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ABSTRACT. In recent years there has been an advent of quanto options in energy markets.
The structure of the payoff is rather a different type from other markets since it is written
as a product of an underlying energy index and a measure of temperature. In the Heath-
Jarrow-Morton (HJM) framework, by adopting the futures energy dynamics and model with
stochastic volatility, we use the Malliavin calculus to derive the energy delta, temperature
delta and cross-gamma formulae. The results reveal that these quantities are expressed in
terms of expectations of the payoff and a random variable only depending on the underlying
dynamics. This work can be viewed as a generalization of the work done, for example, by
Benth et al. (2015).

1. INTRODUCTION

The paper investigates hedging of the energy quanto options using the Malliavin Calculus
approach by Nualart (2006). This method has shown that it outperforms the finite difference
approach when it comes to discontinuous payoffs, see Benth et al. (2010). Quanto options
in the equity market differ from those designed for energy markets by the structure of their
payoffs. The energy quanto option has a product payoff which is structured in such a way that
it takes advantage of the high correlation between energy consumption and certain weather
conditions thereby enabling price and weather risk to be controlled simultaneously, refer
Caporin et al. (2012). On the other hand, the equity quanto has a normal structure. Ho et al.
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2 HEDGING QUANTO OPTIONS

(1995) noted that quanto options, in general, are better hedgers than a simple combination
of plain vanilla options. In energy markets, they give exposure to the volumetric risk input
of weather conditions on energy prices, see Zhang (2001).

Heath et al. (1992) introduced the so-called HJIM approach in fixed income markets where
the dynamics of the forward rates are directly specified, see Benth et al. (2008). The fact
that most contracts in energy markets are settled in futures and forward, the framework was
later on in 2000 adopted in this market by Clewlow & Strickland (2000). There have been
few papers in literature analysing the hedging of this quanto option product. Benth et al.
(2015) recently studied the pricing and hedging of quanto energy options in this framework
basing on both the spot and the futures products as the underlying processes. The authors
derived analytic expressions for the energy delta, temperature delta, and cross-gamma hedging
formulae using direct differentiation of the price of quanto options. If the payoff functions are
discontinuous then their approach method fails.

The Malliavin calculus technique has been used by several authors to obtain Greeks (par-
tial derivatives of option prices with respect to underlying parameters) in equity derivative
products, see for example, Benth et al. (2008), Benth et al. (2003), Di Nunno et al. (2009),
Fournié et al. (1999, 2001), Ocone & Karatzas (1991), Mhlanga (2011), Mhlanga & Becker
(2013). In all these references the methods were not applied in a product payoff structure
such as ours and with an interval delivering period. Our results can be viewed as a general-
ization of Benth et al. (2015) in the sense that our approach allows for discontinuous payoff
functionals.

Besides Malliavin calculus, finite difference, pathwise differentiation and likelihood ratio
approaches are used to derive the derivative free formulae. The finite difference approach
involves simulating the derivative prices at two or more values of the underlying parameter
and then estimate the derivative free formulae by taking difference quotients between these
values. Finite difference approach is easy to implement, however it is prone to large bias and
large variance especially when dealing with discontinuous payoff functions, as in the case of a
digital type and a barrier type quanto option (Jackel (2003)). The pathwise method computes
the derivative of the payoff function with respect to the parameter of interest. This method
only works for specific payoff functions, hence we cannot generalize the implementation of
this approach. When it is applicable, the method gives unbiased results (Glasserman (2004),
page 386). However, the pathwise approach cannot be applied to non-differentiable payoff
functions as in the case of barrier type and digital type quanto options. The likelihood ratio
method assumes that the probability density function of the price is explicitly known and
depends on the parameter of interest. The derivative free formulae is then computed by
computing the derivative of the probability density of the underlying variable rather than the
derivative of the payoff function (Broadie & Glaserman (1996)). The likelihood ratio method
is restricted by requiring an explicit knowledge of the density of the underlying model, for
example the probability density function for Asian type quanto options is not known.

Comparing with the mentioned approaches, Malliavin calculus approach has several ad-
vantages as it avoids the need to differentiate payoff functions and does not require explicit
knowledge of the density of the underlying asset. However, the Malliavin calculus method is
not reported to be better than the finite difference method when dealing with smoother pay-
off functionals such as the vanilla options (Benth et al. (2010)). The mathematical challenge
arises from payoff functions which tend to be discontinuous, non-differentiable or even more
complicated. Typical energy quanto options have payoff functions that are determined by
the level of both the energy price and an index related to weather (temprature) (Benth et al.
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(2015)). Typically, the energy quanto options have a general payoff, factorising in functionals
of the two underlying, that is,

(1.1) f(z,y) = g(x)h(y)

for some measurable functions g and h. The energy quanto options considered so far in
literature have a continuous payoff of European call type

(1.2) g(z)h(y) = max{z — K¥ 0} x max{y — K,0}

where K KT > 0 are strike prices (Benth et al., 2015). However, one or both of the two
payoff functions (either g, h or both) could be discontinuous. A typical example is the so-
called digital type (or binary options) energy quanto option, that is,

(1.3) 9(w) = Ly gey and/or h(y) = 1>y

Since the energy quanto options should hedge the joint price and volume risk, this paper
considers, for example, a discontinuous payoff structure of the form

(1.4) max{z — K”,0} x 1,51

which hedges the price risk, if and only if the average temperature during a certain period
is too high. For such type of options one cannot use the pathwise or the likelihood ratio
methods. This is where Malliavin calculus approach is most suited.

The purpose of the current paper is to derive the so-called derivative free hedging formulae
using a much more powerful tool: the Malliavin calculus. In particular, we derive the energy
delta, temperature delta and the cross-gamma hedging expectation formulae. Other hedging
formulae are derived by using a similar approach. The energy delta is defined as the partial
derivative of the price of quanto option with respect to the energy future price. The temper-
ature delta is defined as the partial derivative of the price of quanto option with respect to
the temperature index futures. The cross-gamma is defined as the second partial derivative of
the price of quanto option with respect to both the energy future price and the temperature
index futures. The contribution of this study is to derive applicable formulae in the context
of Malliavin calculus. In passing, we generalize the calculations of Greeks in Benth et al.
(2015). The use of Malliavin calculus allows us to obtain Greeks which are suitable for Monte
Carlo simulation. Information about Greeks is useful for constructing replicating portfolios
to protect the portfolio against possible changes related to certain risk factors.

The paper is organised as follows. Section 2, present the structure of the quanto option
and formulate the pricing problem as in Benth et al. (2015). In addition, we present the
futures asset dynamics general diffusion models under the HJM framework. In Section 3, we
review the necessary tools from Malliavin calculus to be applied in our proofs. In Section
4, we derive formulae for the energy delta, temperature delta and cross-gamma when the
energy and temperature are independent while in Section 5, we derive the same when there is
correlation between energy and temperature. Examples for both the independence case and
correlation case are provided in Section 6. Section 7 is devoted quanto options with stochastic
volatility. In Section 8, we discuss the residual risk. Finally, in Section 9, we conclude.

2. THE CONTRACT STRUCTURE AND PRICING OF QUANTO OPTIONS

In this section, we review the commodity quanto pricing, see, for example, Benth et al.
(2015) and in particular, we follow their notations therein. Benth et al. (2015) have considered
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the quanto option with a payoff function S given by:
S = (Tvar - Tﬁx)+ X (Evar - Eﬁx)+7

with t = max(x,0) where Ty, represents some variable temperature measure, Tg, repre-
sents some fixed temperature measure, and FE\,,, Fyx are the variable and fixed energy price,
respectively. To avoid the downside risk on this quanto contract it has been reported in Benth
et al. (2015) that for hedging purposes, it is reasonable to buy a contract with optionality. In
the temperature market of Chicago Mercantile Exchange (CME), the contracts are written
on the aggregated amount of heating-degree days (HDD) and cooling-degree days (CDD).
The temperature index is used as the underlying. The HDD (similarly the CDD) over a
measurement period [y, 72] is defined by:

(2.1) HDD(t) :== max{c— T(t),0},

where T'(t) is the mean temperature on day ¢, and c is the pre-specified temperature threshold
(eg., 65°F or 18°C). If the contract is specified as the accumulated HDD over [r1, 73] we have

(2.2) > HDD(t) = > max{c—T(t),0},

t=T1 t=T1

analogously for CDD.

We note that quanto options have a payoff function that is a function of two underlying assets,
temperature and price. We focus on quanto options with payoff function f(FE,I) where E is
an index of the energy price and I is an index of temperature. The energy index FE over a
period [11, 72| with 71 < 75 is defined to be the average spot price namely:

(2.3) o ZSU

T2 o Tl U=t1

where S, is the energy spot price. In addition, we assume that the temperature index is
defined by

T2

(2'4) I= Z g(Tu)a

U=T1

where T;, denotes the temperature at time u and g some function. For example, for a quanto
option involving the HDD index, we choose g(x) = max{x — 18,0}. To price the quanto
option exercised at the time 7o, its arbitrage-free price at time ¢t < 79 becomes

(2.5) C, = e "(mOEQ [f <72 i - > Su > g(Tu)>

u=T1 u=T1

)

where r > 0 represents a constant risk-free interest rate and Eg is the expectation operator
with respect to @, conditioned on the market information at time t given by the filtration F;.
Following Benth et al. (2015)’s argument on the relationship between the quanto option and
the futures contract on the energy and temperature indexes E and I, we note that the price
at time ¢ < 79 of a futures contract written on some energy price with delivery period [7y, o]
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is given by

1 &
2.6 FE(t; 7,7 = E? S
(2.6) (t;71,72) = Ey [T2_Tl’u§_7’1 u
At t = 9 we have:

1 &
2.7 FE(ry;11,m0) = Sy -
(2.7 (mimim) == 3

This means that the future price is exactly equal to what is being delivered. Applying the
same argument to the temperature index, with price dynamics denoted by FI(t, 71, 7), the
quanto option price C; can be written as:

T2

(s Eo Zom)

U=T] U=T]

(2.8) C, = e (2 ED

= e "R [f (FF(rym1,m), Fl (2571, 72))] -

The advantage of writing the quanto option price as in Eq.(2.8) is that futures are traded
financial assets. Let K, K1 denote the high strikes for the energy and temperature indexes,
respectively and K, K; denote the low strikes for the energy and temperature indexes,
respectively. Now we can define the payoff function

p(FE(ro;m1,72), F (12,71, 72), K, K1, K g, Kp) == p

so that
p = ax max{FF(m;1,m)— Kg,0} x L gl (ryimy ra) > K1}

+ max{Kp — F¥(r2;11,72), 0} X L{p1(ryiry my)> Ry}
where « is the contractual volume adjustment factor. As an example as in Benth et al. (2015),
we consider the product call structure with the volume adjuster a normalized to 1, that is,
we consider the price of an option with the following payoff function:
(2.9) p = max{ F¥(1o;71,79) — K, 0} X {p1(ryiry )R}
and the quanto option at time ¢ is given by:

Cy = e " IER [B(FE (1511, 72), FL(2; 71, 72), K, K71)] -

2.1. The Asset Dynamics. We use the HJM risk-neutral dynamics of the forward contract
at time t. Consider the general diffusion futures model under the risk-neutral measure Q be
given as :

(2.10) dFE(t;m,m) = op(t, FE(t;m,m))dWE(t),
(2.11) dFI(t; T, T2) = O'[(t,F](T; 7'1,7'2))dWI(t).
with FZ(0;71,7) > 0 and F!(0;7,7) > 0 where g, o7 are deterministic volatilities and
WE, W are correlated Brownian motions with a correlation parameter p € (—=1,1). The

process F'F is the option price of a future contact written on some energy price and F! is the
option price of a future contact written on some temperature price.
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Given an arbitrary W¥, there exists W which is independent of W¥ and W!. Then, we
can express W/ as follows

(2.12) w! = pWw? +/1- 2w,
Thus we have
(2.13) dFE(t;m,m) = op(t, FE(t;m,m))dWE(1),
(2.14) dF(t;m, ) = por(t, FI1(t;m, 1)) dWE ) + or(t, FL(t;m1,m))/1 — deWI(t) )
The above equations can be written in matrix form as follows:
dFE\ [ og(t,FP) 0 dWF

Cier )= Cotecen) oy ) (i )
We can write this as:
(2.15) dF = a(t, F!, FEYdW ,
where the matrix a : ([0, 72] x R?) — Ma, satisfies the growth and Lipschitz conditions. We
can write (2.15) as:
(2.16) Fz%+[ﬁﬁjﬂF%ﬂVJ%>u

For example, given this dynamics the quanto option becomes :

(217)  C, = E® [g ( /0 h— FE)dWE> 2 ( /0 " ot FT) W™, /0 b a](t,FI)dWIﬂ ,

where §(z) = max{z — K¥,0} and h(z,y) = pmax{z — K¥,0} x /1 — p?1yy> 1y are mea-
surable functions.

3. A PRIMER ON THE MALLIAVIN DERIVATIVE PROPERTIES

In this section, we review the necessary Malliavin derivative properties. These properties
were also highlighted in Fournié et al. (1999) and Mhlanga (2011) and the proofs can be found
in Nualart (2006). Let {WW(t), 0 <t < 72} be an n-dimensional Brownian motion defined on
a complete probability space (2, F,F,Q). Let S denote the class of random variables of the
form

F=f </072 by (£)dW (t), - - - ,/072 hn(t)dW(t)> , feCTR),

where hy,- -+, hy, € L0, m)).
For F' € S, the Malliavin derivative DF of F is defined as the process {D.F, t € [0,72]} in
L2([0,m]) by :

=1

DyF = (/072 ha (AW (8), - - ,/072 hn(t)dW(t)) hi(t), t>0 a.s.

On L?([0,72]) define the norm as :

1
T2 bl
1,2 1= <EQIF\2 + ]EQ[/ |DtF]2dt]> )
0

The chain rule holds for the Malliavin derivative in the following form.

I
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Property P1. Let F = (Fy,...,F,) € D2 and let ¢ : R* — R be a continuously differentiable
function with bounded partial derivatives. Then o(F) € D'? and

(3.1) Dip(F) =Y gf (F)D,F;, t >0 a.s.
i=1

Property P2. Let {X;, t > 0} be an R™ valued Itd process whose dynamics are governed by
the stochastic differential equation

(32) dX; = b(Xt)dt + O’(Xt)th,

where b and ¢ are supposed to be continuously differentiable functionals with bounded deriva-
tives and o(x) # 0 for all z € R™. Let {Y;, t > 0} be the associated first variation process
given by the stochastic differential equation

n
(3.3) dY; = V(X)Vedt + > oj(X)YidWY, Yo = I,
i=1
where I, is the identity matrix of R™, primes denote derivatives and o; is the i-th column

vector of 0. The the process {X;, t > 0} belongs to D12 and its Malliavin derivative is given
by

(3.4) D, X = V1Y, 'o (X)) 1<y, 7> 0 aus.,
which is equivalent to
(3.5) Y; = Dy X0 H(X,) Yy 1<y acs.

The Malliavin derivative has an adjoint operator called Skorohod integral (also known as the
divergence operator §). We shall denote the domain of the adjoint operator ¢ by Dom(J).

Property P3. Let u € L?(Q x [0,72]). Then u belongs to the domain Dom(d) of § if for all
F € D'? we have

T2
(3. IE[(DR. )] HIE | [ DiFuir] 1l F
where c is some constant depending on w. If u belongs to Dom(d), then
T2
(3.7) 5(u) = / WS,
0

is the element of L?(£2) such that the integration by parts formula holds:

(3.8) E [( /0 h DtFutdtﬂ = E[F§(u)] for all F € D2,

An important property of the Skorohod integral § is that its domain Dom(d) contains all
adapted stochastic processes which belong to L?(€2 x [0, 72]). For such processes the Skorohod
integral § coincides with the Ito stochastic integral.

Property P4. If u is an adapted process belonging to L?(Q x [0, 72]), then
T2
(3.9) 5(u) = / () AW
0

Further, if the random variable F is F,,-adapted and belongs to D'? then, for any u in
Dom(9), the random variable F'u will be Skorohod integrable.
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Property P5. Let F belongs to D and u € Dom(§) such that E[f* F?ufdt] < co. Then
Fu € Dom(¢) and

(3.10) S(Fu) = Fo(u) — /0 " DyFuydt,

whenever the right hand side belongs to L?(€2). In particular, if u is moreover adapted, we
have

T2 T2
(311) (5(Fu) = F/ ’U,tth — / DtFUtdt.
0 0

4. COMPUTATION OF GREEKS: THE INDEPENDENT CASE

From the diffusion stochastic differential equation (2.13) with p = 0, consider the following
HJM risk-neutral dynamics of the forward contract at time ¢. We call this the ‘independent
case’. Let the future price processes under the risk-neutral measure Q be given as
(4.1) dF'(t; 1, 72) = o3(t; 71, o) FU(t; 71, 72)dAW(T), F'(0;71,72) > 0,
for E,I = i. The function F*(0; 7, 72) represents today’s forward price. We call this, the
independent case since p = 0. Explicitly this can be written as:

1 T2 T2
FE(ry;m,m) = FP(0;71,7)exp (—2/ o2 (u; 1, m2)du +/ op(u;, Tg)dWE(u)>
0 0

FI(TQ;Tl,’Tg) = FI(O;Tl,Tz)eXp (—2/ aﬁ(u;ﬁ,ﬁ)du%—/ O'[(U;Tl,TQ)dWI(u)> ,
0 0

where W¥ and W/ are Brownian motions. Here, fOTZ 02(1;71,T2)dT < 0O meaning T
F'(7;71,72) is a martingale. Introduce g : R — R and h : R — R measurable functions. The
payoff structure of a quanto option on the forwards with maturity at time 7 given by

(4.2) C = EC[g(F" (o3 71, m2) )o(F (2371, 7)),

where g(z) = max{z — K¥ 0} and h(y) = l¢y>kry and the risk-free interest rate r = 0. We
assume the following integrability conditions:

(4.3) E[g*(FE (19;71,m2))] < 00, E[R}(FI(9;71,m2))] < 00.

At several places, we will require the diffusion matrix o;, i = F, I to satisfy the following
condition:

(4.4) I >0&0r(t;m,m)oi(t; T, m)E>n| € forall £ € R, t € [, 2] with € # 0.

where ¢ = E,I and £* denotes the transpose of £. This is called the uniform ellipticity
condition.

The weight function obtained when computing Greeks using the integration by parts for-
mula should not degenerate with probability one, otherwise the computation will not be valid.
To avoid this degeneracy we introduce the set T,, (see Mhlanga (2011)) defined by

(4.5) T, = {a € L*([0, 7)) | /Oti a(t)dt =1 for alli=1,...,n}.

We need the following lemma.

Lemma 4.1. Let a, and b, be two convergent sequences such that lim,_.ca, = a and
limy 00 by, = b. Then the sequence anby, is convergent and lim,_, o anb, = ab.
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Finally, we state our results.

Proposition 4.2. Assume that the diffusion matrix og is uniformly elliptic. Then for all
a € Ty, the energy delta is given by :

(4.6) Ap = EQg(FE (ro; 11, 7)) R(F (195 7, 72) )72,

where the Malliavin weight T2F is
T2
whE = / a(t) (o5 (11, 72)Ye(t;71,72)) dWF(1).
0

Proof. Let g be a continuously differentiable function with bounded derivatives. Introduce

1 t t
YE(t;m1,m2) = exp <—2/ U%(u;n,m)du—i—/ op(u; T1,TQ)dWE(U)> .
0 0

This implies that
FE(r;71,m2) = FP(0; 71, 72) YE(t; 71, 72).
An application of Property P2 shows that F¥(79;7,72) belongs to DY2 and we have:
DiFE(rosm1,m2) = Ye(r;m,m)Ye (671, 72)0p(t 71, 72) licr,.
This is equivalent to
Ve(r2i71, 1) licr, = DiFP (711, m2)og (871, 72) YE(t; 11, 72).

Multiply both sides by a square function which integrates to 1 on [0, 2]
T2
Yg(m2;71,72) :/ DtFE(TQ;Tl,Tg)CL(t)O'El(t;Tl,Tg)YE'(t; T1, To)dt.
0

Now

0
9 0 E/(_ . I .
Ap = aFE(O;Tl,Tz)E [g(F™ (725 71, 72) )W (F (723 71, 72))]
OFE(0;11,72)

= EQG(FE(ro; 11, 7)) h(F! (12; 71, 72))YE(12; 71, 2)]
o

- KO / o (F2 (3370, 7o) h(F (rai 71, 72))
/o

XDtFE(TQ; T, TQ)CL(t)O'El(t; 71, 72)YE(t; 11, Tg)dt]

= E%g'(F" (11, 72))W(F! (72; 71, 72)) ]

T2
= EY h(FI(T2;Tl7T2))/ Dtg(FE(T2;71,72))a(t)051(t;ﬁ,TQ>YE(t§71772)64
L 0

= EQ -g(FE(TQ;Tl,TQ))h(F](TQ;Tl,TQ)) /072 a(t) (O’El(t;Tl,TQ)YE(t; 7‘1,72))*dWE(t)]

where ¢’ denotes the derivative of g with respect to F¥(0;7(, 7). Here, we have used the
chain rule property, (Property P1), the integration by parts formula (Property P3), and the
fact that the Skorohod integral coincides with the It stochastic integral (Property P4).

Now consider the general case g(F(ro;71,7))h(F!(m9;7,m)) € L*(Q). Since smooth func-
tions with compact support C%(R) is dense in L?(R), we can find sequences of functions
gn € CE(R) and h,, € C¥(R) such that g, — g and h, — h in L?(R). An application of
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Lemma 4.1 shows that (g, hn)nen converges uniformly on compact sets to gh as n — oo, that
is,

(4.7)

li Q B, I .. E(__. I .. 2

im B [ (ga(F% (12 71, 72)) i (F (723 7, 72)) = 9(F (a5 71, m2) WP (7237, 72))) | > 0.

n—oo

Denote by
f(z) = EQ [g(FE(TQ;Tl,Tg))h(FI(TQ;7', T2)) /072 a(t) (O'El(t;Tl,TQ)YEUZ; 7'1,72))*dWE(t)] )

Using the obtained result for g,, together with the Cauchy-Schwartz inequality and the Ito
isometry, we obtain

9
OFE(0;71,72)

= ‘EQ [(gn(F" (2571, 7o)V (F! (7237, 72)) = g(F P (23 71, 72))o(F (7237, 72)))

8 /oT2 a(t) (o5 (t; 71, 72)Ve(t;71,72)) dWE(t)] '

E®g,(FE (2, 71, 72) ) hn(F (1257, 72))] — f(2)

1
2

IN

EQ |:(gn(FE(7'2;Tl,TQ))hn(FI(TQ;T, T2)) — g(FE(TQ;Tl,TQ))h(FI(TQ;T, 7'2)))2}

XEQ[/TQ
0

It follows from (4.7) that the first expression on the right hand side of the above inequality
converges uniformly on compact sets to 0. The second expression is a continuous function,
hence it is bounded on any compact set. Therefore, we have

___9
8FE(0;T1,7'2)

uniformly on compact sets. Hence, we conclude that E@ [g, (FZ(72; 71, 72))hn(F! (12,7, 72))]

1
2

a(t) (o (t; 11, ) Ye(t; 71, 72)) ‘2 dt]

EQ [gn(FE(’TQ;Tl,TQ))hn(FI(TQ;T,TQ))] — f(x)

is differentiable with respect to F¥(0; 7, 72) and that the derivative is given by

9
OFE(0;71,72)

=EQ g(FE(Tz; T, TQ))h(FI(TQ; T,T2)) /072 a(t) (agl(t; 71, 72)YE(t; 1, 7’2))* dWE(t)

EQ[g,, (FE (125 71, 72) ) hn(F (1257, 72) )]

which completes the proof. ]
Similarly, we obtain the following result.

Proposition 4.3. Assume that the diffusion matriz oy is uniformly elliptic. Then for all
a € Ty, the temperature delta is given by:

Ar = EQg(FF(ro; 71, 7)) R(F! (125 7, 72) )21,
where the Malliavin weight 1 is

ril = /T2 a(t) (o7 ' (& 71, m2)Yi(t71,72)) " AW (2).
0

Proof. Follows along the lines of the proof of Proposition of 4.2. O
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The following result gives the cross-gamma hedge in the independent case:

Proposition 4.4. Assume that the diffusion matrices o;, i = E,I are uniformly elliptic.
Then for all a € T, the cross-gamma is given by:

Apr = EQg(F (2, 71, 72) )R (F! (1057, 7)) E1 ],
where the Malliavin weight T2E! is
(4.8)
P P
Ll —/ a(t) (o' (t; 71, 72)Ye(t; 71772))*dWE(t)/ a(t) (o7 (&1, 72)Yi(ts 7, 72)) " AW (2).
0 0

Proof. We first assume that g and h are continuously differentiable with bounded derivatives.
From Proposition 4.2 we have

Ap = EQg(FE(1y; 71, 7)) R(F! (12,7, 72) )7 2.
As in Proposition 4.2, we introduce

1 t t
Yi(t;m1,72) = exp (—2/ U%(u; 71, T2)du +/ or(u; Tl,TQ)dWI(u)> .
0 0

This implies that
Fl(rim,m) = FY(0; 71, 72) Y1 (t; 71, 72).
An application of Property P2 shows that F(7o; 71, 2) belongs to D12 and we have:
DiF (ro571,7m2) = Yi(ro; 7, )Yy Lt 71, 7)o (671, 72) Licry
This is equivalent to
Yi(r2; 71, 70 ltcry, = DiF! (o511, m2)o (611, 72) Yi(t; 71, T2).

Multiply both sides by a square function which integrates to 1 on [0, ]
T2
Yi(7o;11,72) = / DtFI(TQ;7'17Tg)a(t)al_l(t;Tl,Tg)Y[(t; T1, T2)dt.
0

Now
Apr = . E® [g(F(ro; 11, m) h(F! (72 7,72))]
EI - 8FE(0;T1,’7'2)8FI(0;7'1,T2) 2,71,72 291,72
0
= Ot
0
- Q E . I . Ap
= AFT(0nm) [E [g(F (12571, 72))R(F" (12; T, T2))T H
[ OF ! (19711, 72)
= E@ E(r. App! (L (1 gr \"2, 71, 72)
. _g(F (72571, 72) )2 (F (23 7, 72)) 8F1(0;7'1,7‘2)}

= E© [g(FE(TQ; T1, TQ))?TAEh/(FI(TQ; 7,72)) Y1 (T2, T1, 7'2)]

T2
— EQ/ g(FE(Tg;71,7'2))h/(FI(7'2;7'1,Tg))ﬂAE
0

X D F! (ro3 71, m2)a(t)op (671, 72) Vit 71, 72 di
= EQ[g(F¥ (111, m))mE
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T2
></ Dt(h(F’(Tz;ﬁﬁz)))a(t)afl(t;n,Tz)Yz(t;ﬁ,Tz)dt]
0
= E%[g(F

x /0 () (07 (s s )Yt 710 ) de(w] :

B (s 1, 7)) W(FL (o511, 12) ) E

Here, we have used the chain rule property, (Property P1), the integration by parts formula
(Property P3), and the fact that the Skorohod integral coincides with the It6 stochastic inte-
gral (Property P4).

Now consider the general case g(F¥(r2; 71, 72))h(FI(12;7,72)) € L?(Q). Since the set C$°(R)
of infinitely differentiable functions with compact support is dense in L?(R), there exist se-
quences of functions g, € C2(R) and h,, € C(R) such that g, — g and h,, — h in L*(R).
By Lemma 4.1, (gnhy)nen converges uniformly on compact sets to gh as n — oo, that is,
(4.9)

lim E© [(gn(FE(TQ;Tl,Tg))hn(FI(TQ;T, T9)) — g(FE(TQ;Tl,TQ))h(FI(TQ;7', 7'2)))2} — 0.

n—»00
Denote by

f(x) = B2 [g(F" (19 71, 72) ) (! (795 7, 72) )2 77|
with 7257 given by (4.8). Using the first step

62

Q E/__. I .
OFE0 1, )0 F o,y 9 (i ) A(E (i)

exists and
82
’8FE(0;7'1,7'2)8FI(0;7'1,7'2)
= ‘EQ [(gn(FE (72 71, )YV (FE (723 7, 7)) — g(FE (723 71, ) YW(F (1257, 72) ) ) w21 |

E® [g(FF (2371, 72) ) W(F (1237, 72))] — f()

(SIS

IN

EQ [(gn(FE(TQ;Tl,TQ))hn(FI(TQ;T, T9)) — g(FE(TQ;Tl,TQ))h(FI<T2;T, TQ)))2i|
< B9 [|roer 2]

where we have used the Cauchy-Schwartz inequality. It follows from (4.9) that the first
expression on the right hand side of the above inequality converges uniformly on compact
sets to 0. Using the Cauchy-Schwartz inequality and Itd isometry one can show that the
second expression is finite. Therefore, we have

82
OFE(0; 71, m2)0F1(0; 11, 72)

EQ [g(FE(TQ;Tl,Tg))h(FI(TQ;T, Tg))] — f(x)

uniformly on compact sets. Hence, we conclude that EQ [g,, (FZ(r2; 71, 72))hn(F1 (12,7, 72))]
is twice differentiable with respect to F¥(0;7y,7) and F!(0;71,72), and that the desired
formula holds. The proof is complete. ]
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5. COMPUTATION OF GREEKS: THE CORRELATION CASE
We consider the following HJM
(5.1) dFE(t:m,m) = opt, FE(t;m,m))dWE(t),
(5.2)  dF(t;m,m) = poi(t, FL(t; 7, 7)) dWE () + or(t, FL(t; 71, 72))V/1 — p2dW(t).
That is, we consider the case when there is correlation between F¥ and F!. Suppose the

Brownian motions By and By are independent. Let Wi = By and Wy = pB1 + /1 — p?Bs.
This implies that

gW1)h(W2) = g(B1)h(pB1 + /1 — p*By).
In this setting, we have the following quanto option structure:
C = E%g(F" (72571, 72))h(pF " (r2; 71, 72) + V1 — p2F! (72571, 72))] -
Now we derive the energy delta.

Proposition 5.1. Assume that the diffusion matriz og uniformly elliptic. Then for all
a € Ty, the energy delta is given by:

(5.3)Ap = EQ[g(FE(Tg;7'1,7'2))h(pFE(7'2;T1,7'2) +4/1— pQFI(Tg; T1, TQ))?TAE(l + )],

where the Malliavin weight T>F is
T2
AE — / a(t) (aEl(t; Tl,TQ)YE(t;Tl,TQ)) dWE(t).
0

Proof. Let g be a continuously differentiable function with bounded derivatives. As in Propo-
sition 4.2, introduce

1 t t
Ye(t;m,m2) = exp(—2/ U%(u;n,m)du—i—/ op(u; T, 72)dWE (u)).
0 0

This implies that
FE(t;my,12) = FE(0; 71, )Y (t; 71, 72).
An application of Property P2 shows that F¥(79; 71, 72) belongs to DY'2 and we have:
DiFE(ro;m1,m) = Ye(re;m,m)Ye (71, 72)0p(t; 71, 72) licr,.
This is equivalent to
Ye(ro; 1, 7) i, = DiFE(ro;m1,m)opt (11, 72) YE(t 71, T2).

Multiply both sides by a square function which integrates to 1 on [0, ]
T2
Yg(m2;71,72) :/ DtFE(’TQ;T17Tg)a(t)dgl(t;Tl,Tg)YE(t; T1, T2)dt.
0

Now

Ap = ER\J(FE(r;7,m))h(pFE (12371, 72) + /1 — p2Fl (12,71, 72) ) Y725 71, T2)

+g(FE (19511, ) )0 (pFE (9511, 72) + /1 — p2FL (19511, 7)) pYE(T2; 71, T2)

T2
- EC / G (FE (133 71, 1) R (pFE (ra3 71, 72) + /T = P2 (g5 71, 72)
0

x Dy FF (12371, 72)a(t)o g (811, 72) Y (t; 71, 72)dt
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2
+ [ gPE i m) (PP (i, 1) 4 VT PP (i )
0
XDtFE(TQ;Tl,Tz)a(t)O'El(t;Tl,Tz)YE(t;Tl,Tg)dt]
= E¢ [h(PFE(T%Tl,TQ)‘i‘ 1— p2F'(r9;71,72))

T2
X / Dyg(F¥ (1371, m0))a(t)o 5! (8 71, 2) Y (8 71, 72)dt + pg(FF (10571, 72))
0

X /OT2 Dth(pFE(Tg; T1,72) + V1 — pQFI(Tg; 7'1,7'2))a(t)051(t; 71, 72)YE(t; 71, T2)dt
= B2 [A(pF " (ras 1, 72) + V1= P2F (o571, 72)

X g(FE (13711, 7)) /072 a(t) (o’El(t; 71, 72)YE(t; 71,7-2))* dWE(t)

+pg(F (ra3 71, 72) ) h(pF P (r93 71, 72) + V1 — p2F (12371, 72))

X /T2 a(t) (o' (t;71,72)Ye(t; 7'1,7'2))* awP(t)| .
0

As in the proof of Proposition 4.2, we have used the chain rule property, (Property P1), the
integration by parts formula (Property P3), and the fact that the Skorohod integral coincides
with the It6 stochastic integral (Property P4).

The proof for the general case follow similar arguments as in the proof of Proposition 4.2 with
minor modifications. We omit the details. O

Now we derive the temperature delta in the correlation case.

Proposition 5.2. Assume that the diffusion matriz oy uniformly elliptic. Then for all a €
T, the temperature delta is given by:

A = /1—p2EQg(FE(r; 11, 7)) h(pFE (12511, m0) + /1 — p2FI(T2;Tl,7'2))7TAI].

where the Malliavin weight 71 is
T2
e / a(t) (al_l(t; T1,72)Y1(t; 7'1,7'2)) dwi(t).
0
Proof. The proof is similar to that of Proposition 5.1 with minor modifications. O

The following result gives the cross-gamma hedge in the correlation case.

Proposition 5.3. Assume that the diffusion matrices o;, i = E,I are uniformly elliptic.
Then for all a € T, the cross-gamma is given by:

Apr = V1 - p2Eg(F (12511, 1)) R(pFE (19571, 72) + /1 — p2F! (19571, 72) ) w2 B2
+0V/1 = p2g(FF (ro; 11, 1) )R (pFE (12511, 72) + /1 — p2F (19511, 79) ) w21

where the Malliavin weight T2E1 is:

L /T2 a(t) (o5 (t; 11, 72)Ye(t;m,72)) dWE(t) /T2 a(t) (o7 't m, m2)Yi(t; 11, 72)) " AW (2).
0 0
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Proof. The proof follows the same line of argument as in the proof of Proposition 4.4 with
minor modifications. The details are omitted. O
6. EXAMPLES

We will provide Malliavin weights in the case where the quanto option payoff functions
depend on the terminal value, that is, 7o =T

6.1. The independent case. We consider the following stochastic differential equations to
describe the energy price F¥ and the temperature price F! dynamics

dFE [
dF!
(6.2) - = ordW{, F1(0) >0,

where o, o7 are deterministic volatilities and W¥, W are independent Brownian motions.
The quanto option pricing formula is then expressed as

(6.3) Cy = E%[g(FP)n(F")],

with g(z) = max{zx — K¥ 0} and h(y) = ly>k1y- By using the general formulae developed
in the previous sections, we are able to compute analytically the values of different Malliavin
weights. Here we set a(t) = +. We have

ap oo L /TldWE(t)

T T FEOT )y og '
1 T

A= ——— [ —dW(1).

i FI(O)T/O o

= g () o 0) ([ o).

6.2. The correlation case. Again, we consider the following stochastic differential equations
to describe the energy price F¥ and the temperature price F! dynamics

dF¥ o
dF! s —
(65) ﬁ IOO‘Id”t +0‘[\/1—p2dLL s F (O) >O,

where W, W/ are correlated Brownian motions with correlation parameter p € (—1,1).
The system of stochastic differential equations can be written in a matrix form

i\ ([ op 0 dw’®
dFLII ~\ por ory/1-p? awt )

(ror ovi )
por ory/1—p?

The inverse matrix of
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is calculated as

1
1 ( ory/1—p% 0 ) _ ox, 0
opory/1 — p? —poT OFE T osV/1p? o/l
The quanto option pricing formula, in this setting, is given by
(6.6) Ci = EQg(FE)(pFE + /1= 2F7),

with g(z) = max{z — K¥ 0} and h(z,y) = pmax{z — K% 0} x /1 — p?1yy> 1y By using
the general formulae developed in the previous sections, we are able to compute analytically
the values of different Malliavin weights. Here we set a(t) = 7. We have

Ap  _ l/TldWE(t) 1 /T P dWI(t)
T T FEOT Jy ox FEO)T Jy op/i—pp
T —_—
N L.

FI(O)T 0 oryv1 —p2

o 1 1 T —~
o = FE(O)FI(O)TQ{(/O @dWE(t)) ( 0 ory/1- deWI(t)>

T
_/ Pth}_
o oror(l—p?)

7. APPLICATION TO STOCHASTIC VOLATILITY MODELS

Stochastic volatility models describe the joint evolution of the futures prices (i.e. the energy
futures price FtE and the temperature future price FtI ) and their corresponding variances.

7.1. The independent case. We consider the following dynamics

dF”
(7].) ﬁ = \/O'E‘thE, dO'E' = —k]_O'E'dt + nlx/UEdBtE,
dF’ I I
(72) ﬁ = \/O'Ith s dO'[ = —k'QO'[dt + 7]2\/0'[dBt .

Here, W, BE, W[ and B} are independent standard Brownian motions and x1, k2, 71 and
72 are constants. og(t) and o;(t) are the volatility processes.

<o 0 JoE 0 0 0 AWE
dO'E . —K10E dt—l— 0 mM+/OFE 0 0 dO'E
dFy - 0 0 0 or O dw?!
ol

dor —K20T 0 0 0  m/or dB!

The inverse of the diffusion matrix is

L 0 0 0
(e o) 1
0 M\VOoE (1) 0
0 0 &= 0
0 0 0 L
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The quanto option pricing formula is then expressed as
(7.3) Cy = Eq[g(FP)h(FT),

with g(z) = max{x — K 0} and h(y) = l¢y>k1y- By using the general formulae developed
in the previous sections, we are able to compute analytically the values of different Malliavin
weights. Here we set a(t) = . We have

Ap ! o dWE(t)
T = .
FEQO)T Jo \/og(t)
1 L |
A = dwi(t).

FLO)T Jo /or(t)

Apr E o I
= i v 0) ([ g,

7.2. The correlation case. We consider the following dynamics

dFF
(7.4) —F = VopdWE,  dop = —kjopdt + m\/opdBE,
dF! =171 a1l
(75) W = O'[th ) dO'[ = —kQU[dt + 2 GIdBt .

Here, WtE , BtE , WtI and Bt[ are correlated standard Brownian motions and k1, k2, 1 and 19
are constants. og(t) and oy(t) are the volatility processes.
For constants p, p1, p2 the following hold:

1 1 2
WtE — Wt( ), BtE _ pW( )+ /1 — PQWt( )
wi = pw +4/1 AW BE = pipaWD + pay/1 - 3w 4\ /1 - 3w

where Wt(l), I/Vt@)7 Wt(S) and Wt(4) are mutually independent standard Brownian motions.
The system of stochastic differential equations (7.4) - (7.5) can be written in a matrix form

dF¥ 0
FE
dO‘E —KR10E
dFy - 0 dt
F1
dor —hR20]
VOE 0 0 0 AW}
. PNNIE  MyTEV1— p? 0 0 dw

The inverse of the diffusion matrix is

P1/OT 0 \/Er\/l—p% 0 th(
P1P2M2/01 0 p2i/OINV 1 = pf M2\/01V/1 = p3 aw*
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1
-t 0 0 0
_ I 1 0 0
VoEV1-p2  m\oE\/1-p? L
. n 0 I S 0
VTEAN/1-p3 Vory/1-p3 L
0 0

_ P2
VTI/1-p1  m2/o1/1—p3

The quanto option pricing formula, in this setting, is given by
(7.6) Ci = EQg(FE)R(pFE + /1= 2F7),

with g(z) = max{z — K¥ 0} and h(z,y) = pmax{z — K¥ 0} x /1 — p?1yy> 1y By using
the general formulae developed in the previous sections, we are able to compute analytically
the values of different Malliavin weights. Choosing a(t) = 7 and making use of the matrix

property (AB)* = B*A*, for A and B matrices, where % denotes the transpose, we have

Ag

1) (t) w® (t)

1 CE | P |
FE)T </o \/UE(t)dW _\/1—p2/0 \/UE(t)d

— /T Lo
V1=piJo op(t) '

Ar 1

B 1 /T 1
FHOT \/1=p3 Jo \/or(t)

™

dw®) (¢

) - —2 /T L awow ).
V1=p3Jo \Jor(t)

ﬂ-AEI _ 1 4 1 1 P r 1 @) .
B FE(O)FI(O)T?{(/O s F_pQ/o o )

1 T @\ o, [T 1
(m/o Vo ) 2 ) aE<t>af<t>dt}
pamE T (4)

RO A Vo

8. THE RESIDUAL RISK

If we take the independent delta of energy A say, as the benchmark value and the
correlated case as A", Then the residual risk is determined by the difference between the
independent energy delta and the correlated case as follows:

|AZT — AR,
for each p. The same analysis goes for the temperature delta and cross-gamma hedging for-
mulae.
We can state the following robust result.
Proposition 8.1. Let AS"" be given by (5.3) and A be given by (4.6). Then

lim ACOT‘T — Alnd
0 E E
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Proof. The application of Cauchy-Schwartz inequality isometry gives

Corr Ind
‘AE - AE

< ‘EQ {Q(FE(D;71,72))h(PFE(TQ;71,72)+ 1= p2F! (9311, 72))7%E (1 + p)
~E@ [g(F® (r2; 71, m2))h(F (a3 7, 72) )27 ]

< B [|g(FE(raim, 1) { R(pFE(mai iy ma) + V1= PF (7, ma) (1 + )
—h(F!(ry;7,72)) } 22|

< E° [\g(FE(TQ;n,TQ))f];E@ [}%Eﬂé

1
2

¥ EQ U{h(pFE(Tg; 11, 72) + V1 — p2FL (10371, 7)) (1 + p) — B(F (7o; 7, 72))}(2]

It follows from the integrability conditions (4.3) that the first expression on the right hand
side of the above inequality is finite. Using the It0 isometry it follows that

EQ UWAEH =E© [/(f )a(t) (o5 (¢ 7'1,7'2)YE(75;T1,T2))*‘2dt:| < 00.

The last expression on the right hand side of the above inequality can be bounded uniformly
in p, and hence the result follows by the dominated convergence. O

Remark. Following similar arguments, we can obtain robust results for the temperature
delta and cross-gamma hedging formulae.

9. CONCLUDING REMARKS

In this paper, we have derived the energy delta, the temperature delta and the cross-gamma
formulae of the quanto energy option written on a forward contract under the HJM framework.
Our results shows that the hedging formulae can be expressed as the expectation of payoff
functionals multiplied y the weight functions. The weight functions are independent of the
payoff functionals. The Malliavin calculus approach increases the efficiency when dealing with
discontinuous payoff functionals as compared to finite difference approximation. In addition,
no extra computation is required for other payoff functionals as long as the payoff functional
is a function of the same points of the Brownian motion trajectory. The weighting function
smoothen the function in the case of the energy delta and the temperature delta to simulate
as the payoff functional does not require to be numerically differentiated. In the case of the
cross-gamma it smoothen twice the payoff functional as it reduces a second order partial
differentiation to no partial differentiation. This leads to high efficiency for the simulation of
the cross-gamma.

We have considered the independent and the correlation cases to facilitate the residual
risk analysis. Our results generalise the work in Benth et al. (2015) in the sense that they
can be to discontinuous payoff functions. In addition, we have also considered application to
stochastic volatility models. In Benth et al. (2010), the authors analysed a volatility model
for a different payoff structure to the one considered in this paper.
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