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Differential chain of algebras of generalized functions

Dennis Ferdinand AgbebakLEEﬂ and Jan Harm van der Walﬁ

Abstract. In this paper, it is shown how the spaces of generalized
functions associated with the construction of the generalized solution
for nonlinear partial differential equations through the order completion
method using convergence spaces, may be interpreted as a chain of alge-
bras of generalized functions. In particular, we showed that the spaces
of normal lower semi-continuous functions that contain the generalized
solution of the nonlinear partial differential equation under consideration
is a differential chain of algebras of generalized functions. Consequently,
this generalized solution is shown to be a chain generalized solution. The
relationships between the chain of normal lower semi-continuous func-
tions and the chain of nowhere dense algebras, as well as the chain of al-
most everywhere algebras of generalized functions are shown. We further
show that the chain generalized solutions of nonlinear partial differential
equations obtained in the chain of normal lower semi-continuous func-
tions corresponds to the chain generalized solution for nonlinear partial
differential equation obtained in the chain of nowhere dense algebras of
generalized functions as well as the chain of almost everywhere algebra
of generalized functions.
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1. Introduction

In the late 1960s, differential algebras of generalized functions were intro-
duced as an alternative approach to dealing with the difficulties associated
with the application of distributions to nonlinear partial differential equations
(PDEs). One of the most notable of these difficulties is the Schwartz impossi-
bility problem [16] which is summarized as the inability to extend the multi-
plication of C'*°-smooth function with distribution to all of the distributions in
such a way that the class of distributions, together with the usual vector space
operations, is an algebra.
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This alternative approach, known as the ‘algebra first’ approach, is to
construct suitable algebras of generalized functions that contain the D'(2)-
distributions as a linear subspace. In this way, multiplication of distributions
can be done consistently and in a meaningful way, although the result of mul-
tiplying two distributions will, in general, not be a distribution. The ‘algebra
first’ approach has been developed extensively and has been useful in the study
of generalized solutions to linear and nonlinear PDEs in mathematical physics
and related fields, see for instance [7], 8, @, 12, 13, 14, [15].

Let © be a nonempty open subset of R™. An algebra A(Q) is called a
differential algebra of generalized functions if it is equipped with the generalized
partial derivative operators

DP : A(Q) — A(Q), peN"

that satisfy the Leibnitz rule for derivative of product of functions, given as

(1.1) DP(uv) =y ( p ) DP=9y Dy
q
q<p
for all u,v € A(Q). Here D? = D' ---DP», D; = a%j with [p| = p1+ -+ pa.
In [14], Rosinger gave sufficient conditions for the construction of an alge-
bra of generalized functions A(€2) that guaranteeis the commutativity of the
following diagram

C

C>=(92)
(1.2) £ E
\«4(9)

where E : D'(2) — A(Q) is a linear injection, and € : C(Q) — A(Q) is
the canonical injective algebra homomorphism. However, there is an essential
limitation on the way in which distributions are embedded into a differential
algebra. Indeed, an embedding of D’(2) into a differential algebra cannot, at
the same time, preserve both the algebraic structure of C'(2) and the differential
structure of D’ (Q), see [12, 13, [15]. Furthermore, different embeddings of D’ ()
into an algebra A(£2) may not determine the same differential structure on
D'(€2). This limitation is due to a basic conflict between the trio of insufficient
smoothness, multiplication and differentiability, see [15].

In order to overcome the above mentioned limitation of the embedding of
D'(R2) into a differential algebra A(Q), the concept of the chain of algebras
of generalized functions was introduced, see [I3] 14, 15]. In [I5, Chapter 7],
chains of algebras of generalized functions were applied to resolve the closed,
nowhere dense singularities occurring in the solutions of certain polynomial
partial differential equations. In particular, weak solutions of the nonlinear
hyperbolic conservation laws

up(t, ) + cu(t, z)u, (t,2) =0 t>0, xz€R
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with the initial condition
U(OVT) :U'O(m)7 € ER,

where ¢ is an arbitrary polynomial, were interpreted within the framework of
chains of algebras of generalized solutions, as chain weak solution.

In this paper, the space of generalized functions underlying the recent devel-
opment of Order Completion Method [10], presented in [21], 22], are interpreted
as a differential chain of algebras of generalized functions. Any generalized solu-
tion in the underlying space is interpreted as a chain generalized solution. The
mentioned chain of algebras of generalized functions are shown to be related to
the chain of closed nowhere dense algebras of generalized functions introduced
by Rosinger [13| 14} [I5], and the chain of almost everywhere algebras of gen-
eralized functions introduced and studied in [I] which was constructed based
on techniques introduced by Vernaeve for constructing the almost everywhere
algebra of generalized functions [26]. The existence results for chain generalized
solutions for nonlinear PDEs lead to the corresponding existence results in the
chain of closed nowhere dense algebras of generalized functions and the chain
of almost everywhere algebras of generalized functions, respectively.

The following notation are used throughout this paper. {2 denotes an open
subset of R". For z € €, V, is the set of open neighbourhoods of z. The
extended real line is denoted by R, and N = N U {oco}, with the natural order.

2. Spaces of generalized functions

In this section we recall the main points in the construction of the space
{NLY Q) : | € N}, see [19,22]. We denote by N'L(Q) the set of all nearly finite
normal lower semi continuous functions v : @ — R. A function u: Q — R is
normal lower semi-continuous if and only if

I(S(w)=u

where I and S are the Lower and Upper Baire operators, [3| [5], defined by

(2.1) I(u)(x) = sup{inf{u(y) : yeV} : VeV,}
and
(2.2) S(u)(z) = inf{sup{u(y) : yeV} : VeV(x)},

respectively. A normal lower semi-continuous function is nearly finite whenever
the set {z € Q : u(z) € R} is finite. We define the following algebraic operations
on NL(X). For u,v € NL(X) and a € R we set

(2.3) u+v=I(S(udv)), au=I(S(a®u)), w=I(Suv))

where the algebraic operations &, ® and ® are taken as the usual point-
wise operations on real functions, with understanding that the result of any



42 Dennis Ferdinand Agbebaku, Jan Harm van der Walt

operation involving +oo is again +oo, with the appropriate sign determined as
usual [23]. We note that, for u,v € NL(X), the function u @& v may fail to be
normal lower semi-continuous. Indeed, if

u<x):{1 ifr >0

0 ifr<0
and f
-1 sfx >0
”(“){ 0 ifr<0
then

won={ 238

so that u® v ¢ NL(R).
Let
! o | 3 T'uw CQclosed, nowhere dense :
(2.4) ML(Q):= {u eENL: ‘ we CHOT,) } .

and

(2.5) MEO(Q) = {u eENL: ‘ 34 Ty C Q2 closed, nowhere dense : }

we COO\T)

The space ML’(R2) is a o-order dense subalgebra of N'L(R), see [20]. On
ML(Q) we introduced the following uniform convergence structure [20]. Let
A consists of all nonempty order intervals in MEO(Q). Let Jp denote the family
of filters on ML%(Q) x ML"(Q).

Definition 2.1. A filter U/ belongs to J if there exists & € N such that

Voj=1,-,k:
3wy e NL() :
(2.6) (i) I,,CI, neN

(i) sup{inf{I}} — u; — inf{sup{I})
(1) (M) % [Aa]) (- 0 ([Ag] X [Ak]) S U,
where, for A’ C A, [A'] denotes the filter generated by A’ if this filter exists.

The uniform convergence structure Jy is Hausdorff, first countable and
induces the order convergence structure, see [4, 24} 20]. A filter F on ML°(Q)
order convergence to u € ML"(Q) if and only if

3 (), (i) € ML) :
(Z) )\ng)\nJrlSUS//frH»lS//fn n €N,
(#
(

(2.7) ; ) sup{\, : n € N} = u = inf{p, : n € N}

i)  [{[An,pn] : n €N} CF.

In particular, a sequence {u,} converges to u € ML’(Q) if it order converges
to u. Cauchy sequences on MEO(Q) are characterized in the following way, see
23]
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Proposition 2.2. A sequence in ML"(Q) is Cauchy with respect to Jy if and
only if there exists a set B C §) of first Baire category such that (un(zx)) is
convergent in R for all x € Q\B.

The space N L(Q) equipped with a suitable uniform convergence structure,
see [20] is the (Wyler) completion [IT} 28] of ML"(Q).
The partial derivatives

DP:CYQ) — C%Q), peN", |p| <1
extends to the mappings
DP - MLY Q) 5 u s (To8)(DPu) e MLY(Q), pe N, [p| <L

On the space ML'(Q) we consider the initial uniform convergence structure,
denoted by J;, with respect to the mappings

(2.8) DP - MLY Q) — MLOQ), |p| <1
Definition 2.3. A filter on ML'(Q) belongs to J; if and only if

V peN" |p|<l:
(DP x DP)(U) € Tp-

Proposition 2.4. A filter F on ML'(Q) converges tou € ML (Q) with respect
to the induced convergence structure A if and only if DP(F) converges to DPu
in ML(Q) for every p € N, |p| < I. In particular, a sequence (u,) converges
to w e MLYQ) if and only if

vV peN" |p| <I:
DP(u,) order converges to DP(u) € ML’(Q).

From Deﬁnition it is clear that each of the mappings in (2.8]) is uniformly
continuous with respect to the uniform convergence structure, J; and Jy of
Mﬁl(Q) and ML"(Q), respectively. In fact, see [21], 22], the mapping

D : MLY Q) — MLO(Q)M

defined through

D(u) = (DPu)pj<i-
is a uniformly continuous embedding. Therefore, see [22], the mapping D
extends uniquely to an injective, uniformly continuous mapping

(2.9) Df : NLH(Q) — NLO(Q)M.

where N'L'(Q) denotes the completion of ML (Q). This gives a first and basic
regularity result: The generalized functions in A EO(Q) may be represented,
through their generalized partial derivatives, as normal lower semi-continuous
functions. Indeed, the mapping may be represented as

D¥(u) = (Dpnuu)|p|§l
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where, for |p| <1, (Df’n) denotes the unique uniformly continuous extension of
DP to NLY(R).

We now discuss,briefly, the concept of generalized solutions of nonlinear
PDEs in the space N'£'(2). Consider a nonlinear PDE

(2.10) T(xz, D)u(zr) = h(z),z €

of order [, where h :  — R is continuous, and the differential operator T'(x, D)
is defined through a jointly continuous function

F:OxRM R
by the expression
(2.11) T(z,D)u(z) = F(z,u(z), ..., DPu(x),...), |p| <I,

where M is the cardinality of the set {p € N™ : |p| < {}. In [I8] 22], it was shown
that the partial differential operator (2.11)) induces a uniformly continuous
mapping

(2.12) T : MLYQ) — ML(Q)
defined as follows
(2.13) Tu=(IoS)(F(,u,---D'u---)).

Therefore, the mapping (2.13]) extends uniquely to a uniformly continuous map-
ping

T NLYQ) — NL(Q)
where N'£'(Q) and N'L(9) are the completion of ML (Q) and ML"(Q), respec-

tively. The main existence result for generalized solutions of (2.10) in N'£'(9)
is the following.

Theorem 2.5. [22, Theorem 7] If for each x € §) there is some ( € RM and
neighborhoods V- and W of x and ( so that

F(x,¢) = h(x)

and
F:VxW:—R

is open, then there exists uf € N'L'(Q) such that
T = h.

We also discuss in brief the existence of C'*°-smooth generalized solution
of nonlinear PDEs in the space N L (), detailed exposition of the result is
found in [25]. In this regard, consider the PDE

(2.14) T(x, D)u(z) = h(zx), = € Q,
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where the differential operator T'(x, D) is defined by a C*°-smooth mapping
(2.15) F:OxRY R

through

(2.16) T(z,D)u(z) = F(z,u(z), - ,DPu(x),--+), z € Q, |p| <l

for sufficiently smooth w : @ — R. The right-hand term h € C*°(£2). Assume
that the PDE (2.14) satisfies

vV z€Q:
3 ¢(x) eRY":
(2.17) 3 VeV, We Vg(x) :

1) F>*:V x W — RY" open,
2) F>(z,&(x)) = (D’ f(x)) penn

where RY" is equipped with the product topology 7, the mapping
F* xRV — RY
is defined by setting
(2.18) F®(2, (Sa)aern) = (FP(2, - \€ar o)) sem,
where, for each 8 € N, the mapping
FP axRY —R
is defined by setting
(2.19) D?(T(z, D)u(x)) = FP(x,--- ,D%(z),---), o <1+ B

for all u € C*>(Q).
The nonlinear operator T'(x, D), which is a mapping

(2.20) T:C®(Q) — C™®(Q)
may be extended to the mapping
T: MLZ(Q) — MLZ(Q)
defined by setting
(2.21) Tu=ToS)(F(.,u, -+ ,DPu,---)), |p| <L

Theorem 2.6. The mapping T : ML>®(Q) — ML>(Q) defined through
s uniformly continuous.
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As a consequence of Theorem[2.6] there exists a unique uniformly continuous
extension

T% : NL®(Q) — NLZ(Q)

of T. This give rise to the concept of generalized solution of (2.14]) as a solution
uf € NL®(Q) of the extended equation

(2.22) T*u® = h.
The main existence result for the C*°-smooth PDE ({2.14]) is the following, see
[25].

Theorem 2.7. Consider the nonlinear PDE of the form (2.14). If the non-
linear operator T satisfies (2.17)), then there exists some uf € NL>®(Q) that

satisfies (2.22)).

3. Differential algebra of generalized functions

In this section we briefly outline the main points in showing that the space
N El(Q), for each | € N, is an algebra of generalized functions referred to as
order convergence algebra of generalized functions, admitting an embedding of
C!(Q) as a subalgebra, details of the results presented here can be found in [I],
see also [2].

Proposition 3.1. The space ML'(Q) is a subalgebra of NL(SY). Furthermore,
the differential operators

DP: MLYQ) — NL, |p| <1
are linear and satisfy the Leibnitz rule
D _
DP — DP—ay, D1
(uv) Z( ¢ ) uD%
q<p

Proposition 3.2. The induced convergence structure \; on ML (Q) is a Haus-
dorff and first countable algebra convergence structure.

We remark that the uniform convergence structure J; on MLY(Q) is the
uniform convergence structure induced by the convergence structure A;, see [6].
Based on the abstract construction of the completion of a uniform convergence
space, see [20], the set N £!(Q) may be represented as

(3.1) NLY Q) = CIMLNQ)]/) ~c,

where,

FroGe F—-GeX©0).
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The representation of A/ EZ(Q) can be further particularised. By Propostition
A is first countable. Hence for F € C[ML'(Q)] there exists G = [{G|n €
N}] — 0 in ML) so that G C F — F. Thus

VvV neN:
(3.2) 3 F,ecF:
F,—F, CG,.

For each n € N, select v € Fy N ---N F,. Then (u,) — (u,) 2 G so that
(uy,) is a Cauchy sequence in ML'(Q). Furthermore, (u,) ~¢ F so that each
~c-equivalence class contains a Cauchy sequence. Therefore we may represent
NLYQ) as

NLN(Q) = CIMLI(Q)]/ ~e,

where C,[ML'(Q)] denotes the set of Cauchy sequences in ML'(Q), and for
(un), (vn) € CsIML' ()],

(up) ~c, (vn) <= (up —v,) € N(0).

In view of (3.1)), the structure of NEI(Q) depends only on the properties of
the Cauchy sequences in ML (). Thus we have the following

Proposition 3.3. A sequence (uy,) in ML () is Cauchy sequence with respect
to the uniform convergence structure on J; if and only if there exists a residual
set R C Q such that (DPuy,(z)) is a convergent sequence in R for each v € R
and p € N™ with |p| <.

By Proposition we have that

3 R CQ, aresidual set :
(33) (up) ~c, (vp) <= | V peN", |p|<l,zeR:
DPuy,(x) — DPoy(z) — 0 in R.

In order to represent the space N El(Q) as an algebra of generalized func-
tions, we show that each ~c,-equivalence class contains a sequence of C'-
smooth functions. To do this, we make use of the Principle of Partition of
Unity, see [17].

Theorem 3.4. Let O be a locally finite open cover of an open subset Q0 of R™.
Then there is a collection

{¢pv : 2 —[0,1] : U € O}
of C'-smooth functions ¢y such that the following hold:
(i) For each U € O, the support of ¢y is contained in U.

(i) > ¢u(x) =1, for each x € M.
UeO
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A consequence of Theorem [3.4]is that disjoint, closed sets in  are separated
by C'-smooth, real valued functions. In this regard, let A and B be disjoint,
nonempty, closed subsets of 2. Then it follows from Theorem [3.4] that

3 ¢ e CYQ,[0,1]):
(3.4) ()ze A= ¢(x)=1
(2)zeB=¢(z)=0

Lemma 3.5. Let (u,) be a Cauchy sequence in ML) with respect to J,.
Then CHO)N N [(un)]c, # 0, where [(un)]c. denotes the ~c, -equivalence class
generated by (uy).

The main result of this section is the following.

Theorem 3.6. Let S, = C[MLY(Q)] N CHQN and T, = X (0) N CHQ)N.
Then

(i) S., is a subalgebra of CY(Q)N and I is an ideal in S.,.
(ii) A(C'(Q)) € Si, and A(C'(Q)) NI, = {0}.

(iii) There exists a bijective mapping E', : NL(Q) — SL /Tt such that the

diagram
st L nrio)
qsty E(l,s
(3.5)
Y
Sts/Tes

commutes. Here, qsi_ is the canonical mapping associated with the quo-
tient algebra S',/Tt,, and the mapping L is defined as

(3.6) L:S, 3u=(u,) —u* e NCHQ),
where uf is the limit of (uy,) in NL(Q).
4. The chain of order convergence algebras of generalized
functions
In this section we study the chain structure
NLZQ) = - = NLHQ) = NLTHQ) —» - = NLY(Q).

we show how the spaces of generalized functions N EZ(Q)7 I € N, may be rep-
resented as a chain of algebras of generalized functions, referred to as chain
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of order convergence algebras of generalized functions. We further show how
the existence result for generalized solutions of C*°-smooth PDEs may be in-
terpreted in the differential-algebraic frame work. This chain is denoted with

Aoe = {NLYQ),NLHQ), 1) | K LEN, k <1}

Our method for constructing the chain A, is based on Rosinger’s technique for
constructing an abstract chain of algebras of generalized functions, see [13] [14].

Definition 4.1. Let A = {(AY(Q), A*(Q),7L) | k,1 €N, k <1}, where A'(Q)

is a unital, commutative algebra for each [ € N and

At AN Q) — AR Q)

is an algebra homomorphism for £ < [. A is a chain of algebras of generalized
functions if the following hold.

Y The di
(i) The diagram Q) Th AR ()
(4.1) 'Vllc 'Vlfi
AR(Q)

commutes for all b, k,l € Nwith h < k <.

(ii) For! >k > 0and p € N”, with |p|+k < [, there exists a linear differential
operator DP : AY(Q)) — A¥ () that satisfies the Leibnitz rule.

(iii) If, in addition, the diagram

Ab) P g1l (@)
(4.2) Ve I I'Y;lc__“;l
Ay P a-vl()

commutes for all [ > k and p € N, |p| < k < [, we call the chain A
differential.

We outline, briefly, how such chain of algebras of generalized functions may
be constructed, see [14]. Let ] € N = NU {oco} be given. Let A be an infinite
index set, and define

(43) cl(a) = {u — (un)rea

V AeA:
U)\ECZ(Q)

It is easy to see that the set C'(Q2)" is a commutative algebra with unit element,
when considered with the termwise operations on sequences of functions. For
a subalgebra S' of C!(Q)*, and a proper ideal Z' in S, the quotient algebra

(4.4) ALQ) = 8T

is a unital and commutative algebra of generalized functions on 2.
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If for £ <[, the inclusions

(4.5) Stcsk 'cIt
hold, then
(4.6) A Q) s u+ T u TR € AF(Q)

defines an algebra homomorphism. Clearly, in this case the diagram (4.1))
commutes for h < k <.

Suppose further that, for > 0 and p € N with |p| <l and k < |p| <[ we
have

(4.7) pr(shy c sk, pr(h c 1.
Then
DP : ANQ) 3 u+ T — DP(u) + IF € A¥(Q)

defines a linear differential operator that satisfies the Leibnitz rule (1.1)). For
k <l and p € N™ such that |p| < k, the diagram (4.2)) commutes. Hence we
have the following.

Theorem 4.2. For eachl € N, let S' be a subalgebra of C(Q)* and I an ideal

in S If and are satisfied, then A = {(AL(Q), A*(Q),~L) : k1€
N, k <1}, with AY(Q) = S'/T" and ~% defined by (4.6), is a differential chain
of algebras of generalized functions.

The embedding of C' - smooth function into the chain A follows directly
from the embedding of C!(2) into A!(2), for each [ € N. The existence of an
algebra embedding

(4.8) Ccl(Q) — AYQ), 1eN
is determined by the neutrix condition
(4.9) Ui s, U@ NI = {0}
where
3 veli():
UL(Q) = u=(u)rer| ¥V AEA :
Uy =v

Theorem 4.3. Suppose that is satisfied for each 1 € N. Then
(4.10) ClQ) s u— Alu) +I' € AYQ)

defines an injective algebra homomorphism for each | € N. Furthermore, the
diagrams

o

AL(Q) - AK(Q)
— —
c(9) = - CH(Q)
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and

AL(Q) - A-1Pl(Q)

DP

cl(Q) - C-IPl(Q)

commute for all I,k € N and p € N, |p| < L.

We now show how the spaces N’ El(Q), I € N, form a chain of algebras of
generalized functions. By virtue of the definition of the uniform convergence
structure on ML'(Q), the partial derivative operators

(4.11) DP: ML (Q) — MLH(Q), k+[p| <1

are uniformly continuous. Hence there exist unique uniformly continuous ex-
tensions

(4.12) DP N LY Q) — NLF(Q), k+|pl <1

of the mappings in (&.11). On the other hand, since S!, ¢ C,[ML'(Q)] and
T!, consists of null sequences in MEI(Q), it follows by uniform continuity of

the mapping in (4.11)) that
(4.13)DP(TL,) C TF, and DP(S.,) C S*

cs) cs)

peN", |p|<l—k,
so that

(4.14) DV 81,/Tiy 3 (u) + Iig = DP(u) + I, € S /T,

S
define linear mappings that satisfy the Leibnitz rule.

Proposition 4.4. The diagram

Dl
NLY Q) D > NLF(Q)

(4.15) El, El,

DP
Ses/Tes

- S&/TE

commutes for allp € N, .k € N, so that k + |p| < [ with
DPE L NLH Q) — NLF(Q), k+p <.

given by and

(4.16) DP 8t/ Tis — SE/TE

given by .
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Proof. Fix uf € NL'(€). According to Theorem u® € L(u) for some u €
Sl,, and B! (u*) = u+T!,. So DP(E! (u*)) = DP(u)+ZIF,. But DP*uf = L(DPu)

so that, by Theorem EF (DPiu?) = DPu + IF, = DP(E! (u¥). Thus the

diagram (4.15) commutes. O
Observe that

(4.17) S, cSk and T, CTV

for all I,k € N such that k& < [. Indeed, it follows directly from the definition
of the uniform convergence structure on MEI(Q) and Mﬁk(Q), respectively,
that the inclusion map

MLYQ) 3 u— ue MLFQ)

is uniformly continuous. Thus (4.17) follows immediately from the definition
of T, and S!,. Thus

(4.18) Ve Ses/Tos 3 (W) + Iey = u+ I3 € SL)/I,

defines an algebra homomorphism, see (4.5) and (4.6).
In view of Theorem and Proposition the spaces NL'(Q2), and the
differential operators

DPE N LYQ) — NLF(Q)
with [p| + k < [, may be identified with the algebras S.;/Z.,, with differential
operators DP : 8L /Tl — S*/IF defined in ({.14). Therefore we denote the
algebras S /TL. by NL'(Q).

As a direct application of Theorem [£.2] we now have the following

Theorem 4.5. With the algebra homomorphism

v NLY Q) — NLF(Q)
define as in (4.18)) and the differential operator

DP : NLH Q) — NLF(Q),
with k + |p| <1 define as in (4.16]),
Age = {(NLHQ),NLFQ), ) | k€N, k<1}

1s a differential chain of algebras of generalized functions.

Proof. The result follows from (4.13)), (4.17) and Theorem O

Next we address the issue of embedding smooth functions into the chain
A, of algebras of generalized functions.
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Theorem 4.6. For eachl € N, there exists an injective algebra homomorphism
gl CY Q) — NLY(Q)

so that the diagram

Th
NLHQ) ; “NLF(Q) . ~NL"
Yk T
(4.19)
&l k. ek,
(@) = - CH(Q) = ~C1(Q)

commutes. Here 'y,lC, fy}’f, ’yfl, are injective algebra homomorphisms defined by
[@18), while EL,, &L, EX are linear injective algebra homomorphisms defined

as in (4.10).

Proof. Since S, is contained in the set Cs[ML'(Q)] of J; - Cauchy sequences
in MLH(Q), it follows that U4(Q) C S.,. Furthermore, Z!, C \(0), so that,
since \; is Hausdorff Z, NU(€2) = {0}. The result now follows from Theorem
13l O

5. Embedding spaces of normal lower semi-continuous
functions

The embedding C*(Q) — N L' () extends in a natural way to an embed-
ding

(5.1) H! : ML Q) — NLY(Q).
Theorem 5.1. For each | € N there exists an injective homomorphism
H. - MLY Q) — NLY(Q).
so that the following hold.
(i) The diagram

NLY Q) > NLF(Q)
(52) H(l) Hk'

oc

MLF

ML Q)

commutes whenever k < 1.
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i The diagram

DP
NLY Q) > NLF(Q)
(53) Hl Hk
ML) D MLk
commutes whenever k + |p| <.
(iii) The diagram
Hl
MLY D) “NLHQ)
cl(Q)
commutes for all 1 € N.
Proof. Consider the map
(5.5) H - MLY(Q) 3w (un) + I8, e NLYQ)

where (u,) € S, converges to u with respect to ;. The existence of such a
sequence follows from Lemma To see that H}, is well defined, let (u,,), (v,)
be two sequences in S, converging to u with respect to \;. Based on Proposition
we conclude that (u, — v,) converges to 0 with respect to A;, so that
(tp, —v,) € TL,. Tt follows from Proposition that H!_ is an injective algebra
homomorphism. Indeed, if H! (u) = H!.(v) for some u,v € ML(S), then
there exists (u,,) € S., that converges to u and v with respect to \;. Since )\; is
Hausdorff, it follows that u = v. If (u,), (v,) € S, converge to u,v € ML'(Q)
with respect to \;, respectively, then (u,v,) converges to uv with respect to
;. Hence

Hy (u)Hyo(v) = ((un) + Z¢)(vn) + Z¢)
= (upvn) + T,
— A ().
Linearity of H!, follows the same way.

(i) The commutativity of the diagram (5.2)), follows immediately from th
definitions of the homomorphisms H! ., HE, and ~}.

oc?
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(ii) Recall that, for k + |p| <, the partial differential operator
DP . MLH Q) — MLF(Q)

is uniformly continuous, thus continuous with respect to the convergence
structure A; and Ay. Thus if

H(l)('(u) = (un) +I(l>c

for some v € MLY(Q), then DP(u,) = (DPu,) converges to DPu in
MLF(Q) with respect to A,. Hence

HZ)CC(DPU) = Dp(un) +I§s

By definition,
Dp(Htl;cu) - Dp(uﬂ) + I(I?S

Thus (5.3]) is commutative.
(iii) The embedding &, : C/(Q) — NL(Q) is given by
Ees(u) = Au) + I,

where A : C!(Q) — S!, maps each u € C/(Q) to the constant sequence
with all terms equal to u. Since this sequence converges to u with respect
to A;, the result follows immediately from the definition of the map H. ..

O

6. Existence of chain generalized solutions

In this section, we give an interpretation of the existence result for smooth
PDEs, Theorem in the context of the chain

Ape = {NLLNLF AL) ik LEN, k<)

of algebra of generalized functions. In particular, we show that the generalized
solution u* € N'L>(2) obtained through the Theoremis a chain generalized
solution.

Definition 6.1. Let A be a chain. A generalized function v + Z%° € A ()
is a chain generalized solution of (2.10) in the chain A if

T (u+I7) =% (f +I7)
for all k,1 € N so that k+m <.

In order to show the generalized solution u* € A'/L>°(Q) is a chain general-
ized solution we consider the nonlinear partial differential operator

(6.1) T:0YQ) — C*Q), k+m <1
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of order at most m, defined through a C*°-smooth mapping
F:OxRY —R
by setting
(6.2) Tu(x) = F(z,u(z), -, DPu(z),---), [p| <m
for each x € Q. Since
T(C'() € CM(9),
it follows that
T(C()") C CHO)™.

By the definition of Mﬁl(Q), see ([2.4), and owing to F' being C'*°-smooth, the
mapping (6.1) may be extended to a map

(6.3) T: ML) — MLFQ) k+m <L

It follows from the uniform continuity of the mapping T, see [22] Theorem 6]
and the uniform continuity of the embedding

ML) s u—sue MLFQ) k<L

that (6.3)) is uniformly continuous for all I,k € N such that k +m < [. Hence
there exists unique uniformly continuous extensions

(6.4) T NLY Q) — NLFQ), k+m <L

of (6.3).
On the other hand, in view of the construction of the extension of a uni-
formly continuous map to the completion of its domain, the map

T:CH N 3 (un) = (Tun) € CHOQN k+m <.

satisfies
T(S.,) C St

cs?

k+m <l

and

(un) = (vn) € I(l;s = T(un) —T(vn) € Ay k+m<i

cs)

Thus in view of ([2.14)) - (2.16)), and since S!, and Z!, satisfy the neutrix con-
dition (4.9)), it follows that

6.5) T:NLOQ)>u+T, —Tu+IF e NCFQ) k+m <L
defines an extension of (6.1). Using the same argument as in the proof of

Theorem it follows that (6.4) and (6.5) are equal, in the sense that the
diagram
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#
NLHQ) L ~NLF(Q)

(6.6) EL, E!

cs

T

Ses/Tes > St/ Tes

commutes for all Lk €N, k+m <1
Our main result is the following

Theorem 6.2. Assume that the PDE

(6.7) T(x,D)u(z) = f(z), z€Q

o7

with f € C®() and T defined as in (6.2) satisfies (2.17). Then (6.7)) admits

a chain generalized solution u + Z29 € NLZ(Q).

Proof. According to Theorem there exists a generalized solution

u e NLZ(Q)

of the PDE (6.7). Thus there exists a sequence (u,,) € S, so that

u= (un) + I

satisfies Tu = f in NL%(Q). That is,

(6.8) (Tu,) — f €I CIF, keN.
By definition of the algebra homomorphism

(6.9) AL NLHQ) — NLF(Q)

we have

(6.10) T(ve(w) =T(u,) +IF, k+m <l
and

(6.11) WAf) = F+ T,

Thus (6.8), (6.10) and (6.11)) imply that

T(vh(w) =43 (f+I%), k+m<lI



58 Dennis Ferdinand Agbebaku, Jan Harm van der Walt

7. Differential chains of nowhere dense algebras

In this section we briefly outline the main points in the construction of the
so-called differential chain of nowhere dense algebras of generalized functions

And = {(Aizd(Q)NAde(Q)v/ch) : kvl € N7 k S l}

introduced by Rosinger [I3| 14}, [15], as well as the differential chain of almost
everywhere algebras of generalized functions

Aae = {(Aize(ﬂ)v‘A];e(Q)a/yIlc) : kal € N7 k S l}

which was obtained using Verneave’s construction of the almost everywhere
algebra A% (Q), see [26 27]. In this regard, let | € N and denote by Z! , the
set of all sequences of functions in C'(Q) satisfying the following asymptotic
vanishing condition:

I' € Q closed nowhere dense :

z e Q\I':

V C Q\I', neighbourhood of z, Ny € N:
yeV, n>Ny:

un(y) =0

u = (Un)neN S I’f‘],d <~

< W <C W

In other words, the terms of the sequence (u,) vanish at each point of the
open and dense subset Q\T', provided n € N is sufficiently large. The set Z!,
is an ideal in C'(Q), see [I3| Chapter 1 Sction 7]. The ideal Z! ; C CY{(Q)N is
called the nowhere dense ideal on Q and satisfies the neutrix condition, SO
that

ALy(©) = Q)T

is an algebra of generalized functions. Furthermore the inclusions
I’de C IrlidV k S l

and
DML C Thy  lpl 4k <

hold. Thus we have the following
Theorem 7.1.

Ang = {(Aa(), Ana(Q) %) sk, LEN, k <1}
18 a differential chain of algebras of generalized functions.

The algebra homomorphism
Yt Ana(Q) — Ana(Q), k<1
is defined as (4.6). That is,

(7.1) Tt A Q) B ut Ty = utTig € Ag(Q), k<1
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Since the neutrix condition (4.9) is satisfied, it follows from Theorem that
E:CHY) s u— A(u) + T8, € AF,(Q).

defines an injective algebra homomorphism for each ! € N. Furthermore, the
diagrams

Vin
’z o Ak Vlh
i Vik {ina Ykh {tnd
(7.2)
- -
clQ) ~CF () ~C ()
and
! Dp ’
ALy (Q) Ay (Q)
(T "
Dp
ALy (Q) Ay (Q)

commute, for all h < k <l and all k+ |p| <.

We next discuss the construction of the chain of almost everywhere algebras
of generalized functions, A,.. Let Mg be a set of closed nowhere dense subset
of Q that is closed under the formation of finite unions of its elements. For
leN, let

3 T'e Mgy :

vV neN:
D u,: Q2 —R:
(2) un, € CHO\T)

(7.4) Ee(Q) = 1 (un)

It is easy to see that £.,(Q) is an algebra over R with respect to the termwise
operations on sequences of functions. Consider the ideals

V 2e€:

1 VeV, NeN:

V neN, n>N:
un(y) =0, yeVv

(7.5) Th = (un) € EL(Q)

d I'e Mgy :
(7.6)  TL.:={ (un) €EL(D|V neN:
un(x) =0, z€Q\T
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Since T, and Z!, are ideals, so is

3 I'e My :
V 2e€Q:

(7.7) Th+Z.. =< (u,) €EL(Q)] 3 VeV, NeN:
V neN, n>N:

un(y) =0, ye€ VAL

The algebra A () is defined as

(7.8) AL (Q) = 4. /(T + T,
Since
(7.9) Eae(Q) C E(Q) and T +Ig, C Ipy + I,

whenever [ > k, it follows that
(7.10) AL AL (Q) s u+ (ZL+T.) — u+ (Ih +TF) € A% (Q)
defines an algebra homomorphism.

Theorem 7.2.
Age = {A(Q), AL(Q), %} | I, keN, k<1}

is a differential chain of algebras of generalized functions with ~% defined in
(7.10)).

8. Relationship between the chain of order convergence
Algebras and the chain of nowhere Dense Algebras

In this section we show how the chain A, is related to the chain of nowhere
dense algebra of generalized functions, denoted as A, 4, which was introduced
by Rosinger [I4] In order to establish the mentioned relationship between the
chains A,. and A, 4, we introduce an auxiliary chain A?Ld. In this regard, we
note that
(8.1) I, cT, cS,, leN

cs)

Indeed, for each (u,) € Z! ; there exists I' C  closed and nowhere dense such
that

V zeQ\T:

3 NeN:

vV n>N, |p|<l:
DPy,(x) =0

Thus (u,,) converges to 0 pointwise on an open and dense, hence residual, subset
of . It follows from Proposition that (u,) € Z.,. Since Z! , is an ideal in
CYQ)N, it is also an ideal in S';. Furthermore, the inclusions,

Tha € Tia, Ses C S

cs)

k<l
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and
DP(T})y) CThy, DP(SL) CSh, Ipl+k<I

imply that
AD = {ALQ), A5 (), ILEEN, k<)

with AL(Q) = 8., /!, and ! defined as
(82) 4k ANQ) D (un) + Ihg — (un) + Iy € AG(Q) k<1

is a differential chain of algebras of generalized functions. The way in which
A, is related to A, 4 is given in the following

Theorem 8.1. For each | € N then there exists an injective algebra homomor-
phism
H': Ay(Q) — ALy(Q)

and a surjective algebra homomorphism
Gl AL(Q) — NLYQ)
such that the following hold.
(i) The diagrams

AH(Q) AL (Q)
8.3
(83) o7 "
Hk
AG () ~Apa ()
and
l
AL(Q) G N L)
8.4
(8.4) o/ o
k
Ak(Q) G N L)
commute for all k <.
(i) The diagrams
Al() L - AB(Q)

Dr
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and
Ab(©) L AS(2)
(8.6) al ok
NLHQ) D? N LE(Q)
commute whenever k + |p| < 1.
Proof. For each | € N define H' and G' as
(8.7) H : ANQ) 3 (un) + T, — (u,) + T8, € AL 4(Q)
and
(8.8) G ALQ) 3 (un) + Ty — (un) + T, € NLY(Q)

H' is well defined since S', C C'(Q)N, while G' also well defined since Ifld C Zes.
Clearly H! is injective, and G! is surjective.

The commutativity of the diagrams in (i) follows immediately from ,
(8.7) and as well as the definition of the algebra homomorphisms

(8.9) Yot Ana(Q) — Ang(Q) k<1
and
(8.10) AL NLHQ) — NLF(Q)

see (7.1) and (4.18).

The commutativity of the diagrams in (ii) follows in a similar way tak-
ing into account the definitions of the differential operators in the algebras
AL (), AL(Q) and N L(Q), respectively. O

Each of the algebras Al , and NL'(Q) contain ML'(Q) as a subalgebra.
Indeed, there exist injective algebra homomorphisms

(8.11) H., - MLY Q) — NLY(Q)
and

(8.12) HL,: MLYQ) — AL, ()
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so that the diagrams

Yk
NLH () "NLM Q)
H<l)c Hk
ML) < MLF(Q)
(8.13)
H,, HY,
, AL
ALy (Q) - A%y (9)
and
DP
NLH () "NLM Q)
Hf)c Hk
MLI(Q) o - MLR(Q)
(8.14)
H,, HYy
v DP
‘Aizd (Q) "Arzd (Q)

commute whenever k <1 and k + |p| < [, respectively.
Therefore we have the following

Proposition 8.2. For each | € N, there exists an injective algebra homomor-
phism
T MLY(Q) — AL(Q)

such that the diagrams

A(Q) = AL ()
(8.15) r r
ML) S s MLF(Q)



64 Dennis Ferdinand Agbebaku, Jan Harm van der Walt

and

AL () mA§(Q)
(8.16) Tt Tk

‘DP

MLHQ) ~MLF(Q)
commute, whenever k <1 and |p| + k <1, respectively.
As we show next, the homomorphisms

H : AL(Q) — AL ()
and

Gl ALQ) — NLY(Q)
leave ML'(2) invariant.
Theorem 8.3. The following diagrams

Hl
A4 (Q) AL ()
(.17 Ty i,
ML)
and
Gl
AL (Q) "N LY ()
(8.18) r} H.,
MLYQ)

commute for all | € N.
Proof. For each u € ML'(Q),

o (u) = (un) + Tpg
where (u,,) € CH(Q)N C 8., satisfies

vV ze\I':

3 VeVx, NeN:

V neN, n>N:
un(y) = u(y), y e V.

(8.19)
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where T' C © is closed, nowhere dense set so that u € C'(Q\I'). Likewise, the
map H! ,(u) may be expressed as

H’fzd(u) = (un) "’led

where (u,) € C'(Q)N satisfies (8.19). Clearly, (u,) € S., for any (u,) € CH{Q)N
that satisfies . Thus the commutativity of follows from Definition
R.7 of H'.

Since any sequence (u,) € C'(Q)N that satisfies converges to u €
ML) with respect to );, the commutativity of (8.18)) follows the same way
as that of (8.17)), taking into account the definition (5.5)) of H_.. O

9. Relationship between the chain of order convergence
algebras and the chain of almost everywhere algebras

In this section we consider the relationship between the chain A,. and A..
In this regards, we note that
=L+ )nct QN cz, cSl,, 1eN

cs)

Indeed, for (u,) € Z} there exists, by (7.4), a closed nowhere dense set I' € M
so that

V 2e:

3 VeV, NeN:

V neN,n>N:
un(y) =0, ye V\T.

Hence (uy,) converges pointwise to 0 on the open and dense set © \ T' so that
(un) € TL,.
Furthermore, the inclusions

(9.1) I,CIy, S, CSh, I, keN
and
(9.2) DP(T§) C Iy, DP(SL) C Sk, k+|pl <l

hold. Therefore -
Age = {(8287826772)“716 eENk < l}

is a differential chain of algebra of generalized functions, where
Bie(Q) = St/

and

(9:3) Vit Bie(Q) 3 (un) + I = (un) + 15 € Bgo()

for all I,k € N with k < [. The differential operators are defined in the usual
way, that is

D?: B (Q) 3 (up) + Th +— DP(uyn) + I8 € BX(Q), |p|+k <.
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Theorem 9.1. For everyl € N there exists an injective algebra homomorphism

Fae : Bae(Q) — Ao ()

and a surjective algebra homomorphism

G B () — NLY Q)

so that the following hold.
(i) The diagrams

F.
B..() AL ()
(9-4) o7 T
Fk
B;.(Q) = A5 ()
and
Gl
B..(Q) 4 "NL(Q)
(9.5) o T
Gk
BE_(Q) N LE(Q)
commute for all k <.
(ii) The diagrams
Dr
B..(Q) BE.(Q)
(9.6) Fl Fy,
P
AL (@) D - Ak, ()
and
DP
B..(Q) BE.(Q)
(9.7) G, Gk,
NLHQ) Do N LHQ)

commute whenever k + |p| <.
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Proof. For each | € N define algebra homomorphisms F!, and G!_ as
(98)  Fae : Boc(Q) 3 (un) + I = (un) + (T + Lae) € AL ()

and

(9.9) Gl BLo(Q) 3 (un) + ) = (un) + I, € NLYQ).

Since 8!, C CHN C &, and T} C (ZL, + Z,.) it follows that F!, is well
defined. Also G', is well defined since Z} C Z.,. The mapping F., is injective
since 7}, = (Z,+TI!.)NS!., which implies that {(u,)+Z} € BL, | FL.((un)+Z8) =
0} = {0}. G', is surjective since

Iy C 1.

The commutativity of the diagrams in (i) follows immediately from (9.3)),
and as well as the definition of the algebra homomorphisms

(9.10) Vit Aae(Q) — A () k<1
and
(9.11) AL NLH Q) — N LR Q)

given by and respectively.

The commutativity of the diagrams in (ii) follows in a similar way tak-
ing into account the definitions of the differential operators in the algebras
AL (Q), BL.(9) and N L) respectively. O

If My consists of all closed nowhere dense subsets of €2, then each of the
algebras .AfuiQ) contain ML'(Q) as a subalgebra. In particular, there exists
for each [ € N an injective algebra homomorphism

(9.12) H! : MLY(Q) — AL(Q)

so that the diagrams

NE©) "NLH©)

H(lyc Hk
l - k
MLL(Q) - MLF(Q)
(9.13)

H! HF

Y ’}/]lc Y

Afze (Q) . A’;e (Q)
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and
Dp
NE©) "N LH©)
Hzl)c Hk
ML(Q) b MLFQ)
(9.14)
Hi, Hp,
Y DpP Y
AL () - AL (Q)

commute whenever k < [ and k + |p| < [, respectively, where H!_ is defined by
(18.11)).
Thus we have the following

Proposition 9.2. Assume that My = {I' C Q[T is closed nowhere dense}.
Then for each | € N, there exists an injective algebra homomorphism

H. - ML(Q) — B (Q)

such that the diagrams

BL,(2) . " B (Q)
(9-15) H}, HY,

ML) < - MLH(Q)
and

Dp

B..(Q) " B (Q)
(9-16) H}, HY,

ML(Q) b - ML*(Q)

commute, whenever k <1 and |p| + k <1, respectively.

We note that the algebra homomorphism

Hyo(u) s ML(2) — B ()
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is obtained by setting
Hy(u)(u) = (un) + I

where (u,) € S.,. The existence of such a sequence is guaranteed by Lemma

The homomorphism
Fée : Btlze(Q) — Afze(Q)

and
Gl BL(Q) — NLHQ)
leave the subalgebra ML (Q) of B () invariant as shows in the following.

Theorem 9.3. Assume that My = {I' C Q|I" is closed nowhere dense . Then
the diagrams

Fl
B.,.(2) AL ()
(917) Hi, HY,
ML)
and
Gl
B;.(9) - NLY(Q)
(9.18) H, H,
ML)

commute for all | € N.

Proof. The proof is similar to that of Theorem [8:3] which we outline below.
For each u € ML (Q),
To(w) = (un) + g
where (u,,) € CH(Q)N C S., satisfies
vV ze\I':

4 VeVy, NeN:
V neN, n>N:

un(y) = u(y), y € V.

(9.19)
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where T' C Q is closed, nowhere dense set so that u € C'(Q\I'). Likewise, the
map H!_(u) may be expressed as

Hio(u) = (un) +Zpq
where (u,,) € CH(Q)Y satisfies (9.19). Clearly, (u,) € S, for any (u,) € CH(Q)N
that satisfies (9.19)). Thus the commutativity of (9.17) follows from the defini-
tion of F!..
Since any sequence (u,) € C'(Q)Y that satisfies (9.19) converges to u €

ML (Q) with respect to A;, the commutativity of (9.18) follows the same way
as that of (9.17), taking into account the definition (5.5) of H... O

10. Chain generalized solutions in nowhere dense alge-
bras and almost everywhere algebras

In this section we show how the existence result for chain generalized solu-

tions of nonlinear PDEs in A, given in Theorem [6.2] leads to corresponding

existence results in the chains A,. and A, g4, respectively. In this regard, con-
sider a polynomial nonlinear differential operator

(10.1) T= Y c@ [[ DP9, =z
1<i<h 1<5<k;

where h,k; € N, ¢ € C®(Q) and p;; € N" satisfies |p;j| < m for all
i=1,---,hand j = 1,--- k;. For f € C°°(Q) we show that, under a mild
assumption on the operator 7', the polynomial PDE,

(10.2) Tu = f.

admits a chain generalized solutions in A,,4 and A,. respectively.
We deal first with the case of solutions in A,4. In this regard, it is clear
that
T(L)4) C Ihy

whenever k + m <[ and, obviously,
TN c ek, E4+m<li
Therefore, since Z' ; is off diagonal, (u,) — (v,) € ZL, which implies (T'u,,) —

(tvn) € IF,, so that

n
Toa : Aba(9) 3 (un) + Lhg = T(up) + Iy € Apg(Q) k+m <1
defines an extension of
T:CH Q) — C*(Q),
for kK +m < [. In the same way,
Toe : NLY ) 3 (up) + T, = T(un) + I, e NLF(Q), k+m <1
and
To : A(Q) 3 (u) + Thy = T(un) + Thy € AS(Q) k+m <1
defines an extension of T : C'(Q2) — C*(Q).
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Proposition 10.1. The diagrams

Tt
AL(9) : AL (9)
(10.3) Fry Fry
AL(2) Lo ~ Ak, (9)
and
Tt
AL () ° Ab(Q)
(10.4) Gl G
l Toc k
NLHQ) NLF(©)

commute whenever k +m <, with F';, and G! , algebra homomorphisms.

Proof. For u = (u,)+ I}, € A with k +m </,

Tpa(Fpq(w)) = Toa((un) +Thy)
= T(un)+zﬁd
and
Fpy(To(w)) = Fg(T(un) +I)y)

= T(un)+ Ivlfd

Hence ([10.3) commutes. The commutativity of diagram ((10.4]) follows in the
same way. O

Theorem 10.2. If f € C(Q), and the operator T defined in (|10.1) satisfies
(2.16) to (2.17)) then the PDE

(10.5) Tu=f
admits a chain generalized solution in A,q4.

Proof. According to Theorem there exists a chain generalized solution of
(10.5) in A,.. That is, there exists (u,) € S so that u = (u,) + I, satisfies

for all I,k € N with k 4+ m < . Since

Gl ALQ) — NLYQ)
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is surjective for each [ € N, it follows that there exists v = (v,,) +Z, € AP (Q)
so that Go%(v) = u. It follows from Proposition that

To((vn) +I£Ld) =f JFIv]fd
for all k,1 € N so that k +m < [. In the same way, it follows that
na(v) = (vn) + I3 € AZG(Q)
is a chain generalized solution of (10.5)) in A, 4. O

Let us now consider the existence of chain generalized solutions of the PDE
(10.5) in the chain A,.. It is clear that

(un) — (vy) € Ié = T(un) — T(v,) € I(’)C
for all (uy,), (v,) € C®(Q)N and k +m < [. Thus
T : BL(Q) € (u,) + T — T(u,) + I € B* (Q)

is a well-defined extension of T : C*(Q2) — C*(Q), for all [,k € N such that
m + k < [. With each (u,) € £,,(Q) and k € N, we associate the set

3 T'yeMp:
V ze€Q:
T =
v

(10.6) Taelun) =< (vn) € EF (Q) VeV, NeN:

neN, n>N:
vn(y) = Tun(y), yeV\T

This gives rise to a relation
5}16(9) 3 (up) = Tae(un) - &fe(Q)-

It follows that

Tae(tn) = Tae(un) C Ty + I,
and
(vn) € Tae(un), ((vn) = (wn)) € Tg + Ige == (wn) € Tae(un)
for all (u,) € () and I, k € N such that k + m < . Therefore,
(10.7)  Tae : AGe() 3 (un) + (T + Zap) = Tae(un) € Ago(9)
is well-defined for all k,! € N such that m + k < [. Note that
Tae((un) + (T + Ig.)) = (vn) + (T + Ig,)

where (v,,) is any member of the set Ty (uy). Since the ideal Zh + T!, is off
diagonal, it follows that (10.7) is an extension of

T:CHQ) — CHQ), k+m<IL
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Proposition 10.3. For all k,l € N so that m + k < I, the diagrams
T3

B..() B} ()

(10.8) G, G*
l Toc k

NL(Q) NLHQ)

and
T

BL.(2) ° "BE. ()
009) g Faz

AL (@) Loe - AL, ()
commute.

Proof. For u = (u,) + I} € B., with k+m <,

Toc(sze(u)) = Toc((un) + I(l:s)
and
Ghe(Ts(w)) = Gho(T(un) +I5)

= T(un) +(I%)

Hence ([10.8) commutes. The commutativity of diagram ([10.9)) follows in the
same way. O

Theorem 10.4. If f € C*°(Q), and the operator T defined in (10.1) satisfies
(2.16) to (2.17) then the PDE

(10.10) Tu=f
admits a chain generalized solution in A 4.

Proof. According to Theorem [6.2] there exists a chain generalized solution of
(10.5) in A,.. That is, there exists (u,) € S so that u = (u,,) + I, satisfies

for all I,k € N with k 4+ m <. Since

GL_ B () — NLY Q)
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is surjective for each | € N, there exists v = (v,) + Z € BX(Q) so that
G2 (v) = (up) + Z¢. Tt follows from Proposition that

Ts((va) +T5) = f+ 15
for all k,1 € N so that k +m < [. In the same way, it follows that
Foe (v) = (vn) + I5° € AZ5(Q)
is a chain generalized solution of in Age. O

Theorem establishes the existence of a chain generalized solution in
A . for a large class of PDEs, as demonstrated in the following

Example 10.5. Consider the PDE

(10.11) Dyu(z,t) = Y ci(z) [ Drouat), (2,t) e Q=0 xR

1<i<h 1<j<ki

where ' C R""! is open, h,k; € N, ¢; € C®(Q) and p;; € N" satisfies
Ipij|l < mforalli =1,--- ,hand j = 1,--- k. The PDE (10.11)) can be

written in the form
T(x,t, D)u(z,t) =0, (x,t) €

where 0 denotes the zero function on ). The operator T'(z,t,D) is defined
through a jointly continuous, C'**°-smooth mapping

(10.12) F:QxRMT 4R

as
T(z,t,D) = F(x, t,u(z,t), -+, DPiu(z,t),- -, Dyu(z,t)).

where M is the cardinality of {p;; |i=1---h, j =1---k;}. In particular,

F(o,t, & 6m1) = §mrvr — Z ci(z) H &,y (2,1) €Q=Q xR

1<i<h 1<j<ki

Since the PDE in (10.11) is linear in £ps41, it follows that the range of F'
in R is given by

RF = {F(x,t,§1-~~ 7§M+1)|(I7t) € Qa (xat7£1"' a§M+1) € RM+1} =R

Hence Rp is open and F' is surjective. Furthermore, Rr = intRp = R so that
0 € mtRp.
Now define the mapping

Fo xRV o rY
by setting

F®(z,t, (Evs1)mene) = (FP (2, &n,€us1)), B €NV
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where, for each 3 € N**!, the mapping
FPoox RV
is defined by setting
Dﬁ(T(‘T7t7 D)u(xat)) = Fﬂ(x7 tv U 7Dpiju(x7t)a U 7Dtu(:r7t))7 |p1]| S m+ |/B‘

for all u € C*°(2). Note that for each 3 € N**1 F# is linear in at least one
factor of RNTL“, so that, for 3/ # 3, F# is independent of this factor. Hence

vV o(z,t) €
3 &(z,t) e RV Foo(zt,E(x,t)) = 0
1 Ve V(w,t), W e V&(z,t) :

F® .V xWeRV" ig open

Thus the PDE ((10.11)) satisfies (2.17]). Therefore by Theorems the PDE
(10.11)) has a chain generalized solution in A .

11. Conclusion

The underlying spaces of generalized functions, 'L (), involve in the Or-
der Completion Method as formulated in the setting of convergence spaces, has
been shown to form a differential chain A, of algebras of generalized functions.
Any generalized solution in the underlying space may be interpreted as a chain
generalized solution.

We also established a relationship between the differential chains A,. and
A, 4, as well as a relationship between the differential chain A,. and A,. of
almost-everywhere algebras was introduced. It was shown that the existence
results for chain generalized solution of nonlinear PDEs lead to corresponding
existence results in A,4 and A,., respectively. It was shown that chains A,4
and A,. admits embeddings of the spaces Mﬁl(Q) which preserve both the
algebraic and differential structure of AL (Q). These results demonstrate the
extent to which these chains of are able to handle singularities occurring on a
closed, nowhere dense set.
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