
S3 Appendix: Properties of the HHWMA W chart 

This Appendix contains the derivations of the mean and variance of the 𝐻𝐻௧ statistic. The charting 

statistic of 𝐻𝐻௧ is given by 

ቊ
𝐻௧ ൌ λଶ𝑊௧  ሺ1 െ λଶሻ𝑊ഥ௧ିଵ

𝐻𝐻௧ ൌ λଵ𝐻௧  ሺ1 െ λଵሻ𝐻ഥ௧ିଵ
 

(C.1) where 

𝑊ഥ௧ିଵ ൌ
∑ ௐೖ

షభ
ೖ

௧ିଵ
 and 𝐻ഥ௧ିଵ ൌ

∑ ுೖ
షభ
ೖ

௧ିଵ
. 

 For 𝑡 ൌ 1, 

𝐻𝐻ଵ ൌ 𝜆ଵ𝐻ଵ  ሺ1 െ 𝜆ଵሻ𝐻ഥ ൌ 𝜆ଵሾλଶWଵ  ሺ1 െ λଶሻ𝑊ഥሿ  ሺ1 െ 𝜆ଵሻ𝐻ഥ. (C.2) 

Since 𝑊ഥ ൌ 𝐻ഥ ൌ 𝜇ௐ, when 𝑡 ൌ 1, Equation (C.2) becomes: 

 𝐻𝐻ଵ ൌ 𝜆ଵሾλଶ𝑊ଵ  ሺ1 െ λଶሻ𝜇ௐሿ  ሺ1 െ 𝜆ଵሻ𝜇ௐ ൌ 𝜆ଵλଶ𝑊ଵ  ሺ1 െ 𝜆ଵλଶሻ𝜇ௐ. (C.3) 

Thus, the mean and variance of 𝐻𝐻ଵ are given by 

𝐸ሺ𝐻𝐻ଵሻ ൌ 𝜆ଵλଶ𝐸ሺ𝑊ଵሻ  ሺ1 െ 𝜆ଵλଶሻ𝜇ௐ ൌ 𝜆ଵλଶ𝜇ௐ  𝜇ௐ െ 𝜆ଵλଶ𝜇ௐ ൌ 𝜇ௐ  

and (C.4) 

𝑉𝑎𝑟ሺ𝐻𝐻ଵሻ ൌ 𝑉𝑎𝑟ሺ𝜆ଵλଶWଵ  ሺ1 െ 𝜆ଵλଶሻ𝜇ௐሻ ൌ 𝜆ଵ
ଶ𝜆ଶ

ଶVarሺWଵሻ ൌ 𝜆ଵ
ଶ𝜆ଶ

ଶ𝜎ௐ
ଶ ,  

respectively. 

For 𝑡 ൌ 2,  

𝐻𝐻ଶ ൌ 𝜆ଵ𝐻ଶ  ሺ1 െ 𝜆ଵሻ𝐻ഥଵ 

ൌ 𝜆ଵሾλଶ𝑊ଶ  ሺ1 െ λଶሻ𝑊ഥଵሿ  ሺ1 െ 𝜆ଵሻ𝐻ഥଵ 

ൌ 𝜆ଵλଶ𝑊ଶ  𝜆ଵሺ1 െ λଶሻ𝑊ଵ  ሺ1 െ 𝜆ଵሻሾλଶ𝑊ଵ  ሺ1 െ λଶሻ𝑊ഥሿ 

ൌ 𝜆ଵλଶWଶ  𝜆ଵሺ1 െ λଶሻWଵ  λଶሺ1 െ 𝜆ଵሻ𝑊ଵ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ𝜇ௐ 

ൌ 𝜆ଵλଶ𝑊ଶ  ሺ𝜆ଵ  λଶ െ 2𝜆ଵλଶሻ𝑊ଵ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ𝜇ௐ. 

Thus, the expression of 𝐻𝐻ଶ is given by 

𝐻𝐻ଶ ൌ 𝜆ଵλଶ𝑊ଶ  ሺ𝜆ଵ  λଶ െ 2𝜆ଵλଶሻ𝑊ଵ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ𝜇ௐ . (C.5)

From Equation (C.5), when 𝑡 ൌ 2, the mean of 𝐻𝐻௧ can be derived as follows: 

𝐸ሺ𝐻𝐻ଶሻ ൌ 𝜆ଵλଶEሺ𝑊ଵሻ  ሺ𝜆ଵ  λଶ െ 2𝜆ଵλଶሻEሺ𝑊ଵሻ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ𝜇ௐ 

ൌ ሾ𝜆ଵλଶ  𝜆ଵ  λଶ െ 2𝜆ଵλଶ  1 െ λଶ െ λଵ  λଵλଶሿ𝜇ௐ 

ൌ 𝜇ௐ. 

From Equation (C.5), when 𝑡 ൌ 2, the variance of 𝐻𝐻௧ can be derived as follows: 

𝑉𝑎𝑟ሺ𝐻𝐻ଶሻ ൌ 𝜆ଵ
ଶ𝜆ଶ

ଶ𝑉𝑎𝑟ሺ𝑊ଶሻ  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶ𝑉𝑎𝑟ሺ𝑊ଵሻ ൌ ሾ𝜆ଵ
ଶ𝜆ଶ

ଶ  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶሿ𝜎ௐ
ଶ .  

Thus, the mean and variance of 𝐷𝐻ଶ are given by  

𝐸ሺ𝐻𝐻ଶሻ ൌ 𝜇ௐ  

and (C.6) 

𝑉𝑎𝑟ሺ𝐻𝐻ଶሻ ൌ ሾ𝜆ଵ
ଶ𝜆ଶ

ଶ  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶሿ𝜎ௐ
ଶ ,  

respectively. 

 For 𝑡  2, 



𝐻𝐻௧ ൌ 𝜆ଵ𝐻௧  ሺ1 െ 𝜆ଵሻ𝐻ഥ௧ିଵ 

ൌ 𝜆ଵሾλଶ𝑊௧  ሺ1 െ λଶሻ𝑊ഥ௧ିଵሿ 
ሺ1 െ 𝜆ଵሻ

𝑡 െ 1
 𝐻௧

௧ିଵ

ୀଵ
 

ൌ 𝜆ଵλଶW௧  𝜆ଵሺ1 െ λଶሻ𝑊ഥ௧ିଵ 
ሺ1 െ 𝜆ଵሻ

𝑡 െ 1
 ሾλଶ

௧ିଵ

ୀଵ
𝑊  ሺ1 െ λଶሻ𝑊ഥିଵሿ 

ൌ 𝜆ଵλଶ𝑊௧  𝜆ଵሺ1 െ λଶሻ𝑊ഥ௧ିଵ 
λଶሺ1 െ 𝜆ଵሻ

𝑡 െ 1
 𝑊

௧ିଵ

ୀଵ


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 𝑊ഥିଵ

௧ିଵ

ୀଵ
 

ൌ 𝜆ଵλଶW௧  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻW௧ିଵ 
ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 𝑊ഥ

௧ିଶ

ୀ
 

ൌ 𝜆ଵλଶW௧  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ𝑊ഥ௧ିଵ 
ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 𝑊ഥ

௧ିଶ

ୀଵ


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ 

ൌ 𝜆ଵλଶ𝑊௧  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ𝑊ഥ௧ିଵ 
ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1


1
𝑘

௧ିଶ

௨ୀଵ
 W௨

௧ିଶ

ୀ௨


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ 

ൌ 𝜆ଵλଶ𝑊௧  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ𝑊ഥ௧ିଵ 
ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 ൬

1
𝑘

௧ିଶ

ୀ௨
൰

௧ିଶ

௨ୀଵ
W௨ 

ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ 

ൌ 𝜆ଵλଶW௧ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1
W௧ିଵ 

ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1
 W௨

௧ିଶ

௨ୀଵ


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 ൬

1
𝑘

௧ିଶ

ୀ௨
൰

௧ିଶ

௨ୀଵ
W௨


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ 

ൌ 𝜆ଵλଶ𝑊௧ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1
𝑊௧ିଵ 

1
𝑡 െ 1

 ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൨

௧ିଶ

௨ୀଵ
𝑊௨


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ. 

Thus, the expression of 𝐻𝐻௧ is given by 

𝐻𝐻௧ ൌ 𝜆ଵλଶ𝑊௧ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1
𝑊௧ିଵ 

1
𝑡 െ 1

 ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൨

௧ିଶ

௨ୀଵ
𝑊௨


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ. 

(C.7) 

From Equation (C.7), when 𝑡  2, the mean of 𝐻𝐻௧ can be derived as follows:  

𝐸ሺ𝐻𝐻௧ሻ ൌ ቈ𝜆ଵλଶ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1


1
𝑡 െ 1

 ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൨

௧ିଶ

௨ୀଵ


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 𝜇ௐ 

ൌ ቈ𝜆ଵλଶ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1


ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻሺ𝑡 െ 2ሻ

𝑡 െ 1


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
  

1
𝑘

௧ିଶ

ୀ௨
൨

௧ିଶ

௨ୀଵ


ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
 𝜇ௐ ൌ ሾ𝜆ଵλଶ  𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻሿ𝜇ௐ 

ൌ 𝜇ௐ. 

From Equation (C.7), when 𝑡  2, the variance of 𝐻𝐻௧ can be derived as follows: 

𝑉𝑎𝑟ሺ𝐻𝐻௧ሻ ൌ 𝑉𝑎𝑟 ቈ𝜆ଵλଶ𝑊௧ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ

𝑡 െ 1
𝑊௧ିଵ


1

𝑡 െ 1
 ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻ  ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ 

1
𝑘

௧ିଶ

ୀ௨
൨

௧ିଶ

௨ୀଵ
𝑊௨ 

ሺ1 െ 𝜆ଵሻሺ1 െ λଶሻ

𝑡 െ 1
𝜇ௐ 

ൌ ቈ𝜆ଵ
ଶ𝜆ଶ

ଶ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶ

ሺ𝑡 െ 1ሻଶ


1

ሺ𝑡 െ 1ሻଶ  ൬𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶ  ሺ1 െ 𝜆ଵሻሺ1 െ 𝜆ଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൰

ଶ௧ିଶ

௨ୀଵ
 𝜎ௐ

ଶ . 



Thus, when 𝑡  2, the mean and variance of 𝐻𝐻௧ are given by  

𝐸ሺ𝐻𝐻௧ሻ ൌ 𝜇ௐ 

(C.8)and 

𝑉𝑎𝑟ሺ𝐻𝐻௧ሻ ൌ ቈ𝜆ଵ
ଶ𝜆ଶ

ଶ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶ

ሺ𝑡 െ 1ሻଶ 
1

ሺ𝑡 െ 1ሻଶ  ൬𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶ  ሺ1 െ 𝜆ଵሻሺ1 െ 𝜆ଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൰

ଶ௧ିଶ

௨ୀଵ
 𝜎ௐ

ଶ , 

respectively. 

Therefore, at the sampling time 𝑡, the mean and variance of 𝐻𝐻௧ statistic are defined by 

𝐸ሺ𝐻𝐻௧ሻ ൌ 𝜇ௐ 

 
 
 

(C.9) 

and 

𝑉𝑎𝑟ሺ𝐻𝐻௧ሻ

ൌ

⎩
⎪
⎨

⎪
⎧ 𝜆ଵ

ଶ𝜆ଶ
ଶ𝜎ௐ

ଶ                                                                                 for 𝑡 ൌ 1
ሺ𝜆ଵ

ଶ𝜆ଶ
ଶ  ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶሻ𝜎ௐ

ଶ                                                                                                                                       for 𝑡 ൌ 2

ቈ𝜆ଵ
ଶ𝜆ଶ

ଶ 
ሺ𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶሻଶ

ሺ𝑡 െ 1ሻଶ 
1

ሺ𝑡 െ 1ሻଶ  ൬𝜆ଵ  𝜆ଶ െ 2𝜆ଵ𝜆ଶ  ሺ1 െ 𝜆ଵሻሺ1 െ 𝜆ଶሻ 
1
𝑘

௧ିଶ

ୀ௨
൰

ଶ௧ିଶ

௨ୀଵ
 𝜎ௐ

ଶ        for 𝑡  2

respectively. Finally, note that when 𝜆ଵ ൌ 𝜆ଶ, then the results are the same as that of 𝐷𝐻௧  statistic. 

 


