. infimum in A if x > y for every upperbound w € X.
4. minimal element if for every y € A we will have that = < y.

5. mazximal element if for every y € A we will have that x > y.

Definition 1.4. A partially ordered set X is called

© University of Pretoria
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1. Dedekind complete if every non-empty subset of X that is bounded above (bounded

below) has a supremum (infimum).

2. o0-Dedekind complete if every non-empty finite or countable subset of X that is bounded

above (bounded below) has a supremum (infimum).

3. a lattice if every subset consisting of two points, x,y has a supremum denoted by x V y

and an infimum denoted by z A y.

1.2 Ordered vector spaces

Definition 1.5. A vector space X is called an ordered vector space if it is endowed with an

order > and for A > 0 then the following holds, for all x,y,z € X
1. x <y implies that z + 2z <y + z.
2. x > 0 implies that Az > 0.

Definition 1.6. Let X be an ordered vector space and z,y € X. Then the set [z,y]={z € X :

x < z <y} is called an ordered interval of X.

Definition 1.7. Let A C X (X an ordered vector space). A is called
1. order convez if [z,y] C X for all z,y € A.
2. order bounded if A C [x,y] for some z,y € A.

Definition 1.8. If X is an ordered vector space, then the set X+ = {z € X : x > 0} defines a

cone in X . The cone X is called the positive cone.

Definition 1.9. An ordered vector space E is called a Riesz space (or a vector lattice) if it

is also a lattice.

An ordered space that is not Riesz space will be shown, in Example 1.16 below. But first we

will discuss the following.

© University of Pretoria
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Definition 1.10. Let E be a Riesz space and x € E. Then,

1. 2t =zVvo0.

3. |x| =2V (—x).

Theorem 1.11. Let E be a Riesz space, and x,y,z € E. Then

2.x=xt —z 2T Az =0and |z|=2" + 2.
3. 0<at <|z|and 0 <z~ < |zf.

4.z <yifand only if T <y* and x~ < y~.
5 (x+y)Vz=(x+2)V(y+2).

6. c—(yNz)=(x—y)V(x—2).

Proposition 1.12. ( [13], Proposition 2.15.) If x,y,z € X+ and z < x + y, then there exist

u,v € X1 such that u < z,v <y and z = u+v.

Proof. Taking u =x Az and v =2z —u. Then 0 < u,v and u < z. Next, by using the second

identity in [13] Proposition 2.8., that is, for any x,y, z in a Riesz space, if the identity
x +suply, z} =sup{z +y,z + 2z} and = + inf{y, 2z} = inf{x +y,z + 2}
is true, we will then get that

y—v=y—z+ (T Az

=(y—z+z)ANy>0.

© University of Pretoria
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Remark 1.13. The proof above is the Riesz decomposition property. Furthermore, this property

will tend to be of great value when proving the distributive law [15].

Lemma 1.14. ( [6], Lemma 1.15.) An ordered vector space X is a Riesz space if and only if
for every pair of vectors x,y € X their supremum z V y exists in X. Furthermore, if z and y

are elements in a Riesz space, then
zVy=—[(=z) A(=y)] and z Ay = —[(=z) V (=y)].
Proof. Assume that each ordered pair z,y of X have an infimum. Now, putting
z=(—z) A (=),

we will show that

TVy=—z.

Note that, we have
z<-—zand z< —yorx<—zand z < —2z.
Thus, —z is an upper bound of {z,y}. Suppose that there is a vector ¢ satisfying
r<tandy<t — —t<—zxand —t< —y
Therefore,
—t < (—x) AN (—y) =z, thatis —z <.

Thus, we have that z V y is true and so, clearly, the converse can easily be shown.

© University of Pretoria
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Theorem 1.15. ( [6], Exercise 1.3.2.) An ordered vector space X is a Riesz space if and only

if for x € X the supremum xT =xV 0 € X.

Proof. First, suppose that X is a Riesz space. Then for z, 0 € X, we have, by definition of
X,

xT=xVv 0 €X.

Conversely, let x© = 2V 0 be in an ordered vector space X. Then, for x,y € X, we have

x —y € X since X is a vector space and, by the assumption,
(z—y)t=@—-y)Vv 0 €X.
Therefore, applying property (4) of Theorem 1.11 , we get property (4) of Theorem 1.11

rVy=I[z-y)+y V(0 +y)
=(x—-y)vV 0 +y

=@x-ytT+yeX

By Lemma 1.14, ordered vector spaces are Riesz. O

Example 1.16. Let X = C'[0, 1] be set of all continuously differentiable functions on [0, 1],
with X pointwise ordering endowed. Then X is an ordered vector space which is not a Riesz
space. Define f < g if and only if f(z) < g(z) for each x € [0,1]. Now, since x is endowed with
pointwise vector ordering, we have that it is partially ordered. To show that X is not a Riesz

space, take functions
f(x) =z and g(x) =1 —=.

It is clear that both f and g are continuous and differentiable on the interval [0, 1] which implies

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

that they are elements of X. Now,

F(@) v g(a) = sup{f.g) = o — 5|+ 3.

Which equals z if x > % or equals 1 —z if z < % Thus, we have that f(x) V g(x) is not

differentiable at « = & on the interval [0, 1]. And, the derivative

, 1,z > %,
(f(x) v g(x)) =

—1,x<%

Therefore, (X, <) is an ordered vector space that is not a Riesz space, since sup{ f, g} is not an

element of X.

1.3 Cones and wedges

Definition 1.17. Let X be a vector space and K C X. We call K a cone if the following

properties are satisfied
1. K # 0 and K # {0}.
2. for a,f € Rand z,y € X implies ax + fy € K.
3. x € K and z € —K implies that x = 0.
The set K is a wedge whenever it satisfies properties (1) and (2), and not (3).
We next show an example of a wedge which is not a cone.

Example 1.18. Let X = /., be the space of all bounded real sequences. Then X is a wedge but
not a cone. Since £ is a vector space, it follows that £, is a wedge. But £, is not a cone, since
the sequence —(z,) = (—1,—1,—1,...,—1,..) €  and the same with (z,) = (1,1,1,...,1,..) €

ls but (x,) # 0.

© University of Pretoria
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Proposition 1.19. Let X be a vector space, and K a cone, then the relation =X defined by
ry &= y—zc kK

for all xz,y € K, is a partial ordering on X.

Proof. Let x,y,z be arbitrary elements in X. Since 0 € K then x =< z for all x € X (
reflexivity). Secondly, given z =< y and y < = we have that y —x € K and x —y € K. But
—(y—1z) =x—y € K. By definition, 2 —y = 0, and therefore x = y ( anti-symmetry). Finally,
suppose z Xy and y < z then y —x € K and also z — y € K. Also, by definition, we have that

(y—x)+(z—y) =2z—x € K ( transitivity). O

Corollary 1.20. If X is an ordered vector space, with K a cone in X. Then X = K, where

the ordering in X is induced by K.

Proof. Suppose that X is an ordered vector space, and that K is a cone in X. Now, taking the

positive cone of X, that is

xt={eeX:z>0}
:{xEX:x—OszK}
=K.
Thus, the positive cone X T is K. O

Definition 1.21. Let (X, | - ||) be a normed space, with a cone K C X. We say K is
1. generating if X = K — K.
2. Archimedean if y € X ,x € X+ and ny <z for all n > 1 then y < 0.
3. normal if there exists A > 1 such that 0 <z < y implying || z |[< A || y || for all z,y € X.

4. solid if there exists € > 0 such that B(z,¢) C K for some z in K, where B(z,¢) is an

open ball.

10
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Proposition 1.22. Any solid cone K in a normed space (X, | - ||) is generating.

Proof. Take xg € K , where K is the interior of the cone K. Then there is & > 0 such that

B.(z9) C K. Therefore,

T, T + _° _ze B:(zp) for all z € X\{0}

oo &
O 2|z 2 |

Now, let
el e
£ 2|z |
_ 2l
€ 0 2
and

gl e
E 2]

I

Therefore, uw —v =2 and u,v € K. Thus, r €¢ K — K. So X = K — K.

Remark 1.23. The converse of this result is not true in general as we see from the following

example.

Example 1.24. Consider the sequence space (¢1,| - |) and K = ¢;7. Then K is generating
but has an empty interior. Since ¢; is a Riesz space, K is generating. We only show that K
has empty interior. To this end, suppose that K is solid. then there exists a > 0 such that

B.(y) C K for some y € K. Since y € K, there is N € N such that,

Ogyn<§foralln2]\f.

11
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Now define z € ¢; by,

Yn, ifn#N
Zn =
—5,ifn=N
Then z € B.(a), since
oo
ly = 2l = lyn — 2
n=1
€
= |yn + §|
€
< ‘yn’ + 5
<€
Z—¢
2
But z ¢ K, since z, = —5 < 0. Now, since y and ¢ were arbitrary, K has empty interior.

Definition 1.25. A norm on a Riesz space E is a lattice norm if |z| < |y| implies ||z| < ||y]|-
Definition 1.26. A complete normed lattice (E, || - ||) is called a Banach lattice.
Proposition 1.27. ( [13], Proposition 2.18.) Any normed lattice is Archimedean.

Proof. Let 0 <y < n~'z, n € N. By the lattice norm property, we have
Iyl < [|n =" = n el
for any n and hence ||y|| = 0, yielding y = 0. Therefore,

inf{n "'z} = 0.

Now, we also recall these two special norms on a Riesz space.

12
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Definition 1.28. ( [5], Definition 9.26.) A lattice norm on a Riesz space is

1. an M-norm if z,y > 0 implies ||z V y|| = max{||z|], ||y||}

2. an L-norm if z,y > 0 implies ||z + y|| = ||z| + [ly]|-

Example 1.29. The space (o, || - ||) of all bounded real sequences is a Banach lattice. We

only show that the norn || - ||~ is a lattice norm. To this end, let |z| < |y|, then

[#]|oc = sup{|;[}
€N

< sup{|y;|}
1€EN

= [1ylloo-

An atom in an Archimedean vector lattice E is an element a € ET such that 0 < b < a
implies that b is a real multiple of a [60]. The definition below will be of useful reference in

stating Theorem 3.18.

Definition 1.30. ( [60], page 256.) Let E be an Archimedean vector lattice. E is called atomic

if the only element of F that is disjoint from every atom is the zero element.

Definition 1.31. Let (X, | - ||) be normed space, and that the cone K C X is solid. An
allowable sequence is any sequence (r,)p%y € K that approaches x as n — oo and x, > =

for all n € N.

The following example depicts an allowable squence. In particular, when taking the subset

K of an ordered vector space X.

Example 1.32. ( [17], Example 3.5.13.) Let X = R, and K = R be a subset of the vector
space X. Then the sequence (z,) = (1 — 1) is an allowable sequence in K. Note that, the
sequence x, € (0,00). Hence it is in K, the interior of cone K, and also that z,, — 1 € K as

n — 00. So () is allowable sequence since 1 € K.

13
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Proposition 1.33. ( [17], Proposition 3.5.15.) Suppose X is an ordered Banach space, that is

also Archimedian. Then X has an allowable sequence.

Proof. To show this, we suppose that a solid cone exist in X. We then take a sequence

Tp =T+ n_lu,

where u is an order unit of X. Then, X is Archimedean with n~'u approaching 0 as n — oo.

Thus,

Ty = (a: + n71u>
=z+0

=T asn — 0.

14
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2 Some order properties on normed spaces

2.1 OSC property

We first discuss the following cone, and the order it generates, in relation to Order Sequential

Continuity (OSC) property.

Proposition 2.1. Let (X, ||-||) be normed space, and X* a norm dual of X. The set K defined

by
K={yeX: |yl <f(y)}, where f € X* and ||f|| =1

1s a solid cone in X.

Proof. We first show that K is a cone. To this end, take z,y € K.

|z +yll < llzl| + |lyl| (triangle ineq.)
< f(z) + f(y) (by definition of K)

= f(z+y) (since f € X™).

15

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

That is, x + y € K. Secondly, for a > 0

loz| < Jaf - ||z
= allz|,a >0
< af(z)
= flax), (f€X7).

Thus ax € K. Lastly, z € K and —z € K, ||z|| < f(z) and || — z|| < f(—z) = ||z| < —f(2)

2]l + [lz]| < f(z) — f(=)

2||z|| < 0.

Thus £ = 0. Now, we show that K is solid. Let xy € S, be unit sphere in X, such that
f(xg) > 1. The function ¢(z) = ||z|| — f(z) is continuous, since both || - || and f are continuous
and p(zg) < 0. This follows, since ¢(xg) + f(zo) = ||zo| implies that [|zg| > ¢(x0) + 1 and
since xg € S, we have that

1> ¢(zo) + 1.

Thus, ¢(zg) < 0. This implies that there is € > 0 such that ||z — z¢|| < € implies p(zp) < 0.
Thus, B:(z9) C K. Hence K is solid. O

Definition 2.2. ( [3], Definition 1.) A partially ordered normed space (X, || - ||, =) is said to
satisfy the Order Sequential Continuity (OSC) property if x < z,, for all n € N, for every

sequence (z,) in X such that x, M x and Tp41 <y, for all n € N.

Theorem 2.3. Let (X, || - ||) be a normed space. Then the partial ordering induced by K as
follows,

gy = y—zcKly—z| < fly) - flx),

satisfies the OSC property, for f € X* and ||f|| = 1.

16
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Proof. Suppose (z,,) is a decreasing sequence in X such that z, — x € (X,|| - ||). Then

Tyl 2K Tn = |0 — Togt1| < f(2n) — f(@nr1).

Now,
[#n = Zptkll < llon — Tngall + [Tne1 = Tnsall + -+ [Znse—1 — Togi|
< f(xn) - f(anrl) + f($n+1) - f(xn+2) + + f(xn—i-k—l) - f($n+k)
< f(zn) = f(@nk)-
Thus,

|20 — Znskll < f@n) — f(Tngr)-

We will discuss OSC property on L, spaces. But first recall some useful definitions.

Definition 2.4. ( [11], Definition 7.1.) Let (X,X, ) be a measure space. A p-measurable

function f: X — Y is p—integrable (1 < p < o) if |f|P is an integrable function.

1. Ly(p),1 < p < oo will denote the space of all integrable functions. The norm of L,(p) is

1l = ( /X If(x)lpdw>p,

where 1 <p < oo and f € Ly(u).

defined by

2. Loo(p) will denote the space of all essentially bounded measurable functions. The norm

on Lo (p), i.e. the essential supremum of f or esssup f, is defined by

| flloc = esssup f = inf {m >0:|f(x)| <m for p almost all ac},

17
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where f is a p-integrable function f: X — R.

Remark 2.5. The essential supremum captures the essential upper bound of the function f by
considering the set of points where f is grater than any m and by removing points with negligible

impact on its overall behavior.

Theorem 2.6. The positive cone K = {f € X : x >0 a.e.} of L1[0,1] has the OSC property.

Proof. Let 0 < fr41 < fn be a decreasing sequence in K such that

1
lim / | fn(t) — h(t)|dt = 0 for some h € L1]0,1].
0

n—oo

Then (f,) is a.e. convergent to f = inf f,, . This implies that the decreasing sequence g, = fn,—f
n

is a.e. convergent to zero. By the monotone convergence theorem, it follows that

1
i [ 1fa(®) ~ F@)ldt = T [ (Fu(0)~ F(0)de =
0

1
That is, (f,) is || - |1 convergent to f. By uniqueness of the || - ||; limit we have that h = f. [

Remark 2.7. This proof is for increasing sequences but is used for decreasing sequences, since

monotone convergence theorem applies to both increasing and decreasing sequences.

Lemma 2.8. The norm convergence in L[0, 1] can be characterized, with f, % f denoting

uniform convergence, as follows, where A(P) is the set with measure zero,
In Lt f <= there exists P C [0,1], \(P) = 0 such that f,, = f on [0,1]\P.

Theorem 2.9. The positive cone K = {f € Lo : f > 0 a.e.} of Lso[0,1] has the OSC property.

Proof. Let 0 < fr+1 < fn be a decreasing sequence in K such that

In lﬂl f for some f € Ly[0,1].

18
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Let P C [0,1] with A\(P) = 0 be such that f, < f in [0,1]\P. Then
0< f(z) < fo(z) for all x € [0,1]\P and n € N.

If g € L[0,1] is such that g < f,, for all n € N. That is, for all x € [0, 1]\ B for some subset
B of [0,1] with A(B) = 0. Then

g(x) < f(x) for z € [0,1]\(P U B).

That is, g < f in Ly[0,1]. Thus f = inf f,. O
n

2.2 Order continuity

Definition 2.10. A Banach lattice X is said to have an order continuous norm if any (sequence)

net decreasing to 0 is norm convergent to 0.
Theorem 2.11. ( [57], Theorem 5.19.) For a Banach lattice X
1. the norm on X s order continuous.

2. X is o-Dedekind complete such that ||z,| — 0, as n — oo, for any decreasing sequence

Theorem 2.12. The Banach lattice (L,(p), || - |lp), 1 < p < 0o has order continuous norm.

Proof. Take fo in (Lp(p),| - |lp),1 < p < oo, such that f, | 0. Let

ﬁfa\pdu Ls>o.

We show that s = 0. Now, take an increasing sequence (a,) such that

ﬁfalpdui&

19
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We show that|f,|Pdp | 0. To see this, let |fq|Pdp | f > 0 for some fixed . For each n € N,

there exists B, > a and B,, > a,. Let us assume that B,1 > B, for all n € N. If

then

f>g

/fl”du = ﬁgl”du-

and

Hence f = g. Therefore, for each «,

f:géangfa-

Now, since f, | 0, we have that f = 0. Thus,

Fan 0.
So,
s = lim ﬁfa]pd,u =0.
n— o0
Thus, L,(p), 1 < p < oo has order continuous norm. ]
Example 2.13. The space (Ls[0,1], || - ||oo) does not have order continuous norm. To show
this, consider a characteristic function x o 1), where x 1) € (Lo [0,1],] - |lo). Then, we get

1.

‘ o

Remark 2.14. In this section, we showed that OSC property is more general than order con-

tinuity. Later, we will show application of the OSC property.

20
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3 Operators in ordered vector spaces

Definition 3.1. Let X and Y be two vector spaces. A map T is called linear if, for all x,y € X
and « € R, then T'(az +y) = oT'(z) + T(y).
Definition 3.2. Let X and Y be two ordered vector spaces: An operator T : X — Y is called,
1. positive if T(XT) CY™.
2. strictly positive if T(X1) C Y™ for all z > 0.
3. regular if T =17 — Ts where 11,75 are positive.
4. order bounded if T maps order bounded subsets of X to order bounded sets of Y.

The space of linear operators, between real ordered vector spaces, is denoted by £(X,Y) is
an ordered vector space if for all 17,75, we have that 17 > T, whenever 17 — T5 > 0, that is
Ty — Ty, € YT. Next, we give two more classes of operator spaces, We denote by, £,(X,Y) the
space of all regular operators, and £3(X,Y) is the space of all bounded operators.

The sets of operators follows the following inclusion,

There are several articles and results addressing the reverse inclusion. We discuss some of such

results in the study. First, we will show that order bounded operators are bounded.

Theorem 3.3. ( [50/, Theorem 1.0.) Let E be a Banach lattice. If x,, — x in E then there

erists a subsequence (xy,) of (z,) and some o > 0 such that |x,, —z| < La for alln € N.
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Theorem 3.4. ([2], Theorem 1.31.) Every order bounded operator T' from a Banach lattice E

to a normed Riesz space F is continuous.

Proof. Let the operator T : E — F be order bounded, from a Banach lattice E' to a normed
Riesz space F. On the contrary, also assume that T is not continuous. Therefore, there is a
sequence (x,) in E such that x,, — 0 as n — oo and Tz, - 0 as n — oo in F. We can find a
subsequence (zp, ) of (z,) and for some ¢ > 0 such that ||T'z,, || > € for each nj. By Theorem

3.3 there is a subsequence y,, of (z,) and some u € E* such that
1
|Yn, | < —u for some ny € N.
N
But T is order bounded, this implies that there exists w € F' such that
T[—u,u] C [—w,w], since ng|yx| < u.
Thus ;T (yn,) < w where ny is in N. But

0 <e < |T(yn)l

1
< —Jjw|| = 0.
N

This is a contradiction. Therefore, the operator 1" is continuous.

To show that not all bounded operators are regular, we first recall the following results and

definitions.

Theorem 3.5. ( [2], Theorem 1.16.) Let E,F be Riesz spaces, with F Dedekind complete.

Then the vector space L,(E, F) is a Dedekind complete Riesz spaces such that

L,(E,F) = Ly(E,F).
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Furthermore, lattice operators for L,.(E, F) are given by
1. TT =sup{Ty:0 <y < x}.
2. T  =sup{-Ty:0<y <z} (orT"x=inf{Ty:0<y<zx})

3. NT| =sup{Ty: —x <y <z} VT € L.(E,F) and all x € E*, where |T| =T\/ =T is the
modulus of T .

Proof. First, we note that the operator T and the T; in Theorem 3.10. of [13], where it is
shown that 77 = T'V 0, coincides. Therefore, positive part of T is given as T". Now, applying

Proposition 2.10 and Proposition 2.8 (2. & 3.),

T z=Tzx—-T"zx
=Tx—sup{Tv:0<y <z}
=Tr+inf{-Ty:0<y<uz}

=inf{T(x —y):0<y <z}
Concluding the proof for (2). Now, in order to show (3), we have

IT|(z) =T 2+ Tz
=sup{Ty:0<y<z}+sup{-Tz:0<z<uzx}

=sup{T'(y—2):0<y<z0<z<z}
Now, since 0 <y < z,0 < z < x implies that |y — z| < x, we have further

T|(x) = sup{T'f : | f| < }.
On the other hand,

[fl<z = Tf<|Tf<|TI(f]) < IT|(z).
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And so

sup{T'f : |f| < a} < sup{[Tf]: [f] <} < [T|(x).
Thus proving (3). O

The following definitions will recap or touch on Rademacher functions, that is a family of
orthonomal functions, of which are bounded but not order bounded linear operators. Before
defining the Rademacher functions, we will first state the definition of the signum function of

real numbers.

Definition 3.6. The signum function of x € R is a piecewise function given by

-1, if x <0,
sgn = 0, if z =0,
1, ifz>0

Definition 3.7. ( [55], page 733.) Rademacher functions are defined by 79 =1 and

rn(z) = sgn sin(2"nt), for t = [0,1], n =1,2,.... It is clear that,

2k—2 2k—1
1,te ( k-2 2k )
The Rademacher functions form an orthogonal system in this sense,

/ Oratdi= 1 O™
0

Im=n

The functions 7, are bounded and integrable, so they belong to Ls, since L1 ™ = Lo,. Hence the
functions can be viewed as continuous linear functionals on Ly, given that r,(z) = fol x(t)ry (t)dt,

for x € L.
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Example 3.8. ( [20], Example 3.6.) Let X = L;([0,1]), Y is the closed subspace of X generated
by the Rademacher functions r,, and let P be the positive cone of r,. Recalling that {r,} is
a basic sequence in Li([0,1]), equivalent to the standard basis of the ¢ space. Therefore, Y is
is isomorphic to 2 and the cone P is reflexive. The Rademacher functions {r,}, as elements of

L ([0,1]) are coefficient functionals of {r,} and, for each i, the dual cone of P is given by

Pt — {f € Loo[0,1]: f:ixz-m,xi zo}.

i=1
The sum is taken in the weak* o(Lqo, Y )-topology of Lo ([0, 1]). Taking Theorem 3.5 [20], we
have that P* is not reflexive. Note that, Theorem 3.5. [20] implies that a reflexive cone P in a
non reflexive space X. Nevertheless, the subspace P — P, the closure of P — P, is a reflexive

subspace. This does not hold in general as shown in Example 3.7. [20]. Furthermore, the

subspace P — P generated by P is dense in X.

Definition 3.9. ( [55], page 727.) Let X be a non-empty set, with the cone K C X. We define

the characteristic function yx of K by

1, if zeK
0, if ¢ K

XK =

Proposition 3.10. The Rademacher functions are defined by

277.

k
(@) =3 (1) X4 )<x>,
k=1 om oy om
where the set E have an indicator function given by
0,z ¢ F,
xe(T) =

l,zre L.
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Definition 3.11. Let (r,) be Rademacher function on L;, we say that r, “30 if

1
lim x(t)ry(t)dt where x € L.

n—oo 0

We state the following proposition whose results are of use in the subsequent proof of Theorem

3.14. First we will define weak™ topology

Definition 3.12. Let X be a normed space. For each element z € X, the functional of the
form py(p) = |{z,p)|, p € X*, is a seminorm on X*. The topology induced by the family
of seminorms {p,}.ex is the weak topology on X*, known as the weak*-topology , and is

denoted as o(X*, X).

Proposition 3.13. Consider the space Loo[0,1] and x,,,x € Loy. Then the following are equiv-

alent,
1. zp =z,

2. sup ||z,| < oo and ILm Jo zn(t)dt = [J (t)dt for all s € [0,1].
neN n—oo

Theorem 3.14. ( [40], page 105.) Consider the space L+[0,1] and the sequence of Rademacher
functions r, € Ly[0,1]. Then

rn — 0.

Proof. Let yp,y € Lso[0,1]. Then y, N y is equivalent, for all x € L1, to

1

1
lim [ () (t)dt = /O s()y(t)dt.

n—o0 0

Therefore, by Proposition 3.13, the implication of this is that sup|yn|la < oo and, for all
neN

s € [0,1],

S

lim yn(t)dt:/osy(t)dt.

n—00 0

And, thus, the sequence (y,) is norm bounded in L [0, 1] where z € Ly[0, 1], with the essential
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supremum (or the esssup) of f given as in the Definition 2.4,
4l = esssup{|=(0)] ¢ € [0.11} = inf sup{l=(0)] ¢ € [0, 1\V).

That is, the infimum is taken over all subsets N C [0, 1] of Lebesgue measure 0. In this case,

the norm ||r,|| = 1 for all n € N. So, we only show

S

lim rp(t)dt = 0 for all s € [0,1].

n—o0 0

Now, for 0 < s < 1 and n € N, let K, be the greatest number in {0,1,...,2" "t — 1}. Since

|rn(t)] < 1, we will have, as n—o00

[ ] < [ ralar
2Kn 2Kn
2n 2n

INA
P
+
N

IS

~

Since the function r,, is alternating between —1 and 1, on successive open dyadic intervals, we

will thus have that

2Kp,

“ ra(t)dt = 0.
0

Now we show an example of an operator 7' from L;([0,1]) to ¢ that is bounded linear, but

fails to be regular.

Example 3.15. ( [59], Example 1.2.) Let T' : Ly(]0,1]) — ¢o be an operator. Then T is a
bounded linear operator but is not regular. Take a sequence (r,) of Rademacher functions on

[0,1]. Since, the sequence of Rademacher functions lie in Ly[0, 1] they may also, therefore, be
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regarded as elements of L]0, 1]*, since L]0, 1]* = L[0,1]. We have that (r,) is in L]0, 1]*

and hence r, — 0 weak®*. Now, define an operator T": L1([0,1]) — ¢ by

k
Tr = Z rn(z)en
n=1

where e, is an element of ¢y such that e, = (0,0,...,1,0,0,...,0). We show that 7" is bounded.

Now,

}

k
ITells = sup {| 3 ral@)en
neN o

< sup |rp ()]
neN

< lzll1 - [[#]loo-

Thus T is bounded. And since T'(r,) = e, for any n € N and T'(rg) = 0 we have, by the linearity
of T, that

T(ro+1rn) =T(ro) +T(rn) = en.
Note that rg + r, > 0, since rg is constantly one. Now, assuming U > T, 0, then

U2rg) > U(rg+1rn) > T(ro + rn) = €n.

So, U(2rg) > e, for all n € N. But, this contradicts the fact that U(2r¢) C ¢y. Hence, T is not

order bounded, since ¢y is Dedekind.

Theorem 3.16. ( [64], Proposition 4.0.35.) Let T : E — F be a regular linear operator from

E to F, where E and F are Banach lattices. Then operator T is order bounded.
Proof. Suppose that [f,g] is an order interval, and T is regular, then T" = T; — T» where
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Ty, Ty € F*. Therefore, Ty and T3 are order bounded meaning that

T1(f, 9] C [71,11]

and

Ta[f, 9] C w2, 2]

are order intervals in W C F. Therefore, we have that

T[f,g] C [r1 — 22,y1 — Y2] = [z, ¥].

Thus, T is order bounded. O
Definition 3.17. Let X be a Banach lattice, we call X an

1. AL-space if |z + y|| = ||=|| + || for all z,y € X with z Ay = 0, and

2. AM-space if ||z, || = max{||z|, [|y||} for all z,y € Xt with z Ay = 0.

Theorem 3.18. ( [59], Theorem 2.10.) Let X be a Banach space, then the following conditions

are equivalent,
1. X s atomic with order continuous norm.
2. If Y is isormophic to an AM-space then L(X,Y) = L. (X,Y).
3. If Y is isormophic to an AM-space then L(X,Y) is a lattice.

Theorem 3.19. ( [6/], Definition 4.0.32.) Let X and Y be a ordered vector spaces with the
linear operator T', defined as T : X — Y. The operator is said to be order bounded if and only

if T maps [0,7] to an order interval in Y.

Proof. First we show that 7" maps [0,7] to an order interval. By definition, 7" will be order

bounded, and so
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T10,v] C [z,y] with [0,7] an order interval in Y.

Conversely, we show that T is order bounded. Suppose that,

T[0,7] C [z,y] €Y for all vy € RT.
Then for each p € X we have
T(p+10,7]) € Tp + la,b] = [a+Tp,b+ Tp] = [Z,7].
Both z and g are well defined since Y is a vector space. And so,
p+10,9]=1lp,v+0p] € [2,9].

Now, letting h := v+ p, then [p, h] C [z, g|h is also well defined with X being given as a vector

space too. ]

Definition 3.20. ( [41], Definition 1.1.) Let E, F' be Banach lattices. A mapping T : E — F

is called positive linear if the following properties are valid
1. T[0,z] is dense in T'[0, T'x] for each x € E, = > 0.
2. T is a lattice homomorphism.
3. T[0,z] = T[0,Tz] for each z € E, x > 0.

Theorem 3.21. ( [13], Theorem 1.71.) Suppose that (X, || - ||x) and (Y,| - |ly) be normed

spaces. A surjective linear operator T: X — Y is an isomorphism if and only if, whenever
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x € X, there are positive constants p and v such that

pllellx < |[Telly < ylzllx-

Proof. Suppose that K C X, P CY are closed cones in the normed spaces respectively. Then
the cone K is isomorphic to the cone P if there exits an one-to-one, onto map T: K — P such

that, for each z,y € K and A, u € R4, we have
T(Ax + py) = AT (2) + pT'(y).

And the operators T, T~! are continuous, in the norm-induced metric topologies of both cones
K and P. By the continuity of 7" and T~! at zero, there exist real constants p,y > 0 such that,
for any = € P, we get

plizll < IT@)lly <Allzllx-
O

Definition 3.22. Suppose that (X, | - ||x) and (Y, - ||y) are normed spaces. Then a linear
operator T': X — Y is an isomorphism if 7" is a bijection and continuous and its inverse operator

T-1.Y — X is also continuous.

Theorem 3.23. ( [5], Theorem 9.15.) For a linear operator T : E — F' between Riesz spaces,

the following statements are equivalent.
1. T(xVy) =T(x)VT(y) forallxz,y € E.
2. T(xNy)=T(x) NT(y) for all x,y € E.
3. T(xt) = (Tz)" forallxz € E.
4. T(x7) = (Tx)~ forallz € E.
5. T(|x|) = |Tx| for allz € E.

6. IfeNny=0€ E, thenTeNTy=0¢€¢ F.
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Proof. This proof is a direct application of the lattice identities in Riesz spaces. In particular,
we will prove this result by establishing equivalence of statements (1) and (5). And so, assuming

first that statement (1) is true. Then

Tlx| =T(zV (—x))
=T(z)VT(—x)
— T(@) v (-T(x))

= |Tx|.
Now assume that statement (5) holds. Then from z Vy = (2 +y + |2 — y|), we will have that

1
T(xVy)= §(T:):—|—Ty+T|x—y|)
1
= i(TaH—Ty—F ]T:E—Ty\)

=TxVTy.

O]

Definition 3.24. ( [5], Definition 9.16.) A linear operator 7': E — F' between Riesz spaces
is a lattice homomorphism (or a Riesz homomorphism) if T satisfies any of the statements of
equivalence in Theorem 3.23.

A lattice homomorphism that is also one-to-one is a lattice isomorphism (or a Riesz isomor-

phism).

Remark 3.25. Every lattice homomorphism T: E — F' is a positive operator. Indeed, if x > 0,
then

Ty =T(x")=(Tx)" >0.

Furthermore, note that, if 7: E — F is a lattice homomorphism, then the range T(FE) is a

Riesz subspace of F'. In the case T: E — F is a lattice isomorphism, then T'(F) and E are
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considered as identical Riesz spaces. The Riesz spaces E and F' are lattice isomorphic if there
is a lattice isomorphism from F onto F. The basic relationships between these properties are

described in the results of Proposition 3.26, pertaining the operator 7.

Proposition 3.26. ( [/1] Proposition 1.2.) Let E, F' be Banach lattices, and T : E — F be a

positive linear operator. Then,
1. T[0,z] is dense in T[0, Tx] for each x > 0 € E if and only if T is a lattice homomorphism.
2. T is a lattice homomorphism if and only if T[0,z] = T[0,Tx] for each x >0 € E.

Proof. (1.) Assume that T[0, ] is dense in T'[0, Tx] for each x > 0 € E. Furthermore, suppose

that y* € F*, that is an element of the dual of F', then
(T*y")*(x) = sup (2,Ty*) = sup (Tz,y")
2€[0,2] z€[0,z]

= sup (y,y")
y€[0,T'x]

= (T, (y*)") = (T, T*y*™").

Consequently,

(T*y*)t = T*(y* ) for all y* € F.

That is, T™* satisfies property (2) of Definition 3.23 Conversely, suppose that 7' is a lattice
homomorphism, for for each x > 0 € F, and also that z > 0 ¢ T[0, z]. Thus, T'[0, z] is dense in
T[0, Ta).

(2.) We next show that T'[0, z] = T'[0, T'z] given that T" valid under (1), that is 7'[0, x] is dense
in T'[0, Tx] for each > 0 € E if and only if T is a lattice homomorphism. Given y* > 0 € F*
we will have that 70, y*| and [0, T*y*] are weak*-compact and thus 7%(0, y*] is o(E, E*)-dense

in [0, T*y*]. Therefore, implying that T™* is is a lattice homomorphism. On the other hand, 7**
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is also a lattice homomorphism since 7™ is dense in [0, 7*y*| for all y > 0 in F™*. And since T™**

is also a lattice homomorphism then so does T'. O

Definition 3.27. Let E and F' be Bananch lattices, with F' Dedekind complete. An r-norm

for a regular operator 7' is defined by ||T||, = ||T||, where ||T||, = inf{||S|| : £7 < S}.

Theorem 3.28. ( [2], Theorem 1.32.) Let E and F be the Banach lattice with F' Dedekind

complete. Then the Dedekind complete Riesz space (L.(E,F),| -|») is a Banach lattice.

Proof. First, we have to show that || - ||, is a norm on £,(E, F'). That is, we need to show that

the following is true:
L ||T|,>0,|T|,=0=T=0.
2. [Ty = |l T,
3MT+ Sl = 1Tl + 11517
That is,

1. Let T' € L(E, F). Then we have that ||T||, >0, ||T|, =0=T =0.

2. Let a € R. Then we have that

[Tl = laT|[} = loT]| = || T = a[l|T][} = [Tl

3. Let S, T €. Then we have that

1T+ Sl = T+ S|l = 1T + S| < 1T+ ST = T[]+ ST = 170+ 151

Now, for the norm || - ||, we can show that it is also a lattice norm. Suppose T is a positive

operator, then

I = T = 1T
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Implying that || - ||, is absolute. In order to see that || - ||, is monotone, we let S, T € L,.(E, F)

such that 0 < S < T and ||z|| = |||=||| < 1, then
S| < S| < Tl
We see, from here then, that
[Sz]l = ISzl < |||l < [[T]=[l < Tl
Therefore,

Is[| = sup [[S]} < [Tl
o<1
In particular, if S,T € L,(E, F) such that |S| < |T| then

1Sl = MISH < TN = 11T [l

Thus, concluding all the required steps in showing that || - ||, is a norm on £, (E, F). Now, we
show the norm completeness of £,(E, F'). This require that we show by [2], Theorem 4.8 that
every increasing || - ||, sequence of positive operators is || - ||, convergent in L,(E,F). To see
this, let (7,,),n € N be an increasing || - ||, Cauchy sequence of positive operators. Given that

T for all T € L, (E, F) we have that
”Tn - TmH < HTn - Tm”?“-

From which it follows (77,) is Cauchy sequence with respect to the norm ||-||. The space L(E, F')

is a Banach lattice and there exists T' € L(FE, F') such that

T, — T| — 0.
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Now, for each z € E* we have 0 < T,z 1 and ||T,,@ — Tx|| — 0, hence it must be that T,z 1 for
all x € E*. Particularly, T is a positive operator and so T' € L.(F,F) and 0 < T,, < T holds
for all n € N. That is,

[Tn = Tlr = [I[Tn =TI} = IT" = Tol| — 0.

And, therefore, (L,.(E, F),|| - ||r) is complete. O

Now we show an example of Banach lattices F, F, with F' Dedekind complete, and a regular

operator T' from E into F such that ||T|| < ||T']|,.

Example 3.29. ( [2], Exercise 1.18.) Suppose E and F are Banach lattices, F' Dedekind
complete and T : E — F be a regular operator. Then ||T|| < || T||,. Consider E = F = R? with

|| - |2 and suppose that T is an order-bounded mapping defined by

Now, T is regular since F' is Dedekind complete and the modulus of T is

-1
1 1

The norms of these operators are

1 -1 T Tr1 — T2
Tr = =

1 1 o T+ T2
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given some fixed

X1 — T2
T2 =
r1 + X2
2
= 331 —x9)? + (21 + 22)?

= x% + :c% —2T120 + SC% + x% + 2x120

= /2(2% +a3) = V2.

We then compute the norm of |T'|, as follows,

T2

T+ X2
T+ X2

= 901 +29)? + (21 + 22)?

a:% + x% + 2z129 + x% + :U% + 2x129
= /2(z1 + x2)?

= V2 (21 + x2).

Thus
1Tl =v2 < ||T]|
= \@(ml + 1‘2)
= [Tz
Therefore
1] < 7]

Now we furnish an example where ||T|| and || 71| coincide.
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Example 3.30. Let 7' : C[0,1] — C]0,1] be an opetator. Show that, if f > 0 implies Tf > 0
then T is continuous and ||T'|| = ||T'1|| where 1 is a constant function equal to 1 in C[0, 1]. In
order to show this, we suppose that f € C[0, 1], with || f|lcc < 1. Therefore, since f is positive

and < 1,
f+1>0, and hence, T(f +1) > 0.
Now, f being positive implies that
~T1<Tf.
Therefore,

ITfII < T2} for all [} flloo < 1.

And, the boundedness of f implies that of T'. Thus, T" is continuous. Now, in order to complete

the proof, we must show that
1T = 7.

Since the constant function is continuous the implication is that ||T'|| < ||7'1|. And, therefore,

IT| = ||T1]| holds.

We show, below, that the operator 1" is almost order bounded while its modulus does not

exist.

Corollary 3.31. ( [42], Ezample 1.) Consider the continuous function g : [0,1] — [0,1] defined

by

g(z) =

NI
l:)h—l
N
&
INA
—_
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Then, the operator T : C|0,1] — C[0, 1] given by

Tf (m - f(g(x))) - f(i)

s reqular, and therefore, also an order bounded operator.

Proof. Given that, the space C[0,1] is an AM-space with unit, then the operator T is almost
order bounded. Noting that, the modulus of 7" does not exist ( [4], Exercise 9). And, therefore,
for cases where T is an almost order bounded operator, we will have that, indeed, the modulus
of T exists, that is,

T =1

Furthemore, this modulus is almost order bounded too. O

Proposition 3.32. Let E and F' be Banach lattices. FEvery positive operator T: E — F' 1is

reqular.

Proof. Suppose that T: E — F' is linear operator. Since for any = € E, we have that Tx € F,

which is a Riesz space. Then, by recalling Theorem 1.11, we will have that
Tex=(Tx)" — (Tx)” =T%(z) - T (z),
where
TH(z) = (Tz)vO0and T~ (z) = (—Tx) V0.
Thus,
TH(x) >0and T~ (z) > 0.

Therefore, subsequently T is a regular operator since it is a difference of two positive operators.

O]
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Definition 3.33. ( [18], Definition 1.) Let (X, d) be a complete metric space. A function

f: X — X is called a contraction if there exists k < 1 such that for any z,y € X,

k-d(z,y) > d(f(z), f(y))-
Next, we show an example of an order bounded operator which is not positive.

Example 3.34. ( [4], Example 1.16.) Let the operator T': C[—1, 1] — C[—1, 1] be defined by

TF(t) = f(szn(%)) — f(sin(1+ %)) 0<|t| <1 and Tf(0) = 0.

Then T is an order bounded operator but not positive. Firstly, we show that 7" is linear operator,

consider any f,g € C[—1,1] and «a, 8 € N. Then by definition of T we get

o ) o o ) 0 R 5 )
(o)Al A o)

=aolf+ pTyg.
f is uniformly continuous, that is for all z,y € [—1, 1],

[z —yl <= [f(x) - fly)l <e

Recall that sin(x) is a contraction, thus

sm(i) —sin(l—i—i) %_ (t—l-i)‘:t].
Now, if |t| < § then
7f(t) = TFO)] = 'f(sm(i)) - f(SiTL(l + 1)) <e¢as ‘sm(i) — sin (1 + 1) ’ < 6.

40
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And f is uniformly continuous. Secondly, we want to show that T is order bounded, consider
the order interval [—1, 1], that is f € C[—1, 1] such that

Il < 1. Then, we have

Since [—1,1] is a compact interval, all continuous functions will attain their maximum on the
set, and thus there exist M € R and f(¢t) < I?&X] |f(t)| for each t € [-1,1]. Thus
te[—1,1

1

A

<1

So, for all f € C[—1,1] we have

If|<M-1or feM-1,1] = Tf € 2M[-1,1]

Thus, T is order bounded.

Theorem 3.35. The Rademacher functions (r,) C Ly are pointwise convergent to 0, that is,

for any x € L1, we have that

1
lim x(t)rn(t)dt — 0.

n—oo 0

Below is an example of a norm-bounded operator that is not order bounded. First, we will

state the definition of operator domination.
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Definition 3.36. Let T': E — F between two Riesz spaces. We say an operator S is dominated

by T whenever |Sz| < |Tz| for all z in E.
Example 3.37. Suppose X = L1(]0,1]) and Y = ¢y. Define the operator T": L1(]0,1]) — co by
o0
Tx = Z n(2)en,
n=1

where e, € ¢ is the n* standard basis vector. T is a well-defined bounded linear operator since

the sequence (r,(z)) is in ¢y.

[Tz]loo = sup [ry ()]
neN

< sup [|7n(2) oo |21
neN

= [l

Therefore, T is bounded. Next, we show that T is not regular. Suppose T'(rg) = 0 and

T(ry) =1, since rg = 1 then

o

T(ro) = Z sgn(sin(Q"Trro)>en.
n=0
Now, for n,m € N we have
an gm & ;
r”(rm):ZZ(_:l) (_1) X(lr ) X =1 3 (t)
(54) " (54)
=1.
Only when m = n. Thus,
[e.e]
T(ry) = Zrien =ep
n=0
42
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Since T is a linear operator
T(rn+10) =T(ryn) +T(ro) = en.

If ro = 1 then we have that

rn+ 19 >0 foralln € N.
Since T is regular, there exists U a positive operator such that

U>T.
So, it follows that
U(rn+10) =UQ2ro) > U(rog+1ryn) > T(ro + rn) = en.

Thus

U(2rg) > ey, for alln € N.

As per the assumption U(2rg) € ¢y which implies that there exists N € N such that for all

n > N and € > 0 we will have that
U (270)||loo < €.
For all n € N, this is clearly not the case since,
1U(2r0)lloc = llenlloo = 1.

Which contradicts that U is in ¢yp. Therefore, T is not regular since there exists no dominant

operator to T in ¢y. Also, since ¢y is Dedekind complete, we conclude that T is not order
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complete.

Example 3.38. ( [59], Example 2.1.) The space £,(L1([0,1]),¢) is not a lattice. Define the

operators T, U : L1(]0,1]) — ¢ by

Uz = |||
and
k
Tz = Z (Tn(.%')>€2n.
n=1

Now, we have that
Tz € cg as rp(z) — 0.

And, clearly, U > T,0 such that T is regular. Let S be a supremum in £,(L1([0,1]),¢) of T

and 0. Let Py be a projection of ¢ onto one dimensional band generated by ex. Now, for k odd,

01 = 0

(I - Pk) o UX[O,l] 2 SX

Therefore, the k" entry in Sy | is zero. On the contrary, all event entries in S, ,, are greater

[0,1 [0,1]

than or equal to 1. We thus conclude that, since Sy, ¢ ¢, we will have £,(L1([0,1]), ¢) not

[0,1

being a lattice.
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4 Applications of operators in Banach lattices

4.1 Leontief model

In this section, we discuss the Leontief’s model in Banach lattices. This is the most useful and
known model in Mathematical Economics. Let E be a Riesz space and T : E* — ET be a

mapping such that 7'(0) = 0. We consider the equation
r=Tx+e, (4.1)

where z, e € ET. This equation corresponds with the equation x = Az +e, where A is an nxn
consumption matrix, and e is the final demand n vector in R, the linear Leontief model. For

e € ET, Pe will denote the problem of determining a solution x € E™ of the Leontief equation.

Definition 4.1. Let E be a Banach lattice. The element z € E7T is called a subsolution of Pe

if £ > Tx + e, where T is a positive operator on E.

We write P(e, o) if zo is a subsolution of Pe and we say that a Banach lattice £ has the
subsolution property if for every e € E*, P(e, x() has a solution whenever Pe has a subsolution.
We say that a Banach lattice £ has a subsolution property if it has a subsolution for every

positive operator T': F — E.

Definition 4.2. Let X,Y be ordered vector spaces. An operator T : X — Y is called order

preserving if x <y then Tz < TY.

We state the following existence theorem.
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Theorem 4.3. ( [49], Theorem 14.) If T : E — E is a positive linear operator and xo is a

subsolution of Pe, e € E*, then there exists x™* € E** such that 0 < z** < zg and
Ry
Theorem 4.4. ( [31], Theorem 1.) Let E be a Riesz space with the following conditions,
1. FE is Dedekind complete.
2. T is order preserving.
3. There exists an T € ET such that T =TT +e.

Then there ezists a solution xg € ET such that xy = Txo+e.

Proof. Taking the order interval [0,%] = {x : z € E*,0 < x < Z}, where T is given as per the

third assumption. Define an isotone map T, that maps the order interval into itself, by
T:ze Bt 5Tz +e.

Furthermore, define a set

D= {x:xe [0,5:],372T:U}.

The third assumption assures us that D will be non-empty. Left to show that z¢ = inf(D) is a

solution to Equation (4.1). By definition, we have that

rvg < xforall z € D.
Also, with T being isotone,

Ta:ongSa:foranyxED.
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This implies that T:zo < xg. Now, using Txg < xg, we will have that
T(Tﬂ?o) S T.’Eo

and thus

T$0 eED = xy= inf(D) < T{E().
Therefore implying that xg = Tao. O
Theorem 4.5. Let E be a Banach lattice with order continuous norm. Then E has the subso-
lution.

Proof. If F has order continuous norm then it is Dedekind complete, by Theorem 2.11. Thus

E has a subsolution, as shown in Theorem 4.5 (or [31] Theorem 1). O
Corollary 4.6. Every space L,(Q, %, 1), with 1 < p < 0o, has the subsolution property.
Theorem 4.7. ( [49], Theorem 19.) The space Loo(2, %, 1) has no subsolution property.

Corollary 4.8. ( [49], Corollary 2.) If the Banach lattice X is order continuous then X has

the subsolution property.

Proof. Tt follows, from the results of Proposition 1.a.8 [40], that all order continuous Banach

lattices are order complete. Now, since
T — Tw = Z ., have that Z,, = T'Z,, + e.
neN

Analogously, if

- \/xn = Z The = T =TTy + e.
neN n+1eN
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Proposition 4.9. ( [49], Corollary 3.) Let E be a Banach lattice. If E has one of the following

properties,
1. E does not contain any latticed copy of cg.
2. E is reflexive.
3. E is o-order complete and it does not contain any lattice copy of lso.
4. E is Dedekind and separable.
Then it has a subsolution.

Remark 4.10. The proof for Proposition 4.9 is a combination of [40] Theorem 1.a.5 and

Proposition 1.a.7, respectively.

Lemma 4.11. ( [49], Lemma 10.) Let X = (C(K),|| - ||c), with the positive cone K = X*.
If X has a subsolution property, then the following holds on X. If 1 € X and 25 € X such

that x5 < 1, then there exists g € X+ such that xo = 21 - 2.

Proof. Assume z1 # 0 and define an operator 17" on X by

Tr=1|1- i x >0,
171 ]lo

with (a: - ﬁ) and 1 is a sub-solution of Pe, since
1-Te=1-[1- 2 Jg=_—"1 >28 5,
|10 [#1]loc — [l
Therefore,
1 - To =225,
[l ]|

Thus x > Tx. So x is a subsolution of Pe, with e = ﬁ;fﬁ Therefore, there exist a xg € X
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such that

122 —zg— Tz = 331300'
]| [E3Y]

And thus,

T1 -T2 = X1+ XQ-

4.2 Applications to differential equations

Example 4.12. ( [45], Theorem 3.1.) Consider the periodic boundary problem. Suppose that

u'(t) = f(t,u(t)), t € C[0,T], and

where T' > 0 and f : R — R is a continuous function. It is known that any solution to
this problem must be continuously differeriantble on [0,7]. Therefore, suitable space for this

problem is (C'[0, T],R). This problem is equivalent to the integral problem (see. [48] and [45]).

T
u(t) = /O G(t, 5)[f (5, u(s)) + Mus)|ds (4.2)

where A > 0 and the Green function is given by

(T+s—t)
66(7“7—1)70 <s<t< T

els=)

m,OSt<SST

G(t,s) =

Define the mapping 7" : (C[0,T],R) — (C[0,T],R) by

T
T(u)(t) = /0 G(t, 5)[f (s, u(s)) + Mu(s)]ds
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Now, as stated in [7] if u(t) € (C[0,T],R) is a fixed point of T, then u(t) € (C1[0,T],R) is a
solution to the periodic boundary value problem. It is noted in [9] that under some condition,

the mapping T satisfies the following conditions,

(1.) wu(t) <wv(t), then T'(u) < T(v)

(2.) u(t) < v(t), then |T(u) = T(v)[eo < kllu = vlloo,

for some constant k € (0,1), independent of u and v.

Remark 4.13. This condition, however, is only valid for comparable functions in (C[0,T],R)

not to the entire space.

In [45] the authors introduced a weaker version of the Banach Contraction Principle, for

monotone non-decreasing functions.

Definition 4.14. Let (X, <) be be a partially ordered set and f : X — X a function, f is said

to be monotone non-decreasing if = < y implies that f(z) < f(y) for any z,y € X.

Theorem 4.15. ( [45], Theorem 2.1.) Let (X, <) be be a partially ordered set and suppose that
there is a metric d in X such that (X,d) is complete. Let f : X — X be a continuous and
non-decreasing mapping such that there is k € [0,1) with d(f(x), f(y)) < k-d(x,y) for all x > y.

If there exists xo € X with zog < f(xg), then f has a fized point.

Proof. If f(xg) = w¢, then there is nothing to prove. Now, assume that xo < f(xp). Since

20
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xo < f(xp) by assumption, and f is non-decreasing, we have that

o < f(z0)
< f(f(x0))
= f*(x0)
< f2(f(z0))

< f*(f(20))
< [ (f(=0))

We now apply the Contraction Condition on f*, f**! to obtain

d(f" (o), ["(x0)) < K™ d(f(w0),x0), where n € N.

If n =1, and f(zo) > x0, we obtain,

d(f*(x0), f (x0)) < k-d(f(x0),z0)

o1
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Now, suppose that is true, for all n € N. Also, the fact that f"!(zq) > f™(x0) will give,

d(f" 2 (wo), " (w0)) = d(f" (20), f™(x0))
< k-d(f"H(wo), f"(x0))
<k k"™ d(f(x0), (z0))

= K" d(f (wo), (20)).

Therefore, (f"(x0))nen is a Cauchy sequence in X. Indeed, letting an arbirtrary m > n in N

we have that

d(f™ (o), f™(w0)) < d(f™ (o), ™ (w0)) + ... + d(f* (o), [™(x0))
< (K™ B2 L+ EY)d(f (o), (20)

= E T o). (00)) < T w0, (a0)).

1—-k

Now, with (X, d) being a complete, we have that there exists y € X such that

lim f"(zo) =y.

n—-+o0o

Finally, we show that y is the fixed point of f, that is f(y) = y. Suppose that € > 0, and using

the continuity of f at y there exists 6 > 0 such that d(z,y) < 0, given § > 0, implying that

d(f(y), (2)) <

And since (f"(zo)) — y, therefore given n = min{$,d} > 0 there exists ng € N such that

for all n € N;n > ng, we get

d(f"(z0), (v)) <mn
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Therefore, for any n > ng € N,

d(f(y). () < d(f(y), f(f"(x0))) +d(f""(z0),y) < % tn<e

This proves that d(f(y), (y)) = 0 and y is a fixed point of f. Thus, concluding the proof. [

The next theorem shows that the results still holds true even if f is not continuous, under

additional assumptions.

Theorem 4.16. ( [45], Theorem 2.2.) Let (X, =) be a partially ordered set and assume that
there exists a metric d such that (X, d) is complete. In addition, assume that X satisfies that,
if a non-decreasing sequence (x,) converges to x then x, < x for alln € N. Let f : X — X be

a monotone non-decreasing mapping such that there exists k € [0,1) with

d(f(x), fy)) < k-d(x,y) for all x > y.
If there exists xo € X with xo < f(wo), then f has a fived point.

Theorem 4.17. ( [45], Theorem 2.3.) Let X be be a partially ordered set such that every
pair x,y € X has a lower bound and an upper bound. Furthermore, if (X,d) is a complete
metric space, for some metric d on X. If T is a continuous, monotone map from X to X such
that there is ¢ € (0,1) d(T(x),T(y)) < c¢-d(x,y) for all x > y there exists xo € X such that
xo < T(xg) or zg > T(x0), then T has a unique fized point T. Moreover, for any x € X,

lim T"(z) = .

n—o0

Proof. This proof will be done in two distinct cases. That is, we need to show that that
d(z,y) = 0 for any fixed point x € X other than . (1.) Suppose that z is comparable to

then,

Z then T"(z) = x is comparable to T"(Z) = &
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foralln=0,1,2,..., and

d(f(z), f(z)) = d(f"(x), f*(2)) < d(f"(x), ["(2))
<k"d(f(z),z) = d(x,y) =0.

(2.) Now, suppose that z is not comparable to Z then, there exists z € X comparable, as either

a lower or upper bound, to x and . By monoticity, this implies that
f"(2) is comparable to f"(z) = x and f"(z) = z,
foralln=0,1,2,... and

d(f(x), f(2)) < d(f"(2), [*(2)) + d(f"(2), ["(7))
< d(f*(x), f"(2))

<E"d(f(z),z) + k" d(f(2),z) > 0asn — oo

Therefore, implying also that d(z,y) = 0. O

Next, in Example 4.18 we show an operator T that is not continuous even though it consists

of a fixed point.

Example 4.18. Consider the Banach lattice (L1[0,1],] - ||), and then define a positive cone
K ={f€ X : f(z) >0 almost everywhere } of X. Let T': K — K be defined by

flx), it f(z) >
0, if f(x)<

Tf(x) =

NI N

The mapping T has fixed points but it is not continuous. To show this, let f € K then, by

Definition 3.2, 0 < T'f < f. Also, taking the operator T'(T") on T is given as

T*(f)=T(Tf)=Tf.
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That is, T'f is a fixed point of T for any f € K. For any f € ¢, we obtain

1
d(f,Tf) = /0 (@) - Tf(z)|dz
= 1l = TS

But T is not continuous. To see this, let f(z) = 5 and fn(2) = 3 + 1 for all n € N. Then

Thus, implying that % — 0 as n — oco. But

1

1 1 1 x |1
ot = [ o+ s gl =,
1 0o 12 n 2 nlo

1
1 1 r x|l
| I e f(.
In fH1 /0’2+n’$ 2+n0

Implying that % + % — % as n — oo. That is, T'f is a fixed point of T for any f € K. Thus T'f

is not continuous on K.
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