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Abstract

The theory of fragmentation-coagulation equations began around 1916 with a series of papers by
Smoluchowski on pure coagulation and since then continued to incorporate other processes into
the model. The intention was to study the evolution of objects undergoing breakdown and/or
merging. The scientific goals are to determine the conditions under which solutions exist, are

unique and identify them accordingly.

In this study, we considered the continuous fragmentation-coagulation equation with transport
(decay or growth), subject to homogenous/McKendrick-von Foerster boundary condition in the
latter case. The theory of semigroups of linear operators and, in particular, the Miyadera-
Desch perturbation theorem are used to show the existence of semigroup solutions for the linear
transport-fragmentation equation. We proved that the established semigroups have the mo-
ment improving property. The latter result plays a crucial role in the analysis of the complete
transport-fragmentation-coagulation equation which is treated as a Lipschitz perturbation of the
former linear problem. Under mild restrictions on the model coefficients, the existence of positive
local classical solutions is established. Further, under additional conditions, their global in time
existence is proved. Finally, a systematic technique is developed for obtaining closed-form so-
lutions to continuous transport-fragmentation equations with homogenous boundary conditions
and power-law coefficients. New solutions for the constant and linear decay/growth coefficients
are presented. Furthermore, it is shown that the technique extends to some cases of the growth-

fragmentation equation with the McKendrick-von Foerster boundary condition.
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CHAPTER [

Introduction

1 Overview

Fragmentation and coagulation processes describe a wide range of natural and man-made events
in animate and inanimate matter. Fragmentation means the breakdown of matter into smaller
particles, whereas coagulation, its reciprocal, is the merging of particles to form new, larger
clusters. Specific instances are evident in polymerisation and degradation, planetesimal formation,
evolution of the marine world e.t.c., see [18, 40, 41, 55, 56] and references therein. Therefore, a

better understanding of these processes is crucial.

The study of coagulation dates back to the early 20" century and was done in two papers [51, 52]
by Smoluchowski, who modeled the kinetics of colloidal formation. He considered coagulation
equations with discrete particle sizes. The model was formulated as an infinite set of ordinary
differential equations. Subsequently, Becker and Doring [21] extended the model to encompass

discrete fragmentation.

In some applications, considering the discrete particle sizes turns out to be disadvantageous; as a
result, a continuous form of the model is necessary. Miiller [46] proposed a continuous coagulation
equation given by

Ou(w,t)
ot

N | —

/0 “k(a — g yule — g, Ouly, O)dy / k(e yule, uly, dy,  (111)
with
u(z,0) = ug(x).

In this case, x > 0 and ¢ > 0 denote the particle size and time, respectively. The density of

particles x at time ¢ is denoted by wu(z,t), while k(z,y) is a coagulation kernel, which gives the



rate at which particles of size = merge with particles of size y and it is assumed to be symmetric,

that is, k(z,y) = k(y, z). Factor L is used to avoid double counting.

The extension to cover the fragmentation is due to Melzak [44], and it can be written as

ou(z,t)
ot

— —a(m)u(x,t)—l—/oo a(y)b(z, y)u(y, t)dy (112)
v 1.1.2

+ % /0“ k(x —y,y)u(x —y, t)u(y, t)dy — /Ooo k(z, y)u(e, tu(y, t)dy.

The first term on the right side of (I.1.2) represents the rate at which particles of mass/size «
break to form smaller particles and the second is the rate at which we get particles of size/mass
x. The overall fragmentation rate is represented by a(x) and the fragmentation kernel sometimes
called the daughter distribution function, is represented by b(z,y), describes the distribution of
x—mass/size particles produced by a fragmentation of y—mass/size particle, while the remaining

terms are defined as before.

Fragmentation and coagulation often occur in combination with other processes such as growth,
decay or diffusion, and to account for, a term with partial derivative with respect to the size
variable was introduced. This broadens the application domain of the model by incorporating

e.g., the evolution of the species that can grow or die.

In this thesis, we deal with the mathematical analysis of a continuous fragmentation-coagulation

equation with transport, which is given by the integro-partial differential equation [16]:

ou(z,t)
ot

=40, (r(x)u(x)) — a(x)u(x,t) + /OO a(y)b(z,y)u(y,t)dy

1

. . (1.1.3)
+ 5/0 k(z —y,y)ulz — y, t)uly, t)dy — /0 k(z,y)u(z, t)uly, t)dy,

subject to initial and, in some instances, boundary conditions. In (1.1.3), the function r(z) is the
transport coefficient that represents either the growth (—) or the decay (+). Two techniques have
received attention in the wellposedness analysis of the models: the theory of semigroups and the
weak compactness method. In the thesis, we employ the theory of semigroups of linear operators
for the wellposedness of the linear part of (1.1.3) and its extension to semilinear problems for the

analysis of the complete equation.



In addition to the qualitative analysis of (1.1.3), we also provide explicit solutions for some cases of

the transport-fragmentation equation given by the integro-partial differential equation [24, 35, 36]:

ou(z,t)
ot

= 40, (r(x)u(x)) — a(x)u(x,t) + /OO a(y)b(z, y)u(y, t)dy. (1.1.4)

To obtain the explicit solutions of (I.1.4), the method of characteristics and the operator theory

method will be employed.

Models (I.1.1), (1.1.2), (I.1.3) and (I.1.4) have been extensively studied from the beginning of the
20" century to the present, see [2, 3, 16, 18, 24, 25, 28, 35, 36, 37] and references cited therein.
We provide a brief survey of the existing results for continuous fragmentation and coagulation

equations.

2 Literature review

2.1 Fragmentation-coagulation equation

Equation (1.1.2) with £ = 0 is called pure fragmentation and, as a linear equation, it is easier
to solve; hence, we begin our presentation with it. A systematic mathematical treatment of
pure fragmentation equation was performed, both quantitatively and qualitatively, in many pa-
pers. One of the earliest studies of the equation was conducted in [44] and the main result was
the identification of the conditions that guarantee the existence and uniqueness of nonnegative

solutions.

Contribution to the analysis of pure fragmentation was further made by McLaughlin et al. [42]
using the semigroup approach to fragmentation models and establishing the existence and unique-
ness of nonnegative mass-conserving solutions. A systematic treatment using the same method
was presented in [10] to determine the criteria for the existence or absence of shattering. Shatter-
ing is a phase transition phenomenon that results in the creation of a dust composed of particles
of zero size. It was observed that shattering does not occur if the fragmentation rate is bounded

for small particles. Also, nonlocal fragmentation models were investigated via the semigroup



theory in [19] in the non-shattering regime. In [9], the author demonstrated that a pure frag-
mentation equation, despite its simplicity, can exhibit multiple solutions emanating from given a
initial data. Nevertheless, based on the Hille and Phillips [34] results, the uniqueness for a large

class of solutions was established.

Two papers [55, 56], provided closed-form solutions of pure fragmentation models relevant to
droplet breakup, depolymerisation, e.t.c. Different types of the fragmentation kernels were con-
sidered. In particular, for the constant kernel, the explicit expression was found, which is a
simplified version of the solution also obtained in [49]. Solutions for the linear and power rates

of the fragmentation kernel can be expressed in terms of the confluent hypergeometric function.

Next, we consider the complete fragmentation-coagulation equation (1.1.2). It is semilinear and
two methods have been used for its study: the theory of semigroups and the weak compact-
ness method. The latter method was first successfully applied to the discrete fragmentation-
coagulation equation by McLeod [43], Carr, Bell and Penrose [8] and Ball and Carr [6, 7]. This
approach was extended to continuous models by Stewart [53], Dubovskii and Stewart [25], Lau-
rengot [39, 40], Giri, Kumar and Warnecke [31], and Giri and Warnecke [32]. The disadvantages
of this approach are that the fragmentation term should be dominated by coagulation and that it
provides only the existence of a weak solution, while other relevant properties, such as uniqueness

and mass conservation, must be established separately.

Since the last decade of the 20" century, we have witnessed an increasing number of applications
of the semigroup theory to the fragmentation-coagulation equation [11, 15, 16, 25, 38, 42]. The
main idea of this method is to recast the model as an abstract Cauchy problem and then establish
the existence and uniqueness of solutions using the relevant results from semigroup theory. This
method handles (1.1.2) as a Lipschitz perturbation of the linear fragmentation equation and hence,
the fragmentation process is assumed to dominate coagulation. The treatment of (1.1.2) in this

manner can be found in [14, 13, 17, 42].



2.2 Fragmentation-coagulation equation with transport

Often, fragmentation and coagulation occur along with other processes, such as growth and decay,
resulting in equation (1.1.3). The decay of particles due to chemical reactions or dissolution is
important in chemical engineering and other fields. The investigation of this phenomenon can be
traced to the paper [3]. In particular, some explicit solutions were found in [24, 35, 36]. On the
other hand, particles’ growth is important in biological applications, see [37], where the author
modeled the growth and formation of marine algal flocs and showed the conditions under which

coagulation is essential for controlling algal concentrations and settling.

The mathematical analysis of the linear part of the transport-fragmentation-coagulation equation
(1.1.3), that is, (1.1.4), was performed using sub-stochastic semigroup theory. There is also
another approach to the problem, aimed mainly at finding the long-term asymptotics of the

solutions, see [22, 45] and references cited therein.

In this thesis, we focus on extending the results of [16], the cases of decay-fragmentation-
coagulation and growth-fragmentation-coagulation with McKendrick-von Foerster boundary con-
dition. In particular, we generalize the moment improving property of [22], which is an important
tool in proving the wellposedness of (1.1.3). Second, there is a growing need for exact solutions
of the transport-fragmentation problems. These solutions are essential for many applications
and for understanding of dynamic features of the model (1.1.3) that are not easily detectable by
theoretical analysis. We extend the work of [36, 35] to include constant and linear growth rates
under the power-law coefficients assumption. In addition, we consolidate fragments of specific

former results and provide a unified setting for the problem.

3 Structure

3.1 Outline

In this thesis, we study continuous fragmentation-coagulation equations with decay or growth

subject to the McKendrick-von Foerster boundary condition (which includes the previously con-



sidered homogenous condition) using the theory of semigroup of linear operators. We also provide
explicit solutions for the decay/growth fragmentation equation under the homogenous and the

McKendrick-von Foerster boundary condition.

In Chapter Il, we describe the theories and tools used in the thesis. In particular, we provide
a survey of relevant aspects of the semigroup theory, including generation results and perturba-
tion theory. Then, Chapter Il is dedicated to establishing the wellposedness of the transport-
fragmentation-coagulation problem using the semigroup theory of linear operators. Dealing with
the nonlinear coagulation requires an extension of the moment improving property of [22] to cover
the decay-fragmentation and the growth-fragmentation equation with general McKendrick-von
Foerster boundary condition. We combine this property with a fixed-point argument to establish
local classical wellposedness of the model (1.1.3). We conclude the chapter with a result on its
global in time solvability of (1.1.3). Chapter IV concentrates on the closed-form solution for the
decay/growth-fragmentation equations with homogenous boundary conditions. Here, we assume
power-law coefficients. These results are new and extend those of [54, 35, 36]. Furthermore, we
show that our method of obtaining solutions applies to some cases of the growth-fragmentation
equation with the McKendrick-von Foerster boundary condition. Finally, we conclude with a

discussion of our findings and of future work.

3.2 Novelty

Achievements of the thesis consist in:

e extending the moment improving result in [22];

e extending the solvability results of transport-fragmentation-coagulation equation to more
general settings, including the decay and the growth with the McKendrick-von Foerster

boundary conditions;

e finding explicit solutions to the continuous decay/growth fragmentation equation with ho-
mogenous boundary conditions; developing a systematic approach for obtaining solutions

for constant and linear decay/growth coefficients and extending the method to some spe-



cial cases of growth-fragmentation equation with the McKendrick-von Foerster boundary

condition.

Parts of Chapter Ill and Chapter IV have been submitted to a journal for publication and a part
of Chapter IV has been published [20].



CHAPTER 11

Preliminaries

In this chapter, we lay a foundation for the results and theories which we shall develop in this
thesis. We are interested in solving partial differential equations (PDEs) that are central to
modern mathematics and are not very easy to handle, since there is no robust way of solving
all types. While we would like to solve problems in an explicit way, most often it is impossible.
Hence, it is essential to study problems in a qualitative way, that is, to find whether the solutions
exist, are unique and how they evolve. This thought leads us to an elegant theory of semigroup
of linear operators, which we shall use in the thesis. Further, to illustrate the theoretical findings,
we find exact solutions in some special cases of equations considered in this thesis. For this, we
employ different methods, like the method of characteristics, power series e.t.c. We begin with

notations, definitions and useful results.

1 General notation

We start by setting up the stage, introducing the basic notations necessary to study the fragmentation-

coagulation equation with transport by the theory of semigroups of linear operators.

To avoid confusion, 0, and % denote the partial derivative and the ordinary derivative with

respect to x, respectively.

Further, we set R, := (0,00). We use Rz and 3z for the real and imaginary part of a complex

number x, respectively.

Our analysis will be conducted in Banach spaces, hence, we begin with general definitions in these

spaces.

Definition 11.1.1. [29] A Banach space X is a complete normed linear space.



Let X be a Banach space with norm || - ||. Examples of Banach spaces are given by the Lebesgue
spaces of integrable X —valued function L,(€2, 11; X), 1 < p < oo, where (€2, ;1) is a measure
space. Elements of L,(€2, u; X) are equivalence classes of p—Bochner measurable functions

f:Q — X, satisfying

P
T [ / ||f||pdu} coo, 1<p<oo
o (11.1.1)

[l oo @.:x) = esssup |[ ]| = inf{a € R : p{[|f]| > a} = 0} < oo.
I

In Chapter Ill, we either use measure du = dz or its weighted versions, du = (1 + 2™)dx and
dp = x™dx, m > 0, in Q = Ry = (0,00). In the first case, we abbreviate L,, (2, 1; X) to
L., (£2), while in the second case, we replace Li(R,, (1 + 2™)dx) and Li(R, 2™dx) with X,

and Xy, respectively.

Definition 11.1.2. [29] Let X and Y be Banach spaces. We say that operator T' : D(T) C
X = Y is linear if T(x +y) = T(x) + T(y) for all x,y € D(T) and T'(A\z) = \T(x) for all
x € D(T) and A € R. The sets D(T') C X and Rg(T) :=TD(T) C Y are called the domain

and the range of T', respectively.

Definition 11.1.3. We say that the linear map T : D(T) C X — Y is bounded if D(T) = X
and

|T|| := sup [|[Tx|y < oo.
llz|| x =1

The Banach space of all bounded linear maps from X to Y is denoted by £(X,Y). If a linear
map T : D(T) C X — Y fails to be bounded, we call it unbounded. In this situation, we shall
write the operator as the pair (7', D(T')). In the case when D(T") = X and (7', D(T')) is bounded
or there is no ambiguity in the definition of its domain D(T"), we write shortly 7. The class of
unbounded linear maps contains a vast number of operators that arise in modern mathematics

and its applications. For example, it contains all differential operators.

Definition 11.1.4. [12] Let X and Y be Banach spaces. We say the linear map T' : D(T) C
X — Y is closed if and only if for every sequence {x,},>0 C D(T), such that lim,, o ©,, =

and lim,,_,, T'x,, =y, it follows that x € D(T) and Tz = y.

9



Definition 11.1.5. [12] An operator (T, D(T)) is said to be invertible if there is a bounded linear
operator T~' € L(Y,X) such that T"'Tx = x for all x € D(T) and T~y € D(T) with
TT 'y =y foranyycY.

2 Semigroup theory
Often in mathematics and its applications equations of the type

u'(t) =Tu(t), u(0)=ug (11.2.1)

arise. If T'€ L(X, X) for some Banach space X, then for ug € X, the solution of (11.2.1) reads

[e.e]
u(t) = eTuy, where el = Z

n=0

tm
n!

The family of exponentials (¢7);>g C £(X, X) satisfy

(i) €7 € C(Ry, L(X, X)),
(ii) eI = esTetT for all s,t > 0,
(iii) "7 =1,
where [ is the identity operator in X. The main goal of the semigroup theory is to find conditions

that allows for a generalisation of the exponential function to a class of unbounded linear operators

so that the properties (i) — (iii) hold.

2.1 Semigroups and generators

Definition 11.2.1. [47] A strongly continuous semigroup (Cy-semigroup) is a one parameter

family (S(t))+>o of bounded linear operators in Banach space X satisfying

(i) S(0) =1,

10



(i) S(t+s)=S(t)S(s), s,t >0,

(i) lim;_,o+ S(t)x =z, Vre X.
Proposition 11.2.1. [5, 47] Let (S(t))i>0 be a Cy-semigroup on a Banach space X. There exist
constants M > 1 and w € R such that

1 S() | < Me*t, forallt > 0. (11.2.2)

Proof. See [47]. O

Definition 11.2.2. [12] The type or uniform growth bound wy(S), of (S(t)):>o is defined as

wo(S) = inf{w; there is M such that (11.2.2) holds}.

A semigroup (S(t))i>o is called a contraction semigroup if M = 1 and w = 0, that is, if
IS@I <1,t>0.

Now, we connect the semigroup (S(t)):>o with a linear operator (7', D(T')). This leads us to the

definition of the infinitesimal generator.

Definition 11.2.3. [47] A linear operator (T, D(T)) is called the infinitesimal generator of

(S(t))io if
Tx = lim M

11.2.3
h—0t h ’ ( )

with D(T') defined as the set of all x € X for which the limit exists.

We shall denote by (S7(t)):>0 the semigroup generated by T'.

Theorem 11.2.2. [12] Let (Sr(t))i>0 be a Cy-semigroup. Then

(i) the domain of T is dense in X,

(ii) the operator T is closed.

Proof. See [12]. O

11



A semigroup is defined uniquely by its generator.

Theorem 11.2.3. [47] Let (S1(t))i>0 and (Sg(t))i>0 be Cy-semigroups of bounded linear oper-
ators with infinitesimal generators (T, D(T)) and (B, D(B)). If (T,D(T)) = (B, D(B)), then

Proof. See [47]. O

Definition 11.2.4. We say that (T, D(T)) € G(M,w) if it generates (St (t)):>o satisfying (11.2.2).

We further mention the following properties of semigroups and their generators.

Theorem 11.2.4. [47] Let (T, D(T')) be the infinitesimal generator of a Cy-semigroup (St(t))i>0-

Then, the following statements are true.

i) Forxz € X,

I 1
hli%h

/ " Sp () wdr = () (112.4)

i) Fora € X, [} Sp(r)zdr € D(T) and

T(/t 5T<r)xdr> — Sp(t)r — = (112.5)

0
iii) For x € D(T), Sr(t)x € D(T') and

b TSr(t)x = Sr(t)Tx. (11.2.6)

iv) Forxz € D(T), t t
T(#)e — T(s)z — / Sp(r)Tadr = / TSp(r)zdr. (112.7)
Proof. See [47]. O

12



2.2 Resolvent of the generator

In order to decide if a closed operator (7', D(T)) is the generator of a semigroup (St (t))i>0, we

use its resolvent. First, we define the resolvent set.

Definition 11.2.5. Let (T, D(T)) be a linear operator in X. The set
p(T)={Ae€C: N[ —-T:D(T) C X — X is invertible with bounded inverse},  (11.2.8)

is called the resolvent set of (T, D(T')). Its complement o(T) := C\ p(T') is called the spectrum
of T.

We also mention two important notions related to the spectrum of linear operators:

Definition 11.2.6. [27]
1. For a linear operator T' in a Banach space X,
r(T) :=sup{|A| : A € o(T)}, (11.2.9)

is called the spectral radius of T.

2. For a linear operator T" in a Banach space X,
s(T) :==sup{R(\) : A€ o(T)}, (11.2.10)

is called the spectral bound of T
Definition 11.2.7. [27] Let (T, D(T')) be a linear operator on a Banach space X. For A € p(T)

the resolvent operator R(\,T) : X — X is defined by

RNT)= (M -T)"".

We note that if (Sr(t)),., is a semigroup in X and (T, D(T)) is its generator, then the resolvent

t>0

13



operator is given explicitly by
ROLT) = / MG ()dt, A > s(T), (112.11)
0

see [12, Theorem 3.34]. In particular, from (11.2.2) and (11.2.11) it follows that the resolvent set
p(T) of the generator (T, D(T')) contains the ray {\ > s(T")} C R.

2.3 Generation theorems

As we did see earlier, every Cy-semigroup (St (t)):>o is associated with a closed, densely defined
linear operator (T', D(T)), whose resolvent set contains the ray {\ > s(7')} C R. Our problem is:
“Does any linear operator satisfying the above conditions always generate a Cy-semigroup?”’ The
answer to the fundamental question is contained in the generation theorems. The first classical

result is due to Hille and Yosida.

Theorem 11.2.5 (Hille-Yosida). [47] A linear (unbounded) operator (T', D(T")) is the infinitesimal

generator of a Cy-semigroup of contractions (St (t)):>o if and only if

(i) T is closed and D(T) = X;

(ii) the resolvent set p(T) of (T, D(T')) contains R and for every A > 0,

R T)|| <

1
5
We can extend this result to quasi-contractive semigroups, i.e., semigroups satisfying (1.2.2) with

M =1 and some w € R. In this case, instead of (ii), we have

1

For the general case, we have the following:

Theorem 11.2.6 (Feller, Miyadera, Phillips). [27] Let (T, D(T")) be a linear operator on a Banach

space X and let w € R, M > 1 be constants. Then the following properties are equivalent.
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i) (T, D(T)) generates a strongly continuous semigroup (St(t))i>o satisfying

| Sr(t) |< Me*t, fort > 0.

i) (T, D(T)) is closed, densely defined, and for every A > w one has \ € p(T) and

I [(A=w)R\,T)]" [I< M, forallneN.

ii) (T, D(T)) is closed, densely defined, and for every A € C, with R\ > w one has A € p(T)

and

M

2.4 Positivity of semigroups

In many evolution problems, the positivity of solutions is an essential feature. For instance, the
unknown function we are looking for may define the size of a population, the number of particles
e.t.c. This requires that the solutions should be positive throughout the evolution. Dealing with

the positivity in the setting of Banach spaces requires prior definitions which we state below.
Definition 11.2.8. [12] Let X be an arbitrary set. A partial order on X is a binary relation,

denoted by >, which is reflexive, antisymmetric and transitive, that is

1. x>x foranyx € X;

2. x >y andy > x implies x =y for any x,y € X;

3. x>y andy >z impliesx > z forany z,y,z € X.
An upper bound of a set M C X is an element z € X satisfying x > vy, for all y € M, while its
lower bound is an element x € X such that z <y for all y € M.

Definition 11.2.9. /) The supremum of a set M C X is its least upper bound and is denoted by
sup M.

i) The infimum of a set M C X s its greatest upper bound and is denoted by inf M.
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The supremum or infimum of a set is unique if it exists.

Definition 11.2.10. [12] The set X is a lattice if for every finite collection M of elements of X

there exists its supremum and infimum.

Definition 11.2.11. [12] A vector space X, equipped with partial order which is compatible with

its vector structure in the sense that

1. x>yimpliesx+z>y+ 2z forall x,y,z € X;

2. x >y implies ax > ay for any v,y € X and a > 0,

is called a partially ordered vector space. If an ordered vector space X is also a lattice, then it is

called a vector lattice or a Riesz space.

For an element x of a Riesz space X, we can define the positive and the negative part of z as
x4 = sup{z,0} and z_ = sup{0, —z}. From our definitions, it follows that z = z, — x_.

Further, we let |z| = x, + x_. The quantity |z| is known as the modulus of z.

Definition 11.2.12. [12] A norm on a vector lattice X is called a lattice norm if

|z < |y implies ||z|| < |ly||- (11.2.13)

Definition 11.2.13. The set X, = {z € X : = > 0} is referred to as the positive cone of X .

At this point we define a Banach lattice as a Riesz space under the lattice norm. Further, we

define a positive operator.

Definition 11.2.14. [12] A linear operator (T, D(T')) from a Banach lattice X into a Banach

lattice Y is called positive and is denoted as T' > 0, if Tx > 0 for any 0 < z € D(T).

Definition 11.2.15. An operator (T, D(T)) in a Banach lattice X is resolvent positive if there
exists 1 such that (r,00) C p(T) and R(\,T) > 0 for all X > r.

This leads us to the following theorem.
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Theorem 11.2.7. [4, 27] A strongly continuous semigroup (S(t)):>o on a Banach lattice X is

positive if and only if its generator (T, D(T')) is resolvent positive.

Proof. See [27] O

3 Abstract Cauchy Problem (ACP)

The theory of semigroups is successful due to the fact that many evolution problems can be

written in the form of an Abstract Cauchy Problems (ACP) that we state immediately below.

Definition 11.3.1. [27] Let X be a Banach space, (T, D(T")) be a linear operator and [ €
Li(Ry; X). The initial value problem of the form

u(t) =Tu(t) + f(t), for t>0, u(0)=ugeX, (11.3.1)

is termed an abstract inhomogeneous Cauchy problem and if f = 0, it is termed an abstract

homogeneous Cauchy problem on X, associated with (T, D(T')) and initial value w.

Solutions of (I1.3.1) can be understood in a number of ways. We discuss two of them, namely

mild and classical solutions.

Definition 11.3.2. [27] A function u : R, — X is a classical solution of (11.3.1) on [0, 00) ifu is
continuous on [0, 00), continuously differentiable on (0, 00), u(t) € D(T) fort > 0 and (11.3.1)

is satisfied.

Theorem 11.3.1. [27] Let T : D(T') C X — X generate a Cy-semigroup (St(t))>0 on X, then
for all uy € D(T) and f = 0, (11.3.1) has a unique classical solution given by u(t) = St (t)uo,
t>0.

Proof. See [27]. O
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Definition 11.3.3. [47] Let (T, D(T')) be an infinitesimal generator of a Cy-semigroup (St(t))i>o
in X. Letuy € X and f € L1((0,00),X). The function u € C([0,00), X) given by

t
lt) = Selthuo + [ Selt = )7
0
is called a mild solution of the ACP (11.3.1) on [0, c0).

It is important to note that mild solutions of (11.3.1) exist for every initial value ug € X. In
contrast, the solutions are classical if ug € D(T), u € C*((0,00), X) and (11.3.1) is satisfied in

the sense of X for all ¢t > 0.

4 Perturbation theory

It is worth pointing out that if (7, D(T')) generates a Cy-semigroup in X, then the existence,
uniqueness, and continuous dependence of solutions on the data ug, follows immediately. How-
ever, problems arise if more than one operator is involved, making it difficult to apply the theory
of semigroups directly. In such a case, we use the perturbation theory. The perturbation theory
problem can be stated roughly as: suppose that (7', D(T)) is a linear operator in Banach space

X that generates a Cj)-semigroup (ST(t)) Let B be another operator acting in X. The

>0
question is: under what conditions does the sum T+ B generate a semigroup? We note that

the sum of operators is defined by
(I'+ B)x :=Tx + Bz,
with
D(T + B) := D(T) N D(B).
For a bounded B, the relevant result is given in the theorem below.

Theorem 11.4.1. [12] Let (T, D(T)) € G(M,w). If B € L£(X), then (K,D(T)) = (T +

B,D(T)) € G(M,w + M| B||). Moreover, the semigroup (Sr45(t)),., generated by T + B

>0
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satisfies either of the Duhamel equations:
t
Srip(t)r = Sr(t)x +/ Sp(t — s)BSrip(s)xds, t>0, ze€X, (11.4.1a)
0

and

t
ST+B(t)ZL' = ST<t)I +/ ST+B(t - S)BST(S)JZdS7 t Z 0, x € X, (”41b)
0

where the integrals are defined in the strong operator topology. The semigroup (ST+ B(t)) >0 1S

also given by the Dyson-Phillips series obtained by iterating (11.4.1):

Srip(t) =Y Sa(t),
n=0
where Sy(t) = Sr(t) and
t
Spt1(t)z = / Sr(t — s)BS,(s)xds, t>0, z¢€X.

0
The series converges in the operator norm of L(X) and uniformly for t in bounded intervals.
Proof. See [12]. O

We note that the Dyson-Phillips expansion show that if (ST(t))t>0 is positive and B > 0 then

(St+5(t)) -, is positive.

The situation is very delicate for unbounded perturbations and in this thesis we make use of the

Miyadera-Desch perturbation theorem.

Theorem 11.4.2 (Miyadera-Desch). [12, Lemma 5.12] If T' is the generator of a positive Cy-
semigroup in X = Ly(Q,pn) and B € L(D(T),X) is a positive operator such that for some
A > s(T), we have || BOXI —T)7! ||< 1, then (T + B, D(T)) generates a positive semigroup.

Proof. See [12]. O
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5 Auxiliary results

In this section, we state some important results that arise often in the calculations.

Proposition 11.5.1. Let x > 0 and m > 1. Then

1+a2m, forx<1
g™t ™ < < 2(1 +a™).

2z™, forx > 1,

Proof. For 0 <z <1, 2™ ! < 1and forx > 1, 2™ ! < 2™. Combining this facts, the assertion

follows. O]

Proposition 11.5.2. [16, Equation (3.5)] Let 0 < p < 1. Then
(1+2")(1+2") < 4(1 +2"),

forz > 0.

Theorem 11.5.3. [18, Lemma 7.4.2] Let m > 1. Then
(x+y)" — 2" —y™ < Cp(zy™ ' +ya™ ), (z,y) € Ri, (11.5.1)
with C,, :=2""1 — 1, form € (1,2] U[3,00) and C,, :==m, form € (2,3).

Proof. See [18]. O

Proposition 11.5.4. Let m > [. Then

1+ 2!
< Ky <2, 11.5.2
1 +m = L= ( )
L
] 1+ (L m—l
with K, = .~ forx € (0,1) and K,y = 1 for x € [1,00).
Lt ()t
14 2t . :
Proof. For m > 1, we let f(z) = T Then f(0) = f(1) =1 and in the interval (0,1), we
:Bm
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1
m—I

have 2™ < z!. Function f(x) is increasing until it attains the maximum at ¢ = (%) <1

and then decreases. We note that 1 < f(c) < 2. In the interval [1,00), 2! < 2™ and the function

is decreasing and f(x) < 1 which concludes the proof. ]

Lemma 11.5.5 (Gronwall-Henry inequality). [18, Lemma 7.5.1] Let u € L 10.((0,7])NL1(0,7),

0 < T < oo, be a non-negative function satisfying

=5

u(t) < 4 c/tu(s)(t —s) %ds, te(0,7T], (11.5.3)

where v <1, 0<a <1 andc>0. Then there is a constant C' = cC(v,«,T) such that

I1Q

u(t) < =, te(0,T]. (11.5.4)

Proof. See [18]. O

Theorem 11.5.6 (Young's inequality). [50] For a,b > 0 and p,q > 1 such that ; + . = 1, one

has

11
ab < ~aP + ~be. (11.5.5)
pq

Proof. See [50]. O

Theorem 11.5.7 (Holder's inequality). [50] If p, ¢ > 1 be such that%—i—% =1,andif f € L,(Q2, u)
and g € L,(2, ), then fg € Li(2, ) and

I fg <l f llpll g 1lq - (11.5.6)

Proof. See [50]. O
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CHAPTER III

Analysis of the model

1 Introduction

The fragmentation-coagulation-transport equations appear in applications, describing various
physical and biological phenomena [13, 18, 35]. In this thesis, we provide a unified treatment of
both decay and growth cases, extending the latter to cover the McKendrick-von Foerster bound-
ary conditions. QOur aim is to prove its well-posedness using an appropriate semigroup theory
presented in Chapter II. We start by stating the problem and defining the terms involved and

Banach spaces of choice.

1.1 The model

The continuous fragmentation-coagulation-transport equation reads

Opu(z,t) = 20, (r(x)u(z, t)) — alx)u(x, t) + /00 a(y)b(z,y)u(y, t)dy

~u(et) [k uln iy [k = e = ul 0y, (LD

u(z,0) = up(x), x>0,

where — and + denote the growth and the decay scenarios, respectively. In the growth case, the

initial condition is complemented by the McKendrick-von Foerster boundary condition

lim r(x)u(x,t) = /Oooﬁ(x)u(a:)da:. (11.1.2)

z—0t

In the model (I1.1.1), u(x,t) is the density of particles of mass/size € (0, 00) and the overall
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fragmentation rate of particles of mass/size x is a(x). The fragmentation kernel b(z, y) describes
mass distribution of z—mass/size particles spawned by the fragmentation of a mass/size y par-
ticle. Transport coefficient, which defines the rate of growth/decay of particle of mass/size x is
represented by r(z). The term k(z, y) is the coagulation kernel which is symmetric and represents
the rate at which particles of mass/size = coalesce with particles of mass/size y. Coefficient 5(x)

gives the rate at which the daughter cells enter the population.

In our analysis, we rewrite (I11.1.1) in the ACP form
Opu(x,t) = T*u(z,t) + Fu(z,t) + Clu, ul(z, 1), (z,t) € R, (111.1.3)

where the transport operator TF, the fragmentation operator F' and the coagulation operator C'

are respectively defined by

T*u(z) = +8, (r(z)u()),

Fu(s) = Au(w) + Bya(s) = ~a(w)ule) + [ alu)ble,p)uty)dy (11.1.4)

Cluil(a) = 5 [ Ko~ pyute ~ g)uty)dy — ule) [ ke ulo)dy

The choice of the space is motivated by the interpretation of the two integral norms for non-

negative u. In Xy := Li(Ry,dz), for u > 0, the norm

o= / u(z)dz,
0

yields the total number of particles in the ensemble, while the X; := L;(R,, xdx) norm

= /Ooou(az)xdx, (I11.1.5)

gives the total mass of the particles in the system. Further, to introduce some control on the

large particles and thus improve the properties of the solutions, we shall study (Ill.1.1) in the
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higher moment spaces X,,, := L (R, (1 + 2™)dz), for m > 1. The norm in X,, is defined by

| i /Ooo (@)|(1+ 2™)dz, m > 1. (111.1.6)

1.2 Assumptions

The appearance of the term involving the derivative with respect to the state variable makes the
solvability of (Ill.1.1) not a straightforward procedure and requires specific assumptions on the

coefficients, which we adopt from [12, 18], with slight modification.

The transport coefficient r is assumed to be positive and continuous in (0, 00). The fragmentation

rate a is assumed to satisfy

0 <ace€ Loo,loc([oa OO))

The assumptions imply that 1/r,a/r € L j0.((0,00)). For future use, we introduce

s o fra),
R(z) ._/C o )._/C s (I11.1.7)

for some ¢ > 0. We note that R(¢) = Q(¢) = 0 by definition of definite integrals. An immediate
consequence of (I11.1.7) is that R is strictly increasing and @ is non-decreasing on (0, c0). We

have the following limits,

lim R(x) =mpg, lim R(z) = Mg,

e0 e (111.1.8)
lim Q(z) =mq, lim Q(z) = M.

In general, mp and mg can either be finite or —oo and My and M can be finite or +oo.

The fragmentation kernel is assumed to be a measurable function of two variables satisfying

b>0, b(x,y)=0, forx>uy. (111.1.9)
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For m > 0, we define the quantities as in [18],

nm(y) = /03/ z™b(x, y)dz, (111.1.10)

Nin(y) = y™ = nim(y). (N1.1.11)

In particular, ng(y) is the mean number of daughter aggregates spawned by the fragmentation

of a mass/size y aggregate. If the fragmentation process is conservative, i.e., if Ni(y) = 0, we

have
Nn(y) >0, m>1,
(111.1.12)
Nu(y) <0, 0<m<1.
We further assume that there is [ > 0 and by € R, , such that
no(z) < bo(1+2'), € (0,00) (111.1.13)
and there exists mg > 1 such that
N,
lim inf —= > 0. (11.1.14)
Y—00 ymo

It is noted in [11] that if (I11.1.14) holds for some mq > 1, then it holds for all m > 1. Then

(111.1.14) implies that for any m > 1 there is a ¢,, < 1 and y,, > 0, such that

M (y) < eny™, Y 2 Yo (111.1.15)

The analysis commences with the decay scenario and is followed by the growth case.

2 The decay-fragmentation equation
In this section, we consider the continuous fragmentation equation with decay, defined by
Ou(x,t) = Tru(z, t) + Fu(z,t), (z,t) € R%, (111.2.1)
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with

u(z,0) = up(x), x> 0. (111.2.2)
2.1 The transport semigroup
We start by assuming that B = 0. Then problem (111.2.1) reduces to

Owu(x,t) = 0, (r(z)u(x,t)) — a(z)u(x,t),

(111.2.3)
u(z,0) = ug(x), x>0.
We reformulate (111.2.3) as an abstract Cauchy problem posed in X,
du + + +
— =T"u—Au=:Z u, uweD(Z)CDyg, 6 t>0,
dt (111.2.4)
u(0) = up,
where Ztu = % — au. The natural domain of Z is
d
Dy = {uEXm: %,aue){m}. (111.2.5)
x

Our principal aim is to find a D(Z}) so that (Z}, D(Z)) generates a semigroup in X,,.

As the first step in this direction, for a fixed value of m > 0, we find the resolvent of Z' which

is formally given as the solution of the ordinary differential equation

Au(z) + a(z)u(x) — w =g(z), g€ Xn. (111.2.6)

For A > 0, the formal solution reads

e)\R(J?)-i—Q(x)
r(z)

0o AR(z)+Q(z)
/ e R@-QE g (y)dy 4 O

r(z)

u(z) = (111.2.7)

where C' is a constant. As in [18], an investigation for the possible eigenfunctions of (111.2.6)

AR(@)+Q()

shows that vy, = )

is a formal eigenfunction for the homogenous part of (111.2.6) while
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the other term solves (111.2.6) and vanishes at infinity for functions g € X,,. The norm of v, in
X, is given by

losln= [ o e (125)
Uz ||lm= —— (1 + 2™)dx. 2.
’ 0 r(z)

We point out that if || vy [|;m< oo for some choice of a and r, the solution in (I11.2.7) is in
X, for C € R, see [18]. In this situation, (A\] — Z, Dy ) is not invertible, hence the operator
(Z, Dy, ) cannot generate a semigroup. To cater for this non-trivial case, we use [18, Lemma

5.2.1]. That is, we let

Dy if | v1 ||m= o0;
D(Zy) =
u(x

DZm and lim,_, r(l‘)) = 07 if H U1 Hm< o0,

oR(2)+Q (=)

where vy (z) = 6

Lemma I11.2.1. [18, Lemma 5.2.1] Under the adopted assumptions, for any m > 1 and A > 0,

the family of operators, defined by

eAR(w)—i—Q(r)

ROVl) =

/ e MWW g(y)dy, g€ Xp, (11.2.9)
is the resolvent of (Zt, D(Z1)), i.e.,, R(\, Z}) = R(\),\ > 0. Furthermore,
. 1

Proof. To begin, we show that R(\)X,, C D(Z}). Let g € X,,, and v = [R()\)g], then for
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A > 0 we have

0o . M) +Q(x) 0o AR(G)-0)
Hfaxmum-/’<1+x »—7@5——/‘e - g(y)dyda

Y AR(z)+Q(x)
0 r(z)

/ ARG Yy . e Mi(z)

/ (/0 (1+27) r(z) dm) w (111.2.10)
[

)

<1

=3

<
1 [Y d[eM@)]
< e MW (2 1+a2™ dx | d
= ()\/0( +2™) I x) Y
<3 [ oI N — i (14 0™y

z—0t

19 llm,

where we used the Fubini-Tonelli theorem to change the order of integration and e =
SUDse (0.9) ¢?) since it is non-decreasing. Hence, R()\)g is a bounded operator and || R(\)g ||m<

1
X | g |lm- Further,

AR(x)+Q(x)

> —AR(y)-Q(y) dud
e /x e 9(y)dydz
e R(@)+Q(x)

r(z)

( is) a
< /0 " g(y)e RO-QW) < / Ot aa)(L 4 am I
(

———dx | d
0 r(z) ) ’ (111.2.11)

where again we changed the order of integration using the Fubini-Tonelli theorem. We notice

that 0,(rv) = (A + a)v — g, therefore

192 (rv) llm=[I (A + a)v = g [[m<[l g lm + 1 g [lm= 21| g llm, (I1.2.12)
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on the account of (I11.2.6) and (I11.2.11). Using (111.2.10)—(111.2.12), direct calculations give

AR(N) g+ a(x)R(N)g — 0.(r(z)R(N)g) = g, (111.2.13)

for almost all z > 0. If || v1 |[n= oo, we have immediately R(\)X,, C D(Z}), while for

|01 flm< 00,

jozi()w) _ /z > ¢ MRW)=QW) g () dy (111.2.14)

approaches zero as & — oo and R(A\)X,,, C D(Z}). Thus, R(\)g € D(Z)), while (I11.2.13)
shows that R(\) is the right inverse of \I — Zt.

We further show that R(\) is the left inverse of A\I — Z " in D(Z;). Consider R(A\)(AI — Z)g,
with g € D(Z). We have

[ROYOT = 2] (1) = o000 [ e Me-0r - 75, ()
= e / MDD (Ag(y) = [r(w)g )]y + a(y)g(y))dy
= e e / [e™ M@ () g ()] dy
1
— _— AR@FQ@)[_ o~ AR(z)-Q(2) oo
) r)g)]z
_ L oswiew {e—xmm—@(mr(gj)g(m)  im I
r(z y—o0 U (Y)
= g(z) — vx(x) lim 5((3;))
y—oo U
(111.2.15)
Since g € D(Z}), the limit in the last line vanishes and it follows that R(A\)(Al — Z)g = g¢.
Hence, R(\, Z) = R(\) is the resolvent of Z . O

We note that (Al — Z;")~! is bounded by (111.2.10) and, since every bounded operator is closed,

(M — Z7) is closed and therefore Z is also closed.

Theorem 111.2.2. [18, Theorem 5.2.4] The operator (Z,, D(Z)) generates a strongly contin-

uous positive semigroup of contractions, say (G 4+ (t))i>0, on X, for any given m > 1.

Proof. The proof follows from Lemma 111.2.9, the positivity of R(A, Z;}) and Theorem 11.2.5. [
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2.2 The decay-fragmentation semigroup

We have established the existence of a strongly continuous positive semigroup of contractions
(G 4+ (t))i>0 for the associated problem (111.2.3). Now we consider the complete linear part of

(11.2.1) , ice., (11.2.1) with C = 0:
Owu(z,t) = Tru(z) + Fu(z) = Z u(z) + Bpu(z), u(0) =uy, t>0, (111.2.16)

where Zu(x) is defined in (111.2.4) and Byu(z) = [ a(y)b(z, y)u(y)dy.

Theorem 111.2.3. Let m > max{1,l} and (111.1.2), (I11.1.9) and (IIl.2.7) hold. Then By, is
a Miyadera perturbation of Z, and hence (K., D(Z})) := (Z} + B, D(Z})) generates a

positive semigroup, (Sg+(t))iz0 in X

Proof. We shall use Theorem 11.4.2 to establish that the operator (Z + B,,, D(Z})) gener-
ates a positive semigroup in X,,,. The theorem requires that (Z, D(Z)) generates a positive

semigroup, B,, is a positive and Z- bounded operator that satisfies the condition
| BnRN, Z1) |lm< 1. (111.2.17)

The operator B,, is an integral operator with a positive kernel and therefore is positive. Further,

| BB\ Z5)g [l = / T / " a(w)b(e.y) [RO Z2)g] (v)dyds
= /000 aly) [R(X, Z})g] (v) /Oy(l + 2™)b(x, y)dxdy (111.2.18)

_ / " aly) [RO. Z5)9] 0)(m0() + 1n(0)

where we used the Fubini-Tonelli theorem to change the order of integration and formulae (111.1.10)

and (111.1.13) to write
/0 (L+2™)b(z, y)dz = no(y) + nm(y). (11.2.19)
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Now, since the fragmentation rate is unbounded, we split the last integral in (111.2.18) into two,

|| aw) RO 2] @) (nalw) + )y
0 (111.2.20)

+ [ ate) [ROZ2)9) () o0) + )y = 1 + 2

for some s > y,,,, where y,, is defined in (I11.1.15). Consider the first integral. We have

I — / aly) [ROZ5)9]) () (n0(y) + non(y))dy

<a, / TR ZE)g) () (o1 + ) + y™)dy

. (111.2.21)
< asDmy [ [RONZ3)g] () (1 +y™)dy
0
astl
< 9
< 22y g |,
where a, = esssup,¢ (s a(y) and
D, = sup b01+yl+ YT op 1 (111.2.22)
" es) 1Hy™ 14ym T ’
on the account of (I11.1.13), (111.1.15) and Proposition 11.5.4. Since | < m,
1+ yl
b —0 — 0. [11.2.23
01 +ym ) ) o0 ( )
Therefore, there is s such that by fjj’; <1—c¢p, for 0 <y, < s <y. Then it follows that
1+ yl
b +cem <1, fory>s. 111.2.24
07 oy ) ( )
Hence, if we let 0 < 8 = ess SUpPy 5 bo%, then S+ ¢,, < 1. As a result, the second integral

in (111.2.20) can be estimated as

< (B +cn) / " aly) [ROWZ)g] )1+ y™)dy
s (111.2.25)

<(B+cm)ll g llm,
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where we used (I11.2.11). Hence,

ast,l

| BuROZ5)g < ( " ([3’+cm)> 19l (111.2.26)

Since @ — 0as A — oo and (8 + ¢,,) < 1, there exist A such that for A > Ag

(asam,l + (ﬁ-l—Cm)) < 1. (|||227)

Hence, B,, is a Miyadera perturbation of Z'. By Theorem 11.4.2, we conclude that the sum

(Zm+Bm, D(Z})) =: (K}, D(Z)) generates a positive semigroup in X,,,, say (Sg+ (t));>0. [

3 The growth-fragmentation equation

In this section, we study the fragmentation equation with growth. As in the previous section, we

express (I11.1.1) as an abstract Cauchy problem

owu(z,t) =T u(x,t) + Fu(x,t), (z,t) € RZ, (111.3.1)

posed in the Banach space X,,,m > 1, where T~ and F' are defined in (I11.1.4). It is worth to
mention that in the growth settings there are two possible cases, that depend on the behaviour

of the function r(z) near z = 0, that is,

ds
/m@ o (1113.2)

/ B oo, (111.3.3)

+7(s)

and

where f0+ is the integral in a positive neighbourhood of 0. When (111.3.2) holds, the characteristics
do not reach = = 0, hence there is no need for boundary conditions, while in the case (I11.3.3)
the characteristics reach x = 0 and boundary conditions are necessary. It should be mentioned

that R(z) and Q(z) are defined by integrals with { = 0.
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In this section, we focus on the second scenario. That is, we assume that the growth is governed
by
0<r(x)<bi+bix<ro(l+z), by,b >0, ry=max{by,b} (111.3.4)

and consider the case (111.3.3) coupled with the McKendrick-von Foerster renewal boundary

condition

lim r(z)u(z, t) = /0 " By)uly, . (1113.5)

z—0t

Further, we assume that function [ satisfies
0<pelX;, (111.3.6)

where X is the dual of X,, equipped with the norm

. 9(x)
o = = ess su 11.3.7
A e (11.3.7)

and the duality pairing is given by

Uﬂ%—ﬂwf@mwM% f€Xm gc<Xi. (11.3.8)

It should be noted that for 5 = 0 we get the homogeneous boundary condition which was
considered in [16]. We observe that if 5 > 0, then the boundary condition in (I11.3.5) depends

on the solution on the entire interval R,

3.1 The transport semigroup

As in Section 111.2, we focus on (II1.3.1) with B =0 and C' = 0,

Owu(z,t) = T u(x) + Au(z) = —0.(r(z)u(z)) — a(z)u(z) = Z u(x), (111.3.9)
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with the initial condition u(z,0) = ug(x) and the boundary condition (I11.3.5). To begin, we

note that the maximal realisation Z_, of Z~ in X, is defined as Z,, := Z*|D(Z )» Where

D(Z,):={u€ X,, : 0.(ru),au € X,,}. (111.3.10)

To incorporate the boundary condition (11.3.5), we restrict Z,, to

D(Zg,,) = {u € D(Z,,): lim r(z)u(x) = /000 B(y)u(y)dy}. (11.3.11)

z—0t

In particular, when 3 = 0, the domain of Z;  is given by

D(Zy,,) == {u € D(Z,) : lim r(z)u(x) = 0}, (11.3.12)

z—0t

and corresponds to homogenous Dirichlet boundary conditions considered in [18].

The resolvent equation for (Zg’m,

D(Z3,,)) is given by

Au(x) 4+ Oz (r(x)u(x)) + a(z)u(z) = f(x), (111.3.13)
with the side condition
mli)r(r)1+ r(z)u(x) :/0 B(z)u(z)dz. (111.3.14)

To solve (111.3.13), we rewrite it as

O (r(z)u(r)) + %[A +a(@)lr(r)u(z) = f(z).

R(z)

Then, setting v(x) = r(z)u(x) and using the integrating factor e}M*@+@()  from the last formula

we obtain

O, <U(I)€AR(r)+Q(aﬂ)) — f(x)ekR(rHQ(w)
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so that
o) = e M@ -Q@) / " ) ROHQW gy | (e MR -Q),
0

Hence, the general solution of the resolvent equation is given by

e~ R(2)-Q(=) e~ M(z)—Q(z)

u(x) = f(y)er W CeWay 4 C— 111.3.15
@ = | 1w — (11.3.15)
where C'is an arbitrary constant. It is known from [16] that for 3 = 0 the resolvent R(}, Z; )
reads
o~ AR@)-Q(x) [
{R(A,Zo‘m)f} (z) = —/ fy)e Wy (111.3.16)
7 r(z) 0
and satisfies
1
| R()\,Z&m) [m< m, Wy i= 2M077. (111.3.17)

The analysis of the general case 3 # 0, relies on the following result:

Lemma I11.3.1. [16] Let m > 1 be fixed and \ > w,.,, = 2mry. Then,
(a) for any 0 < a < b < o0,

b efAR(s) 1
Pm,l(ay b) = / W(l + 8m>d8 S WG_AR(G)(]. + am), (”|318)

(b) for any 0 < a < b < o0,

b\ 4+ als))e M) -Qs) A\
Pm72(a,b) :/a ( ( )2(8) (1 + Sm)dS < mefAR(a)*Q(a)(l —l—am).
(|||.3.].9)

For the following, we set

dy(z) == e M@ =Q@) (111.3.20)

Lemma 111.3.2. Let (I11.1.2),(111.1.7) and (111.3.4) be satisfied. Then, for any m > 1 and
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A > Wy + Poo, R(N) defined by

dx(z) (B, RO\, Zo,) )
rl@)  1-(8,2)

[R(A)f} () = RO\, Zy) f () + ue X, (111.3.21)

is the resolvent R(\, Zy ) of (Z3,,, D(Z3,,)) that satisfies the estimate

1

)\_wr,m_ﬁoo‘

I R(A, Z5,,) lm< (11.3.22)

Proof. Let f € X, and u = R(\)f. The resolvent, if it exists, must be of the form (11.3.15),

hence we need to determine the constant C. Multiplying (111.3.15) by 7(z), we have initially
r(z)u(z) = r(x)R(A, Zy,,) f(x) + Cdyr(z), (111.3.23)

and then, taking the limit as z — 0T,

z—0t z—0t z—07F

lim r(z)u(x) :/ B(r)u(z)dr = lim r(z)R(A, Z;,,) f(z) + C lim dy(z).  (111.3.24)
0
Considering the first term on the right hand side, we have

lim 7(2)R(\, Zg,) f (@) = 0, (111.3.25)

z—0t

because the integral defining R(\, Z;,,)f(z) tends to zero as x — 07. Recall (I11.1.7) and
(111.1.8) and notice that e *%(®) and ¢~?®) are positive and decreasing with R(0) = Q(0) = 0.
Using (111.3.3) leads to

lim dy(z) = 1. (111.3.26)

z—0t

Hence, C' = [* (x)u(x)dz and

d)\(l')
r(z)

u(z) = R\, Zy,,) () + (B, u), (111.3.27)

where (5, u) is defined in (111.3.8). We multiply by 3(x) both sides of (I11.3.27), integrate from
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0 to oo and then solve for (3, u), to obtain

(8, R\, Zom) f)
1- <ﬁ7 dTA> 7

(B,u) = (111.3.28)

provided 1 # (3, %> We have
r

J oo 5(‘,E)67>\R(m)7Q(;p)

=)= d

(8, %) /O s
* B(z)(1 + 2™)e MO -Q@) % (1 4 gm)e AR(@) 8.

- /0 (1+2m)r(z) s 500/0 r(x) - Wy m

(111.3.29)

Y

where we used the assumption on function 5 and Lemma I11.3.1. The right hand side of (111.3.29)

approaches 0 as A — oo. In particular, )\fif;m < 1, provided A > w,,, + B-. Hence, for

A > Wy + Boo,

= R(\ Z7 [1.3.
For f € X,,, taking the norm of (I11.3.27), we obtain
= [+ 2ute)ds
0
_ [T _ RN C) (111.3.31)
= | (A+2™RW\ Z,)f(x)de+ | (14+2™) (B, u)dx 2
0 ’ 0 r(z)
= Al -+ AQ.
On the account of (I11.3.17), A; < /\—;y-m' while for A5, we have
SR\, Zg o0
PR CEL S )F) / WD) (1 | )y (111.3.32)
1- <67 TA> 0 7“(55)
We consider the integral first
o dA(ZE) 1
m < ——m— 3.
/0 S < (111.3.33)
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by Lemma I11.3.1. The constant coefficient satisfies

o~ MR(@)-Qx) fx
(B, R / Bz / (y)+Q(y)f(y)dydm
e~ MR(2)-Q(x)
:/O (1+x )ﬁzx)m ) /Oe RWHQW) £ (1)) dyda

AR (111.3.34)

< Boo / N fy)erBW+QW) / 00(1 + xm)dedy
< Boo Il f llm IIm

N )\ Wy m

where we used the assumption on function 3, changed the order of integration and applied Lemma

[11.3.1. For the remaining term, we have

1 < 1 o A_wr,m
1_<5,d7A> - 1_/\_613<;m - A — Wrm — Poo’ (111.3.35)
by (111.3.29). Hence,
Boo
As <[ f lm 111.3.36
and
I f llm
m [11.3.37
€ g (1.3.37)

Since the resolvent candidate is a sum of the resolvent R(), Z;,,) and the term matching the

boundary condition, the direct substitution yields

ALRA) fl(z) + 0:(r(2)[R(A) f](2)) + a(z)[R(A) f] = f(x).

Hence, R()) is the right inverse of A\ — Z .

It remains to show that R()) is the left inverse of A\I — Z; . Consider R(A)(A — Zj,)g, with
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g€ D(Z;,,). We have

- ¢ MO T Arrew) -
RO = 23, (@) = e [ et yw—zﬁ,m)g(wdy
0

r(x
e~ R(2)-Q() Oof((z))e”\R( @) [ XRWTQW (N — Z 5 m)9(y)dydz
_I_
r(x) 1 — [ 88 e-Are)-Q@) dy
= Cy + Cs.

(111.3.38)

Considering (' separately, we obtain

—AR(z)-Q(z) px
o - [ e (Agm %[r<y>g<y>]+a<y>g<y>>dy

r()

—AR(z)—Q e MR(2)-Q(x)

. / MO a(y)g(y)dy (111.3.39)
0

(@) px
_ AR(W)+Q) g
_— /0 g(y)e Y+ )

)
CAR(@)-Q(x) [o J
e [ R L))
0

Considering the integral in the last term and integrating by parts, we have

x_/xe R(y)+Q() (y)g(y)wdy

/Ox eAR(y)-ﬁ-Q(y)i[r(y)g(y)]dy = MWW (y)g(y) r(y)

dy

_/me R(y)+Q(y) ()()\+a y))dy.

(111.3.40)
Finally, substituting (111.3.40) into (111.3.39), we obtain

e—AR(:C)—Q(x) 0
Ci=g(z) - T/o B(x)g(x)dx. (111.3.41)
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In a similar way, we calculate C5 to find

o B(y) ,—
2 r(x) 1— Oof((z))e—/\R(x)— (ﬁ)dw
o B(y) —
| e R0 T [ Ba)ge)da (1 - [ Fe MW -Wdy) (111.3.42)
r(x) 1 — Oof((z)) —AR(z)-Q(@) d

_ o~ MR(z)— / 8

Combining (111.3.41) and (111.3.42) then simplifying, we get R(\)(AM —Z;,,)g(x) = g(x). Hence,
R(\, Z5,,) = R()) is the resolvent. O

Theorem 111.3.3. The operator (Z;,,, D(Z;,,)) generates a strongly continuous positive semi-

group, say (G 75 (t)) , on X, for any given m > 1.
m t>0

Proof. The proof follows from the positivity of the resolvent, Lemma I11.3.2 and Theorem 11.2.6.
]

3.2 Growth fragmentation semigroup

The existence of a strongly continuous positive transport semigroup (ng (t))e>o for the asso-

ciated problem (I11.3.9) has been established. Next, we consider the complete equation (11.3.1),
that is
=T u(x) + Fu(r) = Z;, u(z) + Bpu(z), t>0, (111.3.43)

where 75 u(z) = T u(x) — Au(x).

Theorem 111.3.4. Let m > max{1,1} and (I11.1.2), (I11.1.9) and (I11.3.21) hold. Then B, is a
Miyadera perturbation of Z, ., and hence (K ., D(Z3,,)) == (Z3,, + Bm, D(Z3,,)) generates

a positive semigroup, (SKgm(t))tZO in X,

Proof. Theorem I1.4.2 will be used to establish that the operator (Z;,,+ B, D(Z3,,)) generates

a semigroup. The theorem requires that (Zﬁm, D(ng)) generates a positive semigroup, B,, is
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a positive operator that satisfies the condition
|| BnR(A, Zﬁ_m) < 1. (111.3.44)

Note that B,, is an integral operator with positive kernel and hence is positive. We further

consider,

| BuR(A\Z5,)9 [l = / T / " alw)bla,y) [RO Z3,)9] (v)dyda
:/Ooo (RN Z5,,)9] (v) /Oy(1+:cm)b(x,y)da:dy (111.3.45)

_ / " ay) [ROSZ3,)9) () (m0() + (),

where to change the order of integration we used the Fubini-Tonelli theorem, and also (11.1.10),

(111.1.13) to write
/0 (1+ 2™)b(, y)dz = no(y) + mm (y). (111.3.46)

As in the proof of Theorem I11.2.3, we split the last integral in (111.3.45) into two

/OS a(y) [R(\, Z5,,)9) (v)(no(y) + nm(y))dy

. (111.3.47)
+ [ a) [ Z5,0)9) 0)no(w) + )y = 1 + I

for some s > y,,,, where y,,, is defined in (I11.1.15) .

Consider the first integral I;. We know that for a finite s, a(y) is essentially bounded on [0, s].
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As a result,

- / ay) [ROL Z3,)9) 0)(mo() + () dy

<a, / TR Z5,)9) () (o1 + ) + y™)dy

< @Dy i (RN, Z5,,)9] (w)(1+y™)dy

111.3.48)
s (1 m)e—AR(y)-Qy) v (
< CLst,z(/ Uty / MR g (1) ddy
0 r(y) 0
(B, RO\ Zom)g) [° (L +y™

+ - / ( Lin()dy

= asDp, (Ao + A1),
where we used (I11.1.13) and (I11.1.15), a, = esssup,¢ 5 a(y) and

1 +yl ym
Dm,l = sup bo + S 2b0 + 1. (|||349)

ye(0,s) L+ym™  14+ym

The estimates of Ay and A; are identical to the resolvent R(\, Z; ) estimates (I11.3.17) and

(111.3.36) for s — oo and hence we have

| g [lm
A < PN W (111.3.50)
and
_ (Buy) " (L+y™) B Il 9 llm
A = 1— (B, dyr 1) /0 (y) dx(y)dy < PR EETRTs Wa— (111.3.51)

Combining the last two bounds, we arrive at

astl”gHm
I <agD,y (A + Ap) < ’ . [11.3.52
1 < a5 Dy (Ao + 1)_/\_wrﬁm_/300 (111.3.52)
Since [ < m,
1—|—yl
b — 0 — [11.3.53
0 o, (11.3.53)
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+y

there is s such that bo1

<1—c¢py for 0 <y, < s <wy. Then it follows that

1 !
bo—Y
14 ym

+cp <1, fory>s. (111.3.54)

l

_ 1ty
Hence, we can choose s so that aa +¢,,, < 1, for & = ess SUDP,~ bow

For the second integral I5 in (111.3.47), we have

hsaten | " a(y) [ROZ5,) 6] () (1 + y™)dy)
00 m e*A (v)—Q(y) Yy
<(a+ cm)</ a(y) (L+y") (y)R /0 AM@HR@) £ (1) dady

r

5RO Zo ) ( ) (111.3.55)
) » 20.m )Y * IL+y™
+ ; —d d
= (Oé + Cm)(BO + Bl)
Further,
. 1+ ¢™)e ARW)-QY) rv
m= [ a<y>< L [ e faydaay
0
I~ 1 —AR(y)—Q(v)
:/ AME@HQE@) £ () / a(y +y") dydx
0 7"(?/)
00 o0 —AR(y)—Q(v)
< / AME)HQ / y(LEy")e dyds (111.3.56)
0 x T(y)
</°° AR(2)+Q(z e MU@)=Q@) (1 4 pm) i
~Jo A — Wy,
M llm
T W

where we used Lemma [11.3.1 on the third line. Considering the last estimate, we use Lemma I11.3.1

and (111.3.34) to obtain

| f llm ABoo
B S G e (111.3.57)
Finally,
< Mot cm) IS fIm (111.3.58)

A— wr,m - ﬁoo
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and

— ast,l )\(Of + Cm)
| BN Z5,)f |m< (A_w N ST | f [l - (111.3.59)
Since ast o 0 and )‘(Lc’"g, — a+ ¢, as A — 00, with o + ¢,,, < 1, there exist A\g
such that for A > )\
st >\ m
<A CZU 5 +A_(z+c_)ﬁ )<1. (111.3.60)

Hence B,, is a Miyadera perturbation of Z; . We conclude that the sum (Z;, + B, D(Z3,,)) =:
(K5, D(Z5,,)) generates a positive semigroup in X,,, say (SK[; (t))t>0 by Theorem 11.4.2. [

4 Smoothing properties of the transport-fragmentation semi-

groups

In this section, we study moments of solutions to the transport-fragmentation equation (111.2.16)
and (I11.3.43). In particular, we have three cases to consider, that is, decay with no boundary
conditions and growth with the homogenous Dirichlet and the McKendrick-von Foerster boundary
conditions. In the first scenario the semigroup solutions are generated by (T + F, D(Z)),
while in the second and third cases the solutions are generated by (7" + F,D(Zj,,)) and
(T*+ F,D(Z3,,)), respectively. As we shall see shortly, the proof of the moment regularisation
property is similar in all three scenarios. To avoid repetition, we introduce the following uniform

notation, i.e., we let

(KX,D(ZF))  for decay with no boundary condition,

(K5 D(Zy,)) = (K, D(Zy,,)) for growth with homogenous boundary conditions,

(K5, D(Z5,,)) for growth with McKendrick-von Foerster boundary conditions.
{ ,
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Further, we denote the associated semigroups by

(
S+ (t)  semigroup for the decay case,

Sgex(t) = Sk (t) for growth with homogenous boundary conditions,

SK; (t) for growth with McKendrick-von Foerster boundary conditions.
\ ,m

Using this notation, for nonnegative initial data ug € D(Z;;) and u(t) = Sy« (t)uo, we have

d t) |lm o
W = / (T* + F)u(z, t)(1 + 2™)dx. (11.4.1)
0
The proof of the smoothing property relies on accurate evaluation of the right-hand side of

(111.4.1). The following technical result simplifies our calculations.

Lemma 111.4.1. Under the adopted assumptions of Sections I11.2 and 111.3, for u € D(ZZ), we

have

/OO(Ti + Fu(z)wpy,(z)dr = K* Tm /OO r(z)u(z)z™ tdx
’ 0 (11.4.2)

— /OOO a(x)u(x)(No(z) + Ni(x))dz,

where K~ = [° B(x)u(z)dz, KT = —lim, o r(z)u(z) and wy,(z) =1+ 2™

Proof. a) We follow the technique used in [18, Lemma 5.2.13 & 14]. We note that the left-
hand side of (I11.4.2) is linear, while X,, is a Banach lattice. Consequently, any u € D(Z%)
can be written as u = ut — u~, where vt € D(Z2), u* € X, and v = R(\, ZZ)g*, with
some gt € X I It turns out that it is sufficient to prove (I11.4.2) for u € D(Z%) of the form
u= R(\ Z%)g, with g € X .
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b) For u as above, B,,u € X} and thus we can write

/OOO(Ti + By )u(@)wn(z)dz = i/ooo O (u()r () )wim (2)dr — /OOO a(z)ul(z)wn()de
+ / ) B u(a)wm () dx
- i/ Ba( Wi (7)dz

— [ aeulo)Nota) + NG
’ (111.4.3)

where we used (I11.1.10) and (I11.1.11). By the definition of the domain D(ZZX), both integrals
appearing on the right-hand side of (I111.4.3) exist. We note that the second integral cannot be
simplified any further and it remains to compute the first integral only. The calculations depend on
assumptions on the coefficient of (z), which are different in the decay and the growth scenarios.

For that reason, we do the calculations separately.

c) First, we consider the decay case. For 0 < ay < a; < 00, using integration by parts, we obtain

/al(u(ﬂf)r(l‘))xwm( Jdz = u(ar)r(ar)wp(ar) — w(ao)r(ao)wmn(ao)
ao (111.4.4)

— m/ (x)dx.

By the definition of D(Z}), the limit of the integral in the left-hand side of (111.4.4), as ay — 0
and a; — o0, exists. We show that the limit of each term on the right-hand side of this formula
also exist. Indeed, by our assumption u = R(\, Z)g, with g € X7, Using this fact for the

integral term on the right-hand side of (l11.4.4) and allowing ay — 0 and a; — oo for nonnegative
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u(z), we have

v
:m/ e MW@ yg(y)/ LA R@HRE) gy
0
- / -QW) g(y) / Y AR gy
0
/ ()1 4y I [ et AR
=m gly) (L +y™ / ™ r xdy
0 T+y™  Jy
=/ g1 +y™) L
0 1+ ym

< [gllm,

dy

(I11.4.5)

< 1, for all y > 0, the Fubini-Tonelli theorem to change the order of

where we used ¥
ym
integration and the monotonicity of R(x) and @Q(x). Since the integral term in (l11.4.5) is

monotone in ag and a; and is uniformly bounded, it follows that

al

lim (u(x)r(z))swm(z)de = /OOO 2" tu(z)r(z)(z)dr (111.4.6)

a1 —o0
ap—0

does exist and is finite.
Next, using the representation u = R(\, Z})g, g € X, and employing the ideas of [18, Lemma

5.2.14], on account of the monotonicity of R(x), Q(z) and w,,(x), we obtain

r(a)u(ar)wn,(ay) < wm(al)e)‘R(“l)’LQ(“l)/ e_’\R(x)_Q(x)g(a:)dx
ay

< wp(ay) AR(al)/oo e M (z)g(x)d (111.4.7)
< wpy(ag)e Wy () g(x)dx 4.
' al wm(aj)
S/ u(z)w,(r)d.
al
This leads to the conclusion that
lim r(ay)u(ar)wm(ar) =0. (111.4.8)

a1 —oo
Finally, from formula (111.4.5), it follows that the limit lim,, o 7(ao)u(ao) does exist and is finite.
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Combining all calculations, we arrive at (111.4.2) in the decay case.

d) Now we turn to the growth scenario. As in part c) above, it follows that the limit of the the
left-hand side of (I11.4.5) as ag — 0 and a; — oo does exist and is finite. In the growth settings,

r(z) satisfies (I11.3.4). Therefore, direct calculations give

al

m / 2" u(z)r(z)de < mrg / 0 2" (1 + w)u(x)de < 2mr / i wm{w)ulz)ds (111.4.9)

<2mry || u [[m< o0, 0<ay<a <oo.

The bound shows that hm‘ffo__)%” [t e u(x)r(z)de = [§7 2™ u(z)r(z)de exist and is finite.

Further, since u € D(Z,,), it follows that

0 for the homogeneous Dirichlet boundary conditions,

Jim r(ao)u(ao)wm(ao) =

J° B(z)u(x)dx  for the McKendrick-von Foerster boundary conditions.

The fact that formula (111.4.5) is bounded and the limit as ay — 0 exists, indicate that

limg, 00 7(a1)u(ar)wy,(ar) does exist and is finite.

To show that this limit is zero, we argue by contradiction. That is, we assume that

limg, 00 7(a1)u(ar)wy,(a1) = L > 0. If this is the case,
r(z)u(x)wy,(z) > C >0, (111.4.10)

for all sufficiently large values of z. In view of (I11.3.4), for this values of = we have

, for C' > 0. (111.4.11)
Since the latter is impossible as u € X,,,, we conclude that
lim 7(ay)u(ay)wy(a;) =0 (111.4.12)

a1 —o00

and (111.4.2) is completely settled. O
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4.1 Regularisation property of the semigroups

It is at this point that we will show that both decay and growth semigroups have a moment

regularisation property. The following theorem is a generalisation of a result in [22].

Theorem 111.4.2. Assume that there is x1 > 0, such that for z; < x we have
a(z) > apz®, & > 0. (111.4.13)

Then, for any | < n < p < m, there are constants 6 = §(m,n,p) > 0 and p = p(m,n) > 0 such
that for all uy € X,
I Spee (D < Ge™t 7" | g |l - (111.4.14)

Proof. Let ug € D(Z,)+ and u(-) := [Sx (Duol(-) = [Sex (H)uol(-) € D(Zy,), for t > 0. Then,
multiplying equation (111.1.1) without the coagulation by w,, (), integrating term by term in the

interval (0, 00) and using Lemma I11.4.1, we have

WOl e [ rwputone=de ~ [ atarute) (o) + (o)) s,

< [T | F et - (o) + Nollato) |l

where K* are defined in Lemma I11.4.1, and dropped — lim, o7 (z)u(z) for the decay case so
that B~ (z) = B(x) and Bt (z) = 0. We choose R,, > max{l,z1, ¥y}, where y,, is defined in
(111.1.15), so that

bo(1+2) —1—(1—¢pn)a™ <0, (111.4.16)

for x > R,,. Then using (111.1.12), (111.1.13), (111.1.15) and (111.4.13), for any R,, < R < z, we
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have

I (2) : = BX(2) F ma™ 'r(z) — (No(z) + N (z))a(z)

< BFwp,(z) + ((bo(1 + ") — 1) — (1 — ¢)2™)ag R

= BFw,, () + (bo(1 4+ 2") — (1 — ) — e — (1 — c)2™)ag R (111.4.17)
= BEw,, (z) — (1 — cp)wp (2)agRE 4 (bo(1 + ') — e )ag R

< (B — (1 — ¢)agRO)wp, () + bo(1 4 ) ag R®,
where Bt = 0 and B~ = B + 2mry. We choose R, so that
BE — (1 —cp)agR® < —¢= R%, (111.4.18)
holds for all R > R,,, and some constant gbi >0.Weletl <n <m.Thenforanyx > R > R,,,

% (2) < —¢= R%w,,(2) + boag R*w, (z). (111.4.19)

For the case of x < R, we observe that (I11.4.16) still holds for R,, < z < R, while —N,,(z) <0

for any z. For any R > R,, fixed, then there exists constants P~ such that

I'(z) < B*wy,(z) + (bo(1 + R.,) — Dag,,

< —¢Ew, ()R + (quwm(:z:)lr{50 + BEw, (z) + (bo(1 + R.)) — 1)aRm>

(111.4.20)
m bo(1+ RL) —1
< _¢#wm<$)Rfo + ¢mR§0w (LE) + ( 0( +Rm) )aRm wn(x)
Wy () wy ()
< —¢Ewp(z) RO + PEROT™ My, (1),
where we applied (111.1.13) and the inequality,
14+ 2™ 1 ™
= <1 m=n [11.4.21
14 a2m 1—|—m”+1—|—$"_ e ( )

and ag,, = esssup,¢(o g, @(7) < o0. The inequalities obtained above are similar to the ones in

the paper [16], with 2m7 replaced by B*. Then for R > R,, > 1, we can find D,, such that for
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all z € R, the following holds

dfu(t
Huc(zt)Hm < —¢E ROYu(t) | + Do ROF™ ()| - (11.4.22)

Recall that X,, C X,, for n < m. Then

[u@)lln =1 Siez (Ouo lln=Il Siz ()0 = Fue" || o ln=:gn(#) || o [ln,

m

for some constants F},, w,, and ¢, (t) is exponentially bounded as ¢ — oo. Then, from (111.4.22)

we obtain
dl|u(®)|m

I < G ROl + DB 1) | 0 (11:4.23)

which is equivalent to

d

= (eﬁREOtnu(t)nm) < Dy Fy R @R+t ||y (111.4.24)

Therefore, for any R > R,,,

() e = /0 (S s tt0) () () = /O " (@) (Sies (D)) dx = /0 " ()0, )dz

—¢$R£0t FanRSO

. m—n
<[ g llm €% + Hy R™ ", (1) | 0 ||

— /OOO (e_‘z)iRgotwm(x) + HmRm_”gn(t)wn(x)> uo(z)dz.

— — ot RE
<[l uo [lm e R (gu(t) — =) || ug ||

(111.4.25)
We note that the integrand in the brackets is continuous. The domain D(Z%), contains the

space of positive C§°(R ) functions which are dense in X!, hence, the functions can be bounded,
O(z,1) < e 9B () + Hy R™ g, (Hwn (), (111.4.26)

forz > 0and R > R,,. Since t, x and R are independent, we can define R using the two other
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+ ,¢0
. . . — l ¢mRmt
variables. Considering R% = %v we get for & > ¢ m-n |

m

m—n

. m—n\ 9 n-m m—n
O(r,1) < 2" mwm<x>+Hm( ) {5 (log 1) 5" galt)wnlz)

D (11.4.27)
S H’;n,n,pg’VZ(t)tgiowp(x)?
where Hr/n,n,p is positive and independent of x and ¢ for any p > n.
To establish this, we consider
f(z) =logz —2® forz >0and ¢ > 0. (111.4.28)

Letting v = 2° leads to f(y) = %logy — y. We take the first derivative and equate it to zero to

obtain the critical point y = % The second derivative is f”(y) = —é, which shows that the

critical point is a maximum. Therefore, f(y) < f(%) for y > 0. This leads to

flogy <y + [¢log(f) — ¢,
logy < c€ + &y (111.4.29)

logz < max{1,ce}(1 + 2°).

From (111.4.27),
(logx)mTSn < [max{1,ce} (1 + xg)]mﬁi_on <c(l1+ xg*), for any £ > 0.
Further,

(logz) © wy(z) < ci(1+25)(1+2") < C(1+2"¢) =C(1+aP), (111.4.30)

for some C' > 0, and p := n + £*, which leads to the last statement of (111.4.27). Now, for
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o RSOt

x<e mn  weuse R= R, in (Ill.4.26) to get

Oz, t) < e‘ﬁRE’?twm(x) + Hgn ()R "wy, ()

+ €0 + »&o
+ 50 ¢mR’mt ¢mRmt
= ? Wy <€ m—n ) + Hypgn () R "wy, (e m—n )

+ R0,

L mot RO noi Ryt
_ PRt (1 + em—n) + Hpgn(H) R (1 +e mn ) (111.4.31)

m¢% R€O t

£ m mqb'rin,Rfr?
< emomAt (1 + e ) + Hypgn ()R (1 tewen >

Finally, considering (111.4.27) and (l11.4.31), there exist positive constants 6 = §(m,n,p) and

p = p(m,n) such that

O(x,t) < det & wy(x) (111.4.32)
and by (111.4.25), we have
[ / up(2)w,(x)dz. (11.4.33)
0
This concludes the proof. n

5 The complete transport-coagulation-fragmentation model

In this section, we consider the complete nonlinear model (111.1.3). We use the unified notation of
Section I11.4 for the semigroups and generators associated to the decay- and growth-fragmentation
equations and treat both abstract scenarios simultaneously. Any differences, if they occur, will

be stated explicitly.
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5.1 Local solutions

To begin, we discuss the local solvability of (I11.1.3). Our presentation follows closely [16]. As in
[16], we assume

k(z,y) < co(1+2")(1+y"), (11.5.1)

where ¢g > 0, 0 <1 < & and m := p +n. Again, as in [16], instead of C[u, u], we consider its
modification

Cylu, ul(x) == Clu,u)(z) + O(1 + 2")u(x), (111.5.2)

for an appropriately chosen U > 0. Further, instead of (KX, D(Z%)), we employ (L, D(Z2))
given by
[L*u](2) == [Kul(z) — Ol + 2")u(z), u€ D(Z}). (111.5.3)

m

With this notation, the original problem (I11.1.3) can be written as a semilinear ACP

du(t)
dt

= LEu(t) + Cyslu(t),u(t)], u(0) = uo. (111.5.4)

We remark that for every U > 0, the semigroup (S, = (t));>0 generated by (L7, D(Z;)) has
exactly the same regularisation properties as (Sy=(t))i>0, provided all assumptions of Theo-
rem I11.4.2 are satisfied. Furthermore, choosing U as in the proof of [16, Theorem 3.1], it follows
that the nonlinear part of (I11.5.4) has exactly the same properties as the map Kéii defined in
[16, equation (3.4)]. As a consequence, the local wellposedness analysis of [16, equation (3.4)]
can be repeated verbatim for problem (I11.5.4). In particular, all conclusions of [16, Theorems

3.1 and 3.5] hold in the case of (IIl.5.4) and we have

Theorem 111.5.1. [16, Theorems 3.1 and 3.5] Assume uy € X,,. Then there exists a unique
local mild solution of (I11.5.4), uw € C([0,t*), X,,). The mild solution is nonnegative if uy € Xt
Furthermore, if uy € X, N D(Zpi), where p = m — 1. Then the mild solution u, defined
on its maximal interval of existence [0,t*), satisfies u € C([0,t*), X,,) N C*((0,t*), X,) N
C((0,t*), D(Zy)) and is classical in X,,.
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6 Global solutions

The solutions of Theorem 1l1.5.1 are local in time and are defined on the maximal interval of
existence 0 < ¢ < t* only. We demonstrate global solvability of (lll.1.1) for positive input data

under additional restrictions on the model coefficients. In the sequel, we assume that
k(x,y) <co(l+2"+y"), 0<n<&. (11.6.1)
To show that (111.5.4) is globally solvable, we will look at the evolution of the i-th moments
() = /Oou(x,t)xidx, P> 0. (1116.2)
0

Global solvability of (Ill.1.3) is guaranteed if none of the moments ||u(t)||p;,0 < ¢ < m, blow up

in finite time.

In the sequel, we make use of the following two technical lemmas. The first one is used to
control the coagulation operator C|u,u], while the second one controls the term associated to

the fragmentation process.

Lemma 11.6.1. Assume u € D(ZZ), and the coagulation kernel and the fragmentation rate

satisfy (111.6.1) and (111.4.13), respectively. Then for m > 2 and any € > 0, we have

m+2§g m+2§p+1 m+2§p—1

&0 _ m+n—2 250 = =
/ Clu, ul(x)dz < ellu(t)|meo +ce ot | [fu()l 7 + u@F " + lu@)] " ]
0
(111.6.3)

where the constant ¢ > 0 depends on m, & and n only.

Proof. Assume u € D(ZZX),. Then in view of our definition of D(ZZ) and of the assumption

(111.4.13), the moments ||u||jo] are well defined for all 0 < a < m + &. Using this fact and
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changing the order of integration, for m > 1 we obtain

/000 2" Clu, ul(x)dx =

(x 4+ y)"k(x,y)u(x)u(y)dedy

!
o /O k(e y)u(@)uly)dyda
/

(z +y)"k(z, y)u(z)u(y)dedy

| |
I}—‘C\ | —
e
3

|
r1[\3|>_n MI)—‘ [\DIH
Qo\\»\\g

/ July)dydz

/ July)dydz (111.6.4)
/OO (z+y)" — y")k(z, y)u(z)u(y)dzdy

/ / P hy) (14 2+ y"u(x)u(y)dedy

Il u(®) Nl w(®) llgm-ag + 1 (@) Nl @) -1

<Py

1

1 u®) gl 0l®) sy }

where P, = I',,co and we used the symmetry of the coagulation kernel and Lemma 11.5.3. To
obtain formula (111.6.3), we estimate each moment appearing in the last line of (I11.6.4) separately.

If m = 2, then || u(t) ||pm—yy= [lu(t)||p] and the estimate is trivial. If m > 2, we let 6 =

(7n—1)€(0m—+}r§o—1)' p = % and ¢ = mg:f_fl_l Since & > n > 0, it follows that 1 < p,q and

0 < 6 < 1. Therefore, using Holder's inequality with exponents p and ¢, we infer

o 1 1
| w(®) |1y :/ up (z, 1)z~ 6)(m— 1)uq(m t)x 0(m—1) g,
0

(111.6.5)
m+§ 1 mioglfl
< I\u(t)!hm+20] [lu()ll ™
Then using Young's inequality with the same exponents p and ¢, we obtain
m — 2 m4&g—1 SO + 1 1-m—¢£g m+2£g

a1l () lpn) <

e fJu(®)l[pmeo) +

m+& —1 m—+& — 1

It is not difficult to verify that (I11.6.6) holds for all m > 2 and & > n > 0.
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Next, we consider || u |[,+1). To bound this norm, we let § = % and use Holder's

inequality with exponents p = % q= % lf m >2and & >n >0, then 1 < p,q

and 0 < 6 < 1, consequently

| (@) lpg+y = / up (z, )"y (2, )2 00 dy
0

(11.6.7)
m+§0 1 %Olln
< Jul®) ey 1l :
Now, combining (I11.6.5) and (I11.6.7), we have
Feoo1 Tmreg—1 T&+11+m+i%_:n
[[a() |- [ () 1y < [la(®) ] m+20] el ’
m+4n—2 m+2§0+n (|”68)
m+£p—1 m+§
< lu@llgivegy @l
and, using Young's inequality with exponents p = ";Jf?;’ 21 and g = m’%;“l (which satisfy 1 < p, q,
when m > 2 and § > n > 0),
mAn—2 migo G—n+1 im ntigs
u(t U(E) || - <—em+n2 U m +—€50n+1 U 0="
[l ([ n—1y < mt g1 [ ()| pm-veo) mt g1 [u()]l )
(III.6.9)
Finally, to bound ||u(t)||(y+m—1), we employ Holder's inequality with exponents p = %1;)__21
qg = ’Z}*goﬂl and let 0 = (T(ﬁiol))((fnigf)l). Since 1 < p,gand 0 < # < 1 when m > 2 and
& >n > 0, this gives
> 1 1
-y = [ w1V ()00 D
0 (111.6.10)
::fﬁn 21 m+£7(;+11
< gy el
From (111.6.10), using Young's inequality with the same exponents as above, we infer
et mfgo §
()l llpman-1 < lul)ll ey @™
m4+n— 2 m+gg— &) —n+1 1-m=% wg+2§0+11
< e LA 7 ||u mtg] F €S ||lu o
< B S ult) st + e O (o)
(11.6.11)

Formula (111.6.3) follows from (111.6.4) by adjusting the free parameter ¢ > 0 in (111.6.6), (111.6.9)
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and (I11.6.11) and by observing that 2”— <& JjZﬁ for m, & and n satisfying assumption of the

Lemma. O

Lemma 111.6.2. Let ug € D(Z%) and (111.1.14) and (111.4.13) hold. Then for N,,(y), defined

n (111.1.11), we have the estimate

- [ Nu@a@u)is < 3 [ o u(@ds - 100 g +oa 10

3
(111.6.12)

where 0y, = d,, €88 SUPg< p<, @) and 0 = dpnag.

Proof. Taking into account (ll1.1.14) and results in [11], if for some my > 1 and zq > 0,
N (z) /2™ > dy, © > xg, then for any m > 1 there exists d,,, > 0 such that N,,(x)/a™ >

dpmy > 0 for all x > xy. Then, similarly to [16], we have

/N xtdx<——/N xtdaz——/N Yu(z, £)dz
- / Now(2)a(z)u(z, )da

2 o0
__/ Yo u(x, t)dx — a%dm/ 0™ u(x, t)de
0

+ ess sup a(x)dm/ " u(zx, t)dx
0

0<z<xo

I . 20
<3 [ ol ute, s = 1 0(t) vy +om | )

" (111.6.13)

and the conclusion follows. O

Now we are in the position to prove global solvability of (Il1.1.3) for nonnegative input data. Due
to technical reasons, we study the decay- and growth-fragmentation-coagulation cases indepen-

dently. First, we consider the decay scenario.

Theorem 111.6.3. Let the assumptions of Theorem 111.4.2 hold. If the coagulation kernel satisfy
(I11.6.1) and if m > 2, then the mild solutions to the decay-fragmentation-coagulation equation,

associated to positive initial data ug € X}, are global in time.
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Proof. Assume initially that uop € CY(R,),, then the local mild solution satisfies u(t) €
C([0,t*), D(Z})) for any m, in its maximal interval of existence [0,¢*). For such a solution
the differential equation (111.5.4) holds in the classical sense. Substituting u() into the equation,

multiplying by 1, x and 2™, respectively, and integrating over R, , we obtain

d
dllu(®)llo </ (no(z) — Va(x)u(z, t)dz,
dt ;
d o0
Huc(lt)H < —/ r(z)u(z, t)dx <0,
Ooo (111.6.14)
() [ m)
Wit < [ mar(a) + No(w)a(a)]ule, )
/ / (24 9)"™ — ™ — y"Vh(, )u(, Duly, ) dedy,
where (111.1.13) and (I11.1.11) are used.
The second inequality in (111.6.14) implies that ||u(t)|[p; < ||uolp) for any ¢ > 0. From the
second inequality in (111.6.14) and from Lemmas I111.6.1 and I11.6.2, we infer
d Y 20
At < =2 [ atwyaate s = 510 e +00 100 o
e uOllmssy + e 5 OIE™ + @I + @l § 7 |
(111.6.15)
Using Holder's and Young's inequalities with exponents p = % q = % and letting
0= % we obtain
()l = / b ()20 (2, )2
0
< )7 () (111:6.16)

< ellu(®)llpmre + ce @ (),

for all ¢ > 0 and some ¢ > 0 that depends on m and &, only.

Substituting (111.6.16) into (111.6.15) and choosing ¢ > 0 such that e(1 + 9,) < 2, we deduce
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that
d )l m
—Hu( t)H[ I < __:03 / a(z)x™u(x, t)dr + Zp, 1, (111.6.17)

zo

where Z,,,; > 0 and depends on m, 1, & and ||ug||;1 only.

From (111.6.17) it follows that

Ju()]lpm) + 5 // 2)a"™u(x, t)dr < ||uol/pm) + tZm1, (11.6.18)

for any t € [0,t%).

To bound the zeroth-order moment ||u(t)||j, we employ (I11.1.13) to get

- lo /0 N u(z, t)(1 + 2')a(x)dr < 2b /0 oo(l +a™)a(z)u(z, t)dx
< 2bg /900 a(x)(1+ z™)u(x, t)dx + 2bg /OO a(z)(1 4+ 2™)u(z, t)de  (111.6.19)

o

< Bol|u(t)|ljo) + 2bo /OO a(x)(1+ z™)u(z, t)dx,

zg

where By = 2byess sup,e(g 4, @(2)(1 + 2™). Consequently, from (111.6.19) we deduce

lu(t) < €™ ||uO|r[o 1 2bo(1 + 2™ / ~Bos / mdmds}
< ebot ||uo||[0 + 2bg(1 + 2™ / / mdxds} (111.6.20)
< P! O (1 4 gom tZ
<e Hu0|h0]+ 5 (L+ 2 ) (l|wollfm) + tZma) |

for any t € [0,t%).

From (111.6.18) and(l11.6.20) it follows that ||u(t)|.) does not blow up for any positive value of

t. Therefore, positive solutions emanating from C° (R, ), are globally defined.

To conclude the proof, consider ug € X;}. By Theorem I11.5.1 every such uq gives rise to a mild
solution of (I11.1.3), which is defined in a maximal interval of existence [0,¢*). Assume that ¢*
is finite. Then the X,,,-norm |[u(t)||,, of the solutions blows up at t*. On the other hand, every

up € X} is a strong X, limit of a sequence (ug)i>0 € C2 (R, ).. Furthermore, the elements
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of the sequence can be chosen so that sup; || |lm < 2w ||m-

Let the classical solutions emanating from g be denoted by wy(t). By what was proven above,
all these solutions are global and satisfy ||ux(t)|m, < eP'[A + Ct] uniformly in k& > 0, where
the constants A > 0 and C' > 0 depend on m, the model coefficients and ||ugl|., only, while
By is defined (111.6.20). Assume now that (¢,),>0 is a monotone increasing sequence, with
limy, o0 t, = t*. Since t* is finite, we have lim,,_, ||u(t,)||» = co. On another hand, classical
solutions continuously depend on the initial data, consequently for each n > 0 there exists k,, > 0

such that |[u(t,) — ug, (t,)|lm < ePEI[A + CO).

Let M > 3eP"" [A + Ct*]. Since limy, o0 [|u(tn)|lm = o0, for n sufficiently large we have

3PV A+ Ct] < M < ||Ju(tn)llm < ||k, (tn)llm + [[w(tn) — wr, (tn)|Im
[ ] Ju(tn)llm < luk, @) llm + lu(tn) — e, ()] (116.21)

< 2™ A+ C.

The latter is clearly impossible. Hence, t* = oo and for every ug € X! the associated mild

solution is globally defined. O]

Now, we turn to the growth case.

Theorem 111.6.4. Let the assumptions of Theorem 111.4.2 hold and the coagulation kernel satisfy
(11.6.1). If m > 2 and either

a) r(z) <rz forall all z > 0, or

b) there are constants o and o satisfying 5(z) + (no(z) — 1)a(z) < ag + aqx for all z > 0,

holds, then the mild solutions to the growth-fragmentation-coagulation equation, associated to

positive initial data uy € X, are global in time.

Proof. As in the previous theorem, we follow the ideas of [16]. Assume initially that u, €
CY (R,),, then the local mild solution satisfies u(t) € C([0,t*), D(Z,,)) in its maximal interval

m

of existence [0,¢*). For such a solution the differential equation (I11.5.4) holds. Substituting w(t)
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into the equation, multiplying by 1, x and 2™ and integrating over R, , we obtain

d”“ / B(x xth/m(no() Da(z)u(z, t)dz

- / (z, y)u(z, hu(y, t)dzdy

d”“fﬁ)” /0 r(z)u(x,t)dx (111.6.22)
dIIUSZH[m] _ /Ooo [ma™ e () — Now(2)a(z)]ulz, t)dz

i % /0°° /OOO ((@+y)™ = 2™ = y™)k(z, y)ule, Yuly, t)dudy,

where (111.1.13) and (I11.1.11) are used. First, we assume that condition a) of the theorem is

satisfied. In this scenario, the first two inequalities in (111.6.22) reduce to

dlu(t
“uc(it)H[O] < aollu(®)llg + arllu(®) . (111.6.23a)

d||U( )|| WO < ol + b lal®) 1. (111.6.23b)

Adding (111.6.23a) and (111.6.23b), we obtain

d(llu o u 1
(” @l }dj [u(@)]]] ]) < (ag + bo) ||u(®) |ljo) + (cx + by)||u(t)]| (11.6.24)

< Bo([lw®) o) + [[u(®)lly)

with By = max{(ao + bo), (o1 + b1)}. Hence, from Gronwall’s inequality, we infer

lu(®)llioy + lw(®)llny < (luollio + lluolln)e™". (111.6.25)
Applying Young's inequality to the right-hand side of (II1.6.5), we obtain

u(t , m =2,
| [ < )l . (111.6.26)

_&otl
ellul®)llmteo) + c€ 2 [Ju@®)|[p, m > 2.

Using the inequalities (111.6.16), (111.6.26) and Lemmas 111.6.1 and I11.6.2 (with the first term
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dropped), we have

AN [ (), m=2,

_ o+l
Cd ellu®lpmreo) + e =2 lul®)l|p, m > 2,

1-m 20
b+ 00) () ey + 5 a0 ) = 5 1 00) s

gl o B m e
+eflu®)llpnso) +ce o7 {HU( W™+ @l + @l
(111:6.27)

If we choose € > 0 so that e[m(by + b1) + 0 + 1] < 2, then

dlfu(®)]lm

== < F(u(®)ll).

where F(-) is a linear combination of powers of ||u(t)||;1j, whose coefficients depend on m, and
the model's parameters only. By (I11.6.25), |[u(t)||;1] is exponentially bounded, hence F'(||u(t)||)

is exponentially bounded and, on the account of Gronwall's inequality,
Ju(t)[lm) < Ae™, (111.6.28)

for any t > 0, with A > 0 that depends on m, the model parameters and ||ugl|1, while B > 0
depends on the model's parameters but is independent of the size of the initial data uy. Bound
(111.6.28) shows that ||u(t)||jm) grows at most exponentially and therefore cannot blow up in finite
time. Hence, under assumption a) of the Theorem, solutions with initial data from C§°(Ry)

are globally defined.

Assume that condition b) of the theorem is satisfied. Then the second inequality in (I11.6.22)

decouples from the system and we have the exponential bound

lu()llpy < €™[luollpy- (111.6.29)
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Using the inequality (I11.6.26) and Lemmas I11.6.1 and 111.6.2, we have

dflw(®)||m 1om 2
—— = ) {ellu@lmre) + e lu@lip | = 5 1 a) e
0 o0
3 / a(@)x™u(z, t)dr + €||u(t)|[pm+e) (111.6.30)
. 7:7”7*2 m+2§g m+2§p+1 m+2§p—1
+ce St {Hu@)\l[ff“ + lu@llap " +HU(t)H[ﬁ°”“1

If we choose € > 0 in such a way that (14 r 4 0y) < 3, then

dl|u(t)]|pm °°
||U(d2||[ < _g/ (@)™ u(z, t)dr + AP, (111.6.31)

z0

where A > 0 depends on m, the model parameters and on ||ug||;1, while B > 0 depends on m,
the model's parameters but is independent of the size of the input data ug. As in the proof of

Theorem 111.6.3, we integrate (111.6.31) to obtain

o [t [ A
1w () |lpm) + 5/0 / a(x)z"u(zx, t)de < ||uol|pm + EeBt, (111.6.32)
Zo

for any t € [0,t%).

It remains to show that the zeroth-order moment ||u(t)||g is bounded. We use (I11.3.7) and

(111.1.13) to obtain

et |18+ mlwjata)lute. o
< /Ooo [5(@% b1 4 xl)a(x)} w(z, )
< . /0 (14 2™, )dz + 26 /0 "1+ 2™ ale)u(e, Hda (111.6.33)
<s /0 (e D + (af;ﬁo +2b0> / OO a(z)u(z, H)(1 + 2™V da
< sllu(t) | + (af;%o +2b0> /Oo a(z)u(z, (1 + 2™)d,
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where § = 2byess Sup,c(o 4,1 (@() + Boo)(1 + 2™). By Gronwall’s lemma and (111.6.32), we have

HU(t)H[O]Seﬁt(HUoH[aH(BOO +2bo) (1t m / / mdxds)
CL()ZL‘

3( B A
ot s —m Bt
< ollo + 5 ( 2+ 2m )1 4. >(||uo||[m]+§e )]

for t € [0,¢*).

(111.6.34)

On the account of (I11.6.32) and (l11.6.34), it follows that ||u(t)||(,,) does not blow up for any

positive value of ¢. Therefore, positive solutions emanating from C5°(R.) are globally defined.

Using the density argument employed in the proof of Theorem 111.6.3, we conclude that for every

ug € X! the associated mild solution is globally defined. O]
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CHAPTER IV

Explicit solutions of the

transport-fragmentation equation

1 Introduction

In this chapter, we provide a systematic way of finding exact and physically meaningful solutions
to the continuous transport-fragmentation models. The constant and linear decay/growth rates
are considered. In the growth case, we first deal with the homogeneous boundary conditions and
then show that the technique is applicable to some cases of fragmentation equation with the

McKendrick-von Foerster boundary condition.

The search for exact solutions in the continuous case can be traced back to Ziff and McGrady
[55, 56] for the pure fragmentation model while Huang et al [35, 36] considered fragmentation with
decay for constant and linear decay rates. The work was further continued by Banasiak et al., [20],
where a systematic approach for both linear decay/growth and constant rates was considered. It is
worth re-emphasizing that exact solutions play a crucial role in understanding the model dynamics,
grasping features that are not easily captured by general theoretical analysis. Furthermore, such

solutions can benchmark numerical methods and aid in improving the computational procedures.
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2 The model equation

Consider the transport-fragmentation equation

du(z,t) £ 0, (r(z)u(z, t) = —a(@)u(z, t) + / N a(y)b(z,y)uly, t)dy, =t € Ry, (V2.1)

u(z,0) = ug(x), z€Ry,

where — and + refer to the decay and the growth scenarios, respectively, and the coefficients are

defined in Section Il1.1.1. In the case of growth, if

/1 Tc(l_i) . (IV.2.2)

then (IV.2.1) must be coupled with boundary conditions and we assume that

lim r(z)u(z) = 0. (IV.2.3)

z—0t

The work presented here aims to extend the results of [35, 36] where only the decay case was
considered and explicit solutions were found only for a constant decay rate. As in [35, 36], we
work with the power law coefficients and extend the results to constant and linear rates and to

the growth case. The power law coefficients are defined by

2 v
r(z) =ka?, a(x)=az® blz,y)= v ({) ., —2<rv <0, (1V.2.4)
Y Y

where k,a > 0 and « # 0. The lower bound of v guarantees existence of the integral

y
/ xb(z,y)dr =y, y>0. (IV.2.5)
0

Due to the physical interpretation (see [18, Lemma 2.2.3]), the fragmentation kernel must satisfy

z y
/ xb(x,y)dr > / (y —x)b(x,y)de, 0<z< g, (IV.2.6)
0 Yy—z
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which is possible only if v < 0. We substitute (IV.2.4) into equation (IV.2.1) to get:

[e’e} 2 v
ouE (z,t) £ 0, (kx"u™(2,t)) = —az®u™(z,1) +/ ayo‘y il <§) ut(y,t)dy, x,t€ Ry,
x Y Y

ut(x,0) = up(x), = €Ry,
(IV.2.7)

We start our analysis by transforming (1V.2.7) as

z = azx”, vE(2,t) = 27 "uF (2, 1), (IV.2.8)

x::<§>i, ﬁ%zﬁ)::(§>_zui((§)ij>. (IV.2.9)

The substitution transforms the partial derivative with respect to ¢ as follows

which leads to

z

v/a
ot (x,t) = 27 0*(2,t) = (—) ow*(z,1). (IV.2.10)
a
Further, the partial derivative with respect to x is given by

Op[r(x)u®(z,t)] = 0, [k:xwl’vi(z, t)]

dz
— v+vy—1, + v+y +
k;((y + )z v (z,t) + 2" 0,07 (2, t)_dx>

RN N\ (a1
=k|(v+7) (—) vE(z,t) + aa (—) .0 (2,1) |.
a a
(IV.2.11)

Considering the integral, we note that « is either negative or positive, but not equal to zero.
Limits of integration are obtained by replacing x and y with z = ax® and y = as”. If a > 0, the
inequality 0 < x < y implies 0 < z < s, while when a < 0, we have 0 < s < z. Combining both

cases together, we obtain

/:O a(y)b(z, y)uly, t)dy = <§> e

o S vE(s,t)ds <.
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Formally, the substitution of (1V.2.10), (IV.2.11) and the last integral into (IV.2.7) gives

[ vE(s, t)ds if >0,

SvE(s,t)ds if a <0,
(IV.2.12)

vE(2,0) = () = (2)_ o ((2)) , (IV.2.13)

B=aska, O=a=kly+v),
_(y+2) _’y—l—a—l

Y

| a

Ot (z,t) £ B2F0,0T (2, t) = — [£02F7 + z]vF (2,t) + m

for t,z € R, with

(IV.2.14)

If ¥ > 1 in the growth case, then (IV.2.7) is not well-posed in X,,, with m > 1, see [18].
Consequently, we assume that 0 <~ <1 in this situation. It is worth pointing out that the sign
of a in (IV.2.12) transforms the growth problem to the decay one and vice versa. We consider
the decay and the growth scenarios with both constant and linear rates, including the constant
decay rate that was solved in [35, 36]. Here, however, we provide a comprehensive approach

covering in a unified way all cases.

We introduce the following notation

G v](z) = /0 “u(s)ds  and  GFu](x) = / " o(s)ds. (IV.2.15)

Symbol G*¢¢, where sga = + and sga = — for a < 0, allows us to treat two integrals terms in

(IV.2.12) simultaneously.

We start with the decay case.

2.1 Constant decay and growth rates

In this section, we consider (1V.2.12) with g = 0 in both the decay and the growth cases. To
avoid singularities at zero in (IV.2.12), we assume also that § = 0. If y =6 =0, then vy = —v

and a = 1 — . Under the assumptions on p, 8, v and «, we have the following possibilities:

(i) The decay case with @ < 0 implies ¥ > 1. The decay case is transformed into the

69



growth case with G, which requires boundary conditions for for v=(z,t) as z — 0. This
corresponds to boundary conditions z7u(z,t) as  — +oo. Using (IV.2.3) we conclude that

lim, o 27u(z,t) = 0. Accordingly, in this case we use lim, o+ v (z,t) = 0.

(i) The growth case with « < 0 implies v > 1. The growth case is transformed into a decay

case with G~ and no boundary conditions are needed.

(iii) The decay case with o > 0 implies 7 < 1. The decay is transformed into decay with G,

which does not require boundary conditions as z — 0%.

(iv) The growth case with o > 0 leads to v < 1. The growth remains the growth case with G,
requiring boundary conditions for v (z,t) as z — 0. The boundary conditions match with

2u(z,t) as x — 0. Similarly to i), lim, o+ 27u(z,t) = 0 and lim, ,o+ v*(z,t) = 0.
With the assumptions 1 = 6§ = 0, equation (IV.2.14) is transformed into
owE(z,t) £ BOvE(2,t) = —2vE (2, 1) + mGEwE (-, 1)](2), (IV.2.16)

with the initial condition as in (1V.2.13) and, in the growth case whenever £ > 0, we supplement

(IV.2.16) with the homogeneous boundary condition, that is,

lim v*(z,t) = 0. (IV.2.17)

z—0t

The characteristics of (IV.2.16) are given by
HE ) = LBt +E, €0 (IV.2.18)
We set w* (€, t) = vE(2(€,t),t), hence (IV.2.16) becomes

Opw*(€,t) = —(& £ Byw™ (£, 1) + mG=[w* (-, 1)](€)
w*(€,0) = wy (€) = v5 (£),

(IV.2.19)

for £ > 0. The characteristics given by (IV.2.18) fill half of the first quadrant if 3 is positive for

+a. We need to further address solutions that emanate from the upper half of the quadrant.
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To be able to account for any characteristics crossing the first quadrant, we extend (1V.2.19)
to & < 0 by assuming that w(jf(f) = (0 for £ < 0 and then we redefine the initial condition as

(&) = wF (&) +1p(€), where ¥(€) = 0 for € > 0 and must be determined for £ < 0. For the

+

extended solution w™, we have

w* (€, F57€) =0, (IV.2.20)
for £ < 0 whenever 43 > 0.

To integrate (1V.2.16) explicitly, we set
+2
FEE ) = eET oy (g ). (IV.2.21)
This transforms (IV.2.16) into the following equation

0 f(€,1) = mG*s (e fE(, 1)](€)

(IV.2.22)
FE(6,0) = ¢(¢),
with € > 0 if £8 <0 and £ € R if £5 > 0. In the second case, we further require
fEEF879) =0, €<0. (IV.2.23)

2.2 Linear decay and growth rates

In this section, we consider the cases of linear growth and decay, that is, we assume that ;= 1.
We keep in mind that, depending on the sign of «, the growth and the decay can swap. The

transformed equation (IV.2.12) reads

Ot (z,t) £ Bz0.0T (2, 1) = — [£0247" + z]oF (2, t) + mGE[vF (-, 1)](2), (IV.2.24)
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supplemented with the initial conditions. We apply the method of characteristics to solve the

problem. The characteristic equation associated to (I1V.2.24) is given by

Cjzj = 4Bz, 20)=¢  &teR.. (IV.2.25)

Solving, we obtain

2(€,1) = &P, EteR,. (IV.2.26)

It should be noted that for all admissible values of « the characteristics lines fill up the whole
region, where the problem is defined, that is, the first quadrant and hence no boundary conditions

are required. Setting w*(£,t) = v*(2,t), the partial derivatives are transformed into

OvE(z,t) = Qw™ (&, 1) & Be* P ow™ (€,1)

(IV.2.27)
0.0 (2,1) = £ (&, 1).
The integral terms in (1V.2.24) are given by
G0 = [ o9 0 s
° (IV.2.28)
= [ v s = 0000
and
g_ — / 'U Z(t7 S) dS
d
0 ° (IV.2.29)
= [ s as = g o).
Hence, equation (IV.2.24) reduces to
wit (§,8) = —[£0 + £ w™ (€, 1) + mG=[w™ (-, )] (6). (IV.2.30)
Integrating factor of (1V.2.30) is given by
[.F = elo@0+e™)ds _ 05 (=001 (IV.2.31)
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Setting 75 = £ 1 (™" — 1) leads to ¢ = + In(1 + B7F). Multiplying by the integrating factor
& E

1
B
and using the substitution, we have

((1 + BrE)Tem CwE (g, Ti)> = (1+ Br%)Fem emG= [w* (-, 1)](€). (IvV.2.32)

t

Setting f*(&,7%) = (1 + ﬁTi)%eTi5wi(£,Ti) results in
freler®) = mg=e e 9r5 (0] (9

h (IV.2.33)
[ (60) = [ () = £u<(§> ) ceR,.

2.3 The model analysis

The considerations of Section V.2 show that a large class of fragmentation equations with decay

or growth can be transformed into the linear integro-differential equation

fi(@,t) = mG=[p(£t(- — ) f5(, )] (w),

(IV.2.34)
fi(x70) = fét(x)a
where x € R, or x € R, and the integral kernel is given by an entire function
plz) =3 Tron (IV.2.35)
— n!

which we assume to be of finite exponential type [ > 0, [33]. We establish classical solvability of
(IV.2.34) for input data fi in an abstract setting of a suitable Banach spaces X*. We assume
that

[T ——s (IV.2.36)

for some ¢ > 0. For the analysis, we write (IV.2.34) as an abstract linear non-autonomous ODE

in X+,
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Firstly, for both the decay and the growth, the operator G* satisfies the equality
n+1
+1
() 1w = Sl - oruio), a1, (v237)

and on account of the definition (IV.2.15), to obtain the right hand side we recursively integrated
the left hand side. With the assumption on (1V.2.35), we define

=S e, (IV.2.38)

By the assumptions, ® and ® are analytic in the disk Dy = {|z| < 7}. We define the map
2+ ®(2G%) as
1
- +\n
. L 0< |zl < = =1 IV.2.39
®(2G%) E Pn(2G%) Sl <= ( )

By construction ®(-G*) : D, — E(Xi) is analytic operator-valued function of z satisfying

[ (2G7) || i ys < Plel2]), (IV.2.40)

where £(X*) is the space of bounded linear operators in X*. As a result, locally in time,

(IV.2.34) can be written as an abstract Cauchy problem
[ =m®(£tGHGHf*,  f5(0)=fy, fFec'((0,r),XF). (IV.2.41)

Now we are ready to state a useful lemma.

Lemma 1V.2.1. Problem (IV.2.41) is classically solvable. That is, for any fi € X*, there exists
a unique classical solution f* € C([0,r), X*)NC((0,r), X*) satisfying (IV.2.41). Furthermore,

the solutions are given explicitly by

FH,t) = dofy (@) +tGF[F(£t(- — 2)) f57 ()] (2), (IV.2.42a)
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where the kernel F', defined by

)

z=0

PO =X e o= ew{m [ a(o)e)

= nl(n +1)!

is of finite exponential type | > 0. Equivalently,

fE) = o(tGH) fF,  te[o,r), (IV.2.42b)
where
o(z) = exp{m/o @(f)dﬁ} = Z %z” (IV.2.42¢)

Proof. a) First, we rewrite (IV.2.41) as Volterra integral equation of the first kind
t
=) = ff + m/ O(1GH)GE fE(1)dr, O<t<r. (IV.2.43)
0

Using (IV.2.36) and (IV.2.40), we have || ®(tG+)G*| x+_,x+ < c®(ct) and it follows that the
integral equation is uniquely solvable in C([0,tZ], X*), for some 0 < t < r. Furthermore,
since the right-hand side of the equation is in C'((0,F), X*), we conclude that the solu-
tions f* € C([0,5], XF) to (IV.2.43) are in fact of class C'((0,t5), X*) and hence satisfy

(IV.2.41) in the classical sense.

b) To obtain (IV.2.42a), we note that the function ¢, defined by (1V.2.42¢), is analytic in Di as

a composition of an entire and an analytic function. Moreover, the reciprocal is given by

671(e) = exp{-m [ @(c)ac},

Thus, on account of the commutativity of tG* and sG* for scalar t, s,

S0 06 (0] = 97 4GH)F (1) — o7 (G mP(GHIG* 1) = .

in C((0,tF), X*). Integrating with respect to time and observing that ¢~ (tGF) = (4(tG*)) ",
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we infer

fi(t) = ¢(tgi)f(;t7 te [O’t[:]t)'

In connection with the last formula, we note that the right-hand side of (1V.2.42b) is analytic
when ¢ € D, with values in X*. Using this fact, f* defined in (IV.2.42b), satisfies (IV.2.41)
in the classical sense for t € (0,7). Finally, using the analyticity of ¢(z) and the standard

Cauchy estimates [48], we obtain (IV.2.42a) with F(z) of finite exponential type [ > 0.

O

We will see in the coming sections that the integral kernels F'(z) of the growth/decay problems
are entire functions of z with moderate growth in R, . This allows for global extensions of formulae
(IV.2.42b) and (IV.2.42c) beyond the initial data classes in X* and the time interval (0,7) after

some minor modifications.

3 Solutions to growth/decay fragmentation equation with

linear rates

The theory presented in Section IV.2.3 is applicable to the model (1V.2.33), which is in the form
(IV.2.34) with (2) := =892 We define

XE7 1= Ly(Ry, a7 da),  JJull s = / | ()2 =, (IV.3.1)
’ R

+

for 0 > 0,p > 0. Then, by (1V.2.15), (IV.2.36) and integration by parts, we have

1
+
1G% | x£7 x 27 < 3 p >0, o>0.
We observe that the choice of spaces with exponential weights for the solution of (IV.2.33)
is a natural option as the later problem is obtained from the original ones via an exponential

scalings such as (IV.2.8) and (IV.2.21). On the contrary, the solutions to the original problems

are considered in spaces with no exponential weights, as we shall see in a section concerned with
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moments of solutions.

Consequently, from Lemma IV.2.1, the local in time classical solutions to (1V.2.33), with the

initial data woi € X;‘gggg, p >0, 0 >0, are given explicitly by

wE(&,7F) = wE (&) + mrEgee [1F1 (1 — (sga)m;2; —7(- — §)>w(ﬂ (€), (IV.3.2)

where

1F1(G;b; Z) = Z (a)nz

n>0 (b)and”

is the Kummer confluent hypergeometric function of the first kind, [1, Formula 13.1.2]. We
note that, using Kummer transformation, see [1, Formula 13.1.27] the confluent hypergeometric

function can be expressed as
1Fi(a; by 2) = e*1 Fi(b— a; b; —2). (IV.3.3)

For a < 0, we have the kernel in (IV.3.2) as | F} <1 +m; 2, 7E(€ — )) and it is positive and
the solution is positive for non-negative input data w3. On the other hand, for o > 0, it is not
obvious that the kernel is positive. Hence, using the Kummer transformation of the confluent
hypergeometric function, we have the kernel as 1F1(1 +m; 2;7E(- — 5)) and integrating from
& to co. Similarly, the kernel is positive and clearly the solution will remain positive for positive

initial data.

We use (IV.2.42b), and note that, since p(2) = e~(2%)z,

1

() = 14 (sga)z

While the series expansion defining ® in (IV.2.38) converges only for |z| < 1, ® is analytic
everywhere except for z = —(sga)l. Thus, ¢(z) = (1 + (sga)z)®8™ where, for non-integer
m > 0, we assume that the functions are defined in C, cut along the ray (—oo, —1], when a > 0,

or along [1,+00), when o < 0. Then, as long as the spectrum of 7EG%8 does not intersect the
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respective line, we have
wH(E ) = (I + (s8.0)7 G = [ug)(6). (Iv.3.4)

For the case of a > 0, this point of view yields global in 7 € R, solutions w*. To validate this
fact, we prove the following proposition.
Proposition IV.3.1. Assume a > 0, then the unique classical solution to (IV.3.3) in ng,
p,o >0, is given by

wE(€t) = (T +G5) " wol(§),  te[0,T], EeRy, (IV.3.5)

for any finite T' > 0.

Proof. By Lemma IV.2.1 we know that (IV.3.5) holds at least for 0 < T" < p. By solving the

resolvent equation

AN —tGEf =g, (IV.3.6)
we obtain that a candidate for the resolvent of tG* is given by

t

¢ GEe 59 g()])(6) + %g(f), £ eR,. (IV.3.7)

(A = 1G%)7[g)(€) = 5

To show this is a resolvent, we first evaluate the norm. Changing the order of integration, we

00
/ giaeipﬁ
0

g (Bl ol B a) an, it aso,

obtain

G5 g())(6) | de

S t t
IS e‘l?é”rg(nnfffUe‘<p‘f@>5ds) dn, i a<0.

Using the monotonicity of 2% on the respective intervals we factor it out from the inner integrals.

tRA

Furthermore, we observe that if p — e > 0, then both integrals can be computed explicitly,
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leading to
AP

Hgi[eiﬂ_@g('ﬂ‘ io = P — R

191l x2e- (Iv.3.8)

Hence, the resolvent (I — zfgj[)*1 exists in Xjfg as long as the left hand side is finite. Thus, the
spectrum of tGT is contained in {)\ e C; (é)?)\ — ;—p)2 +(SN)? < %}, which belongs to the
closed right complex half-plane. Also, the spectrum of 0G* is 0. Thus, for any function G that
is analytic in an open set containing the spectrum of tG* (for a fixed ¢t > 0), we can evaluate

®(tG*) by means of the Dunford integral
1
F(tG*) = —/ F(2)(I —tGF) 'dz,
211 z

where Z is a curve surrounding the spectrum of tGT in a positive direction. We note that
if we change ¢ from 0 to T, then the spectra of tG* will continuously change from 0 to the
disc centred at (%,0) with radius 2Zp’ so each one will be contained in the latter. By the
analyticity of the resolvent, we can define a smooth function [0,7] > t — F(tG*) for any
0 < T < oo, provided the analyticity domain of F includes the largest spectral disc of tG*.
Since the functions z — (14 tz)™,m > 0,t € [0,7] are analytic in C with the cut along the
negative ray {z € C; Rz > —1/T}, the solution (IV.3.5) can be extended to [0,7] for any

7> 0. [l

We point out that the appearance of the weight £77 in the case a < 0 are natural if one has in

mind transformation (IV.2.9) for z.

3.1 Explicit solutions

Backward substitution to the original coordinates shows that the solutions to (IV.2.1) are given

explicitly by

a(v + 2)

1— Fkat
(L)

u®(z,t) = exp{:Fk:t ¥ %(1 - eijo‘t)} {u(jf(xe;kt) +
(IV.3.9)

> V+2 :Fa o o « v, &d—V—
xR (L= TR T e - a) )y e dy .
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We remark at this point that (1V.3.9) follows from (1V.3.2) in a purely formal manner, hence it
requires proper justification, which is done in Appendix A. We just state that (1V.3.9) are solutions
in the sense of distributions. That is, these solutions satisfy (IV.2.1) in the space of Schwartz
distributions D'(R%), see [23], for initial data u in D'(R.). As an immediate consequence, for

the monodisperse initial data uojE =d(x — xp), o € R, we have

a(v+2 1
+ X[o,xoeikt](m)ﬁ(eikat — Dag™ (IV.3.10)

Expanding the right-hand side of (IV.3.10), we see that the term containing d-distribution de-
scribes the evolution and mass loss of the original particle of size xy, while the term with the
Kummer function provides a continuous mass distribution of daughter particles generated by

multiple fragmentation and transport events.

Remark. Usually, stronger properties of solutions are obtained for regular initial data ;. For

example, if (uf), € X2, uf € X2 and

a >0, p>a—v—1, (IV.3.11a)

a <0, p >0, p>1+a, (IV.3.11b)
then

ug, (rut),, au € C((0,T), X?}), (IV.3.12)

and (IV.3.9) satisfies (IV.2.1) in the classical sense of X{, where X{ are the spaces introduced

in (IV.3.1) with 0 = 0 and p = 6 > 0. For the proof, see Corollary A.0.2 of Appendix A.
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3.2 Moments

The moments M (t) := [[u™(-,t)||x¢ of the solutions are of physical importance as they provide
information about the global state of the system during its evolution. We note that functions
M, coincide with norms || - ||, defined in (111.6.2). The zeroth moment MG (t) gives the number
of particles in the system at time ¢, the first moment M;5(t) describes the total mass of the
system, while the higher order moments are related to the distribution of mass between small
and large clusters. Moreover, the behaviour of the first moment is related to the occurrence of a
phase transition phenomenon, known as "shattering”, [41, 30], that describes an unaccounted for
loss of mass from the system. In the context of fragmentation with growth or decay, shattering
refers to the fact that the evolution of the total mass of the system is not determined solely by
the mass growth/decay terms +(r(z)u*(z,t)), built into the model, [24, 26] and [18, Section
5.2.7&8].

As mentioned in Section IV.3.1, for integrable input data uf € X7, the nonnegative p-th order
moments M;'E(t) are well defined and remain finite at each instance of time t > 0, only if
the inequalities (IV.3.11a)-(1V.3.11b) are satisfied. The interesting difference in the behaviour of
higher and lower order moments of u®, t > 0, occurs when a > 0 and when o < 0. It follows from
(A.0.9a) of Corollary A.0.2 that in the first case all higher order moments p < ¢ < p+v+2 become
finite instantly at ¢ > 0. In contrast, for @« < 0 only the lower order moments 1 +a < ¢ < p
and 0 < g, remain well defined. The first scenario is related to the moment regularization found
recently in [22, 16] (see also Section 111.4 of the thesis) induced by the fragmentation rate a, with

a > 0.

Remark. The explicit formulae (1V.3.9) and (IV.3.10) allow for direct calculations of nonnegative-
order moments for integrable and monodisperse input data uZ, respectively. Nevertheless, in view
of the linearity of the model (IV.2.1) and of the moment functionals M (t), p > 0, we present
computations only for the latter case. For general integrable data uy € X, the dynamics of

M,,(t) can be read off the monodisperse case via the standard superposition principle.

To emphasize the dependence on the initial data, in the monodisperse case, we denote Mf(t, x) =
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[u*(,t)|lxp. Then, integrating (IV.3.10) using the identities (A.0.4b) and (A.0.5), for the general
value of p > 0 satisfying (IV.3.11a)—(IV.3.11b), we obtain

M:(t,xo) = exp{:l:pkt$ k‘ ethot _ 1)}af
2 1 +
xlFl(”+ ;p+”+ Loty ('~ 1)), a>0 (V.3.13)
o o ka
and
« 1
Mi(t7g;0) — Mexp{ipkt:’: :tkat }550
p F(a p—Vv 1) ]{3
2 1 &+
xq/(”+ Pyl Farg (ei’mt—m), a <0, (IV.3.13b)
« o ko

where U(a;b; z) is the Kummer hypergeometric function of the second kind, see [1, Formulae
13.2.5 and 13.1.29]. In particular, letting p = 1 in (IV.3.13a)-(IV.3.13b), we see that the total
mass evolution of the particle system associated to a monodisperse initial distribution is given by

the formulae

MiE(t, 20) = eFlag, a>0, (IV.3.14a)

+ _ eEhty v+2, tazg :tka
Ml (t, ZL'()) = WF( — T’ k:ao( - 1)), a < O, (|V314b)
where I'(a; z) = [ e 5" ds, a > 0, is the incomplete gamma function (see [1, Formula 6.5.3,
p. 260]). Since (1V.3.14a) describes also the the total mass evolution due to the transport terms
+k(zu(x,t)),, we see that there is no shattering if @ > 0. In contrast, (IV.3.14b) shows that
shattering occurs in both decay and the growth scenarios for & < 0. However, in the growth

case, on account of the asymptotic identity
[(a;z) = O(x* e ™), x— 4oo,

[1, Formula 6.5.32], for large values of ¢ shattering is dominated by the linear growth and in this
case we have
lim M (t, 1) = oo, x9 € Ry, a < 0.

t—00
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Figure 3.1: Evolution of moments

The behaviour of moments in all four cases covered by (IV.2.1), with the monodisperse initial

data ug (x) = 85(x), is shown in Fig 3.1.

3.3 Non-uniqueness

It is a known fact that pure fragmentation (k£ = 0) equation (IV.2.1), with o > 0, has multiple
solutions satisfying the same initial data. This aspect was first observed in [3], and it was explained
in [9, 10], where the author also shown that it is related to the non-maximality of the generator

of the semigroup associated with the fragmentation equation.

A similar phenomenon occurs in the context of growth/decay-fragmentation model (IV.2.1), for

general k > 0. Indeed, separating variables in (IV.2.33) and using change of variables (A.0.10a)-
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(A.0.10b), we infer that the functions

o k(v + 1)t & £ (ekat —
oty = [PV LCTE D ) (1v.3.15)
0 (%‘ + Iaeq:k:at) «

with @ > 0, satisfying (IV.2.1) pointwise, for any 2}3: € Li(Ry). It is an exercise to verify that
these solutions are p-integrable, provided —(1+v) < p < 1+«; and are classical in X}, provided
—(1+v) < p < 1. In the former case, the p-th order moments ]\}[;t(t) = [Ja* (-, 1)|| xz are well

defined and are given by the formula

2—p

ey @ pfptvHl a—pH+1) (% B tkat =2 oy
My(t) = - B( — o i exp{j:pk:tjzﬁ(e — D }ps dg (p)dp.

Hence, we see that in both the growth and the decay cases, the total mass of the system described

tkat _

by (IV.3.15) is magnified by the spurious factor exp{+ (e 1)}, rendering these solutions

physically infeasible.

4 Constant growth and decay fragmentation solutions

As in (A.0.10a)—(A.0.10b), in this section our focal point is only on deriving the formulae for
solutions to (1V.2.22).

We have four cases stated in paragraph Constant growth or decay of Section IV.2.1. However,
the cases (ii) and (iii) do not require boundary conditions and both are confined to the first

quadrant, as in Section IV.3.
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4.1 Cases of +5 < 0.

This scenario covers items (ii) and (iii), that is, the decay case with o > 0 and the growth case

with a < 0 in (IV.2.1) and (IV.2.4). Here, problem (IV.2.22) takes the form

wiEEt) = mG=E e OwE(-, )] (€), (IV.4.1a)
wE(€,0) = we(§), EER,. (IV.4.1b)

In this case, as in (1V.3.4), the local solutions are given by
wE(E,1) = (I + (sga)tGe®) ™ y](€). (IV.4.2)

The scenario is completely identical to that considered in detail in Section 1V.3. We mention that,
in consideration of Lemma 1V.2.1, the solutions (IV.4.2) are classical for small values of ¢ > 0,
in the sense of spaces X((Ssgz)); from (IV.3.1). Further, on the account of Proposition IV.3.1,
(IV.4.2) with o > 0 holds for any finite value of ¢ > 0. The explicit solutions to (IV.2.1) and
(IV.2.4) follow from (IV.4.2) by backward substitution from the characteristic (£, t) back to the

physical (z,t) variables. We have

u (z,t) =0, z%<—kat, a < 0;
l—a 1
aat2 @ k t Ta k t a
uF(z,t) = et g —azt Kl F xia) Ug (:)3 {1 F x—o(i} ) +a(l + o)tz (IV.4.3)

o 1
X / il ( — —;2;at[x” F kat — y‘ﬂ)uo(g/)dy} . x% > Lkat.
( )e «

z*Fkat

The formulae in (1V.4.3) give solution in the decay scenario (—) and in the growth (+), with

a < 0.
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4.2 The case of 5 > 0 and a < 0.

This is only possible if 3 < 0, i.e., we deal with (i) — the decay with a < 0 in (IV.2.1) and
(IV.2.4). Then (IV.2.22) takes the form

3
wy (§,t) = mg[et('g)w(~,t)}(f):m/0 ety (n, t)dn, (IV.4.43)
w(§,0) = (&), (IV.4.4b)

with £ € R, ¢(&) = vo(§) + (&), where vy is assumed to be extended by 0 to R_, ¢/(£) = 0 for

R, and must be computed on R_, so that
w™ (f,ﬁflf) =0, EeR_. (IV.4.4c)

Having in mind the analogous representation of the solution, given by (IV.2.42a), we see that
(I —tG~)"™[wo](§) converges to zero as & — 07 if so does vy. This can be ascertained, at least
for small ¢ > 0, by taking the series expansion of (I —tG~) "[v](§) and noting that its terms
are vy and integrals from 0 to £. Hence, (I —tG~)"™[vo(§) can be continuously extended by 0

to R_ for any ¢ > 0 and a quick reflection leads us to the conclusion that the function

w (1) = " tor ¢ € - (IV.4.5)

(I =tG7) " [wo)(§) for &eRy,

is a solution to (IV.4.4a).

Remark. This result can be better understood if we take into account [12, Theorem 9.4] and

comment (i) in Section IV.2. Indeed, according to the former, if 7 > 1, then the characteristics of

zl =
k(y=1)

and the solutions vanish identically outside of it. Since for ;1 = 0 we have & = 1 —~, on account

the transport term fill only the region in R, x R, bounded by the limit characteristic ¢t =

of (IV.2.9) and (IV.2.14), this characteristic is transformed into
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which is precisely the limiting characteristic (1V.2.18), separating the region of influence of the

initial condition from the region of influence of the boundary condition in (IV.2.17).

We illustrate the above with an example for < 0, with o = 1 — . For simplicity, we set

o _ 1 _ 3 _ _ 1
a—k—landwesetoz——ﬁ.Theny—5——1/,m—1andﬁ——§.

In original coordinates, we consider

uy (z,t) — (z2u (2, 1) = —2 7 2u (2, 1) +

1 -
3/ u” (y,t)dy
2x2 Jy

u (z,0) =uy (x), x€R;.
Passing to v~ (z,1), as explained in Section 1V.2, we obtain
vy (2,t) + %v;(z,t) = —zv (z,t) + /Z v (s,t)ds
0
v (2,0) = vy (2) = 2 g (272).

The characteristics equation is

1
Z(fat) = §t+57

so that setting g~ (&,t) = v~ (2(,1),t), we have

(€)=~ (¢+ 5t ) (€0 + m0 Tl (010
97(€.0) = 65.(6) = 5 (&)

We further set w=(§,t) = e§+§tg‘(§,t), which leads to
wy (€,1) =mG™ e D™ (-, 1)](€).

The solution is given by

w (g, 1) = (I = tT ) wg )(€),
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which, using (IV.3.7) with A = 1, can be rewritten as

w” (&, 1) = wy () —i—t/: e~y (s5)ds. (IV.4.6)

For the exact solution, we use the monodisperse initial condition ug(z) = d(z — x¢). For any test

function ¢ we have

/0 " o(2)6(2)dz = /0 (52 — ag)o(2)d

. 1 (IV.4.7)
= 5/ d(p — o *)¢(p)dp.
0
Using (IV.4.7), we have
1 -1 t 3
w60 =30+ [z x @
[zo ,00)
and then
7 2 (1 1 toy(e_p=?
st = o (Je-mh+ [flx @)
Then,
v (z,t) = e_f_(z_é)t(l(ﬂz —L—zy?)+ Fet(zé% 2)] X 1 (z— %))
2 2 [zg 2700)
t2 v 1 -1 t 2
_ _Z_(Z_i)t_ ot 3 v *t(1+$0 ) L
e 2(5(7; 5 —Tp°)+ [26 }X[ngﬁ C>Q)(z).

-
|
~—
~
—_

t 1 -1
§§§ﬂx2—§—$o)+[

—t(i+%)< ( 4xo ta:*%
=e w/ (|l — —m————— | + —X g () ),
(\/ZUQt + 2)2 2 [ ]

1
i 7)}X[wo%+t m)(xi)]

2

t
2

P (tyT+2)2
(IV.4.8)

where X is the characteristic function of the indicated set.
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4.3 The case of =5 > 0 and a > 0.

Here, § > 0 and we have the growth case with o > 0 in (IV.2.1), that is, case (iv). Then the
problem (1V.2.22) takes the form

wi(€,t) = mGH e OwT(1)](€) = m/oo e =9t (n, t)dny,  (IV.4.9a)
3

w(§,0) = &), (IV.4.9b)

with £ € R, (&) = vo(§) + ¥ (§), where, as before, vy is extended by 0 to & < 0, ¥(§) = 0 for

& > 0, but must be computed for £ < 0, so that
wt (§,-871¢) =0, £ <0, (IV.4.9¢)

is satisfied. The operator G is bounded on the space X™* := L;(R, e?*dz) for any p > 0. The

solution to (1V.4.4) is given by
wh (€ t) = (I +tG7)"l(E), EeR,  tel0,T], (IV.4.10)

for any T' < co. Thus, we have
wr(€,t) = (I +1GH) v (€), € > 0. (IV.4.11)

For £ < 0, we note that the formal resolvent of G is given by (IV.3.7), with £ € R and the
2

spectrum of tG* is contained in {)\ e G, (?RA - 2ip> +(SN)?2 < %} . Thus, the solution to

(IV.4.9) is given by the formula (1V.3.5)

wh(& 1) = (I +tg")"l(§),  te[0,T],

for any T' < oo but extended to £ € R.
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Later, we shall need the solution to

Aﬂ@—tltﬂmWF%V@%—WUMOZQ@% EeR_, (IV.4.12)
which is given by . )
1) = 5305 [ Hatman + 3o(6) (v.413)

Using the Dunford integral representation for (IV.4.10), we obtain

wHE) = (I+1GH)M(8)(E) = — / (1+ 2™ (2 — 1G+) V(] (€)da

 2mi
1 b e .
= 5 C(l +2)™ (;ez /5 e="¢(n)dn + ;qb(é)) dz. (IV.4.14)

Recall that for £ > 0, we have ¢(&) = vy(§), with known vg. Hence, for such &, (IV.4.14) provides

a complete solution, given by (IV.4.11). Next, using the definition of ¢, for £ < 0, we write

wt(&,t) = L (1+2)™ (%6_if /00 ei”vo(n)dn) dz
C 0

271

0
TS a+w(i€{/éwwm+ﬁ@0w
3

27 Je 22
=: F(&t)+ (I +tG)"[¥](€), (IV.4.15)
where .
aUf1©) = [ f)dn (1V.4.16)
¢

Thus, in view of (1V.4.9¢c), we get

0 = (I+1G7)"[vol(§)li=—p-1c + (I +1G)" [Y]()]1=—p-1¢
= F(§ =7 + (I +1G)"[Y]()le=—p-1¢- (IV.4.17)

The problem is that the operators (I +tG1)™ and (I +¢G)™ are nonlocal and their evaluation at
a given t for general m is quite involved. Thus we shall proceed under a simplifying assumption

that m € N.
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Let us introduce the (probabilistic) Hermite polynomials, see [1, Section 20.3],

EY ' '
2 (_1)1 Cm721
Hen(Q) =m! ) Nm —20)] 20

=0

Then, as shown in Lemma A.0.3, the unique solution ¢ € X to (IV.4.17) reads

b(E) = <—1>mjg—mm (egy (%»
S o)

NG

where y is given by

_ ‘< 1 erm.i((=0) e% o)do
W0 - [ (Z O] ) olo)do,

i=1

Amds- -+ > Amm are simple real roots of He,, and g(¢) = —32 F <C6%, —5*%§>.

4.4 Solutions

(IV.4.18)

(IV.4.19a)

(IV.4.19b)

As mentioned in Section 1V.4.1, the formulae for solutions in the constant growth/decay case are

based on the same representation (1V.4.2) as in Section 1V.3 and, as a result, their properties are

established as in Appendix A.

In this section, we provide formulae for the solutions in the decay case of (IV.2.1)-(IV.2.4). Note

that since we cover both positive and negative «, some restrictions below are redundant. The
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Figure 4.1: The dynamics of the moments
explicit solutions to (1V.2.1)—(IV.2.4) in the decay case are given by

u(z,t) =0, a%< —kat, z,teR,,
kot 3% kot &
(1+ﬁ) uo<x<1+ﬁ> )
xre xr¢

[e.9]

U(ZIZ' t) — e—%kaatQ—axD‘t
)

1
+ala+ 1):1:0‘_175/ b (——; 2;at(z® + kat — y”‘))
)& a

(z>+kat

uo(y)dy] , %> —kat, x,teR,.
Here, since 4 = 0 = 0, we have y =1 — « and v = a — 1. In particular, for the monodisperse
initial data uy(z) = 0(z — x(), we obtain,
u(z,t) =0, x5 < kat, z,teR,,

a kat\
u(z,t) = ¢~ 2kaat?—axtt [5 (m — x (1 - %) )

0
+ L a(v+2)x* ' F L 2;at(z® + kat — xf)
X[O,(acg‘fkat)a] 141 o 0 )

xy > kat, xz,te€R,.
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Similarly to Section IV.3, we also provide formulae for the moments of solutions, focusing on the

monodisperse initial data only. First, we consider & > 0 and p > 0, in which case we have

M, (t,r0) =0, x5 <kat, xo,t€R,,

kot\ 2 —1
My (t,a0) = e et (1 220) " (p—; PER by — mt)),

«
o a a

g > kat, xo,t € R4,
In particular,

My (t,z9) =0, x5 < kat, z9,t€R,,

kot «
My (t,xo) = e*%kao‘tsz(l - —a> , x> kat, xo,t € Ry,
Lo

and no shattering occurs.

Furthermore, when —1 < a < 0 and 0 < 1 4 «a < p, the moments are given by

a—p+l
M (1 20) = %eékw—mg%@(l _ katy

lal

1
X\I/(a+ ;a+p;at(x8‘—kat)>, xo,t € Ry,
o o

and, in particular, the formula

1 kaat?

1
My (t, o) :el:zl) xo( _M>QF<ﬁ;at(x8“—kat)>, -1 <a<0,

«
Zo

indicates that there exists spurious loss of mass not connected with the transport processes, i.e.,

we have shattering solutions for —1 < a < 0.

The typical behaviour of moments, with the monodisperse initial data ug (z) = d(z — o), is

shown in Fig 4.1.
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5 Explicit solution with McKendrick-von Foerster bound-

ary conditions

In this section, we consider the growth case (IV.2.1), equipped with the McKendrick-von Foerster

boundary condition,

xlirgl+ r(x)u(z,t) :/0 Bly)u(y, t)dy. (IV.5.1)
As in Sections IV.2.1 and IV.4.3, we focus on the linear rate. However, this time, in order to
obtain explicit solutions we assume that v = v = 0, @ = 1 and the reproduction rate 5(z) is
linear, i.e., B(x) = By + [z, for some By, f1 > 0. Since k is a positive constant, we set it to 1

for convenience. Then, equation (IV.2.1) becomes

Opu(z,t) = —0,u(z,t) — azu(x,t) + 2a/ u(y,t)dy, x,t € (0,00),

u(z,0) = ug(x), (IV.5.2)

z—0t

According to the theory presented in Chapter Ill, for uy € X;t N D(Z,)4, (IV.5.2) is globally
well-posed in R, and, furthermore, the associated solutions are classical. Using this fact, our
assumption on the reproduction rate (z) in the McKendrick-von Foerster boundary condition
allows for finding the zeroth and the first order moments explicitly. Since we assumed that
uo € D(Zg,n), then u € C*((0,00), D(Zg,,)), which enables changing the order of integration

and differentiation leading to

M, (1)

and%/0 zu(z,t)dr = T

0 dMy(t)
t)dz =
u(z, t)dx 7

dt Jy

Applying Lemma 111.4.1, lim, . z'u(x,t) = 0, i = 0, 1. Hence, multiplying (1V.5.2) by 1 and z

and using Lemma 111.4.1, we obtain a system of two linear ordinary differential equations,

dMy(t) = BoMy(t) + (B + a) M (1),
d]\jt(t> (IV.5.3)
= Moy(t).
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To solve (IV.5.3), we rewrite the system in the matrix-vector form

M +a M,
ar— (Mo} o= [P0 P 1. (IV.5.4)
M 1 0 M,

Let ag = By # 0 and ay = (1 + a # 0. With this notation, the characteristics equation for A

reads
g — A (0751

1 —-A

=AA— ) — a1 = A% — g — ay, (IV.5.5)

and the eigenvalues are given by

agE N of + 4oy

Ax 5 (IV.5.6)
The solution of (IV.5.3) is given by the formulae
'>\+6A+t — et )\4’)\* (6A+t _ ez\,t)
My(t) = M, M
ot o{0) L A A T M(0) Ap — A
[t _ At )\+6)‘+t o\ et (IV.5.7)
My (t) = M _ M -
1(1) 0(0)_ N }+ 1(0){ e ]

= Mo(0)EK(t) + M (0)K4(t).

Since, A\_ <0 < A4, we have K; >0, 71 =1,2,3,4 for t € R,. Hence, the moments M;(t) and
M, (t) remain positive for a regular data ug from D(Z3,,)+ for t > 0. We note that under our
assumptions the results of Section 1V.4 apply. In particular, the characteristic lines are given by

x=t+&, and letting w(&,t) = e“t(“%)u(t + &,t) as in Section 1V.4.2, we obtain

w(&, t) = (I +atG*)*[uo)(§) + (I + atg)*[L](€), (IV.5.8)

where, instead of (IV.4.9c), the unknown function 1) is chosen so that

w(&, =€) = BoMo(—E) + BiMi(—E) (IV.5.9)
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is satisfied. We mention that in the relation of Section IV.2, we have u(z,t) = v(az,t), hence

we maintain the use of w.

Thus, solution for £ > 0 is

w(é,t) = (I + atg*)*[uo) (€)

N (IV.5.10)
= up(§) + at/g 2 + at(s — &)]up(s)ds.

Since the characteristic lines do not cover all the first quadrant, for the extended solution, i.e.,

for £ < 0, we have

w(&,t) = (I +atG*)*[uol(€) + (I + atG)*[y](€)
= up(§) + 2at/€ up(s)ds + (at) /g (s — &)up(s)ds
+(E) + 2at /5 (s)ds + (at) /g / (p)dpds

— at(2 — at€) Mo(0) + (at)? My (0) + (&) + 2at /5 " o(s)ds + (at)? /g 0 / " o(p)dpds.
(IV.5.11)

To determine (), for £ < 0, we write

+ (I + atG)*[¥](€)
t=—¢

w(é, =€) = (I + atg")*[uo) (¢)

Y

t=—¢

which leads to
e BoMo(—€) + BlMl(—f)] = —a&(2+ a&?) My(0) + a*§>M:(0)

+¢(€)+2at/:¢(s)ds+(at)2 /: /80¢(r)drds.

The last formula can be re-written as

F(&) = (&) — 2a¢ /5 Y(s)ds + a*€? L / Y(r)drds, (IV.5.12)
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where

F() = eé[ﬁoMo(—f) + B1My(—€)] + a&(2 + %)Mo(o) — & My(0), £<0,

is known explicitly. We set Y (¢) = fgo [74(r)drds. With this notation, (IV.5.12) reads

_ ?Y()

+ zagd—g +a?€?Y (€),  Y(0)=Y'(0)=0. (IV.5.13)

The last differential equation can be recast as

5 F(€) = j—; (ﬁy@)) . 3] (IV.5.14)
We set G(&) = ng({’), then (IV.5.13) is equivalent to
€§F(£) = F(§) = dQZ_(f) —aG(§), G(0) = G'(0) = 0. (IV.5.15)

The general solution of the homogeneous part of (IV.5.15) is given by
Gi(§) = CreV™ + Cye v, (IV.5.16)

To find a particular solution, we choose vy (€) and v5(€) so that vy (£)eV 4 vy(&)e V' satisfies
(IV.5.15). It follows from (IV.5.15) that

/ . y2F<§) / o ylF(g)
where the Wronskian W of {eV%, e~V is given by,
VA gaE .
Wi(¢) = = -2 0. IV.5.18
O-| 0T v (vs.1s)
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Using the last identity from (IV.5.17) we infer

1
2v/a

13 . N
() = /0 s ) = 5oz [P (IV.5.19)

and the general solution to (IV.5.15) is

2 0 A~
e%y(f) =G = (C’le‘/af + Cpe~ Vs 4 \/g/g sinh (\/%S)F(f — s)ds),
2 0 2
Y(¢) =e T (cle\/as 4 e VaE 4 \/g /5 sinh (\ﬁs) e TR - 5)d5>.

(IV.5.20)

From the initial conditions, Y (0) = = 0, it follows C; = Cy = 0. Hence, the exact

rd
dé le=0
solution Y (&) of (IV.5.13) and its first and second order derivatives are given by

Y () = e_g 2/0 sinh (\/gs) 6_0(52_18)217(5 — S)d3>7

£
%é@ _ £ é {_ o ;smh <\ﬁs> S F(¢ — 8)ds — sinh (ﬁg) F(0)
[ s (VE)e S e - o) - ate - e s,
V) _ e = Fle) — 206"(6) — 2V (©)

dg?

_ (&) — 26Va { ate b /6 " sinh (\ﬁs) ST F(¢ — )ds — sinh (\ﬁg) F(0)
+ /50 sinh <\/Is> e T [F(E — 5) — alé — s)F(E s)]ds]

2 0 62
_ Qsze_% {\/g/g sinh (\/gs) e~ 5" F(¢ - S)ds):|.

(IV.5.21)
The solution of (IV.5.11) is given by
w(E.t) = (1 +1G7)[uo] (€) if £ > 0; (V.5.22)
(1+1G7)*[uo](§) + (1 +1G7)*[Y](€) if & <0.
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Backward substitution leads to

(uo(x —t)+at h 2 4+ at(s — x + t)]up(s)ds, if > t;
ulz,t) = € S at(2  at(x — 1) Mo(0) + (at)?M, (0) + b(z 1) (IV.5.23)
—I—at/o 2+ at(s — x + t)]|P(s)ds, if v <t.

The zeroth and the first moments are given by (IV.5.7).
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CHAPTER V

Conclusion

1 Summary

In this thesis, we established the wellposedness of the transport-fragmentation-coagulations, where
transport refers to either decay or growth of particles; in the latter case the equation is coupled
with the McKendrick-von Foerster boundary condition. In addition, we provided a systematic
method of finding explicit solutions for the transport-fragmentation equation with the homoge-
nous boundary data and power-law coefficients. Furthermore, we have shown that for specific
coefficients, the method is applicable to the growth-fragmentation equation equipped with the

McKendrick-von Foerster boundary conditions.

In the preliminary chapter, Chapter Il, we collected classical results of the theory of semigroups
and some elementary inequalities, which were employed in subsequent chapters. In Chapter Ill,
we applied the semigroup theory to the transport-fragmentation-coagulation equation in X,, =
Ly1([0,00), (1 + 2™)dx), for m > 1. First, we considered the transport-fragmentation part,
which is given as the sum of three operators, that is transport, loss and gain operators. We
treated the sum of the transport and the loss operators as the leading operator and the gain
operator as its perturbation. We established the existence of a semigroup generated by the
leading operator in Theorems 111.2.2 & 111.3.3, and then used the Miyadera-Desch perturbation
theorem to obtain the transport-fragmentation semigroup in Theorems 111.2.3 & 111.3.4. Further,
we proved that the constructed semigroups have the moment improving property, which was first
derived in [22] in a more restrictive setting. Next, we considered the full transport-fragmentation-
coagulation problem and, as in [16], we established the existence of local positive solutions using
a fixed point argument. We concluded Chapter Il by proving that the local solutions obtained in

Theorem [11.5.1 are global in time.
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Other main results are presented in Chapter IV, where we provided explicit solutions for the
transport-fragmentation equation subject to the homogenous boundary condition. We assumed
power-law for fragmentation and for transport rates and the fragmentation kernel. We provided a
systematic method of obtaining explicit solutions for the constant and linear transport rates of the
equation. It follows that the solutions can be written in terms of the confluent hypergeometric
functions. In addition, we found the moments of the solutions and, in particular, confirmed the
existence of shattering solutions. Additionally, we demonstrated that the developed method is
applicable to the growth-fragmentation equation with the McKendrick-von Foerster boundary

condition, constant growth rate and binary fragmentation.

2 Future work

In Chapter Ill, we were able to establish a global semigroup solution for the transport-fragmentation-
coagulation equation under restrictive assumptions. Further, in Chapter IV, we only considered

the power-law form of the coefficients. Then, the following ideas can be investigated in future:

e proving global stability of the growth-fragmentation-coagulation equation with no additional

assumptions of Section I11.6;

e extending techniques of finding explicit solutions of the growth-fragmentation equation to

a larger class of coefficients;

e finding stationary solution to the growth-fragmentation-coagulation equation and estab-

lishing their stability.
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I A PPENDIX A s —

Extension of (IV.3.2). It can be verified by direct calculations that w*, with a < 0 are local,
i.e., these solutions blow-up in a finite time in the sense of X:g, o,p € R,. For the forthcoming

analysis, it is convenient to replace w* with

FEET) =TT, (9 = ui(©). (A.0.1)

It turns out that the latter functions are defined globally for 7= € R,.. Furthermore, we have

Lemma A.0.1. Assume that fi € Xésga)g and eithera >0 and o >0,0<d<mora <0,

oc>mand0<d§d<o—m. Then
(rH) it e C([O’T},Xésga)a+5)’
for every finite value of T > 0. In addition, if i € Xésg 7+ then
f5 e CcH((0,T), X2V (A.0.2a)
and f* is the global classical solution to

FE(675) - EF5(E,75) = mGEe [ ()] (6),  ErFeR,,  (A0.3a)
FEE,0) = fi(€),  E€R., (A.0.3b)

Jo

in the sense of X\
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Proof. (a) We let

A [F)(E) = e w6, 74),
B (r*)wi](€) = mr*e 7

g [1F1 (1 — (sgna)m; 2; =7+ (y — 6))103:} ().
Since &%¢7¢ < ¢5, § € R, for some c5 > 0, uniformly in &€ € R, it follows that
||A:|:(7—i)HX(sga)o_>X(sga)o'+5 S C(S(T:t)_&, g, 5 2 O,

uniformly for 7¥ € R,. To estimate the norm of B*, we consider separately the cases of a > 0

and o < 0.

(b) Assume initially that & > 0. Then, using (IV.3.3), we have

¢
1BE(75) || xo s xors < m(75)7° sup 6“’6‘5/ YR (1 +m;2;€ — y) dy.
+ 0

Next, by the asymptotic identity (see, e.g., [1, Formulae 13.4.1 and 13.5.5])

O(1), — 0,
1F1 (a; b; —z) = M) : (A.0.4a)
O(z7%), z— 00, Rez>0,

and the formula

x P
/ y1Fi(a+ 152,20 — y)dy = T [1F1 (a;p—l— 1;$> — 1] , (A.0.4b)
0 a
which holds for all @ # 0 and p > —1, we have
HBi(Ti>HXa*>XU+6 < c(ri)"g, 0<4d6<m,

for some ¢ > 0. Hence, (A.0.2a), with o > 0, is settled.
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(c) Let now v < 0. In this case,

I1BE(75)|| x o x—ors < m(7F) 7% sup 5"6‘5/R (E+y) e Fy (1 +m; 2; y) dy.
+

EERy

It is not difficult to verify that for 0 < a < p,

Jo, (@+y)PeViFi(a+ 1;2y)dy = fR+ e P 1[(x—|—t) —t“]dt
= [ (p— ) (- a;l—p;x)—F(p)]
—F(pfa)x“_p, 0<a<l,
<{ o (A.0.5)
X

where U(a;b; z) is the Kummer hypergeometric function of the second kind, see [1, Formulae

13.2.5 and 13.1.29]. Hence,
|1BE(TE) || x - x—ote < cs(75)7°, 0<s<o—m

and the proof of (A.0.2a) is complete.

d) From (A.0.4a)—(A.0.4b), (A.0.5), the inclusion fi € X599t S0 d the standard identit
( 0 0 y
(see [1, Formula 13.4.8, p. 505])

d
—1Fi(asbiz) = %11?1(@ Y14 1s2), (A.0.6)

it follows (as in parts (b) and (c) above) that f*, defined by the explicit formulae (1V.3.2) and
(A.0.1), satisfies
S0 gER ] € O(0,1), XgF ),

for any finite value of 7' > 0. Using this fact and the direct substitution of f* into (A.0.3a)-
(A.0.3b), it is not difficult to verify that (A.0.3a) and (A.0.3b) hold in X\ globally for
™ e R,. [
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Distributional solutions. In connection with Lemma A.0.1, we note that f*, being integrable,
satisfies (A.0.3a)—(A.0.3b) in the sense of Schwartz distributions. Moreover, from (IV.3.3) and
(A.0.6), it follows that f*, given by (IV.3.2) and (A.0.1), satisfies

o=/ f&(»:)v(f,OH/R+ ( 5 FH &)

{vfi (&, 75)(E,7) — &u(&, 75) + mG~ = o, ri)](g)} dg) dr*,  (A.0.7)

for any v € D(R2) and fi* € D'(Ry). That is, formulae (IV.3.2), (A.0.1) solve (A.0.3a)-
(A.0.3b) in the sense of Schwartz distributions for any distributional initial data in D'(Ry). In
particular, for the monodisperse initial condition f5(-) = ¢, (-) = §(-—&), supported at & € R,

we have

fEE ™) = e e [5&) (&) + X[0.0] ©mT™ Fy (1 —m;2; 7 (€ — 50)>:|7 a>0, (A0.8a)

6 ) = T 00 () + X O F (14 mi 2756 = &) ], @< 0. (A08b)

As an immediate consequence of the preliminary calculations, presented above, we have

Corollary A.0.2. For uf € D'(R,), the distributional solutions to (IV.2.1) are given explicitly
by (1V.3.9). In particular, for the monodisperse initial data ut = 8,,, o € R, formula (1V.3.10)
holds.

Further, for any finite value of T > 0 and input data uﬁf € XP, with eithera >0, p>a—v—1

and 0 < § < ”T”, ora<0,p>1l+aand0<é< “‘T”H, the solutions (IV.3.9) satisfy
t'u* € O ([0, 7], X5, (A.0.9a)
In addition, if the initial datum is regular, i.e., if (uf), € X{™ and uf € XE*®, then
u, (ru®),,au € C((0,7), X8), (A.0.9b)

and (IV.3.9) satisfies (IV.2.1) in the classical sense of X{.
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Proof. (a) By virtue of our definitions of v*, w®, f*, £ and &, 2%, 7%, the solution to (IV.2.1)

is formally given by

u(a, ) = (14 Bre(6) 5565 (a,8) F2(E (1), 75 (1)), (A.0.10a)

E(x,t) = 2%, TE(t) = i%(eiﬁt —1), z,t € Ry, (A.0.10b)

Since the coordinate transformation (z,t) — (£, 7%), defined in (A.0.10b), is a diffeomorphism
from R? to R} x I* and since f* € D'(R?) satisfies (A.0.3a)—-(A.0.3b) in the sense of distri-
butions for any fi- € D'(R,), it follows (after changing variables in (A.0.7)) that u*, defined in
(IV.3.9), satisfies

— /ﬂ§+ ug (z)v(x, 0)dz +/R+ (/}R+ u*(z, t) [vt(x,t) £ r(2)v,(z, )

—a(z)v(z,t) + a(z) /Ox by, z)v(y, t)dy} dt) dx,

for any uy € D'(R*) and hence our first claim is settled.

(b) The right hand side of formula (A.0.10a) defines one-to-one linear maps 7= : f* — u*.

Elementary calculations shows that these maps satisfy

Ti € E(quv Ti]v Xg)7 C<[07 T]? X(};))v
(7%) e (0,741, X3). C(0.7]. X5)),

p=alc+1)—v—1, oc€R, T:i%(liﬁTi),

for any finite T € I*. These inclusions, together with (A.0.2a)—(A.0.2a) and the identity
E5(t) = O(t), t — 0, yield (A.0.9a). In addition, if (uF), € X" and v € XP™*, direct
calculations, using (A.0.6), (A.0.10a)—(A.0.10b) and (A.0.2a)—(A.0.2a), show that u*, defined
in (1V.3.9), satisfy (A.0.9b). Using this fact and the direct substitution, it is not difficult to
verify that u*, defined in (1V.3.9), satisfy (IV.2.1) in the classical sense of X}. The proof is

complete. O
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Proof of (IV.4.19).

The proof of (1V.4.19) is quite involved, hence we split it into a series of lemmas.

o ¢2 . . .
Lemma A.0.3. The substitution z = e~z y transforms the differential equation

> (Z) ") =9(0,  (ER, (A.0.11)

k=0

into to the constant coefficient equation

d 2
He,, (d_§> W(O) = e59(0), (A012)

where He,, is the probabilist's Hermite polynomial of order m, [1, Section 20.3].

Proof. Consider the substitution z = hy for some unknown differentiable function h. Then, using

the Leibnitz product formula and changing the order of summation,

_ S0 (ST ) (T o
¢ ;y <<>(l_0 (m«)( . )c h <c>)
=) amr(Qy7(O) = Lm[y)(0). (A0.13)

We shall prove that for » > 1, we have

m+1
aerLT(C) = Tamm,l. (A014)
Indeed,
T i 1N (L ; .
ami1,r(¢) = ¢ Z (l+r ) ( . )C( RO (() (A.0.15)
1=0
and

m-+1\/l+7r o om+1 m l+r—1
l+r r a r l+7r—1 r—1 )
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Thus, taking into account ¢"1¢~(+7) = ¢m¢=(+(=1) in (A.0.15), we obtain (A.0.14). Then,
by iterations, (A.0.14) yields

am(C) = (T) m—r0(C)- (A.0.16)

Hence, to specify all a,, ,, it suffices to know a,, o for any m € Ny, with ag = 1. In what follows,

2
we specify h(() = e~ and note that

h®(¢) = h™H(O)(=1) Hex(C),

where Hey, is the Hermite polynomial, defined in (1V.4.18). Hence,

5]

3 (m z R
anal®) = 10y (1) | X

=0 1=0

Considering the sum in the formula above, there are only even powers of (=1, running from 1 to

2| 2]. The power (~* appears in the expansion only for [ > 2i, with the coefficient

2 /m\ (=) (—1) =y , m!
bmi = - = ; —1 pt2i
’ Z (l)i!(l—Zi)!Z‘ i12¢ p;o( ) (m —p— 21)!p!

=21

ClTon' S (™),

k=0 p=0

Thus, we have

b 0 for 2i <m,
" (=2 (m -1 for 2i=m.
Hence
¢ 2] 0 for m odd,
amo(() =€ 2¢y =€ 7 (A.0.17)

(=1)Z(m —1)!! for m even,
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with the convention (0 — 1)!! = 1. Therefore, by (A.0.16),

Using the change of variable [ = k —1 and the definition of the double factorial, the coefficients in

both equations can simplified to (—1)’#%)!% and, using (1V.4.18), both differential operators

can be combined into

Hence, (A.0.12) is proved. O

Lemma A.0.4. The solution to (A.0.12) satisfying

y(0) =¢/(0) = --- =y 1(0) = 0, (A.0.18)
is given by
¢ m 1 2
y(0) = / ) % g(0)do, (A.0.19)
0 ; (Hem) (Amsi)
where A\, 1, ..., Am.m are simple real roots of He,y,.

Proof. The solution to (A.0.12) can be found by the variation of constants formula. Clearly, the
characteristic polynomial for (A.0.12) is He,,,(A) = 0. By [1, Section 22.16], all zeroes of Hermite
polynomials (as orthogonal polynomials) are real and simple. Then the functions 6,, ;(¢) = e*mi¢
form a basis of the solution space of the homogeneous equation (A.0.12), hence we seek a

particular solution to the inhomogeneous equation (A.0.12) as

y(Q) = Cr(Q)eM 1 + - 4 O Q). (A.0.20)
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In the general setting of the variation of constants method, C!s are given by

Ci= (1T (O,

where W is the Wronskian of {0,,1,...,0,m} and W; is the minor of the element (m,i) of
W. When the roots of the characteristic polynomial are simple, this formula can be made more

explicit. Indeed,

11 .1
At Am2 oo Amm
W) = [ ™™ T =V s Amm) [[ €7
i1 : : : : i=1
DRI Ve D Vii

where V' is the Vandermonde determinant, whose value is

Vids - Amm) =[] Qg = Ama)-

1<i<j<m

Now, for a given r,

W, = H e)\m’icv()\m,la SRR )\rfla )\T+17 SRR )\m,m)

i=1,i#r

To relate these two Vandermonde determinants, we write

V(Am,ly . )\m,m)
= J] s =)o T g = M) -+ o — Amant)
1<j<m r<j<m
= H ()\m,r - Am,z) : H ()\m,j - )\m,r) . H ()\m,j - )\m,z)
1<i<r r<j<m 1<i<j<m
1,JF£T
= (_1)mfr H ()\m,r - Am,z) ' V()\m,la teey )\7‘717 )\T+17 tr Am,m)

= (_1)m_T<H6m)/()\m,r)V()\m,17 R )\rfla )\7‘+17 trt Am,m)
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Hence,
2

% g (C)
ermiS(Hepm) (Am.i)

and (A.0.19) follows from (A.0.20). O

Ci(¢) =

Theorem A.0.5. Let m € N. Then the unique solution v € X7 to (IV.4.15) satisfying
(IV.4.9¢) is given by

: (A.0.21)

where y is given by (A.0.19) with g(¢) = —32 F (Cﬂ%, —6‘%).

Proof. In this particular case, F'(,t) is a known function, for £ < 0 given by

Z ( ) 1) ’"/00(77 — &) wo(n)dn. (A.0.22)

Hence, we can re-write (1V.4.15) as
(I +tT)" => ( )t’“gk —wt(E,t) — F(E,1). (A.0.23)
k=0
Now, we use (IV.4.9¢c) and arrive at

S () (-1t Heeule) - ~Fie. -5 = Gl (A0.24)

k=0

where G is a known function. If we denote Z (&) = (—1)"G™[¢](€), then ZW (&) = (—1)™HG™ ! [](€)
and (A.0.24) becomes

> (7}3) (%) e -co (A.0.25)

k=0
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Next, with ¢ = \/LB and z(¢) = Z(£), (A.0.25) takes the form

m

) (TZ) ¢ EW(Q) = BEGCVB) = 9(0), (A.0.26)

k=0

2
and hence, by Lemma A.0.3, using 2(() = e*%y(('), we transform (A.0.11) into

Hen (30 ) 11O = ¢%4(0), (A0.27)
Further, we observe that, by definition, Z*(0) = 0 for k = 0,...,m — 1 and, since y(¢) =
e‘gz(C), the Leibniz formula shows that 4*(0) = 0, provided y’(0) = 0 for [ = 0,...,k — 1,
thus, by induction, the initial (or terminal) conditions for (A.0.27) are given by (A.0.18). Thus,
the solution to (A.0.12) satisfying these conditions is given by (A.0.19) and we recover formula
(A.0.21) for ¢ by backward substitution.

2
To estimate 1), we observe that, by (A.0.22), e_%y(g) is a linear combination of terms of the

form

¢
I = -4 *AH%CZ e ’ éd
i=e Pam—1(0)e o=e Gom—1(s)e z dg,
0 -\

where po,,—1(0) and gom—1(s) = pam—1(s+ A) are polynomials of degree 2m — 1 with coefficients
depending on the moments of w, of order from 0 to m — 1. Now, by the Leibniz rule, the

’U2 .
mth derivative of I, is a linear combination of product of kth derivatives of e~ 2 (which are

02

the Hermite polynomials of degree k), e~ 2 and the (m — k)th derivative of f_v/\ q2m_1(g)e§dg,

2

0 < k <'m, which, apart from the case k = m, is the derivative of order m—k—1 of go,_1(s)e Z .
Using again the Leibniz rule, we see that the rth derivative of the latter is given by (jgm,lJrT(g)e%,
where 2,14, is @ polynomial of degree 2m — 1 4 r. Thus, the terms of Iim) are products of
polynomials of degrees k and 3m — k — 2, and hence polynomials of degree 3m — 2, except for
k = m, which is given by

U2 v §2
Hem(v)e_2/ Gom—1(s)e 2 ds.
-
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By the I'Hospital rule,

] 1’-.167,L(1))(3_U7 fi\ Q2m—1(§)6%d§ . ff,\ Q2m—1(§>€%d§ . Gom—1(V)
lim - = lim 5 = lim ——=
v——00 Hem(v)me—Q(U) Voo e%pgm,Q(U) v Pam—1 (U)

:l’

for some finite [, where py,,, o and ps,,_1 are polynomials of respective degrees. Thus,

V(€)= 0™ as€ — —o0

and hence ¢ € X7,
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