
S2 Appendix: Properties of the DHWMA W scheme 

This Appendix contains the derivations of the mean and variance of the 𝐷𝐻௧ statistic. The charting 

statistic of 𝐷𝐻௧ is given by 
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 For 𝑡 ൌ 1, 

𝐷𝐻ଵ ൌ λ𝐻ଵ ൅ ሺ1 െ λሻ𝐻ഥ଴ ൌ λଶ𝑊ଵ ൅ λሺ1 െ λሻ𝑊ഥ଴ ൅ ሺ1 െ λሻ𝐻ഥ଴. (B.2) 

Since 𝑊ഥ଴ ൌ 𝐻ഥ଴ ൌ 𝜇ௐ, when 𝑡 ൌ 1, Equation (B.2) becomes: 

𝐷𝐻ଵ ൌ λଶ𝑊ଵ ൅ ሾλሺ1 െ λሻ ൅ 1 െ λሿ𝜇ௐ ൌ λଶ𝑊ଵ ൅ ሺ1 െ λଶሻ𝜇ௐ. (B.3) 

Thus, the mean and variance of 𝐷𝐻ଵ are given by  

𝐸ሺ𝐷𝐻ଵሻ ൌ λଶ𝐸ሺ𝑊ଵሻ ൅ ሺ1 െ λଶሻ𝜇ௐ ൌ λଶ𝜇ௐ ൅ ሺ1 െ λଶሻ𝜇ௐ ൌ 𝜇ௐ  

and (B.4) 

𝑉𝑎𝑟ሺ𝐷𝐻ଵሻ ൌ 𝑉𝑎𝑟ሾλଶ𝑊ଵ ൅ ሺ1 െ λଶሻ𝜇ௐሿ ൌ λସ𝑉𝑎𝑟ሺ𝑊ଵሻ ൌ λସ𝜎ௐ
ଶ ,  

respectively. 

 For 𝑡 ൌ 2, 

𝐷𝐻ଶ ൌ λ𝐻ଶ ൅ ሺ1 െ λሻ𝐻ഥଵ 

ൌ λሺλ𝑊ଶ ൅ ሺ1 െ λሻ𝑊ഥଵሻ ൅ ሺ1 െ λሻ𝐻ഥଵ 

ൌ λଶ𝑊ଶ ൅ λሺ1 െ λሻ𝑊ଵ ൅ ሺ1 െ λሻሾλ𝑊ଵ ൅ ሺ1 െ λሻ𝜇ௐሿ 

ൌ λଶ𝑊ଶ ൅ 2λሺ1 െ λሻ𝑊ଵ ൅ ሺ1 െ λሻଶ𝜇ௐ. 

Thus, the expression of 𝐷𝐻ଶ is given by 

𝐷𝐻ଶ ൌ λଶ𝑊ଶ ൅ 2λሺ1 െ λሻ𝑊ଵ ൅ ሺ1 െ λሻଶ𝜇ௐ. (B.5) 

From Equation (B.5), when 𝑡 ൌ 2, the mean of 𝐷𝐻௧ can be derived as follows: 

𝐸ሺ𝐷𝐻ଶሻ ൌ λଶEሺ𝑊ଶሻ ൅ 2λሺ1 െ λሻ𝐸ሺ𝑊ଵሻ ൅ ሺ1 െ λሻଶ𝜇ௐ 

ൌ ሾλଶ ൅ 2λሺ1 െ λሻ ൅ ሺ1 െ λሻଶሿ𝜇ௐ 

ൌ ሾλଶ ൅ 2λ െ 2λଶ ൅ 1 െ 2λ ൅ λଶሿ𝜇ௐ 

ൌ 𝜇ௐ. 

From Equation (B.5), when 𝑡 ൌ 2, the variance of 𝐷𝐻௧ can be derived as follows: 

𝑉𝑎𝑟ሺ𝐷𝐻ଶሻ ൌ 𝑉𝑎𝑟ሾλଶ𝑊ଶ ൅ 2λሺ1 െ λሻ𝑊ଵ ൅ ሺ1 െ λሻଶ𝜇ௐሿ 

ൌ λସ𝑉𝑎𝑟ሺ𝑊ଶሻ ൅ 4λଶሺ1 െ λሻଶ𝑉𝑎𝑟ሺ𝑊ଵሻ 

ൌ λଶሾλଶ ൅ 4ሺ1 െ λሻଶሿ𝜎ௐ
ଶ . 

Thus, the mean and variance of 𝐷𝐻ଶ are given by 

𝐸ሺ𝐷𝐻ଶሻ ൌ 𝜇ௐ  

and (B.6) 



𝑉𝑎𝑟ሺ𝐷𝐻ଶሻ ൌ λଶሾλଶ ൅ 4ሺ1 െ λሻଶሿ𝜎ௐ
ଶ ,  

respectively. 

 For 𝑡 ൐ 2, 
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Thus, the expression of 𝐷𝐻௧  is given by 
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From Equation (B.7), when 𝑡 ൐ 2, the mean of 𝐷𝐻௧  can be derived as follows:  
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From Equation (B.7), when 𝑡 ൐ 2, the variance of 𝐷𝐻௧ can be derived as follows: 
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Thus, when 𝑡 ൐ 2, the mean and variance of 𝐷𝐻௧ are given by  

𝐸ሺ𝐷𝐻௧ሻ ൌ 𝜇ௐ (B.8)
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Therefore, at the sampling time 𝑡, the mean and variance of 𝐷𝐻௧ statistic are defined by 

𝐸ሺ𝐷𝐻௧ሻ ൌ 𝜇ௐ 

(B.9) 
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