S3 Appendix: Properties of the HHWMA W chart

This Appendix contains the derivations of the mean and variance of the HH, statistic. The charting

statistic of HH, is given by
Hy =2,W + (11— 7\2)@—1
HH; = MH + (1 — A )Hp 4
where

T _ Lk Wk 7o
Wt—l =T and Ht—l =

= Fort=1,
HH; = A1H; + (1 = 21)Hy = A1[A;W; + (1 = 2)W,] + (1 — 21)H,.
Since Wy = Hy = py,, when t = 1, Equation (C.2) becomes:

HH; = 4 [,Wh + (1 = 2)pw] + (1 = A)pw = 41 2,W; + (1 — 42) pyy-

Thus, the mean and variance of HH; are given by

E(HHy) = MAE(Wp) + (1 — 112w = MAbw + bty — Adopw = pw

and

Var(HH,) = Var(A4,,W; + (1 — 1;2) 1) = A243Var(W;) = 122303,
respectively.
Fort =2,

HHZ = /11H2 + (1 - Al)ﬁl
= L[ Wo + (1 =2 )W, ] + (1 — A H,
= LW, + 4 (1 =)Wy + (1 — 2 [ W; + (1 — A) W]

=4 2Wo + 4,1 = 2)W; + 2,1 =AW, + (1 =20 = ) uw

=L Wo + (A + 2, = 24 2)W; + (1 — 1) (1 — A )y,
Thus, the expression of HH,, is given by
HH2 == Al)\ZWZ + (/11 + )\2 - 2},1}\2)W1 + (1 - Al)(l - }\Z)I’LW N

From Equation (C.5), when t = 2, the mean of HH, can be derived as follows:

E(HHy) = 2 ,E(Wy) + (A1 + 2, — 24 2)E(W) + (1 — )1 — A)uw

= [AIAZ + Al + }Lz - 2/11}\2 +1- }Lz - )\1 + }\1}\2],UW

= Hw-

From Equation (C.5), when t = 2, the variance of HH; can be derived as follows:
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Var(HHz) = ﬂ%ﬂ%VaT(WZ) + (/11 + AZ - 2/11/12)2VaT(W1) = [A%A% + (Al + /’12 - 211}.2)2]0-]%/

Thus, the mean and variance of DH, are given by
E(HH) = pw
and
Var(HH,) = [A223 + (A1 + A, — 2444,)?]0%,
respectively.

= Fort> 2,

(C.6)



HH; = A;H + (1 - Al)ﬁt—l

_ 1-1
= L[ W + (1 =)W, q] + ( — )

a-2)

t-1
= MhWe + (=) Woy + =7 ) P We+ (1= 1) i)

_ (1= 2 t-1 1= =) b1 _
= LW+ 41— )W, + 72& : ) E W, + -4)A-2) tl)(l 2) Wy_,
- - k=1

1—21)(1 =\
= LW, + (4 + A, — 2, ,)W,_; + a-4)a-%)

_ —A)(A =X 1-2)0-A
=12, We + (A1 + Ap — 201 4) W4 + a tl)—(l Z)Z (i—(lz)ﬂw
_ 1-2)A-A =21 - 1-2)0 -4
=4 We + (A + A = 2, 2)W, 1 + M - u MMW
t—1 u=1k Lap=y t—1
_ 1-1)0—-A t=2 =21 1-2)0—-A
= MW+ + 2y~ a4 T ORISR (S Ly AR,
t— k=uk t—1
(A + 2, —244y) A+ 2, — 2244 2,) 2 1=2)A =) t2 t-2 1
= MAWe + t—1 We-t t—1 z W t—1 <zk=uE>W
(1-2)1-2;)
— -1 Hw
A+ A, — 2044 1 t-2 t-2 1
W, + Bt e m 2k, > [(/11 Y WALSCETBICER )Y —] W,
t—1 t—1 u=1 k=uk
(1-2)(01-2y)
— -1 Hw-
Thus, the expression of HH; is given by
A+, =244 1 t-2 t-21
HHt=Mxﬂ%+£i——i——i¥2Wp1+———zz kh+%z—2Mﬂ»+(r—hX1—kazz —h%
t—1 t—1 u=1 k=uk
(C.7)
+ (1-2)(1-12y)
— -1 Hw-
From Equation (C.7), when t > 2, the mean of HH; can be derived as follows:
A+, =244 1 t-=2 t-2 1
EGHH,) = |2, + Jat A2 = 20da) > [(/11 Fhy =2 ) + (1= A1 -2) ) —]
t—1 t—1Luyy k=uk
(1-2)1-12;)
— -1 Hw
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From Equation (C.7), when t > 2, the variance of HH; can be derived as follows:

(A + 4, — 22:45)

Var(HH;) = Var [/11)\2Wt + T 1 1

t-2 R
1Zu =1 [(/11 + Ay = 2442) + (1 = 4) (1 = 27) Zk uk] W+ (t)—##w
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Thus, when t > 2, the mean and variance of HH, are given by

E(HH.) = pw
and (C.8)
Ay + Ay — 21, 1,)2 1 t-2 =2 1\2
— 2192 — —_ — — 2
Var(HH,) = |12 + -t 4 o 1)Zzu=1 (/11 Ay — 200, + (1= 2)(1 AZ)Zkzuk) o2,
respectively.
Therefore, at the sampling time t, the mean and variance of HH, statistic are defined by
E(HH.) = py
and
Var(HH,)
222203, fort =1
~ {(A%A% + (A + 2y — 24,4,)D) 02 fore=2 (o)

(A + A5 — 2441,)? 1 t-2 ( t-2 1)2
242 — 2
l[lllz + =12 + =1 E s M+ =24 +0-2)A-21y) E ek oy fort > 2

respectively. Finally, note that when A; = 4,, then the results are the same as that of DH, statistic.




