VECTOR LATTICES WITH A HAUSDORFF UO-LEBESGUE TOPOLOGY
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ABSTRACT. We investigate the construction of a Hausdorff uo-Lebesgue topol-
ogy on a vector lattice from a Hausdorff (0)-Lebesgue topology on an or-
der dense ideal, and what the properties of the topologies thus obtained are.
When the vector lattice has an order dense ideal with a separating order con-
tinuous dual, it is always possible to supply it with such a topology in this
fashion, and the restriction of this topology to a regular sublattice is then also
a Hausdorff uo-Lebesgue topology. A regular vector sublattice of Ly(X, %, 1)
for a semi-finite measure y falls into this category, and the convergence of nets
in its Hausdorff uo-Lebesgue topology is then the convergence in measure on
subsets of finite measure. When a vector lattice not only has an order dense
ideal with a separating order continuous dual, but also has the countable sup
property, we show that every net in a regular vector sublattice that converges
in its Hausdorff uo-Lebesgue topology always contains a sequence that is uo-
convergent to the same limit. This enables us to give satisfactory answers to
various topological questions about uo-convergence in this context.

1. INTRODUCTION AND OVERVIEW

In this paper, we investigate the construction of a Hausdorff uo-Lebesgue topol-
ogy on a vector lattice from a Hausdorff (0)-Lebesgue topologyf] on an order
dense ideal, and what the properties of the topologies thus obtained are.

After recalling the relevant notions and making the necessary preparations in
Section[2] the key construction is carried out in Theorem 3.1]in Section|[3] below.
The idea of starting with a topology on an order dense ideal originates from [[7]
but, whereas the construction in [[7] to obtain a global topology is carried out
using Riesz pseudo-norms, we follow an approach using neighbourhood bases
of zero that is inspired by [27, [28]]. Using such neighbourhood bases, it is pos-
sible to perform the construction under minimal hypotheses on the initial data,
and thus understand how these hypotheses are reflected in the properties of
the resulting global topology. The remainder of Section |3|is mainly concerned
with showing how the general theorem relates to existing results in the liter-
ature. Our working with neighbourhood bases of zero enables us to explain
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1 . . .

In the literature, what we call a o-Lebesgue topology is simply called a Lebesgue topology.
Now that uo-Lebesgue topologies, with a completely analogous definition, have become objects
of a more extensive study, it seems consistent to also add a prefix to the original term.

1



2 YANG DENG AND MARCEL DE JEU

certain ‘pathologies’ in the literature, where a topology of unbounded type is
not Hausdorff, or not linear, from the general theorem.

In Section [4] we move to the context where the initial ideal is actually order
dense and admits a Hausdorff o-Lebesgue topology. In that case, every regular
vector sublattice of the global vector lattice admits a Hausdorff uo-Lebesgue
topology. The resulting overview Theorem[4.9} below, mostly consists of a sum-
mary of results that are already in the literature, though not presented in this
way. It is also recalled in that section that a regular vector sublattice admits
a Hausdorff uo-Lebesgue topology when the global vector lattice admits one.
Consequently, there is a going-up-going-down procedure: starting with a Haus-
dorff o-Lebesgue topology on an order dense ideal, one obtains a Hausdorff
uo-Lebesgue topology on the global vector lattice, and then finally also one on
every regular vector sublattice.

In view of the going-up-going-down construction, it is evidently desirable
to have a class of vector lattices that admit Hausdorff o-Lebesgue topologies
because such data can serve as ‘germs’ for Hausdorff uo-Lebesgue topologies.
The vector lattices with separating order continuous duals form such a class,
and this is exploited in Section

Section [f] is concerned with regular vector sublattices of Ly(X, %, u) for a
semi-finite measure u. Via the going-up-going-down principle, every regular
vector sublattice of Ly(X, %, u) admits a Hausdorff uo-Lebesgue topology. We
give a rigorous proof of the fact that the convergence of nets in such a topology
is the convergence in measure on subsets of finite measure. For L,(X, X, u),
we also discuss how the (in fact) unique Hausdorff uo-Lebesgue topology on
these spaces can be described in various seemingly different ways that are still
equivalent. The relation between these topologies and minimal and smallest
Hausdorff locally solid linear topologies on these spaces is explained.

Section |7]is concerned with convergent sequences that can always be found
‘within’ nets that are convergent in a Hausdorff uo-Lebesgue topology on a vec-
tor lattice that has the countable sup property and that has an order dense ideal
with a separating order continuous dual. The precise statement is in Theo-
rem 7.8 below; this is one of the main theorems in this paper. It is in the same
spirit as the fact that a sequence that converges (globally) in measure always
contains a subsequence that converges almost everywhere to the same limit.

Finally, in Section[8] we study topological aspects of uo-convergence. The re-
lations between uo-convergence and various order topologies are not at all well
understood, but when the global vector lattice has the countable sup property,
and also has an order dense ideal with a separating order continuous dual, then
a reasonably satisfactory picture emerges. In Theorem|[8.1]and Theorem|8.8] be-
low, various topological closures and (sequential) adherences are then seen to
be equal. It is then also possible to give a necessary and sufficient criterion for
sequential uo-convergence to be topological; see Corollary[8.5, below.
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We have tried to be as complete in the development of this part of the theory
of uo-convergence as we could, and also to relate to relevant existing results in
the literature whenever possible. Any omissions at this point are unintentional.

2. PRELIMINARIES

In this section, we collect a number of definitions, notations, conventions and
preparatory results. We refer the reader to the textbooks [12]], [31], [41], [5]], [22]],
[23]], [26]], [31]], and [32] for general background information on vector lattices
and Banach lattices.

2.1. Vector lattices, operators, and (unbounded) order convergence. All
vector spaces are over the real numbers. Measures take their values in [0, 00 ]
and are not supposed to satisfy any condition unless otherwise specified. All
vector lattices are supposed to be Archimedean. The positive cone of a vector
lattice E is denoted by E™.

Let E be a vector lattice, and let F be a vector sublattice of E. Then F is order
dense in E when, for every x € E with x > 0, there exists a y € F such that
0 < y < x; F is called super order dense in E when, for every x € E*, there exists
a sequence (x)>°, CF * with x,, T x in E. The vector sublattice F of E is order
dense in E if and only if, for every x € E*, we have x =sup{y € F : 0 < y < x};
see [[5, Theorem 1.34], for example.

A vector sublattice F of a vector lattice E is called majorising in E when, for
every x € E, there exists a y € F such that x < y. In some sources, such as [[7],
F is then said to be full in E.

A vector lattice E has the countable sup property when, for every non-empty
subset S of E that has a supremum in E, there exists an at most countable subset
of S that has the same supremum in E as S. In parts of the literature, such as in
[22] and [32]], E is then said to be order separable. A vector lattice E has the
countable sup property if and only if, whenever a net (x,)4ec.y € E* and x € E*
are such that x, 7 x in E, there exists a sequence of indices (a,,)>2; in ./ such
that x, T x in E; see [22, Theorem 23.2.(iii) ].

Let E be a vector lattice, and let x € E. We say that a net (x,)yc in E is
order convergent to x € E (denoted by x, 2, x) when there exists a net (Yplpen
in E such that yg | 0 and with the property that, for every 8, € %, there exists
an ag € . such that [x — x,| < yg whenever a in &/ is such that a > ay.
Note that the index sets ./ and 9 need not be equal; for a discussion of the
difference between these two possible definitions we refer to [[II], for example.

Let E and F be vector lattices. The order bounded operators from E into
F will be denoted by ¥,,(E,F), and the regular operators from E into F by
%.(E,F). When F is Dedekind complete, we have <%, (E,F) = %.(E,F), and
this space is then a Dedekind complete vector lattice; see [[5, Theorem 1.18],
for example. We write E~ for %, (E,R) = %,(E,R).

Alinear operator T : E — F between two vector lattices E and F is order con-

. . o . . .
tinuous when, for every net (x,),c. in E, the fact that x, — 0 in E implies that
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Tx, 2, 0in F. When T is positive one can, equivalently, require that, for every
net (xg)qe in E, the fact that x, | 0 in E imply that Tx, | 0 in F. An order
continuous linear operator between two vector lattices is automatically order
bounded; see [|5, Lemma 1.54], for example. The order continuous linear oper-
ators from E into F will be denoted by %,.(E, F). In the literature, the notation
%,(E,F) is often used. When F is Dedekind complete, %,.(E, F) is a band in
%,(E, F); see 5, Theorem 1.57], for example. We write E_, for £,.(E,R).

The following result is easily established using the Riesz-Kantorovich formu-
las and their ‘dual versions’; see [|5, Theorems 1.18 and 1.23], for example. We
shall be interested only in the case where the lattice F in it is the real numbers
and the band B is the zero band, but the general case comes at no extra cost in
the routine proof.

Proposition 2.1.1. Let E and F be vector lattices, where F is Dedekind complete,
and let B be a band in F.

1. Let I be an ideal of E. Then the subset
{Te %(E,F): Tx €Bforall x eI}

of 4.(E,F) is band in %,(E,F). For every subset S of I that generates I,
it is equal to

{T € 4(E,F):|T||x| €B for all x € S}.
2. Let .# be an ideal of %,(E, F). Then the subset
{x€E:TxeBforalTe .#}

of E is an ideal of E. For every subset & of .¢ that generates ., it is equal
to
{x €E:|T||x|€Bforal T € &}.

It is a band in E when ¢ C ¥,.(E,F).

Let F be a vector sublattice of a vector lattice E. Then F is a regular vec-
tor sublattice of E when the inclusion map from F into E is order continuous.
Equivalently, for every net (x,)q,c in F, the fact that x, | 0 in F should imply
that x, | 0 in E. It is immediate from the latter criterion that ideals are regular
vector sublattices. It is also true that order dense vector sublattices are regular
vector sublattices; see [[4, Theorem 1.23], for example.

Let (x4 )qc.y be a net in a vector lattice E, and let x € E. We say that (x,) is
unbounded order convergent to x in E (denoted by x,, = x) when |x,—x|Ay N
0inE for all y € ET. Order convergence implies unbounded order convergence
to the same limit. For order bounded nets, the two notions coincide. EI

We shall repeatedly refer to the following collection of results; see [[15, The-
orem 2.8, Corollary 2.12, and Theorem 3.2].

2Although we shall not need this, it would be less than satisfactory not to mention here that
the uo-continuous dual of a vector lattice (defined in the obvious way) has a very concrete de-
scription, and is often trivial. According to [[14} Proposition 2.2], it is the linear span of the
coordinate functionals corresponding to atoms.
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Theorem 2.1.2. Let E be a vector lattice, and let F be a vector sublattice of E.
Take a net (xy)ye in F.

1. Suppose that F is order dense and majorising in E. Then x, 20inF if
and only if x, 2 0inE.
2. Suppose that F is a regular vector sublattice of E and that (X,)ac.os 1S
order bounded in F. Then x, 20inF if and only if x, 2 0inE.
3. The following are equivalent:
(a) F is a regular vector sublattice of E;

(b) for every net (x4)q4e. in F, the fact that x, 2 0inF implies that
Xq 2 0in E;

(c) for every net (x4)qeq N F, X, 20inF if and only if x, 2 0in
E.

In the sequel of this paper, we shall encounter restrictions of order continuous
linear functionals on vector lattices to vector sublattices. For this, we include
the following result. It is based on a theorem of Veksler’s. It contains quite a
bit more than we shall actually need, but we use the opportunity to present the
results in it, and its fourth and fifth parts in particular.

Theorem 2.1.3. Let E be a vector lattice, let F be a vector sublattice of E, and let
G be a Dedekind complete vector lattice. Take T € ¥,.(E,G).

1. Suppose that F is a regular vector sublattice of E. Then the restriction
T|p:F — Gof T to F is order continuous.
2. Suppose that F is a regular sublattice of E. When £,.(E, G) separates the
points of E, then %,.(F, G) separates the points of F.
3. Suppose that F is an order dense vector sublattice of E. Then the restriction
map T — T|g is a positive linear injection from ¥,.(E, G) into %,.(F,G).
Suppose that F is an order dense and majorising vector sublattice of E. Then:

4. the restriction map T — T|g is a lattice isomorphism between ¥,.(E,G)
and %,.(F,G);

5. %,.(E, G) separates the points of E if and only if £,.(F,G) separates the
points of F.

Proof. Part[1]is obvious, and then so is part 2]

It is clear from part[1]that %,.(F, G) separates the points of F when %,.(E, G)
separates the points of E.

Suppose that F is an order dense (hence regular) vector sublattice of E and
that T € %,.(E,G) is such that T|; = 0. Take x € E*. Then {y e F: 0 <y <
x} T x in E. Since T|p = 0, the order continuity of T on E then implies that
Tx = 0. Hence T = 0, and we conclude that the restriction map T — T| is a
positive linear injection from %,.(E, G) into %,.(F, G).

Suppose that F is order dense and majorising in E.

Take S € %,.(F, G). In that case, according to a result of Veksler’s (see [I5, The-
orem 1.65]), each of S* and S~ can be extended to a positive order continuous
operator from E into G. Hence S itself can be extended to an order continuous
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operator S*' from E into G. By what we have already observed in part (3, such
an order continuous extension is unique, and we conclude from this that the
map S — S is a positive linear injection from %,.(F,G) into Z,.(E,G). It is
clear that the extension and restriction maps between %,.(E, G) and %,.(F, G)
are each other’s inverses. We conclude that the restriction map T — T | is a bi-
positive linear bijection between %,.(E, G) and %,.(F, G). Hence it is a lattice
isomorphism, as required.

One direction of the equivalence in part5|is clear from part |2l For the con-
verse direction, suppose that %,.(F, G) separates the points of F. Take x € E
such that Tx =0 for all T € %,.(E, G). Since 4,.(E, G) is an ideal of %,(E,F),
Proposition shows that T|x| = 0 for all T € %,.(E,G). Suppose that
x # 0. Then there exists a y € F such that 0 < y < |x|, and we have Ty = 0 for
all positive T € %,.(E,G), hence for all T € £,.(E,G). In view of part[4] this
is the same as saying that Sy = 0 for all S € Z,.(F,G). Our assumption yields
that y = 0; this contradiction shows that we must have x = 0. O

2.2. Topologies on vector lattices. When E is a vector space, a linear topology
on E is a (not necessarily Hausdorff) topology that provides E with the structure
of a topological vector space. When E is a vector lattice, a locally solid linear
topology on E is a linear topology on E such that there exists a base of (not nec-
essarily open) neighbourhoods of 0 that are solid subsets of E. For the general
theory of locally solid linear topologies on vector lattices we refer to [[4]]. A lo-
cally solid linear topology on E that is also a locally convex linear topology is
a locally convex-solid linear topology. In that case, there exists a base of neigh-
bourhoods of 0 that consists of absorbing, closed, convex, and solid subsets of
E; see [4, p. 59].

When E is a vector lattice, a locally solid additive topology on E is a topology
that provides the additive group E with the structure of a (not necessarily Haus-
dorff) topological group, such that there exists a base of (not necessarily open)
neighbourhoods of 0 that are solid subsets of E.

Let E be a vector lattice. We say that order convergence in E is topological
when there exists a (evidently unique) topology on E such that its convergent
nets are precisely the order convergent nets, with preservation of limits. It fol-
lows from the properties of order convergence that such a topology is automat-
ically a Hausdorff linear topology. Likewise, unbounded order convergence in E
is topological when there exists a topology on E such that its convergent nets
are precisely the nets that are unbounded order convergent, with preservation
of limits. Such a topology is again unique, and automatically a Hausdorff linear
topology.

A topology 7T on a vector lattice E is an o-Lebesgue topology when it is a (not
necessarily Hausdorff) locally solid linear topology on E such that, for a net

: o . . . T
(Xq)aey in E and x € E, the fact that x, — x in E implies that x, — x.

Equivalently, the fact that x, 2 0 in E should imply that x, 5 0. A vector
lattice need not admit a Hausdorff o-Lebesgue topology. It can be shown, see
[4, Example 3.2], that C([0, 1]) does not even admit a Hausdorff locally solid
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linear topology such that sequential order convergence implies topological con-
vergence.

A topology 7 on a vector lattice E is a uo-Lebesgue topology when it is a (not
necessarily Hausdorff) locally solid linear topology on E such that, for a net

. uo . . . T
(Xq)acy in E and x € E, the fact that x, — x in E implies that x, — x.

Equivalently, the fact that x, = 0in E should imply that x, =5 0. Since order
convergence implies unbounded order convergence, a uo-Lebesgue topology is
an o-Lebesgue topology.

The following fundamental facts are from [7, Proposition 3.2, 3.4, and 6.2,
and Corollary 6.3] and [28], Theorems 5.5, 5.9, and 6.4].

Theorem 2.2.1 (Conradie and Taylor). Let E be a vector lattice. Then the fol-
lowing are equivalent:

1. E admits a Hausdorff o-Lebesgue topology;

2. E admits a Hausdorff uo-Lebesgue topology;

3. the partially ordered set of all Hausdorff locally solid linear topologies on
E has a minimal element.

When this is the case, the topologies in the parts [2| and (3| are both unique, they
coincide, and they are the smallest Hausdorff o-Lebesgue topology on E.

When E admits a Hausdorff uo-Lebesgue topology, we shall denote the unique
such topology by 7. In [[7], it is denoted by 7,,. For a given vector lattice, there
may be several ways to obtain a Hausdorff uo-Lebesgue topology on it. This can
then give criteria for the convergence of nets in the common resulting topology
that are apparently equivalent, but not always immediately obviously so. See
Remark (6.4 for this, for example.

Remark 2.2.2. Some caution is necessary when consulting the literature on
minimal Hausdorff locally solid linear topologies because in [[4} Definition 7.64]
such a topology is defined as what would usually be called a smallest Haus-
dorff locally solid linear topologies. When a vector lattice E admits a complete
metrisable o-Lebesgue topology, such as a Banach lattice with an order contin-
uous norm, then it admits a smallest (in the usual sense of the word) Hausdorff
locally solid linear topology; see [[4, Theorem 7.65]. Combining this with Theo-
rem[2.2.1] we see that E then admits a (necessarily unique) Hausdorff uo-Lebes-
gue topology Ty, and that T is then not just the smallest Hausdorff o-Lebesgue
topology, but even the smallest Hausdorff locally solid linear topology on E.

3. UNBOUNDED TOPOLOGIES GENERATED BY TOPOLOGIES ON IDEALS

We shall now describe how topologies ‘of unbounded type’ on vector lattices can
be obtained from topologies on ideals. There are already several constructions
in this vein and accompanying results in the literature; see [[7,[9},[17, 18] [27,28]],
for example. In the following result, we carry out such a construction in what
appears to be the most general possible context. Starting from a locally solid
(not necessarily linear or Hausdorff) additive topology on an ideal F of a vector
lattice E and a non-empty subset of F, we define an ‘unbounded’ locally solid
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additive topology on E. Various known results in more special cases can then
be understood from the general theorem, as will be discussed in Examples
to below.

It is important to note that, in our construction, the initial topology on the
ideal F need not be the restriction of a global topology on E. For such re-
stricted topologies, several results are already available in [ 28, Propositions 9.3
and 9.4]. It will, however, become clear in Remark below, that such a
global topology (of a suitable type) need not always exist. Hence there is an
actual gain by starting from topologies on ideals, and a concrete illustration of
this procedure can be found in Section [6] The possibility of working in such
a general setting was already observed in [27, Remark 2.8, Example 2.9, and
Remark 2.10], where it was also noted that the continuity of the scalar multi-
plication may fail to hold in the new topology. Part [4| of Theorem below,
gives necessary and sufficient conditions for this continuity.

The subset S figuring in the construction can be replaced by the ideal that
it generates without altering the result. Although it may conceptually be more
natural to work with ideals than with subsets, working with arbitrary subsets
has the advantage of keeping an eye on a small number of presumably relatively
easily manageable ‘test elements’. It is for this reason that we carry this along
to later results; see also Remark [4.4] below. The convenience of this approach
will become apparent in the proof of Theorem 6.1

Theorem 3.1. Let E be a vector lattice, let F be an ideal of E, and let Ty be a
(not necessarily Hausdorff) locally solid additive topology on F. Take a non-empty
subset S of F.

There exists a unique (possibly non-Hausdorff) additive topology ugty on E
such that, for a net (x4)qeq N E, x4 S 0inE if and only if |x | A |s| 5 0in
F foralls €8S.

Let I C F be the ideal generated by S in E. For a net (X,)qc.y in E, X, ALY
in E if and only if |x,| A |y| 5 0in F forall y € Is.
Furthermore:

1. the inclusion map from F into E is Tp—UugT p-continuous;
2. the topology ugsty on E is a locally solid additive topology;
3. the following are equivalent:
(a) ugty is a Hausdorff topology on E;
(b) 7 is a Hausdorff topology on F and I is order dense in E;
4. the following are equivalent:
(@) forall x e Eands €S,

(3.1) lex| A ls| = 0

inFase—>0inR;
(b) forallx €eE and y € I, |ex|/\|y|i>0inFass—>0in]R;
(c) ugty is a (possibly non-Hausdorff) linear topology on E.
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Proof. Suppose that 7y is a (not necessarily Hausdorff) locally solid additive
topology on F.
The uniqueness of ugty is clear because the nets converging to 0 and then,
by translation invariance of the topology, to arbitrary points of E are prescribed.
We turn to the existence of such a topology ugtr. Take a neighbourhood
base {U, },ep of zero in F for T consisting of solid subsets of F. For y € I and
A EA, set

(3.2) Vyy ={x€E:|x|Aly| €Uy}

The V, , are solid subsets of E since F is an ideal of E and the U, are solid
subsets of F. Set

(3.3) M ={Vy,y:A€ENy €}

We claim that A is a base of neighbourhoods of zero for a topology on E, which
we shall already denote by ugt, that provides the additive group E with the
structure of a topological group. Necessary and sufficient conditions on A; for
this can be found in [[16] Theorem 3 on p.46]; we now verify these.

Take V)., V2, ,, € Ao There exists a A3 € A such that Uy, € Uy NUy,.
Take x € Vy, |y,|vly,|- Then

IxXIAlyal < Ix[ AUyl VIy2l) € Up, S Uy,

Since F is an ideal of E and Uy, is a solid subset of F, this implies that |x|A|y,| €
U,,, so that x € V,_, . Likewise, x € V,_, , and we see that Vj_ |, |v|y,| €

Vo, NV .
L1 A2:Y2
It is evident that V; , ==V, , forall V, , € A,

Take V, , € Ap. There exists a u € A such that U, + U, € U,. Then, for all

Xq,Xx3 €V, ,, we have

X1 + x| Ay < Ixa[ Alyl+ x| Alyl €Uy + U, C U,

Since F is an ideal of E and U, is a solid subset of F, this implies that |x; + x,| A
|y| € Uy, so that x; + x, €V, ,,. Hence V,, , +V,, , €V, .
An appeal to [16, p. 46, Theorem 3] now establishes our claim.

. . ., . . UgT
It is clear from the definition of ugty that, for a net (x,)4e. in E, X, =50

in E if and only if |x,| A |y| 5 0in F for all y € Ig; this observation goes back
to [27, Remark 2.3].

Certainly, the fact that |x,| A |y| I, 0'in F for all y € Ig implies that |x,| A
Is| I 0in F for all s € . Conversely, suppose that (x,),cs iS @ net in
E such that |x,| A [s] 5 0in F for all s € S. Take y € I;. There exist
$1,...,8, € S and integers ky,...,k, > 1 such that |y| < Y. kls;|. Hence
x| Ayl < 2;1 k; (|x,| A ls;]). Since T is a locally solid additive topology on
F, this implies that |x,| A |y| 5 0inF.

We turn to the parts
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Since F is an ideal of E and the U, are solid subsets of F, we have U €V, ,
for all A € A and y € I;. This implies that the inclusion map from F into E is
T p—UgT p-continuous.

The topology ugty is a locally solid additive topology on E by construction.

Suppose that ugty is a Hausdorff topology on E. Then so is the topology it
induces on F, which is weaker than 7. Hence 7 is a Hausdorff topology on
F. Take x € E with x > 0. Then there exists a V; , € Ay with x ¢ V, . In
particular, x A |y| # 0. Hence 0 < x A|y| < x. Since x A|y| € I5, we see that I
is order dense in E.

Suppose, conversely, that 75 is a Hausdorff topology on F and that Ig is
order dense in E. Take x # 0 in E. There exists a y € I with 0 < y < |x/|. Pick
Uy, € {Un}ien such that y € U, . Then [x|A|y| =y ¢ U, , sothat x ¢ V,_,.
Hence ﬂVG 4V = {0}. By [[16} p. 48, Theorem 4], ugt is a Hausdorff additive
topology on the topological group E.

We shall now verify the equivalence of the parts|(a) of part[4}

We prove that part [(a)| implies part[(b)] Take x € E and y € I5. There exist
$1,...,5, € S and integers ky,...,k, > 1 such that |y| < >."_ kils;|, and it
follows from this that |ex| A |y| < er.l:l k; (lex| Als;]) for all ¢ € R. Since 75

is a locally solid additive topology on F, it follows that |ex| A |y| 2L 0inF as
e—0inR.
We prove that part implies part Fix A € A and y € I, and take

x € E. Since |ex| A |y] 5 0inF ase — 0in R, there exists a 6 > 0 such that
lex| A|y| € U, whenever |e| < 6. That is, ex € V, , whenever |¢| < 5. This
implies that V, , is absorbing. Furthermore, since V, , is a solid subset of E, it is
clear that ex € V) , whenever x €V, , and ¢ € [—1,1]. Hence V, , is balanced.
Then [|3, Theorem 5.6] implies that ugt is a linear topology on E.

We prove that part|(c)|implies part Take x € E. Then ex —% 0in E as
¢ — 0 in R. By construction, this implies (and is, in fact, equivalent to) the fact

that |ex| A |s] I 0inF foralls €.
This concludes the proof of the equivalence of the three parts of part[4] The
proof of the theorem is now complete.
O

Definition 3.2. The topology ugty in Theorem is called the unbounded
topology on E that is generated by T via S.

Remark 3.3. It is clear from the two equivalent criteria in Theorem [3.1|for a
net in E to be ugtp-convergent to zero that ugty = u; Ty for every non-empty
subset S of F. Consequently, ug 7y = ug,Tr whenever S;,S, are non-empty
subsets of F such that Iy =1Ig,.
Remark 3.4. In Theorem suppose that the locally solid additive topology
F is the restriction 7|y of a locally solid additive topology on E. It is then easy
to see that ug(7tg|r) = ugty for every non-empty subset S of F.
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Remark 3.5. In Theorem and also in the remainder of this paper, the
topologies of interest are characterised by their convergent nets. It should be
noted, however, that in equations and the proof of Theorem
provides an explicit neighbourhood base of zero in E for ugty, in terms of a
neighbourhood base of zero in F for 7 and the ideal I5. Suppose, for example
that 75 is a (possibly non-Hausdorff) locally convex-solid linear topology on F
that is generated by a family {p, : y €T} of lattice semi-norms on F, as will be
the case in Section[5l Then the collection of subsets of E of the form

{x €E:pi(Ix|Alyl]) <efor py,...pn €T},
where y € I, n > 1, and € > 0 are arbitrary, is a neighbourhood base of zero
in E for ugty.
Our next result is concerned with iterating the construction in Theorem [3.1
It generalises what is in [28] p. 997].

Proposition 3.6. Let E be a vector lattice, let F; be an ideal of E, and let Ty, be a
(not necessarily Hausdorff) locally solid additive topology on F,. Take a non-empty
subset Sy of Fy, and consider the unbounded topology ug T, on E that is generated

by Tp, via S. Let F, be an ideal of E, and let (uslfFl) |, denote the topology on F,
that is induced on Fy by ugTp,. Then (usfc F1) |, is a locally solid additive topology
on F,. Take a non-empty subset S, of F5. Then usz[(uslrFl) |F2] = U 1 TFy- In
particular, when S is a non-empty subset of F; N F,, then us[(uSTFl) |F2] = Uugrp,.
Proof. 1t is clear from Theorem that (uslr Fl) |r, is a locally solid additive

topology on F,. Let (x,)q.c.s be a net in E. Then we have the following chain
of equivalent statements:

usz[(usl TFl)lFZ] 0inE

a

(u517F1)|F2 .
& |x4| Ayl ———— 0in F, for all y, € I,

Us; Try
> [xg|Alysl —— 0in E for all y, € I,
TF
& |xy| Alys| Ayl — 0in F; forall y; € I, and y, €I,

T
= |x, | Alyl —%0in Fyforally €I NI,

Urg, nig, TFy .
& x,———0inE.

Hence usz[(us{fFl) |F2] = Upg 1, TF, - O

Remark 3.7. In Proposition suppose that 75 is a (not necessarily Haus-

dorff) locally solid additive topology on F; such that, for all x € E and s € S,
T

lex| A |s] 5 0in F; as ¢ = 0 in R. It is then clear from Theorem [3.1] that

UsTr, (usl’r F1) |r,» and u; 5, Nls,TF, are (possibly non-Hausdorff) locally solid lin-

ear topologies on E, F,, and E, respectively.
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We shall now explain how Theorem relates to various results already in
the literature.

Example 3.8. When F = E and 7y is a locally solid linear topology on F = E, the
condition in equation is automatically satisfied for any non-empty subset
S of F = E. According to Theorem (3.1} ugTy is a locally solid linear topology
on E that is Hausdorff if and only if 7 is Hausdorff; this is [28, Theorem 2.3].
Furthermore, when A is an ideal of E, u,ty is a locally solid linear topology on
E that is Hausdorff if and only if 75 is Hausdorff and A is order dense in E; this
is [28], Propositions 9.3 and 9.4].

Example 3.9. Let E be a Banach lattice. In Theorem (3.1} we take F = E, for
T we take the norm topology Tz on F = E, and for S C F we take S=F =E.
Then the condition in equation is satisfied. According to Theorem [3.1]
upTy is a Hausdorff locally solid linear topology on E and, for a net (x,)yc.s in
E, x, 25, 0 if and only if |[|x,| Aly|ll = 0 for all y € E. In [9], this type of
convergence is called unbounded norm convergence, or un-convergence for short.
It was already observed in [9} Section 7] that it is topological; in [17, p. 746],
upTy is then called the un-topology.

Example 3.10. Let E be a vector lattice, and let F be an ideal of E that is
a normed vector lattice. In Theorem (3.1 we take for 7y the norm topology
on F, and for S C F we take S = F. According to Theorem UpTp is a
(possibly non-Hausdorff) additive topology on E and, for a net (x,)4c. in E,

Xy 27, 0 if and only if |||x,| A|y]l| = O for all y € F. This type of convergence
is called un-convergence with respect to X in [[17]]. It was already observed that it
is topological in [[T7} p. 747], where uyty is called the un-topology on E induced
by F.

In [[17, Example 1.3], it is shown that uy7y can fail to be a Hausdorff topology
on E. Since 7 is a Hausdorff topology on F, Theorem shows that the
pertinent ideal F in [[17, Example 1.3] must fail to be order dense in E; this is
indeed easily seen to be the case. Theorem [3.1]implies that uz7y is Hausdorff
if and only if F is order dense in F; this is [[17, Proposition 1.4].

In [[17, Example 1.5], it is shown that upTy can fail to be a linear topology
on E. According to Theorem the condition in equation (3.1) must fail to
be satisfied in the context of [[17, Example 1.5]; this is indeed easily seen to
be the case. Theorem shows that upt; always provides E with an additive
topology; this was also noted in [[17, p. 748] in that particular context.

In [[T7, p. 748], the authors observe that uy7 is a locally solid linear topology
on the vector lattice E whenever E is a normed lattice and the norm on E extends
that on F, and also whenever the norm on F is order continuous. Both facts
follow from Theorem [3.1] because equation is then satisfied. This is clear
when E is a normed lattice and the norm on E extends that on F. Suppose that

the norm on F is order continuous. Take x € E and y € F. Then |ex| A |y| 20
in E as ¢ — 0. Since the net |ex|A|y| is order bounded in the ideal F of E, which
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is a regular vector sublattice of E, Theorem implies that |ex| A |y| 2 0in
F, and then |ex| A |y]| 0ase—0 by the order continuity of the norm on F.

Example 3.11. For a vector lattice E, we let |o|(E, E™) denote its absolute weak
topology; the definition of this locally solid linear topology will be recalled in
Section [5] Taking E = F = S in Theorem [3.1] yields the so-called unbounded
absolute weak topology ug|c|(E,E~) on E. It is a locally solid additive topology
on E that is Hausdorff if and only if E™ separates the points of E. When E is a
Banach lattice, ug|o|(E, E™) is a Hausdorff locally solid linear topology on E. It
is studied in [33]].

Example 3.12. In [[7, p. 290], a construction is given to obtain a locally solid
linear topology on a vector lattice E from a locally solid linear topology on an
ideal F of E. This is done using Riesz pseudo-norms, rather than by working
with neighbourhood bases of zero as we have done. The key ingredient is to
start with a Riesz pseudo-norm p on F, take an element u of F*, and introduce a
map p, : E — R by setting p,(x) := p(|x|Au) for x € E. It is then remarked that
Dy is a Riesz pseudo-norm on E. This need not always be the case, however. By
way of counter-example, take for E the vector lattice of all real-valued functions
on R, and for F the ideal of E consisting of all bounded functions on R. For p,
we take the supremum norm on F. For u € F*, we choose the constant function
1. We define x € E by setting x(t) :=t for t € R. Then p,(Ax) = |||Ax|Au|| =1
for all non-zero A € R, whereas we should have that lim,_,; p,(Ax) = 0. This
implies that the topologies on E that are thus constructed, although locally solid
additive topologies, need not be linear topologies. This ‘pathology’ is similar to
that in [[I7, Example 1.5] that was mentioned above; our example here is also
quite similar to that in [[17, Example 1.5]. Fortunately, in the continuation of the
argument in [[7]], p is taken to be a Riesz pseudo-norm on F that is continuous
with respect to a Hausdorff o-Lebesgue topology 75 on F. In this context, p,
is a Riesz pseudo-norm on E. Indeed, since F, being an ideal of E, is a regular

vector sublattice of E, Theorem easily yields that [Ax| Au — 0 in F as

A — 0. Since 7y is an o-Lebesgue topology on E, we have |Ax| A u 5 0in
F as A — 0, and then the continuity of p on F yields that p,(Ax) — 0 as
A — 0. Thus the construction in [[7] proceeds correctly after all. The results of
our systematic investigation with minimal hypotheses in Theorem3.1] however,
are more comprehensive than those in [[7]].

4. HAUSDORFF UO-LEBESGUE TOPOLOGIES: GOING UP AND GOING DOWN

In this section, we investigate how, via a going-up-going-down construction, the
existence of a Hausdorff o-Lebesgue topology on an order dense ideal of a vector
lattice E implies that every regular vector sublattice of E admits a (necessarily
unique) Hausdorff uo-Lebesgue topology.

We start by going up.

Proposition 4.1. Let E be a vector lattice, and let F be an ideal of E. Suppose
that F admits an o-Lebesgue topology Tr. Choose a non-empty subset S of F.
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Then ugtp is a uo-Lebesgue topology on E. It is a (necessarily unique) Hausdorff
uo-Lebesgue topology on E if and only if T is a Hausdorff topology on F and the
ideal I that is generated by S is order dense in E.

Proof: We know from Theorem [3.1]that ugty is a locally solid additive topology
on E. In order to see that it is a linear topology on E, we verify the condition in

equation (3.1). Take x in E and s in S. Then |ex| A [s] 2 0inEase—0inR.
Since F, being in ideal of E, is a regular vector sublattice of E, Theorem [2.1.2

shows that |ex| A |s] 2 0in F. Since 7 r is an o-Lebesgue topology on F, this
implies that |ex| A |s| I 0inFase—0in R, as required.

To conclude the proof, suppose that (x,),c.s is @ net in E such that x, =0
in E. Take s € S. Then |x,| A |s]| 2 0in E. Again, since F is a regular vector
sublattice of E, Theorem I;i shows that [x,| A |s] 2 0in F. Since Ty is an
o-Lebesgue topology on F, this implies that |x,| A |s| “5 0in F. It now follows

from Theorem [3.1|that x,, = 0in E , as required.
The uniqueness statement is clear from Theorem 0

The combination of Theorem [3.1]and Proposition [4.1|immediately yields the
following.

Theorem 4.2. Let E be a vector lattice. Suppose that E has an order dense ideal
F that admits a Hausdorff o-Lebesgue topology Tp. Then E admits a (necessarily
unique) Hausdorff uo-Lebesgue topology Ty. This topology T, is equal to ugty for
every subset S of F such that the ideal I C F that is generated by S is order dense
in E.

For a net (x4)qc.y in E, the following are equivalent:

TE .
1. x,—0inkE;
2. |xa|/\|s|£>0ianoralls€S;
3. |xa|/\|y|E>Oianorally€F.

Remark 4.3. For the case in Theorem[4.2)where S = F and 7y is the restriction
of a Hausdorff o-Lebesgue topology on E, it was already established in [28] The-
orem 9.6] that upty is a Hausdorff uo-Lebesgue topology on E. It is, therefore,
of some importance to point out that not every Hausdorff o-Lebesgue topology
on an order dense ideal is the restriction of a Hausdorff o-Lebesgue topology on
the enveloping vector lattice. By way of example, consider the order dense ideal
co of £°°. Since the supremum norm on ¢, is order continuous, the usual norm
topology 7., on ¢ is a Hausdorff o-Lebesgue topology. However, there does
not even exist a possibly non-Hausdorff o-Lebesgue topology 7, on £°° that
extends Tey- 1N order to see this, consider the sequence of standard unit vectors

. o . . . T .
(e)72, in £*°. We have e, — 0in £°° , which would imply that e, — 0in £°°.
Since 7/ extends 7., we would have that e, — 0 in norm. This contradiction
shows that such an extension does not exist.
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Although the terminology is not used as such, the fact that uz7 is a Hausdorff
uo-Lebesgue topology on E is implicit in the construction in [[7, p. 290].

Remark 4.4. We are not aware of a reference where it is noted, as in part
that convergence of a net in the Hausdorff uo-Lebesgue topology on E can be
established by using a (presumably small and manageable) subset S of F instead
of the full ideal F. This non-trivial fact, which relies on the uniqueness of a
Hausdorff uo-Lebesgue topology, appears to be of some practical value.

In view of the uniqueness of a Hausdorff uo-Lebesgue topology (see Theo-
rem[2.2.1)), the following is now clear from Theorem 4.2

Corollary 4.5. Let E be a vector lattice, and suppose that E has order dense ideals
F, and F,, each of which admits a Hausdorff o-Lebesgue topology. For i = 1,2,
choose a Hausdorff o-Lebesgue topology 7, on F;, and choose a non-empty subset
S; of F; such that the ideal I, € F; that is generated by S; in E is order dense in
E. Then ug T, and ug, Ty, are both equal to the (necessarily unique) uo-Lebesgue
topology topology Ty on E.

Remark 4.6. The case in Corollary[4.5/where S; = F; and S, = F, is [[7,, Propo-
sition 3.2].

The case where, for i = 1,2, S; = F; and 7y, is the restriction to F; of a
Hausdorff o-Lebesgue topology 7; on E, is a part of [28, Theorem 9.6]. Note,
however, that our underlying proof in Proposition[4.1]that ugt; is a uo-Lebesgue
topology is direct, whereas in the proof of [28] Theorem 9.6] the identification
of a Hausdorff uo-Lebesgue topology as a minimal Hausdorff locally solid topol-

ogy as in Theorem is used.

Complementing the preceding going-up results, we cite the following going-
down result; see [28, Proposition 5.12].

Proposition 4.7 (Taylor). Suppose that the vector lattice E admits a (necessarily
unique) Hausdorff uo-Lebesgue topology Ty. Take a vector sublattice F of E. Then
F is a regular vector sublattice of E if and only if the restriction Tg|p of Ty to F is
a (necessarily unique) Hausdorff uo-Lebesgue topology on F.

A variation on this theme, with a wider range of topologies to use for testing
the regularity of a vector sublattice, is the following.

Proposition 4.8. Suppose that the vector lattice E admits a Hausdorff o-Lebesgue
topology Ty. Take a vector sublattice F of E. Then F is a regular vector sublattice
of E if and only if the restriction Tg|p of Ty to F is a Hausdorff o-Lebesgue topology
onF.

Proof. Once one recalls that, by definition, order convergence of a net to 0 in
the regular vector sublattice F of E implies order convergence of the net to 0 in
E, the proof is a straightforward minor adaptation of that of [28] Proposition
5.12]. O

We now have the following overview theorem concerning Hausdorff o-Lebes-
gue topologies and Hausdorff uo-Lebesgue topologies on a vector lattice and on
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its order dense ideals. It is easily established by recalling that a uo-Lebesgue
topology is an o-Lebesgue topology, that an ideal is a regular vector sublattice,
and by using Theorem [4.2] Proposition[4.7] and Proposition [4.8

Theorem 4.9. Let E be a vector lattice, and let F be an order dense ideal of E.

1. Suppose that E admits a Hausdorff o-Lebesgue topology Tp. Then the
restricted topology Tg|p is a Hausdorff o-Lebesgue topology on E.

2. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue topol-
0gy Tg. Then the restricted topology Tg|p is a (necessarily unique) Haus-
dorff uo-Lebesgue topology on F.

3. The following are equivalent:

(a) F admits a Hausdorff o-Lebesgue topology;

(b) F admits a Hausdorff uo-Lebesgue topology;

(c) E admits a Hausdorff o-Lebesgue topology;

(d) E admits a Hausdorff uo-Lebesgue topology.
In that case, the unique uo-Lebesgue topology Ty on E equals ugty for
every Hausdorff o-Lebesgue topology on F and every subset S of F such
that the ideal I C F is order dense in E, and the following are equivalent:

() x, -5 0inE;
(i) |xy] Als| —>0in F forall s € S;
(iii) |xa|/\|y|2>0in F forall y €F.

We conclude this section with a short discussion of Banach lattices with order
continuous norms. Evidently, the norm topologies on such Banach lattices are
Hausdorff o-Lebesgue topologies. As already noted in [28} p. 993], Theorem[4.2]
allows one to identify the so-called un-topologies (see [[9, Section 7] and [[17}
p. 746]) on such lattices as the Hausdorff uo-Lebesgue topologies that these
spaces apparently admit. Consequently, we have the following result. The case
where S = E can be found in [28] p. 993].

Proposition 4.10. Let E be a Banach lattice with an order continuous norm and
norm topology Tg. Then E admits a (necessarily unique) uo-Lebesgue topology.

Choose a subset S of E such that the ideal I that is generated by S in E is order
dense in E. Then:

1. ugTy is the uo-Lebesgue topology Ty of E;

2. when (X4)qe. IS anetin E, then x,, 5 0inE if and only if ||| x4 | Als||| —
0 for all s € S; equivalently, if and only if |||x4| A ly|l| — O for all y € E.

There is an alternative reason why Banach lattices with an order continuous
norms admit Hausdorff uo-Lebesgue topologies, and this results in an alterna-
tive description of these topologies; see Corollary[5.4] below.

Finally, suppose that E is a vector lattice that has order dense ideals F; and
F, that are Banach lattices with order continuous norm topologies 7, and 7p,,
respectively. Then it is immediate from Corollary[4.5|that E admits a Hausdorff
uo-Lebesgue topology T, and that ug Tp and up, Tp, are both equal to Tg. As
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discussed in Example(3.10}, this can, using the terminology in [[17]], be rephrased
as stating that F; and F, induce the same un-topology on E. We have thus
retrieved [[17, Theorem 2.6].

5. UO-LEBESGUE TOPOLOGIES GENERATED BY ABSOLUTE WEAK TOPOLOGIES ON
ORDER DENSE IDEALS

In this section, we shall be concerned with vector lattices having order dense
ideals with separating order continuous duals as a source for Hausdorff uo-
Lebesgue topologies on the vector lattices themselves.

We start by recapitulating some facts from [[4, p. 63-64]. Let E be a vector
lattice, and let A be a non-empty subset of the order dual E~ of E. For ¢ € A,
define the lattice semi-norm p,, : E — [0, 00) by setting p,(x) = [¢|(|x|) for
x € E. Then the locally convex-solid linear topology on E that is generated by
the family {p, : ¢ € A} is called the absolute weak topology generated by A on E;
it is denoted by |o|(E,A). With I, denoting the ideal generated by A in E~, we
have |o|(E,A) = |o|(E, 1,). Using Proposition [2.1.1} one easily concludes that
|o|(E,A) is Hausdorff if and only if I, separates the points of E. Although we
shall not use it, let us still remark that it is not difficult to see that a net (x,)yc.r
in E is |o|(E,A)-convergent to zero if and only if ¢(x,) — 0 uniformly for ¢ in
each fixed order interval of I,. Thus absolute weak topologies are more natural
than is perhaps apparent from their definition.

The following is now clear.

Lemma 5.1. Let E be a vector lattice, and let A be a non-empty subset of E ... Let
1, denote the ideal that is generated by A in E,. Then |o|(E,A) = |0o|(E,1,) is
an o-Lebesgue topology on E that is even locally convex-solid. It is a Hausdorff

topology if and only if I, separates the points of E. When (x4)qe.s 1S a net in E,

then x, o1EA, 0 in E if and only if |¢|(|x4]) — 0 for all ¢ € A; equivalently, if

and only if || (|x,]) = 0 for all ¢ € I,.

Now that Lemmal5.1]provides a whole class of vector lattices admitting Haus-
dorff o-Lebesgue topologies, we can use these as input for Theorem[4.2] Taking
the convergence statements in Lemma 5.1]into account, we arrive at the follow-
ing.

Theorem 5.2. Let E be a vector lattice. Suppose that E has an order dense ideal
F such that F separates the points of F. Then E admits a (necessarily unique)
Hausdorff uo-Lebesgue topology 7 g.

Choose a subset A of F_ such that the ideal I, that is generated by A in F],
separates the points of F, and choose a subset S of F such that the ideal I € F
that is generated by S is order dense in E. Then:

1. ug|o|(F,A) and ug|o|(F,1,) are both equal to Tpg;

2. for a net (x,)yey in E, X, 5 0inE if and only if |¢|(|xg,| Als]) = O
for all ¢ € Aand s € S; equivalently, if and only if |¢|(|x,| Aly]) = O
forall p €F and y € F.
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For the sake of completeness, we recall that a regular vector sublattice of a
vector lattice E as in the theorem also has a (necessarily unique) Hausdorff uo-
Lebesgue topology, and that this topology is the restriction of Ty to the vector
sublattice.

Remark 5.3. As noted in Remark [3.5] one can give an explicit neighbourhood
base at zero for the topology T in Theorem|[5.2]

For Banach lattices with order continuous norms, the order/norm dual con-
sists of order continuous linear functionals only. Hence we have the following
consequence of Theorem

Corollary 5.4. A Banach lattice E with an order continuous norm admits a (nec-
essarily unique) Hausdorff uo-Lebesgue topology T, namely ug|c|(E, E).

Remark 5.5. For a Banach lattice E with an order continuous norm, Proposi-
tion[4.10]also shows that the (necessarily unique) Hausdorff uo-Lebesgue topol-
0gy Ty on E is the unbounded norm topology. The unbounded norm topology
and the unbounded absolute weak topology therefore coincide for Banach lat-
tices with order continuous norms.

The following gives a necessary condition for convergence in a Hausdorff
uo-Lebesgue topology. It is essential in the proof of Theorem below.

Proposition 5.6. Let E be a vector lattice that admits a (necessarily unique)
Hausdorff uo-Lebesgue topology Tg, and let (x,)q4c.s be a net in E such that

Xq Z5 0 in E. Take an ideal F of E such that F separates the points of F.
Then |@|(|xy| Aly|) — O forall ¢ € F_ and y € F.

Proof. Take ¢ € F. and y € F. Since Ty is a locally solid topology, we have
|x|, Ayl “% 0 in E. It follows from Proposition that F has a (necessarily

unique) Hausdorff uo-Lebesgue topology 7T and that |x|, A |y| =I5 0. Now we
apply Theorem[5.2)with E = F to see that [¢|((|x,| Aly[) Aly]) — 0. O

We shall now consider the order dual E~ of a vector lattice E. For x € E, we

set
px(@) = ¢(x)

for ¢ € E~. Then ¢, € (E7)_, and the map ¢ : E — E™ is a lattice homomor-
phism; see [[4, p. 43]. Since ¢(E) already separates the points of E~, we see
that (E™)_ separates the points of E~.

We can now apply Theorem twice. In both cases, we replace E with E~,
and we choose E~ for both F and S. In the first application, we choose (E™)_.
for A; in the second, we choose ¢ (E). The result is as follows.

Corollary 5.7. Let E be a vector lattice. Then the order dual E~ of E admits a
(necessarily unique) Hausdorff uo-Lebesgue topology T g~.
Moreover:

1. ug~|o|(E~,(E™),) and ug~|o|(E™, E) are both equal to Tg-~;
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2. when (¢4)qe. is a net in E~, then we have that ¢, L 0inE if and
only if [E] (lpql Al@l) — 0 for all & € (E™),, and ¢ € E~; equivalently,
if and only if (|, AleD(Ix]) = 0 for all x € E and ¢ € E™.

Remark 5.8.

1. Asin the case of Theorem|5.2] Remark[3.5/shows how to give an explicit
neighbourhood base at zero for the topology Tz~ in Corollary[5.7}

2. By Proposition (4.7} every regular sublattice of the order dual of a vector
lattice also admits a (necessarily unique) Hausdorff Lebesgue topology
that can be described in two ways. For an ideal, one of these descrip-
tions is already in [28, Example 5.8].

3. Corollary[5.7]shows that, in particular, the norm/order dual E* of a Ba-
nach lattice admits a (necessarily unique) Hausdorff uo-Lebesgue topol-
ogy Tg+, namely the so-called unbounded absolute weak *-topology
ug-|o|(E*, E). This was already observed in [28, Lemma 6.6].

6. REGULAR VECTOR SUBLATTICES OF Ly(X, %, u) FOR SEMI-FINITE MEASURES

Let (X, X, u) be a measure space, and write Ly (X, X, u) for the vector lattice of all
real-valued ¥-measurable functions on X, with identification of two functions
when they agree u-almost everywhere. In this section we show that, for semi-
finite u, every regular sublattice of Ly(X, X, u) admits a (necessarily unique)
Hausdorff uo-Lebesgue topology, and that a net converges in this topology if and
only if it converges in measure on subsets of finite measure; see Theorem [6.3]
below.

For some regular sublattices of Ly(X, %, u), it is quite obvious that they admit
a Hausdorff uo-Lebesgue topology. Recall that the spaces L, (X, %, u) for p such
that 1 < p < oo have order continuous norms for all measures u; see [3, Theo-
rem 13.7], for example. Hence their norm topologies are Hausdorff o-Lebesgue
topologies, and then their un-topologies are the Hausdorff uo-Lebesgue topolo-
gies on these spaces. Alternatively, one can observe that their order continuous
duals separate their points, and then also identify the Hausdorff uo-Lebesgue
topologies on these spaces as the unbounded absolute weak topologies. In a
similar vein, when u is o-finite, every ideal of Ly(X,X,u) that can be sup-
plied with a lattice norm has a separating order continuous dual. This result
of Lozanovsky’s (see [2, Theorem 5.25], for example) then implies that such a
normed function space admits a Hausdorff uo-Lebesgue topology.

How about the spaces L, (X, %, u) for 0 < p < 1? There is no norm to work
with, and it may well be the case that their order continuous duals are even
trivial. Indeed, when u is atomless, then, according to a results of Day’s, the
order continuous dual of L,(X,%,u) is trivial for 0 < p < 1; see [3, Theo-
rem 13.31], for example. According to [32] Exercise 25.2], the order contin-
uous dual of Ly(X, X, u) is trivial for every o-finite measure with the property
that, for any measurable subset A such that 0 < u(A) < oo and for any a such
that 0 < a < u(A), there exists a measurable subset A’ of A such that u(4’) = a.
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Taking [30, Exercise 10.12 on p. 67] into account, we see that, in particular, the
order continuous dual of Ly(X, X, u) is trivial for all atomless o -finite measures.

In spite of the failure of the two obvious approaches, it is still possible to
show that all spaces L,(X,%,u) for 0 < p < 1 admit Hausdorff uo-Lebesgue
topologies, provided that the measure is semi-finite. For such u, this is even
true for all regular vector sublattices of Ly(X, %, ). This can be seen via the
going-up-going-down approach from Section[4] and we shall now elaborate on
this. We start with a few preliminary remarks.

Recall that a measure space (X, X, u) is said to be semi-finite if, for any A € &
with u(A) = oo, there exists a measurable subset A’ of A such that 0 < u(A’) <
00. Every o-finite measure is semi-finite. For an arbitrary measure y and an
arbitrary p such that 1 < p < o0, it is easy to see that the ideal L,(X, %, u)
of Ly(X, %, u) is order dense in Ly(X, >, u) if and only if u is semi-finite. In
that case, the ideal that is generated in Ly(X, 2, u) by the subset S :=={1,: A€
% has finite measure} of L, (X, 2, u) is obviously also order dense in Ly (X, 2, u).

Let (X, X, u) be a measure space. Take f € Ly(X, %, u). Then a net (f,) ey
in Ly(X, X, u) converges to f in measure on subsets of finite measure when, for all
A € X such that u(A) < oo and forall e > 0, u({x € A: |f (x)—f(x)| = €})— 0.

In that case, we write f, L2 f, using as asterisk to distinguish this convergence
from the perhaps more usual global convergence in measure.

The following is the core result of this section. We recall that, as already
mentioned, the spaces L, (X, %, u) have order continuous norms for all measures
w and for all p such that 1 < p < 00, so that their norm topologies are Hausdorff
o-Lebesgue topologies.

Theorem 6.1. Let E = Ly(X,X, u), where u is a semi-finite measure. Then G
admits a (necessarily unique) Hausdorff uo-Lebesgue topology Tg.
Take a net (fy)qey in E. Then the following are equivalent for every p such
that 1 < p < oo:
g
1. fa—0;
2.

J [fal? ALadu = [ 1fal ALalll; =0
X

for every measurable subset A of X with finite measure;
3.

f|fa|pA|f|de: Ifal ALFIIE — 0
X

for every f € L,(X, %, u);
M*
4 f, 5 1.

Proof. We know from the semi-finiteness of u that, for p such that 1 < p < oo,
L,(X,%,u) is an order dense ideal of Ly(X, X, u). Since L,(X,X,u) admits a
Hausdorff o-Lebesgue topology when 1 < p < oo, Theorem shows that
Lo(X, %, u) admits a (necessarily unique) Hausdorff uo-Lebesgue topology, and
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also that the statements in the parts and [3] of the present theorem are
equivalent for all such p.

We show that part [3] implies part[4 Take a measurable subset A of X with
finite measure, and let £ > 0. Since €14 € L,(X, %, u), we have, by assumption,

J Ifal? A (eP1,)du — 0.
X
Because
J|fa|p/\(€p1A)d.U'2f ePdu=cePu({x €A:|fa(x)| = ¢€})
X {xeA:|fo(x)|=e}

we conclude that u({x €A : |f,(x)| = ¢}) — 0. Hence f, 2.
We show that part [4| implies part 2| Take a measurable subset A of X with
finite measure, and take £ > 0. Choose a 6 > 0 such that 6§’ u(A) < €/2. Then

Jlfalp/\lAdu=f Ifalp/\lAde Ifal? Al,du
X { {

x€A:|fo(x)|P=5P} x€A:|fo(x)|P<6P}

< f 1du+ J 6P du
{xeA:|fo(x)|P=0P} A

Su({xeA:|fu(x)[=6}) +e/2.

By our assumption, there exists an a € .o/ such that u({x € A: |f,(x)| = 6}) <
¢/2 for all @ > ay. Then fxlfalp Alydu < ¢ for all @ > a,. Hence fxlfal A

Remark 6.2.

1. We are not aware of a proof of Theorem|6.1]in the literature. It is stated
in [[7, p. 292] that the parts |1/ and |4] are equivalent, but there only a
reference is given to [[11} 65K and 63L]. Since [11} 63L] relies on the
solution of the non-trivial exercise [[11], Exercise 63M(j) ] for which a so-
lution is not provided, we thought it appropriate to give an independent
proof in the present paper.

2. The equivalence of the parts|3|and |4|for finite measures and sequences
was also established by different methods in [29], Example 23]. Still
earlier, this case was covered in [[9, Corollary 4.2], with a proof in the
same spirit as our proof.

As an immediate consequence of Proposition[4.7/and Theorem|[6.1} we obtain
the following result via our going-up-going-down approach.

Theorem 6.3. Let (X, 2, u) be a measure space, where u is a semi-finite measure.
Take a regular vector sublattice E of Ly(X,%,u). Then E admits a (necessarily
unique) Hausdorff uo-Lebesgue topology Tg. This topology Ty on E is the restric-
tion of the Hausdorff uo-Lebesgue topology on Ly(X,Z,u). A net (fy)eey in E
converges to zero in Ty if and only if it satisfies one of the three equivalent criteria
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in the parts and [4] of Theorem In particular, it is T g-convergent to zero
if and only if it converges to zero in measure on subsets of finite measure.

Remark 6.4. Let p be such that 1 < p < 00. For arbitrary measures, Proposi-
tion[4.10]and Corollary[5.4]both give a description of the convergent nets in the
Hausdorff uo-Lebesgue topology on L, (X, X, u). The former as the convergent
nets in the un-topology, and the latter as the convergent nets in the unbounded
absolute weak topology, respectively. When u is semi-finite, Theorem [6.3] gives
a third description as the convergence in measure on subsets of finite measure.
Also for p = oo, Theorem [6.3]shows that Lo, (X, %, 1) admits a (necessarily
unique) Hausdorff uo-Lebesgue topology whenever u is semi-finite, and gives a
description of its convergent nets. When u is a localisable measure, two more
descriptions are possible. We refer to [[12, 211G] for the definition of localisable
measures, and note that o-finite measures are localisable, and that localisable
measures are semi-finite. Indeed, for localisable measures, Lo, (X, %, u) is the
order dual of L{(X, %, u); see [12} 243G(b)]. Hence Corollary [5.7] shows once
more that Lo, (X, X, u) admits a Hausdorff uo-Lebesgue topology when . is lo-
calisable, and gives a second and third description of its convergent nets.

Remark 6.5. Let (X, X, u) be a measure space, where u is a semi-finite measure.

Let p be such that 0 < p < 00. On combining Theorem[6.3|and Remark[2.2.2]
we see that the topology of convergence in measure on subsets of finite measure
is the smallest Hausdorff locally solid linear topology on L, (X, %, u)ﬂ For o-
finite measures, this can already be found in [|4, Theorem 7.74], where it is also
established that the usual metric topology is then the largest Hausdorff locally
solid linear topology.

For p = oo, the combination of Theorem and Theorem shows
that the topology of convergence in measure on subsets of finite measure is
the unique minimal Hausdorff locally solid linear topology on L. (X, %, u). It
seems worthwhile to note that, when u is, in fact, o-finite, and also non-atomic,
[4, Theorem 7.75] shows that there is now no smallest Hausdorff locally solid
linear topology on L. (X, X, u).

Remark 6.6. Let (x,)-2, be a sequence in Ly(X, X3, u), where u is a semi-finite

measure. Suppose that f,, — 0 u-almost everywhere. Then f, 2, 0. This is im-
mediate from Egoroff’s theorem (see [[10, Theorem 2.33], for example), but it
can also be obtained (with a long detour) in the context of uo-convergence and

3For this conclusion, we should note here that the usual metric topology on L,(X, X, u) is a
complete o-Lebesgue topology for every measure u and for every p such that 0 < p < oo. This is
commonly known when 1 < p < co. When 0 < p < 1, then the completeness is asserted in [25}
1.47]. The fact that the metric topology is an o-Lebesgue topology for such p follows from what
is stated on [4] p. 211] in the context of o-finite measures. This implies the result for general
measures. Indeed, suppose that (f,),c., is a net in L,(X, X, u) such that f, | 0. Passing to a tail,
we may suppose that the net is bounded above by an f, € L,(X,%,u). The support of this f,
is o-finite. Using the fact that the elements of L,(X, X, u) that vanish off this support form an
ideal of L,(X, X, u), it is then easily seen from the o-finite case that the chosen tail of the net
converges to zero in the metric topology of L,(X, X, u).
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uo-Lebesgue topologies. Indeed, by [[15, Proposition 3.1], almost everywhere
convergence of a sequence in Ly(X, %, u) is, for arbitrary measures, equivalent
to uo-convergence in Ly(X, 2, u). Since, by definition, uo-convergence implies
convergence in a uo-Lebesgue topology (when this exists), an appeal to Theo-
rem [6.1]also yields the desired result.

7. UO-CONVERGENT SEQUENCES WITHIN ;E\E-CONVERGENT NETS

Let E be a vector lattice that admits a (necessarily unique) Hausdorff uo-Lebes-
gue topology Tr. When (x,),c is @ net in E such that x, 2 0, then, by

definition, x, 5 0. The present section is concerned with results that go in
the opposite direction. The main result is Theorem[7.8] below, which lies at the
basis of topological considerations in Section [8] but we start with a few more
elementary results.

For an atomic vector lattice E, the situation is as easy as can be. Recall that,
by [4, Theorem 1.78], the atomic vector lattices are precisely the order dense
vector sublattices of R* for some set X. Combining [I8) Lemma 3.1] and [28]
Lemma 7.4], we have the following.

Proposition 7.1 (Taylor). Let E be an atomic vector lattice. Then E admits a
(necessarily unique) Hausdorff uo-Lebesgue topology Ty, and this topology is lo-
cally convex-solid. For a net in E, uo-convergence and 7T g-convergence coincide, so
that uo-convergence is topological. When E is an order dense vector sublattice of
RX for some set X, then a net in E is uo- and Tg-convergent if and only if it is
pointwise convergent.

For monotone nets, uo-convergence and T -convergence both coincide with
order convergence, according to the following lemma that is a consequence of
[4, Theorem 2.21].

Lemma 7.2. Let E be a vector lattice, and suppose that T is a Hausdorff locally
solid linear topology on E. Let (x,)qc.s be a monotone net in E and let x € E.

T . o . . . . uo o~
When x, — x in E, then x, — x in E, which is equivalent to x, — x. When T

is a (necessarily unique) Hausdorff uo-Lebesgue topology on E, then x, 2 xinE
. . o . . . uo
if and only if x, — x in E if and only if x, — x.

For non-monotone nets in general vector lattices, it is not generally true that
Tg-convergence implies uo-convergence. This can already fail for sequences in
Banach lattices with order continuous norms. As an example, consider E =
L;([0,1]). For n = 1,2,... and k = 1,2,...,n, let f,; be the characteristic
function of [k%l, %], and consider the sequence fi1, fa1, f22, f31, f32, f33> f415- - - -
It converges to zero in measure, so Theorem [6.1] shows that it is T z-convergent
to zero. On the other hand, [[15] Proposition 3.1] shows that uo-convergence of
a sequence in L;([0, 1]) is the same as almost everywhere convergence. Hence
the sequence is not uo-convergent to zero.

Still, something can be salvaged in the general case. As a motivating exam-

ple, suppose that (X, %, u) is a measure space. It is well known that a sequence
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in Ly(X, X, u) that converges (globally) in measure has a subsequence that con-
verges to the same limit almost everywhere; see [[10, Theorem 2.30], for exam-
ple. When yu is finite, then, in view of Theorem and [[15], Proposition 3.1],
this can be restated as saying that a Tz-convergent sequence in Ly(X, 2, u) has
a subsequence that is uo-convergent to the same limit. We shall now extend
this formulation of the result to a more general context of nets and Hausdorff
uo-Lebesgue topologies on vector lattices; see Theorem below. In The-
orem below, we shall then obtain a stronger version of the motivating
result for convergence in measure and convergence almost everywhere, as a
specialisation of the general result.

We start with some preparations that appear to have some independent in-
terest.

Proposition 7.3. Let E be a vector lattice with the countable sup property such
that E. separates the points of E. Take e € E¥, and let I, denote the ideal that
is generated in E by e. Then (I,) . separates the points of I,. In fact, there even
exists a @ € (I,)7. that is strictly positive on I,.

Proof. It is immediate from Theoremthat (I.);, separates the points of I,.
It follows from Proposition [2.1.1] that the ideal of (I,), that is generated by a
strictly positive ¢ in (I,);. would already separate the points of E. We turn to
the existence of such a strictly positive ¢ € (I,)"

oc’

Suppose first that E is Dedekind complete. For 1 € (E;‘C)+, we let
Ny = {x € E :(|x|) =0}
denote its null ideal, and we let

—nd
Cy =N,
denote its carrier. Since v is order continuous, N, is a band in E.

Let B, be the band that is generated by the subset {Cy, : ¢ € (E;’C)+} of E.

Then
d_ d _ dd _ —
Bo= () ¢ci= [ Ny'= [] Ny={0},
ve(Ex)" ve(Ex) ve(Eg)
where in the final step we have used Proposition and the fact that E,
separates the points of E. We thus see that B; = E.

For ¢ € (E;‘C)+, let P 3 denote the band projection from E onto C,. When
Y1, € (E3)" and ¥, < 1y, then C, S C,, which, by [5, Theorem 1.46],
is equivalent to P, 4w SPe, - Therefore, the net {P. LY E (E;C)Jr} in Z.(E) is
increasing. Set

~\1
P:= sup{PCw RTINS (EOC) 1
where the supremum is in %,(E). From [22 Theorem 30.5] we know that P is
a band projection with B, as its range space. Since By = E, it follows that P = I.

This implies that {P, nE (VRS (E;’C)+} T e, and it follows from the fact that E has
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the countable sup property that there exists a sequence (v,)2; in (E;C)Jr such
that Pc, e TeinE.

Consider the ideal I, of E. Since E is Dedekind complete it is uniformly com-
plete, so that I, is a Banach lattice when supplied with its order unit norm || - ||,..
Its order dual I} coincides with its norm dual E* and is then a Banach lattice.
Choose strictly positive real numbers a;, a,, ... such that 221 ||l Il < o0,
and define ¢ € I by setting

M8

Y= anwnlle'

I
—_

n

Since I,, being an ideal of E, is a regular vector sublattice of E, each v,|; is
order continuous. On observing that, being a band, (I,), is an order closed
and, therefore, norm closed subset of the Banach lattice E*, we see that ¢ is
order continuous on I,. Obviously, ¢ is positive.

Suppose that x € I, is positive and that ¢(x) = 0. Then v ,(x) = 0 for all
n=>1. Thatis, x € Ny, foralln>1, so that Pcwnx =0 foralln>1.

Take A > 0 such that 0 < x < Ae. Using [|5, Theorem 2.49, Theorem 2.44,
and Definition 2.41], we see that there exists an order continuous operator T
on E that commutes with all band projections on E and is such that T(Ae) = x.
Since Pc, (Ae) T Ae in E, we have TPc, (Ae) T T(Ae) = x in E. On the other
hand, we know that TPc, (Ae) = Pc, T(Ae) = P, x=0 for all n. We conclude
that x = 0. Hence ¢ is strictly positive on I,. This completes the proof when E
is Dedekind complete.

For general E, we note that its Dedekind completion E? also has the countable
sup property; see 22, Theorem 32.9 ]. Furthermore, Theorem|[2.1.3|shows that
(E o ):C separates the points of E°. Let I ¢,5 denote the ideal that is generated by

e in E®. By what has been established above, there exists a @5 € (16’5); that
is strictly positive on I, 5. Hence its restriction @s|; to I, is strictly positive on
I,. This restriction is also order continuous on I,. To see this, suppose that

(Xq)ac.y is anetin I, and that x, > 0in I,. Since I,, being an ideal of E, is a
regular vector sublattice of E, and since E, being order dense in E % isa regular
vector sublattice of E®, I, is a regular vector sublattice of E®. Thus x, 2 0in
E®. There exists an a, € ./ such that the tail (x,),e o a>a, 1S order bounded
in I,. Since this tail is then evidently also order bounded in I, 5, Theorem
shows that x, > 0in I, 5 for a > ay. Then ¢s|; (x,) — 0 for a > a, by the
order continuity of ¢ on I, 5. Consequently, ¢5|; (x,) — 0, as required. O

Suppose that a vector lattice E has an order unit e and that (x,),c  is a net
in E. According to [[I5, Corollary 3.5], the fact that |x,| Ae 2 0is already
enough to imply that x,, 2% 0. Thisis a special case of the following.
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Proposition 7.4. Let E be a vector lattice, let S be a non-empty subset of E, and
let Bg denote the band that is generated by S in E. Suppose that (X,)q,c. i a net

in Bg such that |x,| A|y] 2 0in E forall y €S. Then xaﬂ OinE.

Proof. Since Bg is a regular sublattice of E, part|2|of Theorem shows that
|, | Ayl 2 0in Bifor all y € S. From [21], Lemma 2.2] it then follows that

Xy 2 0in Bg. Part|3|of Theorem then implies that x, = 0inE. O

Lemma 7.5. Let E be a vector lattice, and let F be an order dense vector sublattice
of E. Then F has the countable sup property if and only if the ideal I of E that is
generated by F has the countable sup property.

Proof. Since F is an order dense and majorising vector sublattice of I, the
Dedekind completions of F and I are isomorphic. The proof is then com-
pleted by using that the countable sup property of a vector lattice and that of
its Dedekind completion are equivalent; see [22, Theorem 32.9]. O

Proposition 7.6. Let E be a vector lattice, and let F be an order dense vector
sublattice of E. The following are equivalent:

1. E has the countable sup property;
2. F has the countable sup property and F is super order dense in E;

Proof. Suppose that E has the countable sup property. Let the net (x,)4c in
F* and x in F* be such that x, T x in F. Since F, being order dense in E, is
a regular vector sublattice of E, we also have that x, T x in E. By hypothesis,
there exists a sequence of indices ()2, in .¢/ such that Xq, TxinE. Thenalso
Xq 1 xin F. Hence F has the countable sup property. Take an x € F*. Since F
is order dense in E, [[5, Theorem 1.34] shows that S:=={y € F:0<y <x}Tx
in E. The fact that E has the countable sup property then yields a sequence
(xp):2, €S CF such that x, T x in E. Hence F is super order dense in E.
Suppose that F has the countable sup property and that F is super order
dense in E. According to Lemma the ideal I in E that is generated by
F also has the countable sup property. Since Ir 2 F is evidently super order
dense in E, it follows from [22] Theorem 29.4] that E has the countable sup

property. ([
Remark 7.7.

1. The assumption in part [2| that F be super order dense in E cannot be
relaxed to requiring it to be merely order dense in E, not even when F is
an order dense ideal of E rather than an order dense vector sublattice;
see [20, Example 4.3].

2. When E is a vector lattice and F is a vector sublattice of E that has the
countable sup property, then the fact that E has the countable sup prop-
erty is equivalent to the super order density of the Dedekind completion
of F in the Dedekind completion of E. We refer to [[20, Theorem 4.5]
for this result in the same spirit as Proposition [7.6
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All preparations have now been made for the proof of the core result of this
section.

Theorem 7.8. Let E be a vector lattice with the countable sup property, and sup-
pose that E has an order dense ideal F such that F( separates the points of F.
Let G be a regular vector sublattice of E. Then G admits a (necessarily unique)
Hausdorff uo-Lebesgue topology 7 .

T
Let (x4)qc.y be a net in G and suppose that x, - x for some x € G. Take

a sequence (a)°2, of indices in .of. Then there exists an increasing sequence

. . . uo
a) = oy < ay <--- of indices in ./ such that a, > a;, for alln > 1 and Xq, — X

T
in G. In particular, when a sequence (x,,)-°, in G and x € G are such that x,, S x

. . uo .
in G, then there exists a subsequence (x,, )o; of (x,)72, such that x, — x in G.

Proof. In view of Proposition [4.7|and Theorem we may (and shall) sup-
pose that G =E.

We know from Theorem that E admits a (necessarily unique) Hausdorff
uo-Lebesgue topology Tz, The statement on subsequences is clear from the
statement on nets, so we need only establish the existence of the a,, for n > 1.
We may suppose that x = 0.

Suppose first that E is Dedekind complete.

For y € F*, we let I y € F denote the ideal that is generated by y in E. By
Proposition F inherits the countable sup property from E. Hence Propo-
sition applies to the vector lattice F. We then see that (I, separates the
points of I, and that there even exists a strictly positive order continuous linear
functional on I,,. We choose and fix such a strictly positive ¢,, € (I,)7, for each
y € FT. From Propositionwe know that

(7.1) ¢y (Ixq| Ay)—0

forall y e F*.

Set a; := a}. Since F is super order dense in E by Proposition [7.6, we can
choose a sequence {y'}°®  in F* suchthat0<y! 1, | xq, |-

For n > 2, we shall now inductively construct an index a, € .« and a se-

quence {y"}°° in F* such that, for all n > 2:
(@ a,=a;
(b) an = AXn—1; )
(© @y&(lxanl/\yﬁn)<2_” fori=1,2,...,n—1landm=1,2,...,n;

(d 0<yp Tmlxq|inE.
We start with n = 2. The elements yr}l of F* are already known for allm > 1,
and cpy%l(lxa| A y;) — 0 for all m > 1 by equation . Therefore, we can
choose an a, € .« such that Lp},%l(bca2 |Ay}) <272 for m = 1,2. We can arrange

that also a, > a, and a, > a;. Finally, we choose a sequence ( yi)ﬁf’zl in F
such that 0 < yi Tm |Xq,|- This completes the construction for n = 2.
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Suppose that n > 2 and that we have already constructed a,, ..., a, € .« and
sequences (ym)m 1o (YRS | in F7 satisfying the four requ1re1nents above.
The elements y, of F * are already known foralli =1,2,...,nand m > 1, and
®yi (Ixal A yrln) — 0 for all such i and m by equation . Therefore, we can
choose a,; € .« such that (py,,'n(lxaml /\y,;) <27 D foralli=1,2,...,n
and m=1,2,...,n+ 1. We can arrange that also a,1; > a/_; and a,;; > a,.
Finally, we choose a sequence (y"*1)°° | in F* such that 0 < y™™ 1 |x, |in
E. This completes the construction for n + 1.

Fix i,m=>1. Since 0 < |xa | /\yl < y,, forall j > 1, we can define elements

Apt1

z™ of I for n > 1 by setting z moi= \/] n(Ixa | A ym) Here the supremum
is in the ideal Iy inE (which, although this is 1mmater1al happens to coincide

with the supremum in E). It is clear that z, > 0 for n > 1 and that zl s we
shall show that zli;m lp0inI Y For thi-s, we start by noting that the mequahty
in (c) shows that Pyi (Ixaj | A y}n) < 27/ for all j > max(i + 1, m). Therefore, for
all n > max(i + 1, m), we can use the order continuity of @yi onlyi tosee that

0< Dyi (Zi’m)

=0y, (\/(Ixa Ay )

=y (sup(\:k/n(lx I/\ym)))

k
= 11m n (\/(Ixa [Ay" )

k>n Jj=n

k
< limsup Pyi ZUX(X} | A yl
k— oo

k>n j=n

< hmsupZZ j

k—oo

k>n j=n

< 2—Tl+1

We see from this that for the infimum 1nfn>1z " in I, (which, although

again immaterial, happens to coincide with the 1nﬁ1num in E) we have 0 <
Yy (1nfnz1 zrllm) < 27" for all n > max(i+1,m). Hence Py (mfnZl z; ) =0.
Since ;i is strictly positive on [ yis this implies that inf,,>, zri{m =0inIy;, as
we wanted to show. .
The inequalities 0 < |x, _|Ay, <z.™ foralln > 1 now show that |x, |AYy, —

. i O .
0inI, asn— oo, and then also [x, [Ay, — 0inE asn — oo.
m
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. i O .
We have now shown that, foralli,m > 1, |x, [Ay, — 0in E as n — co.

Let B denote the band that is generated by { yfn :i,m = 1} in E. In view of

(d) above, it is clear that the sequence (Xan)so 1 is a sequence in B. We can now

conclude from Proposition that x,_ 2% 0 in E. This concludes the proof
when E is Dedekind complete.

For a general vector lattice E, we pass to the Dedekind completion E® of E.
By [22, Theorem 32.9], E? also has the countable sup property. We let F® de-
note the ideal that is generated in E® by F. Then F is obviously majorising in
FO. Since F is order dense in E and E is order dense in E°, F is order dense in
E® and then also in F®. We see from this that, as the notation already suggests,
F? is the Dedekind completion of F, but what we actually need is that, by The-
orem (F 5); separates the points of F®. The fact that F is order dense in

E? implies that F® D F is order dense in E®. Hence E® also admits a (neces-
sarily) unique Hausdorff o-Lebesgue topology Tzs. Moreover, Proposition

T
shows that x, =, 0 in E°. By what has been established for the Dedekind
complete case, there exist indices a, as specified such that x,_ = 0in E°. By

Theorem , Xq, = 0inE. O

For comparison, we include the following; see [[4, Theorem 4.19]. We recall
that a topology on a vector lattice E is a Fatou topology when it is a (not neces-
sarily Hausdorff) locally solid linear topology on E that has a base of neighbour-
hoods of zero consisting of solid and order closed sets. A Lebesgue topology is
a Fatou topology; see [4, Lemma 4.1], for example.

Theorem 7.9. Let E be a vector lattice with the countable sup property that is
supplied with a Hausdorff locally solid linear topology T with the Fatou property.

. . T
Suppose that (x,)qec.y is an order bounded net in E and that x, — x for some
e : 0
X € E. Then there exist indices a; < ay < --- in & such that x, — x.

The hypotheses in Theorem on the topology on the vector lattice are
weaker than those in Theorem[7.8] and its conclusion is stronger. The big differ-
ence is, however, that the net in Theorem[7.9]is supposed to be order bounded,
whereas there is no such restriction in Theorem [7.8]

Theorem also holds when, instead of requiring E to have the countable
sup property, it is required that there exist an at most countably infinite subset
of E such that the band that it generates equals the carrier of 7; see [[19] The-
orem 6.7]. We refer to [[4] Definition 4.15] for the definition of the carrier of a
(not necessarily Hausdorff) locally solid topology on a vector lattice.

Remark 7.10. The hypothesis in Theorem that E have the countable sup
property cannot be relaxed to merely requiring that F have this property. As
a counter-example, consider the situation where F is a Banach lattice with an
order continuous norm that is an order dense ideal of a vector lattice E. Then

F. = F* separates the points of F, and it is easy to see that F has the countable
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sup property; the latter also follows from a more general result in [4, Theo-
rem 4.26]. Since the norm topology on F is a Hausdorff o-Lebesgue topology
on F, E has a (necessarily unique) Hausdorff uo-Lebesgue topology Tp. It is
the topology of un-convergence with respect to F. It is possible to find such
F and E, and a sequence in E that is Tz-convergent to zero in E, yet has no
subsequence that is uo-convergent to zero in E; see [[17, Example 9.6].

We have the following consequence of Theorem [6.1]and Theorem [7.8]

Theorem 7.11. Let (X,X,u) be a measure space where u is o-finite. Suppose

. : [0
that (fy)aec. s a net in Lo(X, A, u) such that f, — 0. Take a sequence (a;)r‘l’il
of indices in .«/. Then there exists an increasing sequence a; = oy < ay < -+ of
indices in .o/ such that a,, > a; for all n > 1 and fa, — 0 almost everywhere.

*

In particular, when a sequence (f,,)72, is a sequence in Lo(X,A,u) and f, LN

0, then there exists a subsequence (fy, )po; of (fa)n2, such that f, — 0 almost
everywhere.

Proof. Tt is known that Ly(X, X, u) has the countable sup property for every o-
finite measure u; see [4, Theorem 7.73] or [23] Lemma 2.6.1], for example.
The combination of Theorem [6.1| and Theorem [7.8] yields a sequence of in-

. e uo .
dices a, as specified such that f, — 0. Since, for a general measure u, uo-
convergence of a sequence in Ly(X, X, u) is equivalent to its convergence almost
everywhere (see [[15, Proposition 3.1]), the proof is complete. ]

Remark 7.12.

1. Inview of its proof, the natural condition on u in Theorem|7.11]is that u
be semi-finite and have the countable sup property. It is known, how-
ever, that this is equivalent to requiring that u be o-finite; see [[19,
Proposition 6.5].

2. For every measure u, a sequence in Ly (X, A, u) that converges (globally)
in measure has a subsequence that converges almost everywhere to the
same limit; see [[10, Theorem 2.30], for example. Theorem does
not imply this result for arbitrary measures, but once the measure is
known to be o-finite, it does produce the desired subsequence, and it
even does so under the weaker hypothesis of convergence in measure
on subsets of finite measure.

3. Even for finite measures, we are not aware of an existing result that, as
in Theorem is concerned with nets that converge in measure.

We conclude this section by extending another classical result from measure
theory to the context of Hausdorff uo-Lebesgue topologies and uo-convergence.
Suppose that (X, 3..u) is a measure space, where u is o-finite. Then a sequence
in Ly(X, X, u) is convergent in measure on subsets of finite measure if and only
if every subsequence has a further subsequence that converges to the same limit
almost everywhere; see [I30, Exercise 18.14 on p. 132]. This is a special case of
the following.
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Theorem 7.13. Let E be a vector lattice with the countable sup property, and
suppose that E has an order dense ideal F such that F_; separates the points of F.
Let G be a regular sublattice of E. Then G admits a (necessarily unique) Hausdorff

uo-Lebesgue topology 7. For a sequence (x,)72; € G, x, % 0inG if and only

=1 =
if every subsequence (xy, )2, of (x,);2, has a further subsequence (x,, )72, such

that x,, 20inG.

Proof. In view of Proposition 4.7] and Theorem [2.1.2] we may (and shall) sup-
pose that G =E.
The forward implication is clear from Theorem We now show the con-

verse. When it fails that x,, 5 0 in E, then Theorem 5.2/ shows that there exists
an ¢ € F_, an y € F, a subsequence (x,, )2, of (x,)72; and an ¢ > 0 such
that [@|(|x,, | A|y]) > € for all k. It is then clear from the order continuity of
( that it is impossible to find a further subsequence (Xnki 2, of (xp,)c2, such
that Xn, =2 0inE. O

As another special case of Theorem|[7.13] we see that a sequence in a Banach
lattice with an order continuous norm is un-convergent to zero if and only if
every subsequence has a further subsequence that is uo-convergent to zero; we
recall that a Banach lattice with an order continuous norm has the countable
sup property by [[4, Theorem 4.26], for example. We have thus retrieved [[9}
Theorem 4.4].

8. TOPOLOGICAL ASPECTS OF (UNBOUNDED) ORDER CONVERGENCE

In this section, we consider topological issues that are related to (sequential)
order convergence and to (sequential) unbounded order convergence, with an
empbhasis on the latter. Theorem [7.8| will be seen to be an important tool.

Let E be a vector lattice, and let A C E. We define the o-adherence of A as the
set of all order limits of nets in A, and denote it by a,(A). The oo-adherence of
A is the set of all order limits of sequences in A; it is denoted by a,,(A). |'| The
uo-adherence a,,(A) and the ouo-adherence a,,(A) of A are similarly defined.
The subset A is o-closed when a,(A) = A The collection of all o-closed subsets
of E is easily seen to be the collection of closed sets of a topology that is called
the o-topology on E. The closure of a subset A in the o-topology is denoted by
A° H We have a,(A) C KO, with equality if and only if a,(A) is o-closed. Likewise,
there are oo-closed subsets and a oo-topology, uo-closed subsets and a uo-
topology, and cuo-closed subsets and a ocuo-topology, with similar notations

4In [22] p. 82], our co-adherence is called the pseudo order closure. In [13]], our o-adherence
of a subset A is called the order closure of A, and it is denoted byZo . These two terminologies,
as well as the notation A°, could suggest that taking the (pseudo) order closure is a (sequential)
closure operation for a topology. Since this is hardly ever the case, we prefer a terminology and
notation that avoid this possible confusion. It is inspired by [6, Definition 1.3.1].

SThis definition is consistent with that in [13].

OThere is no notation for the closure operation in the o-topology in [[13]].
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and statements about inclusions and equalities of sets. Evidently, a uo-closed
subset is o-closed, and a ocuo-closed subset is oo-closed.

Order convergence in a vector lattice E is hardly ever topological; according
to [I8, Theorem 2.2] or [27, Theorem 18.36], this is the case if and only if E
is finite-dimensional. It is not even true that the set map A — a,(A) is always
idempotent, i.e., that the o-adherence of a set is always o-closed. It is known,
for example, that in every o-order complete Banach lattice that does not have
an order continuous norm, there even exists a vector sublattice such that its
o-adherence is not order closed; see [[13] Theorem 2.7].

We know from Proposition that uo-convergence in atomic vector lattices
is topological. According to [27, Theorem 6.45], atomic vector lattices are, in
fact, the only ones for which this is the case.

It appears to be open whether the uo-adherence of a subset of a vector lattice
is always uo-closed. In [[13} Problem 2.5], it is even asked whether the uo-ad-
herence of a vector sublattice is always o-closed, which is asking for a weaker
conclusion for a much more restrictive class of subsets.

Even though the topological aspects of uo-convergence are still not well un-
derstood in general, there is a class of vector lattices where we have a reasonably
complete picture. In order to formulate this, we need some more notation. For
a set X with a topology 7 and a subset A C X of X, we let a,.(A) denote the
ot-adherence of A, i.e., a,.(A) is the set consisting of all T-limits of sequences
in A. When a,.(A) = A, A is said to be g1-closed. The o7-closed subsets of
X are the closed subsets of a topology on X that is called the o 7-topology on
X. Welet A" and A”° denote the 7-closure and the o7-closure of a subset A
of X, respectively. Then a,.(A) C A", with equality if and only if a,.(A) is
ot-closed.

Theorem 8.1. Let E be a vector lattice with the countable sup property, and sup-
pose that E has an order dense ideal F such that F__ separates the points of F. Let
G be a regular vector sublattice of E. Then G admits a (necessarily unique) Haus-
dorff uo-Lebesgue topology T . For a subset A of G, the following seven subsets of
G are all equal:

1. asz,(A) and A’Te;
2. agyo(A) and A"
3. ago(A) and ;\uo;
4. A°°
In particular, the o7 g-topology, the ouo-topology, and the uo-topology on G
all coincide with 7T .

In Theorem|[8.1] the topological closures and (o-)adherences are to be taken
with respect to the topologies and convergences in G.

Proof. The existence and uniqueness of T are clear from Theorem Using
Theorem for the first inclusions, we have, for an arbitrary subset A of G,

AT C ayyolA) € ayo(A) CA™C
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and
o7y (A) < aauo(A) c o7y (A).

This gives equality of asz (A), Axuo(A), ay,(A), and A°. Since the set map
A A s idempotent, so is A — ayz_(A). Hence a,z,(A) is 07s-closed, so

. . . 07T .
that it coincides with the ot-closure A~ ° of A. A similar argument works for
—ouo —uo
A andA . O

Remark 8.2. Taking G = E in Theorem the equality of A and Aguo(A)
implies that, for a o-finite measure u, a subset of Ly(X, %, u) is closed in the
topology of convergence in measure on subsets of finite measure if and only if
it contains the almost every limits of sequences in it. This is [[12], 245L(b)].

In the context of Theorem [8.1} it is also possible to give a necessary and
sufficient condition for sequential uo-convergence to be topological; see Corol-
lary([8.5] below. The proof of the following preparatory lemma is an abstraction
of the argument in [24]].

Lemma 8.3. Let E be a vector lattice that is supplied with a topology T. Suppose
that 7 has the following properties:

1. for every sequence (x,);.2, in E and for every x € E, the fact that x, 5

x implies that there exists a subsequence (x,, )2, of (x,);2; such that

uo
Xp, — X as k — oo.

oo

. . T
2. there exists a sequence (x,).2, in E and an x € E such that x, — x but

uo
Xp 7> X;

Then there does not exist a topology ©’ on E such that, for every sequence (x,):2,

/

in E and for every x € E, x,, = x if and only if x, 5o

Proof. Suppose that there were such a topology 7’. Take a sequence (x,)r°,

/

. T uo T

in E and an x € E such that x, — x but x, - x. Then also x,, - x, so that
: / : oo o0

there exists a 7'-neighbourhood V of x and a subsequence (x,, )2, of (x,);2,

. T .
such that x,, ¢ V for all k > 1. Since also x, — x as k — o0, there exists a

uo .
subsequence (x,, )2, of (x,, )2, such that x, — x asi — oco. Hence also
1 1
/

— x as i — 00. But this is impossible, since the entire sequence (x,,
1

(o)
X i=1

lei

stays outside V. O

The following is a direct consequence of Lemma The topology 7 in it
could be a uo-Lebesgue topology, but for the result to hold it need not even be
a linear topology, nor need the topology 7’ be.

Proposition 8.4. Let E be a vector lattice that is supplied with a topology T.
Suppose that T has the following properties:

. uo
1. for every sequence (x,,);2, in E and for every x € E, the fact that x,, — x

. . T
implies that x, — x;
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2. for every sequence (x,)>2, in E and for every x € E, the fact that x, 5

x implies that there exists a subsequence (x,, ), of (x,)52; such that
Xp, = x as k — oo.
Then the following are equivalent;
1. there exists a topology ©’ on E such that, for every sequence (x,)°2, in E
and for every x € E, x,, = x if and only if x, L x;
2. for every sequence (x,,)-2, in E and for every x € E, the fact that x,, Sx
implies that x,, 2 x.
In that case, one can take T for ©’.
In the appropriate context, the combination of Theorem and Proposi-
tion yields the following necessary and sufficient condition for sequential

uo-convergence to be topological. Note that there are no assumptions at all on
the topology 7 in its first part.

Corollary 8.5. Let E be a vector lattice with the countable sup property, and sup-
pose that E has an order dense ideal F such that F( separates the points of F.
Let G be a regular vector sublattice of E. Then G admits a (necessarily unique)
Hausdorff uo-Lebesgue topology T, and the following are equivalent:

1. there exists a topology T on G such that, for every sequence (x,).2, in G
and for every x € G, xngxinGifand onlyifxnix; R
2. for every sequence (x,,)-2, in G and for every x € G, the fact that x, % x
in G implies that x,, = xinG.
In that case, one can take T for 7.
The proof of the following result closely follows the one in [24]], where it

is shown that sequential almost everywhere convergence in L.([0,1]) is not
topological.

Corollary 8.6. Let (X,X, u) be a measure space, where u is o-finite. Suppose that
there exists an A € X with the property that, for every k > 1, there exist finitely
many mutually disjoint Ay 1, ...,Ag , € X such that 0 < u(Ag 1), ..., u(Axy,) <
1/k and A= J3%, Ay .

Take a regular vector sublattice G of Ly(X, X, u) that contains the characteristic
functions 1, of all sets Ay for k =1,2,... and [ =1,...,Ny. Then there does
not exist a topology T on G such that, for every sequence (x,)-2, in G and for
every x € G, xngx inG ifandonlyifxni)x.

Proof. We are in the situation of Corollary where 7T ;-convergence is con-
vergence in measure on subsets of finite measure by Theorem|[6.1] and sequen-

tial uo-convergence is almost everywhere convergence by [[15], Proposition 3.1].
Consider the following sequence in G:

Al,l) e )Al,NerZ,lﬂ cee 7A2,N2,A3,1, ‘e )A3,N3: SPEA
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This sequence clearly converges to zero on subsets of finite measure, but it con-
verges nowhere to zero on the subset A of strictly positive measure. Hence the
property in part [2| of Corollary does not hold, and then neither does the
property in its part O

Remark 8.7. Corollary 8.6 provides us with a large class of examples of vec-
tor lattices where sequential uo-convergence is not topological—so that uo-
convergence is certainly not topological—but where, according to Theorem|8.1|
the set maps A — a,,,(A) and A — q,,(A) are both still idempotent, so that
ayy0(A) is ouo-closed and a,,(A) is uo-closed for every subset A of G. For all p
such that 0 < p < 00, the space L,([0, 1]) is such an example.

We conclude with a strengthened version of [[13, Theorem 2.2]. The im-
provement lies in the removal of the hypothesis that E be Banach lattice, and
by adding eight more equal, but not obviously equal, sets to the three equal sets
in the original result.

Theorem 8.8. Let E be a vector lattice with the countable sup property, and sup-
pose that E_ separates the points of E. Then E admits a (necessarily unique) Haus-
dorff uo-Lebesgue topology 3 Take an ideal I of E, ffhat separates the points of
E, and take a vector sublattice F of E. Then the following eleven vector sublattices
of E are all equal:

asz,(F) and fU?E;
Aguo(F) and F7;
a,(F) and F;

F?E’ f|0|(EJ)’ and fU(EJ);
(ao(a,(F))) and .

ok wbh =

The equality of a,,(F), a,(a,(F)), and FU(E’I) can already be found in [[13]

Theorem 2.2], where it also noted that these sets coincide with the smallest
order closed vector sublattice of E containing F.

Proof. The equality of the first seven subsets is clear from Theorem Since
we know from Theorem that Tp = ug|o|(E,I), it follows from [128], Propo-

sition 2.12] that FE= l?lgl(E’I). Furthermore, from Kaplan’s theorem (see [[4}
Theorem 2.33], for example) we know that E, when supplied with the Haus-
dorff locally convex |0 |(E, I)-topology, has the same topological dual as when it

is supplied with the Hausdorff locally convex o (E, I)-topology. By the convexity
of F, we have F'al(E’I) = fo(E’I). This argument was already used in [[13] Proof

of Lemma 2.1].

We turn to the two sets in part[5] It was established in [[13 Lemma 2.1] that
ayo(F) € a,(a,(F)); this is, in fact, valid for vector sublattices of general vector
lattices. It was also observed there that, obviously, the fact that I € E_, implies

that FU(E’U is o-closed. Using also that we already know that a,,(F) = F°, we



36 YANG DENG AND MARCEL DE JEU

therefore have the following chain of inclusions:

uo

F=ay,(F)Ca,(a,(F)CF CF
fU(E’I)

o(E,I)

Since we also already know that F= , the proof is complete. O
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