S2 Appendix: Properties of the DHWMA W scheme

This Appendix contains the derivations of the mean and variance of the DH, statistic.

statistic of DH, is given by
Ht = }\Wt + (1 - }\)Wf—l
DHt = }\Ht + (1 - )\)Ht_l
with

7 T Wk g .=
Wt—l =T and Ht—l =

= Fort=1,
DH, = AH; + (1 —M)Hy = X2W; + A(1 — )W, + (1 — D) H,.
Since Wy = Hy = py,, when t = 1, Equation (B.2) becomes:
DH, = MW, + [A(1 =) + 1 = Alpyy = 22W; + (1 — A2y

Thus, the mean and variance of DH; are given by

E(DH,) = PEWy) + (1 = M)y = Puy + (1 = Py = py

and

Var(DH,) = Var[A*>W; + (1 = A)uy ] = AMVar(W,) = Ao,

respectively.
= Fort=2,
DH, = AH, + (1 — ) H,
=AAW, + (1 = )W) + (1 —)H,

= X2W, + AL = W, + (1 = D[AW, + (1 — D]

Thus, the expression of DH, is given by

From Equation (B.5), when t = 2, the mean of DH,; can be derived as follows:

E(DH,) = A2E(W,) + 2A(1 — DEW,) + (1 — ) 2uy

=2+ 201 -0+ 1 =) uy
=A%+ 20 —22% + 1 =21 + A%y,

= Uw-

From Equation (B.5), when t = 2, the variance of DH, can be derived as follows:

VaT(DHz) = Var[)\ZWZ + 2)\(1 - )\)Wl + (1 - }\)lew]

= MVar(W,) + 422(1 — ) *Var(W,)
= A2[A% + 4(1 — N)?]od.

Thus, the mean and variance of DH, are given by
E(DH3) = uw

and
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Var(DH,) = A2[A% + 4(1 — 0)?]a3,
respectively.
= Fort> 2,
DH, = AH, + (1 = M)H,_,

=AW, + (1 = DW,_,) + (1 —N

N C PP _
= 22W, + A(1 = NW,_, + ﬁz (AW, + (1= V)W)
- k=1

_ A1 =2 t-1 1—0)2 -1
=W, + A1 —-DW,_, + ( ) Wk+( ) Z Wie_1
t—1 t—1 k=1

_ 1- )22
= 22W, + 2A(1 — DW,_, Gl E W,
t—1 k=0

_ 1—-2)2 -2 _ 1—2)?
= 2W, + 201 — )W,_, +uz Wk+uyw
t—1 k=1 t—1

_ 1—-2)? t-21 t-2 1 —2)?
= N2W, + 20(1 = OW,_, + (t—l)z - W, + %yw
- k=1 u=1 t—

201 =2) 2M(1 — 1) b2 (11—t o2 1 (1-2)?
— 12 _ —_
=AW+ t—1 Wiy + t—1 Zu:1Wu+ t—1 Zu_1<zk_uk)w“+ t—1 Hw

B 2A(1 —2) (1 — ) t-2 t-2 1 (1 2)2
_}‘wa+—t—1 W“1+—t—1 Zu: (2A+(1—A)Z ) =7t

Thus, the expression of DH, is given by

201 -2 1-2 t=2 t=21 (1 —2)?
t_]. t_]. u=1 k= uk 1

From Equation (B.7), when t > 2, the mean of DH; can be derived as follows:

21 -2  (1—2) b2 -2 1y (1-2)
E(DH) = W+ == uzl(zx+(1—x)z )+ t—1]“W

201 =2) 201 =N)(t —2)
=1t —] + (1= D)uw

= (2 +201 -2 + (1 = V))uw

=\ +

= Uw-

From Equation (B.7), when t > 2, the variance of DH; can be derived as follows:

_ _ " s
Var(DHt)=Var[7x2Wt+% (1 DZ (2)\+(1 A)Z 21) +—(1t_7;) ﬂw]

21 -2 (1 -2
“a Ve W) + 1)Zzu 1(27\+(1—;\)Zk u—) Var(W,)

- [;\4 + 4}‘;%;))2‘)2 + 8_ gzz (2A+ 1- A)Zt i 1) ]

Thus, when t > 2, the mean and variance of DH; are given by

=AMVar(W,) +

E(DH,) = pw (B.8)



and

402(1 =02 (1 =A% t2 -2 132
Var(DH,) = Xt + -+ 1)2211:1(2“(1%)2,(:@) ]JVZV,

respectively.

Therefore, at the sampling time ¢, the mean and variance of DH, statistic are defined by

E(DH¢) = uw
and
Var(DH,)
Ao fort=1 (B.9)
%2 +4(1 - DD fort =2

4221 -2 (1—2A)2xt-2 t-2 12
RNV +(t—1)2211:1(2“(1‘”2,@%)]"VZV fort>2,

respectively.



