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Abstract

In this work, the solution of Riesz space fractional partial differential equations of parabolic
type is considered. Since fractional-in-space operators have been applied to model anomalous
diffusion or dispersion problems in the area of mathematical physics with success, we are
motivated in this paper to model the standard Brownian motion with the fractional order
operator in the sense of the Riesz derivative. We formulate two viable, efficient and reliable
high-order approximation schemes for the Riesz derivative which incorporated both the left-
and right-hand sides of the Riemann-Liouville derivatives. The proposed methods are analyzed
for both stability and convergence. Finally, the methods are used to explore the dynamic
richness of pattern formation in two important fractional reaction-diffusion equations that are
still of recurring interest. Experimental results for different values of the fractional parameters
are reported.
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1. Introduction

The idea of fractional calculus is not a new topic, it is as old as the known integer order
differentiation and integration [5], [25], [40], [54], [58]. In recent years, fractional derivative
has been successfully applied to formulate many useful models in physics [37], [38], hydrology
and geo-hydrology [6], [10], [29], [30], chemistry and system biology [1], [64], and finance
[18], [55], [59], [62]. Specifically, fractional calculus has been used to describe different
physical or natural phenomena which arise in the applicable areas of science include but not
limited to diffusion processes [14], [32], pattern formation processes [2], [11], [46], [47], [53],
signal processing [17], water wave movement [31], viscoelastic mechanisms [33], reaction-



diffusion model involving subdiffusion and superdiffusion processes [11], [46], [48], [53],
among several others that are classified in [3], [4], [15], [23], [56].

Most scientific results in applied mathematics, physics and engineering fields have shown that
these fractional order problems are more reliable, accurate and adequate than the known
classical or standard order models, due to the known fact that derivatives and integrals with
fractional orders give room for description of memory effects and hereditary behavior of
various substances in physics, engineering and applied sciences [7], [37], [54]. This forms the
basis for most vital information of the models with fractional or non-integer order when
compared with integer-order cases, in which such effects are completely neglected or missing.
In the area of mathematical physics, fractional-in-space derivatives are used to formulate
anomalous dispersion or diffusion, where a particle diffuses or distributes at inconsistent rate
with the standard Brownian motion model [9], [38], [43], [54]. Specifically, the formulation of
the Riesz fractional operator involves both the left- and right- hand sides of the known
Riemanna€“Liouville fractional derivatives [65].

Different numerical techniques have been suggested for various special fractional differential
equations in a bid to seek for their analytical solutions, such methods include the spectral
collocation method, Fourier transform method, integral transformation, variable separable
method, Adomian decomposition method, and many others that are classified in [22], [52],
[54]. However, the analytical findings of most fractional differential equations cannot be
ascertained due to their nonlinear and nonlocal nature. Most of fractional differential equations
do not have an analytical solutions or in some cases the exact solutions are too involving to be
useful. For these reasons, most physical and real-life models in applied sciences and
engineering are solved numerically. So it becomes very important to formulate a good
numerical method which is capable of handling fractional differential equations.

It is widely known that the Riesz fractional operator plays an important role in characterizing
anomalous diffusion, owing to successful applications to subdiffusive, superdiffusive and
evolution problems [40], [54]. It is regarded as an effective tool for studying nonlocal and
memory effects in physics, engineering and applied sciences. Based on research findings, the
Riesz fractional definition was derived from the chaotic kinetics [57], [65]. Fractional laplacian
operators are known to arise naturally in the study of partial differential equations (PDEs)
which are related to anomalous diffusion, where the fractional-order operator is known to have
played an important role which is similar to that of the classical order Laplacian operator for
ordinary diffusion [37], [39]. By replacing the Brownian motion of particles with Lévy flights
[34], one gets a fractional reaction-diffusion equation expressed in terms of the fractional
Laplacian operators [26], [27], [49] of orders 0 <f <1 or 1 <f <2, given as

u = —D(—A)u+ F(u,t), 0<t<T,
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where 9 * Z — Fig a known function, u = u(x, ¥, t) which represents the chemical or biological
species at time ¢z, in the x — and y — positions, is assumed to be smooth and continuous up to
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certain orders, D > 0 is the diffusivity constant, 9z|" s the fractional Laplacian



operator of order £ in one dimension. If § € (0, 1], we have subdiffusion process, but if § €
(1, 2] one obtains the superdiffusion problem. The term F(u,f) is nonlinear kinetics which
accounts for all the local reactions. The Riesz fractional derivative with order f is defined by
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(1.2)
RL 9;1" RL _@ﬁ
Where . and =.b stand for the left and right hand side of the Riemann-Liouville
derivatives which are expressed in the form:
3
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respectively, and B = 2 . In a similar manner, the left- and right hand side Riemann-
Liouville fractional integral operators of order 1 < <2 defined by
72
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where I'(+) denoted the Euler's Gamma function expressed as

[Na)= ﬁm exp(—t)t* 1dt, a>0

Many authors have proposed different numerical schemes for solving the Riesz fractional
differential equation of the form (1.1). For example, Zhang and Liu [67] suggested the
fundamental and basic solutions of the Riesz-space fractional partial differential equations
(RFPDE) in space and time, subject to the periodic conditions. In a similar development, a
Galarkin based finite element approximation technique with symmetric property was
developed in [68] to solve RFPDE. Different methods based on the Fourier spectral techniques
was introduced and applied for numerical integration of the Riesz fractional-in-space reaction-
advection-diffusion problems in one and high dimensions [16], [50], [53], and references
therein.



The remaining parts of this paper are organized as follows. In Section 2 we briefly present a
tour of some existing numerical methods which have been used to approximate the Riesz
fractional operator. The nature of problem introduced in (1.1) permits the use of different
numerical techniques in space and time, as a result, we are proposing higher-order numerical
methods based of difference operators on a finite domain for the approximation of the Riesz
fractional derivative in space. We also discuss convergence of this method in Section 3.
Applicability of the suggested numerical technique is tested in 4 on various practical problems
arising in physics and applied sciences. Conclusion is given in the last section.

2. Preliminaries

In this section, we provide some of the definitions and related results, as well as the existing
numerical approximation techniques for the Riesz fractional derivative [44].

Definition 2.1

Let u(x) be a smooth function defined on (a, b) € R, the left- and right-sided Riemann-Liouville
fractional order y derivatives are defined by [25], 28], [58].

RLDY u(z)= —t— 4o [ ) gt qcz<b
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And
RLyY o (Y U™ d pb_ ult) ,
Da‘,bu{ﬂ')_ (m—y) da™ Jri’ (t—z) " dt, a<z<b (2.6)

respectively, with m € Z* satisfyingm — 1 <y <m.
Definition 2.2

The Fourier transform of u(x) defined on R is [25].
a(r)= Flu(z); 7= [ w(z)explir-z)dz, «,7eR?, i*=-1 @7

And the inverse Fourier transform is defined as
_ — n '2 - —
k- ]” Jf'_,, (r)exp(—iT-z)dr, z,7cR", 1 1 28
The inner product of 7 and x is denoted by 7 - x here.

Definition 2.3

The Fourier transform of the left- and right-sided Riemann-Liouville fractional derivatives of
order y in the interval (a, b) = (—o0, +oo) are [28].

{RLD_OGT (z);7}= (—in)"a(7), (2.9)

And
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respectively. Here, m — 1 <y<m € Z*, i*=—1 and u®(x) for k=0,1,2, ..., m — 1 vanish as x
— + o0,

According to Samko et al. [58] The Riesz derivative with a minus sign is defined as

Ayl Plulz
ECUS(T) (2.11)

which has the equivalence Fourier transform

a :r (iw)” +( —iw)’
)= -STEv@ .

According to [21], [40], [54].
.@‘;fu(m}: ;? [_wfg_ﬁu{m)}, 1< B<2

one writes
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The y—th order Riesz derivative for a smooth function u(x) on interval (a, b) € R is expressed
as [12], [28].
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where ,fory#1,3, ...

Next, we consider the Fourier transform as one of the properties of the Riesz operator. Let a

u(z)e LS"{R)’ then

suitably smooth function

F{*2Dlu(z);7}= —|r|"a(r), ~=>0. (2.15)



By using the information in (2.14) in conjunction with formulae (2.9) and (2.10) leads to

F{F2DYu(z); V= ——L—[(—in) a(r)+(i7) a(r)].

?mS(T) (2.16)
Bear in mind that
(—1)7 = exp (——1) i7" = exp (Fi )’:'.
Therefore,

| (c _i:" rc%)ﬂ[r}
F{*Dlu(z);t}= — — = —|7["a(r),

2cos( ) (2.17)

where e’ = cos 0 + i sin 0 (Euler's formula) can be applied.
Lemma 2.4

Assume B> 0, and function u(x, t) € L1(R) with respect to x, then the Fourier transform of the
Riesz fractional operator is given as [54].

P ula,t B o~
720 a0,

with G(p,t) being the Fourier transform of u(p,t) w.r.t x, then
i(p,t)= F{w(z, t); p}= [ explipz)u(z,t)dz, for i* = 1.

Next, we follow the Ortigueira [41], [42] proposed fractional centered finite difference method
forf>—1,

A, u(:c t)= Z u(x — kR, t)
k=—o0 (2.18)

It is also proved that

Bl =0 Sz,
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The fractional centered difference operator illustrated above is often regarded as the
generalized second-order centered difference operator

lim Alu(z, t)= u(z — K, t)—2u(z, t)+u(z + A, t).

It was reported in [41] that the associated generating coefficient wi?) arising from (2.18) are

.y 1
. oy |
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either or (2 -~ :) for |z | < 1, which implies,

or

w:f{::ﬁ} = 1+ >0, wgﬂ :(1 - ﬂ){"'}ijz—lll <0, k=%£(1,2...)

(3)
0<1-— 22 1- 22 5
It is obvious that ¥ for k> 2, and R for k<—1, so for fixed f € (1, 2),

one obtains

3 A a :
WP >0l > s k=23, > LE-(¢> 1,

—¢
and
ML.S} {:wl{i‘fl_}l = '”{WLS_:I(: < "'7}::_11_21'--1C{_:17k_c£ —2.

In this part, a quick report some of the existing numerical approximation techniques for the
Riesz derivative is presented. To start with, we define the mesh points x; = a + j&, j = 0,1,2,
woJyand te=kh, k=0,1,2, ..., K, where h = (b — a)/J and 4 = T/K, h and % denote the spatial
step-size and temporal step-size, respectively.

For every f, (1 < f < 2) the left- and right- side of the Riemann-Liouville derivatives
corresponds to the left- and right-hand-side of the Griiwald-Letnikov (GL) fractional
derivatives, respectively under certain conditions. The left and right GL operators are
respectively defined as [19], [25], [54].



oL -@!filﬁ u(mj ' t)
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where

W = (—1)° BY _  (uTa+s
£ s ) T(+s)T(14+8-s)"
The Riesz fractional derivative has been discretized by the following methods.

Based upon the Griinwald-Letnikov standard technique, using the definition in (1.2) and the
assumption above, the first order approximation to the Riesz operator is given as

8 u(z; t)

T . J-i
= _% Z}ngﬂu(mj_“t]+zw£ﬂu Zjis,t)|+O(h).
5=

=0 (2.20)

The authors in [35] suggested a better version of the standard Griinwald-Letnikov method
which was labeled as the Shifted Griinwald-Letnikov approximation scheme for the left and
right (LR) Riemann-Liouville fractional derivatives in which the issue of numerical instability
with the formal was circumvented, as:

L s u(zj,t)
j+1
— W{Sﬁ}u(xj—s+1 1 t)—i_ﬁ(h]}
s=(}
L 98 u(z;,t) .
—j+1
= wiﬁ}u(:tjﬂ_] ,t)+0(h).
5=0 2.21)

The improved first-order method of approximation is given as:

a,ﬁ 1) P, _:H-l . J—"H'l q
ﬂ = —— %wiﬁ]u($‘j_g+1,t)+ Z E'L}H J-"j—s—l!t} +§(h)‘
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By applying the novel L2 scheme, the left- and right- Riemann-Liouville operators of order 1 <
S <2 are expressed as

BL B u(z,t)

- ! x 8 Bﬂu(aat) 1 ’ BE’LI.I:T,t) 1—r
_HZ_; Ts+1-p) 0z  T(2-5 £ gz (& T)Tdn

— ) dr.
(2.22)

Lo(b=—a)" &ulbt) 1 ¢ §2u(r,t)
Zﬂ Te+1-8) oo ' T@-pJ) a2

Therefore, the first-order method for the LR Riemann-Liouville fractional order operators [63].

e 'O‘aiﬂ’u{.mj: t]

: 1 (1-8)2— Bu(zo,t) (2 — B)[u(xs,t)— u(xu,t}]
T3 - A 7

i—1
Z dgm [u{xj—a=+1 H t) —ZH(Ij_s 1 t]+u{mj_3_1 }l }
s=0

81

+0(h),
RL .@’sbu (z,1)
_ 1 (1—-B)(2— Bu(z,,1)
(3 — p)h? (J — j}ﬁ
L 2= Blu@st)—ulzr 1, t)]
J— i1
J—j-1
Z diﬁ}' [u($j+,q_1 ) t}—Zu(mﬁs, t)—|—u[:rj+s+1 ]]}
s=0
+0(h), (2.23)

where di#) = (s + 1)># —s># fors=0,1,2, ...,j—lors=0,1,2, ..., J—j— 1.

By using the definition in (1.2) and above formulas, we obtain
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(-3 75
J—j—1
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A=

=
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In [41], a fourth-order centered finite difference formula was constructed to approximate the
Riesz operator as:

; > —1)*T(8+1)
Alu(z,t)= 3 =D u(z — sh, 1),
h ~ T((B/2)—s+ 1T ((5/2)++1) 2.25)
with equivalence relation [13].
fl]l‘:u[zj,t} _ _L .'ﬁl ) 2
i = T &hu(m_?,t]—l—ﬁ(h ] 026

The second-order approximations based on the shifted and weighted Griinwald-Lentikov
methods for the L-R Riemann-Liouville (R-L) derivatives are [61]:

RL 9} vu(@j, t)

j = , J Py ‘
= S (s )5S (e, )+ O(),
5=()

5=()
RL@ﬁbu{wj,t)
I—j+p, J—j+py
Hi 3 Ha i
=15 Z DJE;}U(ﬁj.s pl,t)—l—ﬁ Z wi]u(:rj.a pas )
a=I) ' a=l)
2
+0(h?), 2.27)
where
o (B-2py) _ (2p,-8)
=gy and m =y

p1 and p2 are integers to be chosen arbitrarily.

10



Also, the third-order Shifted Griinwald-Lentikov schemes for the discretization of the L-R RL
fractional derivatives are

9 su(zs, 1)
+
8 ’}’ ()
Z‘*’} 3’3’—6*4911 _3 Z s{ w 'T'J 54y 1 t)
s=0 =0
Y3 J+ps ®
+h_'3 ;wﬁ’ H(IJ Slp;l’t)+ﬁ(h3)’
RL P u(z;,t)
T1 & g g
Yl Z "-’Ehu{“’jﬂ—m Z u(Zj45-p,t)
s=0 =0
s J—i+py )
+E Z Wy u(mﬁs_m,t)ﬂ-ﬁ(hs), .
s=0 .
Where
T
B 3% —(6ps + 6ps + 1)B 4+ 12p3p»
12(p3p2 — p1pz — p1p3 + p3)
Y2
387 —(6p3 +6p1 + 1)+ 12p1ps
12(p3pr — p1p2 — p2p3 + p3)
V3
30 —(6p2 +6p1 + 1)+ 12p1 po
12(P1p2 —P1pP3 — P2pP3 T+ F}zs) (2.29)

where p1, p2 and p3 are arbitrary integers.

Finally, we presents the type I and II fractional-order centered differences definitions which
was proposed by Ortigueira (2006, 2021) as follows.

Definition 2.5

Letf>—1,h € R", and u(¢) being a complex variable function on (—o, «). The type I fractional
difference is defined by [41], [42].

(-1)'T(6+1)
_ — kh
u(t)= _2 r(§—kt+1)0(5+k+1) u(t — kh) (2.30)

11



With f=2M and M e MI—’_, the above equation transforms into

M

A2M -nfemy o
u(t)= _Z_;f o Ut — kh) o3

called 2 M order centered difference operator.
Definition 2.6

The type Il fractional difference operator is defined by [41], [42].

! &
Al u(t)= Y, — DT u(t — kh+ )
=50 D5 k1) r(S 1) 2 (2.32)

With f=2M + 1, we have

+M ko 1
AZM Ly )= 3 U BID kb ),
2 = (MA1-R) (M HR)! u) 233)

But if M =0, we have a particular case

Lu(t)=u(t+ 2)—u(t - 2). 234)

3. Numerical techniques for the Riesz operator

In this section, we formulate higher-order approximation schemes for the Riesz fractional
diffusion equation as described in (1.1).

3.1. Fourth-order difference scheme
By adopting the Taylor's expansion, we have

ulzjde) | 6 Fulegly)

L b 3
u(xj, tp—1)= u(z;, tx)— g o Pl o(&) (3.35)
du(zydy 1) . izt f'?“u{;.,fg, 9
ot == ¢ ot (5 ) (3.36)
which when simplified results to
'c‘-'au{;rj,t;_.} 1 3u{.rJ,E¢.} 3‘MI:;E.‘_|;,I;-_1:I
T = (2 2 )W(f) 57

Next, we substitute for (3.37) in (3.35) to have

12



thulx gty Sl
%( e 1})=u(xjath)—ﬂ(%tk—1]+5’(€3) -

From above equation and (1.1), one obtains
-
8'3 H(."B T t k )

2u(z;, t)—ED .
d|z| %u(zj, tr1)

+HEF (@), te)+ (25, te1)]+ O (6). 3.30)

Take u/* to be approximation solution of u(x;, ). We substitute

B =
m Z Mg u(mj—{s+1}at)

5——J+j+l

P ulzt) ' )
i 3 Z Hs 'U_'.(.TJ (s—-1) )
d)al 24?1; G

1

j
—(1 —~ %)— Z }'J.Sﬁ}u(:tj s, 1)+ (hY)

s=—J+j+1 (3.40)

Into (3.39) and neglecting the higher other terms to obtain the difference method

BED = (8) & 2 (8
it > owlub L+ Y el

s==J+j41 s==J+j+1
1
3 ) ( B ) ] (8)
+H =) (1+= Bk
(zhﬁ 12 5= J’ur'lllmaq a
i—1
k1, BED (8) (8) i1
= U +48h-3( Do omul g+ Z s Uj srl)
s=—J+j+1 s=—J+j+1
i—1
‘ED 18 ] (8 k-1 £ k k—1
s=—J+j+1 (3.41)

with

13
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U’ = and F* = _
k k
Uy q Fra

The above difference scheme transforms into matrix form

¢D , . BED
(r (50 )A4+ 2o mro))ut

D BED
(I—i_(zm*)‘q 48h” (B_'_G)) g(Fj +F? ])a

(3.42)
where / denotes the identity matrix of size (J/— 1) x (J— 1),
{ () (5} (8 i g 8 7
0 N I A A 0 ”Erj ”ijJ ”3JJ
(3 ( (8 (8 3 (8 (8
:“1” by 7 :”*—1] P":;—JJ 0 .‘LE : Mo b Hy )J
A= ) ) ; ' B = . .
(s (A (3 (9 a (8 )
#;}.s R A 0 - u) 4P uy
3 3 i 3 a8 {8 (&
oy w e w? 0 WY, o P WP
(3 3 i 7]
D 'y 0
3 3 g
“:{}.1 ) '{.11) #(.12) 0
C = . * ® - '
TR TN I
g (8 (8
_“Er-}s J"'*J}i “ﬂ} 0
and
i —1)°I(3+1
ul? = 1 T(p+) s=2-J, 3 J,....J—3.J2.

Cl(3/2)—s+10(83/2)+s+1] ?
In what follows, we check the stability and convergence of the suggested scheme (3.42).

Theorem 3.1

The numerical scheme (3.42) is unconditionally stable.

14
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Proof. From (3.42), we let 2h* 48h" , and denote its numerical and exact

(I+a)"

gen

solutions by u" and u”, respectively. Note that the matrix is invertible, which means

its error equation can be obtained in the form

E" = BET!, (3.43)
where ¢" =" — ", and £ = I+ ) I(I ~ ). From above equation, we get

& =B 8. (3.44)
Next, we give the following lemma.

Lemma 3.2

(see [66]). Let < be a definite positive matrix of order J — 1. Then for any € > 0, the following
inequalities are satisfied.

|+ ) o= 1,

and

(I +ea?) (I - €)oo < 1.

By applying Lemma 3.2 and (3.44), one obtains

16" oo <Il 2" Nlac |l €° lloo <

which implies that

1 115 | €° lloo <Il €° lloo,

which shows that schemes (3.42) and its equivalence (3.41) are unconditionally stable.

Theorem 3.3

The local truncation error (LTE) analysis of method (3.41) for numerical approximation of the

2 4
Riesz reaction-diffusion model (1.1) at (xj, t) is given as o(& + }14), and the difference
scheme is convergence of order if there exists C > 0 such that

|u(mj,t3}—u; |< C(Ejg + hd).

Proof- To begin with, we define the LTE at point (x;, #%) as

15



%[“(mjvtk]_ (zj, th-1)]+ {(2&;)( ) Z el te

g=—J+j+1
B¢D i-1 p i1 _
48K > w1, t)+ > IR
s=—J+j+1 s=—J4j+l
2| (¢D BY &
7= +_{(—) (H_) > u(iste)
J 5 2h# 12 s=—J4j41
B¢D ! Zl ®
s u(&‘"j s-1, bk 1)
48?1'8 s=—J+4j+1
i1
+ Z s (@ g1t }—F{ﬁjﬁth—F(%ltk—l)-
s=—J i+l (3.45)
By applying the Taylor'sexpansion, one gets
9 Gulz;j ty) Sl - 1} 2
E[U(mjatk)—“(xjvtk—1]]= o T o (&), (3.46)

From egs. (3.40), (3.46), we have

Tk

J

au(zjatﬂ:) aﬂu{xjstk}
= — D — F(x;,ty)
( Z d)z|” o

.\ (3u(ﬂ:j,tk_1) B Dﬁ'ﬁu{a:j,tk}

— F(z,t) | +0(& + h).
at 8|x|ﬁ { J l:v)) { }

(3.47)

Finally, we substitute (1.1) into (3.47) to obtain the LTE

Tk =06 +h').

J

In the case of convergence, we let 6/ = u(x;, t;). It directly follow from (3.41) and (3.45) that
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geD [ = ¢D 8
? 48.’1*3( Z ps9] a1t Z ”";rsﬂ) (sze)(1+ﬁ)

s=—J+7+1 s=—J+j+1

i1
S o,

s=—J+j+1

1 i1
| ﬁéD X h—1 k—1
SCRRE-1 (D SN SEEUD TS

3_—J+_f+1 s=—J+j+1

£D B - k-1 & o
+(ﬁ) (1+E) Z }.L,géj_s ‘I‘Ef}; .

s==J4j+1 (3.48)

Let d* = (6%, 62, ..., 61T and , so that (3.48) can have matrix representation of the form

. : 3 .
I+ &)d* =(I—a)d" ! + 37"

(3.49)
In addition, we can have
dk.

— Bd* +(&/2) I+ &) TH

= B(B (/DU + o) TH) 12U+ ) T

—=(B T+ B+ D)) T+ ) TR (3.50)
By using the results of Theorem 3.3 and Lemma 3.2, we have
€2+ T ml §U+ ) 7| < SN T+ ] T

< EE(E +h'). 3.51)

The combination of (3.50) and (3.51) leads to
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14,
—| (35,;_._1 L@ I)(g;g)(ﬂ- ﬂ]‘lf?"nw

<@+ B2 D€/ ) T
é(”ggk_l loo + || &2 ||oo +---+ | IHW)HWZ)UJFE}_I?}EHDU

< k¢E(&2 + h'), (3.52)
_ —1 ok

where 4 _(61’/2) (I + ﬂ} T . Bear in mind that & < KE= T, we have.

| o< TE(E + h)

Theorem 3.4

Assume u € C"(R) with all derivatives up-to the seventh-order are in L\(R). Then

#ulz)

8z

1 .
— —#5* Y DB u(x)+O(RY),
=1 (3.53)
& ulx)

ash—Oand 9 ’ is the Riesz fractional operator for which £ € (0, 1) and g € (1, 2] which
correspond to sub-diffusive and super-diffusive processes, respectively.

Proof- Assume

a3 1 P ;
§(z, k)= "’al‘“;ﬁ? +75 0 Y &P B u(z)
T=-1 (3.54)

By applying the Fourier transformation expressed as [53].
(&)= F{u(z)}= [ e u(x)dz, for £eR,

then (3.54) becomes

o(&,h)
G 3 = g —ilk-Lieh 3 X ) ke g 28 itk
= —[E["u€)— |5 2 »T_(E+1) 2 twm X
b=—o0 k=—oc k=—co
(3.55)
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oz e (B) ke
12sin 2| =3 _ne

Bear in mind that the coefficients 7% for k € Z satisfy , SO
that the relation above can be written as
e
2 sin & )
= ﬁ' fil H ( 2 —~
e |16 - (emen—(3)) 52 |ate
(3.56)

Again, based on Taylor's expansion, one obtains the relation of the function sin(£A/2) at center
&=0as

) 3 B 2 1 p—1 4
ol 1= 260 (a5 + ooz ) Slem)

£k
2sin[ &
S (2)

g 1 -1  (B-1)(8-2) o 8
- (322560 * 46080 T 82044 ),9(;55) wo(e )] (3.57)
By substituting for (3.57) in (3.56), one obtains
dean e[ B B L B BB epde 6
0(& )= [¢| [ﬁ ~ 57 T Toa T 1im2 ](Eh} ”{£}+ﬁ({£ﬁ) ) (3.58)

It should be recalled that since u € C7(R), there exists Co > 0 (a constant) such that
@(€)< Co(1+[E))| (3.59)
Hence, from egs. (3.58), (3.59), we have
8] < crYgt I Co(1+lg) T
< CR(1+1¢) " P (1+1¢)) 7

_ 4 3—3
= CR*(1+[¢))" 7, (3.60)
where C = CCo does not depend on &. This implies that the inverse Fourier transform of the

function ¢ (&: 1) holds for all P €(0,1)and g € (1, 2]. By using (3.60) and taking the inverse
Fourier transform of (3.55) leads to
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1 (> .
sa)| <o [ 186 M) de

< [ oty tag

o

c .
= ——*Hh".
(2-B)r 3.61)

5(z, B)= O (F*)

Therefore,

3.2. Improved fourth-order alternating direction implicit method of Crank-Nicolson type

In this segment, we modify a high-order centered difference method for two-dimensional Riesz
space fractional reaction-diffusion equation. To achieve this, we define Z to be a finite domain
which satisfy P =lzr,zr|*[yr,Yrl and 0 <1 < T. next, we utilize a uniform grid points
Ag — BT y:M o o
(xiy Yj, 1), P and &' are the spatial grid sizes in x— and y— directions,
respectively, with partitions x; = x. + iAx, yj=yrL + jAy fori=0,1,2, ..., P,j=0,1,2, ..., O, and
At = T/N is the time-step with partition #, = nA; for n = 0,1,2, ..., N, where P, Q and N are all
positive integers.

By applying the modified fractional centered difference operator to discretize the Riesz
derivatives, and based on Theorem 3.4, we obtained the following discretization schemes

& ufwipt) _Agp—?B zl: _ﬁfwj i (8) : oAzt ge(1,2
—_— = T My, u(mz—k—’.ﬂ;yvt:}_" ( & ): / (_—( ’ ]:

al'!:' =1 L‘.:—I’\f“ (3'62)
similarly,
a.ﬂu T ) I f g o0 T
% =-Ay? Y A Y gl ue, gy )+ O(AYY), B e(1,2).

dy

r=—1 k=-oc (3.63)
Next, we assume u;, () = u(xi, yj, t) fori=1,2,...,P—1landj=1,2, ..., O — 1 subject to the

zero-flux boundary conditions, the two-dimensional Riesz space fractional reaction-diffusion
eg. (1.1) is resolved in time to a system of ODEs by applying the egs. (3.62), (3.63) to have
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Ou; (1)
ot

1 i
= DAzt DN a0
k=—P+i

T=-—1
! ) : B
DAy PN PN g (O F(uiy(2),
—1 h=—Q+j (3.64)

and for the sake of simplicity, we let =i — k—rand 3= — k — 7, so that

- ﬁ(_ﬂj —r f‘?{ﬁ}
3) i—f— i—f—
no) D Y 3 SO DLty
At r=-1 b=—rrp ST b=—r1q Y
+ F(u,(t)) (3.65)
For computational convenience, the two operators above can be denoted as
9 L L ﬂ(ﬁ,} — Tirjflﬂ—r T d. j ! Q?f{.'q]' — r}:f]ﬁ'—f T
Ball ; = Z_ T > Al Wggo AN M“a; >, ; 2 Ay Liw
7=—1 fl=—7+P T=—1 =—740Q

A Crank-Nicolson version of finite difference equation for the 2D Riesz space fractional
reaction-diffusion eq. (1.1) can be formulated by substituting the improved version of fractional
centered difference approximations into the given differential equation at time as

_1
tard = gltnsr +tn) [60].

uttl_gyn utlgn n+l +f
i R o ) ii i i i
B o D(Ds, + D) 4 B o

At this stage, we can rearrange eq. (3.66) and rewrite it in the form

At At nt L
[f"' ?D(@ﬁ‘x + -@iy)j| o {f— —D(Ds + 9?3;)} ui; + fz‘.;: At,
| (3.67)

fn+% o i+
where 7 denotes the identity operator, and ¥ &7 2
terms, the fractional difference scheme (3.67) becomes

. By ignoring the higher-order

|7+ 5D | £ + G D@3 |t

:{(/@'_ %D Ds.0) ”j— ED(:@@)}HU +fu

(3.68)
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In order to implement the scheme, we follow the strategy adopted in [52] by denoting a solution
computed at intermediate time as u*, to obtain

7+ 5000 |uiy = 7 - SED(@n) | + 17

_;ﬁ+%p{gﬂ,y} unll _[f—ED(Ju}]u +f” ﬂ\t

(3.69)
Theorem 3.5

The alternating direction implicit Crank-Nicolson (ADICN) scheme (3.68) formulated to
discretize the Riesz fractional eq. (1.1) is consistent with a truncation error of order

6(Az')+0(Ay') +c?(m2)'

Proof. It should be noted that we utilized the second order centered finite difference scheme
for the temporal direction. We employ the result in Theorem 3.4 to write the accuracy in spatial
directions as

i u[.L yJE)
3laf?

#u (i 9 sta)

_@JLU“ + ﬁ(&'g ) = —@Wu’:’f + ﬁ(ﬂ?ﬂA

Ayl’ S (3.70)
So the ADICN scheme is second-order accurate in time and fourth-order accurate in space.
Theorem 3.6

The ADICN method defined by (3.68) for solving the 2D Riesz fractional eq. (1.1) is
unconditionally stable.

Before going to the application section, there is need to test the accuracy and applicability of
the proposed scheme. As a result, we consider the following Riesz fractional diffusion equation

au;{;’ﬂ = D, dh Y 4 F(z,t), O<z<1l, 0<t<]l,
“ (3.71)
where
(28 + 1)t¥at (1 — z)* + 122 sec(nB/2) (F{;—Em [mH +(1-z) -"":

subject to the initial condition u(x,0) = 0 and zero-flux boundary conditions. It is not difficult
to see that the analytic solution of the Riesz fractional eq. (3.71) is u(x, £) = ##*1x*(1 — x)*.
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ufx,t)

Fig. 1. Numerical results showing; (a,c) the accuracy of the proposed scheme, the upper-, middle-, and

We give numerical results in the L*-norm error

where u; and [%; are numerical and exact solutions, respectively. Numerical results are given
with x € [0, 1], Dx = 0.50 and simulation time ¢ = 1.00 for some values of f € (1, 2]. The
comparison between the exact and numerical solutions, as well as convergence in space is given
in Fig. 1. The surface plots with different values of f is presented in Fig. 2. In Table 1, we
further demonstrate the accuracy and effectiveness of the numerical method by reporting the
relative error for different instances of simulation time and fractional power index f, as
indicated in the table caption.
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N

lower-plots correspond to f = 1.50,1.70,1.90, respectively. (b,d) convergence in space for different
values of . Upper and lower rows corresponds to numerical schemes (3.42) and (3.68), respectively.
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p=155 p=1.89

Fig. 2. Surface plots for numerical solution of (3.71) for different f as showing in the captions.

Table 1. Numerical solution of the Riesz space fractional eq. (3.71) showing the relative error and
computational time results for different instances of  and final time t with D, = 0.850 and N = 80.

B 110 130 1.50 170 1.90

t=1.00 1.7988e-05 1.2675e-05 8.4025e-06 4.9436e-06 2.1660e-06
0.19s 0.19s 0.20s 0.20s 0.21s

t=0.80 4.3640e-07 2.1467e-07 1.0012e-07 4.1661e-08 1.2896e-08
0.17s 0.18s 017 s 0.18s 0.18s

4. Applications and results

In this section, numerical examples are presented with different kinetics. We utilized the fourth-
order difference schemes proposed in Section 3 for the approximation of the Riesz derivatives.
The improved exponential time-differencing Runge-Kutta method of order four as suggested
in [24] is used to advance in time. All the computational experiments are carried out in Matlab
R2019a on a PC equipped with an Intel Core i7 CPU, 4.0 GHz with 16.0 Gbyte of RAM under
Windows 10 software.

4.1. Riesz-space model with Turing patterns

We first consider the integer-order reaction-diffusion system which was proposed by Barrio et
al. [8], but modeled with the Riesz fractional operator as

du

ot — D, APy + au(l — Tlt!2)+t*(1 — ryu),

v
ot .
= D,APv+ bv(l + ﬂuv) +u(c +ra),

b (4.73)
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where D, and D. are the diffusion coefficients of u and v species at time ¢ and position x,
respectively. These coefficients indicate a conservation relation between the two chemical
products [8], [51]. The key interaction parameters in (4.73) are 1 and 2 as each favors the
formation of stripes and spots or dot-like patterns, respectively. Another key parameter which
plays an important role in the simulation process is the fractional index f. Variation of this
parameter can lead to various Turing's patterns. The parameters a,b and ¢ are related to
production and depletion of chemicals. The classical form of model (4.73) has been used
mainly to study pattern formation in reaction-diffusion systems. In addition, it has been used
to study transitions between fish patterns that go from stripes to spots, for example, the
pseudoplatystoma fish species [51].

For numerical results to mimic some of these physical behaviors, we fix the parameters at D,
=2.322¢ - 03, Dv=10.0045,a=0.899, b=— 0091, c =—0.899, r1 = 3.5 and 2 € [0, 2]. In the
experiment, parameter £ is allowed to be varied. For all the experiments in one and two
dimensions, we utilized the Matlab random initial conditions. The one-dimentional results with
variation of 72 is given in Fig. 3, with evidence of spatiotemporal and chaotic oscillations as 2
increases. Evidence of Turing patterns are shown in Fig. 4, Fig. 5, Fig. 6. It was observed that
when 7 — 0, the simulation experiments gives stripes or spiral-like structures, but the
dynamics transform from stripes or spirals as »2 > 0. Finally, in Fig. 6, as f — 1, we obtained
a more bold and pronounced patterns.

ro=10 rao= 2.25
02 0.6 v v s
| — i specieg ™™ ™ ¥ Spacies
n1sf
ot
n A A ,'A'. nil,
al ALy baf Leag Hiv b
@008 T U Lo A 18y s L al =
o AR : 1 L
o L/ i d W I o
o ~ o
g o ] g
] I
AR RN RARA AR
0.05 *1 s NN HEIHEIHFIHEE
A YA Y A
¥ I 1 i ] iH
01 Y Wiy v
= U SpECIEE = = = SpECIEE
.15 f L . T 1 - :
0 0.5 1 1.5 . 25 3 5 | DED 05 1 15 2 15 3 35
X X

Fig. 3. One-dimensional results of (4.73) showing the evolution of species in space. With fixed f = 1.55
and 7 = 0,2.25 we obtain both spatiotemporal and chaotic behaviors of species, respectively.
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Fig. 4. Two-dimensional surface plots for model (4.73). The upper and lower rows correspond to r, =
0 and , = 1.57, respectively. The fractional parameter is fixed at # = 1.63. Simulation runs for N = 100
and final time 7 = 50.
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Fig. 5. Two-dimensional snapshots for model (4.73). The upper and lower rows correspond to 7, =
0.005 and 7, = 2.50, respectively. The formation of Turing stripes and spots patterns are noticeable.
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Fig. 6. Snapshots for model (4.73) in 2D with f = 1.87. Turing stripes and spots patterns are
evident(4.75)

4.2. Riesz-space model with labyrinthine patterns

One of the most interesting and noticeable group of patterns that arise naturally in system of
catalytic reactions are growing labyrinthine patterns [20], [36], [45]. Labyrinthine patterns
provide a beautiful pattern formation scenarios at the neighborhood of the equilibrium state.
Structures of this form have been studied in different gradient systems such as ferrofluids,
turbulence, garnet layers, and block copolymers, see [20] and references therein. Beginning
from a non-axisymmetric initial condition strongly curved portions spread more faster and the
pattern lengthens. Regions of high concentrations repel, so from the periodicity of the domain,
the patterns turn inward until an equilibrium is achieved.

The Riesz-space fractional reaction-diffusion equations for this example take the form
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= APu+u—ud—v,

— DAy + e(u — ajv — ag), (4.74)

where u and v are the scalar real fields which denote the activator and inhibitor, respectively.
Parameter € > 0 is the ratio between the time scales associated with the two fields. Models of
this type have extensively been studied in the context of excitable media where 0 <e <1, D >
0 is the ratio between the two diffusion coefficients, that is, D = D./D,. When D >> 1, a stable
labyrinthine patterns is known to arise from the FitzHugh-Nagumo type reaction diffusion
equations. For the parameters a1 > 0 and ao, we choose ao and a1 in such a way that the model
has two stable uniform steady states, namely, the points £~ = (17, v') and E* = (u", v") which
correspond to a down and an up states, respectively. The variation of parameters ao, a1, f €
(1, 2), D lead one from one regime to another. In the experiment, we utilize the homogeneous

boundary conditions pinned at the extremes of domain size x, y € [-L, L] with L = 100, and the
u —oy

following initial conditions. Here, v @1 is obtained from, u~ which is the smallest
real root of the cubic au® + u(1 — a1) — a0 = 0. It is obvious that the solution of u(x, y, f) and
v(x, y, £) of (4.74) depend on the five parameters oo, a1, €, D and £, but we will avoid displaying
this dependence unless we specifically wish to address it. Also, it should be mentioned that
other patterns apart from those ones displayed in Fig. 7, Fig. 8 are obtainable, depending on
the choice of other parameters. Here, only fractional parameter £ is varied with time. In Fig. 7,
we display the distribution of the two chemical species for some values of £ as reported in the
Caption for time ¢ = 5000. Other parameters are fixed as At =0.1, N=128, a0 =— 0.1, a1 = 2,
€ = 0.05, and D = 4. Having observed that the distribution of u and v are almost similar as
shown in Fig. 7, we continue our analysis by reporting only the distribution of © — species. In
Fig. 8, we obtained the numerical results in rows 1-4 with g = [1.58,1.76,1.88,1.98]. The
distributions in column 1 are obtained with = 100,200, column 2 with t = (300, 400, 600, 800),
while the last column depicts the result with final simulation time # = 10,000 [53].
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-100 X

Fig. 7. Surface distribution of system (4.74) in 2D with different instances of £. The upper-, middle-,
and lower-rows correspond to f = 1.98,1.76,1.94, respectively.
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Fig. 8. Two-dimensional distribution of u-species for the Riesz fractional activator-inhibitor model
(4.74) for different values of £ and final simulation time.

Applicability and accuracy of the suggested scheme is further investigated when applied to a
system of eqs. (4.74) by reporting the maximum error computed at some specific points in the
experiment. To check the convergence we fix the parameters and simulate the experiment with
a gold-standard run computed with Az = 107>, with increasing time (¢) and step-size (%) and 8
= 1.90 to obtain the following results.
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How at t=0.1, using h 0.1 (errmax=7_ 4475a-12)
How at t=0.6, using h 0.5 (errmax=1.764le-08)
Mow at t=1.5, using h 0.9 (errmax=4.0298e-07)
How at t=2.4, using h = 0.9 (errmax=7.9356e-07)
h = 0.9 WAS REJECTED (errmax=0.0045901)

How at t=2 7285, using h = 0.32848
(errmax=1.1725e-08)

h = 0.9 WAS REJECTED (errmax=0.002818)

Now at t©=3.0996, using h = 0.37109

(errmax=2 T7178a-08)

h = 0.9 WAS REJECTED (errmax=0.0010966)

MNow at t=3.5694;, using h = 0.46985
(errmax=1.1614e-07)

h = 0.9 WAS REJECTED (errmax=0.0046936)

Now at t=3 8961, using h = 0,32666
(errmax=3.0241e-08)

h = 0.9 WAS REJECTED (errmax=0.002918)

How at t=4.2639, using h = 0.36787
(errmax=7.209%4e-08)

Now at t=0.1, using h = 0.1 (errmax=2. 4447e-10)
Now at t=0.6, using h = 0.5 (errmax=4. 6348e-07)
How at t=1.5, using h = 0.9 (errmax=1l.1053e-06)
How at t=2.4, using h = 0.9 (errmax=3.192%e-06)
h = 0.9 WAS REJECTED (errmax=1.2154)

Now at t=2 . 8691, using h = 0.46906
(errmax=1.054%e-07)

How at t=3.2312, using h = 0.36213
(errmax=1.7193e-086)

h = 0.72107 WAS REJECTED (errmax=0.0052674)
How at t=3.672, using h = 0.44079%
(errmax=T7.1844e-08)

h = 0.9 WAS REJECTED (errmax=(0.15707)

How at t=3.7168, using h = 0.13581
(errmax=1.8654e-08)

h = 0.67906 WAS REJECTED (errmax=0 L 0007125)
How at t=4.1117, using h = 0.39486
(errmax=8.8583e-07)

h = 0,9 WAS REJECTED (errmax=0.021736)

Now at t=4.3344, using h = 0.22268

(errmax=2 179%a-08)

h = 0.9 WAS REJECTED (errmax=0.012762)

How at t=4.5888, using h = 0.25438

(errmax=4_ 9695=-08)

5. Conclusion

(3.42)

(3.68)

In this work, two higher-order numerical techniques for the approximation of the Riesz
fractional-order operator have been considered. The formulation, analysis, and convergence of
these methods are well examined. We choose to illustrate the numerical algorithms using a
couple of non-trivial examples from the literature on reaction-diffusion equations. Hence, the
method is tested on two important Riesz space fractional reaction-diffusion models. In the first
example, we observe the Turing stripes and spots patterns arising from the BVAM model, it
was also observed that pattern generation in classical order models are similar to the fractional-
order cases. In the second example, we consider the Labyrinthine patterns evolved from the
special case of the FitzHugh-Nagumo type of reaction-diffusion system. It is worth mentioning
that other behavioral patterns are obtainable for these equations in other parameter regimes

than those used in this paper.
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