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Abstract

We develop a theoretical framework, based on a multipole, quasi-static approach,

for the prediction of the localized surface plasmon resonances in Fanoshells formed via

geometrical symmetry-breaking in multilayer nanoshells consisting of a metallic core,

a dielectric inner shell, and a metallic outer shell. By tuning the core and shell offsets

of a gold–silica–gold multilayer nanoshell, we show that the theoretical model is in

good agreement with electrodynamic simulations. The dipolar resonances are more

suppressed when the core and the outer shell are both offset, and less suppressed when

either the core, the inner shell, or the outer shell is offset. Our theoretical model

allows us to relate these effects to the coupling constants arising from single symmetry-

breaking. Using three performance parameters, we propose the outer shell offset as the

optimal Fanoshell for sensing applications. This study systematically investigates offset-

based, single symmetry-broken, metal–dielectric–metal multilayer nanoshells within the

Rayleigh regime.
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1 Introduction

The term Fanoshells was first used in Ref.1 to refer to core-shell nanostructures capable

of supporting localized surface plasmon resonances (LSPRs) with Fano-like lineshapes —

LSPRs with a distortion in their spectral lineshapes that results in an LSPR shift.1–3 These

resonances, known as Fano resonances, are formed as a result of interference between ra-

diant, broad-band, dipolar modes and optically dark, narrow-band, multipolar modes such

as quadrupole modes.2,4–6 However, the term “Fano resonances” has also been used to de-

scribe the plasmon resonances formed via the plasmon hybridization of dipolar solid sphere

and nanoshell plasmons in multilayer nanoshells (MNSs).1,7 Here, we will adopt both defi-

nitions, the latter being more relevant when there is no geometrical symmetry-breaking,1,3,7

while the former is more relevant to symmetry-broken conventional nanoshells (CNSs)2,8 and

MNSs.1,6,9 In these geometries, the Fano effect has been shown to occur via dipole-quadrupole

and higher-order couplings, which cause the multipolar mode to become dipole-active, i.e.,

the LSPR of the dark, multipolar mode becomes enhanced and visible in the spectra, while

the LSPR of the bright, dipolar mode becomes less radiant or suppressed.1,2,6 Mode en-

hancement and suppression can be revealed by calculating the dipole polarizability of the

Fanoshell2,10 or the complex amplitude of the radiant, dipolar mode1,2 in order to show

that such dipole-active modes are only present in the absorption and scattering spectra of

symmetry-broken CNSs2,8,11 and MNSs.1,9

Fanoshells in the sub-100 nm, Rayleigh regime are experimentally realistic using wet

chemistry techniques such as those reported in Refs.4,12 Furthermore, the extinction spec-

tra of CNSs excited with specially-designed laser beams also support Fano resonances.3

Fanoshells have been designed via geometrical symmetry-breaking in both CNSs8,13 and

MNSs,5,9 and through the use of bimetallic nanoshells.14 Geometrical symmetry-breaking

involves the introduction of some asymmetry in the arrangement of the core-shell geometry

through core-offsetting,1,2,8,9,15 shell-offsetting,5,6 and other means, such as shell-cutting.16

This allows solid plasmons to hybridize with cavity plasmons of both the same and different
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angular momentum numbers — a phenomenon that is symmetry-forbidden in concentric

nanoshells.4,8,12 Such an approach has led to the formation of nanoeggs from CNSs,2,4,8,11,13

a nanosphere-in-a-nanoegg from an MNS (i.e., an MNS with a metallic shell-offset5,6), as

well as other Fanoshell configurations such as an MNS with a metallic core-offset,1,9 and an

MNS with a dielectric shell-offset.6

In a CNS, solid sphere plasmons of the shell hybridize with cavity sphere plasmons of

the core to form bonding and anti-bonding modes.17 The dipole moment of the anti-bonding

mode is weak,17–19 so that the subradiant, dipole-active modes in the Fanoshell of a CNS

are mostly due to a Fano effect between the bonding dipole and multipolar modes.2,4,8,11 In

contrast, in an MNS, nanoshell plasmons hybridize with solid sphere plasmons of the core to

form either two hybridized modes — the bonding and anti-bonding modes, such as in Au-

silica-Au and Ag-silica-Au MNSs5,12,14,20–23 — or three hybridized modes — the bonding,

anti-bonding and non-bonding modes, such as in Au-silica-Ag and Ag-silica-Ag MNSs.22–24

The dipole moment of the non-bonding mode is weak, so that it hardly undergoes any

spectral shift.22–25 However, the other two modes can be significantly enhanced, suppressed,

or shifted by proper choice of geometry size and material composition. This enables MNSs

to support more than one bright mode.25–28 In a Fanoshell of an MNS, multiple LSPRs due

to a Fano effect between the bonding (or anti-bonding) dipole and multipolar modes are

therefore possible.6,9

The optical cross-sections of Fano-based nanostructures feature LSPRs with linewidths

usually narrower than those in the optical cross-sections of the parent nanostructures. Their

narrow linewidths are very useful for refractive index sensing since they increase the figure-

of-merit of plasmonic sensors.18,19,29–33 In addition, Fano resonances are highly sensitive to

changes in the refractive index of the surrounding medium,18,25,30 undergoing LSPR shifts

that are usually in accordance with the resonance shifts in the dipolar modes of the parent

nanostructure. Since Fano resonances support multiple subradiant modes, certain nanos-

tructures have been recommended for bioimaging via label-free nanolithography and surface-
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enhanced spectroscopy techniques.34

In Fanoshells of a CNS (i.e., nanoeggs2,8,10,13), an increase in the core offset causes an

enhancement of the multipolar LSPRs and a suppression of the dipolar LSPR. Likewise, in

Fanoshells of an MNS, multipolar LSPRs can also be enhanced via core-offsetting but the

MNS geometry creates room for additional asymmetries such as inner and outer shell offsets,

which are also effective for enhancing multipolar LSPRs.5,6 Previous studies have considered

Fanoshells based on a Au-silica-Au MNS with either an offset Au core1,9,16 or an offset Au

shell,5 a Ag-silica-Ag MNS with an offset Ag core,15 or a Ag-silica-Au MNS with an offset

Ag core, an offset silica shell, or an offset Au shell.6 The core and shell offsets break the

symmetry of the MNS geometry once along a particular axis via either a core offset or a

shell offset. For this reason, we refer to this kind of geometrical symmetry-breaking as single

symmetry-breaking. Although geometrical symmetry-breaking involving both an offset and

a shell-cutting has been referred to as dual symmetry-breaking ,16 only a single symmetry

axis is involved and we suggest to rather use the term concurrent-offsets symmetry breaking.

Apart from Ref.,1 which proposed a coupled harmonic oscillator model to predict the LSPRs

in a Fanoshell with a Au core offset, only simulations have as yet been used to predict the

steady-state extinction spectra of the single symmetry-broken Fanoshells.

Here, we employ both simulation and theoretical approaches to predict the spectra and

the coupling constants responsible for single symmetry-breaking. In addition, we introduce a

Fanoshell that breaks the symmetry of the MNS geometry along the same axis via both core

and outer shell offsets, and obtain analytically the coupling constants responsible for such

single-axis symmetry-breaking involving concurrent offsets, and the formation of its LSPRs.

For the first time, a systematic study is presented using a generalized matrix equation appli-

cable to metal-dielectric-metal multilayer Fanoshells of different material composition, and

geometry sizes within the Rayleigh regime. Finally, we used three performance parameters —

geometrical sensitivity, spectral sensitivity, and scattering-to-absorption ratio — to predict

that the outer shell offset is the optimal Fanoshell for sensing applications.
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2 Theory

In this work, we employ a theoretical approach based on the quasi-static approximation of

Maxwell’s equations32,35,36 and the solid-harmonic addition theorem (SHAT),2,37 as well as

electrodynamic simulations based on three-dimensional COMSOL Multiphysics® software,38

to investigate the mode enhancement and suppression phenomena in the extinction spectra

of the Fanoshells. In Refs.,9,15 where offset cores were studied, it was shown that both x- and

z-polarized incident fields lead to the same number of LSPRs in the spectra of the Fanoshell

but that the latter results in slightly larger spectral shifts. Here, we will investigate the

optical response of the Fanoshells to both z- and x-polarizations of the incident field but will

present the spectra obtained from the former only since its LSPRs are slightly more sensitive

to the offsets than the latter. The spectra obtained for x−polarization can be found in Fig.

S3 of the Supplementary Information.

Figure 1: Model geometry of the metal-dielectric-metal MNS with a metallic core of radius
a, an inner shell of radius b, giving a dielectric layer of thickness b− a, and an outer shell of
radius c, giving a metallic layer of thickness c− b. An incident electric field, E, propagating
along the x-direction with a wavevector k is plane-polarized in the z-direction along the
direction of the core and outer shell offsets, σc and σs, respectively.

We employed the approach previously used in Ref.2 where the electrostatic potentials

from the solution of the Laplace equation for a sphere in a homogeneous electrostatic field

are written for each region in the Fanoshell, and the respective boundary conditions inside

and outside each of these regions are matched accordingly, with the application of the SHAT37

at the interface where any two regions share separate centers as a result of an offset. This
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allows us to obtain the complex amplitude of the scattered dipole potential, F1, in the

medium surrounding the Fanoshell, from which the dynamic polarizability can be obtained

from the expressions13,39

α(ω) = αs(ω)

[
1− k2

h

4πε0c
αs(ω)−

ik3
h

6πε0
αs(ω)

]−1

, (1a)

αs(ω) = 4πε0c
2F1/E0, (1b)

and the extinction efficiency of each Fanoshell via energy conservation:35,40–42

Qext =
1

A

[
khℑ[α(ω)]

ε0
+

k4
h|α(ω)|2

6πε20

]
, (2)

where αs(ω) is the quasi-static dipole polarizability, ε0 is the free-space permittivity, A is

the cross-sectional area of the MNS, and kh = 2π
√
εh/λ is the wavenumber of an incident

field of amplitude E0 and wavelength λ propagating in a host medium of dielectric constant

εh.

The frequency-dependent, complex dielectric function of the metal is modelled using a

Drude-Lorentz model of the form43

ε(ω) = ε∞ − f0
ω2
p

ω(ω − iγp)
+

5∑
j=1

fj
ω2
p

ω2
j − ω2 + iωγj

, (3)

where εc(ω) = εs(ω) = ε(ω) in the case of Fig. 1, εc(ω) and εs(ω) are the dielectric constants

of the metallic core and shell, respectively, ε∞ is the high-frequency dielectric constant of the

positive ion core, f0, ωp, and γp are the oscillator strength, plasma frequency, and damping

rate of the free electrons, respectively, j is the number of Lorentz oscillators with oscillator

strength fj, frequency ωj, and damping rate γj associated with bound electrons, and ω is

the frequency of the incident field. The values of these parameters for different metals can

be found in Ref.43

To find F1, a matrix equation with Fl unknowns is solved for l multipoles, giving (see the
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Supplementary Information):

N∑
n=1

plLln

N∑
l=1

SnlvlFl +
N∑

n=1

qlKln

N∑
l=1

TnlvlFl =
N∑

n=1

plLln

N∑
l=1

Unl +
N∑

n=1

qlKln

N∑
l=1

Vnl, (4)

where

Snl = c̃nMnlxl + d̃nNnl, Tnl = ãnMnlxl + b̃nNnl, (5a)

Unl = c̃nMnlgl + d̃nNnlul, Vnl = ãnMnlgl + b̃nNnlul, (5b)

Kln =

 n

l

 alσn−l
c

bn


1, n ≥ l

0, n < l

, Lln = (−1)l−n

 l

n

 bn+1σl−n
c

al+1


1, l ≥ n

0, l < n

, (6a)

Mnl =

 l

n

 bnσl−n
s

cl


1, l ≥ n

0, l < n

, Nnl = (−1)n−l

 n

l

 cl+1σn−l
s

bn+1


1, n ≥ l

0, n < l

, (6b)

and

pl = lεc(ω) + (l + 1)εd, ql = l[εc(ω)− εd], (7a)

ãn = [nεs(ω) + (n+ 1)εd]/(2n+ 1)εd, b̃n = (n+ 1)[εd − εs(ω)]/(2n+ 1)εd, (7b)

c̃n = n[εd − εs(ω)]/(2n+ 1)εd, d̃n = [(n+ 1)εs(ω) + nεd]/(2n+ 1)εd, (7c)

vl = [lεs(ω) + (l + 1)εh]/(2l + 1)εs(ω), gl = yl + ulxl, (7d)

xl = (l + 1)[lεs(ω)− εh]/[lεs(ω) + (l + 1)εh], (7e)

yl = E0c(l + 2)δ1lεh/[lεs(ω) + (l + 1)εh], ul = E0cδ1l[lεs(ω)− εh]/(2l + 1)εs(ω), (7f)

δ1l =


1, l = 1 (bright mode)

0, l ≥ 2 (dark modes)
. (7g)
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Here, Kln and Lln are the coupling constants between the solid plasmons of the metal core

and the cavity plasmons of the dielectric shell for the same (l = n) and different (l ̸= n)

angular momentum numbers, respectively, Mnl and Nnl are the coupling constants between

the solid plasmons of the metallic shell and the cavity plasmons of the dielectric shell for

the same (n = l) and different (n ̸= l) angular momentum numbers, respectively, and εd

is the dielectric constant of the dielectric shell. The coupling constants, Kln and Lln, are

dependent on the core radius, a, the inner shell radius, b, and the core offset, σc. On the

other hand, the coupling constants, Mnl and Nnl, are dependent on the inner shell radius, b,

the outer shell radius, c, and the shell offset, σs. Their dependence on the offset is shown in

Fig. S2 of the Supplementary Information using the geometric parameters given in Section

3. However, their contributions in Eq. (4) are in the form of matrix elements and not as

sums as indicated in Fig. S2. When there is no offset, the coupling constants Kln and Lln

depend only on the core aspect ratio, K11 = a/b, while the coupling constants Mln and Nln

depend only on the inner shell aspect ratio, M11 = b/c, as shown in Table 1.

The simulations were performed in the RF module of COMSOL Multiphysics using a

spherically-symmetric perfectly-matched layer (PML) and scattering boundary conditions

applied in the internal PML surface. A z-polarized incident plane wave, E = E0e
−ikhxêz,

propagating in the x-direction was applied to the MNS. The extinction efficiency of each

Fanoshell was calculated from energy conservation through the following expression:44

Qext =
1

AP0

[∫∫∫
PdisdV +

∫∫
ℜ[Ssca]dS

]
. (8)

The first term in Eq. (8) is a volume integral of the total power dissipation density of the

nanoparticle, Pdis. The second term is a surface integral of the real part of the flux of the

complex Poynting vector of the scattered field, Ssca, and P0 is the power density of the

incident field.44
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3 Results and discussion

We studied nanoparticle sizes within the Rayleigh regime where the electrostatic approxi-

mation is valid. The following sizes were considered: a = 25 nm, b = 35 nm, c = 45 nm, for

core and outer shell offsets in the range 0 ≤ σc < b − a and 0 ≤ σs < c − b, respectively.

We considered offsets of the core and metallic shell with respect to a fixed dielectric shell.

The geometry we started with in Fig. 1 that led to Eq. (4) is of the form shown in Fig.

2e: a concurrent offset core and outer shell, i.e., the core offset is in the direction of the

negative z-axis while the outer shell offset is in the direction of the positive z-axis, such that

neither the core nor the outer shell share the same center with the inner shell. On the other

hand, the offset inner shell geometry (Fig. 2d) requires that both the core and the outer

shell are offset equally in either the direction of the positive or negative z-axis. This causes

the core and the outer shell to share the same center, thereby making the inner shell offset

with respect to the center of those two. The direction of the offsets in either the positive or

negative z-axis does not affect the optical response of the other Fanoshell configurations.

Table 1: Offsets and coupling constants for the realization of the optical response of each
Fanoshell configuration from Eq. (4).

Fanoshell Offsets Coupling constants

a No offset σc = σs = 0 Kl=n =
(

a
b

)n

;Ll=n =
(

a
b

)−(n+1)

;Mn=l =
(

b
c

)l

;Nn=l =
(

b
c

)−(l+1)

b Offset core 0 < σc < b− a, σs = 0 Kln;Lln;Mn=l =
(

b
c

)l

;Nn=l =
(

b
c

)−(l+1)

c Offset outer shell σc = 0, 0 < σs < c− b Kl=n =
(

a
b

)n

;Ll=n =
(

a
b

)−(n+1)

;Mnl;Nnl

d Offset inner shell σs = −σc, 0 < σc < b− a Kln;Lln;Mnl;Nnl

e Offset core and outer shell 0 < σc ≤ σs < c− b, 0 < σs ≥ σc < b− a Kln;Lln;Mnl;Nnl

0 < σc ≥ σs < c− b, 0 < σs ≤ σc < b− a Kln;Lln;Mnl;Nnl

All the combinations of no offset or a finite offset lead to the Fanoshell configurations

shown in Fig. 2. Table 1 lists for each of these configurations the different values of the

offsets and the coupling constants associated with their core-shell plasmons. We solved Eq.

(4) for the first ten multipoles (N = 10), i.e., for l, n = 1, 2, ..., 10, using a home-developed

Python-based code, with εd = 2.04 and εh = 1.77 as the dielectric constants of silica and
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Figure 2: Fanoshells of a metal-dielectric-metal multilayer nanoshell illustrated in two di-
mensions. a No offset, b Offset core, c Offset outer shell, d Offset inner shell, e Offset core
and outer shell.

water (the host medium), respectively. Thus, Eq. (4) is a generalized matrix equation,

which, when combined with Eqs. (1) and (2), predicts the theoretical extinction spectra of

metal–dielectric–metal multilayer Fanoshells once the dielectric constants εc(ω), εs(ω), εd, εh,

the radii a, b, c, and the offsets σc and σs are given. We used Au–silica–Au Fanoshells to

validate the theoretical model by comparing it with simulation results. This enabled us to

draw comparisons with existing literature on Au–silica–Au Fanoshells.1,5,9,26,28

3.1 Mode Suppression and Enhancement

We denote the anti-bonding and bonding dipolar LSPRs by a1 and b1, respectively. Let

1, 2, 3, ..., denote the dipole, quadrupole, octupole modes, and so on, respectively. As shown

in Figs. 3 and 5 (blue curves) and in Fig. 4a, the Fanoshell with no offset does not support

dipole-active, multipolar LSPRs. Since the coupling constants are independent of the offsets

(Table 1a), the Fano effect fails to occur. Ref.9 has also shown that multipolar LSPRs are

dark at offsets small compared to the shell thickness. The reason for this is that the offset-

dependent coupling constants in Eq. (6) are weak at small offsets. Thus, we used large offsets

in this section to ensure that the multipolar peaks are visible as a result of strong coupling

of the bright mode to the dark modes of the MNS. In Fig. 4a, the field enhancements show

that although a1 and b1 are both bright (dipolar) modes, b1 is super-radiant while a1 is

sub-radiant. Thus, b1 is more likely to contribute to the Fano effect at large offsets.

In the extinction spectra of the single-offset symmetry-broken Fanoshells shown in Fig. 3,

10



the theoretical model (Fig. 3(a-c)) agrees well with the simulation results (Fig. 3(d-f)). Due

to the quasi-static approximation, the relative extinction efficiencies differ but the number

and positions of the LSPRs predicted by both methods are very similar. In this work, we are

interested in the LSPRs, especially b1, due to its high sensitivity to the offsets (vide infra).

The anti-bonding dipole LSPR, a1, indexed around 535 nm in Fig. 3(a-c) and around 545

nm in Fig. 3(d-f), does not undergo any wavelength shift with a change in the offset.

The anti-bonding mode is formed by the hybridization of the sphere plasmons of the Au

core and the anti-bonding mode of the core-shell plasmons of the silica–Au nanoshell, while

the bonding mode is formed by the hybridization of the sphere plasmons of the Au core and

the bonding mode of the core-shell plasmons of the silica–Au nanoshell.9,21,28 For the size of

the MNS geometry considered in this study, and other similar sizes where b−a = c− b, a1 is

usually weak compared to the bonding dipole LSPR, b1, since the LSPR of the anti-bonding

core-shell plasmons is also weak.9,26,28 Thus, such sizes are chosen in order to preferentially

enhance b1, since it has been shown to contribute significantly to the formation of dipole-

active, multipolar LSPRs,5,6,9 compared to geometry sizes where the enhancement of a1

was preferred.5 Therefore, the inability of a1 to undergo mode suppression and a subsequent

wavelength shift at large offsets in the single-offsets symmetry-broken Fanoshells is the result

of the dipole moment of a1 being too weak to contribute to the offsets-dependent Fano effect.

As shown in Figs. 3 and 5, the bonding LSPRs — b1, b2, and b3 — dominate the

extinction spectra of the Fanoshells, in agreement with previous literature.5,6,9,15 Fig. 3

shows that as the offset approaches the shell thickness, b2 and b3 become more enhanced

and b1 becomes more suppressed. This is due to an increase in the coupling constants. The

Fanoshell with a Au core offset (Figs. 3a and 3d) supports a significant suppression of b1

and enhancement of b2 and b3 followed by the Fanoshell with a silica shell offset (Figs. 3b

and 3e) and the Fanoshell with a Au shell offset (Figs. 3c and 3f). Due to this reason, the

Au core offset geometry supports larger offset-dependent wavelength shifts in b1 compared

to the other two Fanoshells. The suppression of b1 at large offsets in the Fanoshell with a
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Figure 3: Normalized extinction efficiency of the single-offset symmetry-broken Fanoshells
for the a-c analytical results and d-f simulation results. The spectra for 5-nm, 7-nm, and
9-nm offsets have been vertically shifted by equal amounts.
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Au core offset causes b1 to become less radiant than b2 and b3 (Fig. 4b), compared to the

other Fanoshells (Fig. 4c and Fig. 4d). This has been referred to as the quenching of the

radiant mode2. Though both b2 and b3 become dipole-active (radiant) due to their mode-

mixing with b1, some of their multipolar character is still present since b1 is not entirely

quenched. This is more pronounced in Fig. 4c and Fig. 4d, where b2 and b3 are sub-radiant

with respect to b1. However, the dark, multipolar character of b2 and b3 is only noticeable

away from the core-shell overlap regions (Fig. 4), otherwise they are super-radiant near the

overlap regions due to the intense localization of the scattered field.

In Figs. 3a and 3d, b1, indexed around 805 nm at 0-nm offset (blue curve), shifts to

∼1010 nm when the core is offset at 9-nm (red curve). This is more than the wavelength

shifts in the silica shell offset where b1 shifts from ∼805 nm at 0-nm offset to ∼983 nm at

9-nm offset (Figs. 3b and 3e) and in the Au shell offset where it shifts from ∼805 nm at

0-nm offset to ∼976 nm at 9-nm offset (Figs. 3c and 3f).

Figure 4: Colour maps of the logarithmic electric field enhancements (log|E/E0|2), at the
indicated LSPR of the concentric MNS (a) and those of the single-offset, symmetry-broken
Fanoshells (b, c and d), for a z-polarized incident field in the direction of the 9-nm offsets.
The labels, a1 to b1, from left to right reflects the indexing in Fig. 3 (red curves).

On the other hand, the bonding multipolar LSPRs undergo larger offset-dependent wave-

length shifts in Fanoshells with an offset shell. For instance, in Figs. 3b and 3e (silica shell

offset), b2 shifts from ∼658 nm at 5-nm offset (green curve) to ∼843 nm at 9-nm offset, and
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from ∼645 nm to ∼754 nm for the same offsets in the spectra of the Au shell offset (Figs. 3c

and 3f). These shifts are slightly larger than the wavelength shift in the spectra of Au core

offset where b2 shifts from ∼645 nm at 5-nm offset to ∼743 nm at 9-nm offset (Figs. 3a and

3d), because Kln and Lln contribute more to the enhancement of the multipolar LSPRs and

wavelength shifts in the dipolar LSPR but less to the wavelength shifts in the multipolar

LSPRs compared to Mnl and Nnl. In the former, all the coupling terms contribute to the

extinction of the incident radiation (governed by the right hand side of Eq. (4)) while in

the latter, only terms with l = 1 (the bright mode) contribute to the extinction, due to Eqs.

(5b) and (7g). For this reason, b2 and b3 appear more radiant in the Au core-offset Fanoshell

compared to b2 and b3 in the two shell-offset Fanoshells shown in Fig. 4. These Fanoshells

can also support an octupole bonding LSPR, b3, at offsets near the shell thickness — where

the terms in the coupling constants contribute the most to plasmon hybridization. This is

illustrated by the 9-nm offset spectra at peak positions ∼650 nm, ∼720 nm, and ∼680 nm

in Figs. 3c and 3f (Au core offset), Figs. 3c and 3f (silica shell offset), and Figs. 3c and 3f

(Au shell offset), respectively.

Figs. 5a and 5b show that the Fanoshell with concurrent Au core and shell offsets

supports more enhanced multipolar LSPRs as well as stronger wavelength shifts compared

to the Fanoshells discussed earlier. Here, b1 is almost completely quenched for 9-nm offsets

as shown in Fig. 6 (bottom panel), leading to a large wavelength shift from ∼805 nm at 0

nm (blue curve) to ∼1542 nm for 9-nm offsets (red curve). Similarly, b2 undergoes a large

shift, from ∼662 nm for 5-nm offsets (green curve) to ∼914 nm for 9 nm offsets, causing it

to be sub-radiant with respect to b3 (Fig. 6 (bottom panel)). As the offsets approach the

shell thickness, higher-order LSPRs such as b3, b4 and a2 become dipole-active, as shown in

Figs. 5b and 6. Though b2, b3 and b4 are more radiant than b1, their mixing with b1 does

not entirely eliminate their multipolar character as shown by the electric field enhancements

around the Fanoshell at these LSPRs compared to that of b1 (Fig. 6). Similarly, a2 is

an enhanced anti-bonding quadrupole mode that is super-radiant with respect to a1 (Fig.
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Figure 5: Normalized extinction efficiency of the concurrent-offsets symmetry-broken
Fanoshell for the a analytical results, and b simulation results. The spectra for 5-nm, 7-nm,
and 9-nm offsets have been vertically shifted by equal amounts.

6 (top panel)). The absence of a2 and b4 in Fig. 5a for 9-nm offsets shows that the

simulation does not totally agree with the theoretical model for this Fanoshell at offsets

comparable to the shell thickness. The LSPR, a2, indexed around 620 nm at 9-nm offsets,

though not dipole-active in Fig. 5a, is visible in Fig. 5b due to the mode suppression

of a1. The appearance of a2 and b4 in Fig. 5b at large offsets is due to the radiative

damping of a1 and the multipolar bonding modes, b2 and b3, respectively. This pronounced

radiative damping of the LSPRs at large offsets is induced when the Fanoshell’s core and

outer shell are concurrently offset. The modes a2 and b4 are absent in Fig. 5a because the

polarizability in Eq. (1) is based on the Meier and Wokaun long-wavelength approximation

(MWLWA) described in Ref.39 The MWLWA does not account for the radiative damping

of the multipolar modes or the short-wavelength LSPRs such as a1. Hence, unlike single-

offset symmetry-breaking, the concurrent-offsets symmetry-breaking can cause higher-order

anti-bonding LSPRs to become dipole-active, since it involves both the contribution of all

the coupling constants, Kln, Lln,Mnl, and Nnl, to the Fano effect, and the radiative damping

of a1. Though all the coupling constants also contribute to the formation of the multipolar

LSPRs in the silica shell offset geometry, the negative shell offset (Table 1d) decreases the
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Figure 6: Colour maps of the logarithmic electric field enhancements (log|E/E0|2), at the
indicated LSPR of the concurrent-offsets, symmetry-broken Fanoshell, for a z-polarized in-
cident field in the direction of the 9-nm offsets.

coupling terms in Mnl and Nnl compared to their values with a positive shell offset (Table

1e).

3.2 Performance Parameters

In this section, we will discuss and use three performance parameters — geometrical sen-

sitivity, spectral sensitivity, and scattering-to-absorption ratio — to determine the optimal

Fanoshell for refractive index sensing. The aim of this section is not to optimize these pa-

rameters but to determine how they are affected by the Fanoshell configuration and the

offset. These parameters are also affected by the size of the MNS geometry. For instance, in

Ref.,5 where an outer Au shell offset was studied, it was shown that decreasing the core size

enhances the sensitivity of the multipolar LSPRs. Nevertheless, core-size dependence is not

investigated here.

3.2.1 Geometrical Sensitivity

In order to determine the Fanoshell configuration most sensitive to an offset, we introduce

the geometrical sensitivity. It measures the ease at which the LSPR responds to changes

in the offset. A similar approach has been used in Ref.28 to measure the ease at which

the LSPRs respond to changes in the inner shell thickness of the no-offset Fanoshell. Fig.

7 shows the dependence of the wavelength shifts on the offset for the two most sensitive
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bonding LSPRs — the dipolar (b1) and quadrupolar (b2) LSPRs. The wavelength shift in

the bonding dipolar LSPR, calculated as b1 − b10, where b10 denotes the bonding dipolar

LSPR of the Fanoshell with no offset, has a near-exponential growth (i.e. a redshift) with

increasing offset (Fig. 7a). This is a sharp contrast to the universal scaling principle,28

according to which the wavelength shift exhibits a near-exponential decay (i.e. a blueshift)

with increasing thickness of the inner dielectric shell. This inverse relationship between the

universal scaling principle and offset-based, geometrical symmetry-breaking can be justified

by recognizing that in the former, the coupling strength between the solid sphere plasmons

of the metallic core and those of the metallic shell decreases as the thickness of the inner

dielectric shell is increased, while in the latter, the coupling strengths responsible for the

formation of the bonding modes, increase as the offset approaches the shell thickness, as

shown in Fig. S2 of the Supplementary Information.

Let Sg denote the geometrical sensitivity or the growth rate. We can then represent the

wavelength shift via an exponential function of the form

b1− b10 = a0e
Sgσ, (9)

where σ is the offset, and a0 denotes the constant wavelength shift at small offsets in the

range 0 < σ < 2 (Fig. 7a), where the suppression of the dipolar LSPR leads to negligible

shifts. Table 2 shows that the high values of both Sg and a0 in the Fanoshell with concurrent

Au core and shell offsets are responsible for the large wavelength shifts shown in Fig. 7a (red

curve). The other Fanoshells are based on single symmetry-breaking, and can only support

significant wavelength shifts at large offsets.

Fig. 7b shows that the quadrupolar LSPRs are less sensitive to changes in the offset

compared to the dipolar LSPRs. These LSPRs are not dipole-active at offsets that are small

compared to the shell thickness, i.e., offsets in the range 0 < σ < 4 (Fig. 7b). At those

offsets, the offset-dependent coupling constants are not sufficient to cause a Fano effect.
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Figure 7: Dependence of the wavelength shifts of the bonding dipolar and quadrupolar LSPRs
of the Fanoshells on the offset. a Bonding dipolar LSPR, b Bonding quadrupolar LSPR.
Dots represent calculated LSPRs and lines are exponential fits. The wavelength shifts in a
were calculated using the dipolar bonding LSPR of the MNS with no offset as the reference,
while those in b were determined using the quadrupolar bonding LSPR of the MNS with a
core offset at 4 nm as the reference.

Figure 8: Dependence of the bonding dipolar LSPR, b1(σc, σs), of the concurrent-offsets
Fanoshell on different values of the core and shell offsets σc ̸= σs, such that σc + σs = 9 nm
for each (σc, σs) pair, for both the z- and x-polarizations of the incident electric field.

Fig. 7 also shows that the quadrupolar LSPRs are more sensitive to shell offsets than core

offsets, while the dipolar LSPRs display the opposite behavior. This is due to the different
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Table 2: Fitting parameters obtained for the Fanoshells based on the wavelength shift (Eq.
(9)), for the offset-dependent bonding dipolar LSPRs (Fig. 7a). The standard errors in the
exponential fits have been ignored.

Fanoshell a0 (nm) Sg (nm−1)
Au core offset 1.72 0.53

Silica shell offset 1.72 0.51
Au shell offset 1.72 0.51

Au core + shell offsets 3.46 0.59

contributions from the terms in the coupling constants (see Subsection 3.1).

Fig. 8 shows the dependence of b1 on the polarization of the incident field when both

the core and shell offsets, σc and σs, of the Fanoshell with concurrent offsets are varied. In

Fig. 8, b1 depends specifically on a (σc, σs) pair that maximizes the offset, i.e., a (σc, σs) pair

such that σc + σs = 9 nm. It also shows the transition of b1 from the maximum shell-offset

only — i.e., b1(0 nm, 9 nm) — to the maximum core-offset only — i.e., b1(9 nm, 0 nm).

In our theoretical model, 9 nm is the offset that leads to the largest shifts in b1 as we have

shown in Fig. 3 and Fig. 5 (red curves). For (σc, σs) pairs where σc + σs < 9 nm, several

permutations of σc and σs are possible, most of which do not lead to significant LSPR shifts.

Beyond the 9-nm offset, the quasi-static theory performs poorly. The bonding LSPR due to

the response of the Fanoshell to an x-polarized incident field is slightly blueshifted (Fig. 8,

blue curve) from that of the LSPR due to a z-polarized incident field (Fig. 8, red curve).

Thus, the Fanoshells are more geometrically-sensitive when the incident field is polarized

in the direction of the offsets. This trend is the same for the other Fanoshells as shown in

Fig. S3 of the Supplementary Information. Fig. S3 also shows that the response becomes

the same when the offset is removed, showing that the polarization-dependent response is

induced by the offset, in agreement with previous studies.9 In Fig. 8, b1 decreases when σc is

decreased (and σs is concurrently increased) until a turning point is reached in both curves

where an increase in σs (and simultaneous decrease in σc) causes b1 to increase. However,

b1(σc > σs, σs) is more geometrically-sensitive than b1(σc, σs > σc), in agreement with our

discussions in Section 3.1. The turning point is a (σc, σs) pair that minimizes b1(σc, σs)
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such that the matrix elements due to the pair (Kln, Lln) and the pair (Mnl, Nnl) contribute

equally to the Fano effect at that point, else the curves in Fig. 8 will always shift toward

the right (owing to a dominant contribution from the pair (Kln, Lln)) or toward the left

(due to a stronger contribution from the pair (Mln, Nln)). For the MNS size and the offsets

we considered, the turning point occurs around the pair (4 nm, 5 nm), irrespective of the

incident field polarization, as shown in Fig. 8.

3.2.2 Spectral Sensitivity

The spectral sensitivity, Sλ,33 also referred to as refractive index sensitivity,25,29,30 measures

the ease at which the LSPR changes with a change in the refractive index of the surrounding

medium. Here, we will use b1, which is the most sensitive LSPR of the MNS,25,32 to determine

the most spectrally-sensitive Fanoshell. As shown in Fig. 9, b1 undergoes a redshift as the

refractive index of the medium is increased. The values of Sλ, displayed in Table 3, are

Figure 9: Dependence of the bonding dipolar LSPRs of the Fanoshells on the refractive index
of the medium at a 5 nm offsets, and b 7 nm offsets. Dots represent calculated LSPRs and
lines are linear fits.

obtained by fitting a linear function of the form b1 = Sλnh + b0,25 to the calculated values

of b1, where nh is the refractive index of the host medium, and b0 is the vertical intercept.

At 5-nm offsets, the values of Sλ are comparable for the different Fanoshells (Fig. 9a and

Table 3 (second column)). At 7-nm offsets, the Fanoshells with Au shell offsets become
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Table 3: Spectral sensitivities of the bonding dipolar LSPR obtained for the Fanoshells using linear
fits. The vertical intercepts and fitting uncertainties are not included.

Fanoshell Sλ (nmRIU−1) Sλ (nmRIU−1) Sλ (nmRIU−1)
@ 5 nm offset @ 7 nm offset @ 7 nm offset

with a Ag core
No offset 73 73 153

Au core offset 62 63 125
Silica shell offset 74 77 150
Au shell offset 85 118 223

Au core + shell offsets 87 114 198

more spectrally-sensitive than the other Fanoshells (Fig. 9b and Table 3 (third column)).

Curiously, the most geometrically-sensitive Fanoshell — the Fanoshell with concurrent Au

core and shell offsets — is not necessarily the most spectrally-sensitive. This is likely due to

two major reasons. Beside the Fanoshells being more geometrically-sensitive as the offsets

approach the shell thickness, the asymmetries in Fanoshells with an outer shell offset are

in direct contact with the medium while those in the core and inner shell offsets are not.

Due to this reason, the Au core offset, which is the most geometrically-sensitive among the

single symmetry-broken Fanoshells (Fig. 7a), is the least spectrally-sensitive among them, as

shown in Table 3. Likewise, the Fanoshell with no offset is more spectrally-sensitive than the

core-offset Fanoshell. Therefore, geometrical symmetry-breaking can be a good technique

for enhancing the spectral sensitivity of MNS-based LSPR sensors only when shell offsets

are involved.

3.2.3 Scattering-to-absorption ratio

The first term in Eqs. (2) and (8) is the absorption efficiency, Qabs, of the nanoparticle while

the second term is the scattering efficiency, Qsca. Let Qsca/Qabs denote the scattering-to-

absorption ratio. We want to determine the Fanoshell with the greatest Qsca/Qabs at the

dipole LSPRs. Due to mode suppression, Qsca/Qabs of the dipolar LSPRs decreases with

increasing offset (Fig. 10), in agreement with Ref.9

The no-offset Fanoshell (at 0-nm offset in Fig. 10) has the largest values of Qsca/Qabs,

followed by the single symmetry-broken Fanoshells. At large offsets, where the values of
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Figure 10: Dependence of the scattering-to-absorption ratio on the offset in the Fanoshells
at the dipolar LSPRs. Calculated values are shown as dots connected by lines.

Sλ are high, the Fanoshells with either inner or outer shell offsets have the largest values

of Qsca/Qabs since their dipolar LSPRs are less suppressed. Refs.19,33 have reported that a

decrease in Qsca/Qabs is disadvantageous for sensing applications because it has a negative

impact on the resolution of the sensor. Taking also the values for Sλ in Table 3 into account,

our results indicate that the outer shell offset is the optimal Fanoshell for sensing applications

because at large offsets, its values for both Qsca/Qabs and Sλ are the highest.

The spectral sensitivities and scattering-to-absorption ratios of these Fanoshells can be

further improved by using Ag-based nanostructures,25,32 since the plasmon damping in Ag

is less than that in Au.43 The last column in Table 3 shows that there is a significant

improvement in Sλ when the Au core is replaced with a Ag core. The use of other materials

such as graphene18 or other noble metals,7,22 reduction of the core size,5 or increasing the

overall size of the MNS geometry7,9 can enhance these parameters even further.

4 Conclusion

We have presented a generalized, multipole, quasi-static approach for the realization of

multilayer Fanoshells by offsetting either the metallic core, the dielectric shell, the metallic

shell, or both the metallic core and metallic shell. The equations we have derived can
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be used to predict the extinction spectra of metal–dielectric–metal multilayer Fanoshells of

various sizes and offsets within the quasi-static regime in significantly reduced computational

time. For each offset, the analytical spectrum takes ca. half a minute to calculate via a

Python code that runs on a 4 GB RAM, 1.60 GHz processor, 64-bit Intel Core i5 computer,

while the simulated spectrum takes ca. 50 minutes to compute via a COMSOL model

on the same computer. Using Au–silica–Au Fanoshells, we have shown analytically that

the enhancement of the multipolar modes in the extinction spectra of these Fanoshells via

geometrical symmetry-breaking are accompanied by the suppression of the dipolar modes,

which is in good agreement with our simulations and previous studies. Our study has revealed

the nature of the coupling constants responsible for mode suppression and enhancement,

as well as the optimal Fanoshell for sensing applications — the outer shell offset. The

study shows that in concurrent-offsets symmetry-breaking of the MNS, the coupling terms

involved lead to more-enhanced multipolar LSPRs, while in single-offset symmetry-breaking,

the coupling terms involved lead to less-enhanced multipolar LSPRs. For the Fanoshell

sizes we studied, multipolar bonding LSPRs beyond the quadrupole LSPR become dipole-

active when the offset approaches the shell thickness. Likewise, concurrent-offsets symmetry-

breaking can enable the formation of visible but weak quadrupole anti-bonding LSPRs at

such offsets. We attribute this to the sensitivity of the coupling constants to large offsets as

well as to the radiation damping of the anti-bonding dipole mode. We also found that offset-

based geometrical symmetry-breaking results in a near-exponential growth of the wavelength

shifts with increasing offset, in contrast to the universal scaling principle.
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