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Abstract

The increased complexity and dimensionality of data necessitates the development of new mod-
els that can adequately model the data. Advances in computational approaches have pathed the
way for consideration and implementation of more complicated models, previously avoided due
to practical difficulties. New models within the Wishart ensemble are developed and some prop-
erties are derived. Algorithms for the practical implementation of these matrix variate models
are proposed. Simulation studies and real datasets are used to illustrate the use and improved
performance of these new models in Bayesian analysis of the multivariate and univariate normal
models.
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Opsomming

Die toenemende komplekse en meerdimensionele aard van data noodsaak die ontwikkeling van
nuwe modelle om dit beter te modelleer. Vooruitgang in tegnologie baan die weg vir die imple-
mentering van meer komplekse modelle, wat voorheen vermy is weens praktiese oorwegings.
Nuwe modelle in die Wishartgroep word ontwikkel en sommige eienskappe word afgelei. Algo-
ritmes vir die praktiese implementering van hierdie matriksveranderlike modelle word voorges-
tel. Simulasie studies en praktiese datastelle word gebruik om die effektiwiteit van hierdie nuwe
modelle in Bayes analise van die meer- en eenveranderlike normaalmodelle, te illustreer.
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Chapter 1

Introduction

"He who loves practice without theory is like the sailor who boards ship without a rudder and
compass, and never knows where he may be cast..."

- Leonardo da Vinci (1452-1519)
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1.1 Rationale of the study

The modeling of real world phenomena is constantly increasing in complexity and standard
statistical distributions cannot model these adequately. The question arises whether we can
introduce new models to compete with and enhance the standard approaches available in the
literature. Various generalizations and extensions have been proposed to augment standard sta-
tistical models in order to solve the modeling challenges of real data.

The high velocity of data collection often results in data being stored in vectors or matrices.
Matrix variate data is very common in medical applications; Hung and Wang (2013) developed
a matrix variate regression model to analyze the risk of a heart attack based on EEG data, while
Furlotte and Eskin (2015) used a matrix variate linear mixed model to estimate trait associations
based on genetic screening. Image intensities are stored in matrices, thus many image process-
ing algorithms rely on matrix variate data analysis (see Chakrabarty, Biswas, and Bhattacharya
(2015) and Murata (2016)).

The Wishart distribution, introduced by Wishart (1928), has been generalized for various appli-
cation purposes recently. Tourneret, Ferrari, and Letac (2005) applied the noncentral Wishart
distribution to image processing while in the context of graphical models, Roverato (2002)
defined the hyper-inverse Wishart and Wang and West (2009) extended the inverse Wishart
distribution for using hyper-Markov properties (see Dawid and Lauritzen (1993)), while Bryc
(2008) proposed the compound Wishart and g-Wishart in graphical models. Adhikari (2010)
generalized the Wishart distribution for probabilistic structural dynamics, and Munilla and Can-
tet (2012) formulated a special structure for the Wishart distribution to apply in modeling the
maternal animal. The above generalizations justify the first research question of this study to
develop models within the Wishart ensemble.

From a Bayesian viewpoint, alternative subjective priors have been shown to perform better
than standard subjective and objective prior models (see Press (1982),Fang and Li (1999)). The
consideration of more general subjective priors leads to challenging posterior expressions and
computational studies are thus complicated. As technology has developed, it is now possible to
apply more complicated prior structures to data to gain efficiency and higher coverage proba-
bilities. Bekker and Roux (1995) considered the Wishart prior as a competitor for the conjugate
inverse Wishart prior for the normal model. Although this lead to complicated posterior ex-
pressions, Van Niekerk, Bekker, Arashi, and Roux (2015) demonstrated that the Wishart prior
is a suitable competitor to the inverse Wishart prior utilising a numerical study. This is a fur-
ther stimulus for this study, to develop and apply new models within the Wishart ensemble that
might perform better than well-known models as priors that are currently available in Bayesian
analysis.

Two general models that are proposed in this study within the Wishart ensemble, is the generator-
type Wishart and the weighted-type Wishart models. The generator-type Wishart model em-
anates from replacing the exponential term in the kernel of the Wishart density function with a
Borel measurable function and coupling this with a generalized hypergeometric function of ma-
trix argument (See Chapter 3). The second model under investigation has its origin in coupling
the kernel of the density function of a Wishart distribution with a Borel measurable function
which is termed the weight function (See Chapter 4).
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Special members of these newly developed models in the Wishart ensemble are then used in
Bayesian analysis. The Bayes estimators and posterior density functions are derived and com-
puted for simulated and real datasets. Practical implementation of these new models depend
on the availability of capable software. Some attention is paid to the development of numerical
algorithms to ease the application of these new models. Measures of performance for these ma-
trix variate models are proposed and evaluated. This enables the user to compare two or more
models for multivariate or matrix variate data.

This thesis addresses the modeling of matrix variate data with new innovative approaches, the-
oretically and computationally.

1.2 Contributions and research outline

In Chapter 2, the Wishart and inverse Wishart distributions are briefly reported and studied as
priors in Bayesian analysis of the elliptical model. Two special cases of the elliptical model
are considered, theoretically and computationally. The hypergeometric Wishart generator dis-
tribution is introduced in Chapter 3. Some properties are derived and graphically illustrated
and a special case is applied in Bayesian analysis of the normal model. Chapter 4 presents the
Weighted-type Wishart distributions with their properties and an application in Bayesian anal-
ysis of the normal model.

All the numerical Bayesian applications, throughout the thesis, are culminated in Chapter 5
where the developed numerical algorithms are investigated for convergence and robustness to
initial values. The proposed priors are evaluated for simulated and real datasets to illustrate the
practical usefulness.

Figure 1.1 visually depicts the main outline of the study.
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Chapter 2

Wishart and inverse Wishart distributions

In this chapter some well-known results of the Wishart and inverse Wishart distributions are
reviewed and these distributions are applied as priors for the scale matrix of the matrix variate
elliptical model in a Bayesian analysis. Some multivariate and matrix variate measures are
defined to study the performance of the different estimators. From this chapter two accredited
papers, Van Niekerk, Bekker, Arashi, and Roux (2015) and Van Niekerk, Bekker, Arashi, and
De Waal (2016), resulted. The first paper focuses on the vector variate case whereas the second
paper focuses on the matrix variate case.
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2.1 Introduction

The Wishart distribution for general dimension was first introduced by Wishart (1928) as the
generalized product moment distribution of the sum of squares of multivariate normal vectors
using a geometrical argument. Previously, Fisher (1915) derived the Wishart distribution with
dimension 2. The Wishart distribution can also be viewed as the multivariate extension of the
gamma distribution, and for integer degrees of freedom, the chi-square distribution. Since 1928
ample literature have appeared on the Wishart distribution and associated properties, only some
are stated in Section 2.3. The Wishart distribution is defined as follows,

Definition 2.1.1. (Gupta and Nagar 2000, Definition 3.2.1, p.87). A random positive definite
matrix X is said to have a Wishart distribution with parameters m,n and X. if its density function
is given by

mn 1 n n 1
f(X):[ZTFm (g)} T 3K |E " err {—Ezlx], X,ZeSy,

where T'(+) is defined in R.8, T'y,(+) is defined in R.9 and n > m. It is denoted as X ~ W,,(E,n).

For any inference of the population covariance matrix of a multivariate normal distribution, the
Wishart distribution is essential. The inverse Wishart distribution is the matrix variate generali-
sation of the inverse gamma distribution (see R.40), and defined as follows,

Definition 2.1.2. (Gupta and Nagar 2000, Definition 3.4.1, p.111). A random positive definite
matrix X follows the inverse Wishart distribution with parameter matrix £ and n degrees of
freedom, n > 2m, if its density function is given by

m(n—m— — —1 -1 n n_m 1
f(X) = |:2(21)Fm (%)} ’X’75|Z‘ji%etr |i_§X12:| ’ X;E € Sm’

where T'(.) is defined in R.8, Ty,(.) is defined in R.9 and n > 2m. It is denoted as X ~W,, ' (,n).

The inverse Wishart distribution has been shown to be a conjugate prior (R.57) for the Bayesian
analysis of the covariance matrix of the multivariate normal model by Press (1982), amongst
others. The Wishart distribution has also been considered as a prior for the covariance matrix
of the matrix variate normal model by Bekker and Roux (1995). The question arises whether
the normal-Wishart prior performs as well as or better than the normal-inverse Wishart prior.
To this end, the Bayesian analysis of the normal model under the latter prior should be studied.
However, in this chapter a more general framework is considered where the underlying model is
matrix variate elliptical rather than matrix variate normal, which includes the latter as a special
case (see Sections 2.4 and 2.5).
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2.2 Construction methodology

In this section the intuitive understanding of the Wishart distribution is given and the usefulness
is illustrated. Assume that a random vector, X € R, from a multivariate normal distribution
with mean vector g € R” and covariance matrix ¥ € S,, is available such that

X ~Ny(p,X), 2.1)

then the density function of X is given by R.45,

FX) = )4 2] Ferr (—%zl X—p) <x—u>’) |

For further properties of the multivariate normal distribution, the reader is referred to Press
(1982), Muirhead (1982) and Anderson (2003). Now if a sample of size p is available from the
distribution in (2.1), define the sample matrix

Z=[X| X, .. Xp.1 X,,

then Z ~ Ny, (111, Z®1)) and if p = 0, then ZZ' ~ W,,(X, p) (Muirhead 1982, Definition
3.1.3, p.82) with density function given in Definition 2.1.1. The sample covariance matrix, S, is
given by

¥ (X~ X) (XX
- l(z_mlx,,) (Z-X11,,) .

p

It is well-known that § ~ W,,(£, p — 1) (Muirhead 1982, Corollary 3.2.2, p.86). It is evident
that the Wishart distribution is an essential distribution for inference regarding the multivariate
normal distribution. In the next section some properties of the Wishart and inverse Wishart
distributions, necessary for this study, are briefly reviewed.

2.3 Properties

The following section contains some well-known relevant properties of the Wishart and inverse
Wishart distributions which can be found in Muirhead (1982).

Theorem 2.3.1. (Muirhead 1982, p.87) If X ~ Wy (62, n) then % ~ x%(n).

Theorem 2.3.2. (Muirhead 1982, Theorem 3.2.3, p.87) If X ~ W,,(X,n) then the characteristic

(m+1)
2

function of X (the joint characteristic function of the ™ variables a;j,1 <i< j<m)is

yx (T) = |I,, — 2iTZ| 2.
Theorem 2.3.3. (Muirhead 1982, p.90) The first moment of X ~ W,,(X,n) is E(X) = nX.
Theorem 2.3.4. (Muirhead 1982, Eq.15, p.101) If X ~ W,,(E,n) then the P moment of 1X | is
2 (541)

B(XP) ==
m\2

2"
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Theorem 2.3.5. (Muirhead 1982, Theorem 3.2.18, p.106) If X ~ W,,(X,n) with n > m, The joint
density function of the eigenvalues A = diag(Ay,...,Am), Ay > ... > Ay > 0 of X is given by

m2 mn n

, T2 2 BT A om0 1o ,

gM,shin) = == | |A" ° Ai—A; / etr(—=X  "HAH')dH.
( ) ,IJ g( ) Jo, 7 )

Remark 2.3.1. If X ~ W, (ciI,y,n) with n > m, The joint density function of the eigenvalues
A =diag(A1, ..., An), A1 > ... > Xy > 0 of X is given by

m+1

! - ne a3 1= - 9. _L
8 (117-..;lm) — nm Hll E(A{l A’j) etr( ) A) .

Earlier it was mentioned that Bekker and Roux (1995) considered the non-conjugate normal-
Wishart prior in the Bayesian analysis of the matrix variate normal model. Now, this prior will
be considered for the matrix variate elliptical model and the benefit of the additional complexity
is investigated in the forthcoming sections.

2.4 Bayesian application

The Wishart and inverse Wishart distributions will now be applied as subjective priors (see
R.56) for the scale matrix of the matrix variate elliptical model. See Figure 2.1 for the outlay of
this section.

In this section, the matrix variate elliptical model where X ~ EmJ,(u,Z,Q,g” ), (see R.51),
is considered as the underlying model, instead of the matrix variate normal model as to derive
more general results which can easily be used when a special case of the elliptical model is
considered. Two special cases, the matrix variate normal and matrix variate t distributions, will
be investigated theoretically and practically as illustrated in Figure 2.1. The aim is to estimate
the location and scale matrices, i and X, respectively where Q is assumed to be a known hy-
perparameter. The considered prior distributions will thus be for g and X.

"fii'upulatinﬁ" "/Prinr

Elliptical

Inverse Wishart/| Benchmark
Wishart | models

- Normal

-t
\_ y.

FIGURE 2.1: Outlay of Section 2.4
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Although objective Bayesian analysis (see R.55) for the matrix variate elliptical model was
considered by Fang and Li (1999), very few results and estimators for the matrix variate ellip-
tical model exist from a Bayesian viewpoint. Prior information will be reflected by using the
normal-inverse Wishart and the normal-Wishart prior distributions respectively (see Van Niek-
erk, Bekker, Arashi, and Roux (2015) for the multivariate elliptical model). In this chapter, the
squared error loss function (SEL, see R.60) as well as the loss function defined by Das and Dey
(2010) (see R.61) will be used for the Bayesian inference.

2.4.1 Normal-inverse Wishart prior

Let z be a known positive scalar and ¥ = z~!E follow an inverse Wishart distribution with
scale matrix @ and n degrees of freedom. For any z > 0, a generated variate of ¥ will produce a
generated variate of  since £ = z¥. Now assume a normal-inverse Wishart prior for (@, ¥) with
prior distributions for g and ¥ respectively, p|¥ ~ N, ,(0, %‘I’@Q) and ¥ ~ W, ! (®,n). Note
that ng is an enriching parameter. From R.49 and Definition 2.1.2 the prior density functions
are

T (u|¥) = <2n>”’z”rn—10wr’z’m er[-2¥ T (u-0)07 (u-0)| perR™, 22)

and

—m—1\1"11_ . 1
n(¥) = {I‘m (%)] \§<D| 2 1|‘i‘]_fetr {—E‘P_]Cb} W PecS, andn > 2m,

with the joint prior density function
n 1
m(p,¥) < |‘I‘|_¥etr [—E‘P_l (no(pu — 0)Q ' (u— 0)’+<I>)} , (2.3)

and known hyperparameters 0,Q, ny and n. Now

m(u.Xlz)
o m(u,¥)J(¥—X)|
o Z_m(m-‘rlz—n—p) |Z|_n+Tp

X etr [—gz—' (no<u—e)g—'<u—e)’+q>)}, 2.4)

since the Jacobian is J(¥ — X) = zfm(glﬂ) (see R.2). Following Arashi, Iranmanesh, and

Salarzadeh Jenatabadi (2013) the conjugate prior for (,X) of the matrix variate elliptical model
can be obtained as

T(W,E) o /O T a(,El)w(z)dz. 2.5)

This representation of a prior distribution coincides with the representation in R.51. It should
be noted that z is not a random variable.
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Suppose that a random sample of size nj, X = {X,...,X,, }, is available, then the likelihood
function (see R.54) is obtained from R.51 as follows

L Z)
- / Vo rmn Kl Z.Q)d

i=1

1 & P _
oC /(; ()’Z 12‘77|Q|7T€t}" [—EZ(X,—;L)ZZ I(Xl—ﬂ)g 1 dz

= [ v R e
X etr [—%}:—1 [V+n()_(—u)g—1(7—u)ﬂ dz, 2.6)
where
v=YX-X)Q '(X;-X)". (2.7)
From (2.4) and (2.6) the joint posterior density function (see R.58) is
q(u,ZX) o m(u X)L(p,X[X)
_ /) - m(m+17r;7p7nlp) W(Z) |2‘ . n+n12p+p
wetr [—gz—‘ (no(ie —0)Q " (u — ) +<1>)}

xetr [_gz—l [V+n1()?_u)g—1(7_u>ﬂ dz
(2.8)

Theorem 2.4.1. The marginal posterior distribution of W for the normal model with prior (2.4)
is a matrix variate t distribution with parameters b,D and Q and degrees of freedom n +
nyp — 2m with density function

n+njp+p—m—1
FM( ) ) 1

n+n

X) — Q| %|D|" 2
q(ul ) n-mpr <n+nlp2m1>’n]+n0 ’ | ‘
-1

n+n1p+p m—1
x|ly+D ' (u—b Q - —
140 b (0] b))

(2.9)
withD = 0 (X —0)Q ™' (X — 0)' +®+V and b = ;- (mX —no).
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Proof. From (2.8) follows that

°  m(m+1-n—p—njp) n+n1p+p
) o [ ) [l

xetr [-%}:—1 (no(n —e) H(n—8) +<1>)}
xetr [—%Z_] v +n1()?—[.l)§2_1()7—u)ﬂ dXdz.

(2.10)
Let
A=V X-pQ 'X—u), (2.11)
with V as defined in (2.7) and
=no(p—0)Q"' (n—-6) +, (2.12)

then from (2.10) follows that

_ m(m+1-n—p-nyp) n+n
(L[X) o / Py [ g 22 (B+A)| axdz

Note that one can identify, from the above, the functional form of the density function of an
inverse Wishart distribution with parameters z(A+B) and n+nip+p—m—1,n+np+p—
m— 1 > 2m (see Definition 2.1.2). The marginal posterior density function of i is then given
by

had m(m+1—n—p—nyp) m(n+nq p+p—m—1) n4nyp+p—m—1
apx) o [ g Al
n+nq p+p—m—1
= |B+A|T T, (2.13)

since [;,”w(z)dz = 1. Note that

mX—p)Q (X —p) +no(n—0)Q " (n—8)

= nlfﬂ_lf/—nl)?ﬂ_lu'—nluﬂ_lfl—{—nlyﬂ_lul
+nopuQ 'y —nouQ 10’ —ng0Q '’ +ny0Q 16’

= (m4n)pQ 'p — (X +n0)Q ' — puQ (X +ne8’)
+n1)79—1)?’+n069—19’

(mX +n0)Q 'y’ —

= (n1+no) |uQ 'u' — uQ (nl)_(/+n09')]

| ni+ngy ni+ngy
+n1)79—1)7’+n099—‘e’
_ /
= - X Q!l(p- X
(n1+no) _([J, P (n —|—n00)) ([.L P (m +n09)) }

(mX +np0)Q! (mX +n00) +mXQ'X +n,0Q'6’

ny+ng ni +ng
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= (n+no) [(m—b)Q " (u—b)] - [n%)?srl)?’ +n399*19'}

ni+ngy
[nlnofﬂ_lel + nlnoeﬂ_lfl}

1 XQ X +ny0Q ' —

n1+ng

= (m -l-no) (u—b)Q (" —b)'] - [nlnofﬂ_le’—i-nlnoeﬂ_])?l]

ni +ngp

P nZXQ X' —ny(ny +no)XQ~ 5'¢ —no(ny +np)0Q~ 16’+n269 16']
1

0
= (”1+no) [(# b)Q (# b)}

ning
ni+ng

nnoXQ~ 5'¢ +n1ng@Q~ 19’}

X0 'o'+6Q7'X
| ]

nl%—no
= (m+no) [(B—b)Q " (u—b)] + [)_m*l)?’ — QX' X0 o'+ esrle'}
ni+ng
= (m+no)(—-b)Q"(—b) + +20 X-0)Q'(X-6) 2.14)
with
1 _
b= - (mX —neb). (2.15)

Hence from (2.11), (2.12) and (2.14) it follows that

nino

B+tA = —X-0)Q'X—-0)+®+V
n1+ng
+(n1 +no)(m—b)Q (n —b)'
= D+ (n1+no)(u—b)Q (u—b), (2.16)
with o
D=""X-60)Q'X-6)+d+V. (2.17)
ni+ng

Therefore from (2.13) and (2.16),

n+nyptp—m—1
2

q(1IX) o |D+ (n1 +no) (k —b)Q ™ (1 —b)'|

From R.50, this can be identified as the funct10na1 form of the density function of a matrix
variate t distribution with parameters b, D and Q and degrees of freedomn+np—2m. [

ny +n
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Theorem 2.4.2. The marginal posterior density function of X for the normal model with prior
(2.4) is

27 2 n+nyp—m—1 _ntnp

x|

mm+1—n—nip)—2k

(2.18)

with D as defined in (2.17), provided g(—m(mﬂfnzfn‘p)*%) exists and n+nip—m—1>2m,
where

c(a) = /O " w(2)dz. (2.19)

Proof. From (2.8) follows that

m(m+1—n—p—nyp)

a®x) o« [T [
Xetr [—%Z_l (no(u—0)Q '(n—0) —I—CD)]

_ntnptp
2

X etr [—%2‘.‘1 [V+n1()7—u)9‘1(7—u)’]] dudz.

From (2.14) and (2.15) follows that

m+1—n—p—nyp) n+ny p+p
- 2

a®x) = [ e

wetr [—5):1 (M(X—e)gl()_(—e)’+q>+v>]
2 ni+ng

! ! -1 - -1 /
X /Rmxp etr [—5 (m +n0z )2) (L—b)Q™ ' (u—b)"| dudz.
(2.20)

From R.49 the latter integral can be solved as

1 1 -1 - -1 /
/Rmetr[—z (nl+n0z 2) (L —b)Q ' (u—b) | dp

mp 1
= (2m)?2
( ) |l’l1—|—l’l0

IE)5Ql5. (2.21)
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Therefore from (2.17), (2.20), (2.21) and using the Taylor series expansion (see R.7) for exp(.)
it follows that

o 7m(m+1 n—nyp)
a®) o [ I

o 7—6)9‘1(7—6)’+<I>+V)} dz

Ie—1
Xetr | —=X
er[ 2 (n1—|—n0

m(m+1—n—nyp)

0 ¢ n+n
= / T ) [—EE‘ID} dz (2.22)
0

oo 1 11V oo i
— ]2‘,|"+§1pz(_7tr[z DD /0 Z*M(mﬂ i ka(z)dz.

!
= k!

Hence from (2.19)

r[Z- 1D l—n— —2k
— 2
and the normalizing constant, cy, equals
° m(m+1-n—njp) n+nqp Z 1 -1
( / T ) R e [——z— D} a’Z‘.dz) .
O Sﬂl 2
From Definition 2.1.2, since [, w(z)dz = 1, follows that
R m( m+1 —n—n
cgl = / 7z lp / 1z~ L etr ——Z ID} dXdz
0
_ /°° (Zm(m+12n nlp)ZMI1+n1P m—1) (n—f—mP m— 1) ‘D‘”Jr”lpz’nl)
0
m(m+1—n—nqp)
Xz T w(2)dz
m(n+nyp—m—1) _ ntnyp—m—1 e
e T, (”+n1p m— ) L / w(z)dz
0
_ 2nz(n+n12p—111—l)rm (n+n1p m — ) n+nlp m—1 (224)
for n4+nyp —m—1 > 2m. Therefore (2.18) follows. ]

Now, it is of importance that the existence of ¢(.) in (2.19) is fulfilled as a regularity condition.
This is considered below.

Remark 2.4.1. The convergence of () is dependent on the specific weight function w(z)

chosen (see R.51). Consider the matrix variate t distribution with parameters 1 € R™*P ¥ €

Sm,Q € S, and vy degrees of freedom, as an example. Then from Chu (1973, Table 1, p.648), the

associated weight function is the inverse gamma density function (see R.40) such that w(z) =

()22 exp(T4)
()

, hence g(a) will only exist if o0 > —2
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Remark 2.4.2. Under the SEL function, the Bayes estimators (see R.59) of W and X, with prior
(2.4) are the means of the posterior distributions (PM estimators) of L and X, respectively
(see R.60). Under the loss function defined by Das and Dey (2010) given in R.61, the Bayes
estimators of W and X are the modes of the posterior distributions (MAP estimators) of L and
Y, respectively.

Theorem 2.4.3. Under the SEL function, the Bayes estimator of W for the normal model with
prior (2.4) is

Hpw-1=b= (mX —noB) . (2.25)

ny—+ng
Proof. From Theorem 2.4.1 and R.50 the Bayes estimator for  is

Hpw- =E[p|X]=b.

Lemma 1. The #*" posterior moment of |E| for the normal model with prior (2.4) is
27" ¢ (mr)T, (—n+n1p72rn7172r>
T, <n+n1172—m—1>

with D as defined in (2.17), provided ¢(mr) as in (2.19) exists and n+nijp—m—1> 2m.

m, = E[[Z||X;2] = D", (2.26)

Proof. From (2.22) and (2.24) the rh posterior moment is given by

m(n+nyp—m—1)

2 2 n+nyp—m—1 o m(m+1—n—nyp)
EEX:d = DI [ )
Fm <n+n1p27m71) 0

n+nyp—2r
></ [~ = err [—%}:—ID] dXdz
Sm

m(n+ny p—m—1)

. ntnyp—m—1 °  m(m+1-n—njp)
= |D| 2 / d 2t W(Z)
r <n+n1p—m—1> 0
m 2
m(m+1-—n—ny p+2r) n+n1p_m_ 1—2r
XZ 2 | ( >

m(n+ny p—m—1-2r) _ ntny p—m—1-2r
X2 2 \D 2 dz

z_mrrm (n+n1p—2rn—l—2r> -
= Dy [ 2wz
Fm <n+n]p27m71> 0
27" ¢ (mr)Ty, (—Hn‘p — 7172r>
+nyp—m—1
Fm <n n1p2 m )

from Definition 2.1.2 and (2.19) withn+n1p—m—1—2r > 2m. L]

DI", (2.27)
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Theorem 2.4.4. Under the SEL function, the Bayes estimator of |E| for the normal model with
prior (2.4) is

z L] G ) D 2.28
| |B7W_1 - r (n+n1p—m—1) DI, (2.28)
m 2
with D as defined in (2.17), provided g(m) as in (2.19) exists and n+nyp—m—1> 2m.
Proof. The result is immediate from (2.26) with r = 1. [

2.4.2 Normal-Wishart prior

In this section the normal-Wishart prior for the matrix variate elliptical model is considered.

The prior distributions for g and ¥ = z~'E respectively, are from R.49 and Definition 2.1.1,
L ~N,,(0, %‘I‘ ®Q) and ¥ ~ W, (P, n) with density functions (2.2) and

n

nj —1 n n_m 1
77:(\1,) =22 |:Fm <§>] ‘(I)|7§|\P|77%1€f7’ |:—§T¢1] s \P,q) S Sm and n >m.

The joint prior density function is then

a(1, ) o | Cerr [—”z_otrl (L—0)Q ' (u— e)’} etr {—%‘I@l} . (2.29)
It then follows that
awEl) o TR e {—21&1:—1] etr [—%Z—l(u —0)Q (u— e)’} .
z

(2.30)

From (2.6) and (2.30) the joint posterior density function follows as,

had _m(n—p—nlp) n—m—l—p—nip 1 -1
q(u,ZX) o /0 Z T w(z)E P etr —2—ZZ¢

xetr [—%z—l (L—0)Q ' (n— e)’}

Xetr [—%Z_] v -l-n()?—[,t)ﬂ_]()?—u)']] dz (2.31)

with V as defined in (2.7).
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Theorem 2.4.5. The marginal posterior density function of | for the normal model with prior
(2.30) is

mp
2

Q% (n1 + o)
(27[)%Bfn+n1p (%¢_1Y)
-

P
2

quiX) = 2®|"

XB _nspimp (%@1 (Y + (m1 +no)(u—b)Q " (u — b)’))
(2.32)

withn—p—nmp>m—1Y =" (X_0)Q (X —0) +V,V as defined in (2.7) and Bg(.)

ny+ng
the Bessel function of the second kind with matrix argument (see R.15).

Proof. The marginal posterior density for g follows from (2.31) as

m(n—p—nyp
2

q(p|X) o /wz : >w(Z)/ \z\nimilgpinlpetr {—iﬂbl}
0 S 27
xetr [-%z*(u —0)Q '(u— e)'}

Xetr [—%Zfl [V +n (Y—y)ﬂfl(}_(—u)ﬂ dXdz.
(2.33)

Let
F=ny(p-0)Q"' (u—0) (2.34)

Applying R.15, it follows from (2.33), with A as defined in (2.11), that

o m(n—p—nyp) n—m—1-—p—n
awix) oo [ [
0 Sm
1
Xetr [—Z—Zml] etr [—%):*1 (F +A)} dXdz

n—p

& m(n—p—nqp) 1 n
= /Oz"z T WEB i (Z¢—1(F+A>) 2:0) 7

®  m(n—p-nyp) m(n—p—nyp) 1
o /0 - Ea 2 : w(z)Bﬂm?nlp (ZCI)_I(F+A)> dz

1
= Bouipinp (Zq)_l (F +A)) , (2.35)
2

since ;" w(z)dz=1withn—p—n;p>m— 1. From (2.11), (2.14) and (2.34) follows that

F+A = (n1+no)(u—b)ﬂ’1(u—b)’+%(X—G)Q’I(Y—G)HLV
1 0
= Y+ (m+no)(u—b)Q ' (u—b), (2.36)
where i
Y=—"(X-0)Q ' (X-0)+V, (2.37)

n ny+np



Chapter 2. Wishart and inverse Wishart distributions 18

with b as defined in (2.15). Therefore from (2.35) and (2.36) follows

q(RIX) = cuB nipiny (%‘Dl (¥ + (n1 +no) (p — D) (u —b)’)) :

The normalizing constant, cy, is calculated by using the integral presentation of the Bessel
function as follows (see R.15)

— 1 - -
' = /RB (z“’ (Y + (1 +0) (1 —b)Q 1<u—”>’))‘”‘
1
= / /etr(——U_l(Y—i—(”l+”O)(ﬂ_b)g_l(“_b)/>>
Rmxp JS,, 2
1 nmpP m 1 n
><etr<—§<I>U) |U|_ﬂ +1| o 1|_ “epnp
it 1 miptne_m
= 2| o lp/ etr | —®U | etr ——U_IY \U|~ —to
S 2 2

x / etr (—’“2ﬂ - b)Q‘l(u—b)’> dpdU.

dUdp

Note that from R.49,

_MA gt o (u—bY NI 2ot
[ e (-0 v b ) au = om) ¥ vl

Using R.15 it follows that cﬁl equals

n+p+ —ntptnip

21) 7 |Q% (01 +no)~ 7 20|

></ etr (=20 ) err (— Uty ) U "
Sm 2 2

m m m 1
= n)T|QI% (11 +no)” 7 [2@|ZB ninp <Z<1>1Y> :
2

withn—nip>m—1. [

Remark 2.4.3. The marginal posterior distribution of the location matrix in matrix elliptical
models is robust with respect to departures from normality, under the non-conjugate normal-
Wishart prior since the marginal posterior distribution of the location matrix (Theorem 2.4.5)
is independent of w(z).
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Theorem 2.4.6. The marginal posterior density function of X for the normal model with prior
(2.30) is

m(—n+njp)
2 —n+nyp n—m—1-nyp

qZX) = (@[

= = (=2) * (er 2 1)) (er [271Y))
k!

xg(—w—kﬂ), (2.38)

with 'V as define din (2.7), Y as defined in (2.37) and £ € S,,,, provided ¢ <_M —k+ l>
as in (2.19) exists and n —nyp > m— 1.

Proof. From (2.31) and (2.14), and applying R.49 follows
_m(n—p-n n—m
Ex) o [ e [_im—l]
2z
x / err [-"55 (u-0) ! (u - 0)'
Rmxp 2
wetr [—gz—l VimEX-pQ (X - u)’ﬂ dpdz

e m(n—p—nyp) n—m—1-p—n|p— 1
= / N w(z)|Z| T etr {——Zd)_l}
0 2z

ning
ny +nop

X-0)Q '(X—-0) +V)}

Lyt
xetr{ 22 (
1 -1
~1 —Oo-1(1 _BY
X/Rmxpetr (n1+n0z 2) (L—b)Q " (u b)]dudz

e m(n—p—nyp) n—m—1-—p—n 1
o / T w(z)|Z| T etr {——Zd)_l}
0 2z

1
xetr [—EZ_IY} |———2z 'z 2dz
ni +nop

Rl _ ( n—m— 171 1 1 z 1
o /0 z w(2)[E] etr {—Z—Zm }m[—iz Y]dz (2.39)

el 2) ! (1r 2@ ])" (ir[£'Y])

- Z Z k!

k=01[=
il m(n nlp)
X/ A —k+1 (Z)dZ
0

- o —k— 1Nk _ !
_ |}:‘MZZ(—@ e[z (ir [271Y]) g(_m(n—mp)_lﬂ_l)’

1!
=0i=b k!l!
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from the Taylor series expansion for exp(.) (see R.7) and (2.19). From (2.39), using R.15
follows that

© m(n—n n—m— 1 —n 1
! = /0 2 / | lpetr[ 5 >:<1>—1} etr [—gz—IY] d%dz

_ /‘X’Z_m(nn ( )’2@ (1¢—ly) dz
0 2 4

m(n—nyp) n—n 1 o
= 27 7@ 2 By (—cblY) (/ w(z)dz)
2 \4 0

m(n—ny p) n—n 1
= 2777 |®| 2 By (_¢1y> (2.40)
2

4
with n—nyp >m—1, since [;" w(z)dz = 1. O

Theorem 2.4.7. Under the SEL function, the Bayes estimator of W for the normal model with
prior (2.30) is

~ 1 —
—b= X - 241
Hpw =b n+mo (mX —noB), (2.41)

withn— p —n1p > m— 1, which is the same as under prior (2.4). See Remark 2.4.3.

Proof. Under the SEL function the Bayes estimator of g is the posterior mean, i.e. U BW =
E [u|X]. Note that the expected value of (i —b) is

B _ Q3 (1 +n9) * r B
BB = o, (o) L.,

1
XBM (Z‘D_I (Y + (1 +no)(u—b)Q ' (1 _b)/)> i

with Y as in (2.37). This is an integral of an odd function and hence E [ — b|X] = 0. Therefore

the Bayes estimator of i, is [.tB w=b= n1+no (an nOO) [l

Lemma 2. Under the SEL function, the Bayes estimator of |E|" for the normal model with prior

(2.30) is

zmrg<m7")B —n+4ny p—2r (i¢_1Y)
by poar

B_”Z’llp (%QilY)

m,=E UZHY,V} = |®|", (2.42)

withY as defined in (2.37), provided g(mr) as in (2.19) exists and n—n;p > m— 1.
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Proof. From (2.39) and (2.40), the 1’ posterior moment of || is given by

E[Z|X:7]

m(7n+n1p) |
m(n—nyp

| |7n+211117 / ° ( 5 ( )
L] Z wlZ
Bfn+2n1p (-i@ IY) 0

n—m—1-ny p+2r 1 _1 Z _1

x [ |X] 2 etr | ——X® ' | etr [——Z Y} dXdz

Sm 2z 2
m(—n+nyp)

2 2 —n+nyp had m(n—n| p)
= d 2 / z 7wz

B—n+n1p (i¢_1Y) ‘ | 0 ( )
2

n7n1p+2r 1 .
X |2Z¢| 2 B 7n+n1p—2r ZQ Y dZ
2

ZmrB 7n+nlp72r (%Q_ly) oo
= 2 ) ]<1>|r/ Z"'w(z)dz,
0

lp-1
B—n—;nlp <Z¢ Y

(2.43)

from R.15. Using (2.19), the proof is complete. [
Theorem 2.4.8. Under the SEL function, the Bayes estimator of |E| for the normal model with
prior (2.30) is
o 2mg<m>B —n+nyp-2 (%QilY)
2

] &), 2.44
| |B,W Bfnénlp (%q)_lY) | | ( )

withY as defined in (2.37), provided ¢(m) as in (2.19) exists and n —nip > m— 1.
Proof. The result is immediate from (2.42) with r = 1. ]

2.4.3 Particular subfamilies

In this section the newly developed results will be applied to the matrix variate normal distribu-
tion and the matrix variate t distribution as special cases of the matrix variate elliptical model.

Remark 2.4.4. (See Remark 2.4.3).The marginal posterior distribution of W for all matrix vari-
ate elliptical distributions and a normal-inverse Wishart prior is given in (2.9) and for the
normal-Wishart prior in (2.32). The Bayes estimator of W for both prior structures considered,
is from equations (2.25) and (2.41),

~ 1 _
Up=b= ——— (an—nQO)

2.4.3.1. Matrix variate normal distribution

Let X follow a matrix variate normal distribution (R.49) with parameters g € R™*? and £ 2 Q
withX € S,,,Q € §,. Then from (Chu 1973, Table 1, p.648), the associated weight function is:

w(z) =6(z—1), (2.45)

where 6(+) is the Dirac delta function (see R.13).
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e First consider the normal-inverse Wishart case. Note that from (2.8) and (2.45) follows
that

qU|X.E) o etr

-5 (5 z)_lm—b)srl(u—b)'],

n +nop

hence |X,E ~ Ny (b, —-—-EL®Q), and

’ ni+ng
n+nyp+p

oK) e 5 | B

hence Z|X,ut ~ W~ (A+B,n+n;p+ p), with A and B defined in (2.11) and (2.12),
respectively. The marginal posterior density function of X for the normal-inverse Wishart
prior is obtained by using (2.22) and (2.45),

m(n+ny p—m—1)

I <_”+"1p—m—1> DI
m 2

n+n o m(m+1—n—nyp)
x|g[~ / T S Detr [—%2‘1D] dz,
0

ntnyp—m—1
2

qZX) =

with D as defined in (2.17). Note that [;” f(x)8(x)dx = f(0) from R.13 with x =z — 1

m(m+1—n—ny p)

and f(x) = (x+1)" 2 etr [—*-1E-1D]. Therefore £(0) = etr [—327'D], and
27m(n+n12pfmfl) . . .
n+nyp—m— _ ntnyp
qZX) = — DI E[T 2 f(0)
r <n+n1p m 1)
m 2
2_’”(”‘*’”15"”_1) n+ny p—m—1

n-rn 1
= P— DI~ E” etr {—EZ_ID] :
()

Therefore £|X ~ W, ! (D,n+n;p) (see Definition 2.1.2). From (2.24), (2.28) and (2.45)
the Bayes estimator of |X| is

~ 27", (—”* ””’2""‘3) - 2-m[,, <_n+n1p2—m—3>
Elpw-1 = - <n+n1pfm71> |D|/0 7"w(z)dz = - (n+n1pfm71> ID|. (2.46)

e Secondly, the normal-Wishart prior is considered. Note that from (2.31) and (2.45) fol-
lows that

-1
JRX.E) o er [—% (minoz) (u—b)ﬂl(u—b)’],
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hence p|X,E ~ Ny (b, ——E®Q), and

’ ni+ng

n—m—1-p—n|p

gZ|X,u) o E|T 2 etr [—%Zq)_l} etr {—%Z_l (A —|—F)} , (247

with A and F defined in (2.11) and (2.34), respectively. The marginal posterior distribu-
tion of X is obtained by using (2.39) and (2.45),

m(—n+n|p

)
2 2 |¢| 2 °  m(n—njp) n—m—1—nyp
YX) = / z 2 9(z—1)E 2
q< ’ ) B7n+nlp (%¢_1Y) 0 ( )‘ ’

2

—n+nyp

1 -1 ie-1
X etr {_Z_ZZCD ]etr [—52 Y} dz

2m(7n;n]p) | ‘ 7n4;n1p | 1 1
n—m—1l-n|p
: x| 2 Cetr {——ZCI)_I} etr [——Z_IY] )
BfnJrnlp (Z‘D_IY) 2 2
2

(2.48)

(see Bekker and Roux (1995)) from R.13 with Y as defined in (2.37). From (2.40), (2.44)
and (2.45) the Bayes estimator of [Z| is

2"B ninip2 (%q)—ly)
2

Slpw =
| |B7W Bfrh;n]p (}1¢71Y)

. (2.49)

2.4.3.2. Matrix variate t-distribution

Let X follow a matrix variate t distribution with parameters g € R™*?, X € §,,,Q € S, and vy

degrees of freedom. Then from (Chu 1973, Table 1, p.648), the associated weight function is

(3)%2% texp(5¥)
() '

w(z) = (2.50)

e As before consider the normal-inverse Wishart prior. Note that from (2.8) and (2.50)
follows that

m(m—n—ny) Vo

quX.x) o (v+tr[Z'(A+B)])  ? 2 (2.51)

and

__m(m—n—njp—p+l) vy

gEZX,u) oo [ (votor (B (A+ B+ ®))) 2 2 (2.52)
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with A and B defined in (2.11) and (2.12), respectively. The marginal posterior distribu-
tion of X using (2.22), (2.24) and (2.50) is,
m(n+ny p—m—1)

Vo
2- 2 (m)T ntnyp—m—1 _ntnyp

“——|p| [z
A==

[ e e
0

qZX) =

with D as defined in (2.17). Note that from R.41,

m(n+n| p—m—1)

2*f(§)v70r<1+m(”+"1p+v°_m_l)>

2

qZX) =
L (24 T (%)
4 717m(n+n1p-|2—v0—m—l)
% (tr (Z D) —+ VO) ‘D|n+n1pzfm71 ’2|7n+;1p.
2
(2.53)
From (2.50) and (2.28) the Bayes estimator of |E| is
R 27, () (Y0) P exp(— Yot
L W / G)F (7)), s
", () %)
Hence from R.41,
2-m= Ty, (%) T(% +m)
|2|B’W—1 = r <n+n1p_m_1 ) 1_,( v0> |D| (255)
m 2 2
e Secondly, the normal-Wishart prior is the focus. Note that from (2.31) and (2.50) follows
that
{ __ m(m—n—nyp—p+1) Vg
quX.Z) o (vo+1r[E (A+F)]) 2 2 (2.56)
and
n+nqp+l1 m(m—n—nyp—p+1) Vg

gEX.P) o BT (vorir[ET AP +r(20) 2 7,
(2.57)
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with A and F defined in (2.11) and (2.34), respectively. The marginal posterior distribu-
tion of ¥ using (2.39), (2.40) and (2.50) is,

m(—n+nyp) 0
TPTE) yey 20
(—20) 2 —n+nyp n—m—1l-nyp

Tt i
BfnJ;nlp (Z¢ Y) F(T)

had m(n—nyp—vy)+2 1
X /0 Z*#etr {—Z—Zﬂbl} exp [—% (tr [Zle] + vo)] dz,

q(ZX) =

with Y as defined in (2.37). Note that

0 m(n—njp—vgy)+1 1
/0 Z_#el’” [—2—2):1(1)_1} exp [—% (tr [):_IY} +2V0)] dz

m(n—ny p—vg)—1
7

tr (qul)
(tr[2-1Y]+2v)

XKm(—"+"1p+Vo)+‘ (\/tr (Zq)_l) (tr[Z_IY] +2V0)) )
2

where Ky (.) is the Bessel function of the third kind (see R.14). Hence

m(—n+nyp) m—1—nyp —n+tnyp
2 2

ECOR it ¥
B_”'E”IP (%(b_lY) F(%)

m(n—ny p—vg)—1
-

qEX) =

tr (Z‘Ifl)
(tr[Z-1Y]+2v)

XK minnyp-vg)-1 (\/tr (X1 (tr[Z-1Y] +2v0)) :

2

(2.58)

From (2.44) and (2.50) the Bayes estimator of |Z| is

Elgw = 0 e |/ 70 i exp(_voz)dz
' Bfn+n1p 1@ 1Y ‘;0)
2

23T (m+ P)B nin2 (307'Y)
— m 1 ! |¢|,
Vi (R B ninp (_q> Y)

using R.41.
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2.5 Numerical studies

In this section, the proposed results are utilised in such a way as to justify the use of the normal-
Wishart prior instead of the normal-inverse Wishart prior for some special cases. Gibbs sam-
pling (see R.62) is used to simulate the posterior samples since the exact expressions for the
density functions in (2.48), (2.53) and (2.58) cannot be practically implemented. Simulation
studies and application to real datasets are done for the univariate and multivariate cases. For the
univariate case, software like OpenBUGS can be used for the simulation of posterior samples
with conjugate and non-conjugate priors, but in the multivariate case the software can only ac-
commodate conjugate priors which this study is not restricted to. Algorithms for the simulation
of multivariate posterior samples are developed and inspected for convergence. Convergence
criteria for multivariate random variates are defined and implemented.

2.5.1 Univariate case
2.5.1.1. Simulation study

OpenBUGS (see code in Appendix B.1) or similar software can be used to apply the results for
the univariate case.

2.5.1.1.1 Normal population model

A univariate (m = 1, p = 1) normal dataset of size n; = 10 was simulated with mean u = 0,
and variance 6% = 1. The two priors under consideration are:

e Normal-inverse gamma (see R.39 and R.40) u|c ~ N(0.5, %2) and 62 ~ IG(4,3)

e Normal-gamma (see R.39 and R.41) u|o ~ N(0.5, %2) and 62 ~ G(4,4).

A Gibbs sampler in OpenBUGS is applied that converged graphically (see Gelman and Rubin
(1992)) as illustrated in Figures 2.2 and 2.3 and the Bayes estimates and credible intervals are
as follows:

Parameter | Estimate | 95% credible interval | Length of the credible interval
u 0.2853 (-0.2547,0.824) 1.0787
o’ 1.4 (0.6473,2.457) 1.8907

TABLE 2.1: Results for 62 ~ IG(4,3)

Parameter | Estimate | 95% credible interval | Length of the credible interval
u 0.2835 (-0.13,0.6985) 0.8285
o’ 1.211 (0.5602,2.126) 1.5658

TABLE 2.2: Results for 62 ~ G(4,4)

It is quite clear that the point estimates obtained with the normal-gamma prior is closer to the
target values (4 = 0,62 = 1) and the 95% credible intervals are narrower.
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FIGURE 2.2: Chains (top) and posterior densities (bottom) obtained from Gibbs
sampling for u (left) and o2 (right) under the normal-inverse gamma prior
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FIGURE 2.3: Chains (top) and posterior densities (bottom) obtained from Gibbs
sampling for u (left) and o2 (right) under the normal-gamma prior
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2.5.1.1.2 Student’s t population model

A univariate (m = 1,p = 1) Student’s t dataset of size n; = 20 was simulated with location
parameter y = 10, scale parameter 6> = 5 and degrees of freedom v = 5. The prior for the

degrees of freedom is taken to be a uniform(1,10) distribution. The two priors are:

e Normal-inverse gamma u|oc ~ N(12, %2) and 62 ~ IG(4,3)

e Normal-gamma pt|c ~ N(12, %2) and 62 ~ G(4,4)

A Gibbs sampler that converged graphically as illustrated in Figures 2.4 and 2.5 and the results

are as follows:

Parameter | Estimate | 95% credible interval | Length of the credible interval
u 11.13 (10.14,12.11) 1.97
o’ 5.718 (2.758,11.21) 8.452
% 5.003 (1.355,9.717) 8.362
TABLE 2.3: Results for 6% ~ IG(4,4)
Parameter | Estimate | 95% credible interval | Length of the credible interval
u 11.12 (10.22,12.02) 1.8
o’ 5.029 (2.84,8.824) 5.984
% 5.428 (3.094,9.685) 6.591

Notice the similar performance as with the normal simulated dataset between the two priors
where the credible intervals for the normal-gamma prior is shorter than for the normal-inverse
gamma prior.

TABLE 2.4: Results for 62 ~ G(4,3)
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2.5.1.2. Kanamycin levels dataset

The dataset presented in Miller Jr (1980), which consists of simultaneous pairs of measure-
ments of serum kanamycin level in blood samples drawn from twenty babies is used. One of
the measurements were obtained by a heelstick method (X) and the other by using an umbil-
ical catheter (Y). A simple linear regression model is fit to the data to test whether there is a
systematic difference in the two methods. Hence the model is

Y, =PBo+PiXi+&

with the assumption & ~ #(0, Gg, Ve) (see R.42). The prior distributions for By and p; are taken
to be standard normal distributions (similar to Bolfarine and Arellano-Valle (2005)) and from
the distribution on the error it follows that ¥; ~ ¢(By -+ B1X;, 67, Ve ). The prior distribution for the
error variance is then either an inverse gamma or gamma distribution and these results are then
compared. Firstly the inverse-gamma prior, 682 ~ IG(ay,B1) and secondly the gamma prior,
62 ~ G(o, By) are assumed. The hyperparameters are chosen as @ = 4 and f8; = 3 (Bolfarine
and Arellano-Valle 2005) and accordingly o, = 4 and f3; = 3. The error degrees of freedom,
Vg, 1s assumed to be 7 as in Bolfarine and Arellano-Valle (2005). A Gibbs algorithm (see code
in Appendix B.2) is used and the convergence is verified graphically. The posterior results are
summarized in Tables 2.5 and 2.6.

Parameter | Estimate | 95% credible interval | Length of credible interval
Bo 0.7059 | (-1.237,2.641) 3.878
Bi 1.761 (1.488,2.04) 0.552
o? 22.67 (10.47,43.1) 32.63

TABLE 2.5: Results for 62 ~ IG(4,3)

Parameter | Estimate | 95% credible interval | Length of credible interval
Bo 0.701 (-1.232,2.628) 3.86

By 1.762 (1.487,2.04) 0.553

o? 23.03 (10.74,43.7) 32.96

TABLE 2.6: Results for 62 ~ G(4,3)

The length of the intervals are very close for both priors. The interval for 3y is shorter for the
gamma prior than the inverse gamma prior. It is shown in this dataset that the inverse gamma
prior is not superior to the gamma prior.

From the simulation and real dataset it follows that a gamma prior might be considered in
applications.

2.5.2 Multivariate case

As previously noted, the focus is on the matrix variate normal and t distributions as specific
cases of the underlying matrix variate elliptical model, X ~ E, ,(1t,X,L,g") (see R.51). In this
section a simulation study is done to obtain the Bayes estimators of £ and to compare these
estimators with the maximum likelihood estimators and the Bayes estimators under the inverse
Wishart prior. The Frobenius norm (R.17) is used as a comparative measure of the bias of
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the different estimators. Some other interesting results of the posterior distributions of ¥ are
displayed and discussed.

2.5.2.1. Algorithms

In this section four algorithms are provided for the simulation of matrix variate posterior sam-
ples. Gibbs sampling (see R.62) with a Metropolis-Hastings algorithm (see R.63) is used to
simulate and the convergency is evaluated.

2.5.2.1.1. Matrix variate normal model

The posterior distributions of g and ¥ with the normal-inverse Wishart prior is then simulated
as follows:

Algorithm 1.

1. Initialize @y and X

2. Repeat the following steps for ¢t = 1,..., 100 000 times:

(a) Generate it; ~ N, ,(0 Ly , RQ)

? ny+ng
(b) Calculate A, =V +n;(X — ;) (X — ;) and B; = no(u, —0)Q~ ' (u; — 0)' + ®
(c) Generate the random matrix £, ~ W, (A; +B;, p+ni1p+n)

3. Burn-in the first couple of observations, i.e. the posterior observations are 1000, ---, 4100 000
and X000, -+, £100 000-

The posterior distributions of g and £ with the normal-Wishart prior is then simulated by using
Gibbs sampling (see R.62) with a Metropolis-Hastings algorithm (see R.63) as follows:

Algorithm 2.

1. Initialize gy and X

2. Repeat the following steps fort = 1,...,100 000 times:
(a) Generate it; ~ Ny, ,(0, mztfl ®RQ)
(b) Calculate A, =V +n;(X —p;)(X — ;) and B; = no(u; —0)Q~ ' (u, — 0)' +®
(c) Metropolis-Hastings algorithm:

i. Generate the random matrices Xj ~ W,,(®1,m;) and £} ~ W, ! (®,,m]) such
that E[X]] = cE[X]].
ii. Calculate £* = wXj + (1 —w)Z; for some 0 <w < 1
iii. If min (%, l) > u where u is a random uniform(0, 1) variate, then £, =
Y*else X, =X,_1, with

m—1—p—n|p

fHElp] o« |2\nifetr [—%Zd)_l] etr [—%2_1 (A; +By)] from (2.47).
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3. Burn-in the first couple of observations, i.e. the posterior observations are 1000, --- 4100 000
and X000, ---» £100 000-

Remark 2.5.1. The value of ¢ in Algorithm 2 will determine the efficiency of the algorithm, if it
is chosen to be close to 1, the algorithm will be more efficient.

2.5.2.1.2. Matrix variate t model

Similar to Algorithms 1 and 2, Algorithms 3 and 4 are proposed for a matrix variate t popu-
lation.

The posterior distributions of g and ¥ with the normal-inverse Wishart prior is simulated as
follows:

Algorithm 3.

1. Initialize @y and X

2. Repeat the following steps fort = 1, ..., 100 000 times:

(a) Metropolis-Hastings algorithm for u:
i. Generate 1* ~ Ny, (b, ——%, | ®Q)

? ny+ng
ii. Calculate B, | = no(ﬂt,1 —6)971([1[,1 —6)/+¢,A,,1 Z_V—H’ll()?_—[,l.t,l)(f—
Bi-1), Be=no(u; —0)Q7 (17 —0)' + @A =V +nm (X —p*)(X —p*)

iii. If min (%, 1> > u where u is a random uniform(0, 1) variate, then u, =
u*else gy = p; 1, with
(m—n-ny) v

_m 0
frlp—1|E] o (VO +tr [2_1 (A1 +Bt—1)}) : * and
m(m—n—p+1—nyp) V,
filp* %] o (vo+1r [£71 (AL +B.)]) T 7 from (2.51).
(b) Calculate A, =V +n;(X — ;)X — ;) and B; = no(u; —0)Q~ ' (u, — 0)' +®

(c) Metropolis-Hastings algorithm for X:

i. Generate the random matrices £} ~ W,,(®1,mz) and £3 ~ W, 1 (®,,m3) such
that E[X]] = cE[X5].
ii. Calculate Z* = wXj+ (1 —w)Z} for some 0 < w < 1

iii. If min (M 1) > u where u is a random uniform(0, 1) variate, then X, =

FZe1 ]’
YrelseX; =X, with
| ! _ m(m—n—njp—p+1) Vg
FolE—1|i] o || 2 tmtD) (vo+1tr (", (A, +B;+®))) 2 2 from
(2.52).

3. Burn-in the first couple of observations, i.e. the posterior observations are 1000, --- 4100 000
and X000, ---» £100 000-
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The posterior distributions of g and £ with the normal-Wishart prior is then simulated by the
following algorithm:

Algorithm 4.

1. Initialize @y and X

2. Repeat the following steps fort = 1,...,100 000 times:

(a) Metropolis-Hastings algorithm for y:
i. Generate 1* ~ Ny, (b, ——%, | ®Q)

> ny+no
ii. Calculate F,_ Zno([t,,1 —6)([1,,1 —6)/,_At,1 ZK—{—nl(Y—ﬂ,,l)(X—ﬂt,l)/,
F.=no(u —0)(n"—0), A, =V+m X —p)(X—p*)

iii. If min (M 1> > u where u is a random uniform(0, 1) variate, then g, =

Hl—1|%]’
U else g, =y, 1, with
{ _WL(WI*”*HIP*P‘FI) )
Sl |E] o (vo+tr [E71 (Fioy +A,-1)]) ’ 2
7m(m7n7n p—p+1) )
and f5[*[%] o (vo+1r [E71 (F. +AL)]) ? ? from (2.56).

(b) Calculate F, = no(pt, —0)(; —0) and A, =V +n(X —p,)(X — u;)’
(c) Metropolis-Hastings algorithm for X:

i. Generate the random matrices £} ~ W,,(®1,m3) and £5 ~ W, 1 (®,,m}) such
that E[Xf] = cE[X}].
ii. Calculate 2* = wXj + (1 —w)Z for some 0 < w < 1

iii. If min (JQ‘[L“"H, 1) > u where u is a random uniform(0, 1) variate, then X, =

f4[zt71|ﬂt
Y*else X, =X;_1, with
n+nyp+1 _ __m(m—n—nyp—p+1) Vp
A S (ot [E (Fi+A)] +er (B @) 2 2
from (2.57).

3. Burn-in the first couple of observations, i.e. the posterior observations are 100, --- 4100 000
and X1000; ---> £100 000-

Similar as before, the value of ¢ in Algorithms 3 and 4 will determine the efficiency of the
algorithm.

Remark 2.5.2. The convergence of Algorithms 2 and 4 is established graphically using the
determinant, trace and largest eigenvalue of the simulated matrix and for Algorithm 3 the mean
and median of the vector entries are used as depicted in Figures 2.6 and 2.9. There are no formal
tests currently available in literature, to the knowledge of the author, to test for convergence of
vectors or matrices and hence the proposed graphical measures will be used.
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2.5.2.2. Simulation study

2.5.2.2.1. Multivariate normal model

The sample of size n; is simulated from a multivariate normal (p = 1) distribution with a
dimensionality of m and a zero mean and identity covariance matrix, i.e. X ~ N,(0,I) (see
R.45). The priors are u|X ~ N,,(0, %Z) and X ~ W, 1(®, ny-1) and £ ~ W,,(®,ny ), respec-
tively, with@ =0.5x1,,,® =41, ®| =P, =P, n; =5, ng=1, m=3, nw =m =mj =3,
ny-1 =7, w=0.5. The initial values are chosen as o = [0.5 0.5 0.5] and £y = 1.11,,.

Note that the hyperparameters are assumed to be known and the degrees of freedom of the
priors are chosen such that the priors have the same first moment. Convergence of the chains
originating from Algorithms 1 and 2 (see code in Appendix B.3) is illustrated graphically ac-
cording to Remark 2.5.2.
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FIGURE 2.6: Convergence measures for the posterior samples of X simulated
from Algorithms 1 (left) and 2 (right)

Remark 2.5.3. In this chapter two loss functions are used as previously mentioned. The Bayes
estimates under the SEL loss function are denoted with a SEL subscript and the Bayes estimates
under the loss function defined by Das and Dey (2010) (see R.61) are denoted with a MAP
subscript.

The Bayes estimates under the SEL (PM estimates) of @ and X, respectively, for the two priors
are:

i"\SEL7W’1 = [_042 —0.33 _026:| 5 ﬁSEL,W = [—014 —0.033 —026:|

~ 42867 02438 —0.734] 13172 0.1827 —0.3022
SepLw 1= | 0.2438 1.4037 0.9441 |, Egep = | 0.1827 1.0294  0.253
—0.734 0.9441 2.9966 —0.3022 0253  1.119

The MAP estimates (see Remark 2.4.2) of u and X, respectively, for the two priors are:

fyapw1 = [0.01 0.03 0.23], fiyupw = [0.05 0.19 0.35]

~ 1.8314 03602 —0.06117 0.8379 0.1172 —0.227
Syapw 1= | 03602 0.8022 0.0481 |, Tyupw = |0.1172 074 —0.599
—0.0611 0.0481 0.9872 —0.227 —0.599 1.1984
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The maximum likelihood estimates (MLE’s), which are the sample estimates (see Muirhead
(1982, Theorem 3.1.5, p.83)) are given by:

R 1.5028 0.1259 —0.2181
Pppp=%=[-024 —0.01 023],Xyze= | 0.1259 1.0318 0.1593
—0.2181 0.1593  1.0603

Remark 2.5.4. The Frobenius norm (see R.17) is used as a measure of closeness of the various
estimates to the true parameter value and is defined for the errors as follows

1E—%||F = \/tr ()E-):)' (£-x)

It is known that

where p (f. —Z) is the spectral radius.

The Frobenius norm of the error of the calculated estimates of X is given in Table 2.7.

Frobenius norm Value | Frobenius norm Value
Bprre —1|IF 0.5956 | ||Zmre —Z||F 0.5984
sprw—1 —RI[F | 0.5564 | |[Egp, w1 —Z|[F | 3.6289
serw —1llF | 0.5666 | |[Esgrw —E|[r | 0.5362
HﬁMAP,W*‘ —1[|F | 0.9041 | [[Zy4pw—1 —Z[[F | 0.947
|Bpapw —BllF | 0.8407 | |[ZEpapw —Z[|lr | 0.6863

TABLE 2.7: Frobenius norm of the errors of the estimates calculated from the
simulated sample
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In Figures 2.7 and 2.8, respectively,

1 ~ r 1
(L—p)"||Fand || (2 —E) || are plotted against r.
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FIGURE 2.7: Frobenius norm for i — g for the PM (left) and MAP (right) esti-
mators.

IS
o

w
o

-~ ~

noN o W
*
i
*
*
*

Frobenius norm

i
S

o
1)
@«

10

o
©
IS
o
>
o
®
©
3
o
@
I
o
)
~
®
©

FIGURE 2.8: Frobenius norm for £ — X for the PM (left) and MAP (right) esti-
mators.

It is clear that the lowest value of the Frobenius norm corresponds to the estimator with the
smallest bias. In Figures 2.7 and 2.8 it is evident under the SEL function and the loss function
defined by Das and Dey (2010) given in R.61, respectively, that the Bayes estimator from the
Wishart prior is superior to the Bayes estimator from the inverse Wishart prior. The estimator
under the Wishart prior is competitive when compared to sample (MLE) estimator. Further
comparisons of priors are done in Chapter 5.

2.5.2.2.2. Multivariate t model

The sample of size n; is simulated from a multivariate t distribution (p = 1) distribution with
a dimensionality of m and a zero mean, identity scale matrix and vy degrees of freedom, i.e.
X ~ T,,(0,1,vp). The priors are pt|X ~ N, (0, %Z) andX ~ W, 1(®,ny,-1) and X ~ W,,(®,ny),
respectively, with@ =0.5x1,,, ® =41, ®; =P, =P, n1 =30, np=1, m=3, nyy-1 =mp =
m5="T7,nw =m3=mj =3, Vo =5, w=0.5. The initial values are chosen as 1o = [0.5 0.5 0.5]
and Xy = 1.11,,.

Algorithms 3 and 4 (see code in Appendix B.3) are used to simulate posterior samples and
convergence of the chains of g and X, respectively, are illustrated graphically in Figure 2.9
according to Remark 2.5.2.
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FIGURE 2.9: Convergence measures for the posterior samples of p (left) and ¥
(right) simulated from Algorithms 3 (top) and 4 (bottom)

From Figure 2.9 it is clear that convergence is reached. The Bayes estimates under the SEL
(PM estimates) of g and X, respectively, for the two priors are:

fiser w1 = [-0.155 039 —0.421], fige w = [0.0002 0.034 —0.017]

~ 1.4208  0.0103 0.0185 ] _ 1.0558  —0.0002 —0.0004
Seprw-1 = |0.0103 1425  —0.0036|, gz = | —0.0002 1.0495 —0.0022
0.0185 —0.0036 1.4324 —0.0004 —0.0022 1.0567

The MAP estimates (see Remark 2.4.2) of u and X, respectively, for the two priors are:

Byrapw-1 = [0.089 0.361 —0.328], Hyapy = [-0.008 0.011 —0.019]

~ 0.5877 0.5298 0.2697] 1.3875 —0.2595 —0.1943
Tyapw1 = [0.5298 14511 —0.486|, Epapw = | —0.2595 0.8912  —0.0721
0.2697 —0.486 0.7681 ~0.1943 —0.0721 1.1255

The MLE’s are given by:

R 1.6159 —0.4138 —0.1025
Byp=%X= [0.0003 0.1087 —0.1516} , Xy = | —0.4138  1.6208  0.1575
—0.1025 0.1575 1.2921
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1 ~ r 1
In Figures 2.10 and 2.11, respectively, || (1 —p)"||7 and || (Z —):) ||~ (see Remark 2.5.4) are
plotted against r,

Frobenius norm

Frobenius norm

0.6

FIGURE 2.10: Frobenius norm for g — y for the PM (left) and MAP (right) esti-
mators.

FIGURE 2.11: Frobenius norm for £ — X for the PM (left) and MAP (right) esti-
mators.

In Figures 2.7 and 2.8 it is evident under the SEL function and the loss function in R.61, respec-
tively, that the Bayes estimator from the Wishart prior is superior to the Bayes estimator from
the inverse Wishart prior and also the sample estimator for the underlying multivariate t model.

2.5.

2.3. Fisher’s Iris dataset

The Iris dataset is a very well-known dataset of dimension four and a sample size of 150. The
data set was introduced by Sir Ronald Fisher (1936) as an example of discriminant analysis.
The data set consists of 50 samples from each of three species of Iris (Iris setosa, Iris virginica
and Iris versicolor) as in Figure 2.12.

Setosa

FIGURE 2.12: Iris versicolor, virginica and setosa species
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Four features were measured from each sample: the length and the width of the sepals and
petals, in centimeters. For the purpose of applying the results to this dataset only a subset of the
data and the SEL function is used - a subset of the Iris setosa subspecies is used, and hence the
sample size is n; = 10. The reason for this is that each of the subspecies’ measures have been
shown to follow a four dimensional multivariate normal distribution.

Let X410 = sample of Iris setosa measurements ~ Ny4(it,X) with g and £ unknown. Assume
the prior distributions are X ~ N4(6,Z) and £ ~ W, ! (®,9) and £ ~ W,(®,5), respectively,
and as illustration 8 =X and ® = L ¥/°, (X; - X)(X; — X)'.

The posterior distributions are simulated by using Algorithms 1 and 2 (see code in Appendix
B.4). The Bayes estimates are calculated as

Hpw-1 = [4.8950 32412 1.4243 0.2329], Uy, = [4.8448 3.2401 1.4294 0.2339]

0.0472  0.0468 0.0023 —0.0001

5 | 0.0468 0.0505 0.0015 —-0.0001
BW-'— 1 0.0023 0.0015 0.0006 0.0007
—0.0001 —-0.0001 0.0007 0.0003
0.1006 0.0591 0.0290 0.0144
a 0.0591 0.0569 0.0188 0.0210
Ypw =

0.0290 0.0188 0.0174 0.0071
0.0144 0.0210 0.0071 0.0097

The MLE’s are given by

0.0849 0.0704 0.0189 0.0087
0.0704 0.0943 0.0172 0.0164
0.0189 0.0172 0.0117 0.0044
0.0087 0.0164 0.0044 0.0062

Bye = [4.8600 33100 1.4500 0.2200], Sypr =

2.6 Conclusion

Initiated by Bekker and Roux (1995), the question arises whether one should sacrifice complex-
ity of priors for computational efficiency in matrix variate Bayesian analysis. This serves as the
motivation for generalizing the use of a complicated prior structure to a broad class of distri-
butions, the matrix variate elliptical model. In this respect, some theoretical and computational
achievements are reached.

The main contributions in this chapter are summarized as follows:

Theoretical contributions

e New estimators for the matrix parameters of the matrix variate elliptical model were pro-
posed from a subjective Bayesian viewpoint.

e The normal-inverse Wishart and normal-Wishart priors were considered for the location
and scale matrices of the underlying model.
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e The Bayes estimators of the parameters, under two loss functions, as well as the joint
posterior density functions and marginal posterior density functions, were derived with
the matrix variate normal and matrix variate t distribution as particular subfamilies.

e The Bayes estimator under SEL of the location parameter is shown to be a robust estima-
tor in the sense that it is independent of the prior distribution of the scale parameter.

Computational contributions

e Numerical algorithms were developed for the simulation of the posterior samples for the
multivariate normal and t distributions, respectively. Some measures of convergence of
the algorithms and performance of the estimators were proposed and illustrated.

e For both priors, the posterior distributions for the location and scale matrices of the mul-
tivariate normal and t models were simulated, using the four newly developed algorithms.
The Bayes estimators under the two loss functions were calculated and compared using
the Frobenius norm.

e The estimator derived under the normal-Wishart prior displayed superior performance in
the simulation study and this justifies the use of a normal-Wishart prior in the Bayesian
analysis of the matrix variate normal and t models.
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Chapter 3

Wishart and inverse-Wishart
distributions: Generator-types

Motivated from the functional form of the density function of the Wishart distribution, the ques-
tion arises as to why the functional form is not replaced by a more general functional form that
gives the Wishart density function as a special case; hence the hypergeometric Wishart genera-
tor distribution is defined and some properties are derived. Special cases of this generator-type
distribution, some of which are already available in literature, are mentioned. The significance
of this generator distribution is further demonstrated by assuming a special case as a prior in
the subjective Bayesian analysis of the matrix variate normal model. From this chapter, Van
Niekerk, Bekker, and Arashi (2016) and Bekker, Van Niekerk, and Arashi (2017) resulted. The
first paper focuses on the univariate case and the second paper focuses on the matrix variate
case.
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3.1 Introduction

The Wishart distribution (see Chapter 2, Definition 2.1.1) and its generalizations are among the
most prominent probability distributions in multivariate statistical analysis, arising naturally
in applied research and as a basis for theoretical models. In this chapter, the hypergeometric
Wishart generator distribution is proposed, based on the combination of a generalised matrix
variate hypergeometric distribution (Van der Merwe and Roux 1974) and the shape generator
h(.). Note this form contains the cases presented by Caro-Lopera, Gonzalez-Farias, and Bal-
akrishnan (2014) and Diaz-Garcia, Gutierrez-Jaimez, et al. (2011).

3.2 Construction methodology

In this section the construction methodology of the hypergeometric Wishart generator distribu-
tion is given. For X € §,,,, Van der Merwe and Roux (1974) defined the hypergeometric function
type II distribution with density function

n__ m+l

f(X) o X272 o F(ar,a;0,QX).

where n >m,Q € S, ||QX|| < 1. Roux (1971) defined the generalised hypergeometric function
type I distribution for X € §,, with density function

FX) o X2 etr(—X) oF(a:b:0X), G3.1)
where (F;(.;.;.) is the hypergeometric function with matrix argument (see R.34).a = (ay,...,ay),b =
(by,...,b;),n > m,Q € S, and the parameters are resticted to take those values for which the

density function is non-negative. For Q =0, (3.1) reduces to the Wishart density function (Def-
inition 2.1.1). When s = 0, = 1 and b| = 75 the noncentral Wishart distribution is obtained with
noncentrality parameter ® (see Gupta and Nagar (2000, Definition 3.5.1, p.113).

The hypergeometric Wishart generator distribution follows from (3.1) by replacing the exp(tr(.))
term with a Borel measurable function A(.) of trace operator as defined as follows.

Definition 3.2.1. A random matrix X € S, is said to have the hypergeometric Wishart generator
distribution (HWGD) with parameters ay,...,a; € C, by,...,b, € C, (s <1t), QXE€ S, n>m
and shape generator h(-),h(-) # 1, if the density function is given by

FX) = WOE| X |2, (@:b:QX)h (1r (E71X)) | (3.2)

denoted as X ~ HWG,,(£,Q,a,b,n,h), where (F;(.;.;.) is the hypergeometric function of ma-
trix argument as in R.34. The parameters are restricted to take those values for which the
density function is non-negative.
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From R.24,
Ay = EE [ XIEE F(@biQX)h(ir (27'X)) aX
e (al)K' (aS)Kl
= |X|72 '
& kzbz:c:(bl)x (br)x k!

Cr(QX), (3.3)

where Ci/(.) is the zonal polynomial corresponding to the partition K as in R.19, (a;) is the gen-
eralised Pochammer symbol as in R.10 and Y (a) = g+ Y% h(y)dy. The shape generator
h(.) should satisfy the following regularity conditions:

e h#1
e /(.) is a Borel measurable function
e /(.) admits Taylor’s series expansion.

Definition 3.2.2. A random matrix X =Y ' € S,,, with Y ~ HWG,,(Z,Q,a,b,n,h) is said
to have the inverse hypergeometric Wishart generator distribution (IHWGD) with parameters
a,...,as € C, by,....b; €C, (s <t), QX €Sy, n > m and shape generator h(-),h(-) # 1, if
the density function is given by

n

FX) = VG Is 31X 75" F, (a:b;QX ) (er (271X ), (3.4)

denote as X ~ ITHW G, (X,Q,a,b,n,h). From R.24 follows that

eyt = n (2) fy o ) ¢ o)

by making the transformation Y ~' = X with Jacobian J(Y — X) = |X|~"*1D from R.4. The
parameters are restricted to take those values for which the density function is non-negative.

3.3 Properties

In this section some properties of the HGWD are derived and illustrated.

Theorem 3.3.1. For X ~ HWG,,(X,Q,a,b,n,h), the r-th moment of |X| is equal to

HWG

C
E(X]") = e [ZI
cn+2r,m

HWG HWG :
where c,, and Crt2rm GS N (3.3).
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Proof. From (3.2) and (3.3) follows

E(X|) = HWG|):|—2/ X|3 "7 (F, (a:b:QX) h (tr (X)) dX
= OB () T R
with c1VC as in (3.3). O
Theorem 3.3.2. Suppose that X ~ HWG,,(£,Q,a,b,n,h). The characteristic function of X is
given by
" (aS)ph(k) (0)
HWG —5
x (T x| 2

T, <§,¢> ik+r—7|T|_?C¢’p ():—1T,QT) ,

where

Z (3.5)

Cy (Lnsdm)

HWG as in (3.3), C, P (.,.) the invariant polynomial given in R.25 and 9;”) = U

Proof. From (3.2) follows
vx(T) = E(etr(iTX))
cHWG|g| - / X3 (a:b:QX) h (17 (£71X)) etr (iTX) dX.
" (3.6)
Using the Taylor series expansion (see R.7) of /(.), R.19 and R.34 we have

sF (a;b;QX ) h (tr (Z*IX))

_ v - (al)p~-~(as)ph(k)(0) 1
= LLYLY G, b, E X)GEX).

Hence from (3.6),

m+1

X272 F (a;0;QX) h (1r (27'X)) etr (iTX) dX

Sim
oo - (ag)p 1% (0) (i . ‘
= 2 Ce (27 X)Cp (X)) etr (iTX)dX
];O;;); kvrv bl)p . (bt)p Sml ‘ K( ) P( ) ( )

5P (ar),. A% (0 . m
0" (@1)p--(ar)p / X375y (271X, QX) err (iTX) dX
13

)
B % RETCS A
07 (@)p--(as)ph® (0)  n ,1
_ o p p n D K
B Z(,,: ki (br)p - (br)p Fm<2,¢) iT|2Cy? (Z7'T,iQT),

using R.27 and R.28. From R.22, the result follows. O]



Chapter 3. Wishart and inverse-Wishart distributions: Generator-types 45

Theorem 3.3.3. Let X ~ HWG,,(X,Q.a,b,n,h), and A € S,,. Then
AXA' ~ HWG,, (ALA', A"'QA~" a,b,n,h).

Proof. Note that the Jacobian of the transformation ¥ = AXA' is given by J(X —Y) = |A|~("+1)
from R.3, hence from R.1 the density function of ¥ = AXA' is given by

f¥Y) = fA YA Hyx —v)
= (Vo) Mz A yA
xh(tr (Z7'A7IYAY)) A~ (D)
= (VO AT |E Y T (F, (a:b;04 YA )

<h (ir ((az4)) 'Y ).

where cHWG as in (3.3). ]

,(a;b;QA*IYA'*l)

Remark 3.3.1. From Theorem 3.3.3, it can be then concluded that if X ~ HW G,,(£,Q,a,b,n, h)
withE =A"1A""! and Q = A’A, then AXA' ~ HWG,, (I1,1,a,b,n,h).

Theorem 3.3.4. Let X ~ HWG,(X,Q,a,b,n,h). The joint density function of the eigenvalues
A =diag(Ay,....,An), A1 > ... > Ay > 0 of X is given by

vac;nm7 m

g/(A) m H )’ —)L]) |2‘—%Hli%_m-2{—1
2 i<j i
Y05 (a1)p - (as)ph® (0) Cj,f”(): ,Q)Cy(A)
klrt(b1)p - (br)p Co(In) ’
Cy” (Inkm)

where cHWG as in (3.3), Y. as in (3.5) and qu)c,p = T Collm)

Proof. From R.53 the density function of A is given by

m2

JA) =" H/l A) / F(HAH')dH. 3.7)
Lo (7) <Jj
Note that from (3.2),
/ FHAH')H = YOz~ / HAH'|3~"3" 1 (1 (S~ "HAH'))
m Oln

x sF; (a;b; QHAH') dH
— MO [ (o (B HAR)

m

x F; (a;b;QHAH') dH. (3.8)
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Since A(-) admits the Taylor expansion (see R.7) and using R.34, R.26 and R.27,

[e]

:ZZK:

/h( (S~'HAH')) ,F, (a:b:QHAH') dH
- (as)

e

k=0 k r=0p
05" (a #90
-y (‘ '>" (@ )p © c;fp (X 'HAH',QHAH') dH
T KB (b1
_y 05" (ar)p - (ay)ph™® (0) ;fp(z ,Q)Cy(A) 39)
T K p (b Col,) |
m+1 m n_ m+l
From (3.7), (3.8), (3.9) and |A|2~ "2 =[] A? * the theorem is proved. ]
i=1
Remark 3.3.2. Note that if £ = c11,,,,Q = c21,,, from (3.7) follows
HWGan m _am M n mtl
g (A= nm—mH(/’L,-—QLj) ¢’ H)Liz 2 h(cl_ltrA) sFi (a;b; o) . (3.10)
Lo (7) i<j i=1

Figure 3.1 illustrates the joint density function of the eigenvalues of X,,;x,, for m =2, X =
c1ly,Q = caly,s = 0,6t =0, and h(x) = exp(x) for specific values of m and ¢, and different
values of n and c¢;, while Figure 3.2 illustrates the joint density functions of X for 4(x) = exp(x),
h(x) = (14x) and h(x) = 1F1(1;2;x) (see code in Appendix C.1). Note that for s =0and r =0,
(3.10) simplifies to

nm m+1

g’(A):"’m—(,ﬂ)H( Aj)e Tﬁ/l,% T h(ey ' trA) etr(caA). 3.11)

i<j i=1

Remark 3.3.3. Note that if s =t = 0,h(x) = exp(—3), (3.2) simplifies to the density function

1—-2cicn

(X)) = [ﬁrm (g)}_l (#;q)ngetr((cz—zlq) X), (3.12)

hence (3.11) simplifies to

of a Wishart distribution with parameters ( £l >I m and n (see Definition 2.1.1), given by

as given in Remark 2.3.1.



Chapter 3. Wishart and inverse-Wishart distributions: Generator-types

47

Smallest eigenvalue

Smallest eigenvalue

2
1 1
Largest eigenvalue 50 Smallest eigenvalue Smallest eigenvalue

FIGURE 3.1: Joint density function of the largest (x-axis) and smallest eigenvalue
(y-axis) for m = 2 and n = 5 (Left), n = 10 (Middle) and n = 15 (Right) with
c1 = 1;¢p = =2 (Top), ¢c; = —1 (Middle) and ¢, = 0 (Bottom).

Density

3 3
2

2
Largest eigenvalue 50 Smallest sigenvalue Smallest eigenvalue

FIGURE 3.2: Joint density function of the largest (x-axis) and smallest eigenvalue

(y-axis) for m = 2 and n = 10 with h(x) = exp(x) (Left), h(x) = (1 +x) (Middle),

h(x) = 1F1(1;2;x) (Right), ¢; = 1;¢, = —2 (Top), ¢ = —1 (Middle) and ¢; =0
(Bottom).

The inherent flexibility of this distribution is clear from Figures 3.1 and 3.2. Positive and neg-

ative correlation between the eigenvalues can be obtained by specifying certain /4(.) and values
for the parameters.
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3.4 Some special generator distributions

This section focuses on special cases of (3.2) and link it to existing literature.

Table 3.1 lists some members of the hypergeometric Wishart generator distribution (see (3.2)).
Note that this is not an exhaustive list.

3.4.1 Noncentral Wishart generator distribution

As another direct case of Definition 3.2.1, taking s =0, ¢ = 1, b1 > 0 and n > m gives the density
function as
FX) = WO B X 3" oF (b1 QX)h (1r (E71X)). (3.14)

The normalizing constant is given by

(@) =T (3 )sz,r i Cr (@)

The parameters are restricted to take those values for which the density function is non-negative.
The density function (3.14) is termed the non-central Wishart generator distribution (NWGD)
and denoted as X ~ NWG,,(X,Q,b;,n,h). This distribution will not be studied in this thesis,
but may form part of future research (see Chapter 6).

The density function of Z =YY, where Y has a matrix elliptical distributioni.e. ¥ ~ E,, ,,(1,X,1,8"),
was derived by Teng, Fang, and Deng (1989) (see also Diaz-Garcia, Gutierrez-Jaimez, et al. (2011)
and Diaz-Garcia and Jaimez (2006)). This is of a similar functional form as in Definition 3.2.1

if we take s = 0,7 =1, b; = 2, @ =E 2YZ "2 and h(X) = g@ (X +1r(XY)).

3.4.2 Wishart generator distribution

Note that for s = 0,7 = 0,n > m and Q = 0 in Definition 3.2.1, the density function simplifies
to

FX) =R XE " R (or (21X)), (3.15)

with r(n n
<c%f>”=%, / yZ " h(y)dy, (3.16)

7 (%)

from R.24, provided that the above integral exists. The parameters are restricted to take those
values for which the density function is non-negative. The density function in (3.15) is termed
the Wishart generator distribution (WGD) and denoted as X ~ WG, (X,n,h). The name of the

distribution is due to the fact that for 4(x) = exp(—3) in (3.15), yields the Wishart distribution

(see Definition 2.1.1) with ¢V = % and Y (%) =251 (%) This specific form is also
’ m\?2 2

called the Wishart elliptical distribution by Caro-Lopera, Gonzalez-Farias, and Balakrishnan

(2014).



Distribution fX) 5,1, h(x)
L)
Matrix variate t L (5)T(p) s=t=0,Q2=0 (l—l—x)*(%ﬂ’)
< X|2" T {1 +tr (Z_IX)}*(%W)
I(M)ba% 5
Power Wishart L (5)0 %l) s=t=0,Q2=0 exp (—axb)
< X2~ exp (—afir(®'X)}")
m bTm n n mn
- Rl ¥ .
Logistic Wishart T (5) s=1t=0,Q=—bX {1 —aexp(—bx)}
xetr (b 'X) {1 —aetr (—bZ 'X)}?
nm nm+2 ﬁ
ZF(T)a i eda ‘2’7%
Sin Wishart s=t=0,Q=0 exp (—ax?) sin(bx)

oL ()T (52) 17y (1-1:3: %)
2
}s

X ]X]%*m;l exp{—atr (Zle) in{b tr (E*IX)}
F(%) _n n__m+l
o ) E|72(X|27 2 |
Logarithmic Wishart L (5)T (%) S=1=0Q=-% In(x)
x etr (—X7'X) In{tr (£7'X)}
[ E x|

Hypergeometric Wishart

l"m(%) v+1Fw (%,al,.. . ,av;bl,. .. ,bW;C)
X yFy{ar,...,anb1,....byic tr(E71X) Jetr(—Z71X)

vEy(ar, ... ay;by,. .. by;cx)

TABLE 3.1: Some special cases of the hypergeometric Wishart generator distribution (3.2)

sadAj-IojpIouan) :suonNqLISIP LBYSIA -9SIOAUT pUe LIBYSIA “€ 1o1dey)

61
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3.4.3 Hypergeometric Wishart distribution

The hypergeometric Wishart distribution is considered in Section 3.5 as a prior. From (3.2)
with s = 0,t = 0,n > m,Q = —X~! and h(x) = ,F,(a*;b*;cx),v < w,a* = {a},...,a}},b* =
{b7,...,b},}, the hypergeometric Wishart density function is given by

1

n n__ m+l
fX = Y 21X|27 2
A MO T GO el
x yFy{a*;b*;c tr(E71X)Yerr(—27'X) (3.17)

as in Table 3.1, denoted as X ~ HW,,(X,a*,b*,c,n). The parameters are restricted to take those
values for which the density function is non-negative.

Remark 3.4.1. Suppose X ~ HW,,(E,a*,b*,c,n), then the r'" moment of |X| follows from (3.17)
as

T, (n—;Zr) vt Fy <(n+§r)m ,a*;b*;c)
0 () ooiFo (B0

Remark 3.4.2. Note that for v =w = 0 the density function in (3.17) simplifies to

E(X]") =

=", (3.18)

1
L (3) 1Fo ("55¢)
nm m+1

= (2%T., (g))_l 21— B[ X ar <_%z[1—c]zlx),

T X5 oF (ctr (Z7'X)) etr(—Z7'X)

for |c| < 1 from R.35 and R.36. This can be identified as the Wishart density function (see

Definition 2.1.1) with parameters ﬁz and n.

Figure 3.3 displays the density functions of the hypergeometric Wishart distribution (left) with
v=w=1,a1 =1,b) =2,m=2,n=35 and the Wishart distribution (right) with m =2,n =35
for different ¢ (see code in Appendix C.2) as presented in Remark 3.4.2 for

]! 0
X_|:0 XJ
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Density

Density
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un’:‘ il
gt

iy
ot
(o ::“ i

FIGURE 3.3: Density functions of the hypergeometric Wishart (left) and Wishart
(right) distributions for ¢ = —0.9,—0.5,0,0.5,0.9 (Top to bottom)
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It is apparent from Figure 3.3 that this hypergeometric Wishart distribution has heavier tails
than the Wishart distribution for ¢ < 0 and lighter tails for ¢ > 0.

The hypergeometric gamma distribution is the univariate counterpart of (3.17), as given in the
following definition.

Definition 3.4.1. The hypergeometric gamma distribution (HGD) with parameters a*,b* ,c, @
and n has density function

I\J\S

(o
F(g)v—i—le( a b* )
xX2~ 1exp(—(p X) ’ W(a*;b*;c(p_lX),

fX) =

(3.19)

and is denoted by X ~ HG(a*,b*,c,@,n) for X > 0,0 > 0. The values of the parameters are
chosen such that the density function is non-negative with ,F,(.) defined in R.29 and v < w.
The " moment of X is given by

_O'T(5+71) v By (4 +ra*;b*;c)
CE)viFy (Laribi)

Remark 3.4.3. Forv=w =0 and |c| < 1 the density function (3.19) reduces to

E[X"]

(3.20)

_ eaxa! -
fxX) = l"(%)(l—c)_% exp( (1-c)o 1X)
uo)g
_ ( ? 51,y _(I—C)
-t ”< 9 X)’

where X > 0 , @ > 0, which is the density function of a gamma random variable with parameters
B and 129 (see R.41), denoted by G(3, (1= C)), since 1Fy (4;¢) = (1 —¢)"2 from R.31 and
oFo (c(p (o] ) = exp (c(p (o] )from R.30.

Remark 3.4.4. Definition 3.4.1 can also be rewritten as an infinite mixture of gamma density
functions by using the series expansion of ,F,(.) (see R.29) as follows

fX) =

l\)|= (ST

¢
F(%) +1F( ax, b* )

i ap)y.- () Ck(pf(%Jrk)X%%—k—lexp(_(p—IX)'

G
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3.5 Bayesian applications

In this section a special case of the HWGD, the hypergeometric Wishart distribution (3.17) and
the hypergeometric gamma distribution (3.19), is applied in the Bayesian analysis of the matrix
variate and univariate normal models respectively as subjective priors, as outlayed in Figure
3.4. The hypergeometric gamma distribution exists in literature, but has never been applied as
a prior.

In Section 2.4 the underlying model was assumed to be elliptical instead of normal. In this
section the normal model is assumed. In the matrix variate case, i.e. X ~ Ny (1, Z®Q), the
hypergeometric Wishart prior (3.17) is assumed for E. In the univariate case, i.e. X ~ N(u,c?),
the hypergeometric gamma (3.19) prior is assumed for .

Note that the SEL function (see R.60) is used throughout this chapter.

. (e .
Population Prior
Normal Inverse Wishart/| Benchmark Chapter 2
Wishart models | Section 2.4

Hypergeometri

Wishart

FIGURE 3.4: Outlay of Section 3.5

3.5.1 Univariate Bayesian analysis

Consider a sample of n; observations, X = {Xi, ..., Xy, }, from the normal model N (i, 6?), (see
R.39) where both parameters are unknown, with the following likelihood function

_m 1 X
L(u,0°X) = (27m6°) ? exp <—ﬁ (Xi—u)2>
1

(3.21)

Further assume an improper objective prior (see R.55) for p, w(u) = 1, and independently the
hypergeometric gamma distribution (see (3.19)) as the subjective prior for 6% such that the joint
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prior density function is given by

ﬂ(!i 62) _ @2 (62)%_1 exp (—(p 162)
’ F( )v+1F ( a* b* )
x vFy (@*3b*;co ' 0?), (3.22)

with 7 (u,02) =z (u) 7 (?).

Then, the joint posterior density function is obtained from (3.21) and (3.22) as follows

n 1

¢(1.6*X) o« (0%) 2 R (a"ibTicp o?)

1 - 1 & -
xexp (—(p_lcz) exp (—27 ((M—X)Z—I—n—lZXiz—Xz)) .
n i=1

(3.23)
Remark 3.5.1. From (3.23) it follows that
2 1 -\ 2
q(ulo®,X) ocexp <—7 (u—X) ) ;
2w
hence t|6*, X ~N(X,2 ) and
2 0571 B -1 ¢
q(07|u,X) o (67) vFy (@*:0";c0 ' 0%) exp (—¢ o’ )exp Z
B (3.24)

To obtain the marginal posterior density functions, the mathematical solutions of the compli-
cated integrals lead to unattractive expressions for the posterior density functions. In the deriva-
tion of the marginal posterior density function of u, the following intergral is obtained,

| @)
xXexp (—(p_lc exp (—%i > c?

which can be solved mathematically by using the series expansion of ,F,(.) (see R.29) and the
definition of the Bessel function of the third kind (see R.14), as

sl

This leads to a computationally challenging posterior density function which is not imple-
mentable and Gibbs sampling will have to be used to approximate this posterior density func-
tion.

However, if the integrand is viewed as the product of a gamma density function and some func-
tion of 62, the integral can be expressed as an expected value. A novel approach is proposed to

-1

N
IF

JF, (a*;b*;c(pflcz)
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obtain the analytical expressions in situations where the usual mathematical approach leads to
computationally complicated forms in the following remark.

Remark 3.5.2. In general, let h(0|X) be the likelihood function of @ = (0,,6,),0; € Q;,i =
1,2 for given x. The prior density assumed is w(0). Consider the marginal posterior density
function of 6;:

4(6.X) — /Q (81X)(6)d,

_ /Q 8(6:,01X)£(9)d9
= Ey(8(6;,91X))

with ¢ a function of 0, ¢ € Qx, g(.) a function of 6;,¢ and X, and f(¢) a known density
Sfunction from which random variates can be simulated. This result can then be computationally
calculated using the central limit theorem as

Eo ((6,6%)) = — " g(6,00k)

M=
where ¢r,k = 1,...,n; is a random variate from the distribution with density function f(¢).

Theorem 3.5.1. The marginal posterior density function of W for the normal model with prior
(3.22) is

Eq <(012)*Texp( 2622 | (X )2) VFW(a*;b*;CWIGIZ))

Eq ((03) % exp (- v (Zp X2 =mX?)) Fy (a7sbtsc9103) )
(3.25)

where 6% ~ G (2,¢7!) and 63 ~ G(4+ %, ¢, provided ¢ > 0 and E; (-) denotes the ex-
pected value with respect to the distribution of 61-2,1' =1,2.

Proof. From (3.23), Remark 3.5.2 and R.41, the marginal posterior density function of u is
proportional to

[ @) R @biee o)
0

xexp(—(p_lc exp( ZX 7y )

n 1
o Eg (G%)_Tlexp —— Y (X —p)? Fy (a*;b";cp™ Gl)
: 201 5
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where 67 ~ G (4,¢7') . Hence
ny 1 & . oe
g(ulX)= cuEg ((012)_ ?exp (—r‘z Z (Xi—u)z) vFy (@*:b%;c0 16%)) . (3.20)

1 i=1

Expressing the expected value in integral form using R.41, the following is obtained,

_ e _n 1 X, ok —
Cul — /ME'G]2 ((612) 2 exp <_2T‘ZZ(X1_ALL)2> VFW (a ,b ,Cq) 16%)) d,LL

n
xexp (—¢~'6%) exp L ZXiz—nl)_fz)>d62

(3.27)

using Remark 3.5.2 and R.41 with 67 ~ G(% + 3,9~ !). Hence (3.25) follows from (3.26) and
(3.27). O
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Theorem 3.5.2. The marginal posterior density function of 6> for the normal model with prior
(3.22) is

q(c’(X)

-1
n 1 n] .
= [Ep|(63) 7 \Eu(@b5sco ') exp | —— | LXP X
’ 205 \[ O

(627! R, (@00 0?)

1 oL —
Xexp (—(p_] 62) exp <_ﬁ (Z’Xi2 — anz) > ,
6" \i=1
(3.28)

with 63 ~ G(%+ 1, ¢~1) provided ¢ > 0.

Proof. From (3.23) and R.39 the marginal posterior density function of 62 is given by
q(c’X)
n_"_
o (62) 12! o (a*;b*;c(pflcz)

1 [ < o 1 -
xexp (—(p*IGZ) exp (—P (2&2 —n1X2)> /mexp (—27_2 (u —X)2> du

1=

n_n v
o (62)7_71+%_1 vFy (@50%5c0 7 0?) exp (—9 ' 0?) exp <_% (inz —”172>> ;

(3.29)
with the integrating constant
C—l _ M(GZ)%7%+%7 F (a* b* c 162)
02 - 0 viw ) 5 (P
1,2 1 O 12 2
xexp(—(p o )exp ~352 i;Xl n X do
n 1 241
I 1—‘ _ _
<2 * 2) ¢
2\ 21 1.2 1 O 12 2
xEq) (05)" 2 \F, (a*;b*c@™ ' 07) exp = ZXi —mX ,
205 \i=1
(3.30)

from Remark 3.5.2 and R.41, with 65 ~ G(% + 3,¢~"). Therefore (3.28) follows from (3.29)
and (3.30). O
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The following theorems provide the Bayes estimators of 1 and o2.

Theorem 3.5.3. The Bayes estimator of U for the normal model with prior (3.22) is
lpnc =E[nX] =X. (3.31)
Proof. Consider that the expected value of i — X is given by
E [il - X|X]
= /_N (u—X)q(uX)du

1

o} ) ir (g ()

E622 ((622)_%1@617 <_%< Y X2—I’Z172>> v W a* b*;co— 162))
n
552 & X

x/i(,u X)E, ((612> zexp< ) ) L (@b e Gl)>du,

from (3.25). It is quite clear that the integrand is an odd function and therefore

/_Z(u—)?) (exp<( ) zzx u) L (@b 61)>du:0.

Gll

It can then be concluded that E[p — X |X] = 0 and hence
E[uiX] = fig = X.
O
Theorem 3.5.4. The Bayes estimator of 62 for the normal model with prior (3.22) is given by
(% + %) (pE032 ((0'32)’”71 (a ;b cop™ 63)exp ( 202 (Z"‘ X? — nl)_(2>>>
Eg ((0'22)*'171 vEy (@:b*;c0~103) exp (—21722 ()::’;IXZ.Z —mX )))

~
OBHG =

Y

(3.32)

with 62 ~G(5 +é,§071) and c732 ~ G(%‘F%aq’il)-
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Proof. From (3.28), Remark 3.5.2 and R.41, follows that

6§,HG = E[o’|X]

-1
; 1 [ _
= (Eczz ((622)21 vFy (@*;b%c97103) exp <_2_02 (Z:Xi2 —n1X2>>>>
> \i=l

X /oo ! (62)%+%_1 JF, (a*;b*;c(p_loz)
0 r(

n
X exp (—(p_lcz) exp <_%ﬂ (Z{Xiz — nl)_(2> ) do?
=
(5+2) PEo: <(G3%)J7] vFy (@*:b%:co™ 03 exp (_Ti; (Z;LX} —nl?_(z)»

oy -2
Eg ((622) ? B, (@b cp162) exp (—% (Z?;lXiz —mX )))

where GZZNG(§+%,(p_1)and 032NG(§+%JP_1)- H

3.5.1.1. Special case

Referring to Remark 3.4.3 the posterior distributions of y and 6> when assuming the gamma
prior can be obtained from (3.25) and (3.28).

Theorem 3.5.5. The marginal posterior density functions of i and 62 of the normal model with
the gamma prior is

n

e A I

1

(1-c)%2

Bl

q(pX)=

1 E_ﬂ+l
2\ 4~ 7 Tg
) K

(27ny')? < L X —mX

and

where Ky (.) is the Bessel function of the third kind (see R.14).
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Proof. Since 67 ~ Gamma (%, ¢~') and 65 ~ Gamma(}+3,¢~!
tion of u can be obtained from (3.25) as

q(uX)

), the posterior density func-

F(%)Eof ((612)_”71@617 <—27ilz Yl (Xi—ll)z) exp (co™ 1012)>
”2

o2 <(0'22)7*lex ( 2(];22 (an Xz—nl)_(2>> exp (cq0*10'22)>

1 2711()( .u)z %T ) ] - 5 . B
F(%)‘P32<2(1—0)<p 1) Ky (2 ) Xi—u) (1-c)e )

Similarly it follows that
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From (3.28) follows that

q(c*X)

—1
n 1 1 —
= <EG22 ((Gf)_fexp (c(p_]Gzz) exp <_F (inz —anz) > ))
2 \i=1
1 —

since
b (0 e [~ ($32-m) ) exn(cor'ad)
o? (03) 2 exp 562 Zi ni exp(co 03
2 \i=1
) E,ﬂ+l
_ 1 o [ L X2 —mX e
T(5+3) 9 29!
ny 5
2 5 ~1
XKy 1|2, ;Xl.—nlx co
from R.14. [

Theorem 3.5.6. The Bayes estimators of I and 62 for the normal model with the gamma prior
follows are

U =X,

and

2
i ( Zmlx.zm;—(z)“{z"ﬁi (2\/‘ (Z %7 -mX )“”_')
-~ | =i=1N

OpG = = :
) 2c 3 —
’ Ky (QV - (T XX )""’1)

Proof. From (3.31) and (3.32) the Bayes estimators are given by

Upc=X
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62
and
_" _ -]
L Grerg (@) Fer (o lo§>exp( L (T -mX)))
B,G — n —
E622 <(0-22>771€xl9 (C(P_lczz) exp( 262 (an Xz—an >)>
2
( Zm Xz an )l Kn_r%+i (2\/— (Z?;lXiz—mX )c(p1>
2cQ~ _
" Kﬁ’l‘ﬂ( \/ (Zl Xiz_sz) C‘P_1>
since
n 1
Eg ((G%)‘zlexp( 752 <ZX2—n1X> exp (co G%))
oy \ 5
n ﬂ+1
1 ni Xz— X 4 4
_ 5 s _”ll
F(%+%) 22 2c(p
XKy "l <ZX2—I11X cQ~ 1)
i=1
and
ni
Eg | (c3)” 2exp(c(p 03) exp 752 Xlz—m)_(2
’ 3 i= 1
E,J+§
1 n X2— X P
_ _ Py 7”1
L(5+3)9 20
ny
n — 2 _ 1
xKy_n ;Xl mX" | co
from R.14. O]

Remark 3.5.3. The results in Theorems 3.5.5 and 3.5.6 were derived by Bhattacharya and

Saxena (1989) and Van Niekerk (2012).
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3.5.2 Multivariate Bayesian analysis

Consider the matrix variate normal model, X ~ N, ,(,X ® Q) with density function R.49.
Based on a random sample of size n; from this distribution, X = {X,...,X,, }, the likelihood
function is obtained from R.49 as follows

L(u,Z|X)

n]

— H(2ﬂ)*% =72 |Q| Zetr (-% X;—p) TN (X; —p)g—l)

i=1
ny
o |[E]T Zetr< ZX )TN X Q- >
:1
= B Ferr (—521 (V+n1()_(—y)§zl()?—u)’)) : (3.33)

with V as defined in (2.7). Now consider an improper objective prior (see R.55) foru, m(p) =1,
and independently the hypergeometric Wishart distribution (3.17) with parameters ®,a*,b*, ¢
and n as the prior for X such that the joint prior density function is

m+1

e
F (%) V+1F ( a b>|< )
x vFy (a*,b*;ctr (@7'E)) . (3.34)

etr (—@’12)

T(pX) =

Remark 3.54. Forv=w=0and c = % in (3.34) the prior density function of ¥ simplifies as

) oF) (1 (@—12)) etr(—@'E).

Note that | Fy ("’" 1) =27 from R.31 and (Fy ( (@)’12)) =etr (%@’12) from R.35, hence
(3.34) simplifies to

o T A
)= e O S e (),

which is the Wishart density function with parameters ® and n (Definition 2.1.1). This prior
was considered in Section 2.4 for the elliptical model.

From (3.33) and (3.34) the joint posterior density function is

qEX) o [Z Ferr (_12—1 (v+n1()?—u)g—1()?_u)’))

n m+l

®| 3|z
F (2)V+IF< a lf'< )

n—mp __m+l1

o« |72 T 2 etr (—%Z_l v —I—nl(f—u)ﬂ_l()?—u)'))
xvFy (a*,b*;ctr (@7 'E)) etr (-©7'T), (3.35)

vFy (@b ctr (@) etr (—O7'E)
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with V as defined in (2.7). Note that from (3.35) follows that
dEX) e (12 (n (K- )0 K- ).
hence p|Z.X ~ N(X,Q® %2‘.), and
E Ry (@t b ctr (@7'E))
Xetr <—%2‘.‘1 VX -p)Q'X—p)) —@)‘12‘.) .

q(Z|p.X)

(3.36)

Theorem 3.5.7. The marginal posterior density function of | for the normal model with prior
(3.34) is

q(p|X)
_ Ln(32% 10 fje]
- )
(3) 7 Tu("52)Es, (122~ VB (@ brscir (@7 18))err (—125 V) )
1
<t (I Yer (32 Ve mE-wa & -w)) ) Al bar (@71) )

(3.37)
where X1 ~ W, (%@,n) X0 ~ W, (%@,n —l—p) and 'V as defined in (2.7).

Proof. From (3.35) the marginal posterior density function of i is

X)
o /, )l e r(—%Z_l(V+n1()7—u)ﬂ_1(}7—u)’))
X Fy (a b*;ctr (@)_12)) etr (—9_12) dX

JSr
m Fm(i)z
Xetr <—§Z_1 V+m(X —p)Q~ 'X—p) )) w (@, b%;ctr (®_1Z))d2

n—nyjp m+l 1

—@| Zetr (—©7'x
15| err (-

1 - X _
— g, (I Y (<32 VX w0 &) ) e bar (@71E) )
from Remark 3.5.2 and Definition 2.1.1, where £; ~ W,, (%@, n) Hence

q(1iX)
= cukx, <|>:1| 2etr(—%2fl(V+n1(X—u)Q X u))) W (a*,b; m(®—1>:1))>,
(3.38)
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where

Gl = / Ex, (1] 2etr(—%z;‘(V+n1<7—u>9‘1(7—u>’>)
xF, (a*, b*'ctr ((")*121)))0711

_ / / n nm n an m+l’1®‘ Zet}"( ® 12)
Rmxp JS,, E
><etr<—%2‘, VimE—p)e X - u))) (@ b%:ctr (©°'F)) dZdp
1
- [ el
ml—‘m(z)Z

X F, (a*,b*;ctr (9_12)) /

R

n— ”1[’ m+l 1

2| @\ Zetr( ®_IZ)etr (—%Z_IV)

-1
el (—% (i):) (Y—u)ﬂ‘%)?—u)’) dpdx

ni

mp

27\ 2 0%

=)l L .

= /<I)—nm]2‘.| et H\l@)] Zetr( -0 1E)etr<—121V)
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(3.39)

from R.49, Remark 3.5.2 and Definition 2.1.1, where £, ~ W,, (@,n+ p) . Hence (3.37) fol-
lows from (3.38) and (3.39). [

Theorem 3.5.8. The marginal posterior density function of X for the normal model with prior
(3.34) is
q(Z IX )
(Cle | | vEy (@, b*;ctr (@71X)) etr (—3E71V) etr (—©71X)
L(*52)E;g, (’22’_% vFy (@, b*;ctr (@71%))) etr (—3E; 1V))

n1p+p m+1

(3.40)

where Xy ~ W, (%@,n ~|—p) andV as defined in (2.7).
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Proof. From (3.35) and the R.49 the marginal posterior density of X is given by

P m+l

gEX) o [Z72°" R, (@b er (©7'F))
xetr (—®_12) etr <—%Z_1V>

X /Rmxp etr (—% (n—112) B X -—p)Q ! (X—#)’) du

n—nip+p  m+l

x |2'|f_T VFW (a*,b*;ctr (®_12))€II’ (—%Z_IV) etr (_@—12) )

(3.41)

Hence

gZX) = 021‘2’""1“’7 e Fw(a*,b*;ctr(G_IZ))etr(—%Z_IV) etr (-©7'L),
with

= I R a*,b*;ctr (©@7'%)) err —lZ*IV etr (—®@ ') dx

2
= Fm(n—iz_p) | (-)|”?E):2 (|22| F, (a*,b%; ctr(G_IZQ))etr (—%Z;V))
= T, (”+p)|®| 2 Ey, (|>:2| F, (a*,b*; ctr(G_IZQ))etr(—%Zz_lV)> (3.42)

from Remark 3.5.2 and Definition 2.1.1, where X, ~ W, (%@), n—+ p). Therefore, (3.40) follows
from (3.41) and (3.42). OJ

Theorem 3.5.9. The Bayes estimator of 4 for the normal model with prior (3.34) is

Proof. The Bayes estimator of  is

ﬁB,HW = E[#’X]



Chapter 3. Wishart and inverse-Wishart distributions: Generator-types 67

The expected value of u — X is from (3.37) as follows

E[p—X|X]
= [ @-Xa@X)dp
Rmxp
nm n+
_ (32 |0 5|0
7 np

~\

(%) " a3
X/Rmxp<”_7)E21(|zl‘n12P€tr —%2“11 (V+n1()7—u)ﬂl(7—y)’))
X vFy (a*,b*;ctr (@_121)))dﬂ7

L)Es, <|22| vFo (@ ,b*;ctr (@71%,)) etr (— Z 1V))

with £ ~ W, (%@,n) and X, ~ W, (%@,n + p). It is quite clear that the integrand is an odd
function and therefore

_ np 1 — —
0 = [, WX0Es (E] Far (2 vV EnE-wa X -w))
x vFy (a*,b*;ctr (@7'%)))dp.
Therefore E[p —X|X] = 0 and hence E[p|X] = fp 1y = X. O

Theorem 3.5.10. The Bayes estimator of |E|" for the normal model with prior (3.34) is

(n+p+2r) <|2‘,3|—m (a b*;ctr (9_123))61‘7‘(—%23_1‘,)) ‘®|r
C(52)Ex, (1521 F By a brscor (@15 ar (155 77))

where Xy ~ Wm(%@),n +p), 3~ Wm(%('),n +p+2r)andV as defined in (2.7).

Proof. From (3.40), using Remark 3.5.2 and Definition 2.1.1, the Bayes estimator of |X|" is
e "

L(*52)Es, <]22]’% vFy (@ ,b*;ctr (@71%,)) err (— x 1V))

x / B R, (@ b e (071E))
Sm

E[Z[X] =

X etr (—%ZIV) etr (—@712) dx

L5520 s, (|23|_¥ vFy (@b ctr (©07153)) 6”(—%23_1")) er
T("52)Es, (IZzI*% vFy (a*,b*;ctr(®*1>32))e”(—%XEIV»

whereZQNWm(%@),n—i-p) and X3 NWm(%@),n-l—p-l—Zr). O
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3.6 Numerical study

The newly developed results will be applied in a simulation and real context, and compared
with the sample estimates. The priors under consideration are the hypergeometric gamma prior
(see (3.19) with v =w = 1) and the hypergeometric Wishart prior (see (3.17) withv=w = 1)
as special cases of the HWGD (see Definition 3.2.1). These priors are studied for the first time
in literature.

To obtain the computational results, the algorithms developed in Section 2.5 can be adjusted
using the results derived in Section 3.5.

3.6.1 Univariate case

In this section the hypergeometric gamma distribution (see (3.19) with v =w = 1) is applied as
a prior for the variance of the univariate normal model.

3.6.1.1. Algorithm

In this section, the analytical posterior density functions (3.25) and (3.28), as well as the Bayes
estimators (3.31) and (3.32) for the hypergeometric gamma prior (3.19) with v =w =1 are
evaluated, using Gibbs sampling.

For this purpose, a Gibbs sampling algorithm with a Metropolis-Hastings algorithm is devel-
oped, to simulate samples from (3.37) and (3.40) as follows:

Algorithm 5

1. Initialize pg and Gg

2. Repeat the following steps fort = 1,...,100 000 times:

(a) Generate y; ~ N(X, %Gtz—l)
(b) Calculate A, = Y1, (X — w,)?
(c) Metropolis-Hastings algorithm:

i. Generate the random numbers 62* ~ G(%,¢ ")
[ o2k
ii. If min (%, 1) > u where u is a random uniform(0, 1) variate, then 67 =
1171

o else 6 =07 |,

Flo%|u] o< (625771 R, (a}:b7:c0 7 62) exp (—9 ' 62) exp (—2}7&) from
(3.24).

with

3. Burn-in the first couple of observations, i.e. the posterior observations are Lo ---, £100 000
and 01000, -+, G100 000-

A sample of 1000 posterior values are simulated with a burn-in of 10%. The empirical his-
tograms are obtained from these samples and can be observed in Figure 3.5. The density func-
tions (3.25) and (3.28), are calculated over a grid of u and ¢ values and displayed in Figure
3.5 (see code in Appendix C.3).
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FIGURE 3.5: Analytical posterior density functions (3.25) (Left) and (3.28)
(Right) and histograms based on Gibbs sampling for u (Left) and o2 (Right)

Remark 3.6.1. The computational time to construct the histograms is 812.56 seconds, whereas
the curves using the proposed analytical expressions is 68.52 seconds.

It is clear that the analytical posterior density functions (3.25) and (3.28) are supported by
results obtained from the Gibbs sampling method. The advantage of the proposed methodology
in Remark 3.5.2, is that no specialized software or advanced programming abilities are needed.
This approach provides an alternative to approximations such as Gibbs sampling (see R.62)
and INLA (see Rue, Martino, and Chopin (2009)), since the implementation is computationally
efficient, especially for complicated prior structures such as the case under consideration.

3.6.1.2. The choice of hyperparameter values

The choice of the prior parameters is an important aspect of any subjective Bayesian analysis.
An intuitive methodology is proposed to choose the parameter values of this specific prior struc-
ture, similar to Duran and Booker (1988). Assuming the hypergeometric gamma distribution
((3.19) with v = w = 1) as the prior for 2, gives the prior density function

n 2\5—1
7(0%) = o (o) ———exp(—97'0%) 1F (a}:bicp10?), (349

where | Fj(.) is the confluent hypergeometric function (see R.32) and ,Fj(.) is the Gauss hyper-

geometric function with |¢| < 1 (see R.33), with first moment

_eL(5+1) 2k (5 +1,a;;b7;c)
L(5) 2F1 (5.ai:bisc)

E[c?]

Y

from (3.20). Consider the the following prior belief

Ho:czzcg.



Chapter 3. Wishart and inverse-Wishart distributions: Generator-types

70

Setting the expected value of 62 equal to Gg yields

6 = E[o’]
OU(5+1) 2F1 (5 + 1, ajsbisc)
[(3) 2F1 (5,a73b7s¢)
(5)¢ 2F1 (5 +1,47;b75¢)
2F (5.asbise)

2F (%-ﬁ-] ,aT;bT;c)

(3.46)

The ratio AT is a slow varying function as can be seen in Figure 3.6 (see code in
20 7,a75075¢
Appendix C.4).
The ratio of hypergeometric functions The ratio of hypergeometric functions
14 14
a=1,b=1,e=0.1 a=1,b=1,c=0.1
135 — —a=2b=1,¢=0.1 135 — —a=2b=1,c=0.1
a=1b=3.c=0.1 a=1,b=3,c=0.1
13 a=2b=3,c=0.3 13 a=1b=3,c=0.3
1.25 1.25
% 12 =~ % 1.2 —
e | T . -4 N o
115 T ——— 115 T e ——
11 11
1.05 1.05
10 5 10 15 20 25 30 35 4I0 45 50 10 5 10 15 20 25 30 35 4I0 45 50
n n
2F (%+1,HT;bT;C) .
FIGURE 3.6: —=-——"—~ for various parameter values
2F1 (4 .a3b75c)
Hence
2. /" 4
Oy ~ (E)fp- (3.47)

This enables the user to choose ¢ in an informed manner, based on the choice of n.

3.6.1.3. Simulation study

In this section, a normal sample of size n; is simulated with known mean and variance. The
newly proposed Bayes estimators ((3.31) and (3.32) with v = 1 and w = 1) for u and 62, re-

spectively, are calculated as well as the coverage probability.

For the purpose of this study, a normal sample of size 18 is simulated with parameters =0 and
62 = 1. The hyperparameters are chosen according to the above methodology as n = 19, ¢ =
0.105,a} = 1,b} = 2 and ¢ = 0.02 such that E(6?) = 0.9. The choice of 6 = 0.9 not being
analytically 6 = 1, illustrates that this prior performs well even under an incorrect prior belief.

The sample estimates which are the MLE’s are given by

i =X = —0.0166, o2 = 5% = 0.8397.
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The Bayes estimates calculated using the sample, from (3.31) and (3.32), respectively, are

fis.ng =X = —0.0166, 625,16 = 0.9701.

It is evident from the comparison of the estimates that the Bayes estimate for 7 is closer to

the target parameter value than the MLE. Figure 3.7 displays the analytical posterior density
functions as in (3.25) and (3.28) with v =1 and w = 1 (see code in Appendix C.5).

Density

-5 -4 -3 -2 -1 0 1 2 3 4 5
Population mean

Density

0 1 2 3 4 5 5] 7 8 9 10
Population variance

FIGURE 3.7: Analytical posterior density functions of u (3.25) and o2 (3.28)

To calculate the coverage probability, 1000 samples were simulated from this underlying model
and in each case the 95% credible interval was calculated so that the coverage probability can
be calculated.

The coverage probability of this prior is 97% with a median credible interval width of 0.8.

3.6.1.4. Forestry dataset

A forester wishes to estimate the volume of merchantable timber in a population of trees, based
on a sample (Grafen and Hails 2002, p.28).

FIGURE 3.8: A forest of trees (left) and the circumference measurement (right)
needed for the calculation of the merchantable timber
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To this purpose he selected 31 trees and measured their volume. Since this is a small sample,
most probably not random due to location constraints, we propose a Bayesian approach with a
hypergeometric gamma prior for the estimation of the variance and an improper objective prior
for the mean. The data is found to be non-normal and a log-transformation corrected this. Let
X be the volume of the tree and ¥ = log(X) be the log-transformed variable, then Y ~ N(u,c?).

Prior (3.22) with v = w = 1 is assumed, and the prior information is specified as E[c?] = 0.3
based on expert information. The hyperparameters are chosen as ¢ = 0.01875,¢ = 0.01,n =
32,a] = 1,b] = 1, according to (3.47).

The resulting sample estimate of 62 is 0.277 and the Bayes estimate is 0.2933 for the hyper-
geometric gamma prior with credible interval (0.21;0.385). The likelihood, prior and posterior
density functions of o2 for this dataset are displayed in Figure 3.9 (see code in Appendix C.6).
Since the posterior is more concentrated than the prior, this prior is suitable for the dataset (see

Lesaffre and Lawson (2012)).

A comparative study using different priors for this dataset, is done in Section 5.2.2.

8
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FIGURE 3.9: Likelihood, prior and analytical posterior density functions of
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3.6.2 Multivariate case

In this section, the results of the preceding section will be applied to a simulated and real dataset
to illustrate the novelty of the hypergeometric Wishart distribution (3.17) withv=w =1 as a
prior distribution for the matrix variate normal model.

3.6.2.1. Algorithm

The algorithms proposed in Section 2.5 are adjusted to develop a Gibbs sampling algorithm for
the simulation of posterior samples of g and X under the prior £ ~ HW,,(®,a},b},c,n) (see
(3.17)). The algorithm is as follows:

Algorithm 6
1. Initialize @y and Xy.

2. Repeat the following steps fort = 1,...,100 000 times:

(a) Generate y; ~ Nm7p()7, %Zt,l ®Q).

(b) Calculate A, =V +n;(X — ;)X — ;).
(c) Metropolis-Hastings algorithm:
i. Generate the random matrices X} ~ W;,(®1,my4) and £} ~ W, 1 (@,,m}) such
that E[X]] = cE[Z}].
ii. Calculate £* = wXj + (1 —w)Z} for some 0 <w < 1.

iii. If min <%, 1) > u where u is a random uniform(0, 1) variate, then X, =
Y*else X, = X,;_1, with
FAE|p] o [B]70S3—mp—m=1) E (@*;b%;ctr (@7'E)) etr (—3ZO 1) etr (—3Z71A))

from (3.36).

3. Burn-in the first couple of observations, i.e. the posterior observations are 1000, ---, 4100 000
and X000, ---» £100 000-

3.5.2.2. Simulation study

A sample of size n is simulated from a multivariate normal distribution (p = 1) (see R.45) with
a zero mean vector and identity covariance matrix, i.e. X ~ N,,(0,1,,).

The prior distribution is assumed as £ ~ HW,,(®,ay,by,c,n) (see (3.17)), with ® = 41I,,,m =
3,a] = 1,b] =2, ¢ = 1,ny = 20,n = my = my = 3. The initial values are chosen as o =
[0.5 0.5 0.5] and £y = 1.11},.

A posterior sample of size 10 000 with a burn-in of 10%, is simulated using Algorithm 6 and
the convergence of the chain is illustrated in Figure 3.10.
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FIGURE 3.10: Convergence measures of the posterior sample simulated using
Algorithm 6

The Bayes estimate calculated for £ under this prior using Algorithm 6 (see code in Appendix
C.7) as well as the MLE are

N 3.089 1.852 —-0.669| 0.9517 0.1143 —-0.0178
YviE = 1.852 4.158 2612 | ,Xgpuw = | 0.1143 0.9268 0.0775
—0.669 2.612 7.191 —0.0178 0.0775 1.054

The above estimates are obtained for one posterior sample. The Frobenius norm of the errors
(see Remark 2.5.4) are calculated for each estimate and given in Table 3.2. The hypergeometric
Wishart prior estimate results in the smallest Frobenius norm of the error and is hence preferred
to the MLE.

Frobenius norm | Value
[|1Zpre —X||F 0.5241
|1Zaw —Z||F 0.1151

TABLE 3.2: Frobenius norm of the estimates calculated from the simulated sam-
ple
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3.6.2.3. Abalone dataset

The age of abalone is determined by cutting the shell through the cone, staining it, and count-
ing the number of rings through a microscope, which is a very time-consuming task. Other
measurements, which can be obtained easily, can give an indication of the number of rings.

FIGURE 3.11: An abalone with meat (left) and without meat (right) where the
rings are exposed

The abalone dataset is from Lichman (2013) and contains 8 variables and has a sample size
of 4177. The six continuous variables are used: length - longest shell measurement, diameter
- perpendicular to length, height, whole weight - weight of whole abalone, shucked weight -
weight of the meat, viscera weight - gut weight after bleeding and shell weight - weight after
being dried. Only a subsample of size 20 will be used due to the scarcity of abalone and since
the focus of the study is estimation for small sample sizes. Thus we have a multivariate sample
of dimension 6 and sample size 20.

The subsample is tested for multivariate normality using Royston’s test (Royston 1983). Hence,
X6~ N(lix6,Z6x6)- It is essential to estimate X accurately to use this information to esti-
mate the age of the abalone.

Assume the prior (3.34), v=w =1, with ® = 0.58;,m = 6,a] = 1,b] =2,c = 1,n =my =
mj; = 6 where S is the sample covariance matrix of the available data excluding the 20 obser-
vations in the chosen subsample.

The Bayes estimate calculated for X under this prior using Algorithm 6 (see code in Appendix
C.8), as well as the MLE are
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[0.014 0.012 0.004 0.054 0.015 0.012]
0.012 0.01 0.003 0.045 0.013 0.01
$0 — 0.004 0.003 0.002 0.017 0.005 0.004

0.054 0.045 0.017 0.24 0.065 0.052
0.015 0.013 0.005 0.065 0.019 0.014
0.012 0.01 0.004 0.052 0.014 0.012]

[0.011 0.009 0.003 0.045 0.012 0.01]
0.009 0.008 0.003 0.038 0.01 0.008
5 ~10.003 0.003 0.001 0.013 0.004 0.003
BHW = 10.045 0.038 0.013 0.209 0.055 0.045
0.012 0.01 0.004 0.055 0.015 0.012
| 0.01 0.008 0.003 0.045 0.012 0.011

The convergence of Algorithm 6 is clear from Figure 3.12.
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FIGURE 3.12: Convergence measures of the posterior sample (updates 500-1000)
simulated using Algorithm 6

A comparative study using different priors for this dataset, is done in Section 5.3.2.
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3.7 Conclusion

Since the Wishart distribution plays such an important role in multivariate analysis, a more gen-
eral framework is developed, which contains the Wishart distribution, for wider applicability as
illustrated in Sections 3.5 and 3.6. This leads to the definition of the hypergeometric Wishart
generator distribution. The main contributions in this chapter are summarized as follows:

Theoretical contributions

e The hypergeometric Wishart generator distribution (HWGD) was defined as a generator-
type distribution which gives rise to amongst others, the hypergeometric Wishart and
Wishart distributions.

e Various properties of the HWGD were derived and graphically illustrated.

e Univariate and multivariate Bayesian analysis of the normal model were done with a
special case of the HWGD as the prior, which has not been considered before, using an
innovative approach circumventing the use of sampling algorithms like Gibbs sampling.

Computational contributions

e New algorithms were developed for the application of a special case of the HGWD as the
prior for the univariate and matrix variate normal models.
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Chapter 4

Weighted-type Wishart distributions

In this chapter, the weighted-type Wishart distributions are proposed. The methodology involves
coupling the density function of the Wishart distribution with a Borel measurable function as
a weight. Three different weight functions are proposed by considering trace and determinant
operators on matrices. The characteristics of the proposed weighted-type Wishart distributions
are derived and used to illustrate the enrichment of this approach. The significance of these new
results is demonstrated by applying a special case of the weighted-type I Wishart distribution as
a prior in the Bayesian analysis of the univariate and multivariate normal models. Algorithms
are developed for the computational use of this prior. Arashi, Bekker, and Van Niekerk (2017)
resulted from this chapter.
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4.1 Introduction

To generalize the Wishart distribution (see Chapter 2) different from what exists in literature,
a weighted-type Wishart distribution, making use of the mathematical mechanism frequently
used in proposing weighted-type distributions, is developed in this chapter. The focus is on three
general types of weighted-type Wishart distributions, originating from three different types of
weight functions. Some properties of each type are derived and the weighted-type I Wishart
distribution is applied as a prior for the covariance matrix of the matrix variate normal model.

In Section 4.3, the weighted-type Wishart distribution that originates from a weight function
of the trace operator and some of its important properties, are proposed and illustrated. The
enrichment of this approach is illustrated by the graphical display of the joint density func-
tion of the eigenvalues for certain cases. In Sections 4.4 and 4.5, the weighted-type Wishart
distributions emanating from weight functions of determinant, and a combination of trace and
determinant forms, are proposed with their properties. The significance of these new models are
demonstrated in Section 4.6 by assuming special cases as priors for the underlying univariate
and multivariate normal model.

4.2 Construction methodology

In this section the construction methodology of the weighted-type Wishart distribution is con-
sidered. The building block of the construction is an extension of the mathematical formu-
lation of univariate (see Rao (1965), Nanda and Jain (1999)) and multivariate (see Jain and
Nanda (1995), Navarro, Ruiz, and Aguila (2006)) weighted-type distributions to matrix variate
weighted-type distributions.

Let f(x;52) be the main density function which is imposed by a scalar weight function (x; y)
(not necessarily positive), then the weighted-type distribution proposed by Rao (1965) has the
form

o(:0) = MO )

_ 2
G I v

where the expectation E|.] is taken over the same probability measure as f(.). The parameter ¢
can be seen as an enriching parameter.

In this chapter, this concept is extended to the matrix variate case by using a matrix variate den-
sity function for f(.) in (4.1). Further, the parameter space can be multi-dimensional although
the weight function A(.) should remain of a scalar form. Using (4.1) as departure, matrix variate
weighted-type distributions are defined, from where new matrix variate distributions originate.
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Consider a random matrix variate X € S,, having a density function f(.;'¥) with parameter W.
Matrix variate distributions, with density functions g(.;®)", are constructed where ® = (¥,®),
and @ € §,,, is an enrichment parameter, by utilizing one of the following mechanisms:

1. (Loading with a weight of trace form)

8(X;0) =Cih (trX®)) f(X;¥), ©=(¥,P). (4.2)

2. (Loading with a weight of determinant form)

8(X;0) =Colr (X)) f(X;¥), 0= (¥,P). (4.3)

3. (Loading with a mixture of weights of trace and determinant forms)

g(X;0) = C3h (tr[X®1 ) h2 (| XDP2|) f(X;¥), O = (¥, P1,P>), (4.4)

where h;(.),i = 1,2 is a Borel measurable function (weight function) which admits Taylor’s
series expansion, C; is a normalizing constant and f(.) can be referred to as the main density
function.

In this chapter, f(.;%¥) in (4.2)-(4.4) is considered to be the density function of the Wishart
distribution with parameters n and X given in Definition 2.1.1 and a weight function as given
by (4.2)-(4.4) is incorporated. Other density functions can be considered for f(.;'¥) in future
research (see Chapter 6).

4.3 Weighted-type I Wishart Distribution

In this section the weighted-type I Wishart distribution is defined according to (4.2) and specific
properties of this distribution are derived.

Definition 4.3.1. The random matrix X € S,, is said to have a weighted-type I Wishart distribu-
tion (WIWD) with parameters ¥, ® € S,, and the weight function h\(.), if it has the following
density function

hy (tr[X®)) f(X;¥)

X:0
§X8) = T (rixe])
= @] Kl (<2 X ) m(rke), @ (%.0)
4.5)
with
{d (@} = / yz\Syxrz’”Tetr(—%zlx>h1(zr[xq>])dx (4.6)
Sm
w oy & 2400(0) o /n
= 2%0(3) L= L(3) Ce(@m). @D

'Tn this chapter, g(.;®) indicates the weighted-type density function with a set of parameters @ consisting of
the parameters from the main density function as well as the weight function
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denoted as X ~ WL (X,®,n), where f(X;W¥) is the density function of the Wishart distribution,
(W (Z,n)) (see Definition 2.1.1) i.e. ¥ = (X,n), n > m, £ € S, and h|(.) is a Borel measurable
Jfunction that admits Taylor’s series expansion (see R.7). The parameters are restricted to take
those values for which the density function is non-negative.

Note that using Taylor’s series expansion for 4;(.) in (4.5) it follows that

mrxe) = Y

Cr(X®), (4.8)

from R.7 and R.19. Using R.22, R.23 and (4.8) follows that

E [hy (ir[X®])] — / I (17X D)) £ (X:E)dX

= 19(0)
-y 1T/SmCK(X<I>)f(X;Z)dX

k=0
- (0
hy~(0) n_mil | —
y L ;/SM|X|2 ; err<—§>: X ) Co(X®)dX

=0

_n oo AR n, (k

- & 2%, (4) 2130 (0) " come)
K

C 2P, (0 A k! (3

(5),cc01

[\®]
&
5
!
3
—| = .
NSTN
~—
>~

TH
=™

with Ci(.) the zonal polynomial corresponding to x (see R.19).
Remark 4.3.1. Here some thoughts related to Definition 4.3.1 and (4.5) are considered.

(1) For hy(trX®]) = etr(X®) in (4.5) we obtain an enriched Wishart distribution with scale
matrix 2~ +®.

(2) For hi(x¢) = exp(¢x) and m = 1 in (4.5) the density function simplifies to

g(x;0) =ck(8)(6®) x> Lexp (— ( ! ¢) x) 0 =(c2,9), (4.9)

202

ST

1
7529
with cl(8) = % which is the density function of a gamma random variable (see
2

R.41) with parameters 5 and ﬁ — @, written as X ~ G(’%, # —0).

(3) For hi(x) =xand m =1 in (4.5) the density function simplifies to

g(x;0) = cﬁ(@)(Gz)gxglexp(—ﬁx>x
= ()@ Hatewn (- 1px) 0= (0%0)

(4.10)
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1

5+1

L_9)?

with cl(0) = % hence X ~ G(5 + 1, ﬁ — @). This is also called the length-
2

biased or size-biased gamma distribution (Patil and Ord 1976).
The following example illustrates the practical origin of the length-biased gamma distribution.

Example 1. Consider an exhibition hosted in a venue which can accommodate many people.
The organizers of the exhibition are investigating the overall time spent by attendees at the ex-
hibition for those who remain until the end.

Every minute one hundred attendees arrive at the exhibition and stay for a random time pe-
riod which follows a G(a, ). The exhibition lasts for a total of 200 minutes. At the end the
exhibition the organizers will host a competition for those who are still at the exhibition. The
total time spent at the exhibition of all the attendees still present after 200 minutes will not be
distributed according to a gamma distribution anymore, but will be weighted by their time spent
at the exhibition. This then leads to the length-biased or weighted gamma distribution (4.10).

Theoretically, the time spent by the attendees at the exhibition for those who are still at the
exhibition after 200 minutes, will follow a length-biased gamma distribution which is equiva-
lent to a G(oe+ 1, B) distribution.

This is illustrated in Figure 4.1 (see code in Appendix D.1); the length-biased gamma distribu-
tion fits the data visually better than the original gamma distribution. The maximum likelihood

estimates of the parameters are o, = 11.09 and B = 9.95 (Funke 2014).

Histogram of the total time of attendees

SN [ Histogram of times
I _ T
0.012 ’ N Gamma iljlstl'lbu[IDI'l o
B \ — | ength-biased gamma distribution

100 150 200 250 300 350
Time (min)

FIGURE 4.1: Histogram of time spent at the exhibition of those attendees still
at the exhibition after 200 minutes with the gamma and length-biased gamma
densities.
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(4) For hy(tr(X®]) = (1+1r(X®)) in (4.5) the density function simplifies to

2(X:8) =c. (@) x|} " (—%Z_IX)(I—HF(XCI))), 0=Z,®) 4.11)

with ¢} ,,(®) as in (4.7), defined as the Kummer Wishart distribution and denoted as
X ~ KW, (2,®,n).

(5) For hi(x¢) = (1+x¢9)®, where ® is a known fixed constant, and
m = 1in (4.5) the density function simplifies to

g(x;0) =c,(0)(62) 2x2 lexp (—%x) (1+¢x)®, 6=(c%¢) (4.12)

with ¢, (0) = ZZF( ) Xro 2¢ o’ ,k(f)' Y« (% ) . If ¢ =1 then this is also known as the

Kummer gamma or generalzzed gamma distribution, written as KG(a = 5,8 =
by expanding the term (1 +x)® (see Pauw, Bekker, and Roux (2010)).

262,&»

(6) Various functional forms of hi(.) will be employed and the joint density of their eigenval-
ues graphically illustrated to show the flexibility achieved by this construction, see Tables
4.1-4.3.

4.3.1 Properties

In this section some statistical properties of the W1WD (see Definition 4.3.1) are derived.

Theorem 4.3.1. Let X ~ Wl (n,Z,®), then the r'" moment of |X | is given by

C
E(X]") = = Z["

where cl, ,,(®) and c} (@) are as in (4.7).

(5+r),m
Proof. Using (4.5) and (4.6), it follows that

n n m 1
E(X|) = ¢ (@)} / |x|r+2—z“e;r(_§z—lx) hy (tr[X®))dX
’ S

n _n_, -1
= @) (g, (@) F)
which gives the result. O

Theorem 4.3.2. Let X ~ W!(X,®,n), then the chracteristic function of X is given by

vx (T) = ¢, ,,(®)dy I,y — 2T |3,

n,m

k)

with ¢!, (@) as in (4.7) and dypm = 25 T (3) £ T 2 (2)_C (®(E ! —2T) ).
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Proof. Using (4.5), (4.7) and (4.8), it follows that

yx(T) = E(etr(iTX))
) p:y’i/ |X|’£’"i“err(—%):1X+iTX>h1(zr[X<I>])dX

1
- 0)x| 2 ZZ o / X2~ etr (—52‘1X+iTX> C(X®)dX

k=0 K
2840 (0)(§)n(3)

= @ty y

k=0 K
X[Z7 = 24T | 2C (DX~ —2iT) 7)),

and the proof is complete. ]

Theorem 4.3.3. Let X ~ WL (X,®,n), then the joint density function of the eigenvalues A =
diag(A1,...;lm), A1 > ... > Ay > 0 of X is given by

n m —p my1 M
/ m 272
gin) = OB )
m (%) i=1 i<j
B 0)CP ™ (1, 1,,) C°F (— 121, ®
L (O0G " InIn)C g 2 )C¢(A), (4.13)
¢ rlk! [C(p (Im)]
with ¢}, (®) as in (4.7) and ¥y given in (3.5).
Proof. From (4.5) and R.53 the joint density function of A is given by
m2
/ T d !/
dM =" H(x,-—xj)/ 2(HAH';@)dH,
m (7) l<j Om
with
I = / ¢(HAH';0)dH
_n E,LH
= @ | HAH
1
X etr (—EZ‘IHAH’) hy (tr[HAH'®))dH . (4.14)
Using (4.8) and R.25, follows that
_n ﬂ_’ g [
I = @) A zr—z
—=0"" k=0
< LY / Cp (—-): IHAH’) (OHAH') dH,
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where
/ C, (—%Z_lHAH’) Cr (chAH’) dH
C?* (L, 1) "( @)
- Z . 2 Co (A).
9EpK [Co (Im)]
Hence (4.13) follows. [

Remark 4.3.2. For X = ciI and ® = c»1, (4.13) simplifies as

2 —mn n_ m+l 1
g/(A) — EC— H)LZ 2 H ), /'L)etr(—zA) hy (Cztr(A)).(4.15)

Fm(z i<j

Based on Remark 4.3.2, Tables 4.1, 4.2 and 4.3 illustrate the joint density function of the eigen-
values of X, for different ¢y, cp,n and weight functions 4 (), using (4.15) (see code in Ap-
pendix D.2).

Remark 4.3.3. Note that for hy(x) = exp(x), (4.5) simplifies to the density function of a Wishart
distribution with parameters ) I,,, and n (see Definition 2.1.1), as in (3.12). Then (4.15)

simplifies to (3.13).

1
1-2cicn

From Tables 4.1, 4.2 and 4.3 it is evident that the functional form of the weight function provides
increased flexibility to the user. Negative and positive correlations amongst the eigenvalues can
be obtained by using different weight functions. Bimodality can be obtained for the sin(.)
weight function for small n. This can be explained by the cyclical behaviour of the sin function.
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hi(cpx) = sin(cpx)

hi(cpx) = exp(cpx)

hi(cax) = exp(czix)

hi(cpx) =14 cpx

NN

TABLE 4.1: Joint density function of the largest (y-axis) and smallest eigenvalue
(x-axis) for ¢y = ¢y = 1 and n = 3 (Left), n = 6 (Middle) and n = 9 (Right)
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hi(cpx) = sin(cpx)

hi(cpx) = exp(cpx)

hi(cax) = exp(czix)

hi(cpx) =14 cpx

~NONON

TABLE 4.2: Joint density function of the largest (y-axis) and smallest eigenvalue
(x-axis) for n = 9,¢p = 1 and ¢; = 0.1 (Left), ¢; = 0.5 (Middle) and ¢; = 1.5
(Right)
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hi(cpx) = sin(cpx)

hi(cpx) = exp(cpx)

hi(cax) = exp(czix)

hi(cpx) =14 cpx

v YN

TABLE 4.3: Joint density function of the largest (y-axis) and smallest eigenvalue
(x-axis) for n = 9,c¢; = 1 and ¢», = 0.1 (Left), ¢; = 0.5 (Middle) and ¢, = 1.5
(Right)
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4.4 Weighted-type II Wishart distribution

In this section the focus is on the weighted-type II Wishart distribution for which the weight
function is of determinant form (see (4.3)).

Definition 4.4.1. The random matrix X € S,, is said to have a weighted-type Il Wishart distri-
bution (W2WD) with parameters ¥, ® € S,, and the weight function hy(.), if it has the following
density function

hy(IX®|)f(X;¥)
E [ (|X®|)]

8(X;0)

m+

@) 2|X|z—zezr(—éz—lx)hzumn, 0= (¥.®) (416

with
{eln©)"
/ =72 X2 ”’?m<—%>:lx)h2<\xq>\)dx (4.17)
(k) n+2k) n+2k
0272 T,
— Z 2 () i ( 2 )|q>z|k. (4.18)
k=0 .

denoted as X ~ WII(X ®,n), where f(X;¥) is the density function of the Wishart distribution
(W (Z,n)) (see Definition 2.1.1) i.e. ¥ = (X,n), n > m, £ € S, and hy(.) is a Borel measurable
Jfunction that admits Taylor’s series expansion (see R.7). The parameters are restricted to take
those values for which the density function is non-negative.

Note that using the Taylor series expansion (see R.7) of h(.),

[

hy[|XD|] = (4.19)

hence

E[hy(|XP|)] |¢z’k

> = T, (4 +k) A
VLT )

k=0 k=0
from Theorem 2.3.4 and (4.19).

Remark 4.4.1. It is worthwhile to consider that for the univariate case m = 1 in Definition
4.4.1, the weighted-type chi-square distribution is obtained, (both Definitions 4.3.1 and 4.4.1
give the same result for m = 1) with density function

o (@ @) TEAYON T _
g(x,0>—<k§0 k!;(%) o x>l 207 h(xp), 6=(0%9),

where h can be any of h;, i = 1,2.
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4.4.1 Properties

In this section some statistical properties of the W2WD (see Definition 4.4.1) are derived.

Theorem 4.4.1. Let X ~ W!(X ®,n), then the r'" moment of |X| is given by

CII (@)
E(X[) = 77—
3(3+)m(©)

Z["

where c” (@) and Cg(gw),m

Proof. Using (4.16) and (4.17) it follows that

(®) are as in (4.18).

n n m 1
E(X|") = c;’m(®)|>:|—z/ |X|r+2—iletr<_§z—lx)hz(|x¢|)dx
” Sm

1

= clu(@)Z7F (M. @)
and the proof is complete. ]

Theorem 4.4.2. Let X ~ Wnlll (X,®,n), then the characteristic function of X is given by

oo 2(n+§k)m (k)

n+2k
yx(T)=c,(©) Y 5 (0D (5)

k!

|®X || — 22T |2 7F,

with c[l, (@) is as in (4.18).
Proof. Using (4.16), (4.18) and (4.19) it follows that
yx(T) = E(etr(iTX))
= c;{m(@))ymz/ IX|2 "7 et (—%(El—ZiT)X)hz(!X@)dX

o A OT2Em (k) n+2k
. i &2 2 By (0)D, (2
@2 2T 2 ) 2 li‘) (% )|<I>]k|2‘._1—2iT|_k
k=0 -
o A HZRm . () n+2k
277 Y (0)r .
= um(©)) s ](C,) ulS: )|<I>Z|k|1—2iZT|_i_k.
k=0 :

]

Theorem 4.4.3. Let X ~ W!(X.® n), then the joint density function of the eigenvalues A =
diag(A1,...;lm), A1 > ... > Ay > 0 of X is given by

m?
2

T

ad - 1
+k77 -1
T, (%)H OFO( 22 7A>7

(4.20)

gA) = o, (@)

with cil (@) as in (4.18) and oFy(.,.) as in R.37.
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Proof. From (4.16) and R.53, the density function of A follows as

g'(A)= r,f(%) E (Ai—2,) /mg(HAH';@))dH,

with

I = / ¢(HAH';0)dH

m

n n m 1
A (@)|Z] 2 / HAH'|>~"% etr <_§>:-1HAH'> hy([HAH'®|)dH .
b Om
Using (4.19), R.35 and R.38 follows that

n n__ m+l

I = ¢u@)E AL )

n,m

n > h(k) O n m 1
11 2k'( )|<I>|"|A|2+k‘2+l/ oFo (—EZ‘IHAH’> dH

k=0 Om

hence (4.20) follows. ]

4.5 Weighted-type III Wishart distribution

In this section the definition of the weighted-type III Wishart distribution (W3WD) is given.
Utilizing a more extended version of (4.4) (allowing more parameters) the following definition
follows:

Definition 4.5.1. The random matrix X € S,, is said to have a weighted-type IIl Wishart distri-
bution (W3WD) with parameters ¥, ®| and ®, € S,, and the weight functions hy(.) and hy(.),
if it has the following density function

hy (tr[X®1])hy (XD |) f(X ;W)

S N ZEC T N I

m+1

_n n__ 1 -
I @)[E|EX|E " err (‘5’“ IX) X @ (XP21)

4.21)
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with

n n m 1
- /|):|—2|X\z— ;letr(—iz_lX)hl(tr[X¢1>1])h2(|X<I>2|)dX (4.22)
23 & AP 0) & nl0)@, 0o mil 1
— s LR T O [ st (e ) colxenax
22Fm(§)k:0 k= t Sm 2
L& i om0

oM+, (g + z) @,z (g +r) Ce(EP),  @23)

K

denoted as X ~ WHI(Z @ ®,,n), where f(X;W) is the density function of the Wishart distri-
bution (W,,(X,n)) (see Definition 2.1.1) i.e. ¥ = (£,n), n > m, L € S, and h;(.) and hy(.) are
Borel measurable functions that admit Taylor’s series expansion (see R.7). The parameters are
restricted to take those values for which the density function is non-negative.

Note that from (4.8) and (4.19) it follows that

(l)< )

Iy (17X D))o (X D3 :ZZZ W 1 e x| ( +z) Ce(@®1X).  (424)

Using (4.21), (4.24) and R.23,
E [h (tr[X®1])ho (|X P2 ])]

¥|2 " m 1
= / ,J,quf?hl(;r[x¢1])h2(|x¢2|)etr(—Ez—lx>dx

S ZTF (%)
_n (k
— ﬂ1|12'| Zn Z 1 (O ZZ 2 |¢2| / |X|2+I—Tetr <_lz lx) CK(¢1X)dX
2T (3) (5 (k)- =0 ( 2
. |Z’_% o Ny (0) - hzt( )"I’2| ( +t)m+k n oy
B 2"5"Fm(g),§6 A 2 M (5+1) (5 +1) BT Ce 201
o oo 1(k) (t)
_ 1 hy (O)h (0) mi+k n : n
T (%) kgg a2 (5 +) |¢ZZ|;<§“>KC’((E¢1)'

4.5.1 Properties

In this section, some statistical properties of the W3WD (see Definition 4.5.1) are derived.

Theorem 4.5.1. Let X ~ W!II(X,® . n), then the " moment of |X| is given by

cl][ ®
EX) = ®

cg(l% +r),m (9)

Z[

where ¢!l (@) and cg(I%H) (@) are as in (4.23).
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Proof. Using (4.21) and (4.22) it follows that

E(XP) = @ [ ar (<2 X ) hnrX (Xl ax

= @) (S, @) )

and the proof is complete. ]

Theorem 4.5.2. Let X ~ W!II(X.® n), then characteristic function of X is given by

II/X III Z Z Z

k=0t=0 ¥ nm

Ce((E™" = 2iT)®) ) |1 — 2iET| >,

B hgk) (O)h(21> (O)ZmHka(%H
22 kir!

with cllf (@) as in (4.23) and d ) D] (5+1) .

nm

Proof. Using (4.21), (4.22) and (4.23),
vx(T) = E(etr(iTX))
= |Z|2/ |x|%*% <—%2‘,1X+iTX> hy (tr|X®1))ho (| XD, |)dX

() 0 2mt+k1—~m L
_— ZZZ (Zﬂ (3 )|¢2|t(g+t>’(

o 2% k!
ch((z—l —2iT)®, )| — 2iET| >~

]

Theorem 4.5.3. Let X ~ W!I(X.®,n), then the joint density function of the eigenvalues A =
diag(A1,...;m), M > ... > Ay > 0 of X is given by

2

m (t)
/ T2 el —z 0)h, (0> t
g A = 0)X 3 A, l (1)2
w o me1 Cop (W) COX (L, I c”’" —lzfl,cp
x|A[FF oG U L) ¢2( 2 ), (4.25)
[C(P (Im)}
with cm m(®) asin (4.23) and Y4 as in (3.5).
Proof. From R.53 the density function of A follows as
m2
T
¢W)= " [T 4) [ s(HAH'@)aH,
m(?) <J Om

I = / ¢(HAH';©)dH
On,

n__ m+l

= JdI@e)z /0 yHAH’|z—zetr<—§z—1HAH')hl(zr[HAH’q>1])h2(|HAH'q>2|)dH
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Using (4.24) and R.20, the following is obtained

0 (k) (())h( )

_n n_mtl =
] — III( )|2| 2|A|2 2 Z’ P o1 \M) 2 g, A|t

=0
XZ / etr (—-): 1HAH’> (®\HAH') dH

(1)
h 0)h, ;
pay |DrA|

m+1

= @) errf-*i kiio

QP / C, (—-): 1HAH’> Cy (®HAH') dH

! (0)(0)

= i@ty ¥ ¥ Yyt e

r=0k=0t=0 p K

il—‘

x / C, <—§Z‘1HAH’ Cy (® HAH') dH.
From R.25 follows that
1
| (—EZIHAH’) C (PHAH') dH
0]71
Co (N)C™ (1, 1,,) CYF (—A27 1, D)

= ) : ¢2

oep,x [C¢ (Im)}

and hence (4.25) follows. [

4.6 Bayesian applications

In this section a special case of the WIWD is applied as the prior for the normal model which is
outlayed in Figure 4.2. Firstly, the Kummer gamma distribution (4.12 with ¢ = 1) is considered
as a new prior for the univariate normal model. In Chapters 2 and 3, the priors under considera-
tion for the underlying matrix variate model were the inverse Wishart, Wishart distributions and
the hypergeometric Wishart distributions respectively. Now the Kummer Wishart distribution
(4.11) is considered as the prior instead, since it has not been studied as a prior in literature.
Note that the SEL function (see R.60) is used throughout this chapter.
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. VS
Populatloﬂ Prior
Normal Inverse Wishart/| Benchmark | Chapter 2
Wishart models | Section 2.4

Kummer

Wishart

FIGURE 4.2: Outlay of Section 4.6

4.6.1 Univariate Bayesian analysis

Consider a sample of n; observations, X = {X|, s Xy }, from the normal model,

i.e. X ~ N(u,c?), where both parameters are unknown, with likelihood function (3.21).
Assume an improper objective prior (see R.55) for p, w (i) = 1, and independently the Kummer
gamma prior (4.12 with ¢ = 1) with parameters 7, ﬁ and o as the subjective prior for 62 such
that the joint prior density function is given by

m(pn,0%) o (6% lexp <—$02) (1+02)?, (4.26)
where 7 (1, 06%) = (u) w (0?).
Then, the joint posterior density function is obtained from (3.21) and (4.26) as follows
q(u,0%X)

n_n"_ 1
o (@)1 ewp (b o) 14 02 [—— X

Note that



Proof. From (4.27), using Remark 3.5.2 and R.41 follows that

with 632 ~ Gamma (% 1

with

with 632 ~ Gamma (%, L

Chapter 4. Weighted-type Wishart distributions

96
hence it|X, 0% ~N(X,2 ) and

n

q(c*X,p) o (o)

(ST

-3-1 | 2 1 & 2
* exp (—%G ) (14+07)%exp [—z—ozi_zi (X;— )~ | (4.28)

Theorem 4.6.1. The marginal posterior density function of W for the normal model with prior
(4.26) is

q(u|X)

L (3)Eg; |(03) % (14 03) exp (— 5 X1, (X
= T
(2 ) (20)*

W)
)

(4.29)

2
O

)% (14 03)0exp (5L

2 n 1 1
2(p> and o ~ Gamma (— + 7, %>

uIXoc/ %71

ocE

Zng(Xi_u)z
(63)"% (1+03) exp(—z%gi(?(i—u)z)],

1 1 &
exp (—%GZ) (1+02)®exp [—— ] do?

, %> . Hence

q(uX) = cukq;

(63 % (1+03) exp<—2ic3zi<x,-—u>2>],

(4.30)
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e T , . e
= (2mny") r(2) (2(:)_;%]56} (67)72 (14 07) exp <—?£ (;X?—MX))
(27n7")? (29)T (2 41)

, (4.31)

from (3.21), R.39, Remark 3.5.2 and R41, with 63 ~ Gamma (4 + 4,5 ). Therefore (4.29)
follows from (4.30) and (4.31). [

Theorem 4.6.2. The marginal posterior density of 62 for the normal model with prior (4.26) is

n_np_ 1

(62)27 2 Zexp (_ﬁ(;Z) (14 06%)%exp (—ﬁ [Z;ilXiZ _)_(2])
F(3+1)(20) 2 E, [(of)”?'(l +07)%exp (_ﬁ [Zﬁle—fz])} |
(4.32)

q(0’X) =

: 2 1 1
with 6; ~ Gamma <’% +7, ﬁ>
Proof. From (4.27) and R.39

n

N 1 1

<[ ew <_2LG_ (u _7)2}) du

ni

[SST

q(62 1X) o (62)

n_n _ 1 1
— (62)2 2 1€Xp (—%62> (1 +62)wexp <—F

,,,,, 1 1 | -2
q(6*X) = c,2 (62) S Texp (—%62) (1+02)%exp <_2_62 i_ZiXiz -X

) , (4.33)
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>d62

n]
Yy x?-Xx )

i=1
using Remark 3.5.2 and R.41, where 64 ~ Gamma (’j‘ + % zi) Therefore (4.32) follows from
(4.33) and (4.34). O

with

-1 _ [T 2\ 7 [P 20 I v, 2
e = /0 (6)2 2 2oxp —%G (14 0°)%xp 352 i_Z{Xi —X

2y— 2\ 1
o;) 2(1+o -~
(07) ( 4) exp( 262

b

4

(4.34)

Theorem 4.6.3. The Bayes estimator of U for the normal model with prior (4.26) is

Up ke =X (4.35)
Proof. From (4.29) the posterior expected value of y — X is
E(u—X[X)
J7u(n =X)L (3) Egz | (03)"F (14 03)%exp (— 35 X1ty (Xi— )° )| di

(27m1_])% 2¢)2T (4+3%) Eg [(Gf)_%l(l—i—cf)“’exp( 262 (an X?— nl)_(2>>}

—_

where 67 ~ Gamma <’§, ﬁ) and 67 ~ Gamma <’§ +1, ZL) Note that E(1 — X ) = 0 since the

integrand is an odd function, hence E (1) = g x6 = X. O

Theorem 4.6.4. The Bayes estimator of 62 for the normal model with prior (4.26) is

N L(5+3)Eg [(052)*"71(1+052)“’€XP< 207 [an X7~ _W

T g D a0 g [0 B0t e [ pme )]

where G}~Gamma< +2’2<P> and 65 ~ Gamma <2+% ﬁ)

Proof. From (4.32) the posterior expected value of 67 is

E(o2lX) I (Gzig_nzu_éexp (—%G>(1+6) exp( 202 [Z”l X2 — _2Dd62
2

) (2@)_%_% Eg [(Gf)_%l(l +07)%exp <__2 [27;1 X7 _72] ﬂ
F(3+3) g [<o§>—%<1+o§>wexp (-2 [z %))

F(%+%)(2(P)E03 [(0'4) (1+G4 “’exp( %[an X2 —z])}’

from Remark 3.5.2 and R.41, where Gf ~ Gamma (% + %, ﬁ) and 652 ~ Gamma (% + %, ﬁ)
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4.6.2 Multivariate Bayesian analysis

Consider the matrix variate normal model, X ~ N, ,(#4,£® &) as in R.49 with likelihood func-
tion (3.33) based on a sample, X = {X,...,X,, }, of size n;. Consider an improper objective
prior (see R.55) for p, (@) = 1, and the Kummer Wishart distribution (4.11) with parameters
®,0 and 7 as the subjective prior for £, i.e. £ ~ KW,,(®,0,n), such that the joint prior density
function is

n n m 1
T(p,X) |<I>|_§|Z|Z_T+letr (—ECD_IZ') (1+tr(XO)). (4.37)
From (3.33) and (4.37) the joint posterior density function is

qU.EX) o BT ey {—%2‘1 v +n1(7—u)Q‘I(X—u)’]}
Xetr (—%qr'):) (1+1r(Z@)), (4.38)
with V as in (2.7). Note that
GWX.E) ccerr | -T2 (X —p)Q~ X —p)|
hence p|X,Z ~ Ny (X, %Z@Q), and

m+1

dEX) o BT [ e (X0 -]
xetr (—%qr'):) (1+1r(ZO)). (4.39)

Theorem 4.6.5. The marginal posterior density function of | for the normal model with prior
(4.37) is

q(p|X)

mp

(2) " Ta) el el
T ("52) Bs, | IZal~ ¥ err [~325V] (1 +1/(240))]

x Es,, [!23!’”2‘”&;" {—%231 [V +n (}?—u)gl()?—u)']} (1 —f—tr(Zg@))} , (4.40)

with X3 ~ Wy, (®,n),Xy ~ Wy, (®,n+ p) and V as defined in (2.7).
Proof. From (4.38), using Remark 3.5.2 and Definition 2.1.1,

n_MmMP m+l

dwp) o [ [l Ve - X -
Xetr (—%d)‘lz‘.) (1+1r(Z@))dx

o Ey, {|>:3|—”%”m {—%Zg‘ v -I—nl(f—[.t)ﬂ_](f—p)'}] (1 +zr(>:3®))] ,
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with X3 ~ W,,(®,n). Hence

q(1|X) = cuEs, {|>:3| B err {—%251 V4+mX-p)Q (X - y)’}} (1 +tr(2‘.3®))] (4.41)

with
-1
Cu
n 1 _ —
= /mXpE);3 {]&]lzpetr {——231 [V—i—nl(X—u)Ql(X—u)']} (l—i—tr(Z@))] du
_ _z 7717[)7;;1-&-1 1 1
_ /Rmxp[z Tu(5) '@ z/ DiE etr( J@ ):)
1 — _
xetr {—5 -1 [V+n1(X—u)Q‘1(X—u)’]} (1+tr(X@))dEdu
. nm n —1 _n n_"P_ m+l 1 1 1 1
= Pt (5)] @ z/ )3 ey [—52 V} otr <—§<1> z)
x (1 +tr(2®))/RmXp etr {—52_1111()7—[1)9_1()7—#)/} dudx
@
= —— Q2@
L (3)
n mMpP m 1 1
/ 2|2 ety [—52 IV} etr<—§<1> 1):) (1+1r(Z®))dE
mp
- o jefjef
Fm(z)
n+p n+p | B
\Q\ Ez4 14|” oty —52‘.4 V| (1+1r(X40))
mp
27T, ("52) ( ) s,
= Q|2 |<I>|2E);;4 {|24| ety {——Z 1V] (1+tr(24®))] , (4.42)
T (%) 2
from Remark 3.5.2, Definition 2.1.1 and R.49, where £4 ~ W,,(®,n+ p). From (4.41) and
(4.42), (4.40) follows. O
Theorem 4.6.6. The marginal posterior density function of X for the normal model with prior
(4.37) is
(n+p)m n+p
272 |72
§(=K) = kit

T (“32) Ex, [|>:4|—¥m -1z, 'v] (1 +rr(>34®))}

ntp _"MP__mtl

X|E| 2T etr {—iz V| etr (_Eq’ ]2)(1+tr(2®)), (4.43)

with Ly ~ Wy, (®,n+ p) and V as defined in (2.7).
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Proof. From (4.38) and R.49 follows that

mp_ m+l

JEX) o [Z)i N e {—%z lv} etr (—%cp 1>:> (1+1r(20))

X / etr {—12‘1111()7—#)9‘1()7—#)’} du
Rmxp 2

ntp mMpP _ m+l

o [EZ2 2 2 er {—%Z IV} etr (_Eq) 12) (14+tr(X@)).

Hence

gEX) = B "o {——2 1v} etr(——fb 12)(1+tr(2®)), (4.44)
with

o = |z|m—m—mflezr {—Ez 1v} m(—icp 1Z>(l+tr(2‘.®))d2‘.

n+p)m
_ 2—< T, <”;”) |7 Ex, {|>:| F ooty {—Ez 1v} (1 +tr(2®))} . (4.45)
from Remark 3.5.2 and Definition 2.1.1, with £4 ~ W,,(®,n+ p). Hence (4.43) follows from

(4.44) and (4.45). [l

Theorem 4.6.7. The Bayes estimator of 4 for the normal model with prior (4.37) is

ﬁB,KW =X
Proof. From (4.40) note that

E(p—X)
mp

= [, mX) 2 () w30 et
R T ("52) B, |[B4] = Ferr [~ 125 V] (1 +1r(240)) |

xEy, {]23]_}11217etr [—%23_1 [V+n1(7—u)ﬂ_1(7—u)’]} (1 +tr(23®))1 du.

It is clear that this is the integral of an odd function, hence E (i —X) = 0. Therefore, the Bayes
estimator of W is

Bpxw =ER|X)=

O
Theorem 4.6.8. The Bayes estimator of |E|" for the normal model with prior (4.37) is
2, () el ISl Ferr [ 455V] (14 1r(250)
Z[" g xw = , (4.46)

T ("52) Bs, |[Eal~ ¥ err [~ 32, 'V] (1 +1(240))|
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where L4 ~ Wy, (®,n+ p), Es ~ W, (®,n+ p+r) and V as defined in (2.7).
Proof. From (4.43), Remark 3.5.2 and Definition 2.1.1 the posterior mean of |X|” is

E(IZ["|X)
(n+p)m

272 |D|”
T ("52) By, |[Eal~ Y err [327'V] (1 +1/(240))|

n+p
2

n r n m 1 1
/ b [ S bz IV} etr <_§¢12) (1+1r(20))dz

B - (n+2p)m |¢‘_n+Tp
T ("52) By, |[Eal~ ¥ err [~ 32,1V (1 +1(240))]
2 n+p+1
01 B 15 Ferr | 325 | (1 r(2s@))|.
and the proof is complete. U

4.7 Numerical study

4.7.1 Univariate case

In this section, a special univariate case of the weighted-type I Wishart distribution, the Kummer
gamma distribution (4.12 with ¢ = 1), is applied as the prior for the variance of the univariate
normal model.

4.7.1.1. Algorithm
In this section a Gibbs sampling algorithm is proposed to simulate samples from (4.29) and

(4.32) as follows:

Algorithm 7
1. Initialize uo and Gg

2. Repeat the following steps fort = 1,...,100 000 times:

(a) Generate i, ~ N(X, 62 )

'y l 1
(b) Calculate A, =Y (X;— )?
(c) Metropolis-Hastings algorithm:

i. Generate the random numbers 62* ~ G(%,¢™")

ot lw)’
* else Gt = 2_ with
n

t
[ 2|'ut] o (62)2=2 lexp [—ﬁcz} (14 06%)%exp [—#A,} from (4.28).

ii. If min ( Lo 1) > u where u is a random uniform(0, 1) variate, then 67 =
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3. Burn-in the first couple of observations, i.e. the posterior observations are Lo ---, £100 000
and 61000, - -+, 0100 000-

4.7.1.2. Simulation study

A sample of size n; = 18 is simulated from a normal model with zero mean and unit variance,
i.e. X ~N(0,1). For this study, prior (4.26) is assumed with @ = 1. To evaluate the performance
of this prior, posterior samples of u and 6 can be simulated using Algorithm 7, and the Bayes
estimates calculated or (4.35) and (4.36) can be used. Note that the prior expected value of c?
is

_ o oy, (L
e A i [t
(2¢) "% 1 n

ne(l+(n+2)p)

4.47
1+ne ’ (4.47)

from (4.12) with @ = 1, which is set equal to the prior belief E(c?) = 0.9.

Therefore, the hyperparameters are chosen as n =4 and ¢ = 0.185 with @ = 1. The MLE’s of
the parameters are given by

il =X = 0.2405, o2 = 52 = 0.7604.

The Bayes estimates of the parameters calculated using the sample, from (4.35) and (4.36),
respectively, are

fisxG =X = 0.2405, 625 xG = 0.7939

It is evident from the comparison of the estimates that the Bayes estimate for 62 is closer to

the target parameter value than the MLE. To calculate the coverage probability for this prior,
1000 samples are simulated from the underlying model and for each the 95% credible interval is
calculated using (4.32). The median credible interval width of the 1000 intervals are calculated
as 0.9 and the coverage probability as 92.1%. The marginal posterior density functions of u
and 62, (4.29) and (4.32), are given in Figure 4.3 (see code in Appendix D.3).
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FIGURE 4.3: Marginal posterior density functions of p (left) (4.29) and 6 (right)
(4.32)

4.7.1.3. Forestry dataset
The forestry dataset used in Section 3.6.1 is revisited. Recall that the volume should be esti-
mated based on a sample of 31 trees. The data is found to be non-normal and a log-transformation

corrected this.

Let X be the volume of the tree and ¥ = log(X) be the log-transformed variable, then ¥ ~
N(u,0?). The prior (4.26) is applied with @ = 1 and the prior information is specified as
E [62] = (0.3 based on expert information. The hyperparameters are thus chosen as n = 4 and

@ = 0.625 such that E[c?] = 0.3.

The resulting MLE of ¢ is 0.277 and the Bayes estimate is 0.2798 for the Kummer gamma
prior with credible interval (0.18;0.40). The likelihood, prior and posterior density function of
o2 for this dataset is displayed in Figure 4.4 (see code in Appendix D.4). Since the posterior is
more concentrated than the prior, this prior is suitable for the dataset (see Lesaffre and Lawson

(2012)).

7
""""""" Kummer gamma prior
6 = = = Likelhood
Posterior
I
1
L I
5 4
I i
24T 1
g :
o .
O3t .. '
s \
N
2r I !
' \
: I AN
1F %
E 1 '{-._’
1 N,
oLt S g s . \ .
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2

FIGURE 4.4: Likelihood, prior and analytical posterior density functions of o2

A comparative study using different priors for this dataset, is done in Section 5.2.2.
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4.7.2 Multivariate case

In this section, the Kummer Wishart distribution (4.11) is applied as the prior for the covariance
matrix of the matrix variate normal model.

4.7.2.1. Algorithm

The algorithms proposed in Section 2.5 are adjusted to develop a Gibbs sampling algorithm for
the simulation of posterior samples of p and X under the prior in (4.26), i.e. £ ~ KW,,(®,0,n)
(see (4.11)) and w(p) = 1. The algorithm for the simulation of samples from (4.40) and (4.43)
is as follows:

Algorithm 8
1. Initialize @y and X

2. Repeat the following steps for t = 1,..., 100 000 times:

(a) Generate &, ~ Ny, ,(X, LE, | ®Q)

'y
(b) Calculate A, =V +ny (X — ;)X — ;)
(c) Metropolis-Hastings algorithm:

i. Generate the random matrices £} ~ W,,(®1,ms) and £5 ~ W, 1 (®,,m?) such
that E[X]] = cE[X}].
ii. Calculate £* = wXj 4+ (1 —w)Z} for some 0 <w < 1

iii. If min (%, 1) > u where u is a random uniform(0, 1) variate, then X, =
Y*else X, = X,_1, with
FHEIp] oc [B|7050=mp=m=1)(] 4 ¢ (£@))etr [~ 1E7A] etr [-1®~'E] from

(4.39).

3. Burn-in the first couple of observations, i.e. the posterior observations are 100, ---, 4100 000
and X000, ---» £100 000-

4.7.2.2. Simulation study

A sample of size 10 is simulated from a multivariate normal distribution with m = 3, a zero
mean vector and identity covariance matrix i.e. @ =0 and X,,,, = I, The Kummer Wishart
prior (4.11) is assumed in a Bayesian analysis to estimate the covariance matrix, i.e. X ~
KW,,(®,0,n) such that the joint prior is (4.26). The hyperparameters are chosen as® =1,,,,® =
1,, and n = ms = m% = 3. The initial values are chosen as 1o = [0.5 0.5 0.5] and £y = 1.11,,..

A posterior sample of size 5000 is simulated using Algorithm 8 (see code in Appendix D.5).
The Bayes estimate is then calculated as the posterior mean of the sample. The MLE and the
Bayes estimate for X is
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R [1.8719  0.2168  0.9523
Yvie = |0.2168 2.9553 —0.2471
10.9523  —0.2471 1.0715

R [ 1.1389  0.0115 —0.0098
Ypxw = 0.0115 1.0401 —-0.0132
| —0.0098 —0.0132 1.0763

The Frobenius norm of the errors (see Remark 2.5.4) are calculated for each estimate and given
in Table 4.4.

Frobenius norm | Value
||1Zpre —Zl|F 1.2336
||[Zxw —Z||F 0.1468

TABLE 4.4: Frobenius norm of the error of the estimates calculated from the
simulated sample

The Kummer Wishart prior delivers an estimate with less error than the MLE and is hence
favorable.

4.7.2.3. Abalone dataset

The abalone dataset, used in Section 3.6.2 is revisited. The aim is to estimate the age of abalone
based on the number of rings derived from various other variables. A multivariate normal sam-
ple of size n; = 20 and dimension 6 is used. Hence, Xx¢ ~ N(Kl1x6,L6x6)- The aim is to
estimate X.

Assume the prior (4.26), with ® = §,,0 = 0.55;,p = 6,n = 6 where S| is the sample co-
variance matrix of the available data excluding the 20 observations in the chosen subsample.

The Bayes estimate calculated for £ under this prior using Algorithm 8 (see code in Appendix
D.6), as well as the MLE are

[0.014 0.012 0.004 0.054 0.015 0.012]
0.012 0.01 0.003 0.045 0.013 0.01
S — 0.004 0.003 0.002 0.017 0.005 0.004

0.054 0.045 0.017 0.24 0.065 0.052
0.015 0.013 0.005 0.065 0.019 0.014
0.012 0.0 0.004 0.052 0.014 0.012]

[0.016 0.013 0.005 0.067 0.018 0.015]
0.013 0.011 0.004 0.058 0.016 0.013
Sprw = 0.005 0.004 0.002 0.019 0.005 0.004

’ 0.067 0.058 0.019 0.315 0.084 0.068
0.018 0.016 0.005 0.084 0.023 0.018
[0.015 0.013 0.004 0.068 0.018 0.016]
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The convergence of Algorithm 8 is clear from Figure 4.5.

0.3

Det
. =— Trace
0.25 Eig

02 |g

500 550 600 650 700 750 800 850 00 950 1000

FIGURE 4.5: Convergence measures of Algorithm 8 for updates 500-1000 in the
posterior sample

A comparative study using different priors for this dataset, is done in Section 5.3.2.

4.8 Conclusion

Due to the lack of matrix variate developments of weighted distributions, this chapter originated
from the idea of coupling the Wishart density function with some weight functions. The main
contributions in this chapter are summarized as follows:

Theoretical contributions
e The Weighted-type I, II and III Wishart distributions were defined.
e Various properties of the proposed distributions were derived and illustrated.

e Univariate and multivariate Bayesian analysis of the normal model were done with a
special case of the WIWD as the prior, using an innovative approach circumventing the
use of sampling algorithms for the univariate case.

Computational contributions

e New algorithms were developed for the application of a special case of the WIWD as a
prior for the univariate and multivariate normal models.
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Chapter 5

Comparative prior evaluation

In the preceding chapters, new matrix variate models within the Wishart ensemble were devel-
oped and special cases of these proposed distributions were applied as priors for the covariance
matrix of the matrix variate normal model. The univariate counterparts of the new models were
also considered as priors for the variance of the univariate normal model. In this chapter, the
application of the new models in Bayesian analysis is elevated with a thorough comparative
study, using simulated and real datasets. The algorithms proposed in the previous chapters for
the Bayesian analysis of the normal model, are assessed using various convergence measures
and different initial values.
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5.1 Algorithms evaluation

5.1.1 Convergence of the simulated chains

The algorithms proposed throughout the study can be evaluated for convergence in two ways.
Firstly single convergence measures, as used in the various chapters already and then secondly
composite convergence measures (see code in Appendix E.1).

For a simulated sample of X, the determinant |X;|, trace #r(X;), and largest eigenvalues A, ;,
of each simulated matrix are used as single convergence measures to evaluate the convergence
of the chains. Following Gelman, Carlin, Stern, and Rubin 1995, the composite convergence
measures consider the change in the average single convergence measures after each addition
to the chain, using the average determinant,

1 d
IZ\_;ZEZIZI'!,

i=1

average trace,

and the average largest eigenvalue
_ 1J
Aij==) A
Ji=1
of all simulated matrices preceding, and including, the latest update in the chain.

To evaluate the proposed algorithms, a sample of size n; = 20 is simulated from the multi-
variate normal model N,,(0,I). The priors under consideration for X are

e Inverse Wishart prior W, ! (®y,_1,ny,-1) (Definition 2.1.2)

e Wishart prior W,,(®w,nw) (Definition 2.1.1)

e Hypergeometric Wishart prior HW,,,(®nw, ai, b}, c,naw) (3.17)
e Kummer Wishart prior KW,,(®xw,I,ngw) (4.11)

withm = 37¢W*1 = 4I,nW71 = 9,(I>W = 0.251,1’1W = 3,‘DHW = 0.51,611k = l,bi< = 2,C = 0.9,I’lHW =
3;¢KW = O.SI,nKW =3.

The initial values are o = [0.5 0.5 0.5] and £y = 1.11. A 10% burn-in period is used, hence the
first 1000 observations are discarded. An improper objective prior (see R.55) for p, () =1,
is assumed.

Remark 5.1.1. Note that in Algorithms 1 and 2, a subjective prior was assumed for |b. These
algorithms can easily be adjusted for an improper objective prior for I.
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Figure 5.1 illustrates the single convergence measures for Algorithms 1,2,6 and 8 while Figure
5.2 illustrates the composite convergence measures for Algorithms 1,2,6 and 8.

10 T T T T T T T T T T T T T

FIGURE 5.1: Single convergence measures for Algorithms 1 (top left), 2 (top
right), 6 (bottom left) and 8 (bottom right)
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FIGURE 5.2: Composite convergence measures for Algorithms 1 (top left), 2 (top
right), 6 (bottom left) and 8 (bottom right)

It is clear from Figures 5.1 and 5.2 that the proposed algorithms are stable and converge.

5.1.2 Effect of initial values

In the preceeding section some measures of convergence were introduced. Now, the effect of
the initial values on the convergence of the chain is investigated. To this purpose, the simulation
setup is repeated but with initial value £, = 51.

Figure 5.3 illustrates the updated convergence measures for Algorithms 1,2,6 and 8.
The proposed algorithms are quite robust to initial values since from Figure 5.3, the effect

of the initial value diminish very quickly within the 10% burn-in period, thus having no effect
on the final estimates.
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FIGURE 5.3: Composite convergence measures for the first 100 updates for Al-
gorithms 1 (top left), 2 (top right), 6 (bottom left) and 8 (bottom right)

It is clear from Figure 5.3 that the proposed algorithms converge, for different initial values.

5.2 Univariate comparative analysis

5.2.1 Simulation study

In this section Bayesian analysis of the univariate normal is conducted (see code in Appendix

E.3). A random sample of size n| = 18 is simulated from a standard normal distribution hence
X ~ N(0,1). The four priors for the variance under consideration are:

e Inverse gamma prior IG(a;, 1) (R.40)
e Gamma prior G(0y, B2) (R.41)
e Hypergeometric gamma prior HG(a, b, c, ¢) (Definition 3.4.1)

e Kummer gamma prior KG(a3, B3,1) (4.12)
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5.2.1.1. Choice of hyperparameter values

2 _
Oy =

The hyperparameters of the four priors are chosen according to the prior belief E(c?)
0.9. The expected values of the four prior distributions are:

e Inverse gamma prior IG(a;, 1) (R.40): B

o —1

e Gamma prior G(05, 3) (R.41): %
e Hypergeometric gamma prior HG(a, b, c, ¢,n) ((3.19) and (3.47)): 5¢

e Kummer gamma prior KG(a3, B3,1) ((4.12) and (4.47)): %

The four combinations of hyperparameters under consideration are given in Table 5.2 (see code
in Appendix E.2). For each combination E(c?) = Gg = 0.9, except in combination 4, where
Gg = 6.8 and Gg =4.75 for the Kummer gamma and hypergeometric gamma priors, respec-
tively. The new models are expected to perform poor with the hyperparameters in combination
4, since the prior belief is quite far from the target value. However, as shown in this section, the
new models still perform well even under poor prior specification.

5.2.1.2. Results

To evaluate the performance of the priors, coverage probabilities and median credible interval
length are used. For this purpose, 1000 independent samples of size n; = 18 are simulated and
for each one the analytical posterior density functions (see Section 2.4.3.1 withm = 1,p =1,
(3.28) and (4.32)) under the four subjective priors and an objectve prior are calculated. This
enables the calculation of the coverage probabilities and median credible interval width as given
in Table 5.1.

Combination | Inverse Gamma prior | Hypergeometrig Kummer
gamma prior gamma prior gamma prior

1 0.87(0.9) 0.91(1) 0.99(0.8) 0.91(0.85)

2 0.88(0.9) 0.92(1) 0.97(0.8) 0.89(0.9)

3 0.90(0.9) 0.94(1) 0.98(0.8) 0.92(0.9)

4 0.88(0.9) 0.92(1) 0.89(1.3) 0.88(1.4)

TABLE 5.1: Coverage probabilities (median credible interval width) under the
four priors

The coverage probability obtained under the gamma, Hypergeometric gamma and Kummer
gamma priors are higher than for the well-known inverse-gamma prior, while the median width
of the credible intervals (indicated in brackets) are competitive.

It is interesting to note that even under a completely false prior belief (see combination 4 in
Table 5.2), the Hypergeometric gamma and Kummer gamma priors are still performing well.

The bias and mean squared error for each prior and each sample were calculated, for com-
binations 1 and 4, and are visually presented in Figure 5.4.
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FIGURE 5.4: Bias (Left) and Mean squared error (MSE) (Right) for 100 samples

of combination 1 (top row) and combination 4 (bottom row) (Hypergeometric

gamma prior (-), Kummer gamma prior(-.-), gamma prior (...) and inverse-gamma
prior (-))

The good performance of the hypergeometric gamma and Kummer gamma priors for combi-
nation 1 is evident from Figure 5.4 since the bias and MSE are small for these priors. More
precise, and hence more accurate estimates are obtained for combination 1, compared to com-
bination 4. This is supported by Table 5.1.

From Table 5.1 and Figure 5.4, the results of Griffin and Brown 2010 and Van Niekerk, Bekker,
Arashi, and Roux 2015 are again apparent regarding the better performance of the gamma prior
when compared to the inverse-gamma prior.

5.2.2 Forestry dataset

The forestry dataset used in previous chapters (see Sections 3.6.1 and 4.7.1) is revisited. Recall
that the volume should be estimated based on a sample of 31 trees. The hypergeometric gamma,
Kummer gamma, inverse gamma and gamma priors are considered.

The data is found to be non-normal and a log-transformation corrected this. Let X be the
volume of the tree and ¥ = log(X) be the log-transformed variable, then ¥ ~ N(u,c?). The
prior information is specified as E[6?] = 0.3 based on expert information. The hyperparame-
ters are chosen as ¢ =0.01875,¢=0.01,n=32,a=1,b=1,0 =11.5,4; =3.5,00 =3, =
10, 3 = 4,3 = 0.8, according to the methodology in Section 5.2.1.
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The MLE of 62 is 0.277 and the Bayes estimates and credible intervals under the different

priors are given in Table 5.3 (see code in Appendix E.4).

Inverse Gamma prior | Hypergeometric Kummer
gamma prior gamma prior gamma prior
Estimate 0.3125 0.3107 0.2933 0.2798
95% Credible | (0.235;0.52) (0.195;0.465) | (0.21;0.385) (0.18;0.40)
interval

TABLE 5.3: Bayes estimates and credible intervals under the four subjective and
one objective priors

The likelihood, prior and posterior density functions of o2 for this dataset is displayed in Figure
5.5.

—— Hypergeometric gamma

——— Hypergeometric gamma
—-—— Kummer gamma 7

Inverse gamma
.......... Gamma

— == Kummer gamma

Inverse gamma
weesssen Gamma
Likelihood

Density

06 08 1 12
2

FIGURE 5.5: Likelihood and prior density functions (left) and analytical posterior
density functions (right) of 62

The advantage of the hypergeometric and Kummer gamma priors are clearly seen in Figure 5.5
for the real dataset since these prior structures lead to a more concentrated posterior which in
turn shows that the priors are not in conflict with the likelihood (see Lesaffre and Lawson 2012),
and more than one prior may be appropriate.

The resulting credible intervals for the hypergeometric and Kummer gamma priors are nar-
rower even though the prior is vaguer than the inverse gamma prior, leading to more precise
estimates. The gamma prior still performs better than the inverse gamma prior.
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5.3 Multivariate comparative analysis

5.3.1 Simulation study

A sample of size n; = 20 is simulated from a multivariate normal distribution with zero mean
and identity covariance matrix i.e. X ~ N3(0,1) (see code Appendix E.5). The four priors under
consideration are

e Inverse Wishart prior Wy ! (®y, 1,1y 1) (see Definition 2.1.2)
e Wishart prior W3 (@, ny ) (see Definition 2.1.1)
e Hypergeometric Wishart prior HW3(®gw,ay,by,c,ngw) (see (3.17))

e Kummer Wishart prior KW3(®gw I, ngw) (see (4.11))

5.3.1.1. Choice of hyperparameter values

Two different combinations of hyperparameter values are considered to assess the sensitivity of
the posterior to the prior parameter values. Combination 1 is ®y,—1 = 43,11 = 9,Py =
0.2513,nw = 37¢HW = 0.513,611 = 1,b1 = 2,(,‘ = 0.9,I’lHW = 37q>KW = 0.513 and ngw = 3
whereas in combination 2; ny = 5,ngw = 5 and ngw = 5.

The initial values are 1o = [0.5 0.5 0.5] and £y = 1.113. A 10% burn-in period is used.

5.3.1.2. Results

Posterior samples under each prior and each combination, of size 10 000, are simulated using
Algorithms 1, 2, 6 and 8, respectively. The estimates calculated for £ under the four different
priors as well as the MLE with combination 1 are

R [1.1845 0.5263 0.1733] R 1.0123 0.4198 0.2996
Yyre = [0.5263 1.1293 0.2849| ,Xpy 1 = |0.4198 1.0762 0.2096
10.1733 0.2849 1.0234 0.2996 0.2096 1.1746
R [1.2618 0.0913 0.3209] R 0.9542 0.1392 0.1295
Ypw = [0.0913 0.9396 0.1519| ,Xppyw = [0.1392 1.0815 0.3494
10.3209 0.1519 1.5132] 0.1295 0.3494 1.1721
R [0.9406 0.1588 0.1085]
Ypxkw = |0.1588 0.9771 0.0655
10.1085 0.0655 0.9256

The estimates calculated for £ under the four different priors as well as the MLE with combi-
nation 2 are
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R [ 0.9881 —0.1275 0.2502 | R 0.9461 —0.1330 0.2379
Eyvee = |—0.1275 1.6800 —0.0587| ,Xgy1 = |—0.1330 1.5978 —0.0503
| 0.2502  —0.0587 0.5214 | 0.2379  —0.0503  0.5307
R [ 0.9940 —0.0285 0.0765 | R 1.2754 —0.0230 0.0248
Ypw = |[—0.0285 1.1844 —0.0161| ,Epyw = [—0.0230 1.2607 —0.0628
| 0.0765 —0.0161 0.7896 | 0.0248 —0.0628 1.2549
R [0.9868 0.0168 0.2119
Ypxw = |0.0168 1.4037 0.0335
10.2119 0.0335 0.6645

The above estimates are obtained for one posterior sample under each prior and combination.
The Frobenius norm of the errors (see Remark 2.5.4) is calculated for each estimate and the two
different combinations and given in Table 5.4.

Frobenius norm | Combination 1 | Combination 2
|| Zpme —Z||F 0.8156 0.7120
[Zy-1 —Z||F 0.7075 0.6327
12w —X||F 0.7699 0.2360
|1 Zaw —X||F 0.5403 0.3387
|| Zxw —Z||F 0.2154 0.4411

TABLE 5.4: Frobenius norm of the error of the estimates calculated from the
simulated samples

It is clear from Table 5.4 that the Wishart, hypergeometric Wishart and Kummer Wishart priors
perform well when compared with the sample estimate and the well-known inverse Wishart
prior.

These results however are for just one posterior sample of size 10 000. For further investi-
gation, this sampling scheme is repeated 100 times to obtain 100 estimates under each prior as
well as the MLE for each of the 100 simulated samples using both combinations of hyperpa-
rameter values.

The Frobenius norm of the error for each estimate and every repetition is calculated and given
in Figure 5.6 for the 100 samples.

Additionally, the empirical cumulative distribution function (ecdf) of each set of Frobenius
norms calculated for each estimator, is obtained and given in Figure 5.7 for the 100 samples.
The ecdf which is leftmost in the figure is regarded as the best since for a specific value of the
error norm, a higher proportion of estimates from that particular prior results in less error.
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FIGURE 5.6: The Frobenius norm for the five estimates for combination 1 (top)

and combination 2 (bottom)
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FIGURE 5.7: The empirical cumulative distribution function (ecdf) of the Frobe-
nius norm of the estimation errors for combination 1 (top) and combination 2
(bottom)

The superior performance of the hypergeometric Wishart and Kummer Wishart priors are evi-
dent from Figures 5.6 and 5.7.

This simulation study was based on a small sample of size 20. For further investigation, the
sample size, ny, is increased from 20 to 100, and the ecdf of all the resulting estimates are given
in Figure 5.8 for combination 1.
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FIGURE 5.8: The empirical cumulative distribution function (ecdf) of the Frobe-
nius norm of the estimation errors for n = 20 (top) and n = 100 (bottom) for
combination 1

Note that due to poor performance, the ecdf under the inverse Wishart is omitted from the bot-
tom graph in Figure 5.8.

It is evident from Figure 5.8 that the performance of the MLE improves as the sample size
increases, which is to be expected, and the performance of the Kummer Wishart and Wishart
priors are still competitive.

To validate the graphical interpretation, a two-sample Kolmogorov-Smirnov test is performed
for n; = 20 using the hyperparameter values in combination 1, pairwise, on the five different
ecdf’s and the p-values from the tests are given in Table 5.5.
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Pairwise comparison | p-value | Pairwise comparison | p-value
MLE and W~! <0.001 | W' and HW < 0.001
MLE and W <0.001 | W~ and KW 0.482

MLE and HW < 0.001 | W and HW <0.384
MLE and KW < 0.001 | W and KW < 0.510
W' and W <0.001 | HW and KW <0.415

TABLE 5.5: p-values of the Kolmogorov-Smirnov two-sample test of the ecdf’s
based on samples (n = 20) of the Frobenius norms

From Table 5.5 it is clear that the ecdf of the errors under the hypergeometric Wishart, Kummer
Wishart and Wishart priors are significantly different from the others. Therefore, the assertion
can be made that the hypergeometric Wishart, Kummer Wishart and Wishart priors produce
estimates that result in statistically significant less error and can be used in future.

McElreath (2016) stated: "People commonly ask what the correct prior is for a given analy-
sis. The question sometimes implies that for a given set of data, there is a uniquely correct prior
that must be used, or else the analysis will be invalid. This is a mistake. There is no more a
uniquely correct prior than there is a uniquely correct likelihood.”

This section illustrated that more than one prior may be appropriate for a specific situation. The
priors and algorithms proposed in this thesis provide the practitioner with a variety of choices
and eased implementation, with promising results.

5.3.2 Abalone dataset

The abalone dataset, used in previous Chapters (see Sections 3.6.2 and 4.7.2), is revisited. The
aim is to estimate the age of abalone based on the number of rings derived from various other
variables. A multivariate normal sample of size n; = 20 and dimension 6 is used.

Hence, X|«¢ ~ N(l1x6,L6x6)- A Bayesian approach is followed with the four priors for Z,
e Inverse Wishart prior W, ' (@, 1,ny, 1) (Definition 2.1.2)
e Wishart prior Ws(®yw,ny ) (Definition 2.1.1)
e Hypergeometric Wishart prior HWs(®rw,at, b}, c,naw) (3.17)
e Kummer Wishart prior KWg(®xw, I, ngw) (4.11)

The hyperparameters are chosen as ®y,—1 = 481, ny-1 = 13, Py = 0.2581,ny = 6,Ppw =
0.581,a] =1,b] =2,¢ =0.9,ngw = 6,®gw = 0.581 and ngw = 6, with §; equal to the sample
covariance matrix of the available data excluding the 20 observations in the chosen subsample.

The initial values are o = [0.5 0.5 0.5] and £y = 1.1Jg. The convergence of the chains
were confirmed visually.
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The Bayes estimates calculated for ¥ under the four priors using Algorithms 1, 2, 6 and 8 (see
code in Appendix E.6) as well as the MLE are

[0.014 0.012 0.004 0.054 0.015 0.012]
0.012 0.01 0.003 0.045 0.013 0.01
iMLE _ 0.004 0.003 0.002 0.017 0.005 0.004
0.054 0.045 0.017 0.24 0.065 0.052
0.015 0.013 0.005 0.065 0.019 0.014
[0.012 0.01 0.004 0.052 0.014 0.012]

[0.006 0.005 0.002 0.026 0.001 0.006]
0.005 0.004 0.002 0.022 0.006 0.005
5 0.002 0.002 0.001 0.008 0.002 0.002
BW-1 T 10.026 0.022 0.008 0.120 0.033 0.027
0.007 0.006 0.002 0.033 0.009 0.007
[0.006 0.005 0.002 0.027 0.007 0.006

[0.009 0.008 0.003 0.038 0.01 0.008]
0.008 0.006 0.002 0.032 0.009 0.007
5 ~10.003 0.002 0.001 0.011 0.003 0.003
BW = 10.038 0.032 0.011 0.186 0.047 0.038
0.01 0.009 0.003 0.047 0.013 0.01
0.008 0.007 0.003 0.038 0.01 0.009

[0.011 0.009 0.003 0.045 0.012 0.01 |
0.009 0.008 0.003 0.038 0.01 0.008
Spmw — 0.003 0.003 0.001 0.013 0.004 0.003

’ 0.045 0.038 0.013 0.209 0.055 0.045
0.012 0.01 0.004 0.055 0.015 0.012
| 0.0 0.008 0.003 0.045 0.012 0.011]

[0.016 0.013 0.005 0.067 0.018 0.015]
0.013 0.011 0.004 0.058 0.016 0.013
5 0.005 0.004 0.002 0.019 0.005 0.004
BAW = 10.067 0.058 0.019 0.315 0.084 0.068
0.018 0.016 0.005 0.084 0.023 0.018
0.015 0.013 0.004 0.068 0.018 0.016
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The true covariance matrix of the dataset is unknown and error norms can therefore not be used
as a measure of performance as was done in Section 5.3.1. The following approach is proposed
as a measure of performance of the estimates based on a real dataset.

Based on the estimates of X, g‘\., a multivariate normal dataset of size 20 is simulated for each
estimate, i.e. ¥;1x6 ~ No(X,Xp),0 = (MLE,W~'" W, HW,KW), and visually presented as an
image where each observation forms a row and each variable a column of pixels of the image.
Each entry of the simulated sample is used as the intensity of a pixel. This allows for visual
inspection of the plausibility of the estimates. Figure 5.9 displays the images based on the real
dataset and the simulated samples using the calculated estimates.

FIGURE 5.9: Images based on the real dataset (top left) and simulated samples -
based on MLE (top right), HW (middle left), KW (middle right), W (bottom left),
W~ (bottom right)

It is clear from Figure 5.9, that the samples based on 23, xw and EB,HW, the estimates of X un-
der the Kummer Wishart and hypergeometric Wishart priors, respectively, are the closest to the
real dataset. It is thus concluded that the Kummer Wishart and hypergeometric Wishart Bayes
estimates are more plausible estimates of X for this dataset, than the MLE, since they reproduce
a sample closer to the original datset.
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For further investigation, the Mahalanobis distance (see R.18) was calculated for each observa-
tion between the real dataset and each of the simulated datasets. The mean, per sample, of these
distances is given in Table 5.6.

Estimate used MLE w1 w HW KW
Mean Mahalanobis distance | 17.3247 | 29.0114 | 7.0470 | 5.4523 | 5.2785

TABLE 5.6: Mean Mahalanobis distance between the real dataset and each simu-
lated sample

Table 5.6 supports the findings of Figure 5.9 since the distance between the real dataset and
the simulated s/a\lmple based on Xkw is the smallest. Thus, the estimate under the Kummer
Wishart prior, Xxw, fits the data best. The estimates under the hypergeometric Wishart and
Wishart priors are plausible from Figure 5.9 and Table 5.6. These results support the results
from Section 5.3.1.

5.4 Conclusion

The focus of this chapter was the illustration and evaluation of models developed in this the-
sis, as priors for the univariate and multivariate normal models. The algorithms introduced in
each chapter was evaluated with different convergence measures for different initial values and
found to be stable. Simulation studies and real datasets were used to evaluate and compare the
different priors for various combinations of hyperparameter values. The new priors were shown
to perform well and can therefore be applied in future. The main results in this chapter are
summarized as follows:

e Single and composite measures of convergence were defined and illustrated for the Algo-
rithms 1,2,6 and 8.

e The algorithms developed in Chapters 2-4, were shown to be stable and quite robust with
respect to different inital values.

e The new univariate models, the hypergeometric gamma and Kummer gamma distribu-
tions were shown to be competitive priors in the Bayesian analysis of the univariate nor-
mal model for different hyperparameter values.

e The matrix variate models, the hypergeometric Wishart and Kummer Wishart distribu-
tions were shown to perform well in the Bayesian analysis of the multivariate normal
model for different combinations of hyperparameter values.
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Chapter 6

Conclusion and future directions

Multivariate statistics are receiving ever increasing attention and are growing in popularity un-
der statisticians and practitioners, alike. The availability of computing power makes it possible
to analyse more extended data systems of multivariate type, hence the need for more complex
models.

The Wishart distribution (Chapter 2) is amongst the most popular multivariate distributions and
various extensions have been proposed in literature. In this study, the Wishart distribution is
the foundation for further developments, and therefore the title is as such developments within
Wishart ensemble.

Two general forms were developed within the Wishart ensemble. Firstly, the hypergeometric
Wishart generator in Chapter 3, which generalizes the Wishart model by using a Borel mea-
surable function and the generalised hypergeometric function of matrix argument. This model
produces special cases known in literature as well as unknown new models. Secondly, weighted-
type Wishart distributions are the focus of Chapter 4. These are constructed by introducing a
weight function to the Wishart model. Three different weighted-type Wishart distributions were
considered, each with some properties.

The advantages of the new models were illustrated through some properties and the applica-
tion as priors for the normal model. In each Chapter, special cases of the new models were
considered as priors for the variance and covariance matrix of the univariate and matrix variate
normal models, respectively. The Bayesian results are promising, and support the advocation
of the new models.

Numerical algorithms are developed for the application of the new models as matrix variate
priors. These algorithms are further investigated in Chapter 5, where convergence, and the ef-
fect of initial values on the convergence are considered. The algorithms are shown to be stable
and quite robust, and can therefore be used with ease. The effect of different hyperparameter
values on the posterior results are illustrated, and the priors are shown to be preferable when
compared to the well known inverse Wishart prior for the covariance matrix of the multivariate
normal model using simulation studies and real datasets.

This study paves the way for future consideration of more complicated prior structures to im-
prove on current Bayesian models. The computational advancements presented in this study,
aids in the practical use of multivariate models.
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There are many opportunities for future research based on this study, to name a few:

e Frequentist estimates of the proposed models can be derived and used to model phenom-
ena leading to multivariate data.

e The noncentral Wishart generator distribution (see (3.14)) can be explored and applied

in hypothesis testing regarding elliptical models (see Caro-Lopera, Gonzalez-Farias, and
Balakrishnan (2014)).

e Following the methodology in Chapter 4, other weighted-type matrix variate distributions
can be developed using other matrix variate distributions for the main density function in
(4.2)-(4.4).

e In Chapter 4 different weight functions can be explored. A weight function of eigenvalues
is of particular interest.

e The Bayesian application can be extended two-fold: the assumption of the underlying
normal model can be replaced by the elliptical model (see Chapter 2) and other special
cases of the HWGD (see Chapter 3) and Weighted-type Wishart distributions (see Chapter
4) can be considered as priors. This is illustrated in Figure 6.1.

e Other possible numerical algorithms for the Bayesian analysis can be investigated.

Population / Prior )
Normal ¢ Inverse Wishart /
Wishart (Ch2)
* HWGD (Ch3)
e WIWD (Ch4)

l

¢ Other cases of
HWGD
* Weighted-types
LII and III Wishart

FIGURE 6.1: Graphical illustration of future directions regarding the Bayesian
application

"Statisticians, like artists, have the bad habit of falling in love with their models..."

- George E.P. Box (1919-2013)
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Appendix A

Preliminaries

A.1 Matrix theory and Jacobians

R. 1. (Gupta and Nagar 2000, p.12)
LetX 1, ..., X be matrix variates with n independent elements and joint density function f(X 1, ...,X).
Consider the matrix transformations

Yi=t(Xy,...Xi),i=1,....m
where the inverse set of transformations exist as
/ .
Xj :l‘j(Yl,...,Ym),] =1,...k

henceY,....Y ,, are m matrix variates with n independent elements. The joint density function
ofY1,....Y, is then given by

gV 1, ¥) = FEL T 1y ¥)eos eV 1 oo Yo (X1, oo Xi) = (V1Y)

where J((X1,....,Xx) = (Y1,...,Y ) is the Jacobian of the transformation.

R. 2. (Gupta and Nagar 2000, Eq.1.3.6, p.13)
IfX pxp and Y ., are symmetric matrices andY = cX where ¢ # 0 is a constant scalar then

the Jacobian is given by
p(p+1)

JX oY)=c 2

R. 3. (Muirhead 1952, Theorem 2.1.6, p.58)
If X pxp and ¥, , are symmetric matrices and Y = AXA" where A, is nonsingular then the
Jacobian is given by

J(X —Y)=|A|"PFD),

R. 4. (Muirhead 1952, Theorem 2.1.8, p.59)
IfX pxp andY , , are symmetric matrices andY =X ~1 then the Jacobian is given by

JX —Y) =y~

R. 5. (Muirhead 1982, pp.582-583)
The eigenvalues of X px p, is defined as A;,i =1,...,p, Ay > ... > A, such that

X — Ad| =0,

so that X — A is singular.
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R. 6. (Gupta and Nagar 2000, Eq.1.3.18, p.14)
For matricesX,Y, U,V €S,, ifU =X +Y andV =U "YU~ ? where U =U2U?, then
+1

JXY UV)=U""7.

A.2 Special functions

A.2.1 Expansions

R. 7. (Gradshteyn and Ryzhik 2007, Eq.0.318(1.'1), p.18)
The Taylor series polynomial expansion is defined as

1 . .
flr+b) =) O (b),

s

i=0

where f)(b) is the i-th derivative of f(.) at the point b.

A.2.2 Gamma functions
R. 8. (Gradshteyn and Ryzhik 2007, Eq.8.310(1), p.892)
The gamma function I'(+) is defined as

['(a) = /OM u*Lexp(—u)du,

for Re(a) > 0. The gamma function possesses the following property (see Gradshteyn and
Ryzhik 2007, Eq.8.331(1), p.895):

I'a)=(a—1I'(a—1).

R. 9. (Gupta and Nagar 2000, Definition 1.4.2, p.18)
The multivariate gamma function of dimension p is defined as

p(p— P i— 1
Iy(a) = / [ etr(—U)aU = 2" [T (a - J—) ,
Sp j=1 2
where U € S, and Re(a) > %(p — 1) and I'(+) defined in R.8.

R. 10. (Gupta and Nagar 2000, Eq.1.5.6, p.30)
Let k = (ki,....kp), ki > ... > kp,k1 + ...+ k, = k. The generalised hypergeometric coefficient
(a)x, also known as the generalised Pochammer symbol of weight K, is defined as

plp=1) p

R P P Tlatkj— 150
(a)K_iljl(a >k,- B I'y(a) ’
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where Re(a) > ’%1 —kp, I'(.) and T',(.) as defined in R.8 and R.9, respectively. For p =1 the
standard Pochammer symbol is

['(a+k)
[(a)

(@)y=ala+1)..(a+k—1)= J(a)o=1,a#0.

R. 11. (Diaz-Garcia 2009, Eq.2.4, p.5)
The generealised gamma function of weight K is defined as

[p(a,x) = (a)xlp(a),
where (a)y is the generalised hypergeometric coefficient (see R.10) and I',(a) is the multivari-

ate gamma function (see R.9).

A.2.3 Beta function
R. 12. (Gradshteyn and Ryzhik 2007, Eq.8.380(1), p.908)
The beta function is defined as

1
B(a;b) :/ w1 (1 —u)’du,
0

witha > 0 and b > 0.

A.2.4 Dirac delta function

R. 13. (Dirac 1958, p.58)
The Dirac delta function is defined as

o0(z—1)

m

=1l ! exp| — (1)’
T isodym P 2 )
and possesses the following property:8(z—1)=1ifz=1and 6(z—1)=0ifz # 1.

A.2.5 Bessel functions

R. 14. (Erdelyi, Magnus, Oberhettinger, and Tricomi 1953, Eq.2, p.43)
Let K,(-) be the Bessel function of the third kind (Gradshteyn and Ryzhik, 2007) then for
Re(a) > 0,Re(B) >0

/O‘”ualexp <_% _ ﬁu) du = 2K, (2\/@) (%) : .

R. 15. (Herz 1955, p.506)
Let B,(D) be the Bessel function of the second kind with matrix argument. Then forU,A,Z € S,

/ etr(—AU )etr(—ZU ") [U|~* " dU = B.(AZ)IA|".
ves,

The integral is absolutely convergent for Re(D) € S, if and only if Re(a) > p—gl.
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A.2.6 Laplace transform

R. 16. (Erdelyi, Magnus, Oberhettinger, and Tricomi 1953, p.127)
The Laplace transform, g(z) of an integrable function f(u),0 < u < oo is given by

[}

g(2) = Z1f(x)] = / exp(—zu) f(u)du.

0

A.2.7 Multivariate measures

R. 17. (Golub and Loan 1996)
The Frobenius norm of a vector(matrix), X, is defined as

I1X||F = tr(X'X).

R. 18. (Mahalanobis 1936)
The Mahalanobis distance measures the distance between a point and a distribution with mean
M1 p and covariance matrix Xy p. It is defined, for any point x € RP, as

Dur(x) =/ (e~ )= (x —pr’

A.2.8 Zonal polynomials

R. 19. (James 1964, Definition 1.5.1, p.29)
Let X, be a symmetric matrix and let Vi be the vector space of homogeneous polynomials

O(X) of degree k in the w distinct elements of X. Let L, ), be a nonsigular matrix. For any

congruence transformation X — LXL', a linear transformation of the space V. of polynomials

¢ (X)) can be defined, that is

¢ —>Lo:(Lo)(X)=9(L'XL™").

A subspace V' C Vy is called invariant if LV' C V' for all L and is called an irreducible invariant
subspace if it has no proper invariant subspace. The space Vi decomposes into a direct sum of
irreducible invariant subspaces Vi corresponding to each partition K of k into not more than p

parts
Vk = @ VK7

where k¥ = (ky,....kp),k1 > ... >k, > 0.k +...+k, =k
The polynomial (trX)* € Vi has a unique decomposition

(X)) =Y Ce(X),

into polynomials, C(X) € Vi, belonging to the respective invariant subspaces. The zonal poly-
nomial Ci(S) is defined as the component of (trS)k in the subspace Vi. It is a symmetric
homogeneous polynomial of degree k in the latent roots of X and holds for all p. If the partition
K has more than p parts, the corresponding zonal polynomial will be identically zero.
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R. 20. (Gross and Richards 1987, Eq.6, p.784)
Let Cy be a zonal polynomial indexed by the ordered partitions K of the nonnegative integers k,
then

(] k (e o]
etr(X) = Z (tr(]f)) = Z %ZCK(X%
k=0 : 0™ K

k=

for a symmetric matrix X.

R. 21. (Muirhead 1982, Theorem 7.2.5, p.243)
Let H ., be an orthogonal matrix, i.e. H € O), then

nag — CxX)Cx(Y)
/OPCK(XHYH)dH— el

withX € S, andY € §), where dH is the normalised Haar measure on O, (Muirhead 1982,
p.72).

R. 22. (Davis 1979, Eq. 2.7, p.467)
Let X« p be a symmetric matrix and a, a complex constant, then

Ci(aX) = d*Cr(X).

R. 23. (Muirhead 1982, Theorem 7.2.7., p.248)
Assume Z . , is a symmetric matrix and X px , is a complex symmetric matrix with Re(X ) € S),.
Then

/S U "2 etr(—UX)Ce(UZ)dU = (a)Tp(a)|X]|“Ce(ZX ),

for Re(a) > pz;], (a)x as defined in R.10 and I, (a) as defined in R.9.

R. 24. (Teng, Fang, and Deng 1989)
Assume Z, , is a symmetric matrix, X ,x p is a complex symmetric matrix with Re(X) €S » and
h is a real function over R™. Then

(@)xTp(a) V(@)
I'(ap+k)

/S U|*="F Ce(UZ)h(1rXU)dU = X|Ce(zX ),
P

where Re(a) > pT_l (a)k as defined in R.10, T",(a) as defined in R.9 and
Yela) = / Y h(y)dy.
R+

A.2.9 Invariant polynomials

R. 25. (Davis 1980)

A class of invariant polynomials C é’c’r) (X,Y) in the elements of the symmetric matrices X px
and Y pxp is defined as having the property of invariance under the simultaneous transforma-
tions

X - HXH'Y — HYH' H € O,.
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These satisfy the relationship

Cy ' (AB)Cy " (X,Y)
Cy (Ip) ’

/0 Cx(AH'XH)C.(BH'YH)dH = Y

p PEK,T

where Cy,Cr,Cy are zonal polynomials indexed by the ordered partitions K, T, ¢ of the nonneg-
ative integers k,t, f = k4t respectively into < m parts. ¢ € K, 7T signifies that the irreducible
representation of the group of p X p real nonsingular matrices, indexed by 2¢ occurs in the
decomposition of the Kronecker product 2k @ 27 of the irreducible representations indexed by
2k and 27 and dH is the normalised Haar measure on O, (Muirhead 1982, p.72).

R. 26. (Davis 1979, Eq.2.4, p.466)
Let H ., be an orthogonal matrix, then

CEYY.,Z)Cy(X
C**(XHYH' XHZH')dH = —* ¥.Z)Co&)
C¢(Ip)

0, ¢

with X, Y and Z symmetric matrices and ¢ € (x,7) where dH is the normalised Haar measure
on Oy, (Muirhead 1982, p.72).

R. 27. (Davis 1979, Eq.2.8, p.467)
Let C,C; and C ('; " be zonal polynomials indexed by the ordered partitions k,T and ¢ of the
nonnegative integers k,t and f = k+t respectively. Then,

CeX)Ce(Y) = ), 6,7°Cy " (X.Y)

Pe K,T

. KT _ C(’;J(Ip’Ip)
with 9¢ = W

R. 28. (Diaz-Garcia 2009, Eq.5.13, p.22)
For A,B symmetric matrices and Re(a) > pT_l + (k+1)1,
/ |X|“_pTHC(';’T(AX,BX)etr(—XZ)dX =T,(a,0)[Z|Cy " (AZ7,BZ7"),
SP

where I'),(.,.) is the generalised gamma function (see R.11) and (k+t); s defined in R.11.

A.2.10 Hypergeometric functions

R. 29. (Mathai 1993, Definition 2.2, p.96)
The hypergeometric series is defined as

. k (an)k---(ap)x ¥*
qu(al,...,ap;bl,. Z k ) k_

where (a)y. is the standard Pochammer symbol given in R.10. The following holds for the hy-
pergeometric series:

i The series converges for all x if p < g and for |x| < 1 if p=qg+ 1.
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ii The series diverges for all x,x # 0 for p > g+ 1.
R. 30. (Mathai 1993, p.97)

oFo(x) = exp(x).
R. 31. (Mathai 1993, p.97)

1Fo(a;x) = (1 —x)7¢,
for |x| < 1.

R. 32. (Gradshteyn and Ryzhik 2007, Eq.9.210'°, p.1023)
The confuent hypergeometric function of scalar argument is defined as

> (a) xF
1F1 a, b x Z e
=0 (b k!

R. 33. (Mathai 1993, p.97)

F(bl) ! a;— . \—aj— )@
F(al)F(bl_al)/() < 1(1 Z)b 1(1 7)” “dz,

where |x| < 1,Re(by) > Re(ay) > 0. This is known as the Gauss hypergeometric function.

2Fi(a1,a2;b15x) =

R. 34. (Gross and Richards 1987, Definition 6.1, p.803)
The hypergeometric function of matrix argument is defined as

: x)— Yy @)k (@)
SF,(al,...,as,bl,...,b,,X)_k;o;k!(bl) P C(X),

where a;,i = 1,...,5;b;,j = 1,....t are arbitrary numbers, X, , is a real symmetric matrix,
Y« denotes the summation over all partitions x of k and C(X) is the zonal polynomial of X
(see R.19). The generalised hypergeometric coefficient (a)y is given in R.10. The following
properties hold for the hypergeometric function of matrix argument:

i If s <t—+1 the series converges for all X.

iit If s=1t+1 the series converges for ||X|| < 1 (where ||X|| denotes the maximum of the
absolute characteristic roots of X ).

iii If s >t+1 the series diverges for all X # 0 unless the series terminates.

R. 35. (Gross and Richards 1987, Eq.6.2.1, p.803)
For a real symmetric matrix X,
()F()(X) = etr(X).

R. 36. (Gross and Richards 1987, Eq.6.2.2, p.804)
For a real symmetric matrix X,
1F0(a;X) = |I—X‘7a



Appendix A. Preliminaries 135

R. 37. (Muirhead 1982, Definition 7.3.2, p.259)
The hypergeometric function of two matrix arguments is defined for symmetric matrices X px
and¥ pxp, as follows:

(ag) Cie(X)C(Y)
(b)) k! Ce (L)

SFI',‘(alw"aas;bla"'7bt;X7Y ZZ

where Y. . denotes the summation over all partitions K of k and Ci(X) is the zonal polynomial
of X (see R.19). The generalised hypergeometric coefficient (a)y is given in R.10.

R. 38. (Muirhead 1982, Theorem 7.3.3, p.260)
IfX € Sy and¥ ,x, a symmetric matrix, then

/ sFi(ay,...,asby,....b;; XHYH YdH = (F(ay,...,agby,...,b;; X;Y),
Op

where (Fy(.) is the hypergeometric function of matrix argument (see R.34) and (F(.;.) is the
hypergeometric argument of two matrices (see R.37).

A.3 Distributions

A.3.1 Univariate distributions

R. 39. (DeGroot 1970, Eq.1, p.37)

A random variable X has a normal distribution with mean W and variance 6*(—o < U <
00; 0 > 0) if X has an absolutely continuous distribution with density function specified at any
point x € R by the equation

denoted as X ~ N(u,c?).

R. 40. (Raiffa and Schlaifer 1961, Eq.7-54, p.227)
A random variable X has an inverse gamma distribution with parameters o and (o > 0;8 >
0) if X has an absolutely continuous distribution with density function specified at any point

x(x > 0) by the equation
_ BY e B

denoted as X ~ 1G(a, ). Note that the expected value of X is %.

R. 41. (DeGroot 1970, Eq.1, p.39)
A random variable X has a gamma distribution with parameters o and (o > 0;8 > 0) if X
has an absolutely continuous distribution with density function specified at any point x(x > 0)
by the equation

B(X

f(X):m

denoted as X ~ G(a, ). Note that the expected value of X is %.

X exp(—BX),
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R. 42. (DeGroot 1970, Eq.1, p.41)

A random variable X has a Student t-distribution with parameters |,6>(u € R;o > 0) and
v > 0 if X has an absolutely continuous distribution with density function specified at any point
x € R by the equation

fX) =

v+ (G

denoted as X ~ T(1,62%,v), where ¢ = %, B(.,.) is the beta function defined in R.12. Note
33
that X has expected value [t and variance -¥-~0>.

R. 43. (Rao 1990)
A random variable X has an elliptical distribution with parameters [ and 6*(u € R;o > 0)
and generator function g (.) if the characteristic function of X is given by

yx (1) = explitp) p(o°r%),

for some function @(.). If the density function of X exists, it is given by

700 = (Vo) ¢ (=g -?)

202

denotedas X ~ E(u,02,g"). X can have a bounded or unbounded support, depending on g'(.).
Note that the expected value of X is |L.

R. 44. (Chu 1973, Theorem 1, p.647)

If X is an elliptical random variable (see R.43) with parameters |1 and G2, with a density
function f(X), then there is a scalar function w(z) defined on 0 < z < oo such that

100 = [ W@, (00, (A1)

where pr g (X) is the normal density function (see R.39) with expected value | and variance

2_162.

A.3.2 Multivariate distributions

R. 45. (Muirhead 1982, Theorem 1.2.9, p.9)
The random vector X ;1 € R"™ is said to follow a multivariate normal distribution with mean
vector w1 € R™ and covariance matrix Xy, € Sy, if its density function is given by

1) = @) HE ey |- X - E )| = sl
— Cm i tar | Xy,

denoted as X ~ N,,(1,X).

R. 46. (Press 1982, Eq. 6.2.3, p.136)
The random vector X ;1 € R™ is said to follow a multivariate t distribution with parameters
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WUmx1 € R™ME, «m €Sy and v > 0 if its density function is given by

c]Z|_%
V+m

X) =
A e T

VXS and it is denoted as X ~ Tn(W,X2,v), withI'(-) defined in R.8. The expected
T
value of X is W.

\4
vjr(vin
where ¢ = —
2

R. 47. (Gupta, Varga, and Bodnar 2013, Remark 2.1, p.15)
The random vector X ;1 € R™ is said to follow a multivariate elliptical distribution with pa-
rameters W1 € R™ Xym € Sy and generator function g'(.) if its characteristic function is
given by

yx(T) = exp(iT'w) o(T'ET ),

for some function @(.). If its density function exists, it is given by
1 1 _
F00) = | A |5 (X s (X - )

denoted as X ~ E,(1,X,g"). The expected value of X is J.

R. 48. (Chu 1973, Theorem 1, p.647)
If X <1 € R™is an ellipticaly distributed random variable (see R.47) with parameters L and X,

with f(X) as its density function, then there is a scalar function w(z) defined in 0 < z < oo such
that

100 = [ W@y, X (A2)

where fNﬂ _ 12(X ) is the multivariate normal density function (see R.49) with expected value |

and covariance matrix z_lz.

Proof. Assume without loss of generality that g = 0. Let
fX)=nh (%X’2_1X> = h(s),s = %X’):—IX > 0.
Define the scalar function
w(z) = 2m) 2 [E)2 2.2 [h(s)),0 < z < oo
where .Z is the Laplace transform operator (See R.16). Therefore

L7V h(s)] = w(z)(2m) 2 B 223 (A3)
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From (A.3) it follows that
fX) = h(s)=2(Z ' [h(s)))
- giw(z)(zm—%p:r%z%]
= /0w(z)(Zn)_g|z_]Z|_iexp(—zs)dz

= [ W@, 00

A.3.3 Matrix variate distributions

R. 49. (Gupta and Nagar 2000, Theorem 2.2.1, p.55)

The random matrix X, € R™*P is said to follow a matrix variate normal distribution with
mean matrix jb € R™*P and covariance matrix Xpxm @ Qpxp, X € S, Q € S, if its density
function is given by

mp P m 1
JX)=Q2m)" 2 |Z]2[Q| Zetr —52_1(X—#)9_1(X—ﬂ)' = fNpzea X)),

denoted as X ~ Ny, ,(lb,ERQ). The expected value of X is L.

R. 50. (Gupta and Nagar 2000, Definition 4.2.1, p.134)
The random matrix X .5, € R™*? is said to follow a matrix variate t distribution with parame-
ters W p € R™P Xpism € Sm,Qpxp € Sp and v > 0 if its density function is given by

2

E%Fm [v+r;—1]

_ vimtp—1

T, [V—i—m—i—p—l] ) )
D ) e S [

fX) =

denoted as X ~ T (U, E,Q,V) with T'y,(.) defined in R.9. The expected value of X is L.

R. 51. (Gupta, Varga, and Bodnar 2013, Definition 2.1, p.15 and Theorem 2.6, p.20)
The random matrix X y,x p is said to follow a matrix variate elliptical distribution with parame-
ters W p € R™P Xy m € Spand Q. , € S, and generator g (.), if its characteristic function
is given by

vx(T) = etr(iT'X) @ (tr(T'ETQ)),

for some function ¢(.), denoted as X ~ E, ,(1t,X,Q,8"). The expected value of X is p. If its
density function exists, it is given by

FE)=2172jQ g o (BT (X - e (X )]
Similarly as in R.48, the density function of X can also be written as
100 = [ W@, 1y 000z (A4)

for a scalar function —1 < w(z) < 1,z > 0 such that [y w(z)dz =1 where I, g (") i the
matrix variate normal density function (R.49) with expected value W and covariance matrix
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712 ®Q. See R.52, Arashi, Saleh, and Tabatabaey (2013) and Arashi, Iranmanesh, and
Salarzadeh Jenatabadi (2013) for more details.

R. 52. (Provost and Cheong 2002)

It is essential to note that (A.1), (A.2) and (A.4) are different from the class of scale mixtures
of the normal distribution. If a scale mixture of the normal distribution is considered then the
scalar function, which is referred to as the weighting function, is actually a density function
where 0 < w(z) < 1 for all values of z. However, in the case of (A.l), (A.2) and (A.4), the
weighting function does not have the same restriction but —1 < w(z) <1 for all values of z. The
restriction [,"w(z)dz =1 holds for all cases.

R. 53. (Muirhead 1982, Theorem 3.2.17, p.104)
IfX pxp € S, is a random matrix with density function f(X) then the joint density function of the
diagonal matrix of the eigenvalues (see R.5) of X, that is, A = diag(A1,...,Ap), A1 > ... > A, >0
is given by

7rpz2 P

W) =y 1) [, reA o

forany H € O, where dH is the normalised Haar measure on O, (Muirhead 1982, p.72).

A.4 Bayesian concepts

R. 54. (Berger 2013, Definition 11, p.27)

The likelihood function is defined as a function that gives the likelihood of a specific sample
based on certain values of the population parameters. If the value of the function is large, the
values of the population parameters are more likely to be true.

R. 55. (Berger 2013, p.82)

An objective prior is used when no or minimal prior information exists. This prior contains
no information about the parameter of interest and does not favour one possible value of the
parameter above another. An objective prior function may be improper (the area under the
function is not equal to one).

R. 56. (Berger 2013, p.74)

A subjective prior quantifies a prior belief about the parameter of interest. It is usually ex-
pressed as a density function, assigning different probabilities to different possible values of the
parameter of interest.

R. 57. (Berger 2013, Definition 1, p.130)
A conjugate prior distribution of a parameter, is a prior distribution that results in a posterior
distribution with a density function of the same functional form as the prior density function.

R. 58. (Berger 2013, p.126)

The posterior distribution is the conditional distribution of the parameter of interest, based on
and subsequent to obtaining a sample. The posterior density function is proportional to the
prior density function multiplied by the likelihood function as folllows,

posterior o prior X likelihood.
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R. 59. (Berger 2013, p.161)
The Bayes estimator of a parameter is the function of prior and sample information, for which
the Bayes risk is a minimum.

R. 60. (Berger 2013, Result 3, p.161)
The squared error loss (SEL) function is defined for an estimator @ of ® as

£(0;0) = [0 — o)

for the univariate case and for the estimator ® of ® as

for the multivariate case.
The Bayes estimator of @ under the squared error loss function is the mean of the posterior
distribution (PM estimator).

R. 61. (Das and Dey 2010, Theorem 1)

Under the loss function L(®@,®) = log {3((2?)} where q(.;X) is the posterior density function

(see R.58), the Bayes estimator of @ under this loss function, is the mode of the posterior
distribution (MAP estimator).

A.5 Computational methods

R. 62. (Casella and George 1992)

Gibbs sampling is a sampling method based on joint and conditional density functions. Con-
sider the random variables X and Y with joint density function f(X,Y). To obtain a sample,
X1, ..., Xy, from the marginal distribution of X, the marginal density function, f(X), is needed.
Note that

fX) = ny(X7Y)dY

In some cases, the integration leads to intractable expressions or cannot be solved. Hence, the
form of f(X) is unknown. To circumvent this problem, Gibbs sampling can be used if the con-
ditional density functions, f(X|Y) and f(Y|X) are known.

The process is as follows:
1. Set an intial value x.
2. Repeat the following k times:
(a) Simulate y; ~ f(Y|xi—1)
(b) Simulate x; ~ f(X|y;)

Extract the sample of size n, from x,...,x;. There are various methods of extracting the sample
from the simulated sequence, most commonly select x; if i > ¢ for a certain value ¢ < k. The
value ¢ is chosen based on the convergence of the sequence . The sample x1,...,x, can only be
extracted from the sequence once convergence is reached and the effect of the initial values has
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diminished.
If U is large enough, the density function of the sample, x1, ..., x,, converges to f(X).

R. 63. (Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller 1953)
The Metropolis-Hastings algorithm is an accept-reject type algorithm often used with Gibbs

sampling (see R.62). Suppose that in R.62, f(X|Y) is an unknown density but there exists a ¢
such that f(X|Y) < ch(X|Y) for all x, with h(X|Y') a known density function.

The sequence is simulated as follows:

1. Generate a random variate x* from h(X|y).

2. Calculate o = L&Y
fxly

~—

3. Ifmin(a,1) > u,u ~ uniform(0,1) then x;11 = x* else x;11 = x;.

The sample x1,...,x, can only be extracted from the sequence once convergence is reached and
the effect of the initial values can be disgarded.
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Appendix B
Code for Chapter 2

B.1 Univariate simulation study - Section 2.5.1

OpenBUGS code for normal-inverse gamma prior: Normal population

list(h = ¢( —0.95, 1.439, -0.247, —-0.523, 0.839, 1.248, 0.4286,
1.1729, —-0.6748, 0.00), N = 10, mu0=0.5, n0=0.5, alpha0=4,
beta0=3)

list (mu=0,vari=1)

model
{
for (i in 1:N) {
h[i] ~ dnorm(mu, vari)
}
mu ~ dnorm (muQ,v)
vl ~ dgamma(alphaO ,beta0)
vari <—1/vl
}
Student t population

list(h = ¢(8.93, 10.32, 12.72, 11.68, 11.75, 15.15, 15.61, 6.61,
7.13, 7.95, 6.05, 9.37, 9.34, 10.59, 11.38, 8.02, 8.15, 11.88,
9.32, 7.73), N = 20, mu0=12, n0=2, alpha0O=4, beta0=3)

list (mu=0,vari=1)

model
{
for (i in 1:N) {
h[i] ~ dt(mu, vari ,nu)
}
mu ~ dnorm (muQ, v)
vari ~ dgamma(alphaO ,beta0)
nu~dunif(1,10)
v<—vari*n0
sigma2<—nu/(nu—2)*x1/vari

}

OpenBUGS code for normal-gamma prior:

Normal population

list(h = c( —0.95, 1.439, —-0.247, —-0.523, 0.839, 1.248, 0.4286,
1.1729, —-0.6748, 0.00), N = 10, mu0=0.5, n0=0.5, alpha0O=4,
beta0=0.3333)
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list (mu=0,vari=1)

model

{

for (i in 1:N) {

h[i] ~ dnorm(mu, vari)

}

mu ~ dnorm (mu0, v)

vari ~ dgamma(alphaO ,beta0)
}

Student t population

list(h = ¢(8.93, 10.32, 12.72, 11.68, 11.75, 15.15, 15.61, 6.61,
7.13, 7.95, 6.05, 9.37, 9.34, 10.59, 11.38, 8.02, 8.15, 11.88,
9.32, 7.73), N = 20, mu0=12, n0=2, alpha0O=4, beta0=0.3333)

list (mu=0,vari=1)

model

{

for (i in 1:N) {

h[i] ~ dt(mu, vari,nu)

}

mu ~ dnorm (muQ,v)

vari ~ dgamma(alphaO ,beta0)
nu~dunif (1,10)

v<—varix*n0
sigma2<—nu/(nu—2)*vari

}

B.2 Kanamycin dataset - Section 2.5.1

OpenBUGS code for normal-inverse gamma prior:

list(h = ¢( 9.57, 7.59, 10.57, 13.61, 16.94, 13.13, 11.67,
11.84, 12.31, 8.96, 9.47, 11.85, 11.38, 10.66, 7.3,
14.71, 8.7, 15.19, 10.08, 7.36), ca=c(25.2, 26, 16.3,
27.2, 23.2, 18.1, 22.2, 17.2, 18.8, 16.4, 24.8, 26.8,

25.4, 14.9, 18.1, 16.3, 31.3, 31.2, 18,
15.6), N = 20, n0=2, alphaO=4,beta=3)

model
{
for (i in 1:N) {
cali]~dt(mu[i],m,nu)
muli]<—betaO+betalxh[i]
}
betaO~dnorm (0,1)
betal ~dnorm (0,1)
vari~dgamma(alphaO , beta)
nu<—7
m<—1/vari

}

OpenBUGS code for normal-gamma prior:

list(h = ¢c( 9.57, 7.59, 10.57, 13.61, 16.94, 13.13, 11.67,
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11.84, 12.31, 8.96, 9.47, 11.85, 11.38, 10.66, 7.3,
14.71, 8.7, 15.19, 10.08, 7.36), ca=c(25.2, 26, 16.3,
27.2, 23.2, 18.1, 22.2, 17.2, 18.8, 16.4, 24.8, 26.8,
25.4, 14.9, 18.1, 16.3, 31.3, 31.2, 18,

15.6), N = 20, n0=2, alpha0O=4,beta=0.3333)

model

{

for (i in 1:N) {
ca[i]~dt(mu[i], vari ,nu)
mu[i]<—betaO+betalxh[1i]
}

betaO~dnorm (0,1)
betal~dnorm (0,1)
vari~dgamma(alphaO , beta)
nu<—7

}

B.3 Multivariate simulation study - Section 2.5.2
Matlab code:

Multivariate normal population

p=3;

n=>5;

n0=1;

s=1;
theta0=0.5;
sigma=eye(p);
mu=zeros (1,p);

c=10000;

X=mvnrnd (mu, sigma ,n);

Xbar=ones (1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’«(X—ones(n,1)* Xbar);
Phi=4xeye(p);

omega=eye(s);

theta=ones (1 ,p)*thetal;

mW=p ;
mW=2xp+1;

SigmaW=1.1xeye(p);
SigmalW=1.1xeye(p);

b=1/(n+n0)*(nxXbar+nOxtheta );
Sx=V/(n—-1);
Y=n*xn0/(n+n0)=*(Xbar—theta )*(Xbar—theta)’ +V;

meanmulW=zeros (1,p);
meanmuW=zeros (1 ,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);

mapmulW=meanmulW ;
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mapmuW=meanmulW ;
mapSIW=meanSIW ;
mapSW=meanSW ;

maxmIW=-10000000;
maxmW=—100000000;
maxSIW=—-100000000;
maxSW=—100000000;

for i=1l:c;
YInverse —Wishart ;
mulW=mvnrnd (b, SigmalW ,1);

B=nx(mulW—theta )’ x(mulW—theta )+ Phi;
A=V+n *x( Xbar—mulW) ’ x ( Xbar—mulW ) ;
SigmalW=iwishrnd (B+A, mIW+sx*n+s );

meanmulW=meanmulW+mulW x(1/c);
meanSIW=meanSIW+SigmalW x(1/c);

if mvonpdf(mulW,b,(n+n0)* SigmalW)>maxmIW mapmulW=mulW ;
maxmIW=mvnpdf (mulW, b, (n+n0)*SigmalW ); end;

f=det (SigmalW)A( —0.5%(mIW+s+n*s))xexp(—0.5xtrace (

inv (SigmalW)*(B+A));

if f>maxSIW mapSIW=SigmalW ;maxSIW=f; end;

%Wishart ;
muW=mvnrnd (b, SigmaW , 1) ;
D=n0*(muW—theta )*x (muW—theta ) ’;

%Metropolis—Hastings ;

w=0.5;

Sstar=wkxiwishrnd (Phi, s+nx*s)+(1 —w)* wishrnd (Phi ,mW);

fSigmaW=det (SigmaW )" (0.5 % (mW-p—1—s—nx*s))xexp(trace (
—0.5%SigmaWxinv (Phi) —0.5%inv (SigmaW ) * (D+(n+n0)
/(n*xn0)*xY)));

fSstar=det(Sstar )*(0.5%x(mW-p—1—s—nx*s))xexp(trace (
—0.5%Sstarxinv (Phi)—0.5%xinv ( Sstar )*(D+(n+n0)
/(nxn0)xY)));

if min(fSstar/fSigmaW,1)>unifrnd (0,1), SigmaW=Sstar ,
end ;

if 1>0.1%c meanmuW=meanmuW-+muW/c ;
if 1>0.1%c meanSW=meanSW+SigmaW/c;

if mvonpdf(muW, b, (n+n0)*SigmaW ) >maxmW mapmuW=muW ;
maxmW=mvnpdf (muW, b, (n+n0)*SigmaW ); end;

f=det (SigmaW)*( —0.5«(mW+s+nxs))xexp(—0.5x(trace

(SigmaWsxinv (Phi))

+trace (SigmaW *(D+(n+n0)/(n*xn0)*Y))));

if f>maxSW mapSW=SigmaW; maxSW=f; end;

end ;

r=[1:10];
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Norms=zeros (length(r),10);

for j=1:length(r);

Norms(j ,1)=norm (( Xbar—mu).*r (j)) (1/r(j));
Norms (j ,2)=norm ((meanmulW—mu) . *r (j))*(1/r(j));
Norms (j ,3)=norm ((meanmuW—mu).*r(j))*(1/r(j));
Norms (j ,4)=norm ((mapmuIlW—mu).*r (j)) (1/1r(j));
Norms (j ,5)=norm ((mapmuW—mu).*r(j))*(1/r(j));
Norms(j ,6)=norm ((Sx—sigma ). r(j))"(1/1r(j));
Norms (j ,7)=norm ((meanSIW—sigma ). r(j)) (1/r(j));
Norms (j ,8)=norm ((meanSW—sigma ). r(j))*(1/r(j));
Norms (j ,9)=norm ((mapSIW—sigma).*r(j))*(1/r(j));
Norms(j ,10)=norm ((mapSW—sigma).*r(j))*(1/r(j));
end ;

figurel=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,1),”> —o’,r,Norms(1:10,2),” —.% ",
r,Norms(1:10,3),’:’);

legend (’ Sample mean’,’ Inverse —Wishart prior
,” Wishart prior )

title (’ Expected value — SEL’)

xlabel ('r’)

ylabel (’ Frobenius norm’);

>

figure2=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,1),” —o’ ,r,Norms(1:10,4),” —.% ",
r,Norms(1:10,5),’:")

legend (’ Sample mean’,’ Inverse —Wishart prior’

,” Wishart prior )

xlabel (’r’)

ylabel (’ Frobenius norm’)

title (" Expected value — MAP’);

figure3=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,6),” —o’ ,r,Norms(1:10,7),” —.% ",
r,Norms(1:10,8),°:")

legend (’ Sample mean’,’ Inverse —Wishart prior
,” Wishart prior ”)

xlabel (’r’)

ylabel (’ Frobenius norm’)

title (’ Covariance matrix — SEL’);

>

figured=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,6),” —o’ ,r,Norms(1:10,9),” —.x ",
r,Norms(1:10,10),°:")

legend (’ Sample mean’,’ Inverse —Wishart prior
,” Wishart prior ’);

xlabel ('r’)

ylabel (’ Frobenius norm’)

title (’ Covariance matrix — MAP’);

>

Multivariate t population

p=3;

n0=5;

s=1;

n=30;
theta0=0.5;
sigma=eye (p)%



Appendix B. Code for Chapter 2

147

mu=zeros (1,p);
c=10000;

nu0=5;

z=1;
TRB=zeros(z,10);
DF=zeros(c,11);

for j=1:z;

X=mvtrnd (sigma ,nu0,n)+ones(n,1)*mu;

Xbar=ones (1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’«(X—ones(n,1)* Xbar);

Phi=4xeye(p);
omega=eye(s);
theta=ones (1 ,p)xthetal;
mW=p ;

mW=9.5;

SigmaW=1.1xeye(p);
SigmalW=1.1xeye(p);
mulW=0.5xones (1 ,p);
muW=0.5xones (1 ,p);

b=1/(n+n0)*(nxXbar+nO*xtheta );
Sx=V/(n—-1);

meanmulW=zeros (1,p);
meanmuW=zeros (1,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);

mapmulW=meanmulW ;
mapmuW=meanmulW ;
mapSIW=meanSIW ;
mapSW=meanSW ;

maxmIW=—-10000000000000;
maxmW=—-100000000000000;
maxSIW=—-10000000000000;
maxSW=—100000000000000;

for i=1:c;
DF(i,2)=mean(mulW);
DF(i,3)=median (mulW);
DF(i,1)=1;
DF(i,4)=det(SigmalW);
DF(i,5)=trace (SigmalW);
detsen=eigs (SigmalW );
DF(i,6)=detsen(p);
DF(i,7)=mean (muW);
DF(i,8)=median (muW);
DF(i,9)=det (SigmaW );
DF(i,10)=trace (SigmaW );
detsen=eigs (SigmaW );
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DF(i,l11)=detsen(p);

%Inverse —Wishart ;
mustarl=mvnrnd (b, 1/(n+n0)x*SigmalW ,1);

Dl=n*(mulW—theta )’ x(mulW—theta );
Al=V+nx(Xbar—mulW) ’ x ( Xbar—mulW ) ;
D2=n*(mustarl —theta )’ *(mustarl —theta);
A2=V+nx(Xbar—mustarl )’ x(Xbar—mustarl );

fmulW=(0.5«nu0+0.5x trace (inv (SigmalW )« (AIl+D1)))"(
—0.5%p*x(p—mIW—n) —0.5%nu0);
fmustar=(0.5*nu0+0.5xtrace (inv (SigmalW )*x(A2+D2)))
A—0.5%p*x(p—mIW—n) —0.5%nu0);

if min(fmustar/fmulW,1)>unifrnd (0,1) muIlW=mustarl ;
end ;

B=n*(mulW—theta )’ *(mulW—theta )+ Phi;
A=V+n *x( Xbar—mulW) ’ x ( Xbar—mulW ) ;

w=0.5;
Sigmastar=(1—-w)xiwishrnd (Phi ,mIW)+wxwishrnd (Phi ,mIW);

fSigmalW=det (SigmalW )* (0.5 (mW+n+1))*(0.5*nu0+
0.5« trace (inv (SigmalW)*x(A+B)))"( —0.5*p*(p—mIW—n)
—0.5%nu0);

fSigmastar=det(Sigmastar )" (0.5« (mIW+n+1))*(0.5%nu0
+0.5x trace (inv (Sigmastar )*(A+B)))*( —0.5%p*(p—mIW—n)
—0.5%nu0);

if min(fSigmastar/fSigmalW ,1)>unifrnd (0,1)
SigmalW=Sigmastar;

end ;

meanmulW=meanmulW+mulW s (1/c¢c);
meanSIW=meanSIW+SigmalW x(1/c);

if (0.5%*nu0+0.5xtrace (inv (SigmalW )x(A+B—Phi)))
A(—0.5%p*(p—mIW—n)
—0.5%nu0)>maxmIW mapmulW=mulW ;
maxmIW=(0.5xnu0+0.5x trace (inv (SigmalW)
*(A+B—Phi)))"( —0.5*p*(p—mIW—n) —0.5%xnu0);

end ;
f=det (SigmalW)A (0.5« (mW+n+1))*(0.5*%nu0+
0.5xtrace (inv (SigmalW)*(A+B)))*"(—0.5x%p
*(p—mIW—n) —0.5%xnu0);
if f>maxSIW mapSIW=SigmalW ;maxSIW=f; end;

%Wishart ;
mustar=mvnrnd (b, 1/(n+n0)*SigmaW ,1);

Dl=n*(muW-theta )’ «(muW—theta );
Al=V+nx(Xbar—-muW) ’ x ( Xbar—muW) ;
D2=nx(mustar—theta )’ x(mustar—theta );
A2=V+nx(Xbar—mustar) ’x(Xbar—mustar );
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fmuW=(0.5%nu0+0.5x trace (inv (SigmaW )x(Al+D1)))

A —0.5%p*x(p—mW-n) —0.5%xnu0);
fmustar=(0.5%xnu0+0.5%x trace (inv (SigmaW )*(A2+D2)))

AN —0.5%p*(p—mW-n) —0.5%xnu0);

if min(fmustar/fmuW,1)>unifrnd (0,1) muW=mustar; end;

B=nx(muW-theta )’ x(muW—theta )+ Phi;
A=V+n*x(Xbar—muW) ’ *x ( Xbar—muW) ;

w=0.5;
Sigmastar=wsxiwishrnd (Phi mWx2+1)
+(1—w)* wishrnd (Phi ,mW);

fSigmaW=det (SigmaW )" (0.5 (mW+n+1))*(0.5%nu0
+0.5xtrace (inv (SigmaW )*(A+B))+0.5% trace (SigmaWx*Phi))
AN —0.5%p*x(p—mW-n) —0.5%xnu0);

fSigmastar=det(Sigmastar )" (0.5« (mW+n+1))*(0.5+nu0
+0.5x trace (inv(Sigmastar )*(A+B))+0.5x

trace (Sigmastar*Phi))*(—0.5%xp*(p—mW-n)—0.5%xnu0 );

if min(fSigmastar/fSigmaW,1)>unifrnd (0,1)
SigmaW=Sigmastar; end;

meanmuW=meanmuW-+muW/ c ;
meanSW=meanSW+SigmaW /c ;

if (0.5%*nu0+0.5xtrace (inv (SigmalW )x(A+B—Phi)))

A —0.5%p*(p—mW-n) —0.5%xnu0)>maxmW mapmuW=muW;
maxmW=(0.5%xnu0+0.5« trace (inv (SigmalW )+ (A+B—Phi)))
A —0.5%p*(p—mW-n)—0.5%xnu0); end;

f=det (SigmaW )" (0.5 (mW+n+1))*(0.5%xnu0+0.5

xtrace (inv (SigmaW )*x(A+B))+0.5x* trace (SigmaW=Phi))
AN —0.5%p*x(p—mW-n) —0.5%xnu0);

if f>maxSW mapSW=SigmaW; maxSW=f; end;

end ;

TRB(j ,1)=sum ((Xbar—mu)."2);

TRB(j ,2)=sum ((meanmulW-mu).*2);

TRB(j ,3)=sum ((meanmuW—mu)."2);

TRB(j ,4)=sum ((mapmulW—mu)."2);

TRB(j ,5)=sum ((mapmuW—mu)."2);

TRB(j ,6)=sum(sum ((Sx—sigma).*2));
TRB(j ,7)=sum(sum (( meanSIW—sigma).*2));
TRB(j ,8)=sum(sum ((meanSW—sigma ).”"2));
TRB(j ,9)=sum(sum ((mapSIW—sigma ).”*2));
TRB(j ,10)=sum(sum ((mapSW—sigma)."2));

end ;

r=[1:10];

Norms=zeros (length(r),10);

for j=1:length(r);

Norms(j ,1)=norm (( Xbar—mu).*r (j)) (1/r(j));
Norms (j ,2)=norm ((meanmulW—mu) . *r (j))*(1/r(j));
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Norms (j ,3)=norm ((meanmuW—mu ). r (j)) (1/1r(j));
Norms (j ,4)=norm ((mapmuIW—mu).*r (j)) (1/1r(j));
Norms (j ,5)=norm ((mapmuW—mu).*r (j))*(1/r(j));
Norms (j ,6)=norm ((Sx—sigma ). r(j))"(1/r(j));
Norms (j ,7)=norm ((meanSIW—sigma ).*r (j)) (1/r(j));
Norms (j ,8)=norm ((meanSW—sigma).*r(j))*(1/r(j));
Norms(j ,9)=norm ((mapSIW—sigma).*r(j))*(1/1r(j));
Norms(j ,10)=norm ((mapSW—sigma).*r(j)) (1/r(j));
end ;

figure ;%mulW

plot (DF(5000:10000,1),DF(5000:10000,2),” — =",
DF(5000:10000,1),

DF(5000:10000,3));

legend (’Mean’ ,’ Median ’);

figure;%SigmalW

plot (DF(1:1000,1),DF(1:1000,4),” — =",
DF(1:1000,1),DF(1:1000,5),

’—o0’ ,DF(1:1000,1) ,DF(1:1000,6),” —x’);

legend (’Det’,’ Trace’,  Eig’);

figure ;%muW

plot (DF(5000:10000,1),DF(5000:10000,7),” — =",
DF(5000:10000,1),

DF(5000:10000,8));

legend (’Mean’ ,’ Median ’);

figure;%SigmaW

plot (DF(5000:10000,1),DF(5000:10000,9),” — =",
DF(5000:10000,1),

DF(5000:10000,10),” —o” ,DF(5000:10000,1),
DF(5000:10000,11),” —x");

legend (’Det’,’ Trace’, Eig’);

figurel=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,1),” —0o’ ,r,Norms(1:10,2),” —.% ",
r,Norms(1:10,3),°:7);

legend (’ Sample mean’,’ Inverse —Wishart prior ’,
>Wishart prior )

title (’ Expected value — SEL’)

xlabel(’r’)

ylabel (’ Frobenius norm’);

figure2=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,1),” —o’ ,r,Norms(1:10,4),” —.x",
r,Norms(1:10,5),’:")

legend (’ Sample mean’,’ Inverse —Wishart prior ’,
>Wishart prior )

xlabel ('r’)

ylabel (’ Frobenius norm’)

title (" Expected value — MAP’);

figure3=figure (’Color’,[1 1 1]);
plot(r,Norms(1:10,6),” —o’,r ,Norms(1:10,7),” —.% ",
r,Norms(1:10,8),°:")

legend (’ Sample mean’,’ Inverse —Wishart prior ’,
>Wishart prior )

xlabel(’r’)
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ylabel (’ Frobenius norm’)
title (’ Covariance matrix — SEL’);

figured=figure (’Color’ ,[1 1 1]);

plot(r,Norms(1:10,6),” —o’,r ,Norms(1:10,9),” —.% ",
r,Norms(1:10,10),’:")

legend (’ Sample mean’,’ Inverse —Wishart prior ’,
>Wishart prior ’);

xlabel (’r’)

ylabel (’ Frobenius norm’)
title (’Covariance matrix — MAP’);

B.4 Iris dataset - Section 2.5.2

Matlab code:

X=[5.1 3.5 1.4 0.2,
4.9 3.0 1.4 0.2,
4.7 3.2 1.3 0.2,
4.6 3.1 1.5 0.2,
5.0 3.6 1.4 0.2,
5.4 3.9 1.7 0.4,
4.6 3.4 1.4 0.3,
5.0 3.4 1.5 0.2,
4.4 2.9 1.4 0.2,
4.9 3.1 1.5 0.1];

[n,pl=size (X);
n0=5;

s=1;
c=100000;
nu0=7;

for j=1:z;
Xbar=ones (1 ,n)*xX/n;
V=(X—ones(n,1)x Xbar) ’«(X—ones(n,1)* Xbar);
Phi=V/n;
omega=eye(s);
theta=Xbar;

mw=5;

miW=9;

SigmaW=V/n;
SigmalW=V/n;
mulW=Xbar ;
muW=Xbar ;

b=1/(n+n0)*(nxXbar+nOxtheta );
Sx=V/(n—1);

meanmulW=zeros (1,p);
meanmuW=zeros (1 ,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);

mapmulW=meanmulW ;
mapmuW=meanmulW ;
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mapSIW=meanSIW ;
mapSW=meanSW ;

maxmIW=—-10000000000000;
maxmW=—100000000000000;
maxSIW=—-10000000000000;
maxSW=—-100000000000000;

for i=1l:c;

PInverse —Wishart ;
mustarl=mvnrnd (b, 1/(n+n0)*SigmalW ,1);

Dl=n*(mulW—theta )’ x(mulW—theta );
Al=V+nx(Xbar—mulW) * x ( Xbar—mulW) ;
D2=n+*(mustarl —theta )’ +«(mustarl —theta);
A2=V+nx(Xbar—mustarl )’ x(Xbar—mustarl );

fmulW=(0.5*nu0+0.5x trace (inv (SigmalW )x(Al+DI1)))
A —0.5%p*(p—mIW—n) —0.5%nu0);
fmustar=(0.5*xnu0+0.5%xtrace (inv (SigmalW)
*(A24D2))M( —0.5%p*(p—mIW—n) —0.5%nu0 ) ;

if min(fmustar/fmulW,1)>unifrnd (0,1)
mulW=mustarl ; end;

B=n*x(mulW—theta )’ «(mulW—theta )+ Phi;
A=V+n *x( Xbar—mulW) ’ x ( Xbar—mulW ) ;

w=0.5;
Sigmastar=(1—w)* iwishrnd (Phi ,mIW)
+wxwishrnd (Phi ,mIW);

fSigmalW=det (SigmalW )* (0.5 (mIW+n+1))*(0.5%nu0
+0.5x trace (inv (SigmalW)*(A+B)))"
(—0.5%xp*(p—mIW—n)—0.5%xnu0);
fSigmastar=det(Sigmastar )*(0.5x(mW+n+1))
*(0.5%nu0+0.5xtrace (inv(Sigmastar)*(A+B)))

AN —=0.5%p*(p—mIW—n) —0.5%nu0);

if min(fSigmastar/fSigmalW ,1)>unifrnd (0,1)
SigmalW=Sigmastar; end;

meanmulW=meanmulW+mulW s (1/c¢c);
meanSIW=meanSIW+SigmalW x(1/c);

if (0.5%xnu0+0.5xtrace (inv (SigmalW)
*(A+B—Phi)))"( —0.5%p*(p—mIW—n) — 0.5+ nu0 ) >maxmIW
mapmulW=mulW ;
maxmIW=(0.5xnu0+0.5xtrace (inv (SigmalW)
*(A+B—Phi)))"( —0.5%xp*(p—mIW—n) —0.5%xnu0 );

end ;
f=det (SigmalW )" (0.5« (mIW+n+1))*(0.5%nu0
+0.5xtrace (inv (SigmalW)*x(A+B)))"
(—0.5%xp*(p—mIW-—n)—0.5%xnu0);
if f>maxSIW mapSIW=SigmalW ;maxSIW=f; end;
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%Wishart ;
mustar=mvnrnd (b, 1/(n+n0)=*SigmaW ,1);

Dl=n*(muW-theta )’ «(muW—theta );
Al=V+nx(Xbar—muW) ’ x ( Xbar—muW) ;
D2=n*(mustar—theta )’ x(mustar—theta );
A2=V+nx(Xbar—mustar) '« (Xbar—mustar );

fmuW=(0.5%xnu0+0.5% trace (inv (SigmaW ) (Al1+D1)))
AN —0.5%p*(p—mW-n) —0.5%xnu0);
fmustar=(0.5«*nu0+0.5x trace (inv (SigmaW)
*(A24D2)))M(—0.5%p*(p—mW-n) —0.5%nu0);

if min(fmustar/fmuW,1)>unifrnd (0,1) muW=mustar ;

B=n*(muW—theta )’ *x(muW-theta )+ Phi;
A=V+n*x(Xbar—muW) ’ *x ( Xbar—muW) ;

w=0.5;

Sigmastar=wxiwishrnd (Phi mWx2+1)

+(1—w)* wishrnd (Phi ,mW);

fSigmaW=det (SigmaW )* (0.5« (mW+n+1))*(0.5*nu0+
0.5« trace (inv (SigmaW ) (A+B))

+0.5x trace (SigmaW+Phi))*( —0.5*p*(p—mW-n)
—0.5%nu0);

fSigmastar=det(Sigmastar )" (0.5« (mW+n+1))
*#(0.5%nu0+0.5xtrace (inv(Sigmastar)*(A+B))
+0.5x trace (SigmastarxPhi))"
(—0.5%xp*(p—mW-n)—0.5%nu0);

if min(fSigmastar/fSigmaW,1)>0.1xunifrnd (0,1)
SigmaW=Sigmastar; end;

meanmuW=meanmuW-+muW/ c ;
meanSW=meanSW+SigmaW /c ;

if (0.5%*nu0+0.5xtrace (inv (SigmalW )x(A+B—Phi)))
A —0.5%p*(p—mW-n) —0.5%xnu0)>maxmW mapmuW=muW;
maxmW=(0.5xnu0+0.5xtrace (inv (SigmalW)
*(A+B—Phi)))"( —0.5%p*(p—mW-n) —0.5%nu0); end;
f=det (SigmaW )" (0.5« (mW+n+1))*(0.5%xnu0

+0.5x trace (inv (SigmaW ) (A+B))+0.5

xtrace (SigmaWx*Phi))*(—0.5%xp*(p—mW-n)—0.5%xnu0);
if f>maxSW mapSW=SigmaW; maxSW=f; end;

end ;

end ;

end ;
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C.1 Code for Figures 3.1 and 3.2

Matlab code:

%Grid of values
inc=0.1;
11=5:inc:10;
12=0:1inc:5;

%Parameters
n=10;

m=2;

a=1;

b=2;

I;

—2:

cl
c2
g=zeros (length(11),length(12));

sum=0;

for i=1:length(I11);
for j=1:length(12);

%1F1(a,b,x)

g(i,j)=(11(i1)=12(j))*cIM—n+xm/2)x((11 (i)*x12(j))M(n/2—(m+1)/2))
xhypergeom(a,b,1/cl*(11(i)+12(j)))*xexp(c2*(11(i)+12(j)));end;

P01+x

Jog (1,j)=(11(1)=12(j))*clM—nxm/2)*((11(1)*12(j)) (n/2—(m+1)/2))
*(1+1/cl*(11(1)+12(j)))xexp(c2*x(11(1)+12(j)));end;

Joexp (x)

Jog (1,j)=C11(1)=12(j))*clM—nxm/2)*((11(i)*12(j)) (n/2—(m+1)/2))
xexp (1/cl*(11(i1)+12(j)))*xexp(c2+(11(i)+12(j)));end;

sum=sum+g (i ,j);
end ;
end;

g=g/(inc*inc+*sum);

figure;
surfc (12,11 ,¢g)

154



Appendix C. Code for Chapter 3 155

C.2 Code for Figure 3.3

Matlab code:

%Parameters
m=2;

il

5
1;
2;

0.5;
inc=0.1;
sigma=eye (m);

o o o B
1l

%Grid

x1=0:inc:10;

x2=0:inc:10;

sum=0;

g=zeros (length (x1),length(x2));

for i=1:length(x1);

for j=1:length(x2);

X=[x1(i) 0;0 x2(j)I;
g(i,j)=det(X)*(n/2—(m+1)/2)xhypergeom(a,b,cxtrace (inv(sigma)*X))
xexp(trace(—inv(sigma)*X));

sum=sum+g(i,j);

end;

end ;

g=g/(sum*incx*inc);

figure;
surfc (x1,x2,g)

C.3 Evaluation of algorithm and methodology - Section 3.6.1

Matlab code:

%Target values
mu=0;
s=1;

J%Parameters
Sprior=0.9;
a=1;%
b=2;%
phi=0.105;
n=Sprior x2/phi;

%Sample

m=18;

x=normrnd (mu,s,[1 m]); %Simulated data;
xbar=sum(x)/m;

ss=(sum ((x—xbar).~2))/(m—1);

IVIQVIC
nz=50;
rep=10000;
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burn=0.1xrep;

mus=ones (rep+burn,1)* xbar;
sigmas=ones (rep+burn,l)*ss;
countzm=0;

countzs=0;
ints=zeros(nz,4);

for 1=1:nz;
mus=ones (rep+burn,1)* xbar;
sigmas=ones (rep+burn,l)*ss;

for ii=2:rep+burn;

ul=unifrnd (xbar—ss , xbar+ss );

if min(exp(—0.5/(sigmas (ii —1))*sum((x—ul).*2))
/exp(—0.5/(sigmas (ii —1))*sum ((x—mus(ii —1)).72)),1)

>unifrnd (0,1);

mus(ii)=ul; else mus(ii)=mus(ii —1);

u2=unifrnd (0,4x*ss);

if min((u2).2(n/2—m/2 —-0.5)xhypergeom(a,b,c/phixu2)
xexXp(—0.5/u2x(sum ((x—mus(ii)).~2)) —u2/phi)/((sigmas(ii —1))
.A(n/2—m/2 —0.5)xhypergeom (a,b,c/phixsigmas (ii —1))
xexp(—0.5/sigmas (ii —1)*(sum ((x—mus(ii))."2)) —

sigmas (ii —1)/phi)),l)>unifrnd (0,1);

sigmas (ii)=u2; else sigmas(ii)=sigmas(ii —1); end;

end ;

intl=x1;%—1:0.1:1;

int2=ss1;

cumdl=x1*0;

cumd2=ss1 *x0;

mus=mus (burn+1:length (mus));

sigmas=sigmas (burn+1:length (sigmas));

for jj=2:length(intl);
count=0;

for ii=1:length (mus);

if mus(ii)<intl (jj) if mus(ii)>intl (jj —1) count=count+1;

end; end;
cumdl (jj)=count/rep;
end ;

end ;

for jj=1:length(int2);
countl =0;

for ii=2:length(sigmas);

if sigmas(ii)<int2(jj) if sigmas(ii)>int2(jj —1)

countl=countl +1;
end; end;

cumd2(jj)=countl /rep;
end ;
end ;
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J%Analytical
inc=0.01;

nz=1;
inc2=0.2;

xl=—5:inc:5;
ss1=0.005:1inc:2;
$ss2=0.005:1inc2:2;

postml=x1;
postsl=ssl;

postm=zeros (length(x1),length(nz));

dhx=zeros (length(x1),length(x1))+ triu(ones(length (x1),
length (x1)));

posts=zeros (length(ssl),length(nz));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));

for z=1:nz

c=max ([ max(ss2)/phi max(ssl)/phi]);
c=phi/c—0.0001;

%Posterior mu

for j=1:length(x1)

suml=zeros (length (ss2),1);

for ii=1:length(ss2);

suml (ii)=phi.*"(m/2—n/2)/gamma(n/2—m/2)* ss2(ii).*(n/2—m/2)
x+hypergeom (a,b,c/phixss2 (ii))*xexp(—0.5/ss2(ii)x*

sum ((x—x1(j)).*2) —ss2(ii)/phi);

end ;

aa=suml *xinc*dhsl ;

aa=aa(length(ss2));
postml1(j)=(2%22/7/m).*(—0.5)*xphi."(—0.5)xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)*(aa);

end ;

%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl(k).*(n/2—m/2 —-0.5)xhypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —mxxbar”2)—ssl (k)/phi);

end ;
9%Normalising
aream=(postml*inc)*xdhx;

areas=(postslxinc)*dhs;

postm (: ,z)=postml/aream (length (x1));
posts (:,z)=(postsl )./ areas(length(ssl));

figure;
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subplot(2,1,1)
plot(x1,postm);
xlabel (’ Population mean’);
ylabel (’ Density ’);

title *Exact posterior density function ’;
subplot (2.,1,2)

bar (x1,cumdl);

xlabel (’ Population mean’);
ylabel (’ Relative frequency ’);

title “Histogram of MOMC sample ’;

figure;
plotyy (intl ,cumdl,intl ,postm,’ bar’,’ plot ’);
figure;
plotyy (int2 ,cumd2, int2 , posts,’bar’,’ plot ’);

figure;

subplot(2,1,1)

plot(int2 ,posts);
xlabel ("’ Population variance ’);
ylabel (°’ Density ’);

title *Exact posterior density function ’;
subplot (2,1,2)

bar(int2 ,cumd2);
xlabel ("’ Population variance ’);
ylabel (’ Relative frequency );
title ’“Histogram of MOMC sample ’;

C.4 Choice of hyperparameter values - Section 3.6.1

Matlab code:

for i=1:length(n);

y(i)=hypergeom ([n(i)/2+1 a],b,c)/hypergeom([n(i)/2 a],b,c);

end ;

plot(n,y)

C.5 Univariate simulation study - Section 3.6.1

Matlab code:
%Target values
mu=0;

s=1;

%Sample
m=18;
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Sprior=0.9;

a=1;

b=2;

phi=0.105;

n=19; %Sprior*2/phi
inc=0.01;

nz=1; %100
inc2=0.2;
alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
x1=—5:inc :5;
ss1=0.005:1inc:2;
$ss2=0.005:inc2:2;

postm1=x1;
postsl=ssl;
posts2=ssl;

counthg=0;

postm=zeros (length(x1),length(nz));

posts=zeros (length(ssl),length(nz));

dhx=zeros (length(x1),length(x1))+triu(ones(length (x1),
length(x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));

dhsl=zeros (length(ss2),length(ss2))+triu(ones(length(ss2),
length (ss2)));

for z=1:nz

x=normrnd (mu,s,[1 m]); %Simulated data;
xbar=sum(x)/m;

ss=(sum ((x—xbar).~2))/(m—1);

Y%Posterior mu

for j=1:length(x1)

suml=zeros (length (ss2),1);

for ii=1:length(ss2);

suml (ii)=phi.*"(m/2—n/2)/gamma(n/2—m/2)* ss2(ii).*(n/2—m/2)
x+hypergeom (a,b,c/phixss2 (ii))xexp(—0.5/ss2(ii)x*

sum ((x—x1(j)).”2) —ss2(ii)/phi);

end ;

aa=suml ’xinc*dhsl ;

aa=aa(length(ss2));

postml1 (j)=(2%22/7/m).»( —0.5)*phi.*»(—0.5)*xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)*(aa);

end ;

%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl(k).*(n/2—m/2 —0.5)xhypergeom(a,b,c/phixssl(k))

xexp(—0.5/ssl (k)*(sum(x.72) —m«xbar”2)—ssl (k)/phi); 9HG

posts2 (k)=ssl1(k).~(n/2—m/2+0.5)xhypergeom(a,b,c/phixssl(k))
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xexp(—0.5/ssl (k)*(sum(x.72) —m«xbar”2)—ssl (k)/phi); 9HG est
end ;

%Normalising constants
aream=(postml*inc)*xdhx;
areas=(postslxinc)xdhs;
areas2=(posts2x*inc)*xdhs;

postm (: ,z)=postml/aream(length(x1));
posts (:,z)=(postsl )./ areas(length(ssl));

sum2=areas (length (ssl));
sum3=areas2 (length (ssl));

aream=(postm (:,z) )*incx*dhx;
areas=(posts (:,z)’)*xincxdhs;

telmu=0;
telml=0;
telsl=0;
telsu=0;

%%credible intervals

Jomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;
end ;

9HG

for i=1:length(ssl);

if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;

end ;

if s<ssl(telsu); if s>ssl(telsl); counthg=counthg+l;
end ;

end ;

%Bayes estimates
mulll=xbar;
est(z,1)=ss; 9%MLE
est(z,2)=sum3/sum2; 9HG

end ;
end;

%Posterior df of sigma
figure;

plot(ssl ,posts);
xlabel (’ Population variance ’);
ylabel (’ Density ’);

Y%Posterior df of mu
figurel3=figure (’Color’,[1 1 1]);
plot(x1,postm);
xlabel ("’ Population mean’);
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ylabel (’ Density );

%Coverage probabilities
coveragehgamma=counthg/nzx100;

9%Median credible interval widths
medianwidthhgamma=median (width (: ,1)); %HG

C.6 Forestry dataset - Section 3.6.1

Matlab code:

%Real data — trees volume;
x=[10.3
10.
10.
16.
18.
19.
15.
18.
22.
19.
24.
21
21.
21.
19.
22.
33.
27.
25.
24,
34.
31.
36.
38.
42.
55.
55.
58.
51.
51
7715
x=log(x);
m=length (x);

N O AN RN W o
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xbar=sum(x)/m;
ss=(sum ((x—xbar).”*2))/(m—1);

Sprior=0.3;

%Priors
inc=0.005;
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y=0.005:1inc :2;
Sprior=0.3;

%Likelihood
beta=11.5;
alpha=beta/ss+1;

I9HG

a=1;

b=1;
phi=0.01875;
c=0.01;
alphal =32/2;
betal=1/phi;

f=y.~(alphal —1).xexp(—betal .xy).x hypergeom(a,b,c/phi.xy);
g=y."(—alpha —1).xexp(—beta./y);

cl=sum(f.*inc);
c2=sum(g.*inc);

f=f/cl;

g=g/c2;

figure;

plOt(y,f9y9J ’yagls,__’7ysh’ ’: ’ 3y9g)a
legend (" Hypergeometric gamma’,’ Kummer gamma’,’ Inverse

gamma’ ,’Gamma’,’ Likelihood ’);
%Bayesian analysis

a=1;%HG

b=1;%HG

c=0.01;
phi=0.01875; 9HG
n=Sprior *2/phi; 9HG

inc=0.005;
nz=1;
inc2=0.005;

alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
x1=—5:1nc:5;
ss1=0.005:inc:2;
$ss2=0.005:1inc2:2;

postml=x1;
postsl=ssl;
posts2=postsl ;

width=zeros (length (ssl) ,4);
postm=zeros (length(x1),length(nz));
posts=zeros (length(ssl),length(nz));
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dhx=zeros (length (x1),length(x1))+triu(ones(length(x1),
length(x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));
dhsl=zeros(length(ss2),length(ss2))+triu(ones(length(ss2),
length (ss2)));

for z=1:nz

Y%Posterior mu

for j=1:length(x1)

suml=zeros (length (ss2),1);

for ii=1:length(ss2);

suml (ii)=phi.A"(m/2—n/2)/gamma(n/2—m/2)* ss2(ii).*(n/2—m/2)
xhypergeom(a,b,c/phixss2(ii))*xexp(—0.5/ss2(ii)=*

sum ((x—x1(j))."2) —ss2(ii )/ phi);

end ;

aa=suml’*xincx*dhsl;

aa=aa(length (ss2));

postml1(j)=(2%22/7/m).»( —0.5)%phi.*»(—0.5)*xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)x(aa);

end ;

%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl(k).*(n/2—m/2 —0.5)xhypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —m«xbar”2)—ssl (k)/phi); 9HG

posts2 (k)=ssl(k).*(n/2—m/2+0.5)«hypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —mxxbar”2)—ssl (k)/phi); 9HG est

end ;

%Normalising constants
aream=(postml*inc)*xdhx;
areas=(postslxinc)*dhs;
areas2=(posts2x*inc)*dhs;

postm (: ,z)=postml/aream(length (x1));
posts (:,z)=(postsl )./ areas(length (ssl));%HG

aream=(postm (:,z) )*incx*dhx;
areas=(posts (:,z)’)*xincxdhs;

telmu=0;
telml=0;
telsl=0;
telsu =0;

%credible intervals

Jomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;
end ;

9HG
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for i=1:length(ssl);

if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;
end ;

%credible interval widths
width(z,1)=ssl(telsu)—ssl (telsl); 9HG

%Bayes estimates
mulll=xbar;
est(z,1)=ss; 9%VILE
est(z,2)=sum3/sum?2; 9HG

end ;
end ;

%Posterior df, prior and likelihood of sigma2
figure;

plot(ssl ,posts ,ssl  f,ssl,g);
xlabel (" Population variance ’);
ylabel (’ Density );

legend (’ Posterior ’,’ Hypergeometric prior ’, ’Likelihood ’);

C.7 Multivariate simulation study - Section 3.6.2

Matlab code:

n0=1;

s=1;

p=3;
sigma=eye(p);
mu=zeros (1,p);
c=100;

z=100;

aa=1;

n=20;
DF=zeros (c,4);

for iz=1:z;

X=mvnrnd (mu, sigma ,n);

Xbar=ones (1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’*x(X—ones(n,1)* Xbar);
omega=eye(s);

mW=p;

mW=2xp+1;

mHW=p ;

mKW=p ;

%Initial values;



Appendix C. Code for Chapter 3

165

HWSigmaW=4xeye (p);

b=Xbar;
Sx=V/(n—1);
thetaHW=0.5xeye(p);

Y=n*xn0/(n+n0)*(Xbar—theta )*x(Xbar—theta)’+V;
meanHW=zeros (p,p);

%Single convergence measures for initial values
DF(1,1)=det (HWSigma);

DF(1,2)=trace (HWSigma);

detsen=eigs (HWSigma);

DF(1,3)=detsen(p);

DF(1 ,4)=1;

%Gibbs sampling
for 1=2:¢c;

3\\

muHW=mvnrnd (b, 1/nx*HWSigma,1);
A=V+n *x( Xbar—-muHW) ’ x ( Xbar—muHW) ;
HWStar=wishrnd (thetaHW ,mHW) ;

gsigmaHW=det (HWSigma)*( — 0.5 (mHW-n*s—p—1))xexp(trace (
—0.5xinv (thetaHW )*HWSigma))* hypergeom (a,b,cl*trace (inv (
thetaHW )« HWSigma)); % xexp(—0.5xtrace ((A)xinv (HWSigma)));

gsigmastar=det (HWStar)*( —0.5%x(mHW-n*xs—p—1))xexp (trace (
—0.5%inv (thetaHW )« HWStar))*« hypergeom (a,b,cl*trace (inv (
thetaHW )« HWStar)); %+ exp(—0.5xtrace ((A)xinv (HWStar)));

if min(gsigmastar/gsigmaHW,1)>unifrnd (0,1),
HWSigma=HWStar; end;

%Single convergence mesures
DF(i,1)=det (HWSigma);
DF(i,2)=trace (HWSigma);
detsen=eigs (HWSigma);
DF(i,3)=detsen(p);
DF(i,4)=1;

%Burn—in period
if 1>0.1%xc, meanHW=meanHW+HWSigma/c; end;

end ;

FNl=norm (Sx—sigma)
FN2=norm (meanHW—sigma )
end ;

%Graphs of single convergence measures
90w ;
figure;

plot (DF(:,4) ,DF(:,1) ,DF(:,4) ,DF(:,2),” —o’ ,DF(:,4) ,DF(:,3),” —x’);

legend (’Det’,’ Trace’,  Eig’);
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C.8 Abalone dataset - Section 3.6.2

Matlab code:

Xl=horzcat(lengthl ,diameter , height , wweight, sweight , vweight);
X=X1(21:40,:);
Roystest (X,0.05); %Test for normality

[n,pl=size (X);
n0=1;

s=1;
theta0=0.1;
c=1000;

Xbar=ones (1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’«(X—ones(n,1)* Xbar);
omega=eye(Ss);

mHW=p ;

P%Initial values;
HWSigma=V/n;

b=Xbar;
Sx=V/(n—-1);
thetaHW=Sx;

Y=n*n0/(n+n0)=x(Xbar—theta )*(Xbar—theta) +V;
meanHW=zeros (1 ,p);

for i=2:c;

s\\

muHW=mvnrnd (b, 1/nxHWSigma, 1);
A=V+n *x( Xbar—muHW) ’ * ( Xbar—muHW) ;

HWStar=wishrnd (thetaHW ,mHW) ;

gsigmaHW=det (HWSigma)*( — 0.5 (mHW-n*s—p —1))xexp(trace (
—0.5*%inv (thetaHW )« HWSigma) )+ hypergeom (a,b,cl*trace (

inv (thetaHW )«HWSigma))*exp(—0.5xtrace ((A)xinv (HWSigma)));
gsigmastar=det (HWStar)"( —0.5x(mHW-n*xs—p —1))xexp (trace (
—0.5%inv (thetaHW )+« HWStar))* hypergeom (a,b,clxtrace (inv (
thetaHW )« HWStar))*exp(—0.5xtrace ((A)*inv (HWStar)));

if min(gsigmastar/gsigmaHW,1)>0.1*xunifrnd (0,1),

HWSigma=HWStar; end;

%Bayes estimates
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if 1>0.1%xc, meanHW=meanHW+HWSigma/c; end;
end ;

end ;
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Code for Chapter 4

D.1 Code for Example 1

Matlab code:

periods=200;

clients=100;

alpha=10;

beta=10;

Times=gamrnd (alpha , beta ,clients , periods);
count=0;

Rem=zeros (periods*clients ,1);

for i=1:periods;

for j=1l:clients;

if Times(j,i)+i1>200 count=count+1;
Rem(count)=Times(j,1); end;

end ;

end ;

X=Rem(1:count ,:);

grid=0:0.5:300;

histogram (X, Normalization ’,’ pdf ’,’ FaceAlpha’

,0.2,’ FaceColor’,’ Blue ’);

f=gampdf(grid , alpha , beta);%gamma(alpha)/beta”alpha

xgrid .M(alpha —1).xexp(—betaxgrid);

g=gampdf(grid , alpha+1,beta);%gamma(alpha+1)/beta”(alpha+1)
xgrid .A(alpha).xexp(—betaxgrid);

hold on

plot(grid ,f,’ r——","Linewidth > ,1.5)

hold on

plot(grid ,g,’k’,’ Linewidth * ,2.5)
legend (’ Histogram of times’, Gamma distribution ’

,”Length—biased gamma distribution ’);
fitdist (X, gamma’)

D.2 Code for Tables 4.1, 4.2 and 4.3

Matlab code:

%Grid of values
inc=0.1;
11=5:1inc:10;
12=0:inc:5;

168
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JParameters
n=9;

m=2;

cl=1;
c2=-2;

g=zeros (length (11),length(12));
sum=0;

for i=1:length(11);
for j=1:length(12);

%sin (x)
g(i,j)=(11(i1)=12(j))*cIM—n+xm/2)x((11 (i)*x12(j)) (n/2—(m+1)/2))
xsin (c2*(11 (1)+12(j)))*xexp(—cl/2x(11(i)+12(j)));end;

Yoexp (X)
Jog (1,j)=(11(1)—12(j))*clM(—nxm/2)*((11 (i)*x12(j)) " (n/2—(m+1)/2))
xexp(c2*(11 (1)+12(j)))*xexp(—cl/2x(11(i)+12(j)));end;

Yoexp (1/x)
Yog (1 ,j)=(11(1)—12()))*clM—nxm/2)«((11(i)*x12(j))*"(n/2—(m+1)/2))
xexp (1/(e2+(11(1)+12(j))))*exp(—cl/2x(11(i)+12(j)));end;

%1+x

Jog (i,j)=(11(1)=12(j))*clM—nxm/2)*((11(i)*x12(j)) " (n/2—(m+1)/2))
*(1+c2+(11 (1)+12(j)))*xexp(—cl/2x(11(i)+12(j)));end;
sum=sum+g(i,j);

end ;

end ;

g=g/(inc*inc+*sum);

figure;
surfc (12,11 ,g)

D.3 Univariate simulation study - Section 4.7.1

Matlab code:

%Target values

mu=0;

s=1;

J%Sample

m=18;
Sprior=0.9;
varphi=0.185;
n=4;
gammal=1;
inc=0.01;
nz=1; %100

inc2=0.2;
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alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
x1=—5:inc:5;
ss1=0.005:inc:2;
$ss2=0.005:1inc2:2;

postm1=x1;
postsl=ssl;
posts2=ssl;

countwg=0;

postm=zeros (length(x1),length(nz));
posts=zeros(length(ssl),length(nz));

dhx=zeros (length (x1),length(x1))+triu(ones(length(x1),
length (x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),

length(ssl)));

dhsl=zeros(length(ss2),length(ss2))+triu(ones(length(ss2),

length (ss2)));

for z=1:nz

x=normrnd (mu,s,[1 m]); %Simulated data;
xbar=sum(x)/m;

ss=(sum ((x—xbar).~2))/(m—1);

%Posterior mu

for j=1:length(x1)

suml=zeros (length(ss2),1);

for ii=1:length(ss2);

suml (ii)=ss2(ii)."(alpl—-m/2—1)xexp(—0.5/ss2(ii)
*((sum(x.7"2) —mxxbar”?2)) —lambdaxss2 (ii))*(1+ss2(ii))
Agammal ;;

end ;

aa=suml s« inc*dhsl ;

aa=aa(length (ss2));
postml1(j)=(2%22/7/m).*(—0.5)*phi.*(—0.5)xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)*(aa);

end ;

%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl(k).*(alpl—-m/2—-1)xexp(—0.5/ss1 (k)
*((sum(x.722) —mxxbar”~2)) —lambdaxss1 (k))«(1+ssl(k))
Agammal ; %KG

posts2 (k)=ssl (k). (alpl-m/2)xexp(—0.5/ss1 (k)
*((sum(x.7"2) —mxxbar”~2))—lambdaxss1 (k))*(1+ssl1(k))
Agammal ; %KG est

end;
%Normalising constants

aream=(postml*inc)*xdhx;
areas=(postslxinc)*dhs;
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areas2=(posts2xinc)*xdhs;

postm (:,z)=postml/aream(length (x1));
posts (:,z)=(postsl *)./ areas(length(ssl));

sum2=areas (length (ssl));
sum3=areas2 (length (ssl));

aream=(postm (:,z) )*incx*dhx;
areas=(posts (:,z) )*xincxdhs;

telmu=0;
telml=0;
telsl =0;
telsu =0;

%credible intervals

Yomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;

end ;

NG
for i=1:length(ssl);
if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;

end ;

if s<ssl(telsu); if s>ssl(telsl); countwg=countwg+1;

end;
end ;

%Bayes estimates
mulll=xbar;
est(z,1)=ss; %MLE
est(z,2)=sum3/sum2; %KG

end ;
end ;

%Posterior df of sigma
figure;

plot(ssl ,posts);
xlabel (’ Population variance ’);
ylabel (’ Density );

%Posterior df of mu
figurel3=figure (’Color’ ,[1 1 1]);
plot(x1,postm);
xlabel (’ Population mean’);
ylabel (’ Density ’);

%Coverage probabilities
coveragewgamma=countwg/nzx100;

%Median credible interval widths

medianwidthwgamma=median (width (: ,1)); %KG
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D.4 Forestry dataset - Section 4.7.1

Matlab code:

%Real data — trees volume;

(e}
w

x=[
10.
10.
16.
18.
19.
15.
18.
22.
19.
24.
21
21.
21.
19.
22.
33.
27.
25.
24.
34.
31.
36.
38.
42.
55.
55.
58.
51.
51
TT1;
x=log(x);
m=length(x);

NDO AN RN W o

N WIP,ANANWWIONOIPRON—~ WA

xbar=sum(x)/m;
ss=(sum((x—xbar).”*2))/(m—1);

Sprior=0.9;
varphi=0.185;
n=4;

gammal =1;
inc=0.01;
nz=1; %100
inc2=0.2;

alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
x1=—5:inc :5;

ss1=0.005:inc:2;
§ss2=0.005:1inc2:2;
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postm1=x1;
postsl=ssl;
posts2=ssl;

countwg=0;

postm=zeros (length (x1),length(nz));

posts=zeros (length(ssl),length(nz));

dhx=zeros (length(x1),length(x1))+triu(ones(length (x1),
length(x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));
dhsl=zeros(length(ss2),length(ss2))+triu(ones(length(ss2),
length (ss2)));

Y%Priors
inc=0.005;
y=0.005:1inc :2;
Sprior=0.3;

%Likelihood
beta=11.5;
alpha=beta/ss+1;

IKG
alpha3=0.625;
beta3 =4;

f=y.~(alpha3 —1).xexp(—beta3d.xy).x(1l.4+y);
g=y."(—alpha —1).xexp(—beta./y);

cl=sum(f.xinc);
c2=sum(g.*xinc);

f=f/cl;
g=g/c2;

%Bayesian analysis

for z=1:nz

x=normrnd (mu,s,[1 m]); %Simulated data;
xbar=sum(x)/m;

ss=(sum ((x—xbar).~2))/(m—1);

%Posterior mu

for j=1:length(x1)

suml=zeros (length (ss2),1);

for ii=1:length(ss2);

suml (ii)=ss2(ii)."(alpl—-m/2—1)xexp(—0.5/ss2(1ii)
*((sum(x.7"2) —mxxbar”?2))—lambdaxss2 (ii))*(1+ss2(ii))
Agammal ;;

end ;

aa=suml xinc*dhsl ;

aa=aa(length(ss2));
postml1(j)=(2%22/7/m).*(—0.5)*xphi."(—0.5)xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)*(aa);

end ;
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%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl1(k).*(alpl—-m/2—1)xexp(—0.5/ss1 (k)
*((sum(x.7"2) —mkxbar”2)) —lambdaxssl (k))x(1+ssl(k))
Agammal ; %KG

posts2 (k)=ssl(k).*(alpl-m/2)xexp(—0.5/ss1 (k)
*((sum(x.7"2) —mxxbar”?2)) —lambdaxss1 (k))*(1+ssl(k))
Agammal ; %KG est

end ;

%Normalising constants
aream=(postml*inc)*dhx;
areas=(postslxinc)*dhs;
areas2=(posts2xinc)*dhs;

postm (: ,z)=postml/aream(length (x1));
posts (:,z)=(postsl )./ areas(length(ssl));

sum2=areas (length (ssl));
sum3=areas2 (length (ssl));

aream=(postm (:,z)’)*xincxdhx;
areas=(posts (:,z) )*xincxdhs;

telmu=0;
telml =0;
telsl=0;
telsu=0;

Ycredible intervals

Yomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;
end ;

IKG

for i=1:length(ssl);

if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;

end ;

if s<ssl(telsu); if s>ssl(telsl); countwg=countwg+1;
end ;

end;

%Bayes estimates
mulll=xbar;
est(z,1)=ss; %VILE
est(z,2)=sum3/sum2; %KG

end ;
end ;

%Posterior df of sigma
figure;
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plot(ssl ,posts);
xlabel (" Population variance ’);
ylabel (’ Density ’);

Y%Posterior df of mu
figurel3=figure (' Color’,[1 1 1]);
plot(x1,postm);
xlabel (’ Population mean’);
ylabel (" Density ’);

%Coverage probabilities
coveragewgamma=countwg/nzx100;

%Median credible interval widths
medianwidthwgamma=median (width (: ,1)); %KG

%Posterior df, prior and likelihood of sigma2
figure;

plot(ssl ,posts ,ssl ,f,ssl,g);
xlabel ("’ Population variance ’);
ylabel (’ Density ’);

legend (" Posterior ’,’ Kummer gamma prior ’, ’Likelihood ’);

D.S Multivariate simulation study - Section 4.7.2

Matlab code:

sigma=eye(p);
mu=zeros (1,p);
c=100;

z=100;

aa=1;

n=10;
DF=zeros (c,4);

for iz=1:z;

X=mvnrnd (mu, sigma ,n);

Xbar=ones(1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’«x(X—ones(n,1)* Xbar);
omega=eye(s);

theta=ones(1,p)xthetal;

mKW=p ;

%Initial values;
KWSigma=1.1xeye(p);

b=Xbar;
Sx=V/(n—-1);
PhiKW=eye (p);
thetaKW=eye (p);
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Y=n*n0/(n+n0)x(Xbar—theta )*(Xbar—theta)’ +V;
meanKW=zeros (p,p);

%Single convergence measures for initial values
DF(1,1)=det (KWSigma);

DF(1,2)=trace (KWSigma);

detsen=eigs (KWSigma);

%Gibbs sampling

for i=2:c;

IKW

muKW=mvnrnd (b, 1/nxKWSigma, 1);
A=V+n*x( Xbar—muKW) ’ x ( Xbar—muKW) ;
KWStar=wishrnd (thetaKW ,mKW) ;

gsigmaKW=det (KWSigma)” (0.5 (mKW-nxs—p—1))*xexp(trace (
—0.5xinv (PhiKW)*x KWStar))*(1+ trace (thetaKW«KWSigma) ) exp (
—0.5«trace ((A)+*inv (KWSigma)));

gsigmastar=det (KWStar )" (0.5« (mKW-nxs—p—1))xexp(trace (
—0.5%xinv (PhiKW)x KWStar))«(1+ trace (thetaKWxKWSigma)) % exp (
—0.5xtrace ((A)xinv (KWStar)));

if min(gsigmastar/gsigmaKW,1)>unifrnd (0,1),
KWSigma=KWStar; end;

%Single convergence mesures
DF(i,1)=det(KWSigma);
DF(i,2)=trace (KHWSigma);
detsen=eigs (KWSigma);
DF(i,3)=detsen(p);

%Burn—in period
if 1>0.1%xc, meanKW=meanKW+KWSigma/c; end;

end ;

FNl=norm (Sx—sigma);
FN2=norm (meanKW—sigma ) ;
end;

%Graphs of single convergence measures

IKW;;

figure;

plot(DF(:,4) ,DF(:,1) ,DF(:,4) ,DF(:,2),” —o’ ,DF(:,4) ,DF(:,3),” —x’);
legend (’Det’,’ Trace’,  Eig’);

D.6 Abalone dataset - Section 4.7.2

Matlab code:

Xl=horzcat(lengthl ,diameter ,height , wweight, sweight , vweight);
X=X1(21:40,:);
Roystest(X,0.05); %Test for normality
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[n,pl=size (X);
n0=1;

s=1;
theta0=0.1;
c=1000;

z=1;

aa=1;

for iz=1:z;

Xbar=ones (1,n)*X/n;

V=(X—ones(n,1)* Xbar) ’*(X—ones(n,1)* Xbar);
omega=eye(Ss);

mKW=p ;

%Initial values;
SigmaW=V/n;
SigmalW=V/n;
HWSigma=V/n;
KWSigma=V/n;

b=Xbar ;
Sx=V/(n—-1);
PhiKW=Sx ;
thetaKW=Sx;

Y=nx*xn0/(n+n0)x*(Xbar—theta )x(Xbar—theta)’+V;
meanKW=zeros (p,p);
for i=2:c;

IKW

muKW=mvnrnd (b, 1/nxKWSigma, 1);

A=V+n x( Xbar—muKW) ’ x ( Xbar—muKW) ;

KWStar=wishrnd (thetaKW ,mKW) ;

gsigmaKW=det (KWSigma)”* (0.5 (mKW-nxs—p—1))*xexp(trace (
—0.5%xinv (PhiKW)« KWStar))«(1+ trace (thetaKW«KWSigma))
xexp(—0.5«trace ((A)xinv (KWSigma)));
gsigmastar=det (KWStar)" (0.5« (mKW-nxs—p—1))xexp(trace (
—0.5%xinv (PhiKW)*xKWStar))*(1+ trace (thetaKW«KWSigma))
xexp(—0.5«xtrace ((A)xinv (KWStar)));

if min(gsigmastar/gsigmaKW,1)>0.1%unifrnd (0,1),
KWSigma=KWStar; end;

%Bayes estimates
if 1>0.1%xc, meanKW=meanKW+KWSigma/c; end;

end ;

end ;
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Appendix E
Code for Chapter 5

E.1 Convergence measures and intial values - Section 5.1

Matlab code:
n0=1;

s=1;

p=3;
theta0=0.1;

sigma=eye(p);
mu=zeros (1,p);
c=100;

z=100;

aa=1;

0.9;

n =

19
=2'

>

o ® O

n=20;
TRBl1=zeros(z,12);
DF=zeros(c,13);

for iz=1:z;

X=mvnrnd (mu, sigma ,n);

Xbar=ones (1,n)*X/n;

V=(X—ones(n,1)* Xbar) ’*(X—ones(n,1)* Xbar);
omega=eye (s );

theta=ones (1 ,p)xthetal;

mW=p ;

mIW=2xp+1;

mHW=p ;

mKW=p ;

Y%Initial values;
SigmaW=1.1xeye (p);%S5xeye(p);
SigmalW=1.1xeye(p);%5+xeye(p);
HWSigma=1.1xeye (p);%5xeye(p);
KWSigma=1.1xeye(p);%S5xeye(p);

b=Xbar;
Sx=V/(n—1);
PhilW=4xeye (p);
Phiw=0.25%xeye(p);
PhiKW=eye (p);
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thetaHW =0.5xeye(p);
thetaKW=0.5xeye(p);

Y=n*xn0/(n+n0)=*(Xbar—theta )« (Xbar—theta)’ +V;

meanmulW=zeros (1 ,p);
meanmuW=zeros (1 ,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);
meanHW=meanSW ;
meanKW=meanSW ;

%Single convergence measures for initial values
DF(1,1)=det (HWSigma);
DF(1,2)=trace (HWSigma);
detsen=eigs (HWSigma);
DF(1.,3)=detsen(p);
DF(1,4)=1;

DF(1,5)=det (KWSigma);
DF(1,6)=trace (KWSigma);
detsen=eigs (KWSigma);
DF(1,7)=detsen(p);
DF(1,8)=det (SigmaW );
DF(1.,9)=trace (SigmaW);
detsen=eigs (SigmaW ) ;
DF(1,10)=detsen(p);
DF(1,11)=det(SigmalW);
DF(1,12)=trace (SigmalW);
detsen=eigs (SigmalW );
DF(1,13)=detsen(p);

%Gibbs sampling
for i1=2:c;

%Inverse —Wishart ;

mulW=mvnrnd (b, SigmalW ,1);
B=nx(mulW—theta )’ (mulW—theta )+PhilW ;
A=V+n*x(Xbar—mulW) ’ x ( Xbar—mulW ) ;
SigmalW=iwishrnd (A, mIW+s*n+s );

meanmulW=meanmulW+mulW «(1/c);
meanSIW=meanSIW+SigmalW % (1/c);

muW=mvnrnd (b, SigmaW , 1);
muHW=mvnrnd (b, 1/n+*HWSigma, 1);
D=n0x(muW-theta )*(muW-theta ) ’;
A=V+n *x( Xbar—muHW) ’ * ( Xbar—muHW) ;

%Metropolis—Hastings ;

IW

w=0.5;

Sstar=wxiwishrnd (PhilW ,mIW)+(1 —w)* wishrnd (PhiW ,mW) ;
fSigmaW=det (SigmaW )" (0.5 % (mW-p—1—s—nx*s))xexp(trace (
—0.5%SigmaWxinv (PhiW) —0.5%inv (SigmaW)*xA));
fSstar=det(Sstar )*(0.5%x(mW-p—1—s—nx*s))xexp(trace (
—0.5%Sstarxinv (PhiW) —0.5%xinv ( Sstar)*A));

if min(fSstar/fSigmaW,1)>unifrnd (0,1), SigmaW=Sstar;

end ;
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¥s\\

muHW=mvnrnd (b, 1/n+*HWSigma, 1);
A=V+n *x( Xbar—muHW) ’ % ( Xbar—muHW) ;
HWStar=wishrnd (thetaHW ,mHW) ;

gsigmaHW=det (HWSigma)*( —0.5%(mHW-n*s—p—1))xexp(trace (
—0.5xinv (thetaHW )*xHWSigma)) * hypergeom (a,b,clxtrace (inv (
thetaHW )« HWSigma))* exp(—0.5%trace ((A)*inv (HWSigma)));

gsigmastar=det (HWStar)"( —0.5x(mHW-n*xs—p —1))xexp (trace (
—0.5xinv (thetaHW )« HWStar))* hypergeom (a,b,cl*trace (inv (
thetaHW )« HWStar))*xexp(—0.5xtrace ((A)xinv (HWStar)));

if min(gsigmastar/gsigmaHW,1)>unifrnd (0,1),
HWSigma=HWStar; end;

IKW

muKW=mvnrnd (b, 1/n*xKWSigma,1);
A=V+n *x( Xbar—muKW) ’ x ( Xbar—muKW) ;
KWStar=wishrnd (thetaKW ,mKW) ;

gsigmaKW=det (KWSigma)* (0.5 (mKW-nxs—p—1))xexp (trace (
—0.5%xinv (PhiKW)*xKWStar))*(1+ trace (thetaKW«KWSigma))* exp (
—0.5xtrace ((A)+xinv (KWSigma)));

gsigmastar=det (KWStar )" (0.5« (mKW-nxs—p—1))xexp(trace (
—0.5%inv (PhiKW)x KWStar))*(1+ trace (thetaKW «KWSigma))* exp (
—0.5xtrace ((A)xinv (KWStar)));

if min(gsigmastar/gsigmaKW,1)>unifrnd (0,1),
KWSigma=KWStar; end;

%Single convergence mesures
DF(i,l)=det (HWSigma);
DF(i,2)=trace (HWSigma);
detsen=eigs (HWSigma);
DF(i,3)=detsen(p);
DF(i,4)=1;

DF(i,5)=det (KWSigma);
DF(i,6)=trace (KWSigma);
detsen=eigs (KWSigma);
DF(i,7)=detsen(p);
DF(i,8)=det (SigmaW );
DF(i,9)=trace (SigmaW );
detsen=eigs (SigmaW );
DF(i,10)=detsen(p);
DF(i,l11)=det(SigmalW);
DF(i,12)=trace (SigmalW);
detsen=eigs (SigmalW );
DF(i,13)=detsen(p);

%Composite convergence measures
blockl=eye(c);

for i=l:c;

for j=1l:c;
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if j>=i, blockl(i,j)=1/j;end;
end ;
end ;

DF1=DF’xblock]1 ;
DF1=DF1 ’;

%Graphs of single convergence measures
THW

figure;

plot (DF(:,4) ,DF(:,1) ,DF(:,4),DF(:,2),” -0,
DF(:,4),DF(:,3),” —x");

legend (’Det’,’ Trace’,  Eig ’);

IKW;

figure;

plot (DF(:,4),DF(:,5),DF(:,4) ,DF(:,6),” —0o’,
DF(:,4) ,DF(:,7),  —x’);

legend (’Det’,’ Trace ',  Eig’);

N

figure;

plot (DF(:,4),DF(:,8),DF(:,4) ,DF(:,9),” —0o’,
DF(:,4) ,DF(:,10),” —x’);

legend (’Det’,’ Trace’,  Eig’);

YW

figure;

plot(DF(:,4) ,DF(:,11),DF(:,4),DF(:,12),’ —0"’,
DF(:,4) ,DF(:,13),” —x’);

legend (’Det’,’ Trace’,  Eig’);

%Graphs of composite convergence measures
I9HW1 ;

figure;

plot (DF(:,4) ,DF1(:,1),DF(:,4) ,DF1(:,2),” -0,
DF(:,4),DF1(:,3),  —x’);

legend (' Det’,’ Trace’,  Eig’);

IKW1 ;

figure;

plot (DF(:,4) ,DF1(:,5),DF(:,4) ,DF1(:,6),” =0,
DF(:,4) ,DFI1(:,7),” —x");

legend (’Det’,’ Trace’,  Eig’);

IGW1

figure;

plot (DF(:,4) ,DF1(:,8),DF(:,4) ,DF1(:,9),” =0,
DF(:,4) ,DF1(:,10),” —x’);

legend (’Det’,’ Trace’,  Eig’);

YIW 1

figure;
plot(DF(:,4),DF1(:,11),DF(:,4),DF1(:,12),” —0’,
DF(:,4) ,DF1(:,13),” —x");

legend (’Det’,’ Trace’,  Eig ’);
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E.2 Univariate prior density functions - Section 5.2.1

Matlab code:

inc=0.005;
y=0.005:1inc :2;
Sprior=0.9;

%1 G
betalG=11.5;
alphalG=betalG/Sprior+1;

9HG
a=1;
b=1;
phi=0.01875;
c=phi/max(y);
alphal =19/2;
betal =1/phi;

IKG

alpha3 =0.8;
beta3 =4;
9G
alpha2=3;
beta2=10;

f=y.~(alphal —1).xexp(—betal .xy).x hypergeom(a,b,c/phi.xy);
g=y.»(—alpha —1).xexp(—beta./y);

gl=y.A"(—alphalG —1).xexp(—betalG ./y);

h=y.~(alpha2 —1).xexp(—beta2.xy);

j=y."(alpha3 —1).xexp(—betad.xy).x(1l.+y);

cl=sum(f.xinc);
c2=sum(g.*xinc);
c3=sum(h.xinc);
cd4=sum(gl.xinc);
cS=sum(j.xinc);

f=f/cl;

g=g/c2;

h=h/c3;
gl=gl/c4;
j=jlc5;
cl=sum(f.xinc);
c2=sum(g.*xinc);
c3=sum(h.xinc);

figure;
plOt(y’f,y7j?yagl,’__’,y’h”:’7y7g);
legend (" Hypergeometric gamma’,’ Kummer gamma’,’ Inverse gamma’,

>Gamma’ ) ;
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E.3 Univariate simulation study - Section 5.2.1

Matlab code:

%Target values
mu=0;
s=1;

%Sample
m=18;

Sprior=0.9;

phil =2; %IG
alp=phil /Sprior+1; %IG

alp2=1.8; %G
beta2=2; %G

a=1;%HG

b=2;%HG

phi=0.105; 9HG
n=Sprior *2/phi; 9HG

9KG parameters
alpl=1.2;
lambda=2.1;
gammal =1;

inc=0.01;
9%n1=200;
9%n2=300;

nz=1; %100
inc2=0.2;

alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
xl=—5:inc:5;
ss1=0.005:1inc:2;
§ss2=0.005:1inc2:2;

postml=x1;
postsl=ssl;
postsla=ssl;
postslb=ssl;
posts2=postsl ;
posts3=postsl ;
postsd=postsl;
posts5=postsl;
posts6=postsl ;
posts7=postsl ;
posts8=postsl ;

countg=0;
countig =0;
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countwg=0;

counthg=0;

width=zeros (length (ssl) ,4);
postm=zeros (length (x1),length(nz));

posts=zeros (length(ssl),length(nz));

postsg=posts;

postsig=posts;

postswg=posts;

dhx=zeros (length(x1),length(x1))+triu(ones(length (x1),
length(x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));
dhsl=zeros(length(ss2),length(ss2))+triu(ones(length(ss2),
length (ss2)));

for z=1:nz

x=normrnd (mu,s,[1 m]); %Simulated data;
xbar=sum(x)/m;
ss=(sum ((x—xbar).~2))/(m—1);

c=max ([ max(ss2)/phi max(ssl)/phi]);
c=phi/c—0.0001;

Y%Posterior mu
for j=1:length(x1)
suml=zeros (length (ss2),1);
for ii=1:length(ss2);
suml (ii)=phi . A(m/2—n/2)/gamma(n/2—m/2)*ss2(ii).*(n/2—m/2)
xhypergeom(a,b,c/phixss2(ii))*exp(—0.5/ss2(ii)x*
sum ((x—x1(j))."2) —ss2(ii )/ phi);
end ;
aa=suml’*xincx*dhsl;
aa=aa(length (ss2));
postml1 (j)=(2%22/7/m).*( —0.5)* phi.*(—0.5)*xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)%(aa);
end ;

Y%Posterior sigma
for k=1:length(ssl)

postsl (k)=ss1(k).*(n/2—m/2 —0.5)xhypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —m«xbar”2)—ssl (k)/phi); %HG

posts2(k)=ssl(k).*(n/2—m/2+0.5)«hypergeom(a,b,c/phixssl(k))
xexp(—0.5/ss1 (k)*(sum(x.*2) —mxxbar?2)—ssl (k)/phi); 9HG est

posts3 (k)=ssl(k).M(alp2-—m/2—1)xexp(—0.5/ss1(k)x
((sum(x.7"2) —m«xbar”2))—beta2xssl(k)); %G
postsd (k)=ssl (k).~(alp2-m/2)xexp(—0.5/ss1 (k)x*
((sum(x.72) —m«xxbar”2)) —beta2x*xssl(k)); G est

posts5 (k)=ssl(k).A(—alp—m/2—1)xexp(—0.5/ss1 (k)
*((sum(x.72) —mxxbar”2)+phil )); %IG

posts6 (k)=ssl (k).*(—alp-m/2)xexp(—0.5/ss1 (k)
*((sum(x.72) —mxxbar”2)+phil )); %G est

posts7 (k)=ssl(k).M(alpl—-m/2—1)xexp(—0.5/ss1 (k)
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*((sum(x.7"2) —mxxbar”~2))—lambdaxss1 (k))*(1+ssl1(k))
Agammal ; %2KG

posts8 (k)=ssl(k).*(alpl-m/2)*xexp(—0.5/ss1 (k)
*((sum(x.722) —mxxbar”2)) —lambdaxssl (k))«(1+ssl(k))
Agammal ; 9KG est

end ;

%Normalising constants
aream=(postml *inc )*dhx;
areas=(postslxinc)xdhs;
areas2=(posts2xinc)xdhs;
areas3 =(posts3xinc)*xdhs;
areas4 =(posts4xinc)*dhs;
areas5S=(posts5Sx*inc)*dhs;
areas6=(posts6xinc)*dhs;
areas7 =(posts7xinc)*xdhs;
areas8 =(posts8xinc)*xdhs;

postm (:,z)=postml/aream(length (x1));

posts (:,z)=(postsl *)./areas(length(ssl));%HG
postsg (:,z)=(posts3 )/ areas3 (length(ssl)); %G
postsig (:,z)=(postsS )/ areasS (length(ssl)); %IG
postswg (:,z)=(posts7 *)/areas7 (length (ssl)); %KG

sum2=areas (length (ssl));
sum3=areas2 (length (ssl));
sum4=areas3 (length (ssl));
sumS=areas4 (length (ssl));
sum6=areas5S (length (ssl));
sum7=areas6 (length (ssl));
sum8=areas7 (length (ssl));
sum9=areas8 (length (ssl));

aream=(postm (:,z) ’)*xincxdhx;
areas=(posts (:,z) )*xincxdhs;
areasl =(postsg(:,z)’ )*xincx*dhs;
areas2=(postsig (:,z)’)*xincxdhs;
areas3 =(postswg (:,z)’ )*xincxdhs;

telmu=0;
telml=0;
telsl=0;
telsu=0;

%credible intervals

Jomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;
end ;

I9HG

for i=1:length(ssl);

if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;
end ;
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if s<ssl(telsu); if s>ssl(telsl); counthg=counthg+1;

end ;

end ;
telsll =0;
telsul =0;
telsl2 =0;
telsu2=0;
telsl3 =0;
telsu3 =0;
9G

for i=1:length(ssl);

if areasl (i)<alpha/2; telsll=telsll+1; end;

if areasl (i)<(l—alpha/2); telsul=telsul+1; end;
end ;

if s<ssl(telsul); if s>ssl(telsll); countg=countg+1;
end ;

end ;

%1G

for i=1:length(ssl);

if areas2(i)<alpha/2; telsl2=telsl2+1; end;

if areas2(i)<(l—alpha/2); telsu2=telsu2+1; end;

end ;

if s<ssl(telsu2); if s>ssl(telsl2); countig=countig+1;
end ;

end ;

IKG

for i=1:length(ssl);

if areas3 (i)<alpha/2; telsl3=telsl3 +1; end;

if areas3(i)<(l—alpha/2); telsu3=telsu3+1; end;

end ;

if s<ssl(telsu3); if s>ssl(telsl3); countwg=countwg+1;
end ;

end ;

%credible interval widths
width(z,1)=ssl (telsu)—ssl (telsl); 9HG
width (z,2)=ssl (telsul)—ssl(telsll); %G
width(z,3)=ssl (telsu2)—ssl (telsl2); %G
width (z,4)=ssl1(telsu3)—ssl (telsl3); %KG

%Bayes estimates
mulll=xbar;
est(z,1)=ss; %MLE
est(z,2)=sum3/sum2; 9HG
est(z,3)=sum5/sum4; %G
est(z,4)=sum7/sum6; %G
est(z,5)=sum9/sum8; IKG

end ;

end ;

%Posterior df of sigma
figure;
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plot(ssl ,posts ,ssl,postsig ,ssl ,postsg,ssl ,postswg);
xlabel (" Population variance ’);
ylabel (’ Density ’);

legend (' Hypergeometric gamma’,’ Inverse gamma’, ’Gamma’,

’Kummer gamma’);
title *Exact posterior density functions ’;

Y%Posterior df of mu
figurel3=figure (’Color’,[1 1 1]);
plot(x1,postm);
xlabel (’ Population mean’);
ylabel (’ Density );

%Coverage probabilities
coveragemu=sum(int (: ,5))/nz;
coveragegamma=countg/nz*100;
coveragekg=countwg/nzx100;
coverageigamma=countig/nz*100;
coveragehgamma=counthg/nzx100;

9%Median credible interval widths
medianwidthhgamma=median (width (: ,1)); 9%HG
medianwidthgamma=median (width (: ,2)); %G
medianwidthigamma=median (width (: ,3)); %IG
medianwidthwgamma=median (width (: ,4)); %KG

%Bias and MSE

IHG

HGammaE=abs (est (:,2) —s);
MSEH=std (est (:,2))*2+HGammaE."2;

%G
GammaE=abs (est (:,3) —s);
MSEG=std (est (:,3))*2+GammaE."2;

%1G
IGammaE=abs (est (:,4) —s);
MSElI=std (est (:,4))"2+IGammaE ."2;

IKG
WGammaE=abs (est (:,5) —s);
MSEW=std (est (:,5))+WGammaE."2;

figure;
plot (1:1:nz ,HGammaE,1:1:nz,GammaE, *:’ ,1:1:nz,IGammaE,
>——",1:1:nz ,WGammaE, * x — ’);

xlabel (’Number of sample ’);

ylabel (’ Bias ’);

legend *Hypergeometric gamma estimate

"Inverse gamma estimate ’ ’Kummer gamma estimate ’;
title ’Bias calculated from 100 samples ’;

s

b}

figure;

plot(1:1:nz ,MSEH,1:1:nz ,MSEG, ’:’ ,1:1:nz ,MSEI,’ ——-",
1:1:nz ,MSEW, ’*x —’);

xlabel (’ Number of sample ’);

ylabel ('MSE’);

’Gamma estimate
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s b}

legend *Hypergeometric gamma estimate ’ ’Gamma estimate
"Inverse gamma estimate ’ ’Kummer gamma estimate ’;

title 'MSE calculated from 100 samples ’;

E.4 Forestry dataset - Section 5.2.2

Matlab code:

%Real data — trees volume;
x=[10.3
10.
10.
16.
18.
19.
15.
18.
22.
19.
24.
21
21.
21.
19.
22.
33.
27.
25.
24.
34.
31.
36.
38.
42.
55.
55.
58.
51.
51
7715
x=log(x);
m=length(x);

N O AN RN W o
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xbar=sum(x)/m;
ss=(sum ((x—xbar).”*2))/(m—1);

Sprior=0.3;

YPriors
inc=0.005;
y=0.005:1inc :2;
Sprior=0.3;

%Likelihood
beta=11.5;



Appendix E. Code for Chapter 5

189

alpha=beta/ss+1;

%l G
betalG=11.5;
alphalG=betalG/Sprior+1;

9HG

a=1;

b=1;
phi=0.01875;
c=phi/max(y);
alphal =19/2;
betal=1/phi;

IKG

alpha3 =0.8;
beta3 =4;
aG
alpha2=3;
beta2=10;

f=y.~(alphal —1).xexp(—betal .xy).xhypergeom(a,b,c/phi.

g=y."(—alpha —1).xexp(—beta./y);
gl=y.A(—alphalG —1).xexp(—betalG./y);
h=y.~(alpha2 —1).xexp(—beta2.xy);
j=y."(alpha3 —1).xexp(—betald .xy).x(1.+y);

cl=sum(f.xinc);
c2=sum(g.*xinc);
c3=sum(h.xinc);
c4=sum(gl.xinc);
cS=sum(j.xinc);

f=f/cl;
g=g/c2;
h=h/c3;
gl=gl/c4;
j=jle5;

figure;
plOt(y,f7y9J ’yagl7’__’7yshs’: ’ 3y9g)a

legend (" Hypergeometric gamma’,’ Kummer gamma’,’ Inverse

gamma’ ,’Gamma’ ,’ Likelihood ’);

%Bayesian analysis
phil =3.5; %IG
alp=phil /Sprior+1; %IG

alp2=3; 9G
beta2=10; %G

a=1;%HG

b=1;%HG
phi=0.01875; 9HG
n=Sprior *2/phi; 9HG
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9KG parameters
alpl =0.8;
lambda=4;
gammal =1;

inc=0.01;
%n1=200;
9%n2=300;

nz=1;
inc2=0.2;

alpha=0.05;

est=zeros(nz,5);
int=zeros(nz,6);
x1=—5:inc :5;

ss1=0.005:inc:2;
$ss2=0.005:1inc2:2;

postm1=x1;

postsl=ssl;

posts2=postsl;
posts3=postsl;
posts4d=postsl ;
postsS=postsl ;
posts6=postsl ;
posts7=postsl;
posts8=postsl ;

width=zeros (length(ssl) ,4);
postm=zeros (length(x1),length(nz));
posts=zeros (length(ssl),length(nz));
postsg=posts;

postsig=posts;

postswg=posts;

dhx=zeros (length (x1),length(x1))+triu(ones(length(x1),
length(x1)));

dhs=zeros (length(ssl),length(ssl))+triu(ones(length(ssl),
length (ssl)));
dhsl=zeros(length(ss2),length(ss2))+triu(ones(length(ss2),
length (ss2)));

for z=1:nz
xbar=sum(x)/m;
ss=(sum ((x—xbar).~2))/(m—1);

c=max ([ max(ss2)/phi max(ssl)/phi]);
c=phi/c—0.0001;

Y%Posterior mu

for j=1:length(x1)

suml=zeros (length (ss2),1);

for ii=1:length(ss2);

suml (ii)=phi . A(m/2—n/2)/gamma(n/2—m/2)* ss2(ii).*(n/2—m/2)
xhypergeom(a,b,c/phixss2(ii))*exp(—0.5/ss2(ii)=*
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sum ((x—x1(j))."2) —ss2(ii )/ phi);

end ;

aa=suml’*xinc*dhsl ;

aa=aa(length(ss2));

postml1 (j)=(2%22/7/m).»( —0.5)%phi.*»(—0.5)*xgamma(n/2—m/2)
/gamma(n/2—m/2+0.5)*(aa);

end ;

%Posterior sigma
for k=1:length(ssl)

postsl (k)=ssl(k).*(n/2—m/2 —0.5)xhypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —ms«xbar”?2)—ssl (k)/phi); 9HG

posts2(k)=ssl1(k).*(n/2—m/2+0.5)+«hypergeom(a,b,c/phixssl(k))
xexp(—0.5/ssl (k)*(sum(x.72) —mxxbar”2)—ssl (k)/phi); 9HG est

posts3 (k)=ssl (k).*(alp2-m/2—1)xexp(—0.5/ss1(k)x*
((sum(x.72) —mxxbar”2))—beta2x*xssl(k)); %G
posts4 (k)=ssl (k).*(alp2-m/2)xexp(—0.5/ss1 (k)x*
((sum(x.7"2) —m«xxbar”2))—beta2xssl(k)); G est

postsS5 (k)=ssl (k).*(—alp-m/2—-1)xexp(—0.5/ss1 (k)
*((sum(x.7*2) —mxxbar”2)+phil )); %G

posts6 (k)=ssl (k)."(—alp-m/2)*exp(—0.5/ss1 (k)
*((sum(x.72) —mxxbar”2)+phil )); %IG est

posts7 (k)=ssl (k).~(alpl-m/2—-1)xexp(—0.5/ss1 (k)
*((sum(x.7"2) —mxxbar”~2))—lambdaxss1 (k))*(1+ssl(k))
Agammal ; 9KG

posts8 (k)=ssl(k).*(alpl—-m/2)*xexp(—0.5/ss1 (k)
*((sum(x.7A2) —mxxbar”~2)) —lambdaxss1 (k))«(1+ssl(k))
Agammal ; 9KG est

end ;

%Normalising constants
aream=(postml*inc)*dhx;
areas=(postslxinc)xdhs;
areas2=(posts2xinc)*xdhs;
areas3 =(posts3xinc)*xdhs;
areas4 =(posts4xinc)*dhs;
areas5S=(posts5Sx*inc)*dhs;
areas6=(posts6xinc)xdhs;
areas7 =(posts7xinc)*xdhs;
areas8 =(posts8x*inc)*xdhs;

postm (: ,z)=postml/aream(length(x1));

posts (:,z)=(postsl *)./areas(length (ssl));%HG
postsg (:,z)=(posts3 )/ areas3 (length(ssl)); %G
postsig (:,z)=(postsS )/ areasS (length(ssl)); %IG
postswg (:,z)=(posts7 )/ areas7 (length (ssl)); %KG

aream=(postm (:,z) )*incx*dhx;
areas=(posts (:,z)’)*xincxdhs;
areasl =(postsg (:,z) )*xincx*dhs;
areas2=(postsig (:,z)’)*incxdhs;
areas3 =(postswg (:,z)’ )*xincx*dhs;
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telmu=0;
telml=0;
telsl =0;
telsu =0;

%credible intervals

Jomu

for i=1:length(x1);

if aream(i)<alpha/2; telml=telml+1; end;

if aream(i)<(l—alpha/2); telmu=telmu+1; end;
end ;

I9HG

for i=1:length(ssl);

if areas(i)<alpha/2; telsl=telsl+1; end;

if areas(i)<(l—alpha/2); telsu=telsu+1; end;
end ;

a%G

for i=1:length(ssl);

if areasl (i)<alpha/2; telsll=telsll+1; end;

if areasl (i)<(l—alpha/2); telsul=telsul +1; end;
end ;

%1G

for i=1:length(ssl);

if areas2(i)<alpha/2; telsl2=telsl2+1; end;

if areas2(i)<(l—alpha/2); telsu2=telsu2+1; end;
end;

IKG

for i=1:length(ssl);

if areas3(i)<alpha/2; telsl3=telsl3+1; end;

if areas3(i)<(l—alpha/2); telsu3=telsu3+1; end;
end ;

%credible interval widths
width(z,1)=ssl(telsu)—ssl (telsl); 9HG
width(z,2)=ssl (telsul)—ssl (telsll); %G
width(z,3)=ssl (telsu2)—ssl(telsl2); %G
width (z,4)=ssl (telsu3)—ssl(telsl3); 9KG

%Bayes estimates
mulll=xbar;
est(z,1)=ss; %MLE
est(z,2)=sum3/sum2; 9HG
est(z,3)=sum5/sum4; %G
est(z,4)=sum7/sumb6; %IG
est(z,5)=sum9/sum8; %KG

end ;
end ;

%Posterior df of sigma
figure;
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plot(ssl ,posts ,ssl,postsig ,ssl ,postsg,ssl ,postswg);
xlabel (" Population variance ’);

ylabel (’ Density ’);

legend (' Hypergeometric gamma’,’ Inverse gamma’, ’Gamma’,
’Kummer gamma’);

title *Exact posterior density functions ’;
%Posterior df of mu

figurel3=figure (’Color’,[1 1 1]);
plot(x1,postm);

xlabel (’ Population mean’);

ylabel (’ Density );

%Median credible interval widths
medianwidthhgamma=median(width (: ,1)); 9HG
medianwidthgamma=median (width (: ,2)); %G
medianwidthigamma=median (width (: ,3)); %IG
medianwidthwgamma=median (width (: ,4)); %9KG
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E.5 Multivariate simulation study - Section 5.3.1

Matlab code:

n0=1;

s=1;

p=3;
sigma=eye(p);
mu=zeros (1,p);
c=100;

z=100;

aa=1;

0.9;

=

17
:2'

b}

o & 0

n=20;
TRBl=zeros(z,12);
DF=zeros(c,13);

for iz=1:z;

X=mvnrnd (mu, sigma ,n);

Xbar=ones (1,n)*X/n;

V=(X—ones(n,1)* Xbar) ’«(X—ones(n,1)* Xbar);
omega=eye(s);

theta=ones (1 ,p)*xthetal;

mW=p ;

mIW=2xp+1;

mHW=p ;

mKW=p ;

Y%Initial values;
SigmaW=1.1xeye(p);
SigmalW=1.1xeye(p);
HWSigma=V/n;
KWSigma=V/n;

b=Xbar ;

Sx=V/(n—-1);
PhilW=4xeye (p);
Phiw=0.25%xeye(p);
PhiKW=eye (p);
thetaHW =0.5xeye(p);
thetaKW=0.5xeye(p);

Y=n*xn0/(n+n0 )= (Xbar—theta )*(Xbar—theta)’ +V;

meanmulW=zeros (1,p);
meanmuW=zeros (1 ,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);
meanHW=meanSW ;
meanKW=meanSW ;

%Single convergence measures for initial values
DF(1,1)=det (HWSigma);
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DF(1,2)=trace (HWSigma);
detsen=eigs (HWSigma);
DF(1.,3)=detsen(p);

DF(1 ,4)=1;

DF(1,5)=det (KWSigma);
DF(1,6)=trace (KWSigma);
detsen=eigs (KWSigma);
DF(1,7)=detsen(p);
DF(1,8)=det (SigmaW );
DF(1,9)=trace (SigmaW );
detsen=eigs (SigmaW );
DF(1,10)=detsen(p);
DF(1,11)=det(SigmalW);
DF(1,12)=trace (SigmalW);
detsen=eigs (SigmalW );
DF(1,13)=detsen(p);

%Gibbs sampling
for 1=2:¢c;

%Inverse —Wishart ;

mulW=mvnrnd (b, SigmalW ,1);
B=n*(mulW—theta )’ *(mulW—theta)+PhilW;
A=V+nx( Xbar—mulW) ’ x ( Xbar—mulW) ;
SigmalW=iwishrnd (A,mIW+s*n+s);%B+A

meanmulW=meanmuIlW+mulW x(1/c¢);
meanSIW=meanSIW+SigmalW x(1/c);

N

muW=mvnrnd (b, SigmaW , 1) ;

muHW=mvnrnd (b, 1/n*xHWSigma, 1);
D=n0*(muW-theta )« (muW—theta ) ’;

A=V+n *x( Xbar—muHW) ’ x ( Xbar—muHW) ;

w=0.5;
Sstar=wxiwishrnd (PhilW ,mIW)+(1 —w)* wishrnd (PhiW ,mW) ;
fSigmaW=det (SigmaW )" (0.5 % (mW-p—1—s—nx*s))xexp(trace (
—0.5%SigmaWxinv (PhiW) —0.5%inv (SigmaW )*xA));
fSstar=det(Sstar )*(0.5%x(mW-p—1—s—nx*s))xexp(trace (
—0.5%Sstarxinv (PhiW) —0.5%xinv ( Sstar)xA));

if min(fSstar/fSigmaW,1)>unifrnd (0,1), SigmaW=Sstar; end;

3\\

muHW=mvnrnd (b, 1/nx*HWSigma, 1);
A=V+n *x( Xbar—muHW) ’ x ( Xbar—muHW) ;
HWStar=wishrnd (thetaHW ,mHW) ;

gsigmaHW=det (HWSigma)*( —0.5% (mHW-n*xs—p—1))xexp(trace (
—0.5xinv (thetaHW )*HWSigma))* hypergeom(a,b,cl*trace (inv (
thetaHW )« HWSigma)); % *xexp(—0.5xtrace ((A)xinv (HWSigma)));

gsigmastar=det (HWStar)*( —0.5%x(mHW-nxs—p—1))xexp (trace (
—0.5%inv (thetaHW )« HWStar))* hypergeom (a,b,cl*trace (inv (
thetaHW )« HWStar)); % xexp(—0.5xtrace ((A)xinv (HWStar)));

if min(gsigmastar/gsigmaHW,1)>unifrnd (0,1),
HWSigma=HWStar; end;
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IKW

muKW=mvnrnd (b, 1/n*xKWSigma, 1);
A=V+n *x( Xbar—muKW) ’ x ( Xbar—muKW) ;
KWStar=wishrnd (thetaKW ,mKW) ;

gsigmaKW=det (KWSigma)* (0.5 (mKW-nxs—p—1))*xexp (trace (
—0.5%xinv (PhiKW)*x KWStar))*(1+ trace (thetaKW«KWSigma))* exp (
—0.5xtrace ((A)+xinv (KWSigma)));

gsigmastar=det (KWStar )" (0.5 (mKW-nxs—p—1))xexp(trace (
—0.5%inv (PhiKW)x KWStar))*(1+ trace (thetaKW «KWSigma))* exp (
—0.5xtrace ((A)xinv (KWStar)));

if min(gsigmastar/gsigmaKW,1)>unifrnd (0,1),
KWSigma=KWStar; end;

%Single convergence mesures
DF(i,l)=det (HWSigma);
DF(i,2)=trace (HWSigma);
detsen=eigs (HWSigma);
DF(i,3)=detsen(p);
DF(i,4)=1;

DF(i,5)=det (KWSigma);
DF(i,6)=trace (KWSigma);
detsen=eigs (KWSigma);
DF(i,7)=detsen(p);
DF(i,8)=det (SigmaW );
DF(i,9)=trace (SigmaW );
detsen=eigs (SigmaW );
DF(i,10)=detsen(p);
DF(i,l11)=det(SigmalW);
DF(i,12)=trace (SigmalW);
detsen=eigs (SigmalW);
DF(i,13)=detsen(p);

%Burn—in period

if 1>0.1%*c,meanmuW=meanmuW+muW/c; end;

if 1>0.1%xc, meanSW=meanSW+SigmaW/c; end;
if 1>0.1%c, meanHW=meanHW+HWSigma/c; end;
if 1>0.1%c, meanKW=meanKW+KWSigma/c; end;

end ;

%Frobenius norms

TRB1(iz ,1)=((norm(Xbar—mu))”aa)~(1/aa);
TRB1(iz ,2)=((norm (meanmulW—mu))”~aa)”(1/aa);
TRB1(iz ,3)=((norm (meanmuW—mu))”*aa)*(1/aa);
TRB1(iz ,4)=((norm (mapmulW—mu))*aa)*(1/aa);
TRB1(iz ,5)=((norm (mapmuW—mu))”aa)”(1/aa);
TRB1(iz ,6)=((norm(Sx—sigma))”*aa)”(1/aa);
TRB1(iz ,7)=((norm (meanSIW—sigma))”aa)”(1/aa);
TRB1(iz ,8)=((norm(meanSW—sigma))”*aa)”(1/aa);
TRB1(iz ,9)=((norm (mapSIW—sigma))”aa)”(1/aa);
TRB1(iz ,10)=((norm (mapSW—sigma))”aa)"(1/aa);
TRB1(iz ,11)=((norm(meanHW—sigma))”aa)”(1/aa);
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TRB1(iz ,12)=((norm (meanKW—sigma))*aa)~(1/aa);
end ;

%Graphs of single convergence measures

9HW

figure;

plot (DF(:,4) ,DF(:,1),DF(:,4),DF(:,2),” —o’ ,DF(:,4),
DF(:,3),” —x’);

legend (’Det’,’ Trace’,  Eig’);

TKW ;

figure;

plot (DF(:,4) ,DF(:,5),DF(:,4) ,DF(:,6),” —o’ ,DF(:,4),
DF(:,7),” —x’);

legend (’Det’,’ Trace’,  Eig’);

DN

figure;

plot (DF(:,4) ,DF(:,8) ,DF(:,4) ,DF(:,9),” —o’ ,DF(: ,4),
DF(:,10),” —x"’);

legend (’Det’,’ Trace’,  Eig’);

YIW

figure;

plot (DF(:,4) ,DF(:,11),DF(:,4) ,DF(:,12),” —o’ ,DF(:,4),
DF(:,13),” —x"’);

legend (’Det’,  Trace’,  Eig’);

9ECDF

[yl,xl]=ecdf (TRBI(1:2,6)); %MLE
[y2,x2]=ecdf (TRB1(1:2,7)); % IW
[y3,x3]=ecdf (TRBI(1:2,8)); %W
[y4,x4]=ecdf (TRB1(1:z,11)); 9HW
[y5,x5]=ecdf (TRB1(1:2,12)); KW

figure (" Color’ ,[1 1 1]);
plot(x1l,yl,” —%’,x2,y2,"——",x3,y3,7:’ ,x4,y4,” —.”,x5,y5);
xlabel (’ Frobenius norm’);

ylabel (" Empirical CDF’);

title (’ECDF of the Frobenius norm for the four PM
estimators of sigma’);

legend (’ Sample estimate ’,  Inverse —Wishart estimate ’,
>Wishart estimate ’, *Hypergeometric Wishart estimate ’,

’Kummer Wishart prior ’,  Location’,’ SouthEast ’);

s

%Kolmogorov—Smirnov test

[h7,p7,k7]=kstest2 (TRB1(1:z2,6) ,TRB1(1:2,7));
[h8,p8,k8]=kstest2 (TRB1(1:2,6) ,TRB1(1:2,8));
[h9,p9,k9]=kstest2 (TRB1(1:z,8) ,TRB1(1:2,7));
[h11,pl11,kll]=kstest2 (TRB1(1:z,8),TRBI1(1:z,11));
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E.6 Abalone dataset - Section 5.3.2

Matlab code:

Xl=horzcat(lengthl ,diameter , height , wweight, sweight , vweight);
X=X1(21:40,:);
Roystest (X,0.05); %Test for normality

[n,pl=size (X);
n0=1;

s=1;
theta0=0.1;
c=1000;

Xbar=ones (1,n)*xX/n;

V=(X—ones(n,1)* Xbar) ’«(X—ones(n,1)* Xbar);
omega=eye(Ss);

mW=p ;

mIW=2xp+1;

mHW=p ;

mMKW=p ;

%Initial values;
SigmaW=V/n;
SigmalW=V/n;
HWSigma=V/n;
KWSigma=V/n;

b=Xbar;

Sx=V/(n—-1);
PhilW=4xeye (p);
PhiW=0.25xeye(p);
PhiKW=eye (p);
thetaHW =0.5xeye(p);
thetaKW=0.5xeye (p);

Y=n*xn0/(n+n0)*(Xbar—theta )*x(Xbar—theta)’+V;

meanmulW=zeros (1,p);
meanmuW=zeros (1,p);
meanSIW=zeros (p,p);
meanSW=zeros (p,p);
meanHW=meanSW ;
meanKW=meanSW ;

for i=2:c;

YInverse —Wishart ;
mulW=mvnrnd (b, SigmalW ,1);
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B=n*(mulW—theta )’ *(mulW—theta)+PhilW;
A=V+n *x( Xbar—mulW) ’ x ( Xbar—mulW ) ;
SigmalW=iwishrnd (B+A,3*mIW+s *n+s); %B+A

meanmulW=meanmulW+mulW s (1/c¢);
meanSIW=meanSIW+SigmalW x(1/c);

%Wishart ;

muW=mvnrnd (b, SigmaW , 1) ;
muHW=mvnrnd (b, 1/n*xHWSigma, 1);
D=n0*(muW—theta )« (muW—theta ) ’;
A=V+n *x( Xbar—muHW) ’ x ( Xbar—muHW) ;
B=n*(muW-theta )’ *(muW—theta )+PhiW;

%Metropolis—Hastings ;

9N

w=0.5;
Sstar=wxiwishrnd (PhilW mIW)+(1 —w)* wishrnd (PhiW ,mW) ;
fSigmaW=det (SigmaW )" (0.5« (mW-p—1—s—nx*s))*xexp(trace (
—0.5%SigmaWsxinv (PhiW) —0.5xinv (SigmaW )« (B+A)));
fSstar=det(Sstar )" (0.5%(mW-p—1—-s—nx*s))xexp(trace (
—0.5%xSstarxinv (PhiW) —0.5xinv (Sstar )*(B+A)));

if min(fSstar/fSigmaW,1)>unifrnd (0,1), SigmaW=Sstar; end;

9w

muHW=mvnrnd (b, 1/n*xHWSigma, 1);

A=V+n x( Xbar—muHW) ’ * ( Xbar—-muHW) ;

HWStar=wishrnd (thetaHW ,mHW) ;

gsigmaHW=det (HWSigma)*( —0.5%(mHW-n*xs—p—1))xexp(trace (
—0.5%inv (thetaHW )*xHWSigma)) * hypergeom (a,b,cl*trace (
inv (thetaHW )« HWSigma))* exp(—0.5xtrace ((A)*inv (HWSigma)));
gsigmastar=det (HWStar)*( —0.5%x(mHW-n*xs—p—1))xexp (trace (
—0.5*%inv (thetaHW )x« HWStar))* hypergeom (a,b,clxtrace (inv (
thetaHW )« HWStar))xexp(—0.5%trace ((A)xinv (HWStar)));

if min(gsigmastar/gsigmaHW ,1)>0.1*xunifrnd (0,1),
HWSigma=HWStar; end;

IKW

muKW=mvnrnd (b, 1/nxKWSigma, 1);

A=V+n x( Xbar—muKW) ’ x ( Xbar—muKW) ;

KWStar=wishrnd (thetaKW ,mKW) ;

gsigmaKW=det (KWSigma)”* (0.5 (mKW-nxs—p—1))*xexp(trace (
—0.5%xinv (PhiKW)*« KWStar))«(1+ trace (thetaKW«KWSigma))
xexp(—0.5«trace ((A)xinv (KWSigma)));
gsigmastar=det (KWStar )" (0.5« (mKW-nxs—p—1))xexp(trace (
—0.5%xinv (PhiKW)*xKWStar))*(1+ trace (thetaKW «KWSigma))
xexp(—0.5«xtrace ((A)xinv (KWStar)));

if min(gsigmastar/gsigmaKW,1)>0.1%unifrnd (0,1),
KWSigma=KWStar; end;

%Bayes estimates

if 1>0.1%*c,meanmuW=meanmuW-+muW/c; end;

if 1>0.1xc, meanSW=meanSW+SigmaW/c; end;
if 1>0.1xc, meanHW=meanHW+HWSigma/c; end;
if 1>0.1%xc, meanKW=meanKW+KWSigma/c; end;

end;
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end ;

%Simulate samples based on estimates;
n=20;

XHW=mvnrnd ( Xbar ,meanHW ,n ) ;

XKW=mvnrnd ( Xbar ,meanKW,n ) ;

XW=mvnrnd ( Xbar ,meanSW,n);

XIW=mvnrnd ( Xbar , meanSIW ,n ) ;
XS=mvnrnd ( Xbar ,Sx,n);

%Sort the matrices
XSl=sortrows (XS,4);
XHWl=sortrows (XHW, 4);
XKWIl=sortrows (XKW, 4);
XWl=sortrows (XW,4);
XIWl=sortrows (XIW,4);
X2=sortrows (X,4);

%Images of simulated samples

figure;
imagesc(X2); %Real dataset
colormap;

figure;
imagesc (XS1); 9%MLE
colormap;

figure;
imagesc (XHW1); 9HW
colormap;

figure;
imagesc (XKW1); 9KW
colormap;

figure;
imagesc (XW1); 9W
colormap;

figure;
imagesc (XIW1); %W
colormap;

%Mahalanobis distance

maHW=mahal (XHW,X); 9HW and real data
maKW=mahal (XKW, X); %KW and real data
maW=mahal (XW,X); %W and real data
malW=mahal (XIW,X); %IW and real data
maS=mahal (XS,X); %MLE and real data

mahalav=[mean (maHW) mean (maKW) mean (maW)

mean (malW)

mean (maS) | ;
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