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Abstract:

Free convection heat transfer over annular finned tubes was studied numerically for more
than sixty different cases and verified against two experimental works. In addition, the
effect of fin spacing on heat transfer was investigated. As a result, a correlation was
proposed to estimate Nusselt number as a function of Rayleigh number. Moreover, it was
shown that there was an optimum fin spacing for which the total heat transfer was
maximised. Based on the proposed equation, an expression for optimum fin spacing was
derived, which proved that the optimum Nusselt number was 0.9035. The presented
equation for optimum fin spacing was a general equation in so far that it could also be used
to find the optimum spacing between a series of circular disks by letting the tube diameter
in the equation be zero. Moreover, a good agreement was observed between the derived

equation for optimum fin spacing and the results of the scale analysis method.

Introduction

Natural convection heat transfer is an efficient mode of heat transfer that has been studied
for different objects with different shapes [1-8]. In many cases, natural convection is not
strong enough [9, 10]. Therefore, using extended surfaces in these cases to enhance heat
transfer is mandatory. Many researchers have studied natural convection from extended
surfaces, numerically or experimentally [11-13]. However, the study of an extended surface
under natural convection heat transfer goes back to the experimental works of Elenbaas
[14] on vertical plate-fin heat sinks. Edwards and Chaddock [15] studied heat transfer from
horizontal finned tubes. Several experimental works can be found on heat transfer from a

finned tube [16-28]. Since using an extended surface is the most viable and practical way to



enhance heat transfer, geometry optimisation is demanding, especially in cases where
weight plays an important role.

The history of the optimisation of an extended surface is as old as natural convection study
[29-32]. Again, Elenbaas [14] was the first to report the existence of an optimum fin
spacing for a plate-fin heat sink. Bar-Cohen [33] derived the optimum fin spacing for a
plate-fin heat sink. He proved that the Nusselt number value at that optimum fin spacing
was equal to 1.25. Other techniques such as computational fluid dynamics (CFD) or entropy
generation minimisation (EGM) were later used to improve the design of plate-fin heat
sinks [34, 35].

In spite of numerous studies in optimising plate-fin heat sinks [19, 29, 31, 36, 37], a very
limited number of studies focused on optimising the fin spacing for annular fins under
natural convection heat transfer. Edwards and Chaddock [15] did a series of experiments
on copper fins with diameter ratio D/d = 5.17, and proposed a correlation for Nusselt
number (Nu). They then differentiated their equation with respect to fin spacing and solved
for the zero to find optimum fin spacing. The result was Ra, = 37. However, this optimum
Rayleigh number was only for D/d = 5.17 and Rag did not reflect the effect of tube
diameter.

Littlefield and Cox [30] used the Tsubouchi and Masuda correlation [17] for Nu to optimise
an annular fin considering fin efficiency. However, their work did not lead to an explicit
correlation. Yildiz and Yiinct [38] used the scale analysis method to find the general form
of the equation for optimum fin spacing. However, they did not have enough experimental

data points to justify their finding (it was discussed in “Discussion” part in detail).



Recently, Wong and Lee [12] numerically simulated a series of aluminium and stainless
steel horizontal annular fins. They showed that their results for optimum fin spacing were
closer to Ref. [15] in comparison with Ref. [38]. Moreover, they correctly affirmed that
none of these equations accounted for the effect of tube diameter, d.

To the best of the authors’ knowledge, there is no explicit result (similar to that for plate-fin
heat sink) to clarify the optimum Rayleigh number and its corresponding Nusselt number.
The authors believe that a lack of extensive data points is the main reason why a precise
expression for optimum fin spacing for an annular fin has not been presented. In this
regard, the only wide-ranging experimental work was conducted by Tsubouchi and Masuda
[17]. However, their proposed correlation is too complex to be used for deriving optimum
fin spacing (see [30]).

In the present study, more than sixty different cases were numerically simulated. Unlike
experimental methods, CFD provides a great facility to investigate different geometries.
Numerical results were used to propose a functional relationship between the Nusselt and
Rayleigh numbers. The proposed correlation was verified by two experimental works.

The optimum fin spacing was derived based on the proposed correlation. It was found that
the optimum Nu for the optimum fin spacing was equal to 0.9035. The compatibility of the
derived expression for the optimum fin spacing with the prediction of scale analysis
method was presented. Finally, it was shown that the derived expression for optimum fin
spacing could be generalised to cover the case of circular disks. It means that the optimum
spacing between a series of circular disks can also be calculated using the presented

expression by only setting the tube diameter to zero.



Numerical method and assumptions

The geometry of an annular fin with a diameter of D is shown in Fig. 1. Dashed lines
indicate the symmetry boundaries at which the normal gradients of the variables as well as
the normal velocity component are zero as boundary conditions. The exterior surface
enclosing the solution domain (which has the diameter 5D in Fig. 1) is defined as pressure
boundary with P = P, . In the case of inflow, the temperature of the fluid was set to be
equal to the ambient temperature, i.e. T = T,,. At solid walls, the no-slip condition applied,
i.e. u=v=w=0. The heat conduction in the tube and fin walls was coupled with the fluid
domain, i.e. the conjugate heat transfer was considered. At the fluid-solid boundary

interfaces, temperature and heat flux continuity applied:
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At the inner-tube wall, the temperature was prescribed as boundary condition, i.e. 7=T,.

To reduce the tube wall resistance, a small value (1 mm) was assumed as the tube
thickness (tube thickness was not shown in figures).
The three-dimensional governing equations with the assumption of steady-state laminar

fluid flow are presented as follows:

Continuity:
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Momentum equation:
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Energy equation in the fluid zone:
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Energy equation in the solid zone:
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Fin material was aluminium and k£ =237 W/mK. Coolant fluid was assumed to be dry air

and ideal gas:

(8)
P =pRT

With the exception of air density, all other thermophysical properties were assumed

constant and evaluated at the film temperature, 7, :

T, +T. (9)

The governing equations of the steady-state buoyancy-driven airflow were numerically
solved using the CFX module of ANSYS 18.0, which uses an element-based finite volume

method formulation along with a Rhie-Chow methodology [39] to treat the velocity-



pressure coupling. Moreover, a high-resolution scheme was used to discretise the
advection terms. The RMS residual target was set to 104 and all other settings left
unchanged. A structured, hexahedral, polar pattern mesh was used to discretise the domain
(Fig. 2). In this arrangement, finer grids generated around the centre of the domain where
temperature and velocity gradients were steeper and coarser ones generated in the far-
field.

A grid independence study was conducted to ensure the numerical accuracy of the results.
This resulted in a grid with greater than 1.6x10¢ numbers of elements. An overview of the
results of the grid independence study is provided in Table 1. The geometry and the
assumed temperature difference underlying the grid independence study are presented in
Table 2.

The influence of the far-field boundary was also checked as presented in Table 3. The same
geometry mentioned in Table 2 was used for the independence test. Based on Table 3, five
times the fin diameter was selected as far-field. More solving details may be found in [40].
In this study, more than sixty different cases were modelled and simulated. Table 4 shows
the ranges of parameters used in these simulations.

In these ranges, eight, four and five distinct values were selected for d, D and S respectively.
The researchers tried to choose uniformly scattered data all over the domain. Finally,
during the data reduction process, wherever it was found that the data resolution was not

sufficient, some additional data points were considered.

Data validation



To verify the described CFD methodology, a two-step validation was proposed. As the first
step, the discussed CFD method was implemented on a bare long tube (a long tube with no
fin). This step was designed to validate the numerical simulation of the study in a special
case (the natural convection over a horizontal long cylinder-no-fin condition).

Therefore, for a horizontal long cylinder, Ra, is defined as [10]:

_ 3 (10)
Ra, <L =T
Vo

and Nu based on cylinder diameter is [10]:

(11)
Nu, :ﬂ
k

Numerical results of this step are listed in Table 5 and compared with two well-known
experimental correlations of Churchill and Chu [41] (Eq.(12)) and Morgan [42] with a
maximum uncertainty of +5% (Eq. (13)). The comparison shows good agreement between
the numerical and experimental data and confirms the validity of the proposed CFD

approach for the no-fin condition.

1
0.387Ra,s (12)
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(13)
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In addition, to verifying the validity of the proposed numerical model for horizontal

annular finned tube conditions, the second step of verification was proposed. In this step,
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the experimental correlation for horizontal annular finned tube was compared with the
presented numerical approach. In this regard, the results of eight random different cases

with D/d =2.25 and S/d =0.185 to 1.0 were compared with the experimental correlation

of Jones and Nwizu [43] given by Eq. (14). The comparison results are presented in Fig. 3.

d _155
Nu=0.116 Ra[ 1+ || |1-exp — 2> ;
( ( Dj] { (Ra@+d[DJ] b<Ra<3x10

where Ra and Nu are defined based on Eqgs. (15) and (16). As displayed in Fig. 3, a good
agreement between the results confirms the reliability of the proposed CFD approach for
the horizontal annular finned tube cases. The mean absolute percentage error (MAPE) is

11.6%.

Data Reduction
All numerical results can be presented in the form of two dimensionless parameters, Ra
and Nu.

For a horizontal annular finned tube, Ra is presented as [40]:

_ 3 15
Mz%@ﬂﬂﬁ( S] (15)

vo. D+d

where all thermophysical properties are evaluated at mean temperature. Nu is based on fin
spacing, S, is defined as [10]:

(16)
Nu =ﬁ
k

In the above equation, k is the air thermal conductivity. The convective heat transfer

coefficient, h, is calculated by [10]:



0 (17)
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Ay and Ap are the fin and bare tube heat transfer areas respectively. 7, is fin efficiency and

can be estimated by [44]:

tanh (ymL, "
n, = {M} (18)
ymL,
y =1+0.179In(D /d ) (19)
- / 2h
=T (20)
kstf
where L, = , is the fin height. In Eq. (17), the same heat transfer coefficient was

assumed for both fin and bare tube.
The collection of all results is presented in Fig. 4. For these results, the following expression
was correlated with R2 =0.996 and the standard error was 4.9%.

_ 0.5756Ra

u_ —_—
6.264+Ra" ™" (21)

1<Ra<1.9x10*, 1.1<D/d <7, 0.0268<S/d <1

Fin spacing optimisation
Fin spacing effect
Fig. 5 shows heat transfer rate from one metre of a finned tube at the various numbers of

fins per metre of the tube for temperature differences 80K and 40K. The temperature
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difference is defined as the difference between tube and ambient temperature. By
increasing the number of fins, the heat transfer area was augmented. Therefore, it was
expected that the total heat transfer increased monotonically. However, as illustrated in
Fig. 5, there was a specific fin number in which the heat flux was maximised (see the circles
in Fig. 5). As is clear, this optimum value is a function of temperature difference between
the tube wall and air.

To understand the reason for the existence of optimum fin spacing, the temperature
contours and velocity profiles were studied for this fin geometry at the temperature
difference of 40K.

Fig. 6 shows temperature contours between two adjacent fins with different fin spacings.
For a fin number equal to 276 fins/m ($=3.22 mm), the temperature variation in the
horizontal direction was vanishingly small, implying a weak buoyant force. By increasing
the fin spacing from $=3.22 mm to $=8.07 mm (for 118 fins/m), a temperature difference
can be observed between the central zone and the zone adjacent to the fin wall. At wider fin
spacing (e.g. 39 fins/m), a central plume can be observed rising from the middle of the
tube. The term “Central peak” in Fig. 6 indicates this rising plume. The fluid boundary layer
developing on the fin walls became thin because of this rising plume. Therefore, it was
expected that the heat transfer would also get boosted.

On the other hand, increasing the fin spacing reduced the total heat transfer area per unit
length of the tube. This reduction in heat transfer area was compensated for by the
increase in heat transfer rate at preliminary stages. At wider fin spacing, the synergistic

effect of fin wall and tube boundary layers was reduced and total heat transfer was reduced
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as well. As a result, there would be optimum fin spacing in which total heat transfer would
be maximised.

To support the above explanation more quantitatively, the velocity profiles at two different
horizontal lines (HL1 and HL2) are shown in Fig. 7. HL1 is in the midplane of fin length and
HL2 is at the fin edge.

Fig. 7 confirms the above explanation about fin spacing effect. At very low fin spacing, the
velocity was low and approximately the same in both HL1 and HL2. This shows that the
buoyancy force relative to viscous drag was not strong enough to accelerate the air
between fin walls. For the case 118 fins/m, although the velocity at HL1 was approximately
the same as for the case 276 fins/m (around 0.04 m/s), the velocity at HL2 was three times
as high as for the case 276 fins/m. For the case 39 fins/m, a secondary peak in velocity at
the middle of the fin spacing can be observed. It was expected that this peak would be

flattened at very wide fin spacing. For more information, see [45].

Optimum fin spacing

Starting with Eq. (15), for an isothermal annular fin:

T -T, )S* 22
Ra:—g’g( .S = XS4 (22)
va(D+d)
T -T
where X =M . Also, for a specified finned tube length, L:
vo(D+d)
S~L/n (23)

where n is the number of fins.
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(24)

and total heat transfer from fin surface is:

0=A4,h(T,-T,) (22)

Combining Eq. (16), Eq. (24) and Eq. (22) yields:

o=LTp—awuX(r -1 (26)
S2 S
Using Eq. (21) and Eq. (22):
4 (27)
Q=£E(D2—d2) 0.5756XS07481 E(TM—TOC)
S2 6.264+(Xs4)"™ | s
Rearranging Q to the following form:
2
Q=£kL(D2 —dz)(Tw _Tw) 0.5756XS0 _ (28)
2 6.264+(XS*)"
B(S)

Since the terms out of brackets are constant, maximising Q means maximising B(s), i.e.:

iB(S) =0—>6.264+ (XS4 )0‘7481 _1-4962(XS4 )0,7481 ~0

ds
which yields XS+ =29.648 or according to Eq. (22):

Ra,, =29.648 (29)

Therefore, the optimum fin spacing, §,, , obeys the following equation:



S :2333[M (30)
opt : )

gb(T, - T,
or by substituting Eq. (29) into Eq.(21), the optimum Nu is:

Nu,, =0.9035 (31)

Therefore, the optimum achievable Nu is 0.9035. It is interesting to note that this optimum
Nu for a vertical plate-fin heat sink is equal to 1.25 [33].

Eq. (30) was derived for an isothermal fin for which the fin wall temperature was uniform.
However, due to limited fin thermal conductivity, an amount of fin wall temperature
variations may be observed for a real finned tube. The case of non-isothermal fin may be

accommodated in Eq. (30), incorporating the fin efficiency as follows [24, 46]:

S :2333( va(D +a’) v (32)
opt . OO)

g, (T, -

in which 7, is fin efficiency.

Discussion

Comparison with numerical results

Fig. 8 shows two sets of numerical results. The fin efficiency of each point is also indicated
in its vicinity. The cubic spline was fitted to each set. This cubic spline was used later to find
the optimum value of fin spacing. Since these curves are based on numerical results, they
simulate non-isothermal fin behaviour.

Optimum fin spacing was derived from Fig. 8 for each data set and compared with the

results of Eq. (30) and Eq. (32) in Table 6. Good agreement can be observed, which shows
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that Eq. (32) can predict well the optimum fin spacing for non-isothermal fins. The relative
difference is 12%.

Comparison with the scale analysis method

Yildiz and Yiincu [38] tried to find the optimum fin spacing by scale analysis method. They
argue that in the limiting case of a very small value of fin spacing, S, total heat transfer is
proportional to the square of fin spacing. On the other hand, in the limiting case of fin
spacing which is much greater than boundary layer thickness, total heat transfer is
proportional to the inverse of fin spacing. Subsequently, they proposed Fig. 9 for the
asymptotic plot of extreme limits. Equating the two asymptotes, they reached at the
following expression for optimum fin spacing:

1/4

(33)

S, = 3.38[LD)J
(T, -T.)

By comparing Eq. (33) with Eq. (30), two differences can be observed. The first is that the

coefficient of Eq. (33) is 45% larger than Eq. (30) (3.38 in comparison with 2.333) and the

second is the presence of d in the nominator of Eq. (30). These two differences are

discussed below:

= Difference in coefficients

Comparing with their experimental results, Yildiz and Yiincu [38] found that the coefficient
of their proposed equation (Eq. (33)) was greater than the expected value. But they did not
have enough experimental points to adjust the coefficient. However, they state the

following:
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“It can be noted that, this scale analysis gives only an order-of-magnitude estimation. . .

It would not be logical to expect the exact value of optimum fin spacing by this analysis.”
» Presence of D+d instead of D
Since they used scale analysis, they did not find the necessity of d in their analysis.
However, they observed data scattering relative to their proposed correlation. Therefore,
they argue as follows:

“The scatter of the data may be due to approximate characteristic of the scale analysis

and the uncertainty of the experiments.”
With the exception of these two minor differences, it is interesting that their prediction
based on the scale analysis method is well compatible with the present equation. This
compatibility also shows that the Nu correlation (Eq. (21)) works well in the extreme

limits. In other words, Eq. (21) itself is compatible with the scale analysis.

Comparison with the experimental results

Edwards and Chaddock [15] conducted a series of experiments to measure the free
convection heat transfer from cylinders with uniform annular fins with three radius ratios
(D/d = 1.94,2.97 and 5.17) and three different fin and tube materials and six different fin
spacings. The fins were thin, with a thickness of 0.508 mm, which is very close to the fin
thickness of this study. They proposed a separate curve for each radius ratio and material.
Then for copper fins with D/d = 5.17, they formulated heat transfer as a function of fin

spacing and solved for the zero of derivative of that function to give Ray, = 37, where

_gf(T, -T,)S" (34)
- vo, (D)

R aS
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To compare it with the finding of this study, rearranging Eq. (29) and Eq. (22) as:

_ 4 35
ke, <EPL-T)S Ra, =29.648 (35)

" voc(D—i—d) (l+d/D)

Replacing d/D=1/5.17 from the experiments of Edwards and Chaddock [15] yields:

Ra, = (1+d/D)29.648 = 35.4 (36)

35.4 is only 4% less than the reported value of 37. However, in contrast to Edwards and

Chaddock’s [15] prediction, the effect of D/d is included in the current study (Eq. (30)).

Comparison with parallel circular disks

One limiting case in this study was a finned tube with a very small diameter. As tube
diameter approached zero, it resembled some vertical parallel circular disk (Fig. 10).

For rectangular fins, based on Abbas and Wang [47], the two adjacent developing boundary
layers on the fin walls eventually meet at some point and form the fully developed flow. it is
known that the heat transfer rate in the fully developed region, is considerably lower than
the entrance region. For a large fin spacing, these two developing boundary layers may not
meet each other before leaving the channel. So, the heat transfer rate is high but the total
heat transfer area is low. On the other hand, for a narrow fin spacing, the boundary layers
reach each other at the early entrance of the fin channel which results in a lower heat
transfer rate, but the heat transfer area is high. So, it is expected to have a optimum fin
spacing in which the total heat flux is maximized. In spite of more complexity for parallel

circular disks, the same trend would be expected.
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Tsubouchi and Masuda [17] proposed the following equation based on their experimental

works on parallel vertical disks:

3/4

R . (37)

Nu="% 1—exp| — 253 3<Ra, <6x10’
om Ra,

Substituting the above equation into Eq. (26) and using Eq. (22) yields:

2 2 3/4 38
o _KLDS* (T, -T.) ll—exp{—(%'f] H (38)
12 Vo XS
in which X=M.
va(D)

Eq. (38) is presented for three different disk diameters in Fig. 11. This figure shows that
there is an optimum fin spacing for heat transfer from a series of parallel disks also.
However, this optimum fin spacing cannot be derived analytically from Eq. (38).

Eq. (30) is represented in Fig. 11 for d=0 by a solid thick line. As is clear even for the special
case d=0, the proposed equation can present the optimum fin spacing for parallel circular

disks.

Conclusions

In the present study, laminar natural convection heat transfer from annular finned tubes
was studied numerically. A correlation was proposed to estimate Nu and was verified by
some experimental works. The effect of fin spacing was also investigated. It was shown that
there would be a specific fin spacing in which total heat transfer was maximised. For this

optimum fin spacing, it was derived that Ra,, =29.648 and Nu,, =0.9035.
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The presented equation for optimum fin spacing works even for parallel circular disks. It
can be used to predict the optimum spacing between parallel disks if, in this equation, one
puts the tube diameter equal to zero. Furthermore, it was shown that the present equation

was compatible with the prediction of the scale analysis.
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Nomenclature

Pr

bare tube surface area per unit length of the tube (m2)
fin surface area per unit length of the tube (m?)

fin pitch (m)

air isobaric specific heat capacity (J/kgK)

fin diameter (m)

tube outer diameter (m)

gravitational acceleration (m/s?)

average convective heat transfer coefficient (W/mz2.K)
fluid thermal conductivity (W/m.K)

fin thermal conductivity (W/m.K)

tube length (m)
Fin height [= # 1 (m)

normal vector

Nusselt number based on fin spacing (Eq. (16))

Nusselt number based on cylinder diameter (Eq. (11))

Nusselt number at optimum fin spacing

number of fins
pressure (Pa)
ambient pressure (Pa)

Prandtl number
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0 total heat transfer (W)

q heat flux (W/m?)

R air gas constant (J/kg.K)

R’ coefficient of determination

Ra Rayleigh number based on S, D, and d (Eq. (22))
Ra, Rayleigh number based on d (horizontal long cylinder) (Eq. (10))
Ra,, Rayleigh number at optimum fin spacing [=29.648]
Ra, Rayleigh number based on S and D (Eq. (34))

S fin spacing (m)

Sop optimum fin spacing (m)

T temperature (K)

T film temperature [ = L ;Tm 1 (K)

Tw fin surface temperature (K)

Te ambient temperature (K)

u x-component of the fluid velocity vector (m/s)

tr fin thickness (m)

v y-component of the fluid velocity vector (m/s)

w z-component of the fluid velocity vector (m/s)
XY,z Cartesian coordinates (m)

Greek symbols
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a air thermal diffusivity (m?/s)

B air thermal expansion coefficient (1/K)
AT temperature difference [=7 -T ] (K)
nf fin efficiency

U air viscosity (Pa.s)

% air kinematic viscosity (m2/s)

p air density (kg/ms3)

Abbreviation

CFD computational fluid dynamics

HL horizontal line
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Table 1: Results of the grid independence study

Element
0.05 0.13 0.30 0.82 0.95 1.6 2.29
Number (10°)

q (W/m?) 0.0732 0.0713 0.0709 0.0706 0.0704 0.0702 0.0701

Error 445% 1.63% 1.18% 0.64% 0.47% 0.17% ---
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Table 2: Parameters used for the grid independence study

d D tf S TW - Too
(mm) (mm) (mm) (mm) (K)
18.0 140 0.4 3.22 40

30



Table 3: Results of the study for domain size independence

Domain
2D 3D 4D 5D 8D
diameter

g(W/m2?) 00767 00737  0.0716  0.0702  0.0702
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Table 4: Range of simulated parameters

d D S tr T,-T,
Dimension
(mm) (mm) (mm) (mm) (K)

Range 18-120 57.15-140 3.22-25.24 0.4 20,40
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Table 5: Long cylinder natural convection comparison

Ra, 1.636 E4 5.043E4 7.576E4 1.473E5 4.258E5 1.242E6 |Max. Error
Nu,[41] 491 6.69 7.21 8.98 1198  16.15 12.0%
Nu,[42] 543 7.19 7.96 9.40 12.26  16.02 3.5%

Nu, 5.50 7.26 7.68 9.40 12.50 15.75
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Table 6: Optimum fin spacing for non-isothermal fin,

Sopt (mm)
AT =T -T,
Fig. 8 Eq. (30) Eq. (32)
(K)
80 5.8 4.8 5.1
40 6.3 55 5.7
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Fig. 1. Sketch of the geometry and the solution domain

38



Fin Area

Fig. 2. Frontal view of the grid and its zoomed-in view
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Fig. 9. Asymptotic plot for extreme limits
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