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Historical failure datasets for critical assets are rarely available. This makes it difficult to integrate
condition monitoring techniques found in literature into industry, as these techniques are often either
equipment-specific or highly dependent on the availability of a historical failure database. Recent
research in the vibration-based condition monitoring field addressed this problem, by focusing on
using unsupervised latent variable models that require only healthy data for training. By learning the
distribution of the healthy data, faults can be detected and tracked when new data starts to deviate
from the learned healthy distribution.

The complexity of the healthy data distribution drastically increases when machines are operated at
varying rotational speeds, resulting in smearing in the frequency spectrum, amplitude modulation,
and heteroscedastic noise in the data. This makes it more difficult to accurately model the healthy data
distribution. Signal processing methods that incorporate available shaft speed and phase information,
have been applied extensively to vibration data from varying speed conditions, to make it easier to
analyse. Order tracking has been performed to convert the signals to the angle domain, and regression
methods have been applied to normalize the effect of amplitude modulation. This work systematically
investigates to what extent the availability of operating condition information can help to simplify
the learning process for latent variable models in a semi-supervised setting. For a baseline, the
operating conditions are mapped to the vibration data in a supervised setting. This is done to see
how much of the variance in the vibration data can be explained by the operating conditions, and to
highlight the importance of using latent variable models when the data is influenced by generative
factors that cannot easily be measured or extracted from the data. Unsupervised models (that take raw
unprocessed vibration data as inputs) are compared with semi-supervised models that incorporate
operating condition information during data pre-processing (order tracking), and during modelling
(learning distributions conditioned on the associated operating conditions).

Two latent variable frameworks that are often used for anomaly detection are investigated: Principal
Component Analysis (PCA) and Variational Auto-Encoders (VAEs). This work highlights practical
limitations in the PCA and VAE frameworks for condition monitoring in an unsupervised setting. It
is shown that PCA can’t accurately capture the heteroscedastic noise in the data, since it is formulated
by assuming constant variance across the whole dataset. It is proposed that the correct variance
can be learned using linear regression between either the latent space representations (unsupervised)
or the available operating condition information (semi-supervised). Using the available operating
condition information yielded the most robust results. For the VAE framework, it is shown that the
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latent space prior commonly used to facilitate disentanglement in β-VAEs, can in this case lead to
posterior collapse, which leads to poor discrepancy analysis results. This occurs because of circular
structures present in the underlying latent space manifold, caused by the periodic nature of vibration
signals. The isotropic variance Gaussian usually used as a latent space prior is not well suited to
capture these manifolds. This challenge is overcome by conditioning the prior on the associated
operating condition information.

This work also provides clear insights into how linear and nonlinear models capture these distributions
differently with lower and higher dimensional latent spaces, which improves the interpretability of
the latent space and the associated model performance. It is shown how the size of the latent space
affects whether the damage is detected in the latent space or the reconstruction space. In addition, the
latent space representations can successfully be monitored for anomalies when conditioned on the
available operating condition information. The latent variable models’ performances are compared
to traditional signal processing approaches (envelope analysis). The semi-supervised models return
promising results on a dataset that is known to be difficult to analyse with traditional signal processing
methods.
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1 Introduction

1.1 Background

For companies in the power generation, mining or manufacturing industries to remain competitive,
their critical assets must be as reliable as possible. Assets deteriorate over time, and without inter-
vention, this will lead to failures. To get the maximum life and performance out of critical assets,
maintenance must be performed when components start to degrade. To minimize the costs and down-
time caused by failures and maintenance programs, condition-based maintenance (CBM) techniques
can be implemented. CBM cuts on maintenance costs by monitoring the condition of the asset, and
only implementing maintenance when degradation of the asset is detectable (Jardine et al. 2006).

A CBM program can be used to make better maintenance decisions. A maintenance decision ad-
dresses a diagnostic question - ’What should be repaired/replaced?’, as well as a prognostic question
- ’How much time before this repair/replacement should take place?’. Diagnostics is focused on
identifying the fault present in the asset, while with prognostics, the aim is to predict the Remaining
Useful Life (RUL) of the asset before it fails. The framework of Prognostics and Health Management
(PHM) combines diagnostics and prognostics (Lee et al. 2014). The aim is to identify and isolate
a fault as early as possible, and then track how the fault develops to continuously update the RUL
estimation, and perform maintenance before some failure threshold is reached.

Three different methods of PHM are often implemented: physics-driven methods, data-driven meth-
ods, and hybrid methods (a combination of physics- and data-driven methods) (Liao & Köttig 2014).

Physics-driven methods aim to model the failure mechanisms (e.g. crack growth) using mathematical
models that describe some underlying physics. Analytical models are used where possible, but for
most cases, the physics over complex geometries cannot be represented in an elegant closed-form
equation or are only poorly approximated. In these cases, finite element models allow for accurate
and flexible results. These models are however computationally expensive, and to get the models to
accurately resemble the failure, the model parameters need to be carefully calibrated to match the
actual material properties of the equipment. The models are equipment-specific, and it can be difficult
to accurately model the physics of machines with many interacting components. In many cases, the
underlying physics of the machine is simply not understood well enough to allow appropriate and
effective modelling of the physics.

When the underlying physics cannot be modelled accurately, one can turn to data-driven methods.
Data-driven methods predict the condition of the asset based on condition monitoring signals obtained
through sensors. Different sources of data can be used to gain insight into the condition of a machine.
Vibration signals, temperature signals, acoustic signals, oil debris measurements or any other sensor
measurement that has some correlation with the underlying condition of the machine, can be used
to monitor the condition (Jardine et al. 2006). Vibration-based condition monitoring is however the
most common technique, because of the amount of diagnostic information that is captured in the data.

A data-driven PHM methodology should ideally have the following characteristics for it to be easily
integrated into industry:

1. Little expert domain knowledge required: Many traditional data-driven techniques rely on
extensive domain knowledge to extract informative features from the data from which the
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Introduction

condition of the machine can be inferred. Most companies do not have the domain knowledge
and resources to do this.

2. Applicable to a range of different assets: Many of the data-driven techniques found in
literature are equipment-specific, making it difficult for companies that want to monitor a wide
range of assets.

3. No asset-specific historical failure data required: While there are some labelled failure
datasets available that have been used extensively in literature for investigations, historical
failure datasets are rarely available for the specific asset of interest that one wants to monitor.
For the largest part of the life cycle of an asset, the asset operates in the healthy regime, with
the asset only entering the damaged regime near the end of its life cycle. In most cases, the
damaged regime is not recorded until failure, as it is costly to run the asset up to failure. Only
part of the damage regime is available, up to the point where maintenance is applied. This
leads to a large imbalance in the availability of healthy data compared to unhealthy data.

4. Applicable to time-varying operating conditions: Many machines are operated at fluctuating
speeds and loads, which makes it significantly more challenging to use data-driven methods for
condition monitoring.

Learning-based methods (machine learning and deep learning) can be used to automate fault diagnos-
tics and remove the requirement for expert domain knowledge (Lei et al. 2016, Khan & Yairi 2018,
Zhang et al. 2020). Recent work has focused on developing unsupervised learning-based methods
that do not require failure datasets, where models are trained to capture the distributions of healthy
data, and then detect and track how a fault develops, by monitoring how new data samples deviate
from the healthy distribution (Heyns et al. 2012, Booyse et al. 2020, Balshaw et al. 2022). These
techniques are not tailored to monitor specific assets and fault types more accurately than others, and
have been shown to be applicable to time-varying operating conditions. To automatically classify
faults, one still requires labelled failure data to train models. Some research has been done on transfer
learning techniques, where models can be trained on large labelled failure datasets from other assets,
and that knowledge can then be transferred to classify faults on assets where no historical failure
datasets are available (Guo et al. 2019).

This work focuses on using latent variable models (LVMs) to capture the distribution of the healthy
data, in order to automatically detect and track faults. It is explained how this framework can be
integrated with transfer learning techniques to automatically classify faults, but transfer learning tech-
niques are not explored in this dissertation. The complexity of the healthy data distribution drastically
increases when machines are operated at varying rotational speeds. This work systematically inves-
tigates to what extent the availability of shaft speed and phase information can be used to simplify
the learning process for the latent variable models, by integrating the information into the learning
process in a semi-supervised setting.

1.2 Data-driven fault diagnostics

In the data-driven condition monitoring context, the primary goal is to use the available raw condition
monitoring data samples, denoted here as X ∈ Rn×Dx , to infer information related to the health
condition of the machine, denoted here as h ∈ Rn. The number of samples is denoted by n. From
each sample x ∈ RDx , a health condition h is inferred. x would typically be a time-series vibration
signal, where the signal length Dx is influenced by the sampling frequency and duration. The
information contained by h is dependent on the diagnostic task at hand. Diagnostics can be divided
into three stages: fault detection, fault classification and fault tracking (Cerrada et al. 2018). Before
looking at the three diagnostic stages in detail, we first consider the process of feature extraction.

2

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



Introduction

1.2.1 Feature extraction

In most cases, each raw condition monitoring signal x contains a lot of information that is not related
to the condition of the machine, making it more difficult to infer h directly from it. In these cases,
features are extracted from x, denoted here as x∗ ∈ RDx∗ , to get rid of the information irrelevant
to inferring h, and to amplify the relevant information. When features are extracted manually, one
needs to know how the information of interest (the health condition of the machine) presents itself
in the data x, and then carefully select feature extraction methods to extract these characteristics.
Traditionally, statistical features such as the root-mean-square (RMS) or kurtosis of a signal were
monitored to get indications of damage. These features are however highly sensitive to fluctuating
operating conditions (Zimroz et al. 2014), and still contain a lot of information irrelevant to the
health condition h. Advanced signal processing methods have been proposed in literature that focus
on extracting impulsive cyclostationary components from the signals in frequency bands that are
known to contain the fault, using envelope analysis. For a cyclostationary signal, certain statistical
features of the signal vary periodically over time, caused by the energy flow in the signal (Antoni
2009). Extracting cyclostationary information from the signals is particularly useful, since bearing
faults manifest as periodic impulses in vibration signals. Envelope analysis is typically done by first
bandpass filtering the signal in a frequency band that is known to contain the impulsive components,
and then demodulating the signal to extract the envelope (Randall & Antoni 2011). The envelope
spectrum can then be analysed to detect fault frequencies, with the squared envelope spectrum (SES)
being the benchmark technique for bearing diagnostics (Abboud et al. 2019). Sparsity measures
have been proposed to automatically identify the most suitable band for demodulation (Antoni 2007).
Wang et al. (2020) showed that popular sparsity measures, such as the spectral kurtosis, spectral
negative entropy, spectral Gini index and spectral smoothness index can all be formulated as the sum
of a weighted normalized square envelope, with the weights being the only difference between the
sparsity measures. The work of Abboud et al. (2019) compares some of the state-of-the-art bearing
diagnostics approaches. These techniques are however often tailored to specific faults. To completely
remove the requirement of expert knowledge from the feature extraction process and make it appli-
cable to any fault type, automatic feature extraction methods have been proposed using unsupervised
learning techniques (Lei et al. 2016). For unsupervised learning, the goal is to learn the distribution
of the input data p(x). When the input data x is high dimensional, the models aim to learn the
underlying relationships in the high dimensional input data. The models learn by projecting the
high-dimensional input sample x to a lower-dimensional representation, denoted here as z ∈ RDz ,
where Dz << Dx, and then try to reconstruct the high-dimensional input data as well as possible
from this lower-dimensional representation. By doing this, the models learn to retain the impor-
tant information about x in this lower-dimensional representation z. z can then be used as features
x∗. Note thatz is learned automatically using learning-based methods, whilex∗ is extracted manually.

Feature extraction has been extensively integrated into each diagnostic stage to simplify the process
of inferring h. Wang et al. (2018) provided a thorough literature review of vibration-based features
used as bearing and gear health indicators.

1.2.2 Fault classification

With fault classification, the goal is to identify the source that causes the anomalous behaviour. It is
usually not concerned with estimating the severity of the fault, but only with identifying the particular
failure mode. In this case, h will be some class label (’Healthy’, ’Damaged gear tooth’, ’Damaged
bearing inner race’, etc.), making it a classification task, or the damage severity (tool wear, crack
size, etc.), making it a regression task. To classify faults, the model needs to know what each fault
looks like, and therefore labelled failure data is required. Fault classification occurs in the supervised
learning setting. With supervised learning, the goal is to learn the conditional distribution p(h|x),

3
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i.e. given the measured input data x, determine the probability that the output h is a certain class.
The input data sample x is then assigned to the most probable class, as depicted in Fig. 1(a). To
learn p(h|x), one needs access to labelled input data, where for each sample in x, the desired output
h is available. An example of supervised learning used for fault classification is the work of Janssens
et al. (2016), where a Convolutional Neural Network (CNN) was trained to classify bearing faults,
taking the Discrete Fourier Transform (DFT) of the vibration signals as input.
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Figure 1: Automatic fault classification, detection and tracking using learning-based methods

To simplify the learning task, p(h|x∗) can also be learned, since it is easier to learn the relationship
between the low-dimensional features x∗ and h than it is to learn the relationship between the high-
dimensional input data x and h. This is particularly useful when limited labelled data is available.
Supervised and unsupervised learning methods can be combined (referred to as semi-supervised meth-
ods), by automatically extracting a lower-dimensional representation z in an unsupervised manner to
use as x∗, and then feeding z into a supervised classification model to learn p(h|z). An example of
semi-supervised learning in the condition monitoring literature includes the work of Jia et al. (2016),
where a deep neural network was trained to classify gearbox faults. The network was pre-trained layer-
wise using Auto-encoders (AEs) in an unsupervised setting, and thereafter fine-tuned on the available
labelled fault data in a supervised setting. Zhang et al. (2021) showed how semi-supervised methods
can be used to robustly train classifiers when only a small part of the dataset is labelled, or when the
dataset includes many mislabelled samples. A Variational Auto-encoder (VAE) model was trained to
reconstruct the raw data, with the latent representations z of the raw data used as inputs to the classifier.

Learning-based classification techniques generally require large labelled failure datasets to success-
fully train the models. Recent condition monitoring research has focused on developing transfer
learning techniques to address the problem when labelled failure datasets are not available for a
machine (Guo et al. 2019, Wen et al. 2019). These methods focus on using labelled failure datasets
from other machines where it is easy to obtain labelled failure data (referred to as the source domain)
to train classification models, and then transfer the knowledge gained by the models to a target domain
(the machine with no historical failure database). When the knowledge is successfully transferred,
the models can classify faults in machines where it is difficult to obtain labelled failure data.

In Fig. 1(a), we can see that simply attaching a class label of ’Healthy’, ’Failure Mode 1’ or ’Failure
Mode 2’ to the data does not truly capture the condition of the asset, as it does not take the fault
severity, depicted by the colour bar, into consideration. During normal degradation processes, the
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asset slowly transitions from one state to the other, and there is no clear boundary that indicates that
the condition changed from one state to the other. Most learning-based diagnostics implementations
in literature follow a classification approach, using large historical datasets, where the samples are
labelled as healthy or as a certain damage mode. Classifiers are then trained on these target labels in
a supervised manner, to create decision boundaries between these classes. The severities of the faults
in the training data are not considered. The data that is recorded during the transition phase (the early
stages of damage) can either be classified as healthy or unhealthy, based on the severity of the faults
that were present in the training data. This approach can give poor predictions if limited labelled
failure data is available, as the models can easily overfit on the fault data, giving poor predictions when
the failure mode is at a slightly different severity as was seen in the training data (Schmidt & Heyns
2019). Classification is important for industrial applications to inform the maintenance personnel
what part should be repaired or replaced, but to truly get value from a CBM program, they also need
to be able to detect a fault as early as possible, and then accurately track how the fault develops.

1.2.3 Fault detection and tracking

The tasks of fault detection and fault tracking are usually addressed simultaneously by monitoring a
health indicator, as depicted in Fig. 1(b). The health indicator values at the start of the asset’s life
cycle are used as reference points, since it can be assumed that the asset would normally then be in
a healthy condition. Using these reference health indicator values, a discrepancy threshold can be
set. The health indicator is then continuously monitored, and when the threshold is exceeded, it is
an indication that the condition of the asset has changed, so a fault is detected. The health indicator
can then be further monitored to track the rate at which the fault develops. Accurate prognostic
predictions can be made from historical data if the health indicator rises steadily as the fault develops.
Various metrics have been proposed to evaluate how suitable a health indicator is for prognostic
predictions, such as monotonicity, the health indicator’s robustness to noise, and the trendability over
time (Lei et al. 2018). Features extracted directly from the signal, such as statistical features or the
SES, are often used as health indicators (Bartelmus & Zimroz 2009, Smith & Randall 2015), but to
know which features will be sensitive to changes in the health condition of the machine, one needs
to know how the damage presents itself in the data. To remove this requirement, one can also use
unsupervised methods to perform discrepancy analysis.

Discrepancy analysis is a novelty detection approach, that has been successfully applied to bearing
and gear diagnostics (Schmidt et al. 2019a, Heyns et al. 2012). A discrepancy measure is assigned to
each point in a signal, that quantifies how much the point deviates from a model of the signal under
healthy conditions. The discrepancy scores can then be used as health indicators, since it is expected
that the closer to failure the machine is, the more the condition monitoring signals will differ from the
signals associated with healthy conditions. The discrepancy analysis framework is similar to residual
signal analysis, where the goal is to remove the deterministic/first-order cyclostationary part of the
signal (mostly influenced by healthy factors), so that the random/second-order cyclostationary part,
where faults manifest, can be analysed (Randall & Antoni 2011). To perform discrepancy analysis, the
healthy data distribution p(xhealthy) must be modelled. Unsupervised learning can be used to learn
the distribution of the healthy data p(xhealthy) (Heyns et al. 2012, Booyse et al. 2020, Balshaw et al.
2022). To simplify the learning task, p(x∗

healthy) can also be learned, where a fault is then detected
when the extracted features start to differ from the distribution of the extracted features associated
with the healthy data.

Another interesting approach to unsupervised fault detection is to continuously re-train a model to
capture new data as it becomes available, and then monitor the model parameters for changes, which
will indicate that the data distribution starts to change because of damage. Zimroz et al. (2014)
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continuously re-trained a simple linear regression model to fit the relationship between the vibration
signal features (RMS or peak-to-peak) and the operating conditions, monitoring the linear regres-
sion model’s parameters to detect damage. Hou et al. (2022) proposed an optimized SES, where a
hyperplane is fit to optimally separate two groups of normalized square envelope spectra, with one
group obtained from healthy data, and the other from data with an unknown health condition. In this
case, the model parameters are interpretable, as the optimal parameters for the model will capture
the fault frequencies present in the samples from the unknown health condition. The group with the
unknown health condition is continuously updated as new data becomes available, and the model
is then re-trained. The model parameters are monitored to detect any fault frequencies in the new data.

In the prognostic setting, h will be the RUL of the asset, making it a supervised regression task,
where p(h|x) or p(h|x∗) must be learned. Li et al. (2018) used deep CNNs to predict the RUL of
turbofan engine units. It is not possible to give a good prognostic prediction if only healthy data is
available, as the expected rate of degradation once it reaches a certain degradation state will not be
known. Successful fault tracking can however already add great value to a maintenance program,
as the rate of degradation can be continuously monitored to see when a fault is stable, or when it
develops quickly. Fault tracking can also easily be extended to prognostic predictions when historical
failure data become available, by mapping the health indicators to the RUL values.

Fault classification tasks and fault detection and tracking tasks are often addressed separately. Schmidt
& Heyns (2019) proposed using an open set recognition methodology, where these tasks are combined
to provide a clear framework for how companies can address the problem of not having historical fail-
ure data for classification. Discrepancy analysis is used to detect when the newly observed data starts
to differ from the healthy data in the feature space, and when it reaches a certain threshold, it is clas-
sified as a damage mode. As the fault develops, this new data is added to the set of known conditions,
and the feature space for that particular damage mode starts to become populated. This newly acquired
failure data can then be used in the future to classify similar failure trajectories in the feature space.
If a condition does not match any of the historical data, a novelty is detected, and a new failure class
is populated. Gaussian Mixture Models (GMMs) are used to allow for probabilistic inference, as it is
recognized that during the transition phase between healthy and damaged, many of the classes overlap.

In this work, latent variable models are used to capture the healthy data distribution. Discrepancy
signals are generated from these models, and are used to automatically detect and track faults. While
no classification models are implemented in this work, it is also proposed that discrepancy signals can
be integrated into classification tasks by making use of transfer learning methods, to automatically
classify faults when historical failure data is not available for the monitored asset. The proposed
fault detection and tracking methodology can also easily be extended to an open set recognition
methodology, as proposed by Schmidt & Heyns (2019).

1.3 Condition monitoring under time-varying operating conditions

Condition monitoring under time-varying operating conditions is much more challenging than under
stationary operating conditions. For rotating machinery, the frequencies of the vibrations caused by
faults on shafts, gears and bearings will vary in proportion to the operating speed of the machine.
Fluctuations in the operating speed will cause smearing in the frequency spectrum of the vibration
signal, making it difficult to identify fault frequencies (Lin & Zhao 2015). In many cases, the clearest
indication of a fault developing and becoming more critical is an increase in the vibration amplitude.
For this reason, many approaches monitor simple statistical features of the vibration signals, with
RMS values being the most widely used health indicator in prognostic tasks (Lei et al. 2018). Time-
varying operating conditions also cause amplitude modulation in vibration signals, making it difficult
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to distinguish whether changes in the vibration amplitude are caused by the varying operating condi-
tions, or by changes in the health state of the machine (Schmidt & Heyns 2020). The deterministic
and random components of the signal are amplitude modulated, making features such as the RMS
correlated with the operating speed. This modulation also makes the data heteroscedastic, with the
variance of the noise being larger when the machine is operated at higher speeds.

Fig. 2 shows how the correlation between the monitored features and operating speed leads to poor
fault detection and tracking results. When the features are correlated with the operating speeds, the
damage is detected (specified in this case as the sample from where no false negatives are classified
further onward) much later than when the features are not correlated with the operating speeds. The
fault can also be tracked with much more certainty when the features are not correlated with the
operating speeds.
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Figure 2: Fault detection and tracking with features (a) uncorrelated to the operating speed vs. (b)
features correlated to the operating speed .

The condition monitoring task, under varying speed conditions, can be significantly simplified by
incorporating the shaft rotational speed and phase information into the analysis. Order tracking (OT)
can be implemented to remove the spectral smearing caused by varying speed conditions. With OT,
the signal is sampled at a rate proportional to the shaft rotational speed. Instead of sampling at
constant time intervals (constant number of samples per second), sampling is done at constant shaft
angular displacement intervals (constant number of samples per shaft revolution). OT can either be
performed using analogue hardware that samples at a rate proportional to the shaft speed, or the signal
can be sampled at constant time intervals, and then be re-sampled afterwards based on shaft speed
measurements. The latter case is known as Computed Order Tracking (COT) (Fyfe & Munck 1997).
For COT, the shaft speed is recorded with a tacho signal. After order tracking, a Fourier Transform
can be applied to get an order spectrum, where the vibration orders caused by a certain fault will line
up in the spectrum, with minimal smearing, making it easier to identify faults. For cases in industry
where the shaft speed is not recorded, tacholess order tracking methods have been proposed, where
the shaft speed and phase are estimated directly from the vibration signal so that order tracking can
still be applied (Schmidt et al. 2018b, Lu et al. 2019).

Another advantage of order tracking the data is that it allows one to perform synchronous averaging
on the input data, or the discrepancy signals. The synchronous average is obtained by point-wise
averaging over several signal segments with the same length. The signal segments are usually chosen
to correspond with one shaft rotation period. By doing this, non-synchronous components, such as
noise, get averaged out, and components synchronous to the shaft rotation remain. Shaft localised
faults, such as gear faults, can be detected in this manner. Heyns et al. (2012) order tracked raw vi-
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bration signals, and fit a GMM to the data. Discrepancy analysis was performed, and the discrepancy
signals were then synchronously averaged to enhance the components caused by the gear faults.

The problem of amplitude modulation can be addressed from different angles. Some approaches
try to learn the relationship between a diagnostic metric, such as the RMS, and the shaft speed,
using a regression model (Bartelmus & Zimroz 2009, Zimroz et al. 2014, Schmidt et al. 2019a).
For a certain shaft speed, the expected value for the diagnostic metric at a healthy condition can be
calculated with the regression model, and then compared to the actual diagnostic metric, to detect
changes in the condition of the machine. These methods effectively learn the conditional distribution
p(x∗

healthy|c), where c ∈ RDc is the associated operating condition information. Other approaches
remove the effect of amplitude modulation by applying normalisation techniques to the signals with
varying operating conditions. Schmidt & Heyns (2020) proposed the Normalisation of the Amplitude
Modulation caused by Varying Operating Conditions (NAMVOC) procedure, where it was shown
that, if this technique is used as a pre-processing step, the RMS can still be used to track fault severity
in prognostic tasks.

In this work, it is investigated to what extent the unsupervised learning task presented to latent
variable models, can be simplified by incorporating operating condition information in the process,
specifically the shaft speed and phase information. This can be done during pre-processing, by order
tracking the data, or during modelling, by learning the conditional distribution p(xhealthy|c). If the
availability of the shaft speed and phase information significantly improves the models’ performances,
a case can be made to invest time into tacholess order tracking methods to extract the shaft speed and
phase information, and then combine the information in a semi-supervised learning setting, rather
than attempting an unsupervised approach.

1.4 Discrepancy analysis from raw signals

1.4.1 Generative factors of a condition monitoring signal

To perform discrepancy analysis, we first have to model the healthy data. Consider a vibration signal
xhealthy, recorded from a healthy machine. The signal is sampled at 25 kHz, for a time window of 1
second. This makes xhealthy a 25000-dimensional vector, meaning that p(xhealthy) is a distribution
in the high-dimensional R25000 space, which makes it infeasible to model this distribution. Let’s
consider generative factors that could have influenced the 25000 values captured:

• Operating speed: The frequencies present in the signal will mostly be harmonics of the shaft
rotational frequency.

• Shaft rotation angle when the recording button was pressed: If the vibration signal was recorded
slightly later, the shaft would have been at a different rotation angle, causing the vibration signal
to differ by a phase shift from the one we are currently considering.

• Operating load: If the loads on the machine vary significantly, the loads can change the stiffness
of some parts, changing the natural frequencies of the system and influencing the measured
vibrations.

• Environmental conditions: The environmental conditions (e.g temperature, pressure) can cause
some parts to undergo thermal expansion, causing parts to press harder against each other, which
influences the measured vibrations.

• Other significant factors that we are not aware of.
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Along with the generative factors, there is also measurement noise present in the 25000 values cap-
tured. The operating and environmental conditions mentioned above are denoted by c. Note that the
physical properties of the machine are not included in this list of c, as these properties are assumed
to either be constant or to be complex functions of the variables included in c (e.g. the stiffness of a
material might change with a change in temperature). The operating and environmental conditions c
can be divided into those that we have measured, cknown, and those that we have not measured or are
not aware of, cunknown.

Considering this short list of generative factors, it is clear that the 25000 values measured are only
influenced by a handful of underlying generative factors. It should therefore be possible to model the
vibration signal xhealthy with a model taking fewer than 25000 inputs. These generative factors apply
constraints to the observed 25000 variables, constraining them to a small area in theR25000 space. This
assumption, that there exists a set of latent variables z in a lower dimensional subspace, that captures
all the details of the observed variablesx, is known as the manifold hypothesis (Fefferman et al. 2016).

A manifold is a smooth n-dimensional topological space, that locally resembles Euclidean space
near each point on the manifold. The manifold exists in some higher dimensional space. Lower-
dimensional manifolds can be found in a variety of high-dimensional data, such as images and speech
data. These manifolds are formed by the constraints arising from physical laws. Lin et al. (2016)
explain this concept by using the example of classifying images containing cats or dogs, explaining
how all natural images fall on a manifold that covers only a small region in the high-dimensional input
space of an image, which allows models with parameters far less than the dimensionality of the input
space, to successfully classify the images.

Returning to the vibration signal, if it is possible to accurately model vibration signals recorded from
the machine under all possible values for c with a vector-valued function xhealthy = f(c), it would
mean that the vibration signals all fall on a Dc-dimensional manifold in the R25000 input space.
Vibration signals from similar conditions c (e.g. similar shaft speeds) will fall close to one another
on this Dc-dimensional manifold. When the vibration signals start to capture the effect of damage in
the machine, the data will fall off this Dc-dimensional manifold, and the function xhealthy = f(c)
will not be able to accurately generate the data.

1.4.2 Modelling the healthy data using observed variables vs. using latent variables

When performing discrepancy analysis, one asks how likely it is that the measured x is from a healthy
machine operated at the current set of operating conditions c, so we are not interested in modelling
a deterministic function xhealthy = f(cknown, cunknown), but rather in capturing the distribution
p(xhealthy|cknown, cunknown). By conditioning on cknown and cunknown, one points to a specific
location on the manifold where one expects to find healthy data for that specific set of operating and
environmental conditions.

If all of the generative factors included in cunknown play only a minor role in what xhealthy looks like,
the distribution p(xhealthy|cknown, cunknown) will resemble the distribution p(xhealthy|cknown). It
will be possible to model the healthy data distribution in a completely supervised manner, by simply
mapping each set cknown to the corresponding xhealthy, to learn the distribution p(xhealthy|cknown).
Fig. 3(a) shows a schematic representation of this supervised model, taking cknown as input, and
then learning to reconstruct xhealthy as accurately as possible by decoding cknown. This model
architecture is referred to in this work as a C-decoder.

If some of the generative factors included in cunknown play a major role in determining what xhealthy
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looks like, one will expect that a supervised approach will not work well, since p(xhealthy|cknown)
and p(xhealthy|cknown, cunknown) will be vastly different. Unsupervised latent variable models can
then be used to model the distribution p(xhealthy|cknown, cunknown). All the latent variable models
considered in this work have some form of encoder and decoder function, as shown in Fig. 3(b).
The models are trained to project the high-dimensional input data xhealthy to a lower-dimensional
latent representation z using the encoder function, and then reconstruct the input data as accurately
as possible by only considering z, using the decoder function. This forces the model to learn how
to capture only the most important information present in xhealthy in the latent space representation
z. The latent representation will be an abstract representation of all the significant generative factors
of xhealthy, so z will be a representation of cknown and cunknown. Latent variable models allow one
to model the healthy data distribution p(xhealthy|cknown, cunknown), without knowing cunknown, by
approximating it with the density p(xhealthy|z). This is the main reason why we use latent variable
models.

cknown Decoder xrecon

(a) Supervised C-decoder model

x Encoder z Decoder xrecon

(b) Unsupervised latent variable model

Figure 3: Schematic representation of the supervised decoder model and the unsupervised latent
variable model.

To illustrate this concept, let’s consider the following toy problem: we are interested in monitoring
the condition of a machine operated at constant operating conditions (constant shaft speed and loads),
but under varying environmental temperatures, denoted by T . The sensors used during the task are
an accelerometer that measures the vibrations, and a shaft encoder that records the shaft speed. The
temperatures play a large role in what each vibration sample x looks like, but are not recorded. To
simplify the discussion, we also assume that the temperature is the only significant generative factor
that causes variance in xhealthy, since the other notable generative factors such as operating speed
are kept constant. So cknown only includes the constant shaft speed, which is irrelevant to modelling
xhealthy, since it is kept constant and therefore does not cause any variance in the vibration samples.
cunknown consists of the environmental temperature T .

Vibration samples from a healthy machine xhealthy are recorded on two different days, where the
environmental temperature differs substantially between the two days. The temperatures are denoted
as T1 and T2. To simplify visualization, x is represented as a 2-dimensional vector, but in reality,
it will be a high-dimensional vector that is difficult to model. Fig. 4 shows the true manifold on
which all healthy data samples lie for different environmental temperature values. Fig. 4(a) shows
the healthy samples xhealthy recorded at T1 and T2 that represent the training data. Healthy samples
xhealthy recorded at T3, are also included in Fig. 4(a), which will be part of the discussion later on,
but for now, it is important to understand that only the healthy samples at T1 and T2 are available to
train the models with, and we do not have temperature measurements available. Fig. 4(b) shows how
damage presents itself in the vibration data, moving further from the true manifold as the damage
level increases.

We now consider that a new vibration signal is measured atT1, and we want to determine the likelihood
of the sample being from the healthy data recorded at T1 to determine the current health state of the
machine. The machine is in a healthy state, but we do not know this. The lower the likelihood,
the more likely it is that the machine is damaged. To do this, we have to model the distribution
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p(xhealthy|T1, cknown). Note that because cknown plays no significant role on xhealthy, it can also be
approximated as p(xhealthy|T1). Fig. 5 shows the distribution p(xhealthy|T1). It can be seen that the
correct likelihood for the new sample would be 1.77.
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(b) Unhealthy data positioned off the manifold

Figure 4: Healthy data manifold, along with (a) healthy samples at T1, T2 and T3, and (b) unhealthy
samples at T1, T2 and T3 moving off the manifold as the damage level increases.

Figure 5: p(xhealthy|T1), along with the new measured sample.

We are interested in capturing the distribution p(xhealthy|T, cknown), but since T was not recorded,
we will have to model the distribution without knowing T . We have four options to approximate
p(xhealthy|T, cknown) with:

1. Using a supervised C-decoder model, we learn the distribution p(xhealthy|cknown). We use a
non-parametric model, such as a kernel density estimator to fit the distribution.

2. Using a supervised C-decoder model, we learn the distribution p(xhealthy|cknown). We use a
parametric model, assuming that the distribution has some parametric form e.g. Gaussian.

3. Using a latent variable model, we can learn p(xhealthy|z) in an unsupervised setting.

4. Using a latent variable model, we can learn p(xhealthy|z, cknown) in a semi-supervised setting.
This can potentially simplify the learning process when the latent representations z are mostly
abstract representations of generative factors included in cknown. Since there is no useful
information recorded in cknown in this scenario, this approach is equivalent to Option 3, and is
therefore omitted from the rest of this discussion.

Fig. 6 shows the approximations for p(xhealthy|T1, cknown) learned by the three options. Option
1 returns the distribution p(xhealthy|cknown) (or p(xhealthy)), recovering the two modes at T1 and
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T2. The predicted likelihood for the new sample is 0.88 (compared to the correct 1.77). Option 2
performs even worse, by capturing the mean and variance of the training data samples from both T1
and T2, since the distribution is assumed to be Gaussian. The predicted likelihood for the new sample
is 0.05 (compared to the correct 1.77). Not knowing T , when it plays a large role in what xhealthy

looks like, makes it impossible to model p(xhealthy|T, cknown) in a supervised manner. This is where
unsupervised latent variable models become useful. Without knowing T , latent variable models can
be used to project xhealthy to a lower dimensional representation z, that encodes all the generative
factors that play a large role in what xhealthy looks like (i.e. T ), and then learn to reconstruct xhealthy

from z. The encoder models the density p(z|xhealthy), and the decoder the density p(xhealthy|z).
When new data is now recorded at T1, x will be projected to a latent representation z corresponding
to T1, resulting in the correct distribution being learned, shown in Fig. 6(c), giving the new sample
the correct likelihood of 1.77.

(a) Non-parametric density C-decoder (b) Parametric density C-decoder

(c) Latent variable model

Figure 6: Approximated densities for p(x|T1, cknown), using (a) a non-parametric density supervised
C-decoder model, (b) a parametric density supervised C-decoder model, and (c) an unsupervised
latent variable model.

If the temperatures were recorded in this scenario, the supervised C-decoder models would also
have been able to accurately capture the distribution p(xhealthy|T1, cknown), making latent variable
models redundant for this application. This work explores this concept in detail, to see to what
extent supervised models can be used to map available operating condition information cknown to the
healthy data xhealthy to perform discrepancy analysis. It is also done to identify when it becomes
beneficial to rather use latent variable models to model the healthy data distribution, and to what
extent cknown can be incorporated into latent variable models in a semi-supervised setting, to simplify
the learning process. We specifically investigate the case where cknown includes the shaft speed and
phase information, as it is expected that these generative factors are responsible for most of the
variance in the healthy data.
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1.4.3 Discrepancies in the reconstruction space vs. in the latent space

Latent variable models with encoder-decoder structures have been applied to a wide range of anomaly
detection applications, operating on the idea that the models will reconstruct out-of-distribution
(OOD) data poorly. OOD samples in this context refer to samples that are not from the same
distribution as the training data samples xhealthy. The encoder and decoder are trained together with
the goal of reconstructingxhealthy as accurately as possible. By setting the latent space dimensionality
Dz lower than the input space dimensionalityDx, the latent variable model is forced to learn a lower-
dimensional manifold in the high-dimensional input space, where only samples that fall on the learned
manifold are reconstructed accurately. This concept is illustrated in Fig. 7, still using the example of
the vibration signals recorded at T1 and T2. The latent space is 1-dimensional, so all possible input
data in the 2-dimensional input space cannot be captured in the latent space. Fig. 7(a) shows how
the encoder maps the 2-dimensional input space to a 1-dimensional latent space. Fig. 7(b) shows
how the decoder then maps the 1-dimensional latent representations back to a 2-dimensional space,
which is referred to in this work as the reconstruction space. Fig. 7(c) visualizes the encoder and
decoder functions combined. Input samples that fall close to points where the colour of the encoded
space matches the colour of the decoded space, will be reconstructed well, while input samples that
are positioned further from these points will be reconstructed poorly. This is illustrated in Fig. 7(d),
where a contour map of the reconstruction error (the distance between x and xrecon) are shown.
Note how the areas closest to the training data have the lowest reconstruction error. The areas with
reconstruction errors smaller than 1 are highlighted in red, to show the learned manifold. Input data
falling on or close to this manifold will be reconstructed accurately, and less accurate the further away
it is from the manifold.

(a) Encoder: x (2D) to z (1D)
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(b) Decoder z (1D) to xrecon (2D)

(c) Encoder-Decoder combined
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(d) Reconstruction error map

Figure 7: Visualization of how the encoder and decoder work together to learn a manifold, where all
values of x on or close to the manifold will have a small reconstruction error. Reconstruction errors
(Euclidean distance) smaller than 1 are highlighted in red to visualize the learned manifold.
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Introduction

Note that the learned manifold does not necessarily cover the whole true manifold. Only the regions
where the training data samples are from, are guaranteed to be covered by the learned manifold.
Also, note that the learned manifold covers some regions that are not close to the true manifold. The
encoder and decoder have no way to know that healthy samples recorded at T3 for instance should also
be reconstructed accurately, since healthy samples recorded at T3 were not included in the training
data. If samples were now recorded at a different temperature T3, the signals will be OOD samples.
The encoder will map the data to an unknown location in the latent space, most likely off from the
learned manifold, and the decoder will then reconstruct the healthy samples at T3 poorly. The same
idea holds for samples recorded from a damaged machine, as these signals will also be OOD samples.

The reconstruction space is used to calculate anomaly scores using measures such as the likelihood
and the Mahalanobis distance. Recent literature has however shown that these models can in some
cases reconstruct certain OOD samples very accurately, making measures such as the likelihood and
the Mahalanobis distance in the reconstruction space unreliable for anomaly detection (Nalisnick
et al. 2018, Xiao et al. 2020).

There are two concerns when monitoring the reconstructions of latent variable models for anomaly
detection:

1. The model may overfit by learning an identity function transformation for some of the data
points in the input samples. The model will then reconstruct these points accurately whether
the samples are OOD or not (Steck 2020, Denouden et al. 2018). The information bottleneck
provided by the encoder-decoder structure is thus not narrow enough to prevent the model from
just memorizing parts of the input data. This concept is visualized in Fig. 8(a), where it is shown
what the encoded and decoded space would look like if the model learns an identity function for
x1. Note that in Fig. 8(a), the model does not learn to store any information in x2 in the latent
space, with x2 not influencing the encoded z value. The encoding-decoding transformation
however acts as an identity function transformation for x1, with the transformation from x1 to z
being completely invertible. If damage presents itself as a sudden spike in x1, these spikes will
be reconstructed perfectly, and the damage associated with the spike in x1 won’t be detected.
It becomes more likely for this to happen when Dz is chosen to be close to Dx. When Dz is
equal to Dx, the model can potentially learn to memorize all the input data values in the latent
space and reconstruct any input perfectly.

2. The model may learn a latent manifold, where the training data falls on only a small part of
this learned manifold. Any OOD sample that falls close to the regions on the learned manifold
far from the training data, will also be reconstructed accurately (Denouden et al. 2018). This
concept is illustrated in Fig. 8(b), where the reconstructions xrecon are compared with x
recorded from a damaged machine at T2, as was originally depicted in Fig. 4(b). Even though
the damaged samples at T2 are OOD samples, they also fall close to the learned manifold and
are therefore reconstructed fairly accurately, making it difficult to detect the damage in the
reconstruction space.

In these cases, the OOD samples cannot be reliably detected in the reconstruction space. The latent
space representations of OOD samples at a certain temperature Ti will however differ from the latent
space representations of the healthy training data at Ti, making it possible to detect the OOD samples
in the latent space. Denouden et al. (2018) fitted a Gaussian distribution to the latent representations
of the training data, and used the Mahalanobis distance between this distribution and the latent
representation of new samples as an anomaly score. This will however only work if the training data
latent representations are grouped so that a Gaussian distribution will fit the data well. This will
not work when the training data samples are from multiple classes/operating conditions, as the latent
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space representations for each class will be grouped together, but the latent space representations for
different classes will not necessarily fall close together. Lee et al. (2018) detected OOD samples in
a deep classification model, by using the Mahalanobis distance on latent representations. Gaussian
distributions that were conditioned on the class labels, were fit to low- and high-level features (latent
representations at different layers in the classification network). Because the input data samples were
from different classes, the latent representations between classes would differ significantly, making it
necessary to fit distributions conditioned on the class labels to the latent representations.

(a) Identity function learned for x1. Any
value of x1 is reconstructed accurately.
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(b) OOD samples (xunhealthy @ T2) falling on
learned manifold are reconstructed accurately.

Figure 8: Concerns when monitoring the reconstruction space of LVMs for anomaly detection.

For the application of condition monitoring, it is thus crucial to not only monitor the reconstruction
space to detect damage, but also the latent space. Balshaw et al. (2022) split the vibration signals
into shorter segments by shifting a window one point at a time to create the input data matrix. By
presenting the segments in this order to the models, it can be tracked how the latent representations
change over time. Metrics were proposed that track the movement in the latent space over time
between these consecutive samples with the idea that damaged data will cause unexpected jumps in
the latent space that can then be detected.

In this work, the latent space is monitored using an approach similar to that proposed by Lee et al.
(2018). When operating condition information is available, it can be used similarly as the class labels
were used by Lee et al. (2018). The latent representations of the healthy training data are fitted with
distributions conditioned on the available operating condition information. For the example discussed
in this section, this will mean that the distribution p(zhealthy|T ) is learned, if the temperature mea-
surements were available. If the temperature measurements were available, one would be able to
learn what the expected latent representation z for a healthy sample would be at a given environmental
temperature Ti. The Mahalanobis distance can then be used as a discrepancy metric for new samples.
It is however not possible to monitor the latent space for discrepancies when the generative factor T
that is responsible for the variance in the latent representations is not known.

Fig. 9 shows the reconstructions and latent space representations for the damaged samples at T1, T2
and T3 depicted in Fig. 4(b). For the samples at T1, the damage is easily detected in the reconstruction
space, with the damaged samples falling off the learned manifold, causing poor reconstructions (Fig.
9(a)). The damaged samples at T2 still fall close or on the learned manifold, resulting in the damaged
samples being reconstructed fairly well (Fig. 9(c)). The reconstruction space is thus not ideal to
detect damage at T2. Fig. 9(d) shows how p(zhealthy|T2) could have been learned if measurements
for T were available. The latent representations move further from the p(zhealthy|T2) probability
mass as the damage increases, so if p(zhealthy|T2) was learned, discrepancy analysis could have been
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performed on the latent space representations, and damage would have been detected. Fig. 9(e) shows
that because samples at T3 were not included in the training set, the model cannot be used to reliably
detect damage at T3. In this case, the model reconstructs both the healthy and damaged samples at
T3 poorly. The density p(zhealthy|T3) depicted in Fig. 9(f) can also not be learned accurately, even
when measurements of T are available, since there were no samples at T3 in the training set.
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(b) Latent space: x@ T1
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(d) Latent space: x@ T2
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(f) Latent space: x@ T3

Figure 9: x @ T1, T2 and T3: Comparison of x vs. xrecon in the reconstruction space (left) and z
vs. p(zhealthy|Ti) (right)

Note that the probability mass for p(zhealthy|T1), p(zhealthy|T2) and p(zhealthy|T3) are in three dif-
ferent regions in the latent space. At T1, the expected z for healthy data is z = 11, at T2 it is z = 32,
and at T3 it is z = 41. When the temperature values are not available, one will have no context of
where the latent representation is expected to be at healthy conditions, making it difficult to monitor
the latent space for OOD samples. Having operating condition information available enables one to
easily monitor the latent space. In this dissertation, it is investigated how effectively the latent space
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can be monitored using shaft speed and phase information. If the results are greatly improved by
the availability of the shaft speed and phase information, then it should be considered to integrate
tacholess order tracking methods with the proposed methodology when a tacho signal is not available.

It is also investigated how the latent space dimensionality affects where the damage is detected, as it
is expected that a model with a larger latent space is more likely to learn an identity function between
points in the inputs and outputs, which would make damage only detectable in the latent space.

1.5 Scope of Research

Two commonly used latent variable frameworks are implemented to perform discrepancy analysis on
vibration signals: Principal Component Analysis (PCA), and Variational Auto-encoders (VAEs).

This work addresses the following three questions:

1. When the operating conditions (shaft speed and phase information) are known or can
be estimated, is it necessary to use latent variable models to model the healthy data
distribution, or can the operating conditions simply be mapped to the healthy data in a
supervised setting?
We investigate the case where the instantaneous shaft speed and phase information are available
(obtained with a tachometer, or tacholess order tracking methods). Because we expect that the
shaft speed and phase information are the generative factors behind most of the variance in
the healthy data distribution, it is investigated to what extent the healthy data can be modelled
in a supervised manner, mapping the shaft speed and phase information to the corresponding
vibration signals using a C-decoder as explained in Section 1.4.2. In other words, we investigate
how close the target distribution p(xhealthy|cknown, cunknown) can be modelled by modelling
p(xhealthy|cknown), where cknown is the shaft speed and phase information. This is done to
get an idea of the complexity of a dataset, to see if there are other generative factors that are
responsible for large amounts of variance in the healthy data distribution.
If the C-decoder performs just as well as latent variable models on the discrepancy analysis
tasks, then it would mean that the variance in the healthy data distribution can be sufficiently
explained with only the shaft speed and phase information. This would make it redundant
to use latent variable models to capture the healthy data distribution when the shaft speed
and phase information are available, since the latent representations will only capture abstract
representations of the shaft speed and phase information that we already know, while also being
difficult to interpret.
On the other hand, if the latent variable models perform significantly better than the C-decoder
model, it will be a clear indication that the data samples are also influenced by other underlying
generative factors that we are not aware of, or that are difficult to measure or extract. In this
case, latent variable models will be very useful, as the models can learn to capture abstract
representations of these unknown generative factors in the latent space, to successfully capture
the distribution p(xhealthy|cknown, cunknown), by approximating it with p(xhealthy|z).

2. To what extent can the availability of the instantaneous shaft speed and phase information
improve the performance of latent variable models on fault detection and tracking tasks,
when it is used in a semi-supervised setting?
In this work, the shaft speed and phase information are used to improve the performance of the
latent variable models in the following ways:
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• The data is order-tracked to simplify the learning process for latent variable models
during pre-processing. Booyse et al. (2020) assumed that the vibration signals can be
order-tracked before they are presented to the latent variable model. Balshaw et al. (2022)
presented the raw vibration signals to the latent variable models without order tracking.
To the author’s knowledge, no one has systematically investigated whether the healthy
data distributions are captured more accurately or not when order tracking is applied.

• The learning process is simplified during modelling by learning distributions conditioned
on the latent variables and the known operating condition information. The instantaneous
shaft speed and phase information are used during modelling in PCA to capture the het-
eroscedastic noise in the data, and for VAEs to get a more informed prior, by conditioning
the prior on the available operating condition information.

• The operating condition information is used to monitor the latent space for discrepancies,
as was explained in Section 1.4.3.

This dissertation systematically compares how the latent variable models perform in an unsu-
pervised setting without order tracking, a semi-supervised setting where the shaft speed and
phase information are used only for order tracking, a semi-supervised setting where the shaft
speed and phase information are used only during modelling, and a semi-supervised setting
where the shaft speed and phase information are used for order tracking and during modelling.
If the availability of the shaft speed and phase information significantly improves the models’
performances, a case can be made to use tacholess order tracking methods to extract the shaft
speed and phase information when it is not readily available, and then combine the information
in a semi-supervised learning setting, rather than attempting an unsupervised approach.
For the cases where the unsupervised models perform much worse than the semi-supervised
models, we try to address why this is the case, which leads to other minor contributions from
this investigation. It is shown how linear and nonlinear latent variable models fit vibration data
differently, and why the models fit order-tracked samples more accurately. It is also shown how
the latent space dimensionality affects a latent variable model’s performance on fault detection
and tracking tasks, and that the latent space dimensionality plays a role in whether damage gets
detected in the latent space or in the reconstruction space. The importance of using models
that can capture the heteroscedastic noise associated with varying operating speeds is also
highlighted.

3. How do the discrepancy analysis methods perform compared to traditional envelope
analysis methods?
The performances of the learning-based methods are compared with traditional signal process-
ing (envelope analysis) approaches, to see if the learning-based methods can perform at the
same level without any domain knowledge being built into them.

The potential benefits of combining discrepancy analysis frameworks with fault classification tasks
using transfer learning techniques are also highlighted for future work. No transfer learning methods
or fault classification models are implemented in this work.

The proposed methodology is applied to two datasets in this work. For the first dataset, a phe-
nomenological model is used to create a gearbox vibration dataset under varying operating speeds
with bearing inner and outer race faults. A phenomenological model is chosen, as this allows one
to explicitly increase the damage level by known increments between samples, making it easier to
evaluate a model’s performance on fault detection and tracking tasks. The noise levels for this dataset
are also chosen to be relatively low, so that the models’ abilities to capture large noise distributions
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are not the main focus in this investigation, but rather how well the models capture the generative
factors such as the shaft speed and phase information in the latent space.

For the second dataset, the C-AIM experimental gearbox dataset is used (Schmidt et al. 2018a). The
dataset consists of vibration data from a gearbox operated at varying operating conditions, with and
without a gear-tooth fault. This dataset is chosen, as it is known to be a difficult dataset to analyse with
latent variable models and traditional signal processing techniques. The vibration samples contain
impulsive non-synchronous components at high frequencies in both the healthy and damaged data,
which makes the healthy distribution difficult to learn. The difficulty of the learning task is adjusted
by low-pass filtering the dataset, to get an indication of how much the impulsive components affect a
model’s performance.

1.6 Document Overview

Chapter 2 presents the proposed fault detection, classification and tracking methodology that is
implemented in this study. Chapter 3 introduces the latent variable models implemented in this
work. Limitations in the PCA and VAE frameworks for unsupervised condition monitoring are
discussed. It is shown how the available operating condition information is used in this work to
overcome these limitations. In Chapter 4, a phenomenological model dataset is analysed using
the proposed methodology. In Chapter 5, the experimental gearbox dataset is analysed using the
proposed methodology. Conclusions and recommendations for future work are given in Chapter 6.
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2 Proposed Methodology

The proposed fault detection, -tracking and -classification framework is discussed in this section.
This framework is used for both the dataset analyses done in this work (documented in Chapters 4
and 5).

2.1 Overview

The proposed methodology can be divided into five steps, with Fig. 10 showing how the five steps
flow from one to the other:

1. Pre-processing: The input data, consisting of the condition monitoring signals, and the operating
condition information (if available), are processed before it is fed into a model.

2. Modelling: A model is trained to capture the distribution of the pre-processed training data
xhealthy. After training, the model can be used for the evaluation of unseen data.

3. Post-processing: Discrepancy signals are calculated and processed. These discrepancy signals
capture how much the unseen input data differs from the distributions associated with the
healthy samples. This includes reconstruction space discrepancy signals, as well as latent
space discrepancy signals (when operating condition information is available to monitor the
latent representations).

4. Fault detection and tracking: The processed discrepancy signals are analysed to detect a change
from the healthy condition, and to track how the fault develops.

5. Fault classification: The processed discrepancy signals are analysed to determine the type of
fault present.

1. Pre-processing:
Input data

2. Modelling
Training and
Evaluation

3. Post-processing:
Discrepancy signals

4. Fault detection
and tracking

5. Fault
classification

Figure 10: Schematic of the proposed methodology

Steps 1 to 4 can all be implemented without any operating condition information available (so in an
unsupervised setting). While the proposed methodology allows one to detect and track faults without
operating condition information available, this study aims to show how much the availability of the
operating condition information can simplify the task, improving robustness and performance. Steps
1 to 4 will therefore also be implemented while making use of the available operating condition
information (so in a semi-supervised setting). The proposed fault classification framework (step 5)
requires that the shaft speed and phase information are known. This step is not implemented in this
work (no classification models are trained), but it is shown how this discrepancy analysis framework
can be useful to classification approaches when no labelled historical failure dataset on that particular
machine is available.
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A simple toy problem is used in this chapter to visualize the five steps of the proposed method. To
make it simple, the operating conditions are kept constant. The measured signal consists of three
components:

• A healthy component, represented by a sine wave with frequency fshaft, so one shaft rotation
creates one oscillation. fshaft was chosen as 1.6 Hz.

• A noise component, represented by zero-mean Gaussian noise with a fixed variance.

• A damage component, represented by impulse responses for a viscously under-damped system,
with a natural frequency of 51.2 Hz (32 times fshaft). The impulses occur at a fixed frequency
fdamage. Two damage modes are investigated:

– Mode 1: fdamage equals fshaft, so each shaft rotation leads to one impulse caused by the
damage. The fault is thus correlated with the rotation angle of the shaft (as would be seen
for a gear-tooth fault). The fault occurs at 270° from the reference shaft rotation position.

– Mode 2: fdamage is not divisible by fshaft, so the fault is uncorrelated with the rotation
angle of the shaft (as would typically be seen in bearing faults). fdamage was chosen to
be equal to 1.8 times fshaft.

The signal components are shown in Fig. 11, for three shaft rotations. Each rotation is plotted in a
different colour.

0

Healthy component

0

Noise component

0

Mode 1 damage component (rotation angle correlated fault)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
Time [s]

0

Mode 2 damage component (rotation angle uncorrelated fault)

Figure 11: Toy problem: signal components

The measured signals are then generated by scaling the damage component with a factor α between
0 and 1, where 0 represents a healthy signal, and 1 represents the largest damage, and then adding the
components together, as shown in Eq. (2-1):

Measured signal = Healthy component + Noise component + α× Damage component
(2-1)

Fig. 12 shows a healthy signal, a signal with a ’rotation angle uncorrelated’-fault (fdamage = 1.8 Hz,
α = 1) and a signal with a ’rotation angle correlated’-fault (fdamage = 1 Hz, α = 1).
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0

Healthy signal

0

Signal with rotation angle correlated fault (Mode 1)
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0

Signal with rotation angle uncorrelated fault (Mode 2)

Figure 12: Toy problem: healthy and damaged signals

A dataset was generated consisting of healthy signals, and signals from both damage modes for
different values of α. This dataset was then analysed using the proposed five steps.

The five steps are discussed in detail in the following subsections, except for the modelling step (step
2), which is only discussed briefly. The latent variable models implemented in this work are presented
in Chapter 3. This allows the reader to get a full overview of the proposed methodology, before looking
at the more technical formulations of the latent variable models. For each step, it is shown how it can
be implemented in a completely unsupervised setting, as well as in a semi-supervised setting (except
for the fault classification step, which requires operating condition information).

2.2 Pre-processing: input data

The input data fed into the model consists of the condition monitoring signals (vibration signals) and
the operating condition information (if available). Data that are known to be from healthy machine
conditions are used to train the model, and thereafter data from unknown machine conditions can be
fed into the model for evaluation. Before the dataset is fed into the model, it is processed as follows:

• The healthy dataset is split into a training-, validation-, and test set, each having different roles
during the training of the model.

• The condition monitoring signals are order tracked (if the shaft speed and phase information
are available) and split into shorter windows with the same length (referred to as partitioning).

• All the data are normalized or centred, depending on the type of model used, using the mean
and standard deviation of the training data.

• The training and validation sets are balanced based on operating conditions so that all operating
conditions are equally represented in the training data. This is only done if the operating
conditions are known.

2.2.1 Train-, validation- and test set split

The healthy dataset is split into a training-, validation-, and test set. The training set is used to train
the model parameters, and also to set the normalizing parameters for the data. The validation set
is used to prevent the model from overfitting on the training data. The test set is never used during
training of the model. It is used to calculate the expected discrepancy signals of unseen healthy data,
from which discrepancy thresholds can then be set. In this work, the Mahalanobis distance is used as
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a discrepancy score. If discrepancy scores pass the threshold, the samples are classified to be from a
damaged machine.

2.2.2 Partitioning: Section Only, Order Tracking, Order Tracking and Aligning

Condition monitoring signals such as vibration signals are sampled at very high frequencies. It is not
feasible to use the whole signal as input to the models, as the inputs would have very large dimension-
alities. For this reason, the common approach when using raw signals as inputs to a machine learning
method is to use a direct partitioning scheme, where the input signal is split into several segments
of the same length Lw. This is either done by randomly moving a window with length Lw over the
signal or shifting the window a certain number of points at a time to obtain segments with a certain
percentage of overlap (Baggerohr 2019, Booyse et al. 2020).

Balshaw (2020) proposed that one should partition and store the data in such a way that the information
of time is preserved in between consecutive segments, by using a continuous time-analysis approach. It
was shown that making this small change to the data preparation step, leads to many new possibilities,
such as utilizing movements in the latent representations to detect damage. Balshaw et al. (2022)
partitioned and stored each raw measurement xi fromX in a Hankel matrix in the following manner:

H(xi) =


xi(0) xi(1) . . . xi(Lw)
xi(Lsft) xi(Lsft + 1) . . . xi(Lsft + Lw)

xi(2× Lsft) xi(2× Lsft + 1) . . . xi(2× Lsft + Lw)
...

... . . .
...

xi(Nw × Lsft) xi(Nw × Lsft + 1) . . . xi(Nw × Lsft + Lw)

 (2-2)

where Lw determines the window length, and Lsft is a shifting parameter that determines the
number of sample points that overlap between windows. Nw is the number of Lsft jumps that fit
into (Np − Lw), where Np is the number of points in the measurement xi. Note that when Lsft

is chosen to be equal to Lw, no overlap between consecutive windows occurs. Different lengths
of Lw are investigated in this work, and Lsft is chosen based on the size of the dataset. If only a
few samples are available for training,Lsft can be decreased to increase the size of the training dataset.

The Hankel matrices for all the measurements are then concatenated to form the input data matrix for
the condition monitoring signalsXdata:

Xdata =


H(x1)
H(x2)

...
H(xn)

 (2-3)

whereXdata ∈ RNtw×Lw , andNtw refers to the total number of signal window segments included in
Xdata. This approach of partitioning the raw signal is referred to in this work as Section Only (SO)
pre-processing. Two other pre-processing approaches are proposed, that can be implemented when
order tracking can be implemented (so when shaft speed and phase information are available). By
order tracking the raw signal before feeding it into the model, the model will no longer have to capture
the changes in frequency in the data, but only the amplitude modulation associated with varying speed
conditions. The order-tracked signal can then be partitioned in the same manner as shown in Eq.
(2-2). This approach is referred to as Order Tracking (OT) pre-processing. While this OT approach
removes the varying frequencies from the measured data, the model will still need to learn to capture
the phase shift between signal segments, which is caused by moving the partitioning window by
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Lsft. To remove this phase shift from the data, a third pre-processing approach is proposed, referred
to as Order Tracking and Aligning (OTA) pre-processing. This is done by aligning all the points
corresponding to a certain shaft angle with each other.
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(g) OT: phase of segments
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(h) OTA: phase of segments

Figure 13: Differences between SO, OT and OTA pre-processing approaches

The differences between the three approaches are shown visually in Fig. 13, using the toy problem. A
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raw, healthy signal shown in Fig. 13(a) was sampled at 1600 Hz, and order-tracked at 1000 samples
per revolution, in Fig. 13(b). Lw is chosen as 1000 points (so the length of one rotation of the order
tracked signal), and Lsft as 250 points. The first 9 segments from the raw signal and order tracked
signal are taken, and stacked on top of one another, as was done in Eq. (2-2), using each of the
three pre-processing techniques. The resulting arrays are shown visually in Fig. 13(c) for SO, Fig.
13(d) for OT, and Fig. 13(e) for OTA. The phase of the segments for each of the three approaches
are shown in Fig.13(f)-(h), by plotting the sine and cosine of the phase on the x- and y-axis respectively.

The advantage of using OT or OTA can be seen in these phase plots. Because the shaft frequency
in the toy problem is kept constant, each signal segment can be described with only the phase in-
formation. To learn the distribution of the healthy data, the model needs to learn a mapping from
the signal segments to a latent representation of the phase information. To do this, the model must
be presented with signal segments from all possible phase values, and ideally, the different phase
values should be equally represented in the training data, as the model will otherwise be biased to
capture data from certain phase values better than others. When implementing SO, the values for
Lw and Lsft are chosen blindly, without a clear understanding of what the phase of each signal
segment will be. The phases of the segments are scattered around the circle in Fig.13(f), and many
more raw signals will have to be processed before phase information all around the circle is present
in the processed data. There is also no way of knowing what phase values are more present in the
data. The safest approach would be to make Lsft as small as possible, as this would ensure that
there are data for all the phase values around the circle. The disadvantage of doing this is that the
number of segments in the input data increases drastically, so training and evaluation of models will
take much longer. The mapping from the signal segments, to a latent representation of the phase in-
formation, will also be highly nonlinear, so linear models might not accurately capture the phase shifts.

When using OT or OTA, and choosing Lsft so that Lw is divisible by Lsft, this problem is avoided.
For OT, Lw

Lsft
phase values will be present in all the data, so the model needs to only learn a map-

ping from the signal segments to these Lw
Lsft

phase values. For OTA, the points in the segments
are aligned based on the shaft angle, so the model needs to only learn a mapping from the signal
segments to one phase value. This is a much simpler mapping between the data space and the
latent space and might be easily captured by simple linear models such as PCA. Lsft can be chosen
based on the amount of training data available. If limited training data is available, Lsft can be
chosen to be smaller, but if healthy training data is freely available, Lsft can be chosen to be equal
to Lw, which will speed up training and evaluation, without decreasing model performance. Note
that whenLsft is chosen to be equal toLw, the OT and OTA methods return the same signal segments.

Keep in mind that this toy problem is for constant shaft speed. If one then considers a problem with
varying shaft frequency, one can easily imagine how much the complexity of the mapping from the
signal segments to a latent representation of the phase and frequency information, will increase when
using the SO method. When using the OT or OTA method, the mapping will only have to account
for the amplitude modulation caused by varying speed conditions.

In the example shown, the window lengths Lw for the order-tracked approaches were chosen to be
equal to one shaft rotation, so that the shaft rotations are aligned by the OTA approach, causing the
signal segments to look relatively the same, without a lot of variance between them. For machinery
containing gears or sprockets, the largest deterministic component in the signal is usually caused by
the gear teeth meshing, with the component being periodic at orderNteeth, whereNteeth is the number
of teeth on the gear or sprocket. In these cases, it might also make sense to use shorter window lengths
associated with the period of one gear tooth completing a meshing cycle, and then align these shorter
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windows, since the vibrations associated with each tooth will look relatively the same at healthy
operating conditions. Heyns et al. (2012) followed a similar approach for gear diagnostics, where the
window lengths were chosen to correspond with one pinion-gear meshing period, instead of a whole
shaft rotation. Both these approaches are investigated in Chapters 4 and 5.

2.2.3 Normalization/ centering of data

For all the models, except for the PCA models, the condition monitoring signal data are normalized
using the mean and standard deviation of the training set:

Xdata =
Xdata − µx,train

σx,train
(2-4)

where µx,train and σx,train are the mean and standard deviation of the whole training set. Note that
the normalization is not done per input dimension in the RLw input space, as this would bias the
model to reconstruct more accurately on the input dimensions that have the smallest variance. When
the inputs are normalized, the neural network-based models converge faster during training and are
less likely to get stuck at local minima. For the PCA models, the condition monitoring signal sections
are centred per input dimension, as will be discussed in Section 3.2.

The operating condition information corresponding to each of the Ntw signal segments stored in
Xdata, is stored in an array C ∈ RNtw×Dc where Dc is the number of operating conditions known.
In the investigations performed in this work, only the shaft speed and phase information are available.
The sine and cosine of the shaft phase θ are fed into models so that the models can learn that there is
not a discontinuity in the input space at θ = 0 and θ = 2π, but that these values represent the same
phase. Along with the shaft speed, this gives c a dimensionality Dc = 3:

ci =
[
fshaft,i sin(θi) cos(θi)

]
(2-5)

The operating condition array C is normalized per input dimension in the RDC input space, before
being fed into the models:

C =
C − µc,train
σc,train

(2-6)

where µc,train ∈ RDc and σc,train ∈ RDc is the per dimension mean and standard deviation of the
training set.

If the operating conditions are known, the training and validation sets can be chosen so that the
different possible operating condition combinations are all presented relatively equally in the training
data. If this is not done, the model will be biased to reconstruct data from certain operating conditions
better.

2.3 Modelling: Training and Evaluation

After pre-processing, the healthy input data are used to train the models. The models can be cate-
gorized as unsupervised or semi-supervised (where operating condition information is used during
training).

The distributions that the models learn that can be used to generate discrepancy signals are now
listed. The unsupervised models all return the reconstruction distribution p(xhealthy|z), the semi-
supervised models return reconstruction distributions of the form p(xhealthy|z, c) and the C-decoder
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model returns p(xhealthy|c). These distributions can be used to get reconstruction space discrepancy
signals. The semi-supervised latent variable models also learn the distribution p(zhealthy|c), which
is used to get latent space discrepancy signals. For the unsupervised latent variable models, the latent
space is not monitored in this work.

All the distributions listed are modelled with Gaussian distributions with diagonal covariance matri-
ces. Each Gaussian is thus parameterized by a mean vector µ and a diagonal variance vector σ2.
Balshaw et al. (2022) highlighted that Gaussian distributions will be less effective when the healthy
signals include impulsive components. In these cases the data distributions will be heavy-tailed, and
Balshaw et al. (2022) proposed that implicit density estimation techniques can be used to overcome
this challenge. This work however only considers the explicit density estimation technique where all
distributions are assumed to be Gaussian. A dataset that includes impulsive components is investi-
gated in Chapter 5, to see how this Gaussian assumption holds.

After training, new data from unknown health conditions can be fed into the model, with the models
then returning sets of µi and σ2

i vectors that represent the above-mentioned distributions, for each
input signal xi. The intricacies of how the models learn to capture the above-mentioned distributions
are not presented in this section so that the reader can first get an overview of the whole discrepancy
analysis framework. The model formulations and implementations are documented in detail in
Chapter 3.

2.4 Post-processing: discrepancy signals

2.4.1 Discrepancy signals from the reconstruction space

To get discrepancy signals from the reconstruction space, it is evaluated how likely it is that a sample
xi is from one of the reconstruction distributions p(xhealthy|z), p(xhealthy|z, c) or p(xhealthy|c).
With the model only being trained on healthy data, the idea is that the reconstruction of xi will be
accurate when xi is recorded from a healthy machine, and less accurate if xi is from a damaged
machine. The Mahalanobis distance works well as a discrepancy measure in this case, as it captures
how many standard deviations the point is from the mean. This ensures that the discrepancy score
is not correlated with the size of the reconstruction variance σ2

i , as is the case if one uses the mean
squared error (MSE) or likelihood as a discrepancy measure. Balshaw et al. (2022) calculated the
Mahalanobis distance for the whole signal segment xi, viewing the reconstruction mean and variance
as forming a multivariate distribution. While this makes discrepancy scores less sensitive to noise,
the downside is that the resolution of the discrepancy signal is influenced by the lengths chosen for
Lw and Lsft. In this work, it is proposed that a point-wise discrepancy signal for xi is calculated
from the reconstructed vectors µi and σ2

i , giving a discrepancy signal drecon,i. Each point in the
discrepancy signal can be calculated as:

drecon,i,j =
xi,j − µi,j

σi,j
(2-7)

with j ∈ [1, 2, ..., Lw]. Note that the sign of the difference between the predicted mean and the
sample is kept (taking the absolute value of Eq. (2-7) will give the Mahalanobis distance). This
is done so that the frequency information of the discrepancy is captured. Since most faults cause
cyclo-stationary impulses in the measured signal, it is common in signal processing approaches to take
the absolute value of the Hilbert transform of the signal as an envelope analysis technique (Randall
& Antoni 2011, Hou et al. 2022), so that the fault frequencies can be extracted from the signal, not
the high natural frequencies of the structure that vibrate because of these impulses. Using Eq. (2-7)
to calculate discrepancy signals, will also result in the high natural frequencies of the structure to be
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captured in the signal. By then taking the absolute value of the Hilbert transform of the discrepancy
signal drecon,i, the fault frequencies can be identified in the discrepancy signal. Fig. 14 shows why
the sign of the difference between the predicted mean and the sample is kept when calculating the
point-wise discrepancy, as this results in the Hilbert transform capturing the fault frequencies more
cleanly during the enveloping process.
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Hibert transform of discrepancy score

(a) Mahalanobis distance
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(b) Proposed discrepancy measure

Figure 14: Difference in the envelope of the reconstruction space discrepancy signal when using the
Mahalanobis distance vs. the proposed discrepancy measure

2.4.2 Discrepancy signals from the latent space

To get discrepancy signals from the latent space, it is evaluated how likely it is that the latent
representation zi of a sample xi is from the distribution p(zhealthy|c). The Mahalanobis distance
is again used to calculate a discrepancy score, however this time it doesn’t make sense to calculate
the discrepancy point-wise, as it is not known which latent variables describe a specific point in the
signal segment. The effect of time over the signal segment xi is lost in the latent representation zi.
Every point in the discrepancy signal dlatent,i for that specific segment xi has the same value:

dlatent,i,j =

Lw∑
j

(xi,j − µi,j)
2

σ2i,j
(2-8)

which is the squared Mahalanobis distance for that signal segment. The resolution in a latent space
discrepancy signal is thus lower than for the reconstruction space discrepancy signal. It also does
not make sense to take the Hilbert transform of dlatent,i, since the Mahalanobis distance is always
positive, and already acts as an enveloping technique on the calculated discrepancy signal.

2.4.3 Combining discrepancy signals from consecutive signal segments

After calculating a discrepancy signal of length Lw for each input signal segment, the discrepancy
signals are combined to form one long discrepancy signal that corresponds with the original raw
signal before it was partitioned. The advantage of doing this is simply that working with longer
discrepancy signals will make any statistical features extracted from these signals more robust to the
presence of noise. Fig. 15 shows how consecutive discrepancy signals are combined, using the toy
problem. The discrepancy signal points corresponding with a specific point in the raw signal are
simply averaged. After averaging, the Hilbert transform is applied to the reconstruction space dis-
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crepancy signals. Note that the Hilbert transform is not applied to the latent space discrepancy signals.

For illustration purposes, the damage impulses in the raw signal were scaled, with the second impulse
being smaller, and the third impulse larger. Note how the resolution of the reconstruction space
discrepancy signal is much higher than for the latent space discrepancy signal.
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Figure 15: Combining discrepancy signals from consecutive signal segments (reconstruction space
and latent space discrepancy signals)

2.5 Fault classification

After post-processing of the discrepancy signals, one has point-wise discrepancy signals correspond-
ing to each of the raw condition monitoring signals before partitioning, which can now be used to
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perform fault detection, -tracking and classification tasks. Fault classification is not an easy task in
the time domain, as the signals are noisy, and it is difficult to see what fault frequencies are present. It
is also difficult to classify faults in the frequency domain under varying shaft speeds, as the frequency
spectra get smeared when the signals are not order-tracked. Therefore, it is necessary to order track
the discrepancy signals to be able to classify faults, so the shaft speed and phase information are
required.

With the OTA and OT pre-processing methods, these discrepancy signals will already be order-
tracked. With the SO pre-processing method, the discrepancy signals can be order-tracked as a
post-processing step, as was done by Balshaw et al. (2022).

By plotting the order spectra and synchronous averages of the discrepancy signals, as they develop
over time, one can clearly see which signals are from a machine with a ’rotation angle correlated’-
fault (at 1 Hz/fshaft), and which are from a machine with a ’rotation angle uncorrelated’-fault (at
1.8 Hz/fshaft). Fig. 16 shows how the order spectra of the discrepancy signals for both fault types
develop as the damage level increases. The fault frequencies and their harmonics can be clearly
seen. To confirm that the order spectra content at 1 order is for a localized fault relative to the shaft
angle, one can look at the synchronous average of the discrepancy signal. Fig. 17 shows how the
synchronous averages of the discrepancy signals for both fault types develop as the damage level
increases. For the fault at 1 Hz/fshaft, one can clearly identify the fault at 3π

2 radians. For the fault
at 1.8 Hz/fshaft, the noise level in the synchronous average only increases, showing that there is no
fault present that is synchronous with the shaft rotation.

(a) 1 Hz/fshaft (b) 1.8 Hz/fshaft

Figure 16: Order spectra of the reconstruction space discrepancy signals at increasing damage levels
for faults at 1 Hz/fshaft and 1.8 Hz/fshaft
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(a) 1 Hz/fshaft (b) 1.8 Hz/fshaft

Figure 17: Synchronous average of the reconstruction space discrepancy signals at increasing damage
levels for faults at 1 Hz/fshaft and 1.8 Hz/fshaft

In both the analyses performed in this work, these order spectra and synchronous average plots are
presented, to show how the different faults can be identified from these two plots. Note that no
classification models were implemented in this work.

It is also useful to investigate the order spectra plots of the reconstruction space discrepancy signals
before the envelopes are extracted. While this is not really useful for classification or fault tracking, it
indicates which frequencies the model doesn’t reconstruct well. These plots can be investigated to see
if the model struggles to capture some of the frequencies present in the healthy data, which will lead
to poor model performance. While the healthy component is reconstructed well for the toy problem,
one can see in Fig. 18 that the model used does not reconstruct the frequency content caused by the
fault at order 32.

(a) 1 Hz/fshaft (b) 1.8 Hz/fshaft

Figure 18: Order spectra of the reconstruction space discrepancy signals (without the Hilbert trans-
form) at increasing damage levels for faults at 1 Hz/fshaft and 1.8 Hz/fshaft

2.6 Fault detection and tracking

To detect and track the development of faults, three simple statistical features from the discrepancy
signals are used: the mean, variance and kurtosis. It is expected that the kurtosis will be the most
responsive to impulsive faults, but also the least robust to noise or any healthy frequency content that
the model struggles to capture.
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Along with these three statistical features, two other features are used in the case where the shaft
speed and phase information are known:

• Order Spectra Tracking (OST) feature: If the fault frequency is known, the order-tracked
discrepancy signal can be monitored in the frequency domain, monitoring only the order
associated with the fault. For a ’rotation angle correlated’-fault, order 1 can be monitored.

• Synchronous Average Tracking (SAT) feature: For a ’rotation angle correlated’-fault, the angle
corresponding to the fault can be monitored on the synchronous average.

Note that in this work it is assumed that the fault frequencies, and the angle corresponding to localized
faults, are known. In reality, one would have to monitor all orders and all angles, and isolate regions
of interest once a fault starts to develop and the discrepancy threshold is crossed at some specific
order (for OST) or angle (for SAT).

The test set is used to set the discrepancy thresholds. Throughout this work, the 95th percentile of
a discrepancy signal feature of the healthy test set, is used as the discrepancy threshold. It is thus
expected that the models will classify about 5% of healthy data incorrectly as damaged data.
Fig. 19 shows how the mean of the discrepancy signals can be tracked. The other discrepancy signal
features can be tracked in the same manner.
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Figure 19: Fault tracking: Discrepancy signal mean vs. damage level

For the models where the latent space discrepancies and reconstruction space discrepancies are mon-
itored, the two approaches are combined by simply classifying a sample as damaged data if one or
both of the two discrepancy thresholds are exceeded.

This methodology is used throughout this work. The success of this approach depends greatly on
how well the distributions p(xhealthy|z), p(xhealthy|z, c), p(xhealthy|c) and p(zhealthy|c) can be
modelled with the PCA and VAE frameworks used in this work. The following chapter shows how
these distributions were learned.
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3 Latent Variable Models: Formulations, Training Challenges and Im-
plementation

Six models are implemented in this work: a C-decoder, three variations of PCA, a VAE model and
an Identifiable Variational-Autoencoder (iVAE) model. All the models, except the C-decoder model,
have an encoder-decoder structure, where the input data are first mapped to a lower dimensional latent
space, before being reconstructed back to the data space. The C-decoder model is the only model
that is not a latent variable model, taking only c as input and reconstructing xhealthy, making it a
supervised model. The PCA models differ in how the standard deviation vector σx is reconstructed
from the input data. The VAE is trained in an unsupervised setting without operating condition
information. The iVAE model is used to incorporate the available operating condition information
into the VAE framework, making it a semi-supervised model.

This chapter presents the mathematical formulations and implementations of the models implemented
in this work. The chapter also highlights limitations to the PCA and VAE frameworks for capturing
vibration data measured at varying operating conditions in an unsupervised setting, and shows how
these limitations can be addressed by incorporating the available operating condition information into
the modelling process. The chapter ends with a discussion of how the latent space sizes were chosen
in this work, along with a summary of how the models fit into the unsupervised and semi-supervised
frameworks respectively.

The model architectures are described in this chapter, and a schematic representation of each model
is provided (i.e Fig. 20 for the C-decoder model). In these schematics, the green boxes represent
data arrays, with the dimensionality of the array specified above the green box. The number of signal
segments is given as N , the dimensionality of the operating conditions as Dc, the dimensionality of
the condition monitoring segments asDx (which is equal to Lw), and the dimensionality of the latent
space as Dz. The blue trapezium boxes represent models with either encoder or decoder structures,
depending on whether the dimensionality of the array fed into the model is decreased or increased.

3.1 Supervised C-decoder

The C-decoder model is used as a baseline for the semi-supervised setting, showing how much of the
variance in the healthy condition monitoring signals can be explained with only the known operating
condition information, without using latent variables. The C-decoder model is a simple nonlinear
model, that learns to reconstruct xhealthy by taking only c as input. The model learns the distribution
p(xhealthy|c), which is parameterized to be Gaussian. The model is trained to return the reconstruc-
tion mean µx|c and log-variance logσ2

x|c that will maximize the likelihood of p(xhealthy|c). The
reconstruction log-variance is learned, to prevent the model from returning negative variance terms.
The decoder is a deconvolutional neural network and has the same architecture as used for the decoder
in the VAE and iVAE models. The decoder architecture is documented in Appendix C. Fig. 20 shows
a schematic representation of the C-decoder model. The reconstruction space is used to calculate
discrepancy signals.
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[N × 2Dx]

Figure 20: Schematic representation of C-decoder model

3.2 Principal Component Analysis

PCA is a linear latent variable model. Each sample in the input data matrix X is orthogonally
projected onto a lower dimensional linear latent space, that maximizes the variance of the projected
data. The maximum variance formulation of PCA as given in Bishop (2006), is summarized in this
subsection. The deterministic form of PCA is presented first, and thereafter it is extended to a proba-
bilistic framework. The challenge of capturing data with heteroscedastic noise using a probabilistic
PCA framework is explained, followed by the documentation of the PCA models that are implemented
in this work.

3.2.1 Deterministic PCA

The goal is to project the input data samples X (with size N × Dx) to a lower dimensional latent
representation Z (with size N ×Dz), using only linear transformations.

First consider projecting the input X onto a one-dimensional latent space (Dz = 1), using a vector
u1. Each input vector xn is projected to a single point in the latent dimension, zn = uT

1 xn. The
variance of the projected data z must now be maximized. The variance can be written as:

σ2z =
1

N

N∑
n=1

(zn − µz)
2 (3-1)

=
1

N

N∑
n=1

(uT
1 xn − uT

1 µx)
2 (3-2)

= uT
1 Su1 (3-3)

where µz is the mean of the scalar z values, µx is the feature mean of the input data, and S is the
covariance matrix of the input data, given as:

S =
1

N

N∑
n=1

(xn − µx)(xn − µx)T (3-4)

Simply maximizing the projected variance σ2z = uT
1 Su1 with respect to u1, will cause the norm of

u1 to tend to infinity. To prevent this, the transformation vector is constrained to be a unit vector, so
that uT

1 u1 = 1. To add this constraint to the maximization of the variance, a Lagrange multiplier λ1
is used to get an unconstrained objective function, given as:

uT
1 Su1 + λ1(1− uT

1 u1) (3-5)
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The critical points can be found by taking the derivative of the objective function with respect to u1,
and setting it equal to zero:

Su1 − λ1u1 = 0 (3-6)
Su1 = λ1u1 (3-7)

This shows that u1 must be an eigenvector of S. Left-multiplying by uT
1 gives:

uT
1 Su1 = λ1 = σ2z (3-8)

showing that the variance will be a maximum when u1 is set equal to the eigenvector that has the
largest eigenvalue λ1. This eigenvector is known as the first principal component. Since the co-
variance matrix S is symmetric, the eigenvalues will all be real, and the corresponding eigenvectors
are all orthogonal. To find the next principal component, the process can be repeated, finding the
direction that maximizes the variance of the projected inputs, but each new principal component to be
found has the additional constraint that it should be orthogonal to all the previously found principal
components. The linear transformation matrix U , with size Dx ×Dz then consists of the first Dz
principal components.

Using U , the input dataX can be encoded to a lower dimensional latent representation Z:

zn = UT (xn − µx) (3-9)

The input dataX can then be reconstructed/decoded from this latent representation:

(xn − µx)recon = Uzn (3-10)

where (xn − µx)recon is the reconstruction of the zero-centred input data.

Fig. 21 shows a schematic representation of the standard deterministic PCA model.

x

[N × Dx]

U

[Dx × Dz]

z

[N × Dz]

UT

[Dz × Dx]

x|z

[N × Dx]

Figure 21: Schematic representation of the deterministic PCA model

The size of the latent space, Dz, can be chosen based on the percentage of the variance that one
wants to preserve during reconstruction, where the percentage of the variance captured is given by
the cumulative contribution rate (CCR):

CCR =

∑Dz
i=1 λi∑Dx
i=1 λi

(3-11)

where λi is the eigenvalue associated with the ith principal component of the covariance matrix of
the input data.
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The main limitation of PCA is that it uses a linear function to transform the input data to the latent
space, as well as a linear function to reconstruct the input data from the latent representation. If
the high-dimensional input data has a highly nonlinear relationship with the underlying generative
factors of the data, many principal components will be necessary to capture most of the variance in
the data, while a nonlinear mapping to and from the latent space might only require a small latent
space dimensionality to capture most of the variance in the input data.

In this context of discrepancy analysis, we want to be able to compare how different models fit the
data using discrepancy measures. To do this, we have to extend PCA to a probabilistic framework.

3.2.2 Probabilistic PCA

PCA can be formulated as a probabilistic model (Tipping & Bishop 1999), where the latent prior
p(z) and the generative distribution p(x|z) are both Gaussian. Each input data sample x is viewed
as the linear transformation of the associated latent variables z, along with additive Gaussian noise:

x =Wz + µx + ϵ (3-12)

where the noise ϵ is sampled from N (0, σ2I). Note that the noise is sampled from a Gaussian with
constant isotropic variance, so the noise is not a function of the latent representation z.
The latent prior is given as a zero-mean unit variance Gaussian:

p(z) = N (z|0, I) (3-13)

The generative distribution is given as:

p(x|z) = N (x|Wz + µx, σ
2I) (3-14)

The maximum likelihood solutions for µx, W and σ2 can be obtained explicitly. The maximum
likelihood estimate for µx is simply the mean of the data X . The maximum likelihood estimate for
σ2 can be calculated as:

σ2ML =
1

Dx −Dz

Dx∑
i=Dz+1

λi (3-15)

where λi is the eigenvalue associated with the ith principal component of the covariance matrix of
the input data. σ2ML can thus be seen as the average variance that the discarded principal components
between Dz and Dx would have captured. The maximum likelihood estimates for W can be
calculated as:

WML = U q(Lq − σ2I)1/2 (3-16)

where q is the number of principal components used, so q = Dz. Lq is a q × q diagonal matrix
containing the eigenvalues λ1, ..., λq on the diagonal, and U q the Dx × q matrix containing the first
q principal components.

The posterior for the latent variable p(z|x) is given as:

p(z|x) = N (z|M−1W T (x− µx), σ2M−1) (3-17)
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where

M =W TW + σ2I (3-18)

3.2.3 Capturing heteroscedastic noise

Having a model with zero-centred noise and constant isotropic variance presents a problem to the
application of capturing vibration data from varying speed conditions. As was discussed in Section
1.3, the vibration data will have highly heteroscedastic noise, with the variance of the noise increasing
as the operating speed increases. Using a constant variance σ2 will result in data from slow operating
speeds being reconstructed with a variance term that is too large, and data from fast operating speeds,
with a variance term that is too small.

Another model closely related to PCA, namely factor analysis, accounts for heteroscedasticity be-
tween the data points in x, by modelling the covariance in Eq. (3-14) with a diagonal matrix, rather
than an isotropic covariance (Bishop 2006). This is however still a constant covariance matrix,
applicable to the whole dataset, so the noise is still independent of the latent representation z, and
will not capture the heteroscedasticity of the vibration data accurately. Hong et al. (2019) proposed
a PCA variant that incorporates heteroscedasticity into the model, which allows noise variances to
vary across samples. The variance is however assumed to be constant over the sample, so the model
cannot capture second-order cyclostationary components. The model also assumes that the variance
per sample is known or can be easily estimated.

It would be ideal if the variance can be modelled as a function of the operating speed or as a function
of z, as it is expected that z will be a proxy for the operating conditions present in each vibration
sample x. To address this problem, the probabilistic PCA model is adapted in this work to learn
the variance as a function of either c or z, depending on whether the operating speed information is
available or not.

3.2.4 PCA implementations

Three different PCA variations were implemented in this work:

• PPCA: This is the normal probabilistic PCA framework documented in Section 3.2.2, which
assumes a constant variance across the whole dataset.

• PCA-Z-LR: The variance is learned per sample by fitting the conditional distribution p(e|z)
using a linear regression model, where e is the difference between the input data sample x and
the reconstruction xrecon. Because the latent representation z is used, the model falls in the
unsupervised setting.

• PCA-C-LR: The variance is learned per sample by fitting the conditional distribution p(e|c)
using a linear regression model. Because the available operating condition information c is
used, the model falls in the semi-supervised setting.

With the PPCA implementation, an input sample x is projected to a latent space representation, using
the mean of the posterior latent distribution given in Eq. (3-17), and then reconstructed with Eq.
(3-14) (as shown in Fig. 22). The variance in the input data is assumed to be isotropic, with the
variance calculated using Eq. (3-15).
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Figure 22: Schematic representation of PPCA model

For the PCA-Z-LR and PCA-C-LR models, the input data samples are first projected to the latent
space, and then reconstructed, using the normal deterministic PCA framework (as shown in Fig. 21).
The reconstruction difference e can then be calculated as:

e = x− µx|z (3-19)

To capture the variance in the data per sample, a conditional Gaussian distribution is then fit to the
reconstruction differences, with mean µe|z or µe|c and standard deviation σe|z or σe|c, depending
on whether the Gaussian is conditioned on the latent representations (PCA-Z-LR) or the operating
conditions (PCA-C-LR). The predicted reconstruction mean can then be improved as:

µ∗
x|z = µx − µe|z or µ∗

x|z = µx − µe|c (3-20)

where µ∗
x|z is the improved reconstruction mean, and the standard deviation vector is then given as:

σx|z = σe|z or σx|z = σe|c (3-21)

Second-order polynomial regression models are used to fit the mean and variance of the reconstruction
difference distribution and are trained using the least squares method. The reconstruction difference
mean µe|z or µe|c can be predicted by simply mapping the inputs z or c to the difference e, while the
logarithm of the reconstruction difference variance log(σ2

e|z) or log(σ2
e|c) can be learned by mapping

the inputs to log
(
(e− µe|z)2

)
+ 1.27 or log

(
(e− µe|c)2

)
+ 1.27 respectively, since

log(σ2
e|k) ≈ E

(
log
(
(e− µe|k)2

))
+ 1.27 (3-22)

where k is just a placeholder for z or c. The derivation for Eq. (3-22) is presented in Appendix B.
The log-variance is learned, to prevent the model from returning negative variances. Figs. 23 and 24
show schematic representations of the reconstruction difference fitting approaches for the PCA-C-LR
and PCA-Z-LR models respectively.
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[(2Dc + 1) × Dx]

log((e e)2)
+1.27

[N × Dx]

(log 2
e|c)

(b) log(σ2
e|c)

Figure 23: PCA-C-LR: Reconstruction difference fitting, for µe|c and log(σ2
e|c)
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Figure 24: PCA-Z-LR: Reconstruction difference fitting, for µe|z and log(σ2
e|z)

For all three PCA models, the reconstruction space is used to calculate discrepancy signals. For the
PCA-C-LR model, the latent space is also monitored, since the operating condition information is
available. This is done by fitting a conditional Gaussian distribution p(z|c) in the same manner as the
reconstruction difference distributions were fitted. The Mahalanobis distance between z and p(z|c)
is calculated using Eq. (2-8). Fig. 25 shows a schematic representation of fitting p(z|c) for the
PCA-C-LR.
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Figure 25: PCA-C-LR: fitting p(z|c)

3.3 Variational Auto-Encoders

VAEs are nonlinear latent variable models, with the encoder and decoder both parameterized using
neural networks. The VAE uses variational inference to infer the values of z given a certain sample x.
The concept of variational inference is first explained, and thereafter it is explained how this concept
is implemented in a VAE.

3.3.1 Variational inference

The following section is adapted from Kingma & Welling (2019), which provides a clear and concise
introduction to variational inference and Variational Auto-Encoders (VAEs).

The observed variable x, is a random sample from the underlying process, with distribution p∗(x).
We do not know this true distribution, and try to approximate it with a model pθ(x), where θ ∈ RDθ

is the parameters of the model.

The first goal in the variational inference process is to find the values of θ for which it is most likely
that the samples from the underlying process p∗(x) came from the modelled distribution pθ(x). θ
must thus be set to values that will maximize the log-likelihood of the samples coming from pθ(x).
This is equivalent to the minimization of the Kullback Leiber (KL) divergence between the samples
and pθ(x). If we assume that the distribution pθ(x) is influenced by a set of latent variables z as
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previously discussed, pθ(x) can be viewed as a marginal distribution over the observed variables:

pθ(x) =

∫
pθ(x, z)dz =

∫
pθ(x|z)p(z)dz (3-23)

This is also known as the model evidence or marginal likelihood. A model for pθ(x|z) can be viewed
as the decoder, taking latent representations z as input, and reconstructing x from it.

Calculating the marginal distribution pθ(x) is typically intractable, because there doesn’t exist an
analytical solution to the integral in Eq. (3-23), and the integral is usually over a relatively high-
dimensional latent space, making it difficult to estimate. Because of this, pθ(x) can not be differen-
tiated, and θ can not be optimized to maximize the log-likelihood.

Using Bayes’ theorem, the posterior distribution pθ(z|x) can be written as:

pθ(z|x) =
pθ(x, z)

pθ(x)
(3-24)

pθ(x, z) is tractable to compute, but because pθ(x) is intractable, the posterior pθ(z|x) is also
intractable. Because the posterior is intractable, a parametric inference model qϕ(z|x) is introduced,
to approximate the posterior pθ(z|x). This model acts as the encoder, mapping the input data x to
a lower dimensional latent representation z. ϕ is known as the variational parameters. The second
goal of this process is to optimize ϕ so that qϕ(z|x) resembles pθ(z|x).

The log-likelihood can now be written as:

log pθ(x) = Eqϕ(z|x)[log pθ(x)] (3-25)

= Eqϕ(z|x)

[
log

[
pθ(x, z)

pθ(z|x)

]]
(3-26)

= Eqϕ(z|x)

[
log

[
pθ(x, z)

qϕ(z|x)
qϕ(z|x)
pθ(z|x)

]]
(3-27)

= Eqϕ(z|x)

[
log

[
pθ(x, z)

qϕ(z|x)

]]
+ Eqϕ(z|x)

[
log

[
qϕ(z|x)
pθ(z|x)

]]
(3-28)

where the first term in Eq.(3-28) is known as the evidence lower bound (ELBO), and the second term
is the Kullback-Leibler (KL) divergence between the posterior and the encoder. The KL-divergence
is always non-negative:

KL(qϕ(z|x)||pθ(z|x)) = Eqϕ(z|x) [log qϕ(z|x)− log pθ(z|x)] ≥ 0 (3-29)

Re-arranging Eq.(3-28), and considering that the KL-divergence is always positive, gives

ELBO = log pθ(x)−KL(qϕ(z|x)||pθ(z|x)) (3-30)
≤ log pθ(x) (3-31)

This shows that the ELBO is a lower bound of the log-likelihood. Thus, by maximizing the ELBO
with respect to ϕ and θ, the log-likelihood of the data is also maximized. This means that pθ(x) ap-
proximates the true underlying distribution p∗(x), which was the first goal. Looking at Eq. (3-30), it
can be seen that maximizing the ELBO also minimizes the KL-divergence, so qϕ(z|x) approximates
pθ(z|x) better, and thus one has also managed to approximate the posterior pθ(z|x), which was the
second goal.
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Since all the terms are tractable, we can maximize the ELBO :

ELBO = Eqϕ(z|x) [log pθ(x, z)− log qϕ(z|x)] (3-32)

= Eqϕ(z|x) [log pθ(x|z) + log p(z)− log qϕ(z|x)] (3-33)

By maximizing the ELBO, one will now have a probabilistic encoder qϕ(z|x), and a probabilistic
decoder pθ(x|z), which together form the Variational Auto-Encoder (VAE) (Kingma & Welling
2014).

3.3.2 VAE formulation

In a VAE, both the probabilistic encoder and probabilistic decoder are parameterized using neu-
ral networks, making it a nonlinear latent variable model. The idea is to train the network using
backpropagation, finding the parameters ϕ and θ that maximize the ELBO. The loss function is the
negative of the ELBO (given in Eq. (3-33)).

To be able to train the network using backpropagation, the loss function must be differentiable by
θ and ϕ. Differentiating with respect to θ is simple, but differentiating with respect to ϕ is more
difficult, as the ELBO’s expected value with respect to qϕ(z|x) is taken, which is a function of ϕ.
To solve this, a reparameterization trick is used, where z is reparameterized in terms of another
random variable ϵ, so that the loss function can be written as an expectation of p(ϵ), making it easily
differentiable by ϕ and θ. z is reparameterized using a function denoted here as h(·), as follows:

z = h(ϵ,ϕ,x) (3-34)

The distribution of ϵ is independent of ϕ and x.

The loss function can now be written as

L(ϕ,θ,x) = −Ep(ϵ) [log pθ(x|z) + log p(z)− log qϕ(z|x)] (3-35)
= − log pθ(x|z)− log p(z) + log qϕ(z|x) (3-36)
= − log pθ(x|z) +KL(qϕ(z|x)||p(z)) (3-37)

where z = h(ϵ,ϕ,x). Simply put, the reparameterization trick removes the sampling component
that is initially inherent to the model and makes it an input. Because of this we then no longer have
to differentiate with respect to it.

Note that the loss function attempts to minimize the KL-divergence between qϕ(z|x) and p(z).
The chosen prior p(z) regularizes the latent space around the carefully selected prior. The prior is
usually chosen as a zero mean, isotropic unit variance Gaussian, as this forces the latent variables to
cluster around zero. This can be seen as trying to force the latent variables to fall on a certain manifold.

The distribution form of the probabilistic encoder and probabilistic decoder must be specified, as
the parameterizations of the chosen distribution will be learned. The forms of both the probabilistic
encoder and probabilistic decoder are usually chosen to be multivariate Gaussian distributions, with
diagonal co-variances. The rest of the discussion assumes these forms for the encoder, decoder and
prior, as it is also the forms implemented in the investigations in this work.
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The Gaussian encoder then takes the form:

qϕ(z|x) = N (z|µz|x, diag(σ2
z|x)) (3-38)

where µz|x and logσ2
z|x are the outputs of the neural network, parameterized with ϕ. The diag

operator constructs a diagonal matrix, where the input vector represents the diagonal elements.

The reparameterization function for z is given by

z = µz|x + σz|x ⊙ ϵ (3-39)

where ϵ ∼ N (0, I), and ⊙ is the element-wise product.

The Gaussian decoder takes the form:

pθ(x|z) = N (x|µx|z, diag(σ2
x|z)) (3-40)

whereµx|z and logσ2
x|z are the outputs of the neural network, parameterized with θ. The logarithms

of the variances σ2
z|x and σ2

x|z are learned, to prevent the model from learning negative variances.

The latent variable prior takes the form:

p(z) = N (z|0, I) (3-41)

Each of the three terms in the loss function in Eq. (3-36) can now be calculated, using the following
equation for the log-likelihood of a multivariate Gaussian with diagonal covariance:

log p(a) = −1

2

Da∑
i

(
log(2πσ2i ) +

(ai − µi)
2

σ2i

)
(3-42)

where a is the variable with dimensionalityDa,µ is the mean of the distribution, andσ2 the diagonal
elements of the covariance matrix.

Note that in this implementation of the VAE, the reconstruction variance σ2
x|z is learned. This is

referred to here as a stochastic VAE. Some implementations of the VAE assume the variance σ2
x|z

to be an identity covariance matrix, referred to here as a deterministic VAE. For the deterministic
VAE, the first term in the loss function in Eq. (3-37) reduces to the mean square error loss function.
Recalling the discussion at the end of Section 3.2.3, the deterministic VAE will not be able to capture
the heteroscedasticity of vibration data under varying operating speed conditions, since the variance
is assumed to be constant over the whole dataset. The stochastic VAE on the other hand should be able
to capture the variance accurately since the reconstruction variance is modelled with the decoder that
takes z as input. The reconstruction variance is thus a function of z. Since z will be a proxy of the
operating conditions c present in the input data, the decoder should be able to learn the relationship
between the operating speed and the reconstruction variance.

3.3.3 VAE implementation

The VAE model is used when no operating conditions are available (so in the unsupervised setting).
The encoder and decoder architectures are documented in Appendix C. Fig. 26 shows a schematic
representation of the VAE model.
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Figure 26: Schematic representation of VAE model

The reconstruction space is used to calculate discrepancy signals. The latent space is not monitored
for discrepancies, since the model is used when no operating condition information is available.

3.4 Identifiable Variational Auto-Encoders

The Identifiable Variational Auto-Encoder (iVAE), proposed by Khemakhem et al. (2019), is a modi-
fication of the original VAE, with the goal of making the true joint distribution over the observed and
latent variables p(x, z) identifiable. The idea of identifiability is that the learned latent variable prior
and posterior distributions will then be representations of the true latent distributions that the observed
data are generated from. So the learned latent representations can be found with a few simple trans-
formations of the true latent distributions, helping with latent space disentanglement. The proposed
model achieves this by conditioning the latent prior distribution on an additionally observed variable
u, so the prior changes from p(z) to p(z|u). The prior is assumed to be conditionally factorial. u can
be almost any other observation, such as a class label, or a time stamp in the case of time series. This
approach to identifiability is similar to what recent advances in nonlinear Independent Component
Analysis (ICA) follow (Hyvarinen et al. 2018).

The iVAE architecture provides a practical way of incorporating available operating condition infor-
mation c into the modelling process of x, by using c as the additionally observed variable u.

3.4.1 iVAE formulation

This section will not provide the identifiability theory presented by Khemakhem et al. (2019), as it is
not important to understand this for the application of condition monitoring. The rest of the section
will only show how the encoder, decoder and prior distributions change from the original VAE and
show the updated loss function.

Since the latent prior must be conditionally factorial, it was chosen to be multivariate Gaussian with
a diagonal covariance, with the diagonal denoted by σ2

z|u. The latent prior takes the form:

pψ(z|u) = N (z|µz|u, diag(σ2
z|u)) (3-43)

and is parameterized by a neural network with weight parameters ψ, which is trained along with the
encoder and decoder. µz|u and logσ2

z|u are the outputs of the neural network. The encoder and
decoder are again chosen to be multivariate Gaussian distributions, with diagonal covariances. The
Gaussian encoder then takes the form:

qϕ(z|x,u) = N (z|µz|x,u, diag(σ2
z|x,u)) (3-44)

where µz|x,u and logσ2
z|x,u are the outputs of the neural network, parameterized with ϕ.
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The reparameterization function for z is given by

z = µz|x,u + σz|x,u ⊙ ϵ (3-45)

where ϵ ∼ N (0, I), and ⊙ is the element-wise product.

The Gaussian decoder takes the same form as the VAE:

pθ(x|z) = N (x|µx|z, diag(σ2
x|z)) (3-46)

whereµx|z and logσ2
x|z are the outputs of the neural network, parameterized with θ. The logarithms

of the variances σ2
z|x,u and σ2

x|z are learned, to prevent the model from learning negative variances.

The loss function can be written as

L(ϕ,θ,x) = − log pθ(x|z)− log pψ(z|u) + log qϕ(z|x,u) (3-47)
= − log pθ(x|z) +KL(qϕ(z|x,u)||pψ(z|u)) (3-48)

3.4.2 iVAE implementation

The iVAE model is used when the operating conditions are available (so in the semi-supervised set-
ting). The available operating condition information c is used as the additional observed variable u
that the latent prior is conditioned on. The iVAE is expected to perform better than the VAE, because
the latent space prior is conditioned on the known operating conditions. As the latent representations
are expected to mostly be a proxy for the known operating conditions, the prior conditioned on the
operating conditions should act as a highly informed prior, or at least more informed than the zero
mean, isotropic unit Gaussian prior used in the VAE. The neural network that parameterizes the con-
ditional prior, is chosen as a simple feed-forward neural network, with two dense hidden layers of 32
neurons. The encoder and decoder architectures are the same ones used for the VAE model. The archi-
tectures are documented in Appendix C. Fig. 27 shows a schematic representation of the iVAE model.

The reconstruction space and latent space are used to calculate discrepancy signals. For the latent
space discrepancy signal, the Mahalanobis distance between the mean of the latent posterior µz|x,c
and the learned prior p(z|c) is calculated using Eq. (2-8).
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Figure 27: Schematic representation of iVAE model
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3.5 VAE Training Challenges

The latent variable models described earlier can all map the high-dimensional input data to a lower-
dimensional representation. It is important to understand that, with the nonlinear VAE models,
there are an infinite number of possible encoder-decoder function combinations that can be learned,
resulting in an infinite number of possible latent representations for the same input data. The weight
parameters that are learned for the encoder and decoder, will be heavily influenced by how the weights
are initialized. Not all lower-dimensional representations will however be equally good (Bengio et al.
2012). Two qualities to describe how good a latent representation is, are considered in this work:

• Whether the model can accurately reconstruct the training data from the learned latent
space: If the latent variable model cannot learn to accurately reconstruct healthy training data,
it will not be useful for damage detection, as poor reconstruction is used as an indicator of
damage present in the signal. Poor reconstruction of the healthy data will lead to false alarms
of healthy data being classified as unhealthy data.

• Whether the latent space learned is disentangled or not: For a disentangled representation,
each of the generative factors can be isolated to certain latent variables in the representation.

This subsection explains how the VAE architecture can lead to entangled latent spaces and poor
reconstructions, especially for this application of vibration signal discrepancy analysis. It is also
explained how the iVAE architecture can be used to address these challenges when operating condition
information is available.

3.5.1 Learning disentangled latent spaces

Let’s first consider the idea of disentanglement. Bengio et al. (2012) argued that instead of just
learning lower-dimensional representations of the data, one must try to learn representations that
disentangle the factors of variation in the data. The advantage of this is that each generative factor can
then be isolated to certain latent variables in the representation. There is not yet a widely accepted
definition for disentanglement (Locatello et al. 2018), but the main idea is that a disentangled repre-
sentation will allow one to change one of the latent variables in the representation, without any of the
other latent variables changing. These latent space representations will then be more interpretable, as
each latent variable will correspond with only one of the underlying sources of variation (generative
factors) in the input data.

Wilke et al. (2022) explained the role of untangled latent representations in a condition monitoring
context, stating that learning untangled latent spaces can help to isolate the effects of time-varying
environmental and operating conditions on the condition monitoring signal. It might be possible to
feed a raw vibration signal into the latent variable model, and then extract latent variables where
one corresponds with the operating speed, another the load conditions, etc. The focus is thus on
identifying sources in the data, and then the sources of interest can be isolated and analyzed, while
the other sources are suppressed.

A few variations of the original VAE were proposed to encourage the VAE to learn disentangled
representations, with the simplest variation considered here. The β-VAE (Higgins et al. 2017, Burgess
et al. 2018) adds a simple extension to the original VAE, with the goal of learning disentangled latent
spaces. The KL-divergence term in the original VAE loss function of the VAE (given in Eq. (3-37))
is scaled by a factor β:

L(ϕ,θ,x) = − log pθ(x|z) + β ×KL(qϕ(z|x)||p(z)) (3-49)
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As was previously mentioned, the prior p(z) is usually chosen as a zero mean, isotropic unit covari-
ance Gaussian, so for the prior, the latent variables are independent and uncorrelated. By increasing
β, the regularization of this prior p(z) on the learned latent space is increased. This forces the VAE
to learn a latent space closer to the proposed prior. With the added regularization, it can be expected
that the reconstruction ability of the VAE will decrease. The KL-divergence between qϕ(z|x) and
p(z) will thus decrease, at the cost of a larger reconstruction error. Burgess et al. (2018) proposed
that β should initially be set to a small value, and then gradually be increased to the desired level so
that the VAE can first learn to accurately reconstruct the input before the additional regularization is
applied.

Locatello et al. (2018) challenged this idea to achieve disentangled representations, stating that without
inductive biases on both the models and the data set, it is impossible to learn disentangled repre-
sentations. Balshaw (2020) distinguished between implicit and explicit disentanglement of learned
representations in the context of vibration-based condition monitoring. Implicit disentanglement
is the form of disentanglement discussed so far, while for explicit disentanglement, the latent space
components are explicitly prescribed to be a specific structure. Balshaw (2020) and Baggerohr (2019)
used Generative Adversarial Network (GAN)-based models that aim to learn separable latent space
components, where some capture the deterministic components of the vibration signals, and other the
random components of the signals. This is particularly useful for bearing diagnostics, as it is known
that bearing damage manifests in the random component of a signal. The idea is that if the damage
only appears in the latent variables corresponding with the random components, the deterministic
components of the signals can then be suppressed, and only the random components monitored for
deviations from the healthy distribution. This approach is however tailored for bearing diagnostics.
Damage will not necessarily be seen in the random component of the condition monitoring signal
when other components are monitored.

The iVAE enables disentanglement by using the available operating conditions c as the additionally
observed variable u. One can manually change some of the operating condition values in c, and then
investigate how each operating condition (i.e. shaft speed) influences the latent representations and
reconstructions.

For the proposed methodology presented in Chapter 2, it is not a requirement that disentangled
latent spaces are learned. While it helps with the interpretability of the latent space, it is much
more important for the proposed methodology that the model reconstructs the healthy samples well.
Since there is usually a trade-off in the training objectives between disentangled latent spaces and
the reconstruction quality of the input signal, the proposed methodology focuses more on addressing
issues that can lead to poor reconstruction of the input signal.

3.5.2 Posterior collapse

A common cause of poor reconstructions in VAEs is posterior collapse (Wang et al. 2021). Posterior
collapse is when the posterior of the latent variables qϕ(z|x) matches the uninformed latent prior
p(z). The encoder maps all of the input data to the same latent space representations. The latent
representations then hold no useful information about x, so the generative model (the decoder) learns
to ignore z (Lucas et al. 2019, Wang et al. 2021). The decoder learns to reconstruct x as well as
possible when no information about x is given, so would typically then just learn to return the mean
and variance over the whole input datasetX .

The exact causes of posterior collapse are still much debated. The most common approach to prevent
posterior collapse is to use a β-VAE and slowly increase β from 0 to 1 during training. The regular-

46

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



Latent Variable Models: Formulations, Training Challenges and Implementation

ization effect on the latent space, caused by the KL term in the loss function, is thus reduced. Lucas
et al. (2019) criticizes this idea of scaling the KL term to prevent posterior collapse, arguing that
posterior collapse is caused by spurious local maxima in the training objective and that scaling the
KL term only works when it reduces the stability of these local maxima. Wang et al. (2021) showed
that posterior collapse occurs when latent variables are non-identifiable (when the likelihood pθ(x|z)
does not depend on the latent variable z). It is argued that the β-VAE prevents posterior collapse by
preventing the model from learning non-identifiable latent variables.

The main things to note from this discussion are that posterior collapse will lead to poor reconstructions
and that it can be prevented by learning identifiable latent variables, or by decreasing the effect of the
KL term in the VAE loss function. Conditioning on the additionally observed variable u in the iVAE
can help to learn identifiable latent variables, while the β-VAE can be used to scale the KL term in
the VAE loss function.

3.5.3 Periodic latent variables

The vibration data samples recorded from rotating machinery are expected to be approximately pe-
riodic for each shaft rotation. During the investigations performed in this work, it was found that
when learning periodic signals with VAEs, the challenges of learning disentangled latent spaces and
dealing with posterior collapse arise during training. The majority of the literature dealing with
disentanglement and posterior collapse investigates these phenomena using image recognition appli-
cations. Periodic signals are however less complex than images, which allows one to visualize these
concepts more easily. In this subsection, it is discussed why it is difficult to learn disentangled latent
spaces when dealing with periodic signals, and how trying to disentangle the latent space, can lead
to posterior collapse.

Let’s consider a dataset consisting of perfect sine wave vibration signals, with an amplitude of 1 and
frequency of 1 Hz, sampled at a high sampling rate, with some measurement noise. A sample is
shown in Fig. 28. We are interested in finding out how the VAE will capture the data in the latent
space if we randomly took 1-second windows from these signals (shown by the green highlighted
background in Fig. 28), and presented it to a VAE.
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Figure 28: 1-second windows of a noisy sine wave.

Each of the windows can be accurately described by passing a time vector t, containing values from
0 to 1 second, through the function:

f(p, ti) = sin(2π × ti + p) (3-50)

where p represents the phase of the signal segment, and ti is an element of the time vector t. To
accurately reconstruct the signals, the VAE model must only learn to capture a representation of p in
the latent space. p is a scalar value, so one would expect that all the latent representations will fall on
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a 1-dimensional latent manifold. It is however important to note that since the function is periodic,
p = 0 and p = 2π will result in the exact same input data, so input data for p = 0 and p = 2π will
be mapped to the same region in the latent space. All values of p + k × 2π will be mapped to the
same space on the latent manifold, since the encoder will not be able to distinguish between samples
with phases p and p + 2π. The VAE encoder typically encodes this information by mapping the
input data to a lower dimensional circular manifold, indirectly learning a representation containing
both sin(p) and cos(p), with the representations for sin(p) and cos(p) being highly correlated. The
VAE will typically require at least two correlated latent variables to capture these representations of
sin(p) and cos(p). While it is possible to extract one uncorrelated latent variable representing p using
inverse trigonometric functions such as sin−1 or tan−1, a VAE will typically not learn to extract one
uncorrelated variable, but rather just capture the information on a circular manifold with correlated
latent variables. In Appendix A, it is shown how different factors of variation in periodic signals (such
as varying amplitudes and frequencies) are projected to the latent space, to give the reader a better
intuition behind how latent variable models capture the generative factors of the data in the latent space.

Other examples of data that can be represented in terms of these circular manifolds (or periodic latent
variables) are data which captures some form of direction, such as photos of an object rotated along
an axis. If the object is arbitrarily rotated, all the possible views of the object can be projected to a
spherical manifold (Perez Rey et al. 2020).

When a VAE learns to project the input data to a circular manifold where the latent variables are en-
tangled, a problem arises when trying to disentangle the learned representation. The VAE prior, when
chosen as a zero mean, isotropic unit covariance Gaussian, will try to disentangle the latent variables
that capture this circle, which will have to break this circular structure in the learned representation
to make the variables uncorrelated. This is referred to as a ’manifold mismatch’ (Davidson et al. 2018).

To investigate what the learned manifold and reconstructions will look like, three models were trained
on the noisy sine wave data:

• A normal VAE (β = 1).

• A β-VAE with β set to 0.1, so that the regularization effect of the prior is reduced.

• An iVAE, where a prior conditioned on u is learned. u captures the phase information, with
u = [sin(p), cos(p)].

All three models are given a latent space size of 2, since this is large enough to capture a circular
manifold, and allows for easy visualization. The latent space representations for all three models are
plotted in Fig. 29, along with the reconstruction of one of the signal segments.

For the normal VAE, the prior is enforced too strong, with all the latent representations from the
posterior qϕ(z|x,u) matching the uninformed latent prior p(z), as seen in Fig. 29(a). The KL-term
regularization led to posterior collapse. This can also be seen in the reconstruction of the input data
(Fig. 29(b)), with the model only returning the mean and variance of the whole dataset X , with no
phase information captured.

When the KL regularization is decreased by setting β = 0.1, the VAE is able to capture a circular
manifold (Fig. 29(c)), and accurately reconstruct the data (Fig. 29(d)).

The iVAE also captures a circular manifold (Fig. 29(e)), and accurately reconstructs the data (Fig.
29(f)), even though the KL term in the loss function is not scaled to decrease the effect of the
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latent space regularization. Because the iVAE has a conditional prior pψ(z|u) that is learned, the
regularization by the KL term in the loss function is only applied to localized parts on the latent
manifold. By conditioning on u, which contains the phase information, the enforced prior is pointed
to the right local part on the manifold that the phase in the signal segment corresponds to. The
differences between the VAE and iVAE priors are visualized in Fig. 30. While the VAE prior pulls
all the latent representations to zero, the iVAE prior, when marginalizing u out, will cover a circular
space in the latent space.
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(a) Latent representations: VAE (β = 1)
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(b) Reconstruction: VAE (β = 1)
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(c) Latent representations: VAE (β = 0.1)
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(d) Reconstruction: VAE (β = 0.1)

4 2 0 2 4
z1

4

2

0

2

4

6

z 2

0

2

3
2

2

  P
ha

se

(e) Latent representations: iVAE (β = 1)
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(f) Reconstruction: iVAE (β = 1)

Figure 29: Latent space representations and reconstruction of noisy sine wave segments with varying
phase, modelled with VAE (β = 1), VAE (β = 0.1) and iVAE (β = 1).
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Figure 30: Comparison of how the VAE and iVAE prior acts as regularization on the latent space.

A Gaussian prior for the VAE has limitations when applied to a low dimensional latent space, as it
pulls the latent representations to the origin. When the latent space is high-dimensional, the Gaussian
prior has a different effect, referred to as the ’soap bubble’ effect (Davidson et al. 2018). A standard
Gaussian prior in high dimensions resembles a uniform distribution on a hypersphere. The prior
thus forces the representations to lie on the surface of this hypersphere/’soap bubble’ in the high-
dimensional space. While the low-dimensional Gaussian prior will cause the learned latent circular
manifold to collapse, the high-dimensional Gaussian prior might be able to capture this manifold.
This will however mean that one would have to use a high-dimensional latent space to capture a
simple one-dimensional circular manifold. Some approach this problem by explicitly changing the
shape of the latent space from the normally used hyperplanar latent space to a hyperspherical latent
space (Davidson et al. 2018, Perez Rey et al. 2020). These VAE variations are not implemented in
this work, as not all the generative factors present in periodic signals and vibration data are periodic
(see Appendix A).

This work shows the effect that Gaussian priors have on the learned representations for condition
monitoring signals when using normal VAEs with low- and high-dimensional latent spaces. Because
of the more informative prior in the iVAE model, it is expected to perform better than the VAE.

3.6 Choosing the size of the latent space

It is expected that the size of the latent space will play a big role in whether the damage is detected
in the latent or reconstruction space, since a larger latent space should act as less of an information
bottleneck, making it more likely that the model simply learns an identity function transformation
from some of the input variables to the reconstruction space (as was discussed in Section 1.4.3). For
this reason, it was decided to investigate each model’s performance when small and large latent spaces
are used.

For the PCA models, the large latent space size was chosen as the number of principal components
that could capture 95% of the variance in the training data.

To choose a smaller latent space size for the PCA models, the goal was to choose the number of
principal components Dz, where adding more principal components will mostly just memorize the
noise present, and not capture any more of the deterministic part of the signals. The process can be
summarized as follows:

• Starting at Dz = 1, the validation set signal segments X are fed through the model to find
the reconstructions Xrecon. The element-wise reconstruction error mean and variance are
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calculated to find a distribution for the reconstruction error. A fake validation set is then
created by adding noise sampled from the reconstruction error distribution toXrecon.

• A principal component is added, the true and fake validation sets are passed through the model,
and the MSEs for the true and fake validation sets are compared. The process is repeated until
the MSE for the fake set is equal to or below the MSE for the true validation set. This is
determined as the point where adding more principal components will just capture more noise
in the latent space.

For the VAE and iVAE models, it is more difficult to determine how much information the bottleneck
will let through, so to investigate the effect of different latent space sizes, models with latent space
sizes of 10 and 100 were investigated. This was chosen somewhat arbitrarily, with the only reasoning
being that, in most cases, the model will only have to capture the shaft speed, and the phase informa-
tion, so 10 latent variables should be enough to capture the operating conditions for a nonlinear model.

The models are labelled based on their latent space sizes, by adding an ’S’ to models with a small
latent space, and an ’L’ to models with a large latent space. So a model with the name iVAE-L
has Dz = 100. The latent space sizes used in both investigations in Chapter 4 and Chapter 5 are
documented in Appendix C.

3.7 Implementation Summary

As a conclusion to the chapter, a summary is given to show how the models and different pre-
processing approaches fit into the unsupervised and semi-supervised frameworks. The different
models and pre-processing approaches are grouped together in Table 3, and classified based on where
the OC information is used during the process. All of these model and pre-processing combinations
are implemented in the two analyses presented in Chapters 4 and 5.

Table 3: Model and pre-processing classification based on level of supervision

Model Discrepancy
space

Pre-processing
SO

1-rev
SO

1-tooth
OT

1-rev
OT

1-tooth
OTA
1-rev

OTA
1-tooth

PPCA-S Recon Unsupervised
approach

Monitored features:
mean, var, kurt

OC info used
for pre-processing

Monitored features:
mean, var, kurt, OST, SAT

PPCA-L Recon
PCA-Z-LR-S Recon
PCA-Z-LR-L Recon

VAE-S Recon
VAE-L Recon

C-decoder Recon
OC info used
for modelling

Monitored features:
mean, var, kurt, OST, SAT

OC info used
for pre-processing

and modelling

Monitored features:
mean, var, kurt, OST, SAT

PCA-C-LR-S Recon +
Latent

PCA-C-LR-L Recon +
Latent

iVAE-S Recon +
Latent

iVAE-L Recon +
Latent
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4 Phenomenological Model Dataset Analysis

A phenomenological model was used to create a dataset that resembles measured vibration signals
from a gearbox under time-varying operating conditions, with and without bearing faults. The ad-
vantage of using a phenomenological model dataset instead of an experimental dataset is that one can
explicitly specify the noise level and damage level present in the data. This is ideal to investigate the
performance of models on fault detection and tracking tasks, as the size of the damage component
in the measured data, is known at all times. The noise levels for this dataset were also chosen to be
relatively low, so that the models’ abilities to capture large noise distributions are not the main focus
in this investigation, but rather how well the models capture the generative factors such as shaft speed
and phase information in the latent space. With a phenomenological dataset, all the components in
the data can be easily explained, removing any uncertainty on the data side. This chapter is therefore
used to get a benchmark idea of how the proposed methodology performs on fault detection and
tracking tasks, and to get a better understanding of why some models perform better than others. The
investigation in Chapter 5 focuses on real-world data.

This investigation builds on the following work, where datasets generated using the same phenomeno-
logical model were also analysed:

• Balshaw (2020) focused on how movements in the latent space between consecutive vibration
signal segments, can be used as a health indicator. For the section using the phenomenological
model, constant operating conditions were investigated.

• Schmidt et al. (2019a) investigated a discrepancy analysis approach for varying operating
conditions. Features were manually extracted from the healthy data, and modelled with a
Gaussian model. To remove the correlation between the discrepancy measures and the shaft
speed, a Gaussian distribution was fit to capture the density p(η|ω), where η is the discrepancy
measure and ω is the rotational speed. The values of η were then normalized using the
parameters of the Gaussian distribution at each value of ω. This approach incorporates the
available OC information during the post-processing of the discrepancy signals.

4.1 Dataset Overview

The phenomenological model used was proposed by Abboud et al. (2017). The model aims to re-
produce measured vibration signals for a gearbox with gear and bearing faults, under time-varying
operating conditions. The signals produced are a function of the rotational speed, with the effects of
amplitude modulation included in the model.

The vibration signal consists of four components added together:

x(t) = xgd(t) + xgr + xn(t) + xb(t) (4-1)

wherexgd(t) is the deterministic gear component (caused by the gear teeth meshing), xgr is the random
gear component (caused by distributed gear damage), xn is a noise component, and xb(t) is the bearing
component (caused by either an inner race fault, given as xbi(t), or an outer race fault, given as xbo(t)).

A vibration sensor will not measure the exact vibration present at the source of the vibration, as the
vibration first propagates through the structure to the position where the sensor is mounted. This
transmission path through the structure causes the vibration sensor to measure a modulated version
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of the true excitation signal. The model accounts for this modulation, with the components (except
for the noise component) given as:

xgd(t) = hgd(t)⊛ zgd(t) (4-2)
xgr(t) = hgr(t)⊛ zgr(t) (4-3)
xb(t) = hb(t)⊛ zb(t) (4-4)

whereh(t) is an impulse response function,⊛ is the convolution operator, and z(t) is the true excitation
signal. Schmidt et al. (2019a) modelled the impulse response function as a single degree-of-freedom
system with viscous damping:

hi(t) = e−ζiωn,it sin

(√
1− ζ2i ωn,it

)
(4-5)

where ζi is the associated damping ratio of the component, and ωn,i the natural frequency of the
component in rad/s.

The true excitation signal for the deterministic gear component is given by Schmidt et al. (2019a) as:

zgd(t) =Mgd(ωshaft(t))

Ngd∑
k=1

A
(k)
gd cos

(
k ·Nt,g

∫ t

0
ωshaft(τ)dτ + ϕ

(k)
gd

)
(4-6)

where Mgd(ωshaft(t)) is a function that simulates the effect of amplitude modulation, Ngd is the
number of gear mesh components considered, A(k)

gd is the amplitude and ϕ(k)gd the phase of component
k, ωshaft(t) is the rotational speed of the shaft, and Nt,g is the number of gear teeth.

The true excitation signal for the random gear component is given by Schmidt et al. (2019a) as:

zgr(t) =Mgr(ωshaft(t))ϵgr(t)

Ngr∑
k=1

A(k)
gr cos

(
k

∫ t

0
ωshaft(τ)dτ + ϕ(k)gr

)
(4-7)

with similar components to the deterministic gear signal, but with a random Gaussian component
ϵgr(t), given as:

ϵgr(t) ∼ N (0, σ2gr) (4-8)

The distributed gear damage that this random gear component simulates, makes the bearing condition
inference process more difficult (Schmidt et al. 2019a).

The true excitation signal for the bearing component in the case of an outer race fault is given by
Schmidt et al. (2019a) as:

zbo(t) =Mb(t)

NT∑
i

F
(i)
damo

δ(t− Ti) (4-9)

which is a series of Dirac functions centred at Ti. Ti represents the time when a roller element strikes
the fault on the race, and is a function of the characteristics of the bearing, as well as the rotational
speed. Slip is introduced by adding zero-mean Gaussian noise with a standard deviation of 0.1 to Ti,
to shift the time of impact slightly forwards or backwards in time. Fdamo is sampled from a Gaussian
distribution with mean 1 and standard deviation σFdamo

. This simulates the effect that each bearing
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impulse does not have a constant magnitude.

The true excitation signal for the bearing component in the case of an inner race fault is given by
Schmidt et al. (2019b) as:

zbi(t) = qstribeck

(∫ t

0
ωshaft(τ)dτ

)
Mb(t)

NT∑
i

F
(i)
dami

δ(t− Ti) (4-10)

which has the same components as the outer race fault, but with the signal being multiplied by
qstribeck

(∫ t
0 ωshaft(τ)dτ

)
, where qstribeck(θ) is the Stribeck equation:

qstribeck(θ) =

{
q0(1− 1

2ϵ(1− cos(θ)))cstr , for |wrp(θ)| ≤ θmax

0, otherwise
(4-11)

The wrap function wrp(θ) returns θ in the range [−π, π]. cstr, ϵ, q0 and θmax were set to the same
values used by Schmidt et al. (2019b) (cstr = 3/2, ϵ = 0.49, θmax = 0.99π/2 and q0 = 1). The
Stribeck equation simulates how the damaged area on the inner race moves in and out of the loading
zone.

The noise component is given as:

xn(t) = ϵn(t)Mn(ωshaft(t)) (4-12)

where ϵn(t) is sampled from a zero-mean Gaussian with standard deviation σn, and Mn(ωshaft(t))
models the amplitude modulation effect.

All of the components in Eq. (4-1) are now defined. The last part of the model is to scale the
components based on signal contribution levels at constant operating conditions. The components
are scaled relative to the noise component, by specifying the signal-to-noise ratio (SNR) of each
component. The SNR in dB is given as:

SNRdB = 10 log10

(
Asignal

Anoise

)2

(4-13)

where A is the RMS of the signal. By specifying the desired SNR, the necessary scaling component
for each term, C can be calculated:

C =
10

SNR+20 log10(Anoise)

20

Asignal
(4-14)

This scaling coefficient C can then also be used to specify the damage level present for the bearing
faults, as a larger fault will give a higher SNR.

The investigation was done for varying operating conditions. The shaft speed is kept constant per
sample but varied from one sample to the next. This is done so that any correlation between dis-
crepancy signal features and operating speed can be easily detected. The shaft speed for the training
and validation sets were sampled from a uniform distribution ranging from 5 to 15 Hz, and the test
set and evaluation set shaft speeds were sampled from a uniform distribution ranging from 6 to 14
Hz. This was done to ensure that there are no outliers in the evaluation set that are not represented
in the training data. Outliers will affect the results, and the models’ abilities to extrapolate outside
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the training data range are not investigated in this work. 30 damage levels for the bearing faults
were simulated. The SNR of the damage components corresponding to the 30 damage levels, was
increased linearly from -30dB to 10 dB. To calculate the scaling parameters of the bearing damage
components, the scaling coefficients necessary to achieve the specified SNR for each damage level
for a shaft speed of 10 Hz were calculated, and these scaling coefficients were then applied to all
samples. Each sample is recorded for 1 second, with a sampling frequency of 25000 Hz. 125 healthy
samples were generated (50 for the training set, 25 for the validation set, and 50 for the test set),
along with 10 samples for each damage level, for inner and outer race faults respectively. This gives
425 samples per dataset (125 healthy, 300 damaged), considering the inner and outer race faults as
separate datasets. Note that the same healthy data is used for both the outer race and inner race fault
datasets, so models were only trained once, and then used to evaluate both datasets.

Fig. 31 summarizes the damage level, fshaft and RMS for each sample in the two datasets. The sam-
ples that are from the same damage level and same dataset split, were sorted based on operating speed,
to simplify visualization. Note that the RMS is highly correlated with the shaft speed. Only a slight
increase in the RMS caused by damage can be detected over the last few damage levels in both datasets.
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(a) Outer race fault dataset
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(b) Inner race fault dataset

Figure 31: Summary of damage level, fshaft and RMS for each sample in both phenomenological
model datasets.

Similar model parameters to those used by Balshaw (2020) are used in this study. The parameters of
the phenomenological model are listed in Appendix D. The following model parameters are important
for the interpretation of the results:

• The gear mesh frequency is 20 Hz/fshaft, so the deterministic gear component consists of the
frequency 20 Hz/fshaft and its harmonics.

• The Ball Pass Frequency Outer race (BPFO) is 4.12 Hz/fshaft, and the Ball Pass Frequency
Inner race (BPFI) is 5.88 Hz/fshaft. The bearing inner and outer race natural frequencies are
7000 Hz.

Fig. 32 shows the four signal components of Eq. (4-1) in the time domain (for one shaft rotation) and
frequency domain, at a shaft speed of 10 Hz, and a bearing outer race damage level of 15.
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(b) xgd: Frequency domain
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(c) xgr: Time domain
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(d) xgr: Frequency domain
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(e) xn: Time domain

0 2000 4000 6000 8000 10000 12000
Frequency (Hz)

0

2

4

6

8

10

12

14

16
Ac

ce
le

ra
tio

n

(f) xn: Frequency domain
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(g) xbo: Time domain

0 2000 4000 6000 8000 10000 12000
Frequency (Hz)

0

2

4

6

8

10

12

14

Ac
ce

le
ra

tio
n

(h) xbo: Frequency domain
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(i) xmeasured: Time domain
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(j) xmeasured: Frequency domain

Figure 32: Phenomenological model signal components of Eq. (4-1) in the time and frequency
domain at a shaft speed of 10 Hz, and a bearing outer race damage level of 15.
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4.2 Experimental Setup

All 11 models, with the 6 different pre-processing approaches, as shown in Table 3 were implemented.
Since the dataset is fairly small, the Lsft parameter was chosen as Lw/4. This allows for a somewhat
finer resolution to the latent space discrepancy signals, without increasing the computational load too
much. The pre-processing parameters and latent space sizes are documented in Appendix C.

The features of the discrepancy signals that are monitored in this investigation are the mean, variance,
kurtosis, and OST at order 4.12 Hz/fshaft for outer race faults, and order 5.88 Hz/fshaft for inner
race faults. SAT is not implemented, as bearing faults are not correlated with the shaft angular
position. For the unsupervised approach, the OC information will not be available that allows one to
perform order tracking and calculate the OST feature from the discrepancy signals. It is however still
calculated and documented for the unsupervised approach, as it gives a good indication of a model’s
ability to capture the distribution of the healthy data.

Three metrics were used to evaluate how well models perform on fault detection and tracking tasks:

1. Damage detection level (DDL): This is the damage level (level 1 to level 30) from which all
samples further on with larger damage levels fall above the discrepancy threshold, where the
discrepancy threshold is set as the 95th percentile of the discrepancy signal features for the
healthy test data. From this level on, no false negative classifications are seen. This metric
is used to see how early a model can detect damage for the full range of operating conditions
present in the data. Other studies usually set the threshold as the mean plus six times the
standard deviation (Abboud et al. 2019, Balshaw et al. 2022), but it was chosen to use the 95th
percentile instead, since the discrepancy signal features might not be normally distributed.

2. True positive rate (TPR): The percentage of the damaged samples (samples 126 to 425) that
fall above the discrepancy threshold, being classified as faulty. By setting the discrepancy
threshold as the 95th percentile in the healthy test data, the false positive rate (FPR) is expected
to be around 0.05.

3. Area Under The Curve (AUC) of Receiver Operating Characteristics (ROC): The AUC was
also added, since it is a metric commonly used in binary classification tasks, that is insensitive
to the choice of the threshold. It is however expected that the DDL and TPR will give a
better indicator of model performance in the context of condition monitoring, since one is not
interested in knowing how the model performs at FPRs much higher than 0.05 (which the AUC
also captures), as this would cause too many false alarms.

The monotonical increase of the discrepancy signal features as the fault develops is not directly mon-
itored in this work. The metrics will not be able to detect if the discrepancy signal features stabilize
at a certain value above the discrepancy threshold. The metrics will however detect if the discrepancy
signal features fall back below the discrepancy threshold.

A signal processing benchmark is also set by analysing the data using traditional envelope analysis
methods, to see how the learning-based approaches compare to commonly used envelope analysis
approaches. The squared envelope spectrum (SES) and normalized squared-magnitude of the SES
(NES) are tracked at the critical order of 4.12, for an unfiltered dataset as well as a bandpass filtered
dataset. For the bandpass filtered dataset, the dataset is filtered at 6000-8000 Hz, since it is known
from the phenomenological model that the bearing natural frequency is at 7000 Hz. Looking at the
signal components in the frequency domain in Fig. 32, it can be seen that filtering the data around
this frequency band effectively removes all components other than the bearing component, and part
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of the noise component.

The SES has been used in a popular benchmark study done by Smith & Randall (2015), and the NES
are used in state-of-the-art approaches (Abboud et al. 2019).

The SES is given by:

SESx(α) = |DTFTn→α{|A{x[n]}|2}| (4-15)

where α represents the frequency variable of unit Hertz, A{·} the Hilbert transform, and DTFT{·}
the discrete time Fourier transform (Abboud et al. 2019).

The NES is obtained by normalizing the SES with the DC offset of the spectrum:

NESx(α) =

(
SESx(α)

SESx(0)

)2

(4-16)

4.3 Why do some latent variable models work better than others?

Before comparing the different models and pre-processing approaches with the metrics used to evalu-
ate the performance on fault detection and tracking tasks, it is important to develop an intuition of why
some of the model and pre-processing combinations will work better than others. The goal of this
subsection is to show what factors influence the performance metrics so that when the performance
metrics are presented in Section 4.4, the results are interpretable. The reader should have a good idea
of which models are expected to perform better than others after reading this subsection.

It was seen that the main factor that influences the performance metrics, is how well the models fit
the distribution of the healthy data. If the model doesn’t fit some of the signal components associated
with a healthy signal well, the discrepancy signals will be much noisier, which raises the discrepancy
threshold, resulting in damage being detected at a later stage. Some models’ performances are also
heavily affected when the model overfits. Overfitting in this context refers to when feeding data
through the encoder and decoder of the model starts to resemble an identity function transformation,
where anything being fed into the model gets reconstructed accurately. The damage will then only
be visible in the latent space discrepancy signals, not in the reconstruction space discrepancy signals,
as was discussed in Section 1.4.3. Models that do not allow for latent space discrepancy monitoring,
will not be able to detect damage in this case.

To investigate how the models fit healthy data, likelihood comparisons on the healthy test set can
be made, as this gives an indication of how well the models reconstruct unseen healthy data. The
likelihood comparisons on the healthy test data are presented first, and thereafter the different models’
abilities to fit the healthy data well are compared based on two categories:

• Homoscedastic models (models that assume a constant variance over the dataset) vs. het-
eroscedastic models (models that capture the variance per sample).

• Linear PCA models vs. nonlinear VAE models. It is investigated why order tracking makes
it easier for the models to fit the data. The effects of different latent space sizes and different
input signal segment lengths on the linear and nonlinear models are also investigated.

This subsection ends with a short discussion on why some of the monitored discrepancy signal fea-
tures will give better discrepancy analysis results than others.
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Only results from the outer race fault dataset are presented in this subsection, as similar trends were
seen for both inner and outer race fault monitoring. The full result tables for the outer and inner race
faults are given in Appendix E.

4.3.1 Likelihood comparison of healthy test data

To analyse how well the models fit the healthy test data, we look at the reconstruction likelihood
values. It is however a difficult task to infer the quality of the fit directly from the likelihood values,
as the likelihood values are strongly correlated with the associated operating speeds. The data is
expected to be heteroscedastic, with larger variances at faster operating speeds, resulting in lower
likelihood values at faster operating speeds. Because a phenomenological model was used to create
this dataset, the exact relationship between the variance terms and the shaft speed is known, allowing
one to scale the likelihood values to remove the correlation with the shaft speed. This relationship
between the variance in the data and the operating speeds is determined by the function chosen for the
amplitude modulation functions (Mgd, Mgr, Mb, and Mn, as seen in Eqs. (4-6),(4-7), (4-9), (4-10)
and (4-12)). The same quadratic modulation function was used for Mgd, Mgr, Mb, and Mn:

M(t) = ω2
shaft(t) (4-17)

All the components that the model captures in the learned variance will therefore be amplitude
modulated by this relationship in terms of the shaft speed, so the standard deviation will be a function
of ω2

shaft, and the variance a function of (ω2
shaft)

2. The likelihood values were scaled as follows to
make them comparable over all the operating speeds:

log p(x) = −0.5

Dx∑
i

(
log(2π) + log(σ2i ) +

(xi − µi)
2

σ2i

)
(4-18)

[log p(x)]scaled = −0.5

Dx∑
i

(
log(2π) + log

(
σ2i

(ω2
shaft)

2

)
+

(xi − µi)
2

σ2i

)
(4-19)

Fig. 33 shows how this scaling removes the correlation with the shaft speed, making it easier to
compare different models’ performances and to identify which operating speeds a model struggles to
capture.
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Figure 33: Likelihood vs scaled likelihood

A model that fits all the healthy data well will have a high mean for the scaled likelihood of the
healthy test set samples, and a low standard deviation for the scaled likelihood values (a high standard
deviation will indicate that the model fits samples from a certain operating speed range much better
than the other samples). The scaled likelihood means and standard deviations are listed in Tables 4 and
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5 respectively. In Table 4, scaled likelihood values below 2 are classified as a poor fit (highlighted in
red), above 2 a good fit (highlighted in green), and above 3.5 there is a risk of overfitting (highlighted
in yellow). These classification limits were chosen based on visual inspection of the reconstructions
that give likelihood values in these ranges. These classifications are only used as a rough indication
of how the models fit the data. For Table 5, standard deviations larger than 0.2 times the associated
mean were classified as large standard deviations, indicating poor fits (highlighted in red, with the
rest highlighted in green).

Table 4: Scaled likelihood mean

Pre-processing
Model SO

1-rev
SO

1-tooth
OT

1-rev
OT

1-tooth
OTA
1-rev

OTA
1-tooth

PPCA-S 1.09 1.64 2.18 2.26 2.17 2.24
PPCA-L 1.90 2.71 1.81 3.71 1.57 5.18

PCA-Z-LR-S 0.95 1.96 2.72 2.71 2.64 2.80
PCA-Z-LR-L 0.00 4.86 0.00 4.32 0.00 6.31

VAE-S 1.11 1.87 1.65 2.52 1.62 2.61
VAE-L 1.13 2.27 2.47 2.74 2.49 2.75

Decoder 1.16 1.18 2.71 1.28 2.70 2.74
PCA-C-LR-S 1.28 1.95 2.67 2.84 2.65 2.80
PCA-C-LR-L 2.47 5.10 3.00 4.55 2.83 6.62

iVAE-S 1.13 2.04 2.55 2.68 2.58 2.71
iVAE-L 1.16 2.27 2.65 2.74 2.61 2.74

Table 5: Scaled likelihood std

Pre-processing
Model SO

1-rev
SO

1-tooth
OT

1-rev
OT

1-tooth
OTA
1-rev

OTA
1-tooth

PPCA-S 0.28 0.44 0.44 0.54 0.44 0.53
PPCA-L 0.72 1.09 1.19 1.24 1.16 2.15

PCA-Z-LR-S 0.35 0.33 0.07 0.36 0.07 0.31
PCA-Z-LR-L 0.00 0.78 0.00 0.75 0.00 1.69

VAE-S 0.03 0.16 0.57 0.25 0.57 0.25
VAE-L 0.03 0.18 0.10 0.27 0.09 0.27

Decoder 0.01 0.09 0.05 0.07 0.05 0.27
PCA-C-LR-S 0.18 0.27 0.07 0.30 0.07 0.29
PCA-C-LR-L 0.10 0.65 0.11 0.75 0.09 1.88

iVAE-S 0.02 0.17 0.08 0.28 0.08 0.27
iVAE-L 0.02 0.18 0.06 0.27 0.06 0.26

Table 6: Quality of fit based on scaled likelihood

Pre-processing
Model SO

1-rev
SO

1-tooth
OT

1-rev
OT

1-tooth
OTA
1-rev

OTA
1-tooth

PPCA-S Poor Poor Poor Poor Poor Poor
PPCA-L Poor Poor Poor Over Poor Over

PCA-Z-LR-S Poor Poor Good Good Good Good
PCA-Z-LR-L Poor Over Poor Over Poor Over

VAE-S Poor Poor Poor Good Poor Good
VAE-L Poor Good Good Good Good Good

Decoder Poor Poor Good Poor Good Good
PCA-C-LR-S Poor Poor Good Good Good Good
PCA-C-LR-L Good Over Good Over Good Over

iVAE-S Poor Good Good Good Good Good
iVAE-L Poor Good Good Good Good Good

Table 6 combines the classifications in Tables 4 and 5, where a poor fit classification in any table
results in a final classification of a poor fit. The overfitting classification was kept even if the standard
deviation table indicates a poor fit. This was done since overfitting some of the data will cause a
large standard deviation between the scaled likelihood values. Table 6 will be used throughout the
rest of the chapter as a quick reference to how a model generalises to unseen healthy data. Keeping
Table 3 in mind, it can already be seen that incorporating the operating condition information in the
pre-processing and modelling steps improves how well the models fit the healthy data distributions,
with the majority of these approaches falling into the ’Good fit’ category, while the majority of the
unsupervised approaches fall in the ’Poor fit’ category. Also, note that the 1-tooth processed datasets
are fitted better than the 1-revolution datasets. The 1-tooth processed datasets are also more prone to
overfitting. This is attributed to the random gear and noise components. The longer signals contain
more random information, making it more difficult for the models to simply project a large part of the
random information to the latent space, and then reconstruct it accurately.

4.3.2 Homoscedastic vs. heteroscedastic models

To investigate the effect that the assumption of constant variance across the dataset has on a model’s
performance, the PPCA-S model and the PCA-C-LR-S model for OTA-1-revolution pre-processing are
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compared. PPCA assumes a constant variance across the dataset and is referred to as a homoscedastic
model. PCA-C-LR captures the variance per sample and is referred to as a heteroscedastic model.
Because of the pre-processing method, the healthy data has a simple distribution. The variance can
easily be captured by only one principal component since it is only influenced by the operating speed,
so Dz is set to 1. This allows one to also easily plot the latent space, to see what information is
captured in the latent space.

Fig. 34 plots the latent space scores of the PCA models against the associated operating speed for
each healthy test set sample, in RPM. It can be seen that there is a clear correlation between the
scores z1 and the RPM, showing that the operating speed is the only information of importance to
reconstruct the healthy data (the phase shift information corresponding to the shaft angular position,
is removed from the data by the OTA pre-processing approach). Also note how the scores have more
variance at the larger RPM values, as the variance in the input data is larger at these RPM values.
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Figure 34: PCA latent space visualization for healthy test set (OTA-1-revolution, Dz = 1)

Now that we understand how the PCA models capture the important information in the latent space,
we can look at the scaled LH for the two different models. The scaled LH values for the healthy
test samples for both models are plotted against the associated RPM in Fig. 35. For the PCA-C-LR
model, the scaled LH values are all in the same range, with no correlation seen with the RPM values,
showing that the model successfully learned larger variances at the faster operating speeds and smaller
variances at the slower operating speeds. For the PPCA model, a constant variance is assumed over
the whole dataset, with the variance term being the one that would minimize the likelihood over the
whole dataset. It is clear that the variance term fits the data well at around 670 RPM, but at slower
speeds, the variance term is too large, decreasing the likelihood, and at faster speeds, the variance
term is too small, also decreasing the likelihood.
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Figure 35: Scaled LH values against the associated RPM for each healthy test set sample: PPCA-S
vs PCA-C-LR-S (OTA-1-revolution)

Fig. 36 shows the reconstructions and reconstruction space discrepancy signals for level 24 outer race
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damage for the PCA-C-LR model. Slow and fast operating speed reconstructions and discrepancy
signals are shown. Note that the variance is captured well for both the fast and slow operating speeds.
Also note that the discrepancy peaks have similar magnitudes (13.5 compared to 14.5) for the fast and
slow operating speeds, so the discrepancy signals are not correlated with the shaft speed, meaning
that the damage level can be accurately tracked.

Fig. 37 shows the exact same plots as in Fig. 36, but this time for the PPCA model. Note how
the reconstruction variance is clearly too large at the slow operating speed, and too small at the fast
operating speed. Because of this, the discrepancy signal peaks are not of the same magnitude (5.5
compared to 31), even though the damage level is the same in both samples. This makes it difficult to
accurately track how the damage develops, as the discrepancy signals are correlated with the operating
speeds.

Fig. 38 shows how the discrepancy signal features, used for fault detection and tracking, develop
as the damage level increases. The features of the PPCA-S and PCA-C-LR-S models are compared.
The features are coloured based on the associated RPM, so that correlation with operating speeds can
be clearly seen. Note how all the PPCA features are correlated with the RPM (except for kurtosis).
This correlation shifts the discrepancy threshold to a point where only the damaged samples at fast
operating speeds get classified as faulty when the damage starts to become visible in the signals. This
results in a lower TPR, and the DDL occurs later on for all features (except kurtosis), as seen in Table 7.

This shows that it is crucial to use heteroscedastic models, that can learn a reconstruction variance
per sample, when dealing with data from varying operating conditions. This is the case for linear
and nonlinear models. The VAE can be reformulated to be a homoscedastic model by only learning
to reconstruct the mean, and assuming a constant reconstruction variance of 1. Even though a ho-
moscedastic VAE model was not implemented in this work, the same correlation in the discrepancy
signal features with the operating conditions can be expected, as was seen for the PPCA model.

It must also be addressed why the kurtosis feature performed just as well for the PPCA model as for the
PCA-C-LR model. This is because kurtosis is scaled by the standard deviation σ of the distribution:

Kurtosis =
1

N

∑
i

(xi − µi)
4

σ4i
(4-20)

So even though the peaks in the discrepancy signals in Fig. 37 differ in amplitude at slow and fast
operating speeds, both discrepancy signals will have the same kurtosis, as the fourth moment is scaled
by the fourth power of the standard deviation. The effect of the incorrect variance is scaled away. It is
however important to note that it only works in this case because the operating speed is kept constant
per sample. If the operating speed fluctuates during a sample, the variance will not be relatively
constant over the sample as is the case in this investigation. The scaling term σ4 will then scale some
of the points in the sample incorrectly, which will once again make the discrepancy signal feature
correlated with the operating speed. So while it works in this case, it will not work when the speed
varies during the sample. Heteroscedastic models should therefore be implemented.

Another option not considered in this work is to make the discrepancy thresholds dependent on the
operating conditions, so that the discrepancy threshold changes when the operating condition changes.
In this case, it will not be a problem if the heteroscedastic noise is not captured successfully, since
the varying threshold will be able to correct for it. This case is however not considered in this work,
as this approach is not concerned with capturing the healthy data accurately, and will require that the
operating conditions are always known, leaving no room for unsupervised approaches.
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(a) Slow operating speed: 420 RPM
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(b) Fast operating speed: 819 RPM

Figure 36: PCA-C-LR: Acceleration signal reconstruction and reconstruction space discrepancy
signals at slow and fast operating speeds (outer race fault, damage level 24, OTA-1-revolution,
Dz = 1). Discrepancy peak ratio between samples at 420 RPM and 819 RPM: 13.5

14.5 = 0.93.
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(a) Slow operating speed: 420 RPM
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(b) Fast operating speed: 819 RPM

Figure 37: PPCA: Acceleration signal reconstruction and reconstruction space discrepancy signals
at slow and fast operating speeds (outer race fault, damage level 24, OTA-1-revolution, Dz = 1).
Discrepancy peak ratio between samples at 420 RPM and 819 RPM: 5.5

31 = 0.18.
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(a) PPCA: mean
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(b) PCA-C-LR: mean
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(c) PPCA: variance

0 5 10 15 20 25 30
Damage level

0.0
2.5
5.0
7.5

10.0
12.5
15.0
17.5
20.0

Va
r

Discrepancy threshold

400

500

600

700

800

  R
PM

(d) PCA-C-LR: variance
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(e) PPCA: kurtosis
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(f) PCA-C-LR: kurtosis
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(g) PPCA: OST
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(h) PCA-C-LR: OST

Figure 38: PPCA vs PCA-C-LR: discrepancy signal features for fault detection and tracking (outer
race fault, OTA-1-revolution, Dz = 1)

Table 7: PPCA-S vs. PCA-C-LR-S: TPR and DDL for reconstruction space discrepancy signal
features (outer race fault, OTA-1-revolution, Dz = 1)

Model Discrepancy
space

TPR DDL
mean var kurt OST mean var kurt OST

PPCA-S Recon 0.22 0.35 0.59 0.52 31 31 15 23
PCA-C-LR-S Recon 0.53 0.58 0.58 0.55 20 15 15 16
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4.3.3 Linear PCA models

To investigate the linear PCA models, we consider the PCA-C-LR model, so that the latent space
discrepancies can also be investigated. In Fig. 39 the scaled likelihoods on the healthy test samples
for PCA-C-LR-S and PCA-C-LR-L models, with OTA and SO pre-processing for 1-revolution and
1-tooth, are compared. The scaled likelihood values for the healthy test set samples are plotted against
the associated operating speeds.

The first thing to note is that the models fit the OTA data better in all four cases, with higher scaled
likelihoods, showing that order tracking and aligning the input signal segments, make it significantly
easier to accurately capture the distribution with linear models.
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Figure 39: PCA-C-LR (S and L): Scaled likelihood values for the healthy test set samples, against the
associated operating speeds, SO vs. OTA pre-processing (1-revolution and 1-tooth)

Let’s first consider the case of a small latent space, for long input signal segments from 1-revolution
pre-processing, shown in Fig. 39(a). The scaled likelihoods for the OTA-1-revolution data are all
in the same range over the whole operating speed range, so the model fits all the data equally well.
For the SO-1-revolution data, the scaled likelihoods are all lower than for the OTA-1-revolution data,
so the model clearly does not fit this data as well. Notice that the model fits the samples in the 800
RPM region better than the rest of the operating speeds. The model also fits the data at around 400
RPM slightly better than the rest. This gives us important insight into how linear PCA models fit the
data. The model does not have a big enough latent space (enough principal component projections) to
capture data at all operating speeds represented in the training data. The model only reconstructs the
samples with the highest associated variance (the samples at the fastest operating speed) accurately.
So the model learns to reconstruct signals with certain frequencies, in this case, frequencies around
800 RPM. The model is also able to reconstruct the samples at 400 RPM since 800 RPM is a harmonic
frequency of 400 RPM. The model is however not able to accurately capture the variance for these
regions at 800 RPM and 400 RPM, as the variance now no longer monotonically increases as the
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operating speed increases. The variance at 600 RPM is higher than at 800 RPM, because the model
reconstructs the mean at 800 RPM more accurately than at 600 RPM.

This is confirmed when plotting reconstructions for samples in both the 800 RPM and 600 RPM
ranges, as shown in Fig. 40. Because the OTA-1-revolution samples are order tracked, all the signals
consist of the same frequency components. The model must only learn to capture these frequency
components, and the PCA model does so very well, fitting both the samples in the 600 RPM and
800 RPM ranges. For the SO-1-revolution samples, the model learned to reconstruct the frequencies
associated with the 800 RPM range, and it can be seen that it accurately reconstructs the mean for
the 800 RPM sample. The sample in the 600 RPM range has different frequency components than
the sample in the 800 RPM range, and the model fails to reconstruct this sample accurately. The
poor mean reconstructions affect the linear regression model’s ability to map the OC info to the
reconstruction error variance. This is problematic, since all of the samples that are not close to
800 RPM or 400 RPM, will have discrepancy signals with a component of shaft order 20 (the order
associated with the 20 gear teeth meshing) present, even for healthy samples, as this component is
not captured by the model. This makes anomaly detection much more difficult, as healthy samples
from the 800 RPM or 400 RPM operating speed region will have much smaller discrepancy scores
than healthy samples from other operating speeds.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Angular displacement (radians)

4000

2000

0

2000

4000

Ac
ce

le
ra

tio
n

Xi

(a) OTA: 795 RPM

0.000 0.005 0.010 0.015
Time (s)

4000

2000

0

2000

4000

Ac
ce

le
ra

tio
n

Xi

(b) SO: 795 RPM

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Angular displacement (radians)

3000

2000

1000

0

1000

2000

Ac
ce

le
ra

tio
n

Xi

(c) OTA: 635 RPM

0.000 0.005 0.010 0.015
Time (s)

3000

2000

1000

0

1000

2000

3000

Ac
ce

le
ra

tio
n

±

Xi

(d) SO: 635 RPM

Figure 40: PCA-C-LR-S: OTA-1-revolution vs SO-1-revolution reconstructions

This shows that while PCA models have the potential to fit order-tracked data accurately with only
a few principal components, it is not the case for data from varying speed conditions that are not
order-tracked.

One should now ask the question: what if we just give the linear PCA model more principal com-
ponents to work with? In Fig. 39(b) the latent space size is increased. The model now has enough
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principal components to capture 95% of the variance in the training data. The model fits the SO-1-
revolution data much better, with only samples around 720 RPM being reconstructed poorly. This
however shows that the model is still only able to reconstruct certain frequencies, as it doesn’t gen-
eralize to the frequencies in the 720 RPM region. The linear PCA model has no ’understanding’ of
the concept of frequency shifts, as this is a highly nonlinear operation. The model simply learns to
reconstruct signal components at certain frequencies along with its harmonics, so the latent represen-
tation only indicates if these frequencies are present in the input signal or not. The frequencies that
are not present in the training data are reconstructed poorly. By giving the model enough principal
components to capture 95% of the variance in the training data, one also runs the risk of the model
starting to overfit. The bearing faults might be reconstructed accurately with a combination of the
frequencies that get recorded in the latent space. Therefore, it is crucial to also monitor the latent
space for discrepancies when giving the PCA models so many principal components to work with,
since discrepancies in the PCA scores will give a better indication of damage than the reconstruction
space, as was discussed in Section 1.4.3.

For the shorter input signals from the 1-tooth pre-processing methods, the reconstruction of the SO
samples improves. This is because the model can reconstruct a short signal segment consisting of
unlearned frequency components, relatively accurately using a combination of other learned frequen-
cies, but this becomes less accurate the longer the signal segment is. Fig. 39(c) and (d) show the
improved fits on the shorter input signals. For the larger latent spaces, the models clearly overfit the
data, especially on the OTA-1-tooth samples from higher operating speeds.

Seeing that overfitting will definitely play a role when choosing larger latent spaces for linear models,
we now look at how the damage presents itself in the reconstruction space and latent space for different
latent space sizes. Fig. 41 compares the reconstructions, reconstruction space discrepancy signals
and latent space discrepancy signals obtained by using PCA-C-LR-S and PCA-C-LR-L models, for
the same sample with an outer race fault at level 23. The data was pre-processed with the OTA-1-tooth
method. The shorter input window lengths allow for a finer resolution in the latent space discrepancy
signals.

With a small latent space, the PCA model does not reconstruct the three impulses caused by the
outer race fault at all, and all three impulses are captured in the reconstruction discrepancy signal,
with similar amplitudes for each impulse. The latent space discrepancy signal shows no indication
of damage. With a large latent space, the model reconstructs most of the first and third impulses,
resulting in smaller discrepancy amplitudes for these two impulses in the reconstruction discrepancy
signal. This time the damage is detected better in the latent space discrepancy signal, showing three
spikes with similar amplitudes.

Table 8 shows how combining the results of the reconstruction space discrepancy feature monitoring
with the latent space discrepancy feature monitoring, improves both the TPR and the DDL. Note that
for the small latent space, adding the latent space discrepancy signal only slightly improves the results
obtained using only the reconstruction discrepancy signal. For the large latent space, adding the latent
space discrepancy signal drastically improves the results obtained when using only the reconstruction
discrepancy signal. If the latent space is not monitored with PCA models, overfitting (using too many
principal components) will drastically worsen the model’s performance.
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Figure 41: PCA-C-LR-S vs PCA-C-LR-L: reconstructions, reconstruction space discrepancy signals
and latent space discrepancy signals (outer race fault, damage level 24, OTA-1-tooth)

Table 8: TPR and DDL for PCA-C-LR model with small and large latent spaces (Outer race fault,
OTA-1-tooth)

Model Discrepancy
space

TPR DDL
mean var kurt OST mean var kurt OST

PCA-C-LR-S
Recon 0.48 0.57 0.60 0.50 18 15 15 18
Latent 0.11 0.07 0.11 0.05 31 31 31 31

Recon+Latent 0.50 0.59 0.63 0.50 18 15 15 18

PCA-C-LR-L
Recon 0.45 0.47 0.52 0.49 21 18 17 20
Latent 0.53 0.50 0.02 0.54 21 21 31 20

Recon+Latent 0.60 0.54 0.53 0.59 18 18 17 15

To understand why combining the reconstruction space discrepancy feature monitoring with the latent
space discrepancy feature monitoring, improves both the TPR and the DDL so much for the PCA-
C-LR-L model, the monitored features from both the reconstruction and latent space discrepancy
signals, are plotted in Fig. 42. Note how in this specific case, the damaged samples corresponding to
slower RPM values are detected first in the reconstruction space (purple dots cross the discrepancy line
first), but in the latent space, the damaged samples corresponding to faster RPM values are detected
first (yellow dots cross the discrepancy line first). With the reconstruction space being better for
detecting damaged samples at slow operating speeds, and the latent space for damaged samples at fast
operating speeds, combining the two leads to overall better performance. Also, note that monitoring
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the kurtosis of the latent space discrepancy does not give a clear indication of the damage. This is
due to the lower resolution of the latent space discrepancy signal (as was shown in Fig. 15(c)), which
smooths out the impulsive components in the discrepancy signal to the point where the discrepancy
signal values are almost normally distributed, making kurtosis less effective.
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Figure 42: PCA-C-LR-L: monitored features from the reconstruction and latent space discrepancy
signals
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4.3.4 Nonlinear VAE models

To investigate the nonlinear VAE models, we consider the iVAE model, so that the latent space
discrepancies can also be investigated. In Fig. 43 the scaled likelihoods on the healthy test samples
for iVAE-S and iVAE-L models, with OTA and SO pre-processing for 1-revolution and 1-tooth, are
compared, the same as was done for PCA-C-LR in Fig. 39. Looking at the four plots, the following
can be noted:

• The scaled likelihood values improve only slightly when increasing the size of the latent space.
This shows that the nonlinear VAE models that use variational inference, are less prone to
overfitting (learning an identity function transformation) when given larger latent spaces, than
the linear PCA models. The regularization applied by the latent space prior successfully
prevents overfitting.

• The scaled likelihood values for a specific pre-processing method and latent space size, fall in
the same range for samples over the entire operating speed range. This shows that the nonlinear
models do not learn to reconstruct certain frequencies and their harmonics, as was seen to be
the case for the PCA models.

• The OTA pre-processed data is captured well in all four cases, showing that order tracking
and aligning the input signal segments, make the learning task easier for the nonlinear models.
This corresponds with the results shown in Ziyin et al. (2020), where it is shown that the
activation functions commonly used in neural network architectures prevent the networks from
capturing periodic functions accurately, since the models have no inductive periodic bias. The
models have no understanding of how frequency shifts influence signal segments. Until this
is addressed, one cannot expect nonlinear deep learning models to fit the signals in the time
domain just as well as it does in the angle domain.

• While the iVAE models capture the SO-1-tooth pre-processed data fairly well, it breaks down
on the longer SO-1-revolution input signals.

Looking at reconstructions from the iVAE-L model for SO-1-revolution and SO-1-tooth pre-processing,
shown in Fig. 44, it is clear that posterior collapse occurs when using longer input signals that are not
order tracked. Even with the more informed prior in the iVAE, the encoder still struggles to encode the
long input signals with varying frequencies and amplitudes to sensible latent representations. There
is too much noise in the latent space, causing the decoder to ignore the latent representations, and only
capture the mean and variance of the dataset. With the shorter input lengths, interpolation between
signal segments consisting of different frequencies is easier, and the model manages to capture the
healthy data.

With nonlinear models being less prone to overfitting (reconstructing any input data) due to the
appropriate latent space regularization, it is expected that adding the latent space discrepancy signal
to the condition monitoring process will only slightly improve the results obtained when using only the
reconstruction discrepancy signal. This is confirmed in Table 9, which shows the TPR and the DDL,
for both reconstruction space discrepancy feature monitoring and latent space discrepancy feature
monitoring separately, as well as when the two discrepancy signals are combined. The results improve
slightly when combining the two, but this suggests that nonlinear models that do not incorporate latent
space discrepancy monitoring, such as the VAE, might still perform well using only the reconstruction
space discrepancy signals, even when a bigger latent space is used.
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Figure 43: iVAE (S and L): Scaled likelihood values for the healthy test set samples, against the
associated operating speeds, SO vs. OTA pre-processing (1-revolution and 1-tooth)
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Figure 44: iVAE-L: SO-1-revolution vs SO-1-tooth reconstructions (635 RPM)

Table 9: TPR and DDL for iVAE model with small and large latent spaces (Outer race fault, OTA-1-
tooth)

Model Discrepancy
space

TPR DDL
mean var kurt OST mean var kurt OST

iVAE-S
Recon 0.41 0.54 0.63 0.47 21 16 14 19
Latent 0.43 0.44 0.04 0.40 23 22 31 23

Recon+Latent 0.47 0.56 0.64 0.48 20 16 14 19

iVAE-L
Recon 0.50 0.59 0.61 0.47 20 15 15 19
Latent 0.44 0.44 0.12 0.41 23 21 31 21

Recon+Latent 0.53 0.60 0.65 0.48 20 15 15 19
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4.3.5 Monitoring the kurtosis of discrepancy signals

In the few examples shown in this section, it is often seen that the kurtosis feature produces the best
result. This can be attributed to two reasons:

1. The nature of bearing faults: bearing faults cause cyclostationary impulses in the measured
signal at very high frequencies. Kurtosis is much more sensitive to impulsive components than
the other features.

2. The data is relatively simple, with no large impulsive components present in the healthy data.
This allows the kurtosis measure to be highly sensitive to impulsive components appearing in
the discrepancy signal.

It is however common for real-world data to have impulsive components present even in the healthy
data. These components drastically affect the performance when using kurtosis as a feature, as will be
shown in Chapter 5. It is therefore advised to keep this in mind when looking at the results presented
in the following subsection. While kurtosis gives the best results in most cases, the focus should
rather be on how the mean, variance, and OST features perform on fault detection and tracking tasks,
as these features give a better indication of how well the model captures the healthy data.

4.4 Result Analysis

Only results from the outer race fault dataset are presented in this subsection, as similar trends were
seen for both inner and outer race fault monitoring. Only the DDL results are shown in this section,
since the TPR and AUC results follow similar trends. The full DDL, TPR and AUC result tables for
both the outer and inner race faults are given in Appendix E.

4.4.1 Unsupervised approach

Table 10: Phenomenological dataset analysis results: DDLs for unsupervised approach, where no
OC information was used (green: <18, red: >24)

FeaturePre-
processing Model Discrepancy

space mean var kurt OST
PPCA-S Recon 31 31 18 22
PPCA-L Recon 31 27 13 20

PCA-Z-LR-S Recon 31 31 31 31
PCA-Z-LR-L Recon 31 31 31 31

VAE-S Recon 31 24 15 18

SO-1-rev

VAE-L Recon 31 22 15 17
PPCA-S Recon 31 27 15 21
PPCA-L Recon 31 27 13 20

PCA-Z-LR-S Recon 31 24 15 20
PCA-Z-LR-L Recon 31 31 31 29

VAE-S Recon 31 21 13 18

SO-1-tooth

VAE-L Recon 23 18 13 15

The DDLs for the model and pre-processing combinations where no OC information was used during
modelling or pre-processing are presented in Table 10. DDLs below level 18 are highlighted in green,
and above level 24 in red, so that one can easily get an idea of the overall performance. Only the
reconstruction space is monitored for discrepancies, since OC information is not available to learn the
expected latent space representations for a healthy machine at certain OCs. The results are interpreted
as follows:

• Ignoring the results for kurtosis, the results for the rest of the monitored features are poor on
average, showing little promise that one can robustly monitor faults in a completely unsupervised
setting.
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• The poor results for PPCA (S and L) are attributed to the features being correlated with the
operating speed, because of the assumption of constant variance across the dataset, as was
shown in Section 4.3.2.

• The poor results for PCA-Z-LR-S are attributed to the models not reconstructing all frequencies
equally well, similar to the PCA-C-LR-S SO-1-revolution results shown in Fig. 39(a).

• The poor results for PCA-Z-LR-L are attributed to the models not being able to accurately
infer the variance in the data from the latent representations z. The models use enough latent
variables to reconstruct most frequencies accurately, but most of the noise present in the data
gets mapped to the latent representations, making it difficult for the linear regression model to
learn the variance from z.

• The VAE models’ reconstructions collapsed for the SO-1-revolution data, similar to the iVAE
reconstructions shown in Fig. 44(a).

• The only model that performed fairly well was the VAE-L model on the SO-1-tooth data. The
input data windows are short enough that the model can learn to map the data to the latent
space, even though the model does not learn an ’understanding’ of phase and frequency shifts.

• The models struggle to accurately fit the data as it is not order-tracked. Most of the variance
in the data is caused by phase and frequency shifts. The models are not formulated to capture
periodic signals with phase and frequency shifts well.

4.4.2 Using OC information for pre-processing

Table 11: Phenomenological dataset analysis results: DDLs where available OC information was
used only during pre-processing (green: <18, red: >24)

FeaturePre-
processing Model Discrepancy

space mean var kurt OST
PPCA-S Recon 31 31 15 23
PPCA-L Recon 31 27 14 21

PCA-Z-LR-S Recon 22 18 14 18
PCA-Z-LR-L Recon 31 31 31 31

VAE-S Recon 31 31 21 26

OT-1-rev

VAE-L Recon 26 19 15 19
PPCA-S Recon 31 28 15 22
PPCA-L Recon 31 26 15 19

PCA-Z-LR-S Recon 31 24 15 21
PCA-Z-LR-L Recon 31 21 16 22

VAE-S Recon 27 19 15 19

OT-1-tooth

VAE-L Recon 21 18 14 18
PPCA-S Recon 31 31 15 23
PPCA-L Recon 31 28 15 21

PCA-Z-LR-S Recon 21 17 15 18
PCA-Z-LR-L Recon 31 31 31 31

VAE-S Recon 31 31 21 26

OTA-1-rev

VAE-L Recon 24 18 15 19
PPCA-S Recon 31 28 15 21
PPCA-L Recon 31 24 14 18

PCA-Z-LR-S Recon 23 18 15 18
PCA-Z-LR-L Recon 21 21 19 23

VAE-S Recon 26 18 15 19

OTA-1-tooth

VAE-L Recon 21 18 14 19

The DDLs for the model and pre-processing combinations where the OC information is used only
during pre-processing are presented in Table 11. Only the reconstruction space is monitored for
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discrepancies, since OC information is not available for modelling to learn the expected latent space
representations for a healthy machine at certain OCs. The results are interpreted as follows:

• Ignoring the results for kurtosis, the results for the rest of the monitored features are slightly
better on average than for the unsupervised approach, showing that the models capture the
order-tracked data distributions better.

• The poor results for PPCA (S and L) are again attributed to the features being correlated with
the operating speed (because of the assumption of constant variance across the dataset).

• The PCA-Z-LR-S models perform fairly well on all four pre-processing methods. This shows
that for the smaller PCA latent space, z is a good proxy for the operating conditions, so the
linear regression model is able to infer the variance in the data from the latent representation z.

• The results for PCA-Z-LR-L are mixed. For the longer input signals from OTA-1-revolution
and OT-1-revolution, the model fits the data poorly. The models are not able to accurately infer
the variance in the data from the latent representations z, since a lot of the noise is captured
in the latent space. In this case, the results are very poor. For the shorter input signals from
OTA-1-tooth and OT-1-tooth, the models completely overfit the data, so the variances that the
linear regression model must learn are all very small. In this case, the signal components
associated with the damage get reconstructed accurately, and therefore the damage cannot be
detected early on in the reconstruction space. The damage would have been detected earlier
in the latent space, but because the OC info is not used during modelling, the expected latent
space representations at a certain operating condition cannot be learned.

• The VAE-S model struggles to fit the data, especially for the longer 1-revolution input signals.
The VAE-L model performs better, with the best results achieved on the shorter 1-tooth input
signals. It is surmised that the VAE-S latent space is too small, resulting in the latent space
representations being pulled to the origin, as described in Section 3.5.3 which causes posterior
collapse, while the larger latent space in the VAE-L can learn better latent representations
because of the ’soap-bubble’-effect.

• The models perform relatively the same on the OT and OTA pre-processing approaches. No
improvement is seen in this case when aligning the input signals.

4.4.3 Using OC information for modelling

Table 12: Phenomenological dataset analysis results: DDLs where available OC information was
used only during modelling (green: <18, red: >24)

FeaturePre-
processing Model Discrepancy

space mean var kurt OST
C-decoder Recon 26 21 15 18

PCA-C-LR-S Recon+Latent 28 23 18 21
PCA-C-LR-L Recon+Latent 16 15 15 14

iVAE-S Recon+Latent 27 21 15 18
SO-1-rev

iVAE-L Recon+Latent 27 21 15 17
C-decoder Recon 24 19 15 18

PCA-C-LR-S Recon+Latent 18 18 15 18
PCA-C-LR-L Recon+Latent 14 13 14 14

iVAE-S Recon+Latent 21 16 13 15
SO-1-tooth

iVAE-L Recon+Latent 21 16 13 15

The DDLs for the model and pre-processing combinations where the OC information is used only
during modelling are presented in Table 12. The results are interpreted as follows:
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• Ignoring the results for kurtosis, a clear improvement can be seen in the results for the rest of the
monitored features over the unsupervised approach, and the approach where OC information is
used only for pre-processing.

• While the C-decoder, PCA-C-LR-S, iVAE-S and iVAE-L models all still struggle to capture
the distribution of the healthy data for the longer SO-1-revolution input signals, PCA-C-LR-L
performs very well. Because of the large PCA latent space, the model can reconstruct most
frequencies, and the linear regression model easily learns the relationship between c and the
variance in the data. Where the model starts to overfit, the damage can be detected in the latent
space. This results in a good performance on SO-1-tooth data as well.

• All the models perform better on the SO-1-tooth data than on the SO-1-revolution data, which
is expected. Because the models do not learn an actual ’understanding’ of phase and frequency
shifts, it is easier for the models to map short signal segments to the latent space and then back
to the data space.

• Note that the C-decoder struggles more than the other models for both the SO-1-revolution
and SO-1-tooth data. This again shows that it is not easy for the neural network architecture
to learn a good understanding of how varying frequency and phase values translate to a time-
series signal, even when the frequency and phase values are given to the network as inputs.
The non-linear models perform better when they can encode the input data to more abstract
representations that capture the phase and frequency, and then decode the data from there.

4.4.4 Using OC information for pre-processing and modelling

Table 13: Phenomenological dataset analysis results: DDLs where available OC information was
used during pre-processing and modelling (green: <18, red: >24)

FeaturePre-
processing Model Discrepancy

space mean var kurt OST
C-decoder Recon 21 18 14 18

PCA-C-LR-S Recon+Latent 19 15 15 18
PCA-C-LR-L Recon+Latent 18 14 15 16

iVAE-S Recon+Latent 23 17 15 18
OT-1-rev

iVAE-L Recon+Latent 23 18 15 19
C-decoder Recon 23 18 18 20

PCA-C-LR-S Recon+Latent 18 15 15 18
PCA-C-LR-L Recon+Latent 18 18 15 16

iVAE-S Recon+Latent 20 16 15 18
OT-1-tooth

iVAE-L Recon+Latent 20 15 15 18
C-decoder Recon 21 18 14 18

PCA-C-LR-S Recon+Latent 20 15 15 16
PCA-C-LR-L Recon+Latent 18 14 15 16

iVAE-S Recon+Latent 24 18 14 18
OTA-1-rev

iVAE-L Recon+Latent 23 17 15 19
C-decoder Recon 19 16 15 18

PCA-C-LR-S Recon+Latent 18 15 15 18
PCA-C-LR-L Recon+Latent 18 18 17 15

iVAE-S Recon+Latent 20 16 14 19
OTA-1-tooth

iVAE-L Recon+Latent 20 15 15 19

The DDLs for the model and pre-processing combinations where the OC information was used during
both pre-processing and modelling are presented in Table 12. The results are interpreted as follows:

• Ignoring the results for kurtosis, it can easily be seen that the models’ performances are better
and more robust than the approaches shown before. Damage is detected in all cases before level
25 (no red highlighted cells in the table).
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• No clear difference in performance can be seen on the OT-1-revolution, OT-1-tooth, OTA-1-
revolution and OTA-1-tooth pre-processed data, with the models capturing the healthy data
distributions well in all cases, and where overfitting occurs, the damage can be detected in the
latent space.

• Note that the C-decoder performs just as well as the latent variable models. If the shaft speed
and phase information are available, it is not necessary to consider latent variable models for
this dataset, since the variance in the healthy data can be sufficiently modelled using only the
shaft speed and phase information. This also shows that even though the nonlinear models
should theoretically be able to capture input data that is not order tracked, containing varying
frequencies, the learning task is greatly simplified when the input signals are order tracked.

• The iVAE models also perform notably better on the order tracked data than the VAE models,
showing that the prior conditioned on the OC info, allows the model to learn better latent
representations than the uninformed zero-mean, isotropic unit variance prior used in the VAE.
The iVAE-S captures the data just as well as the iVAE-L, since 10 latent variables are more
than enough to capture the phase shifts, and the amplitude modulation caused by the varying
shaft speeds.

4.4.5 Signal processing benchmark

The DDL, TPR and AUC benchmarks obtained by monitoring the SES and NES for the unfiltered
and bandpass filtered datasets are documented in Table 14. As expected, bandpass filtering the data
around the frequency band that contains the impulsive bearing component improves the results. The
NES performs considerably better than the SES. Fig. 45 shows how the SES and NES at order 4.12
for the bandpass filtered dataset develop over time as the damage level increases. The SES is highly
correlated with the shaft speed, which causes poor results. Normalizing the spectrum, as is done with
the NES, effectively removes the correlation between the spectrum magnitudes and the shaft speed,
which leads to the damage being detected as early as level 11.

Table 14: Phenomenological model dataset signal processing benchmark

Metric No filter Bandpass filtered (6000 - 8000 Hz)
SES @ order 4.12 NES @ order 4.12 SES @ order 4.12 NES @ order 4.12

DDL 24 16 18 11
TPR 0.47 0.61 0.66 0.73
AUC 0.78 0.77 0.86 0.89
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Figure 45: The SES and NES at order 4.12 for the bandpass filtered dataset as the damage level
increases.
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Tracking the NES on the bandpass-filtered dataset outperforms all the learning-based approaches,
where damage was detected at the earliest at level 13. Since almost all the relevant fault information
is captured in the frequency band between 6000 Hz and 8000 Hz, and all the irrelevant information
that complicates the damage detection task lies outside this band, it is not a surprise that the signal
processing approach performs better than the learning-based approaches. The only benefit of follow-
ing the learning-based approach on this dataset, is that the results are not dependent on identifying a
frequency band of interest where the fault presents itself.

While it might be possible to improve the results of the learning-based approaches by applying further
signal processing to the discrepancy signals (e.g. bandpass filtering the discrepancy signals before
enveloping, and squaring the envelope), the goal of this investigation was to see how well the discrep-
ancy analysis methods perform with little to no domain knowledge built into the methods. When it
is possible to filter out all the components except the component associated with the fault, it can be
expected that monitoring the filtered signal will perform better than monitoring a discrepancy signal,
since the discrepancy signal will still contain some noise across the frequency spectrum.

It should however also be noted that data from a phenomenological model is expected to be less
complex than real-world data. In real-world data, the damage might present itself in multiple
frequency bands, and there might be other impulsive components not associated with damage that
also appear in these frequency bands. The potential benefits of learning-based approaches over signal
processing approaches on such complex datasets are explored in Chapter 5.

4.5 Fault classification: outer race vs. inner race fault

This section demonstrates the potential of this proposed discrepancy analysis approach for fault
classification tasks. The reconstruction space discrepancy signals for the PCA-C-LR-L model, with
SO-1-revolution pre-processing, are presented. This combination was chosen, as it performed well
on the fault detection and tracking tasks compared to the other learning-based approaches, fitting the
distribution of the healthy data well, while not reconstructing the damage components present in the
evaluation data.

Fig. 46 shows the reconstruction of samples with outer and inner race faults, at damage level 22
(sample nr. 350), along with the associated reconstruction space discrepancy signals. From the re-
construction, it can be seen that the impulses associated with the bearing faults are not reconstructed,
resulting in spikes in the discrepancy signals. From the discrepancy signal plots, the differences
between the outer and inner race faults can clearly be seen. The spikes in the discrepancy signal for
the outer race fault are all relatively the same amplitude, as the fault stays in the same load zone, while
the spikes in the discrepancy signal for the inner race fault vary as the fault moves in and out of the
load zone.

Without knowing the fault frequencies, the faults can still be classified as an inner race or outer race
fault, based only on the structure of the discrepancy signals in the time domain. This will however
become slightly more difficult when the speed varies significantly per sample, with the spikes moving
closer or further from each other. By order tracking the discrepancy signals, the discrepancy signals
will keep the same form at different operating speeds. Another challenge in time domain classification
is noise. By taking the FFT of the order-tracked discrepancy signal, an interpretable representation of
the fault present can be found, that is more robust to noise than the time domain discrepancy signal.
Fig. 47 shows how the order spectra of the reconstruction space discrepancy signals for outer and
inner race faults develop over time as the fault level increases. The outer race fault has a clear peak at
the fault order of 4.12, along with peaks at its harmonics. The inner race fault has peaks at the fault
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order of 5.88 along with its harmonics, but the peaks are surrounded by side bands, caused by the
fault moving in and out of the load zone.
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Figure 46: Reconstruction of samples with outer and inner race faults, along with the associated
reconstruction space discrepancy signals (PCA-C-LR-L, SO-1-revolution, sample nr. 350, damage
level 22)

(a) Outer race fault (b) Inner race fault

Figure 47: Order spectra of reconstruction space discrepancy signals for outer and inner race faults
over time, as the fault develops (PCA-C-LR-L, SO-1-revolution)

Fig. 48 shows how the synchronous averages of the reconstruction space discrepancy signals for
outer and inner race faults develop over time as the fault level increases. Because bearing faults are
non-synchronous with the shaft rotation angle, one would expect to see no clear peaks developing
on these plots, with only the noise levels increasing as the fault severity increases. These plots
immediately indicate that there are no gear faults present. The very low discrepancy scores at samples
40 to 50 show that the model overfits slightly on the training data with faster operating speeds.
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(a) Outer race fault (b) Inner race fault

Figure 48: Synchronous averages of reconstruction space discrepancy signals for outer and inner race
faults over time, as the fault develops (PCA-C-LR-L, SO-1-revolution)

The main advantage of the proposed methodology from a classification perspective is that the plots
shown in Figs. 46, 47 and 48 should be representative of all outer and inner race bearing faults, for
different datasets from different machines with different applications (as long as the model fits the
healthy training data well). While the scales will depend on the fault frequencies, the differences in
the structures between an inner and outer race bearing fault will remain the same.

The classification approaches in literature mainly focus on training models to classify the faults present
in the data, taking either the raw vibration signal or features extracted from the raw data as input. These
approaches are however limited to the specific machine from which the training data was acquired, and
won’t generalize well if data from another machine was fed into the model. By training classifiers on
discrepancy signals, this problem can be overcome, allowing easier incorporation of transfer learning
techniques from the larger available datasets which include labelled faults, into datasets where only
healthy data is available. The reader is referred to the work of Guo et al. (2019) to see how transfer
learning techniques are currently implemented in the vibration-based condition monitoring context.
Training models on the discrepancy signals from large datasets, and then transferring the knowledge
to smaller datasets, is an exciting prospect that can be explored in future work. For this to be possible,
it is however very important that models are developed that can robustly capture the distribution of
the healthy data, to generate clean discrepancy signals.

4.6 Conclusion

For this dataset, it is difficult to motivate the use of latent variable models. The C-decoder performed
just as well as the latent variable models when the data was order tracked, highlighting the simplicity
of the dataset, and showing that the shaft speed and phase information are sufficient to model the
variance in the healthy data distribution to perform discrepancy analysis. The latent variable models
struggled to capture the raw vibration signals in the unsupervised setting where no order tracking
was applied. The latent variable models were not able to perform well without the shaft speed and
phase information, showing that even on a relatively simple phenomenological model dataset, it is
very challenging to get accurate health indicators for varying speed conditions when the shaft speed
is not known.

Traditional signal processing approaches outperformed all learning-based approaches on this dataset.
This is attributed to the simplicity of the dataset. The fault presents itself in a frequency band where
there is little information related to other components, so if this band can be identified successfully
and bandpass filtered, fault detection and tracking using traditional envelope techniques will be an
easy task.
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While the latent variable model results were not positive compared to the supervised C-decoder and
traditional signal processing results, the investigation was very useful to identify why PCA and VAE
models struggle in the unsupervised setting and to understand why incorporating OC information
during data pre-processing and during modelling improves the models’ performances.

For the PPCA model, the discrepancy signal features were correlated with the shaft speed, leading to
poor results. The correlation is caused by the model’s inability to capture the heteroscedastic noise in
the data, showing the importance of using models that can capture the variance per sample. The PCA
results were improved by using the PCA-Z-LR and PCA-C-LR models, where the variance in the data
was inferred from z and c respectively, using linear regression. The PCA-C-LR model inferred the
correct variance more robustly than the PCA-Z-LR model. This is because c is not influenced by noise
or damage components present in the vibration data, while z captures some of these components as
well. It was shown that the PCA models easily overfit (approach an identity function transformation)
when given a large latent space. This makes it crucial that the latent space discrepancies are also
monitored, since damage will not be detected so clearly in the reconstruction space. The PCA-C-LR
model successfully monitored the latent space for discrepancies, by learning the relationship between
c and z under healthy conditions. This made the PCA-C-LR model’s performance more robust to the
choice of latent space size. The PPCA and PCA-Z-LR models’ performances were badly affected by
overfitting, since the latent space representations could not be monitored using c.

For the VAE models, the results were mixed. The models were able to get decent results when the
input data windows were short (1-tooth pre-processing) and large latent space sizes were used. In the
other cases, the VAE models struggled, with posterior collapse occurring often. It is clear that the
VAE prior is not well suited to capture the vibration data with a small latent space. The VAE results
were improved by using the iVAE model, where a more informed prior was learned by conditioning
it on c. Overall the results for the iVAE model were robust, only failing on the SO-1-revolution
pre-processed data. The VAE models were seen to be less prone to overfitting (learning an identity
function transformation) than the PCA models, because of the regularization that the latent prior
applies.

All the models fit the healthy order tracked data significantly better than the raw data. This is easy to
explain for the PCA models, since the frequency and phase shifts are highly nonlinear operations, and
it was shown that the PCA models use certain principal components to reconstruct certain frequencies
and their harmonics. For the nonlinear VAE models, this is attributed to the models not having any
sort of inductive periodic bias, so the models simply try to map the data to the latent space and back,
without learning any understanding of the frequency and phase shifts. The current neural network
architectures are not well suited to capture periodic data, even when given the frequency and phase
information. This was seen in the poor results of the C-decoder on the SO pre-processed data.

The data samples contain no impulsive components that are not associated with damage. This leads
to good results when monitoring the kurtosis of the discrepancy signals. This is however not expected
to be the case when working with real-world data, as will be investigated in the next chapter.
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In this chapter, a real-world dataset is analysed, to see if the findings on the phenomenological model
dataset in Chapter 4 are also applicable to real-world data.

The dataset has been extensively analysed from both a signal processing perspective, where the goal
is to extract and enhance the diagnostic information captured in the signals (Schmidt et al. 2020,
Schmidt & Gryllias 2021), and a discrepancy analysis perspective, to detect and track how the fault
develops (Schmidt et al. 2018a, Balshaw et al. 2022). This chapter builds on the work by Schmidt
et al. (2018a) and Balshaw et al. (2022), as the dataset is also analysed from a discrepancy analysis
perspective.

5.1 Dataset Overview

The C-AIM Gearbox dataset contains vibration data for an experimental gearbox setup operated at
fluctuating speeds and loads. In the experiment, a gear tooth fault was induced on a healthy gear. The
dataset consists of a healthy set recorded before the fault was seeded, as well as an unhealthy set after
the fault was seeded.

The experimental setup (shown in Fig. 49) consists of an electrical motor, that is used to drive an
alternator. The motor and alternator are connected through three helical gearboxes, with the gearbox
in the middle being monitored. The axial acceleration of the monitored gearbox is captured with a
100 mV/g tri-axial accelerometer mounted on the input shaft bearing housing. The input shaft speed
of the monitored gearbox is recorded with an optical probe and zebra tape shaft encoder. The data
was captured with an Oros OR35 data acquisition system. The accelerometer signal was sampled
at 25.6 kHz, and the optical probe at 51.2 kHz. The monitored gearbox is a step-up gearbox with a
gear ratio of 1.85. The gear connected to the input shaft has 37 teeth, and the pinion connected to the
output shaft has 20 teeth.

Figure 49: C-AIM Gearbox Experimental Setup

The healthy set consists of 100 samples of 20 seconds each, recorded in a relatively short period,
to ensure that the gearbox condition remained relatively constant over the 100 samples. After the
healthy data was recorded, the gearbox was disassembled, and one of the gear teeth was damaged.
A slot was seeded into the root of a gear tooth, along the entire width of the tooth, 50% of the tooth
thickness deep, with a height of 0.3mm. The gearbox was reassembled and run until complete failure
occurred. After 20 days, the gear tooth failed. 200 samples of 20 seconds each were recorded before
the tooth failed. This gives 300 samples in total for the dataset. The damaged tooth meshes with
the pinion approximately 4π

5 radians of shaft rotation after the butt joint on the zebra tape passes the
optical probe. The butt joint is used as the reference point for all signals in this investigation, so the
fault is expected to appear at 4π

5 radians on synchronous average plots.
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Each of the samples was recorded for the same speed profile over 20 seconds, with the speed profile
of the input shaft of the monitored gearbox shown in Fig. 50. So the operating speed varies within
the sample period, but the speed profile remains the same for all 300 samples.
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Figure 50: Speed profile of the input shaft of the monitored gearbox over 20 seconds. The sample
splits are indicated by the dashed black lines, and the red lines indicate the mean shaft speeds over
the shorter 3-second samples.

For this investigation, it was decided to split each 20-second sample into six shorter 3-second samples,
with the last 2 seconds of each sample discarded. These splits are indicated in Fig. 50 by the dashed
black lines, with the red lines indicating the mean shaft speeds over the shorter 3-second samples.
The samples were split for two reasons:

• This allows one to easily detect if the discrepancy signal features are correlated with the shaft
speed or not. If the whole 20 seconds were used, the discrepancy features would all be for
signals from the same speed profile, so even if the discrepancy signal features varied greatly
within the sample, the average would still be the same.

• By using shorter samples, the analysis cannot rely so heavily on synchronous averaging tech-
niques to cancel out non-synchronous components, since each 3-second sample captures 8 shaft
rotations at most, while the original samples captured up to 50 rotations. Since the monitored
fault is a gear tooth fault, it makes sense to use synchronous averaging techniques, as was
done by both Schmidt et al. (2018a) and Balshaw et al. (2022). By using shorter windows,
the synchronous averaging results become more sensitive to any non-synchronous components
in the healthy data that the model fails to capture. So using shorter samples will increase the
difficulty, but also give a better indication of the models’ abilities to capture the healthy data
distribution.

By splitting the samples, the dataset used in this investigation has 600 healthy samples and 1200
unhealthy samples. The damage levels in this dataset are assigned based on the original signals before
it was split, ranging from 0 to 200, where 0 corresponds to the healthy data, and each level from 1
to 200 corresponds to the original unhealthy signals. So the dataset with the split samples has 600
samples at damage level 0, 6 samples at damage level 1, 6 samples at damage level 2, and so on up to
damage level 200.

This dataset presents a challenge that was not encountered in the phenomenological model dataset
analysis: the healthy and unhealthy vibration data both include impulsive components. In the
phenomenological model dataset, the healthy data did not include impulsive components, so any
impulsive components showing up in the data could immediately be identified as bearing damage.
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In this dataset, the models must learn to capture these impulsive components in the healthy data, so
that these components do not reflect in the discrepancy signals. The data contains a cyclo-stationary
signal component at 5.72 shaft orders. Schmidt & Gryllias (2021) attribute this component to the
movement of the floating shaft in the monitored gearbox. The input shaft experiences strong axial
excitation due to the axial force of the helical gears. This results in undesired contact between the
bearing and the casing of the gearbox, in both the healthy and unhealthy data.

Schmidt et al. (2020) showed that it is difficult to detect the gear damage with conventional signal
analysis techniques, stating that this is due to the high noise levels in the dataset, and that the helical
gears of the gearbox have higher contact ratios than spur gears, resulting in the gear mesh stiffness
to only slightly decrease when a tooth starts to fail. It was shown that the signal components at 5.72
shaft orders negatively affect the results.

Balshaw (2020) analysed the raw dataset, as well as a version of the dataset that was low-pass filtered
at 3200 Hz. This allows one to scale the difficulty of the fault detection task since low-pass filtering
of the data at 3200 Hz removes most of the impulsive components at 5.72 shaft orders. The same
is done in this analysis, to get an idea of how much a model’s performance is influenced by the
presence of impulsive components in the healthy data. A third-order Butterworth filter is used. It is
also investigated how the results are affected by low-pass filtering of the discrepancy signals from the
unfiltered dataset at 3200 Hz as a post-processing step, before enveloping is applied to the discrepancy
signals.

Fig. 51(a) shows the frequency content of one of the healthy signals (of 20 seconds, before it was
split). Two clear peaks can be seen in the healthy signal frequency content at 3700 Hz and 8000
Hz. To get an idea of what causes these peaks, the sample was high-pass filtered at 3200 Hz, Hilbert
transformed, and order tracked, to extract the cyclostationary components from the data. The order
spectrum for the Hilbert transformed frequency content above 3200 Hz is shown in Fig. 51(b). The
component at 5.72 shaft orders can be clearly seen, along with its harmonics at 11.44 and 17.16 shaft
orders. There is also a cyclostationary component at shaft order 20 included in these frequency bands.
This is shown to give the reader an idea of what is filtered away when the filtered dataset is analysed.
It will be shown later how these components at 5.72, 11.44, 17.16 and 20 shaft orders also affect the
results in this investigation.
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Figure 51: Visualization of the frequency content of a healthy signal filtered away by the low-pass
filter at 3200 Hz. (a) shows the FFT of the raw data. (b) shows the order spectrum for the Hilbert
transformed frequency content above 3200 Hz.
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5.2 Experimental setup

All 11 models, as shown in Table 3 were implemented. The dataset is quite large, and therefore the
Lsft parameter was chosen to be equal to Lw. By doing this, the OTA and OT pre-processing ap-
proaches reduce to the exact same methods. So only 4 pre-processing approaches were implemented:
OTA-1-revolution, OTA-1-tooth, SO-1-revolution and SO-1-tooth. The window lengths and latent
space sizes are documented in Appendix C.

The Bayesian Geometry Compensation algorithm, proposed by Diamond et al. (2016) was imple-
mented throughout this investigation to compensate for the geometrical imperfection caused by the
butt joint of the zebra tape shaft encoder.

The features of the discrepancy signals that are monitored in this investigation are the mean, variance,
kurtosis, OST at order 1 Hz/fshaft, and SAT at 4π

5 radians. For the unsupervised approach, the OC
information will not be available that allows one to perform order tracking and calculate the OST
or SAT features from the discrepancy signals. It is however still calculated and documented for the
unsupervised approach, as it gives a good indication of a model’s ability to capture the distribution
of the healthy data. The only metric used to evaluate how the models perform on fault detection and
tracking tasks is the True Positive Rate (TPR), where the discrepancy threshold is set as the 95th
percentile of the discrepancy signal features from the healthy test set. Since the damage was seeded
after sample number 600, this dataset does not allow one to clearly track how the damage develops.
A good model is expected to detect all samples after sample number 600 as unhealthy, resulting in a
TPR of 1.

The same signal processing methods used to set benchmarks for the phenomenological model dataset
investigation in Section 4.4.5 are used in this section. The SES and NES are monitored at order 1,
and since it is a synchronous fault, the synchronous average of the squared envelope (SASE) is also
monitored, at 4π

5 radians, where the fault is known to be located. For the bandpass filtered dataset,
the dataset is filtered around the 450-550 Hz frequency band. This frequency band was chosen
based on the work done by Schmidt et al. (2020). In their work, it was shown that because of the
cyclostationary impulsive components at 5.72 Hz, it is not a simple task to automatically identify the
frequency band of interest that contains the gear damage, with both the fast kurtogram and ICS2gram
wrongly identifying bands related to the 5.72 Hz cyclostationary component. The IFBIαgram was
proposed, that successfully identified bands around 500 Hz as the frequency band of interest. For this
benchmark, the robustness of techniques commonly used to identify the frequency band of interest,
such as the fast kurtogram, is not considered. This benchmark assumes that the signal processing
technique can successfully identify the 450-550 Hz frequency band for each signal.

5.3 Why do some latent variable models work better than others?

The goal of this section is to see if the discussion presented in Section 4.3, on the reasons that some
models work better than others, also holds when used to analyse experimental data.

The performances are again compared based on whether homoscedastic models or heteroscedastic
models are used, and thereafter the linear PCA and nonlinear VAE models are compared. In Section
4.3, when investigating the phenomenological model dataset, it was possible to scale the healthy test
set likelihood values based on the operating speeds, since the amplitude modulation function was
known. In this chapter, since it is experimental data, the amplitude modulation function is not known,
so the likelihood values can’t be scaled. This means that the likelihood values will be correlated
with the operating speeds. For this reason, the quality of the fits is only investigated qualitatively
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by looking at the discrepancy signals for the healthy and damaged data, and not quantitatively by
comparing the likelihood values.

All the results presented from Section 5.3.1 to Section 5.3.3 are for the low-pass filtered dataset.
Because the models fit the filtered dataset better, there is less noise in the discrepancy signals caused
by healthy components, making it easier to understand how the different models fit the data. In
Appendix F, all the results shown in Section 5.3.1 to Section 5.3.3 are presented again, but for the
unfiltered dataset.

The subsection ends with a comparison between the order spectra of the discrepancy signals obtained
by the models on the filtered and raw datasets, to show why filtering improves the results.

5.3.1 Homoscedastic vs. heteroscedastic models

Section 4.3.2 showed that, for the phenomenological dataset, using homoscedastic models (models
that assume a constant variance across the whole dataset), results in the discrepancy signal features
being correlated with the operating speed. To confirm that this is also the case for experimental data,
the results for the PPCA and PCA-C-LR models are compared.

Fig. 52 shows the reconstruction space discrepancy features as the damage develops, for the PPCA-S
and PCA-C-LR-S models when using OTA-1-tooth pre-processing. Note how the mean, variance
and SAT features for the PPCA model are highly correlated with the shaft speed, with the features
increasing as the RPM increases. For the heteroscedastic PCA-C-LR model, there is no clear
correlation between the features and the shaft speed, resulting in more samples being classified as
anomalous. The kurtosis and OST features perform poorly in both cases, showing little correlation
with the damage level. Table 15 shows the TPRs achieved by monitoring the five reconstruction
space discrepancy features. The TPRs for the mean, variance and SAT are improved by learning the
variance for each sample, confirming the importance of using heteroscedastic models.

Table 15: PPCA-S vs. PCA-C-LR-S: TPR for reconstruction space discrepancy signal features (OTA-
1-tooth, low-pass filtered dataset)

Model Discrepancy
space

Feature
mean var kurt OST SAT

PPCA-S Recon 0.32 0.32 0.01 0.40 0.86
PCA-C-LR-S Recon 0.83 0.57 0.01 0.40 0.98

5.3.2 Linear PCA models

Section 4.3.3 showed that the linear PCA models learn to reconstruct the frequencies and their harmon-
ics that are responsible for the most variance in the data. When adding more principal components,
the models quickly start to overfit and can reconstruct almost any input data accurately. In these cases,
the latent space was much more responsive to damage than the reconstruction space. To confirm that
this is also the case for experimental data, we look at how the PCA-C-LR models performed.

The results shown in this subsection are for OTA-1-tooth processed data. It is expected that the models
will fit the order tracked data easier, and the shorter input lengths are chosen for this discussion so
that the latent space discrepancy signals have a high resolution.
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(a) PPCA: mean
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(b) PCA-C-LR: mean
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(c) PPCA: variance
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(d) PCA-C-LR: variance
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(e) PPCA: kurtosis
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(f) PCA-C-LR: kurtosis
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(g) PPCA: OST
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(h) PCA-C-LR: OST
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(i) PPCA: SAT
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(j) PCA-C-LR: SAT

Figure 52: PPCA-S vs PCA-C-LR-S: reconstruction space discrepancy signal features for fault
detection and tracking (OTA-1-tooth, low-pass filtered dataset)

To get an idea of how the models fit the data, we first look at the order spectra content of the vibration
data, and then compare it to the reconstruction space discrepancy signals order spectra for both the
PCA-C-LR-S and PCA-C-LR-L models, before the Hilbert transform is applied. These three plots
are shown in Fig. 53. Note that for the vibration data, most of the order spectral content lies between
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shaft orders 40 and 600, and then there are some very small components between orders 600 and
orders 1800. The PCA-C-LR-S model captures some of the order spectra bands between shaft orders
40 and 600, while the PCA-C-LR-L model captures all the order spectra content below order 600.
The PCA-C-LR-L model clearly overfits, as it not only captures the order spectral content below order
600 for the healthy data but also for the unhealthy data, showing that it will most likely reconstruct the
signal components caused by damage just as well. The reconstruction space discrepancy signals for
the PCA-C-LR-L model are made up of the very small components between orders 600 and orders
1800 that are barely seen in the vibration data order spectra. This confirms that the PCA models learn
to capture certain frequencies, and can then reconstruct any signal content at that frequency very well.
This makes it necessary to monitor the latent space for damage as well.

(a) Vibration data

(b) S: Recon space discrepancy (c) L: Recon space discrepancy

Figure 53: PCA-C-LR-S vs PCA-C-LR-L: Order spectra of reconstruction space discrepancy signals
before Hilbert transform is applied, compared to the order spectra of the vibration data (OTA-1-tooth,
low pass filtered dataset)

Fig. 54 shows the synchronous average of the reconstruction space and latent space discrepancy
signals, as the fault develops, for both the PCA-C-LR-S and PCA-C-LR-L models. For the smaller
latent space, the gear tooth fault can easily be identified in the reconstruction space, while the latent
space synchronous average has a bit more noise. For the larger latent space, this is reversed, with the
reconstruction space synchronous average being noisy, but the latent space being highly responsive
to damage.

Looking at the discrepancy signal features monitored, these trends continue, with the small latent
space model detecting damage in the reconstruction space, and the large latent space model detecting
damage in the latent space. The discrepancy signal features for both the PCA-C-LR-S and PCA-C-LR-
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L models, for both the latent space and reconstruction space, are plotted in Fig. 55. The TPR results
are summarized in Table 16. The poor results from the reconstruction space discrepancy signal for the
PCA-C-LR-L show that the model overfits and reconstructs the components associated with damage
as well. It is interesting to note that the small latent space is also highly responsive to damage in
this case, and for both the PCA-C-LR-S and PCA-C-LR-L models, the results improve considerably
when the reconstruction space discrepancy monitoring results are combined with the latent space
discrepancy monitoring results. The combined results for the PCA-C-LR-S and PCA-C-LR-L models
are very similar. This shows that when both the latent space and reconstruction space are monitored,
the results become less dependent on the latent space size decision.

The kurtosis and OST results are poor in both cases since these features are easily influenced by
healthy impulsive components that are not captured by the model.

(a) S: Recon space (b) S: Latent space

(c) L: Recon space (d) L: Latent space

Figure 54: PCA-C-LR-S vs PCA-C-LR-L: Synchronous average of reconstruction- and latent space
discrepancy signals, as the fault develops (OTA-1-tooth, low pass filtered dataset)

Table 16: TPR for PCA-C-LR model with small and large latent spaces (OTA-1-tooth)

Model Discrepancy
space

Feature
mean var kurt OST SAT

PCA-C-LR-S
Recon 0.83 0.57 0.01 0.40 0.98
Latent 0.99 0.91 0.16 0.24 0.96

Recon+Latent 1.00 0.95 0.17 0.49 0.99

PCA-C-LR-L
Recon 0.00 0.00 0.06 0.28 0.47
Latent 1.00 0.15 0.00 0.41 0.99

Recon+Latent 1.00 0.16 0.06 0.58 0.99
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Figure 55: PCA-C-LR-S vs PCA-C-LR-L: reconstruction space and latent space discrepancy signal
features for fault detection and tracking (OTA-1-tooth, low-pass filtered dataset, x-axis: Damage level
0-200, y-axis: Feature value, dashed line: Discrepancy threshold)

5.3.3 Nonlinear VAE models

Section 4.3.4 showed that the nonlinear VAE models are less prone to overfitting than the PCA
models when given a larger latent space. This made the latent space and reconstruction space evenly
responsive to damage. To confirm that this is also the case for real-world data, we now look at how
the iVAE models performed. This subsection contains the same results as the previous section on the
PCA-C-LR models, only using iVAEs this time. The results are again for OTA-1-tooth processed data.

To get an idea of how the models fit the data, we again look at the order spectral content of the vibration
data, and then compare it to the reconstruction space discrepancy signals order spectra for both the
iVAE-S and iVAE-L models, before the Hilbert transform is applied. These three plots are shown in
Fig. 53. From these plots, it can be seen that the nonlinear models fit the healthy data differently. By
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increasing the latent space size, the model can capture more of the order spectral content, but instead
of reconstructing both the healthy and unhealthy signal components between shaft orders 40 and 600
perfectly, a change after sample 600 can now be detected in these bands. This shows that the iVAE
model does not learn to simply reconstruct certain frequency content perfectly, making it less prone
to overfit to the point where it can reconstruct any input data.

(a) Vibration data

(b) S: Recon space (c) L: Recon space

Figure 56: iVAE-S vs iVAE-L: Order spectra of reconstruction space discrepancy signals before
Hilbert transform is applied, compared to order spectra of the vibration data (OTA-1-tooth, low-pass
filtered dataset)

Fig. 57 shows the synchronous average of the reconstruction space and latent space discrepancy
signals, as the fault develops, for both the iVAE-S and iVAE-L models. This time, the damage can
be detected more clearly when the model is given a larger latent space, with the noise in both the
reconstruction space and latent space discrepancy signal decreasing. This shows that, unlike the PCA
models, the VAE models do not overfit (learn an identity function transformation) when given a larger
latent space. This is because of the regularization that the latent space prior applies to the latent
space. The VAE models simply improve on fitting the healthy data when given a larger latent space.
The VAE models are therefore less prone to reconstruct the damage components as well.
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(a) S: Recon space (b) S: Latent space

(c) L: Recon space (d) L: Latent space

Figure 57: iVAE-S vs iVAE-L: Synchronous average of reconstruction- and latent space discrepancy
signals, as the fault develops (OTA-1-tooth, low-pass filtered dataset)

While both models perform well when monitoring either the reconstruction space or latent space
for damage, the larger latent space model can move the unhealthy samples slightly further above
the discrepancy threshold, as can be seen in Fig. 58, which will make damage detection in the
iVAE-L model slightly more robust. This is however a minor improvement from the iVAE-S model’s
performance, with both achieving near-perfect TPRs from the monitored discrepancy signals’ mean,
variance and SAT values, as shown in Table 17.

The kurtosis and OST results are once again poor in both cases, showing that these features are highly
sensitive to the healthy signal components not captured by the models.

Table 17: TPR for iVAE model with small and large latent spaces (OTA-1-tooth)

Model Discrepancy
space

Feature
mean var kurt OST SAT

iVAE-S
Recon 0.99 0.99 0.10 0.29 0.98
Latent 0.99 0.99 0.01 0.55 0.98

Recon+Latent 1.00 1.00 0.10 0.68 0.99

iVAE-L
Recon 0.99 0.98 0.01 0.45 0.97
Latent 0.97 0.96 0.20 0.38 0.98

Recon+Latent 1.00 1.00 0.20 0.60 0.99
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Figure 58: iVAE-S vs iVAE-L: reconstruction space and latent space discrepancy signal features for
fault detection and tracking (OTA-1-tooth, low-pass filtered dataset, x-axis: Damage level 0-200,
y-axis: Feature value, dashed line: Discrepancy threshold)

5.3.4 Performance on raw data vs. low-pass filtered data

The results on the raw data and the low-pass filtered data differed quite a lot, indicating that the
models struggled to capture some of the impulsive components at shaft orders 5.72, 11.44, 17.16 and
20. In this subsection, the order spectra of the discrepancy signals obtained by the PCA-C-LR and
iVAE models on the OTA-1-tooth pre-processed data, are investigated, for both the filtered and raw
datasets. The goal is to show that some models do not capture the impulsive components and that
this directly influences the TPR results that will be shown in Section 5.4. The ideal case would be
that one detects little to no order spectral content before sample 600, and that one then clearly sees
the lines at shaft order 1 and its harmonics, after sample 600. Any lines on the order spectra present
from sample 1 to 1800, will indicate a healthy component not captured by the model.
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The order spectra of the reconstruction space discrepancy signals obtained by the PCA-C-LR-S and
PCA-C-LR-L models are shown in Fig. 59. On the filtered dataset, good results were obtained with
the reconstruction space discrepancy signal obtained by the PCA-C-LR-S model (Fig. 59(a)). This
is evident from the plot, as the fault orders at shaft order 1 and its harmonics are clearly visible, and
not too many uncaptured healthy components are present. For the raw dataset (Fig. 59(b)), the order
spectra are dominated by uncaptured healthy components at shaft order 5.72 and 11.44, with the
fault orders at shaft order 1 and its harmonics barely visible. These uncaptured healthy components
make it difficult to detect the damage from the monitored features, leading to poor results. For the
PCA-C-LR-L model, the model overfits and reconstructs the damaged components well, for both
the filtered data (Fig. 59(c)) and raw data (Fig. 59(d)). The frequency components that the model
doesn’t capture, are mostly healthy cyclostationary components at order 5.72 and 11.44. This makes
it necessary to detect the damage in the latent space discrepancy signals.

(a) S: Recon space (low-pass) (b) S: Recon space (raw)

(c) L: Recon space (low-pass) (d) L: Recon space (raw)

Figure 59: PCA-C-LR-S vs PCA-C-LR-L: Order spectra of reconstruction space discrepancy signals,
as the fault develops (OTA-1-tooth, raw and low-pass filtered dataset)

The order spectra of the reconstruction space discrepancy signals obtained by the iVAE-S and iVAE-L
models are shown in Fig. 60. Comparing Fig. 60(a) and Fig. 60(c), it can be seen why the damage
was detected more clearly in the reconstruction space discrepancy signal for the iVAE-L model than
the iVAE-S model, as was documented in Section 5.3.3. For the iVAE-S model, there are uncaptured
healthy components at orders 9 and 18, while the iVAE-L model managed to successfully capture
these components. Now looking at the results on the raw dataset, it can be seen that the iVAE-S
model failed to capture components at shaft orders 5.72, 9, 11.44, 18 and 20 (Fig. 60(b)), making
the fault orders at shaft order 1 and its harmonics barely visible. The iVAE-L model performs better,
with the only uncaptured component being at order 20 (Fig. 60(d)). The model successfully captured
the large impulsive components at orders 5.72 and 11.44, and the fault orders at shaft order 1 and its
harmonics can be clearly seen.
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(a) S: Recon space (low-pass) (b) S: Recon space (raw)

(c) L: Recon space (low-pass) (d) L: Recon space (raw)

Figure 60: iVAE-S vs iVAE-L: Order spectra of reconstruction space discrepancy signals, as the fault
develops (OTA-1-tooth, raw and low pass filtered dataset)

This discussion shows that while the PCA-C-LR models performed competitively with the iVAE
models on the phenomenological model dataset, the iVAE models outperform the PCA-C-LR models
when the dataset contains many impulsive components.

5.4 Result Analysis

5.4.1 Unsupervised approach

Table 18: C-AIM gearbox dataset analysis results: TPR for unsupervised approach, where no OC
information was used (green: >0.8, red: <0.5)

SO-1-revolution

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
PPCA-S Recon 0.15 0.04 0.01 0.32 0.08 0.39 0.48 0.06 0.27 0.65 0.42 0.50 0.12 0.27 0.67
PPCA-L Recon 0.05 0.02 0.01 0.14 0.05 0.31 0.32 0.00 0.31 0.83 0.37 0.35 0.01 0.38 0.80

PCA-Z-LR-S Recon 0.31 0.07 0.00 0.23 0.08 0.50 0.51 0.01 0.22 0.72 0.44 0.29 0.09 0.20 0.58
PCA-Z-LR-L Recon 0.18 0.18 0.03 0.09 0.22 0.23 0.19 0.03 0.11 0.20 0.38 0.34 0.04 0.15 0.34

VAE-S Recon 0.11 0.04 0.01 0.24 0.07 0.36 0.47 0.13 0.13 0.62 0.36 0.47 0.17 0.14 0.66
VAE-L Recon 0.11 0.03 0.01 0.22 0.07 0.36 0.47 0.12 0.13 0.62 0.36 0.48 0.16 0.14 0.66

SO-1-tooth

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
PPCA-S Recon 0.01 0.01 0.01 0.15 0.07 0.12 0.16 0.04 0.14 0.64 0.36 0.32 0.01 0.23 0.74
PPCA-L Recon 0.02 0.02 0.01 0.04 0.03 0.06 0.03 0.01 0.03 0.22 0.01 0.02 0.06 0.17 0.43

PCA-Z-LR-S Recon 0.00 0.01 0.01 0.09 0.07 0.05 0.10 0.04 0.10 0.68 0.44 0.32 0.01 0.15 0.71
PCA-Z-LR-L Recon 0.05 0.06 0.06 0.04 0.06 0.15 0.23 0.03 0.08 0.11 0.00 0.01 0.03 0.06 0.34

VAE-S Recon 0.11 0.03 0.01 0.24 0.17 0.38 0.47 0.08 0.12 0.65 0.36 0.48 0.17 0.14 0.65
VAE-L Recon 0.09 0.06 0.08 0.16 0.64 0.54 0.51 0.15 0.04 0.71 0.36 0.48 0.16 0.14 0.65
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The TPRs for the model and pre-processing combinations where no OC information was used during
modelling or pre-processing are presented in Table 18. The results are interpreted as follows:

• None of the models were able to capture the unfiltered dataset.

• The results were slightly improved by filtering the input data, and by filtering the discrep-
ancy signals. This shows that the models struggle to capture the high-frequency impulsive
components.

• The only reasonably good results were from monitoring the SAT, since the non-synchronous
components that the models did not capture, could then be averaged out slightly. To compute
the SAT, one however needs to order track the discrepancy signals, making the process not
completely unsupervised anymore.

• The healthy data distribution is simply too complex when the data is not order tracked, and
the limitations of the PCA and VAE frameworks further worsen the results. This shows that
PCA and VAE models cannot be used for discrepancy analysis in an unsupervised framework
on real-world data.

5.4.2 Using OC information for pre-processing

Table 19: C-AIM gearbox dataset analysis results: TPR where available OC information was used
only during pre-processing (green: >0.8, red: <0.5)

OTA-1-revolution

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
PPCA-S Recon 0.36 0.06 0.01 0.26 0.11 0.57 0.66 0.19 0.16 0.88 0.60 0.69 0.10 0.19 0.91
PPCA-L Recon 0.16 0.03 0.01 0.24 0.07 0.63 0.57 0.01 0.53 0.98 0.92 0.64 0.00 0.51 0.98

PCA-Z-LR-S Recon 0.65 0.53 0.01 0.36 0.29 0.77 0.78 0.11 0.28 0.89 0.74 0.67 0.20 0.32 0.66
PCA-Z-LR-L Recon 0.31 0.29 0.04 0.29 0.30 0.31 0.29 0.04 0.28 0.30 0.91 0.91 0.00 0.90 0.94

VAE-S Recon 0.35 0.25 0.04 0.35 0.28 0.48 0.53 0.48 0.23 0.64 0.46 0.53 0.38 0.21 0.68
VAE-L Recon 0.17 0.08 0.02 0.27 0.20 0.42 0.49 0.33 0.14 0.62 0.39 0.49 0.27 0.16 0.66

OTA-1-tooth

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
PPCA-S Recon 0.05 0.02 0.02 0.32 0.07 0.88 0.89 0.19 0.28 0.93 0.32 0.32 0.01 0.40 0.86
PPCA-L Recon 0.01 0.01 0.03 0.05 0.05 0.01 0.01 0.03 0.06 0.05 0.00 0.00 0.07 0.22 0.50

PCA-Z-LR-S Recon 0.19 0.04 0.02 0.29 0.08 0.97 0.98 0.08 0.29 0.94 0.56 0.43 0.01 0.34 0.96
PCA-Z-LR-L Recon 0.18 0.03 0.04 0.07 0.22 0.24 0.22 0.04 0.09 0.18 0.00 0.00 0.04 0.13 0.54

VAE-S Recon 0.30 0.14 0.01 0.31 0.15 0.49 0.55 0.15 0.17 0.67 0.48 0.54 0.24 0.20 0.73
VAE-L Recon 0.57 0.64 0.04 0.44 0.88 0.99 0.99 0.12 0.48 0.98 0.99 0.98 0.00 0.49 0.98

The TPRs for the model and pre-processing combinations where the OC information was used only
during pre-processing are presented in Table 19. The results are interpreted as follows:

• The only model that manages to capture the unfiltered data to a reasonable degree is the VAE-
L model when OTA-1-tooth pre-processing is applied. The latent space is large enough to
capture the short input windows. With the monitored SAT, the non-synchronous components
get averaged out, leading to good results

• The PCA-Z-LR-L model performs poorly on the unfiltered OTA-1-revolution input signals,
even after the discrepancy signals are filtered. The PCA-Z-LR-S, PPCA-S and PPCA-L models
perform well when the discrepancy signals are filtered. This shows that while the models
were not able to capture the high-frequency impulsive components, the PCA-Z-LR-S, PPCA-S
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and PPCA-L models were still able to get reasonable estimates of the variance in the data.
PCA-Z-LR-L however breaks down, with the linear regression model failing to capture the
variance, since the high-dimensional latent representation captured too much noise. When
the dataset is filtered before training, the PCA-Z-LR-L model performs well, showing that the
linear regression model can learn the variance from the latent space representations if they are
not too noisy.

• For the shorter OTA-1-tooth input signal, the large latent space PCA models overfit and
reconstruct the damaged signal components, and since the latent space can’t be monitored, the
results are poor. The small latent space PCA models perform better, since the models do not
overfit.

• The VAE models struggle to capture the longer OTA-1-revolution input signals, even when
filtering is applied. The latent representations are too noisy, leading to posterior collapse.
The models perform better on the shorter OTA-1-tooth input data, with the VAE-L model
performing very well when the input data or discrepancy signals are filtered. This shows that
the VAE-L model only struggled to capture some of the high-frequency impulsive components,
but captured the rest of the signal components very well.

• Overall, a clear improvement can be seen from the completely unsupervised approach.

5.4.3 Using OC information for modelling

Table 20: C-AIM gearbox dataset analysis results: TPR where available OC information was used
only during modelling (green: >0.8, red: <0.5)

SO-1-revolution

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
C-decoder Recon 0.18 0.03 0.01 0.29 0.04 0.65 0.78 0.10 0.16 0.86 0.70 0.84 0.28 0.30 0.84

PCA-C-LR-S Recon+LS 0.32 0.06 0.03 0.32 0.05 0.76 0.91 0.14 0.31 0.85 0.85 0.93 0.28 0.46 0.91
PCA-C-LR-L Recon+LS 0.30 0.07 0.03 0.19 0.31 0.62 0.50 0.03 0.34 0.93 0.95 0.74 0.06 0.43 0.98

iVAE-S Recon+LS 0.15 0.10 0.04 0.25 0.12 0.39 0.49 0.16 0.16 0.63 0.59 0.56 0.20 0.36 0.74
iVAE-L Recon+LS 0.18 0.11 0.05 0.26 0.18 0.38 0.49 0.16 0.17 0.62 0.37 0.50 0.19 0.24 0.66

SO-1-tooth

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
C-decoder Recon 0.17 0.03 0.00 0.29 0.05 0.64 0.84 0.12 0.16 0.80 0.72 0.85 0.27 0.31 0.83

PCA-C-LR-S Recon+LS 0.78 0.99 0.13 0.42 0.62 0.78 0.99 0.14 0.40 0.96 0.68 0.95 0.21 0.53 0.96
PCA-C-LR-L Recon+LS 0.02 0.01 0.04 0.09 0.06 0.03 0.01 0.05 0.08 0.09 0.79 0.40 0.06 0.58 0.98

iVAE-S Recon+LS 0.26 0.07 0.03 0.15 0.23 0.52 0.58 0.06 0.12 0.74 0.81 0.94 0.42 0.30 0.88
iVAE-L Recon+LS 0.88 0.72 0.21 0.42 0.89 0.88 0.72 0.48 0.22 0.96 0.84 0.94 0.03 0.44 0.98

The TPRs for the model and pre-processing combinations where the OC information was used only
during modelling are presented in Table 20. The results are interpreted as follows:

• The models that perform reasonably well on the unfiltered data are the PCA-C-LR-S and
VAE-L models when SO-1-tooth pre-processing is applied. It is easier for the models to
capture the short input signals that are not order-tracked, than the long input signals that are
not order-tracked.

• It is interesting to note that when the discrepancy signals or input data are filtered for SO-1-
revolution pre-processing, the linear PCA models perform better than the nonlinear models.
This might be due to the PCA models’ abilities to robustly fit certain frequencies, while the
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iVAE models are still prone to posterior collapse when the latent space representations are too
noisy.

• For the shorter SO-1-tooth processed input data, the models all perform generally well when the
discrepancy signals or input data samples are filtered. The only odd case is for the PCA-C-LR-L
model when the discrepancy signals are filtered. We believe that the reason for this is that the
model learns to reconstruct data from certain operating speeds very well, while not capturing
others. This makes it difficult for the linear regression model to accurately capture the variance
of the reconstruction errors.

• The C-decoder performs fairly well when the discrepancy signals or input data are filtered,
but is not able to reach TPRs higher than 0.9 as some of the PCA and VAE frameworks
achieve. This again shows that it is not easy for the neural network architecture to learn a good
understanding of how varying frequency and phase values translate to a time-series signal, even
when the frequency and phase values are given to the network as inputs. The latent variable
models perform better when they can encode the input data to more abstract representations
that capture the phase and frequency, and then decode the data from there.

• Overall the results are better than for the unsupervised approach, as well as for the approach
that uses the OC information only for pre-processing. This indicates how much value the
available operating condition information adds to the PCA and VAE frameworks, overcoming
the limitations of these frameworks, as discussed in Chapter 3.

5.4.4 Using OC information for pre-processing and modelling

Table 21: C-AIM gearbox dataset analysis results: TPR where available OC information was used
during pre-processing and modelling (green: >0.8, red: <0.5)

OTA-1-revolution

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
C-decoder Recon 0.83 0.12 0.00 0.31 0.13 0.99 1.00 0.14 0.27 0.99 1.00 1.00 0.09 0.36 0.99

PCA-C-LR-S Recon+LS 0.81 0.70 0.04 0.86 0.59 1.00 1.00 0.23 0.81 0.99 1.00 1.00 0.14 0.82 0.99
PCA-C-LR-L Recon+LS 0.79 0.14 0.07 0.37 0.80 1.00 0.99 0.07 0.63 0.99 1.00 1.00 0.03 0.60 1.00

iVAE-S Recon+LS 0.74 0.65 0.02 0.71 0.74 0.74 0.66 0.35 0.68 0.77 0.84 0.82 0.46 0.83 0.86
iVAE-L Recon+LS 0.75 0.75 0.03 0.80 0.75 0.75 0.75 0.42 0.78 0.78 0.81 0.80 0.34 0.83 0.84

OTA-1-tooth

No filtering Filtered discrepancy signals
(after training)

Filtered vibration signals
(before training)Model Discrepancy

space mean var kurt OST SAT mean var kurt OST SAT mean var kurt OST SAT
C-decoder Recon 0.81 0.11 0.00 0.20 0.12 1.00 1.00 0.16 0.23 0.97 1.00 1.00 0.09 0.35 0.98

PCA-C-LR-S Recon+LS 0.87 0.74 0.17 0.44 0.71 1.00 1.00 0.25 0.40 0.99 1.00 0.95 0.17 0.49 0.99
PCA-C-LR-L Recon+LS 0.07 0.03 0.10 0.11 0.10 0.24 0.05 0.10 0.14 0.12 1.00 0.16 0.06 0.58 0.99

iVAE-S Recon+LS 0.83 0.44 0.02 0.28 0.61 0.98 0.99 0.05 0.28 0.97 1.00 1.00 0.10 0.68 0.99
iVAE-L Recon+LS 1.00 0.90 0.10 0.74 0.99 1.00 1.00 0.30 0.67 1.00 1.00 1.00 0.20 0.60 0.99

The TPRs for the model and pre-processing combinations where the OC information was used for
both pre-processing and modelling are presented in Table 21. The results are interpreted as follows:

• There is a clear improvement in performance on the unfiltered dataset, with the iVAE-L on the
OTA-1-tooth processed data achieving near-perfect results. Overall the results are far better
than the other approaches.

• From the SAT results for the C-decoder model on the unfiltered data, it can be seen that the
C-decoder struggles more than the iVAE and PCA models to capture the data. This highlights
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the advantage of using latent variable models. The phase information of the non-synchronous
components at 5.72 shaft orders is not known, and therefore not fed into the C-decoder model.
The model can thus never learn to reconstruct the components at 5.72 shaft orders accurately.
With the latent variable models, it is possible to capture the components at 5.72 shaft orders,
since the models can learn to capture a representation of the phase of these components in the
latent space.

• When the discrepancy signals or input data samples are filtered, most of the models perform
very well, especially on the OTA-1-tooth processed input data.

• Monitoring the kurtosis of the discrepancy signals did not give any positive results. Monitoring
the OST gave some positive results, but overall the mean, variance and SAT gave the best results.

5.4.5 Signal processing benchmark

The TPRs obtained by monitoring the SES, NES and SASE for the unfiltered and bandpass-filtered
datasets are documented in Table 22. When the dataset is not filtered, the SES, NES and SASE all
return poor results. Bandpass filtering the dataset improves the results, with the SASE performing
the best with a TPR of 0.98. The SES and NES still perform relatively poorly with TPRs below 0.8.
Because the dataset is split into the shorter 3-second windows, the envelope spectra are not as refined
as would be the case for the original 20-second windows, making it very difficult to detect damage
by tracking the envelope spectra.

Table 22: C-AIM gearbox dataset signal processing benchmark (TPR metric)

SES @ order 1 NES @ order 1 SASE @ 4π
5 rad

No filter 0.10 0.06 0.02
Bandpass filtered

(450-550 Hz) 0.74 0.55 0.98

The SES and NES at order 1, and the SASE at 4π
5 radians for the bandpass filtered dataset are plotted

in Fig. 61, as the damage level increases.

The semi-supervised learning-based approaches show clear potential to perform just as well as the
signal processing approaches, without the requirement of having to successfully identify the frequency
band where the fault presents itself. By not having to identify a frequency band of interest, and then
filtering the content outside the band away, the learning-based methods can potentially also consider
diagnostic information outside the main frequency band where the damage presents itself. For the
unfiltered dataset, the iVAE-L model with OTA-1-tooth pre-processing performed similarly to the
signal processing approach, returning a TPR of 0.74 for OST compared to the SES also returning a
TPR of 0.74. The SAT returned a TPR of 0.99, compared to the SASE of 0.98. These results are
very promising, considering that traditional signal processing approaches struggle to automatically
identify the frequency bands where the fault presents itself in this dataset (Schmidt et al. 2020).

Most of the learning-based approaches struggled to successfully capture the cyclostationary compo-
nents at 5.72 Hz. When most of this cyclostationary component is filtered away by low-pass filtering
the data at 3200 Hz, all of the semi-supervised approaches that use OC information for pre-processing
and modelling return results that perform just as well or better than the signal processing approaches.
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Figure 61: The SES and NES at order 1 and the SASE at 4π
5 radians for the bandpass filtered dataset

over time as the damage level increases.

5.5 Fault classification: local gear tooth fault

In Section 4.5, the differences in the discrepancy signal order spectra and synchronous average plots
for bearing inner and outer race faults were shown. Bearing faults have certain characteristics that
can be identified in these plots, irrespective of the machine which the data was collected from. In
this subsection, we look at the discrepancy signal order spectra and synchronous average plots for the
local gear tooth fault, to see how these plots differ from the ones associated with bearing faults.

The synchronous average and order spectra plots of the reconstruction space discrepancy signal, as
it develops over the 1800 samples, are shown in Fig. 62. The plots are from the low-pass filtered
dataset, using the PCA-C-LR-S model, with OTA-1-tooth pre-processing. Results from the filtered
dataset are shown, as the models were able to capture the healthy distribution from this dataset better
than for the unfiltered dataset, resulting in cleaner plots since there is less noise in the discrepancy
signals caused by healthy components.

Looking at the synchronous average plot in Fig. 62(a), one can clearly see the local gear tooth fault
seeded after the first 600 healthy samples, with a clear spike in the discrepancy synchronous average
at around 4π

5 radians. This shows that the fault is synchronous with the shaft rotation, indicating that
it is not a bearing fault. Other than the clear line at 4π

5 radians, there are also 36 other lighter lines
from sample number 600 onward, each corresponding to one of the other 36 gear teeth meshing. This
indicates that after the fault was seeded, and the gearbox was reassembled, the meshing of the healthy
gear teeth also caused slightly higher vibrations. The 15th line of the 37 is the one associated with the
fault. One can also see that as the fault developed, the 14th line also starts to light up, showing that as
the tooth starts to fail, the fault can be seen earlier during the meshing cycle, with anomalous vibrations
seen as soon as the tooth makes contact with the pinion. Looking at the order spectra plot in Fig. 62(b),
one can see that after sample 600, discrepancies at shaft order 1 and its harmonics become visible, in-
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dicating a fault synchronous with the shaft rotation. Also note the clear spike at order 37, showing that
there is additional vibration associated with the gear teeth meshing after the gearbox was reassembled.

When deep learning models are trained to classify faults from raw vibration data based on class labels
assigned to each sample, all of the diagnostic information discussed above are lost, with the model
only returning a label such as ’gear tooth fault’. The models will also not be able to classify gear
or bearing faults from other assets that are not included in the labelled training data. A discrepancy
analysis framework can add great value to transfer learning approaches, since the discrepancy signals
for a local gear tooth fault will look similar to the plots shown in Fig. 62 for most assets.

(a) Synchronous average (b) Order spectra

Figure 62: Gear tooth fault classification: Synchronous average and order spectra plots of the
reconstruction space discrepancy signal, as it develops over the 1800 samples (PCA-C-LR-S, OTA-
1-tooth, low-pass filtered dataset)

5.6 Conclusion

On the low-pass filtered dataset, the models performed very similarly to what was seen in the phe-
nomenological model dataset analysis. This shows that the discussions in Chapter 4 generalize to
real-world data as well when the real data samples do not have too many impulsive components
associated with healthy conditions. For the sake of brevity, these trends are not repeated here. It was
seen that the kurtosis of the discrepancy signals is very sensitive to any uncaptured impulsive healthy
components, showing that the good results obtained by monitoring the kurtosis in Chapter 4, do not
necessarily generalize to real-world data.

The raw unfiltered dataset is very difficult to analyse in an unsupervised manner. The investiga-
tion showed that unsupervised PCA and VAE models break down completely when the data is not
order-tracked and contains other impulsive cyclostationary components not associated with damage.
When one incorporates the available operating conditions into the VAE and PCA frameworks in a
semi-supervised manner, good results can be achieved. For the phenomenological model dataset,
the supervised C-decoder model and semi-supervised latent variable models yielded similar results,
showing little benefit in using latent variable models. This was however not the case for the C-AIM
gearbox dataset. The phase information of the non-synchronous components at 5.72 shaft orders is not
known, so the supervised C-decoder model cannot capture these components. Some of the latent vari-
able models were however able to successfully capture these components in the latent space, showing
the benefit of using latent variable models even when the shaft speed and phase information are known.

It was also shown that the semi-supervised approaches have the potential to perform just as well as
traditional signal processing approaches, without the requirement of having to successfully identify
the frequency band where the fault presents itself.
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6 Conclusion and Future Research

6.1 Conclusion

To conclude, we revisit the three questions listed in the Scope of Research in Section 1.5.

When the operating conditions (shaft speed and phase information) are known or can be esti-
mated, is it necessary to use latent variable models to model the healthy data distribution, or
can the operating conditions simply be mapped to the healthy data in a supervised setting?

In the phenomenological model dataset analysis, the C-decoder performed just as well as the best-
performing latent variable models when the signals were order-tracked. This makes it difficult to
motivate the use of latent variable models over a simple supervised learning approach for this dataset,
when the shaft speed and phase information are known. The variance in the data is sufficiently ex-
plained for discrepancy analysis purposes by only considering the shaft speed and phase information,
which shows that, for this dataset, the latent space representations of the latent variable models are
only abstract representations of the shaft speed and phase information, capturing little other useful
information from the signals.

In the C-AIM dataset analysis, there are clear advantages to using latent variable models rather than
the supervised C-decoder approach. While the C-decoder performed just as well as the latent variable
models on the lowpass filtered dataset when the impulsive components in the healthy data were mostly
removed, this was not the case for the unfiltered dataset. The iVAE-L model performed significantly
better than the C-decoder model, showing that the iVAE-L model is capable of capturing some of
the impulsive cyclostationary components that are associated with healthy conditions, while the C-
decoder is not. The impulsive cyclostationary components are not described by the shaft speed and
phase information, so the C-decoder cannot be used to model these components. As a consequence,
these components associated with healthy conditions show up in the discrepancy signals, making fault
detection and tracking more difficult. The latent variable models can however capture the generative
factors behind these impulsive components in abstract latent space representations, and as a result,
return less noisy discrepancy signals.

The performance of the C-decoder gave a clear indication of the differences in complexity between the
generated phenomenological model data and the real-world C-AIM dataset, with the C-AIM dataset
containing a lot of information that cannot be modelled by only considering the shaft speed and phase
information.

The good performance of the C-decoder on the phenomenological model dataset and the filtered
C-AIM dataset shows that, in order to perform well on these datasets, the latent variable models
must primarily learn to capture the generative factors behind the shaft speed and phase information
in the latent representations. When the latent variable models perform poorly, it is an indication
that the models fail to capture these generative factors. With this insight, we can conclude that the
poor performances of the unsupervised models are caused by the models not accurately capturing the
varying phases and frequencies in the data caused by the varying operating speed conditions. One
can therefore expect that feeding the shaft speed and phase information directly into the model in a
semi-supervised setting would drastically improve the results.
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To what extent can the availability of the instantaneous shaft speed and phase information
improve the performance of latent variable models on fault detection and tracking tasks, when
it is used in a semi-supervised setting?

In the unsupervised setting, the models struggled to capture the healthy data distribution accurately.
For the phenomenological dataset, the VAE-L model was the only model that was able to capture
the SO data fairly well, and for the C-AIM gearbox dataset, all the unsupervised approaches failed to
capture the healthy data distribution. This shows that the normal PCA and VAE frameworks cannot be
used to reliably detect and track faults under varying operating conditions in an unsupervised setting.
The unsupervised approaches struggle to capture the varying frequencies associated with data from
varying operating speeds that are not order-tracked.

The PCA models require many principal components to accurately reconstruct all the frequencies
associated with the healthy data. Adding more principal components to reconstruct more of the
frequencies associated with the healthy data leads to overfitting (fitting towards an identity trans-
formation). Overfitting is a big problem in the unsupervised setting, since the models accurately
reconstruct some of the damage components, making it necessary to model the latent space for dis-
crepancies. Since no operating condition information is available in the unsupervised setting, there
is no way to learn what the expected latent representation for a sample at certain operating conditions
and a healthy machine state would be, making it difficult to monitor the latent space for discrepancies.
It is also challenging to accurately capture the heteroscedastic noise in the data with the linear PCA
models in an unsupervised setting, since PCA is formulated under the assumption of constant noise
across the whole dataset. When the variance is not captured per sample, the discrepancy signals
are correlated with the shaft rotational speed, making it difficult to distinguish between the effect
of damage and the effect of varying speeds. The PCA-Z-LR model was proposed to learn the het-
eroscedastic variance in an unsupervised setting, by mapping the latent representations (which are
expected to include variables that are a proxy for the shaft speed) to the reconstruction difference
mean and variance, using a linear regression model. While the model managed to accurately capture
the variance when the input data distribution was relatively simple (order-tracked data containing few
impulsive components), the linear regression model broke down when the input data distribution was
more complex. This is attributed to the fact that the latent space representations contain some of the
noise present in the input data, making it difficult to capture the correlation between the latent space
representations and the input data variance.

For the VAE framework, it was shown that the zero-centred isotropic variance latent prior that is
usually chosen when implementing VAEs, is not well suited to capture the periodic vibration signals.
Because of its periodic nature, circular manifolds are learned. In this case, the isotropic variance
latent prior commonly used to enhance disentanglement in VAEs, leads to posterior collapse for low-
dimensional latent spaces. When posterior collapse occurs, the healthy data samples are captured
very poorly. The neural network activation functions commonly used in encoders and decoders are
also not well suited to capture periodic signals. This was seen most clearly in the C-decoder strug-
gling to reconstruct any of the phenomenological model SO data, when the shaft speed and phase
information are fed directly into the model. The neural network architecture has no inductive pe-
riodic bias, therefore not learning to understand the concepts of phase and frequency shifts in the data.

The fault detection results were significantly improved by incorporating the shaft speed and phase
information during pre-processing (order tracking) and during modelling. The PCA models are able
to fit the order-tracked data accurately with only a few principal components, since the order-tracked
data do not include frequency components over the full range of the operating speeds. The het-
eroscedastic noise in the data was also captured more accurately in the semi-supervised setting, with
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the PCA-C-LR model proving to be much more robust than the PCA-Z-LR model. When the shaft
speed and phase information are acquired from a tacho signal, the operating condition information
will not be influenced by the noise in the input vibration data. When it is obtained with tacholess
order tracking methods, the noise in the vibration data will affect the operating conditions slightly.
It is however still a much less noisy representation of the operating conditions than the latent space
representations, and for this reason, the PCA-C-LR model can model the correlation with the input
data variance using linear regression more accurately than the PCA-Z-LR model.

The VAE framework was changed to a semi-supervised framework by incorporating the shaft speed
and phase information into the iVAE model. By conditioning the latent prior on the shaft speed and
phase information, the iVAE was able to learn a more informed prior. The iVAE-L model managed
to capture the impulsive cyclostationary components in the C-AIM gearbox dataset, which proved to
be a big challenge for the other latent variable models.

The latent space representations were also successfully monitored for discrepancies by learning the
distribution of the healthy latent representations conditioned on the associated shaft speed and phase
information. It was shown that it is especially important to monitor the latent space for discrepancies
when the model starts to overfit to an identity transformation function, since the damage is then not
detected clearly in the reconstruction space. The PCA models with large latent space sizes benefitted
the most from monitoring the latent space for discrepancies, since these models easily overfit towards
an identity transformation function. The VAE models were found to be less prone to overfitting
because of the regularization applied by latent space prior. As a result, the VAE models performed
relatively the same when only the reconstruction space was monitored for discrepancies, with the
latent space and reconstruction space both being evenly responsive to damage.

Until the PCA and VAE frameworks can be improved to robustly capture the varying frequencies
associated with varying speed conditions, it should be considered to incorporate the shaft speed and
phase information in a semi-supervised setting. This information can be extracted from tacho signals,
or by implementing tacholess order tracking methods when tacho signals are not available.

How do the discrepancy analysis methods perform compared to traditional envelope analysis
methods?

In the phenomenological model dataset analysis, monitoring the NES of the bandpass-filtered signal
outperformed all the discrepancy analysis methods. This result can be expected, since the bearing
fault presents itself in a frequency band where there is little information related to other components.
When this frequency band of interest is successfully identified and bandpass filtered, most of the
components that complicate the condition inference task is removed, and it is then a simple task to
detect and track the fault with traditional envelope techniques.

This was however not the case for the C-AIM gearbox dataset. In this case, the frequency band of
interest still contained components not related to the fault. It was shown that the semi-supervised ap-
proaches have the potential to perform just as well as traditional signal processing approaches, without
the requirement of having to successfully identify the frequency band where the fault presents itself.
This result is very promising, since it is not an easy task to successfully identify the frequency bands
where the fault presents itself in this dataset, with traditional methods such as the fast kurtogram and
ICS2gram identifying the wrong frequency bands.

This highlights the potential of the learning-based approaches to automatically extract fault indicators
from the vibration data, without incorporating domain knowledge of how a fault presents itself into the
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methods. This work does not attempt to prove that either signal processing approaches or learning-
based approaches perform better than the other. The underlying question relates more to the extent
to which domain knowledge is necessary and available. These learning-based methods provide more
than viable options when domain expertise is not readily available.

6.2 Future Research

The following research areas can be explored in future work:

• The discrepancy analysis framework can be extended to fault classification tasks, as was
explained in Sections 4.5 and 5.5. Discrepancy signals can be extracted from available datasets
with labelled failure data, to build a dataset of discrepancy signals for certain fault classes.
Transfer learning between models trained on discrepancy signals should be easier than models
trained on raw vibration signals, since the discrepancy signals mostly contain only the relevant
fault information, with little information about the machine or application captured in the data.
It is however very important that clean discrepancy signals are extracted from the data, where
the healthy components in the data are all captured well and do not appear in the discrepancy
signals.

• A benchmark real-world dataset is required for fault detection and tracking tasks under highly
varying operating conditions. It is very difficult to compare different implementations found in
literature, since most are applied to datasets with stationary operating conditions. The C-AIM
gearbox dataset provides a viable benchmark option for varying operating conditions, but it
will be useful to have a dataset where the speed profile also varies greatly between samples.
If the C-AIM gearbox dataset is used, the samples can be split as was done in this work, to
ensure that the speed profile varies between samples. Standard performance metrics should
also be proposed and documented so that studies that implement these performance metrics
can be easily compared. A phenomenological model benchmark dataset will also be useful,
since all components in the data will then be fully interpretable, making it easier to identify
exactly what component models struggle to capture.

• The challenge of capturing first-order and second-order cyclostationary signals using deep
learning models has not been addressed at a more fundamental level, where simple toy datasets
are used to investigate how well different generative model architectures perform at these learn-
ing tasks. A study that shows which models successfully capture the first-order cyclostationary
components in the reconstruction mean, and the second-order cyclostationary components in
the reconstruction variance, will be very beneficial to the condition monitoring field. Current
condition monitoring literature is mainly focused on showing that the models can be used for
end-level tasks such as fault detection, tracking and classification, while it should be possible
to predict how the models will perform much earlier, by only focusing on how well the models
fit the data.

• A study investigating how deep learning models interpolate and extrapolate for data from
frequencies not included in the training data will be beneficial. The work of Ziyin et al. (2020)
explains that current neural network architectures are not well suited for capturing periodic
signals. In the context of discrepancy analysis on vibration data, this directly affects the results,
since the models do not extrapolate well outside the training data operating conditions, and the
models have no inductive periodic bias that can give the models an idea that the information
of interest appears periodically in the data. It will also be beneficial for fault detection and
tracking purposes if the model weights or latent representations capture interpretable frequency
content, similar to what Hou et al. (2022) proposed.
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Appendix A Visualization of Periodic Signals in the Latent Space

Condition monitoring signals are approximately periodic relative to the shaft speed of the monitored
rotating machine. In this investigation, a β-VAE is trained to reconstruct simple sinusoidal waves
with no noise, to see what the learned latent manifold for periodic signals looks like. The amplitude,
offset, frequency and phase of the sinusoidal waves are varied. The goal of this investigation is to
gain an understanding of how VAEs transform periodic signals into a lower-dimensional latent space,
and how the generative factors (the specified amplitude, offset, frequency and phase) are represented
in the latent space. The focus is on visualizing the latent space.

This investigation aims to answer the following three questions:

• How is each of the generative factors represented in the latent space?

• How many latent variables are necessary to capture each of the generative factors?

• Is the latent space entangled, and if so, can regularization of the latent space untangle each of
the generative factors?

These three questions are revisited and discussed at the end of the appendix.

For the base case, a periodic signal x consisting of two sinusoidal waves with frequencies 3Hz and
5Hz respectively is investigated:

x(t) = sin(2π · 3 · t) + sin(2π · 5 · t) (A-1)

The base case signal was varied using the following function to generate signals:

x(a, p, f, k, t) = a · sin(2π · 3f · (t− p)) + a · sin(2π · 5f · (t− p)) + k (A-2)

where a is used to scale the amplitudes of both periodic components of the signal, p is used to shift
the phase of the signal, f varies the frequency of the signal, and k is used to vary the offset of the signal.

Note that no noise is added to the signals. If the VAE can capture the signals successfully, it should
therefore learn very small variance terms for the reconstruction, as all components are deterministic.
Refer to Appendix C for the network architecture of the VAE used. For all cases (except where
otherwise specified) the regularization parameter β was set to zero so that no prior distribution is
placed on the latent space. The VAE can therefore freely find any latent representation that would
lead to accurate reconstruction of the input signals.

Table A.1 contains the ranges between which each parameter was varied, as well as the values it was
kept constant at if the effect of the specific parameter is removed from the investigation. Signals were
generated for a time window of 2 seconds, with 1024 samples. f was never varied below 1 so that
each sample contains 2 or more periodic cycles. p is varied from 0 to 1, as this will shift the signal
through the full periodic cycle (the signal is the same for p = 0 and p = 1).
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Visualization of Periodic Signals in the Latent Space

Table A.1: Parameter values when kept constant and when varied

Parameter Constant Varying
min max

a 1 1 2
p 0 0 1
f 1 1 3
k 0 -1 1

In the following subsections, the effect of each parameter on the latent space is first isolated, by varying
one parameter at a time while keeping the other parameters constant. Thereafter combinations of the
parameters are varied.

A.1 Varying amplitude

The VAE was trained on signals where only awas varied. Fig. A.1 shows the reconstructions of three
of the samples, for a VAE with a 1D latent space (so only 1 latent variable). It can be seen that the VAE
can accurately capture the input signals with this 1 latent variable, giving accurate reconstructions of
the input signals. Small variances are learned, so the VAE can reconstruct the given signals with high
certainty.

(a) Samples (b) a = 1

(c) a = 1.5 (d) a = 2

Figure A.1: Varying amplitude: Reconstructions of three of the samples for 1D latent space

Fig. A.2 shows the learned latent representations when using a 1D, 2D and 3D latent space. In
all three cases, the VAE learns to project the signals to a 1D manifold in the latent space, with the
variations in a mapped to distinct regions.
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Visualization of Periodic Signals in the Latent Space

(a) 1D (b) 2D (c) 3D

Figure A.2: Varying amplitude: Latent representations for latent spaces with different dimensionali-
ties

A.2 Varying offset

The VAE was trained on signals where only k was varied. Fig. A.3 shows the reconstructions of three
of the samples, for a VAE with a 2D latent space. It can be seen that the VAE can accurately capture
the input signals with these 2 latent variables, giving accurate reconstructions of the input signals.
Small variances are learned, so the VAE can reconstruct the given signals with high certainty.

(a) Samples (b) k = −1

(c) k = 0 (d) k = 1

Figure A.3: Varying offset: Reconstructions of three of the samples for 2D latent space

Fig. A.4 shows the learned latent representations when using a 1D, 2D and 3D latent space. The
representations for the 1D latent space are shifted slightly in the y-axis to allow for better visualization.
It is clear that for the 1D manifold, there are overlapping representations for some ranges of k.
Even though the learned representation varies continuously as k is varied, this specific learned
representation will give poor reconstructions when k is above -0.5, for instance, k = 1 and k = −0.25
are represented with the same latent space representation. The VAE will therefore have trouble
deciding if a signal with k = 1 should be reconstructed as a signal with k = 1 or k = −0.25. In
all three cases, the VAE learns to project the signals to a 1D manifold in the latent space. In the 2D
and 3D latent spaces, the variations in k are mapped to distinct regions, and this shows why accurate
reconstructions can be achieved for a VAE with 2 latent variables.
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Visualization of Periodic Signals in the Latent Space

(a) 1D (b) 2D (c) 3D

Figure A.4: Varying offset: Latent representations for latent spaces with different dimensionalities

What is seen in the case of the 1D latent space representation, can also be viewed as some form
of latent space entanglement. Even though the samples fall on a 1D manifold, the VAE cannot
project this 1D manifold to distinct regions in the latent space, without the learned manifold inter-
secting itself. This is largely influenced by the initial values of the weights of the VAE network,
so for some cases, the VAE might learn an untangled representation with only 1 latent variable, but
to ensure that the VAE captures the 1D manifold accurately each time, 2 latent variables are necessary.

By applying latent space regularization (making β larger than 0), one of the latent variables can then
be squeezed to a small range, so that the other latent variable captures the variance in k. This is
visualized in Fig. A.5. Note how, when β = 0, both the latent variables in this 2D latent space are
spread over large ranges (in this case latent variable 1 lies between -6 and 18, and latent variable 2
between -25 and 50). When β = 1, latent variable 2 gets compressed to a small range (between 0.1
and 0.22), with latent variable 1 capturing the variance in k.

(a) β = 0 (b) β = 1

Figure A.5: Varying offset: Effect of increasing β on 2D latent space

A.3 Varying phase

The VAE was trained on signals where only pwas varied. Fig. A.6 shows the reconstructions of three
of the samples, for a VAE with a 2D latent space. It can be seen that the VAE can accurately capture
the input signals with these 2 latent variables, giving accurate reconstructions of the input signals.
The variances learned are however larger, so the VAE cannot reconstruct the given signals with as
much certainty as was the case for the variations in a and k. The reason for this larger variance will
be discussed shortly.
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Visualization of Periodic Signals in the Latent Space

(a) Samples (b) p = 0

(c) p = 0.33 (d) p = 0.67

Figure A.6: Varying phase: Reconstructions of three of the samples for 2D latent space

Fig. A.7 shows the learned latent representations when using a 1D, 2D and 3D latent space. Once
again, the representations for the 1D latent space are shifted slightly along the y-axis to allow for
better visualization. For the 1D manifold, there are many overlapping representations for some ranges
of p. Even though the learned representation varies continuously as p is varied, this specific learned
representation will give poor reconstructions in the overlapping regions. In all three cases, the VAE
learns to project the signals to a circular 1D manifold in the latent space (note how the colours
representing p = 0 and p = 1 meet in all three cases). In the 2D and 3D latent spaces, the variations
in p are mapped to more distinct regions, but there are still some places where the manifold intersects
itself, which will lead to poor reconstruction.

(a) 1D (b) 2D (c) 3D

Figure A.7: Varying phase: Latent representations for latent spaces with different dimensionalities

This poor reconstruction for signals where the latent manifold intersects itself is shown in Fig. A.8.
Two signals very close to each other, with p = 0.02 and p = 0.04, are considered. Looking at the
2D latent space in Fig. A.7, it can be seen that close to p = 0.04, the manifold intersects itself twice.
This leads to the signal with p = 0.04 being reconstructed poorly, with great uncertainty, while the
signal with p = 0.02 is reconstructed very well, as it is far enough from the intersection in the latent
space.
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Visualization of Periodic Signals in the Latent Space

(a) Samples

(b) No overlapping regions in latent space (c) Overlapping regions in latent space

Figure A.8: Varying phase: Poor reconstruction of the samples close to overlapping regions in 2D
latent space

The VAE maps the phase shift to a circular manifold. The circular manifold is by definition entangled,
as two correlated latent variables are necessary to define the circle. The direct partitioning scheme
and continuous time approach proposed by Balshaw (2020) introduce this phase shift to condition
monitoring signals, and therefore one can expect to see circular manifolds when learning a lower
dimensional manifold of the condition monitoring signals.

A.4 Varying frequency

The VAE was trained on signals where only f was varied. The reconstructions of three of the samples,
for a VAE with a 3D latent space, are shown in Fig. A.9. It can be seen that the VAE can accurately
capture most of the input signals with these 3 latent variables, giving accurate reconstructions of the
input signals. The variances are large in some cases, with poor reconstruction.
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Visualization of Periodic Signals in the Latent Space

(a) Samples (b) f = 1

(c) f = 2 (d) f = 3

Figure A.9: Varying frequency: Reconstructions of three of the samples in 3D latent space

Looking at the learned latent representations when using a 1D, 2D and 3D latent space, shown in Fig.
A.10, it can be seen that intersections in the manifold once again cause poor reconstruction for some
samples. Once again, the representations for the 1D latent space are shifted slightly along the y-axis
to allow for better visualization. For the 1D manifold, there are many overlapping representations
for some ranges of f . In all three cases, the VAE learns to project the signals to a 1D manifold in
the latent space. Note that the manifold is not circular as was the case with varying the phase of the
signal. The latent spaces are very entangled, and it is clear that learning interpretable latent spaces
with a VAE for signals with varying frequencies, is not an easy task.

(a) 1D (b) 2D (c) 3D

Figure A.10: Varying frequency: Latent representations for latent spaces with different dimensional-
ities

A.5 Varying multiple generative factors

Multiple combinations of varying different factors simultaneously were investigated, but only the
ones that can be easily interpreted visually in a 3D latent space are presented in this section. Varying
both the frequency and the phase simultaneously leads to very complicated manifolds, with many
intersections for a 3D latent space. One will have to use more than 3 latent variables to accurately
capture the signal, making it difficult to visualize all latent variables simultaneously.
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Visualization of Periodic Signals in the Latent Space

Three combinations are presented:

• Varying phase and amplitude simultaneously

• Varying frequency and amplitude simultaneously

• Varying two different amplitude factors simultaneously, by modifying Eq. (A-2) so that each
frequency component is scaled by a different amplitude:

x(a1, a2, t) = a1 · sin(2π · 3 · t) + a2 · sin(2π · 5 · t) (A-3)

Fig. A.11 shows the latent representations for a 3D latent space when varying both the amplitude
(a) and the phase (p). Fig. A.11(a) shows how the circular 1D manifold is still captured when a
is constant, and Fig. A.11(b) shows how, when the amplitudes are varied, the larger amplitudes are
projected outwardly from this 1D circular manifold. The resulting manifold is thus a 2D manifold,
a strip connected at the ends to form a circular loop. Some intersections of the manifold are clearly
visible, so to get accurate reconstructions for all signals, the latent space dimensionality will have to
be chosen larger than 3 dimensions, or the latent variables must be disentangled, where two latent
variables form the circle caused by the phase changes, and the third captures the changes in amplitude.

(a) p representation for a = 1 (b) a representation for p ranging from 0 to 1

Figure A.11: Varying phase and amplitude: Latent representations for 3D latent space

Fig. A.12 shows the latent representations for a 3D latent space when varying both the amplitude (a)
and the frequency (f ). Fig. A.12(a) shows how the 1D manifold is still captured when a is constant,
and Fig. A.12(b) shows how, when the amplitudes are varied, the larger amplitudes are projected
outwardly from this 1D manifold. The resulting manifold is thus a 2D manifold, a strip, but with the
ends not connected as was the case for varying amplitude and phase.

(a) f representation for a = 1 (b) a representation for f ranging from 1 to 3

Figure A.12: Varying frequency and amplitude: Latent representations for 3D latent space

Fig. A.13 shows the latent representations for a 2D and 3D latent space when varying both the
amplitudes in Eq.(A-3) (a1 and a2). A clear 2D manifold is learned, with no intersections. Note
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Visualization of Periodic Signals in the Latent Space

that this VAE will give very accurate reconstructions for all the signals presented to the VAE, as the
manifold has no intersections. This latent space is however still considered entangled, as a variation in
one of the generative factors a1 or a2 will lead to changes in all the latent variables. This entanglement
will however not affect the reconstruction ability of the VAE, and will therefore not have a negative
effect on anomaly detection. This highlights an important point for using latent variable models for
fault detection and tracking: fault detection is not affected by latent space entanglement as much as it
is by intersections in the learned manifold. The goal should therefore be to first learn manifolds with
no intersections, before trying to disentangle the factors of variation.

(a) 2D representation of a1 (b) 2D representation of a2

(c) 3D representation of a1 (d) 3D representation of a2

Figure A.13: Varying amplitudes of different generative factors: Latent representations for 2D and
3D latent space

A.6 Discussion

This investigation was conducted to aid in the development of a good intuition of how the inputs
are projected to the lower dimensional latent space, before it is attempted to use the learned latent
representations for anomaly detection. The questions at the start of the appendix can now be answered.

How is each of the generative factors represented in the latent space? Variations in amplitude,
phase, frequency and offset are each projected to 1-dimensional manifolds. The generative factor
associated with the phase leads to a circular 1D manifold. If each of these factors is only defined by a
single parameter, as is the case in Eq. (A-2), and all four generative factors are varied simultaneously,
then all the signals generated will fall on a 4D manifold in the latent space. All possible signal
segments generated with Eq. (A-2) can be projected to a 4D manifold. This does not mean that only
4 or 5 latent variables are required to capture all these signal segments, as the latent space will be
highly entangled, resulting in intersections in the learned manifold.

How many latent variables are necessary to capture each of the generative factors? Theoretically,
it should be possible to capture a normal 1D manifold with one latent variable, and a 1D circular
manifold with 2 latent variables. It was however seen that restricting the latent space to the exact
minimum size necessary, will often lead to intersections in the learned manifold, resulting in poor
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Visualization of Periodic Signals in the Latent Space

reconstructions. These intersections are influenced by the initial weight parameters of the network,
so there are some cases where the network weights are initialized in such a way that an untangled
latent space without intersections in the manifold can be learned, but this will seldomly happen. It is
therefore more robust to use a larger-than-necessary latent space dimensionality, and then regularize
the latent space to force variance to be captured in the minimum number of latent variables necessary.

Is the latent space entangled, and if so, can regularization of the latent space untangle each
of the generative factors? It was shown in this investigation that entangled and untangled latent
spaces can have different meanings. The definition of an untangled latent space as presented by
Wilke et al. (2022), is that the variation of each latent variable is independent of the variation in
the other latent variables. This was seen to be very rarely the case for the learned representations,
and different regularization techniques can be applied to try and achieve this. It is important to note
that circular manifolds, by this definition will always have entangled latent spaces, as at least two
dependent variables are required to capture the circle. The other definition of an untangled latent
space will be one where the learned manifold does not intersect itself. From a reconstruction point,
the second is far more crucial to be achieved than the first. Accurate reconstructions can be achieved
when the latent variables are correlated, but intersections in the learned manifold will always lead to
poor reconstructions. If the latent space dimensionality is sufficiently large, it becomes easier for the
VAE to project variations in the signal to different regions in the latent space, without overlapping
with other representations.
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Appendix B PCA variance fitting derivation

For the PCA-C-LR and PCA-Z-LR models, the log-variances of the reconstruction differences,
log(σ2

e), are learned by mapping the inputs (c or z) to log
(
(E − µe)2

)
+ 1.27. In this appendix,

Eq. (3-22) is derived:

log(σ2
e) ≈ E

(
log
(
(e− µe)2

))
+ 1.27

Consider a variable X , sampled from a univariate zero-mean Gaussian with unit variance, X ∼
N (0, 12). Squaring the variable, and then taking the logarithm, makes the variable a log chi-squared
variable.

The expected value of a log chi-squared variable is given by Lee (2012) as:

E(log(X2)) = log 2 + ψ(1/2)

= log 2− 2 log 2− γ

= − log 2− γ (B-1)
≈ −1.27

where ψ(.) is the digamma function, and γ is the Euler–Mascheroni constant (≈ 0.5772).

We are interested in finding the expected value E(log(A2)), where A ∼ N (0, σ2A).

E(log(A2)) = E(log((σAX)2))

= E(log(σ2A) + log(X2))

= E(log(σ2A)) + E(log(X2))

= log(σ2A)− log 2− γ (B-2)

Rearranging the terms gives the equation used to fit the log-variance of the reconstruction differences
in the PCA-C-LR and PCA-Z-LR models:

log(σ2A) = E(log(A2)) + log 2 + γ

=
1

N

N∑
i

log(A2
i ) + log 2 + γ (B-3)

≈ 1

N

N∑
i

log(A2
i ) + 1.27 (B-4)

A11

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



Appendix C Pre-processing parameters, model architectures and opti-
mization

The pre-processing parameters Lw, Lsft and fs for both the phenomenological model dataset and the
C-AIM gearbox dataset, are listed in Table C.1. For the SO pre-processing, Lw and Lsft were chosen
to be the same as for the OTA and OT pre-processing methods. The signals were then re-sampled
at rates that would cause the SO-1-revolution Lw to correspond to approximately 1 revolution at the
average shaft speed, and the SO-1-tooth Lw to approximately 1 gear tooth meshing period at the
average shaft speed. This makes the SO pre-processing more comparable with the OTA and OT
techniques.

Table C.1: Pre-processing parameters: Lw, Lsft, fs

Pre-
processing

Phenomenological
dataset

C-AIM
dataset

Lw Lsft fs Lw Lsft fs
OTA-1-rev 2560 640 2560 spr 9472 9472 9472 spr

OTA-1-tooth 128 32 2560 spr 256 256 9472 spr
OT-1-rev 2560 640 2560 spr - - -

OT-1-tooth 128 32 2560 spr - - -
SO-1-rev 2560 640 25000 Hz 9472 9472 18944 Hz

SO-1-tooth 128 32 25000 Hz 256 256 18944 Hz

The PCA latent space sizes are listed in Table C.2. The latent space sizes were chosen based on the
methods discussed in Section 3.6. The VAE and iVAE models all had a latent space of 10 for the
’S’-models, and 100 for the ’L’-models.

Table C.2: PCA Latent space sizes

Pre-
processing

Phenomenological
dataset

C-AIM dataset
(unfiltered)

C-AIM dataset
(lowpass)

PCA-S PCA-L PCA-S PCA-L PCA-S PCA-L
OTA-1-rev 1 224 23 1426 35 785

OTA-1-tooth 2 84 7 190 19 43
OT-1-rev 1 398 - - - -

OT-1-tooth 4 55 - - - -
SO-1-rev 22 565 19 1280 34 842

SO-1-tooth 5 98 8 166 17 50

All nonlinear models were built and trained using TensorFlow (Abadi et al. 2015). The same model
architectures were used for all cases, with the VAE, iVAE and C-decoder architectures being functions
only of the window length Lw, the latent dimensionality Dz, and the operating condition variable
dimensionality Dc.

All convolutional layers have a fixed stride length of 4, kernel size of 32 and padding of 14 (to ensure
that the feature map dimensionality can be divided by 4 as it is passed to the next layer). These are
the same convolutional layers that Balshaw (2020) used.

The architecture of the VAE is summarized in Table C.3. The C-decoder has the same architecture
as the VAE decoder network, only with input dimensionality Dc. The iVAE encoder and decoder
architectures are the same as for the VAE, with the only difference being that c is concatenated to
layer nr. 8 in the encoder, before it is connected to layer nr. 9. The iVAE prior network architecture
is given in Table C.4.
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Pre-processing parameters, model architectures and optimization

Table C.3: VAE architecture

Encoder
Layer nr Description Output dimensionality
Input Preprocessing: z-score normalisation over all neurons N × 1× Lw

1 1D convolution, ReLU activation N × 32× Lw
4

2 Batch Normalisation N × 32× Lw
4

3 1D convolution, ReLU activation N × 32× Lw
16

4 Batch Normalisation N × 32× Lw
16

5 1D convolution, ReLU activation N × 32× Lw
64

6 Batch Normalisation N × 32× Lw
64

7 Flatten N × Lw
2

8 Fully Connected, ReLU activation N × 100
9 Fully Connected, µz|x and log σ2z|x linear activation N × 2 ·Dz

Decoder
Layer nr Description Output dimensionality
Input Sampled using reparameterization trick N ×Dz
1 Fully Connected, ReLU activation N × 100
2 Batch Normalisation N × 100

3 Fully Connected, ReLU activation N × Lw
2

4 Batch Normalisation N × Lw
2

5 Reshape N × 32× Lw
64

6 1D Deconvolution, ReLU activation N × 32× Lw
16

7 Batch Normalisation N × 32× Lw
16

8 1D Deconvolution, ReLU activation N × 32× Lw
4

9 Batch Normalisation N × 32× Lw
4

10 1D Deconvolution, µx|z and log σ2x|z linear activation N × 2× Lw

Table C.4: iVAE Prior architecture

Layer nr Description Output dimensionality

Input Preprocessing: z-score normalisation over each
seperate neuron N ×Dc

1 Fully Connected, ReLU activation N × 32
2 Fully Connected, ReLU activation N × 32
3 Fully Connected, µz|c and log σ2z|c linear activation N × 2 ·Dz

All networks were trained using the Adam training algorithm (Kingma & Ba 2015), with a learning
rate of 0.0001, β1 = 0.9 and β2 = 0.999.
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Appendix D Phenomenological Model Parameters

Similar model parameters to the parameters from the work by Balshaw (2020), were used to generate
the phenomenological model dataset.

Quadratic amplitude modulation with respect to the shaft speed is used for all components that are
modulated:

Mi(t) = ω2
shaft(t) (D-1)

The gearbox characteristics are summarized in Table D.1. The variances of the white noise and random
gear components are listed in Table D.2. The natural frequencies and damping ratios of the impulse
responses in Eq. (4-5) are given in Table D.3. The amplitude and phase of the deterministic and
random gear components are shown in Table D.4. The SNR used to determine the scaling parameters
for each of the components relative to the noise term at a shaft speed of 10 Hz, are shown in Table D.5.

Table D.1: Phenomenological model gearbox characteristics

Characteristic Value
Bearing Pitch Diameter 6.35 mm
Bearing Roller element diameter 36 mm
Bearing Contact angle 0°
Bearing Number of rolling elements 10
Gear teeth 20
Gear ratio 1
Sampling frequency 25 kHz
Sampling duration 0.5 s
Gear Mesh frequency 20 Hz/fshaft
Ball Pass Frequency Outer race (BPFO) 4.12 Hz/fshaft
Ball Pass Frequency Inner race (BPFI) 5.88 Hz/fshaft
Ball Spin Frequency (BSF) 2.75 Hz/fshaft
Fundamental Train Frequency (FTF) 0.41 Hz/fshaft

Table D.2: Variance of the white noise and random gear components

Variance Component Value
σ2n 0.01
σ2gr 1

Table D.3: Impulse response coefficients as shown in Eq.(4-5)

Component Natural Frequency fn.i (Hz) Damping ratio ζi
hgd(t) 2000 0.05
hgr(t) 1300 0.05
hbi(t) 7000 0.05
hbo(t) 7000 0.05
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Phenomenological Model Parameters

Table D.4: Amplitude and phase of deterministic and random gear component, as shown in Eqs.
(4-6) and (4-7)

k 1 2
Amplitude A(k)

i 2 3
Phase ϕ(k)i 0 0

Table D.5: SNR used to determine scaling parameters in Eq.(4-14)

Component Signal-to-Noise Ratio Value (dB)
Deterministic gear 5
Random gear -10
Bearing fault (inner and outer) -30 to 10, linearly spaced
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Appendix E Phenomenological model dataset results tables

Table E.1: Phenomenological model dataset analysis results: OTA-1-revolution pre-processing
(green: top 10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.22 0.35 0.59 0.52 31 31 15 23 0.65 0.72 0.80 0.79
PPCA-L Recon 0.23 0.36 0.62 0.53 31 28 15 21 0.66 0.73 0.81 0.78

PCA-Z-LR-S Recon 0.43 0.53 0.59 0.54 21 17 15 18 0.71 0.77 0.79 0.71
PCA-Z-LR-L Recon 0.15 0.00 0.03 0.00 31 31 31 31 0.64 0.59 0.37 0.43

VAE-S Recon 0.19 0.32 0.54 0.41 31 31 21 26 0.61 0.73 0.76 0.72
VAE-L Recon 0.40 0.57 0.61 0.45 24 18 15 19 0.72 0.78 0.78 0.79

C-decoder Recon 0.55 0.60 0.62 0.56 21 18 14 18 0.79 0.81 0.79 0.73
Recon 0.53 0.58 0.58 0.55 20 15 15 16 0.80 0.81 0.78 0.71
Latent 0.02 0.10 0.29 0.02 31 31 31 31 0.57 0.59 0.66 0.41PCA-C-LR-S

Recon+Latent 0.54 0.62 0.70 0.56 20 15 15 16
Recon 0.55 0.61 0.60 0.56 19 14 15 16 0.79 0.80 0.81 0.72
Latent 0.26 0.18 0.05 0.08 26 31 31 31 0.58 0.69 0.65 0.49PCA-C-LR-L

Recon+Latent 0.58 0.63 0.62 0.56 18 14 15 16
Recon 0.44 0.54 0.61 0.56 24 18 14 18 0.76 0.81 0.78 0.76
Latent 0.31 0.21 0.09 0.13 26 27 31 29 0.69 0.59 0.62 0.43iVAE-S

Recon+Latent 0.46 0.54 0.65 0.56 24 18 14 18
Recon 0.41 0.54 0.60 0.45 23 17 15 19 0.70 0.75 0.81 0.78
Latent 0.23 0.28 0.08 0.19 31 31 31 31 0.65 0.70 0.60 0.57iVAE-L

Recon+Latent 0.50 0.59 0.65 0.48 23 17 15 19
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.20 0.37 0.66 0.41 31 29 13 25 0.62 0.71 0.84 0.72
PPCA-L Recon 0.21 0.38 0.70 0.43 31 29 12 24 0.63 0.72 0.86 0.73

PCA-Z-LR-S Recon 0.44 0.57 0.66 0.48 22 17 13 19 0.72 0.79 0.82 0.67
PCA-Z-LR-L Recon 0.14 0.01 0.04 0.00 31 31 31 31 0.62 0.58 0.37 0.39

VAE-S Recon 0.18 0.32 0.52 0.42 31 31 20 25 0.58 0.70 0.73 0.73
VAE-L Recon 0.36 0.52 0.64 0.45 28 18 14 20 0.68 0.76 0.82 0.73

C-decoder Recon 0.46 0.56 0.69 0.47 22 17 13 19 0.74 0.80 0.83 0.71
Recon 0.51 0.62 0.64 0.47 19 15 13 19 0.78 0.82 0.81 0.68
Latent 0.01 0.08 0.31 0.00 31 31 31 31 0.57 0.59 0.67 0.30PCA-C-LR-S

Recon+Latent 0.51 0.65 0.75 0.47 19 15 13 19
Recon 0.53 0.64 0.63 0.50 19 15 13 18 0.77 0.81 0.85 0.70
Latent 0.24 0.28 0.15 0.17 27 28 31 28 0.60 0.69 0.69 0.51PCA-C-LR-L

Recon+Latent 0.56 0.64 0.64 0.50 19 15 13 18
Recon 0.39 0.59 0.67 0.48 25 18 13 19 0.73 0.80 0.83 0.72
Latent 0.30 0.18 0.09 0.03 28 31 31 31 0.68 0.62 0.61 0.39iVAE-S

Recon+Latent 0.44 0.59 0.69 0.48 25 18 13 19
Recon 0.33 0.52 0.68 0.46 25 18 14 20 0.68 0.76 0.84 0.72
Latent 0.22 0.30 0.06 0.07 31 31 31 31 0.62 0.72 0.57 0.44iVAE-L

Recon+Latent 0.39 0.57 0.70 0.46 24 18 14 20
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Phenomenological model dataset results tables

Table E.2: Phenomenological model dataset analysis results: OTA-1-tooth pre-processing (green:
top 10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.22 0.36 0.61 0.49 31 28 15 21 0.65 0.73 0.80 0.77
PPCA-L Recon 0.29 0.45 0.59 0.52 31 24 14 18 0.69 0.77 0.83 0.79

PCA-Z-LR-S Recon 0.39 0.57 0.59 0.50 23 18 15 18 0.68 0.76 0.82 0.70
PCA-Z-LR-L Recon 0.49 0.49 0.52 0.46 21 21 19 23 0.76 0.79 0.82 0.69

VAE-S Recon 0.38 0.54 0.62 0.48 26 18 15 19 0.76 0.82 0.81 0.73
VAE-L Recon 0.54 0.59 0.63 0.47 21 18 14 19 0.79 0.84 0.82 0.70

C-decoder Recon 0.47 0.58 0.61 0.54 19 16 15 18 0.74 0.77 0.81 0.72
Recon 0.48 0.57 0.60 0.50 18 15 15 18 0.74 0.79 0.80 0.73
Latent 0.11 0.07 0.11 0.05 31 31 31 31 0.60 0.63 0.58 0.39PCA-C-LR-S

Recon+Latent 0.50 0.59 0.63 0.50 18 15 15 18
Recon 0.45 0.47 0.52 0.49 21 18 17 20 0.73 0.80 0.83 0.68
Latent 0.53 0.50 0.02 0.54 21 21 31 20 0.77 0.77 0.57 0.74PCA-C-LR-L

Recon+Latent 0.60 0.54 0.53 0.59 18 18 17 15
Recon 0.41 0.54 0.63 0.47 21 16 14 19 0.70 0.76 0.82 0.70
Latent 0.43 0.44 0.04 0.40 23 22 31 23 0.69 0.71 0.61 0.55iVAE-S

Recon+Latent 0.47 0.56 0.64 0.48 20 16 14 19
Recon 0.50 0.59 0.61 0.47 20 15 15 19 0.76 0.80 0.81 0.71
Latent 0.44 0.44 0.12 0.41 23 21 31 21 0.77 0.79 0.63 0.65iVAE-L

Recon+Latent 0.53 0.60 0.65 0.48 20 15 15 19
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.20 0.37 0.68 0.43 31 29 12 24 0.62 0.71 0.84 0.72
PPCA-L Recon 0.26 0.45 0.67 0.50 31 25 13 20 0.66 0.75 0.86 0.75

PCA-Z-LR-S Recon 0.39 0.61 0.66 0.49 25 17 13 19 0.69 0.77 0.84 0.67
PCA-Z-LR-L Recon 0.53 0.52 0.61 0.50 25 21 18 22 0.77 0.80 0.85 0.68

VAE-S Recon 0.34 0.56 0.68 0.47 28 18 12 20 0.72 0.81 0.85 0.66
VAE-L Recon 0.49 0.62 0.69 0.46 22 17 12 20 0.76 0.83 0.86 0.65

C-decoder Recon 0.43 0.58 0.70 0.48 21 15 13 20 0.72 0.79 0.84 0.68
Recon 0.46 0.60 0.65 0.50 20 15 13 19 0.73 0.79 0.83 0.68
Latent 0.10 0.11 0.16 0.04 31 31 30 31 0.57 0.60 0.59 0.35PCA-C-LR-S

Recon+Latent 0.48 0.61 0.69 0.50 20 15 13 19
Recon 0.49 0.49 0.61 0.46 22 19 16 20 0.73 0.80 0.85 0.68
Latent 0.52 0.54 0.50 0.52 22 20 22 22 0.76 0.79 0.78 0.69PCA-C-LR-L

Recon+Latent 0.60 0.57 0.63 0.58 20 17 15 16
Recon 0.37 0.56 0.69 0.48 22 16 12 20 0.69 0.78 0.86 0.65
Latent 0.48 0.49 0.41 0.41 22 22 31 22 0.71 0.75 0.77 0.57iVAE-S

Recon+Latent 0.50 0.59 0.69 0.49 22 16 12 20
Recon 0.45 0.59 0.69 0.47 22 16 12 19 0.73 0.81 0.85 0.67
Latent 0.46 0.47 0.48 0.45 23 22 24 22 0.77 0.81 0.81 0.68iVAE-L

Recon+Latent 0.50 0.60 0.72 0.49 22 16 12 19
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Phenomenological model dataset results tables

Table E.3: Phenomenological model dataset analysis results: OT-1-revolution pre-processing (green:
top 10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.22 0.35 0.60 0.50 31 31 15 23 0.65 0.72 0.80 0.79
PPCA-L Recon 0.24 0.36 0.62 0.53 31 27 14 21 0.66 0.73 0.81 0.78

PCA-Z-LR-S Recon 0.43 0.57 0.61 0.54 22 18 14 18 0.69 0.76 0.78 0.70
PCA-Z-LR-L Recon 0.29 0.14 0.13 0.07 31 31 31 31 0.70 0.68 0.40 0.65

VAE-S Recon 0.20 0.32 0.52 0.42 31 31 21 26 0.62 0.73 0.79 0.74
VAE-L Recon 0.36 0.52 0.60 0.47 26 19 15 19 0.75 0.81 0.79 0.79

C-decoder Recon 0.54 0.56 0.61 0.53 21 18 14 18 0.78 0.81 0.79 0.73
Recon 0.52 0.59 0.61 0.55 19 15 15 18 0.79 0.82 0.79 0.72
Latent 0.01 0.13 0.24 0.02 31 31 31 31 0.57 0.59 0.67 0.41PCA-C-LR-S

Recon+Latent 0.52 0.64 0.70 0.55 19 15 15 18
Recon 0.50 0.60 0.64 0.58 18 14 15 16 0.74 0.78 0.81 0.71
Latent 0.42 0.18 0.09 0.14 22 29 31 30 0.75 0.72 0.62 0.48PCA-C-LR-L

Recon+Latent 0.51 0.61 0.66 0.59 18 14 15 16
Recon 0.42 0.53 0.60 0.50 21 17 15 18 0.70 0.76 0.78 0.76
Latent 0.32 0.35 0.06 0.24 27 27 31 29 0.62 0.67 0.53 0.55iVAE-S

Recon+Latent 0.45 0.57 0.64 0.51 21 17 15 18
Recon 0.45 0.56 0.60 0.50 24 18 15 19 0.79 0.82 0.79 0.78
Latent 0.24 0.21 0.08 0.17 28 30 31 31 0.61 0.58 0.61 0.44iVAE-L

Recon+Latent 0.47 0.57 0.64 0.51 22 18 15 19
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.20 0.37 0.66 0.41 31 29 13 25 0.62 0.71 0.84 0.72
PPCA-L Recon 0.21 0.39 0.70 0.43 31 28 12 24 0.63 0.72 0.85 0.73

PCA-Z-LR-S Recon 0.45 0.60 0.69 0.49 22 17 12 19 0.70 0.78 0.83 0.68
PCA-Z-LR-L Recon 0.27 0.10 0.13 0.05 31 31 31 31 0.68 0.66 0.40 0.62

VAE-S Recon 0.20 0.33 0.55 0.40 31 31 20 26 0.59 0.71 0.79 0.68
VAE-L Recon 0.32 0.53 0.63 0.48 28 19 13 19 0.72 0.80 0.82 0.69

C-decoder Recon 0.47 0.57 0.69 0.48 21 17 13 19 0.74 0.81 0.84 0.68
Recon 0.49 0.61 0.68 0.48 20 15 13 19 0.77 0.83 0.83 0.69
Latent 0.01 0.11 0.26 0.00 31 31 31 31 0.57 0.59 0.68 0.29PCA-C-LR-S

Recon+Latent 0.49 0.64 0.76 0.48 20 15 13 19
Recon 0.50 0.64 0.71 0.52 18 15 13 17 0.74 0.79 0.86 0.68
Latent 0.42 0.28 0.28 0.26 22 28 31 28 0.74 0.72 0.67 0.50PCA-C-LR-L

Recon+Latent 0.50 0.65 0.75 0.53 18 15 13 17
Recon 0.38 0.55 0.66 0.49 25 16 13 19 0.72 0.79 0.82 0.68
Latent 0.34 0.36 0.10 0.17 28 28 31 31 0.66 0.69 0.59 0.45iVAE-S

Recon+Latent 0.43 0.59 0.68 0.49 23 16 13 19
Recon 0.43 0.58 0.66 0.49 25 18 13 19 0.77 0.84 0.83 0.70
Latent 0.25 0.30 0.10 0.21 28 29 31 31 0.62 0.64 0.63 0.48iVAE-L

Recon+Latent 0.45 0.59 0.69 0.51 25 18 13 19
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Phenomenological model dataset results tables

Table E.4: Phenomenological model dataset analysis results: OT-1-tooth pre-processing (green: top
10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.23 0.37 0.62 0.47 31 28 15 22 0.65 0.73 0.80 0.77
PPCA-L Recon 0.29 0.44 0.61 0.57 31 26 15 19 0.68 0.76 0.83 0.80

PCA-Z-LR-S Recon 0.33 0.50 0.63 0.47 31 24 15 21 0.69 0.76 0.84 0.75
PCA-Z-LR-L Recon 0.46 0.55 0.60 0.52 31 21 16 22 0.71 0.78 0.83 0.74

VAE-S Recon 0.34 0.54 0.62 0.50 27 19 15 19 0.75 0.82 0.81 0.71
VAE-L Recon 0.47 0.58 0.63 0.49 21 18 14 18 0.77 0.82 0.82 0.71

C-decoder Recon 0.51 0.50 0.52 0.41 23 18 18 20 0.75 0.71 0.58 0.66
Recon 0.47 0.57 0.61 0.52 18 15 15 18 0.73 0.78 0.82 0.73
Latent 0.07 0.08 0.07 0.02 31 31 31 31 0.48 0.58 0.63 0.49PCA-C-LR-S

Recon+Latent 0.48 0.60 0.63 0.53 18 15 15 18
Recon 0.61 0.61 0.59 0.59 18 18 15 16 0.82 0.85 0.84 0.75
Latent 0.41 0.34 0.03 0.34 23 24 31 24 0.68 0.68 0.52 0.62PCA-C-LR-L

Recon+Latent 0.63 0.62 0.61 0.59 18 18 15 16
Recon 0.54 0.58 0.61 0.48 21 18 15 18 0.79 0.83 0.81 0.71
Latent 0.38 0.30 0.11 0.27 25 24 31 25 0.59 0.44 0.37 0.52iVAE-S

Recon+Latent 0.61 0.59 0.67 0.49 20 16 15 18
Recon 0.53 0.58 0.63 0.49 20 15 15 18 0.78 0.81 0.81 0.72
Latent 0.37 0.40 0.07 0.32 24 23 31 23 0.63 0.71 0.67 0.62iVAE-L

Recon+Latent 0.56 0.61 0.66 0.49 20 15 15 18
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.21 0.38 0.69 0.43 31 29 12 24 0.62 0.72 0.84 0.72
PPCA-L Recon 0.26 0.47 0.69 0.49 31 26 13 22 0.65 0.75 0.86 0.77

PCA-Z-LR-S Recon 0.26 0.46 0.69 0.45 31 25 13 22 0.64 0.73 0.86 0.71
PCA-Z-LR-L Recon 0.39 0.51 0.67 0.49 31 22 15 20 0.68 0.76 0.87 0.75

VAE-S Recon 0.33 0.56 0.68 0.45 31 18 12 20 0.71 0.81 0.85 0.66
VAE-L Recon 0.40 0.57 0.69 0.47 24 17 12 19 0.74 0.83 0.86 0.64

C-decoder Recon 0.45 0.52 0.58 0.42 25 18 17 20 0.73 0.73 0.61 0.60
Recon 0.46 0.60 0.67 0.48 20 15 13 19 0.72 0.79 0.84 0.68
Latent 0.07 0.10 0.10 0.03 31 31 31 31 0.47 0.58 0.65 0.32PCA-C-LR-S

Recon+Latent 0.48 0.62 0.69 0.48 20 15 13 19
Recon 0.60 0.64 0.65 0.56 20 17 13 16 0.81 0.86 0.86 0.74
Latent 0.39 0.37 0.35 0.38 22 23 26 24 0.67 0.71 0.70 0.63PCA-C-LR-L

Recon+Latent 0.61 0.65 0.67 0.57 20 17 13 16
Recon 0.48 0.59 0.68 0.46 22 17 12 20 0.76 0.82 0.85 0.69
Latent 0.39 0.33 0.08 0.28 26 24 31 25 0.63 0.48 0.33 0.56iVAE-S

Recon+Latent 0.58 0.61 0.72 0.47 21 17 12 20
Recon 0.47 0.58 0.68 0.49 22 16 12 19 0.74 0.81 0.85 0.68
Latent 0.38 0.46 0.38 0.38 24 22 31 22 0.67 0.74 0.78 0.60iVAE-L

Recon+Latent 0.51 0.63 0.71 0.49 22 16 12 19
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Phenomenological model dataset results tables

Table E.5: Phenomenological model dataset analysis results: SO-1-revolution pre-processing (green:
top 10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.13 0.29 0.50 0.51 31 31 18 22 0.64 0.70 0.63 0.79
PPCA-L Recon 0.26 0.38 0.63 0.59 31 27 13 20 0.67 0.73 0.83 0.82

PCA-Z-LR-S Recon 0.11 0.11 0.12 0.20 31 31 31 31 0.66 0.70 0.69 0.76
PCA-Z-LR-L Recon 0.39 0.34 0.01 0.27 31 31 31 31 0.73 0.72 0.28 0.70

VAE-S Recon 0.13 0.35 0.60 0.59 31 24 15 18 0.55 0.71 0.78 0.79
VAE-L Recon 0.13 0.46 0.58 0.58 31 22 15 17 0.52 0.71 0.78 0.79

C-decoder Recon 0.45 0.55 0.60 0.55 26 21 15 18 0.75 0.78 0.79 0.75
Recon 0.25 0.42 0.49 0.45 28 23 18 21 0.66 0.75 0.66 0.78
Latent 0.07 0.05 0.04 0.07 31 31 31 31 0.43 0.40 0.49 0.42PCA-C-LR-S

Recon+Latent 0.32 0.46 0.51 0.49 28 23 18 21
Recon 0.60 0.65 0.61 0.63 18 15 15 14 0.84 0.85 0.82 0.82
Latent 0.30 0.23 0.04 0.16 27 28 31 30 0.67 0.60 0.54 0.56PCA-C-LR-L

Recon+Latent 0.62 0.67 0.62 0.65 16 15 15 14
Recon 0.15 0.42 0.63 0.54 31 21 15 18 0.52 0.73 0.79 0.79
Latent 0.31 0.39 0.17 0.30 27 27 31 28 0.61 0.67 0.55 0.68iVAE-S

Recon+Latent 0.34 0.49 0.69 0.58 27 21 15 18
Recon 0.13 0.44 0.59 0.55 31 21 15 17 0.44 0.69 0.78 0.77
Latent 0.27 0.36 0.13 0.25 27 28 31 30 0.61 0.65 0.54 0.61iVAE-L

Recon+Latent 0.34 0.49 0.64 0.58 27 21 15 17
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.11 0.29 0.59 0.48 31 31 16 24 0.62 0.69 0.66 0.80
PPCA-L Recon 0.24 0.40 0.70 0.63 31 28 11 20 0.64 0.72 0.87 0.82

PCA-Z-LR-S Recon 0.11 0.11 0.11 0.15 31 31 31 31 0.63 0.68 0.73 0.72
PCA-Z-LR-L Recon 0.33 0.29 0.02 0.17 31 31 31 31 0.70 0.69 0.29 0.68

VAE-S Recon 0.16 0.38 0.66 0.42 31 25 14 21 0.56 0.74 0.82 0.73
VAE-L Recon 0.14 0.49 0.67 0.45 31 22 14 20 0.49 0.72 0.81 0.74

C-decoder Recon 0.43 0.60 0.64 0.38 27 20 14 22 0.74 0.80 0.81 0.71
Recon 0.21 0.43 0.57 0.58 31 21 17 19 0.66 0.77 0.69 0.77
Latent 0.05 0.05 0.06 0.05 31 31 31 31 0.43 0.45 0.50 0.47PCA-C-LR-S

Recon+Latent 0.26 0.46 0.60 0.60 31 21 17 19
Recon 0.62 0.69 0.68 0.68 20 15 13 15 0.85 0.87 0.86 0.86
Latent 0.34 0.30 0.04 0.16 25 24 31 31 0.67 0.67 0.55 0.63PCA-C-LR-L

Recon+Latent 0.65 0.70 0.69 0.69 18 15 13 15
Recon 0.17 0.47 0.64 0.45 31 22 14 21 0.52 0.75 0.81 0.75
Latent 0.40 0.44 0.15 0.49 28 27 31 27 0.68 0.72 0.54 0.75iVAE-S

Recon+Latent 0.42 0.51 0.69 0.58 28 22 13 20
Recon 0.10 0.49 0.68 0.43 31 20 14 21 0.43 0.75 0.81 0.73
Latent 0.37 0.40 0.13 0.34 24 28 31 28 0.68 0.72 0.55 0.73iVAE-L

Recon+Latent 0.44 0.54 0.72 0.48 24 20 14 21
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Phenomenological model dataset results tables

Table E.6: Phenomenological model dataset analysis results: SO-1-tooth pre-processing (green: top
10 %, red: below average)

Outer race fault
TPR DDL AUCModel Discrepancy

space mean var kurt OST mean var kurt OST mean var kurt OST
PPCA-S Recon 0.24 0.38 0.64 0.52 31 27 15 21 0.66 0.73 0.81 0.81
PPCA-L Recon 0.24 0.39 0.68 0.62 31 27 13 20 0.66 0.74 0.86 0.84

PCA-Z-LR-S Recon 0.40 0.52 0.65 0.59 31 24 15 20 0.70 0.77 0.84 0.81
PCA-Z-LR-L Recon 0.03 0.09 0.60 0.52 31 31 31 29 0.53 0.67 0.83 0.79

VAE-S Recon 0.47 0.59 0.69 0.59 31 21 13 18 0.75 0.81 0.85 0.82
VAE-L Recon 0.58 0.61 0.65 0.60 23 18 13 15 0.81 0.84 0.84 0.81

C-decoder Recon 0.40 0.48 0.60 0.54 24 19 15 18 0.68 0.72 0.78 0.78
Recon 0.56 0.64 0.66 0.57 18 18 15 18 0.76 0.84 0.83 0.82
Latent 0.09 0.04 0.07 0.10 31 31 31 31 0.50 0.47 0.46 0.49PCA-C-LR-S

Recon+Latent 0.63 0.65 0.68 0.62 18 18 15 18
Recon 0.62 0.65 0.67 0.61 15 15 14 15 0.81 0.81 0.83 0.80
Latent 0.59 0.63 0.31 0.65 15 14 31 14 0.81 0.86 0.54 0.82PCA-C-LR-L

Recon+Latent 0.64 0.68 0.69 0.66 14 13 14 14
Recon 0.52 0.64 0.66 0.60 21 16 13 15 0.81 0.83 0.85 0.79
Latent 0.13 0.29 0.26 0.27 31 26 27 31 0.55 0.74 0.61 0.74iVAE-S

Recon+Latent 0.55 0.66 0.68 0.65 21 16 13 15
Recon 0.61 0.62 0.66 0.62 21 16 13 15 0.83 0.86 0.85 0.80
Latent 0.24 0.32 0.05 0.35 25 23 31 24 0.54 0.67 0.53 0.65iVAE-L

Recon+Latent 0.61 0.64 0.66 0.65 21 16 13 15
Inner race fault

TPR DDL AUCModel Discrepancy
space mean var kurt OST mean var kurt OST mean var kurt OST

PPCA-S Recon 0.21 0.40 0.68 0.56 31 28 14 22 0.63 0.72 0.82 0.80
PPCA-L Recon 0.22 0.42 0.75 0.62 31 28 11 20 0.63 0.73 0.87 0.82

PCA-Z-LR-S Recon 0.33 0.48 0.70 0.45 31 25 14 22 0.65 0.75 0.86 0.81
PCA-Z-LR-L Recon 0.02 0.08 0.60 0.31 31 31 31 31 0.53 0.64 0.85 0.74

VAE-S Recon 0.41 0.57 0.73 0.61 31 20 11 16 0.71 0.80 0.87 0.84
VAE-L Recon 0.51 0.64 0.72 0.63 31 17 11 16 0.77 0.84 0.87 0.85

C-decoder Recon 0.38 0.51 0.63 0.60 23 18 14 17 0.68 0.73 0.81 0.82
Recon 0.58 0.66 0.68 0.66 19 17 14 16 0.78 0.84 0.85 0.83
Latent 0.09 0.06 0.13 0.04 31 31 31 31 0.48 0.48 0.49 0.46PCA-C-LR-S

Recon+Latent 0.61 0.68 0.70 0.68 18 17 14 16
Recon 0.64 0.71 0.72 0.65 16 13 13 15 0.83 0.85 0.86 0.80
Latent 0.62 0.69 0.66 0.67 15 12 13 13 0.80 0.85 0.65 0.83PCA-C-LR-L

Recon+Latent 0.68 0.75 0.73 0.72 15 11 12 13
Recon 0.48 0.65 0.71 0.62 20 15 11 16 0.77 0.83 0.87 0.86
Latent 0.20 0.31 0.37 0.12 29 24 24 30 0.61 0.73 0.66 0.64iVAE-S

Recon+Latent 0.51 0.65 0.71 0.62 20 15 11 16
Recon 0.57 0.66 0.71 0.67 20 15 11 16 0.80 0.86 0.86 0.87
Latent 0.27 0.37 0.34 0.34 24 22 31 22 0.62 0.71 0.65 0.66iVAE-L

Recon+Latent 0.57 0.66 0.71 0.68 20 15 11 16
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Appendix F C-AIM Gearbox Unfiltered Dataset Figures

F.1 Homoscedastic vs. heteroscedastic models
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(a) PPCA: mean
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(b) PCA-C-LR: mean
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(c) PPCA: variance
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(d) PCA-C-LR: variance
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(e) PPCA: kurtosis
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(f) PCA-C-LR: kurtosis
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(g) PPCA: OST
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(h) PCA-C-LR: OST
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(i) PPCA: SAT
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(j) PCA-C-LR: SAT

Figure F.1: PPCA-S vs PCA-C-LR-S: reconstruction space discrepancy signal features for fault
detection and tracking (OTA-1-tooth, unfiltered dataset)
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C-AIM Gearbox Unfiltered Dataset Figures

F.2 Linear PCA models

(a) Raw acceleration data

(b) S: Recon space (c) L: Recon space

Figure F.2: PCA-C-LR-S vs PCA-C-LR-L: Order spectra of reconstruction space discrepancy signals
before Hilbert transform is applied, compared to order spectra of raw acceleration data (OTA-1-tooth,
unfiltered dataset)
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C-AIM Gearbox Unfiltered Dataset Figures

(a) S: Recon space (b) S: Latent space

(c) L: Recon space (d) L: Latent space

Figure F.3: PCA-C-LR-S vs PCA-C-LR-L: Synchronous average of reconstruction- and latent space
discrepancy signals, as the fault develops (OTA-1-tooth, unfiltered dataset)
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C-AIM Gearbox Unfiltered Dataset Figures

130 135 140 145 150 155 160

RPM

S: Recon L: Recon S: Latent L: Latent

M
ea

n
Va

r
K

ur
t

O
ST

SA
T

Figure F.4: PCA-C-LR-S vs PCA-C-LR-L: reconstruction space and latent space discrepancy signal
features for fault detection and tracking (OTA-1-tooth, unfiltered dataset, x-axis: Damage level 0-200,
y-axis: Feature value, dashed line: Discrepancy threshold)
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C-AIM Gearbox Unfiltered Dataset Figures

F.3 Nonlinear VAE models

(a) Raw acceleration data

(b) S: Recon space (c) L: Recon space

Figure F.5: iVAE-S vs iVAE-L: Order spectra of reconstruction space discrepancy signals before
Hilbert transform is applied, compared to order spectra of raw acceleration data (OTA-1-tooth,
unfiltered dataset)
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C-AIM Gearbox Unfiltered Dataset Figures

(a) S: Recon space (b) S: Latent space

(c) L: Recon space (d) L: Latent space

Figure F.6: iVAE-S vs iVAE-L: Synchronous average of reconstruction- and latent space discrepancy
signals, as the fault develops (OTA-1-tooth, unfiltered dataset)
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C-AIM Gearbox Unfiltered Dataset Figures
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Figure F.7: iVAE-S vs iVAE-L: reconstruction space and latent space discrepancy signal features for
fault detection and tracking (OTA-1-tooth, unfiltered dataset, x-axis: Damage level 0-200, y-axis:
Feature value, dashed line: Discrepancy threshold)
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