VANISHING ELEMENTS AND SYLOW SUBGROUPS
SESUAI Y. MADANHA

ABSTRACT. Let G be a finite group and p > 3 be a prime. A vanishing conjugacy
class of G is a conjugacy class of G which consists of vanishing elements of G. A
p-singular vanishing conjugacy class is a vanishing conjugacy class with elements of
order divisible by p. We investigate the structure of a Sylow p-subgroup P of a group
G with exactly one p-singular vanishing conjugacy class. In particular, we show that
P’ is a subnormal subgroup of G. We also prove that |[P/O,(G)| < p or G has a
composition factor isomorphic to PSLy(q), where ¢ = pf, f > 2.

1. INTRODUCTION

Let G be a finite group, p be a prime and Irr(G) be the set of irreducible characters of
G. A classical theorem of Burnside [11, Theorem 3.15] states that if x € Irr(G) is such
that x(1) > 1, then x(g) = 0 for some g € G. It is also well known that if a p-element
g of G is such that x(g) = 0 for some x € Irr(G), then p divides x(1). This provides
some relationship between vanishing elements of G whose orders are divisible by p and
irreducible characters of G whose degrees are divisible by p. Since character degrees
of finite groups have been widely studied, it is interesting to then study corresponding
problems on vanishing elements.

The famous Ito-Michler theorem states that p does not divide every irreducible char-
acter degree of GG if and only if G has a normal abelian Sylow p-subgroup. A variation
of the Ito-Michler theorem was studied by Goldstein et al. [9] where they classified
groups G with exactly one irreducible character of degree divisible by p. They proved
[9, Corollary| that a Sylow p-subgroup of G is almost normal by showing that the nor-
maliser N (P), of a Sylow p-subgroup P of G is either G or a maximal subgroup of
G.

Analogous to the Ito-Michler theorem is a corresponding result on vanishing elements.
Dolfi et al. [7, Theorem C] proved that if G has no vanishing elements of order divisible
by p, then G has a normal Sylow p-subgroup P and either G is abelian or G/O,(G) is a
Frobenius group with the kernel PO,/ (G)/O,(G) and O, (G) is nilpotent. Recall that
a vanishing conjugacy class of G is a conjugacy class of G which consists of vanishing
elements of G. A p-singular vanishing conjugacy class is a vanishing conjugacy class
with elements of order divisible by p. In this article we shall study an analogue of a
problem studied by Goldstein et al. [9]:

Problem 1. Let G be a finite group and p be a prime. Describe the Sylow p-subgroups
of G with exactly one p-singular vanishing conjugacy class.

One wonders if P is also almost normal in the sense of Goldstein et al. [9, Corollary].
A quick look at a Frobenius group G with an abelian kernel of odd composite order
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and a Frobenius complement shows that this is not true. Indeed, G has exactly one
vanishing conjugacy class of order 2 but the normalizer of a Sylow 2-subgroup is not
maximal in G. In fact, the normalizer is a minimal subgroup of G. A Sylow p-subgroup
P may be almost normal in another sense, which is that the largest normal p-subgroup
O,(G) of G is either P or a maximal subgroup of P. With this in mind, the result of
Goldstein et al. [9, Theorem] implies the following corollary:

Corollary 1.1. Let p be a prime and P be a Sylow p-subgroup of a finite group G. Let
G have exactly one irreducible character whose degree is divisible by a prime p. Then
P’ is subnormal. Suppose that one of the following holds:

(a) G is p-solvable;

(b) G has no composition factor isomorphic to PSLa(q), ¢ =p’, f > 2 or My;.
Then |P/O,(G)| < p.

The case when G =2 PSLy(q), ¢ = p’, f > 2is an exception since G has one irreducible
character of degree divisible by p, the Steinberg character, but |P| = p/. The other
exception My; is when p = 3.

Solvable groups in Problem 1 have Sylow p-subgroups P that are almost normal in
the sense of Corollary 1.1, that is, P/O,(G) is cyclic of prime order (see [15, Theorem
BJ). We extend this to general finite groups and obtain our first result below.

Theorem A. Let p be a prime and P be a Sylow p-subgroup of a finite group G. Let G
have exactly one p-singular vanishing conjugacy class. If p > 3, then P’ is subnormal.
Suppose that one of the following holds:

(a) p # 3 and G is p-solvable;
(b) p > 3 and G has no composition factor isomorphic to PSLy(q), with ¢ = p’,
f=2
Then |G/ O,(G)| < p.

We remark that since, using the classification of finite simple groups, 2-solvable groups
are solvable, the result follows from [15, Theorem B] when p = 2. The case when p = 3
and G is 3-solvable depends on the following question:

Is it true that if a 3-element x of a 3-solvable group G is non-vanishing, then x €
F(G)?

If this is true, then the condition in Theorem A(a) that p # 3 is not needed. Note
that the question above is true if we replace 3 with any p > 5 by [5, Theorem A], even
without the condition that G is p-solvable.

Since p € {2,3} has been excluded in at least one of the conditions of Theorem A,
we have the following result:

Theorem B. Let p € {2,3} and P be a Sylow p-subgroup of a finite group G. Suppose
that G has exactly one p-singular vanishing conjugacy class. Assume that:

(a) G is not p-solvable for p =3, and

(b) G has no composition factor isomorphic to PSLa(q) with ¢ = p/, f > 2.
Then the following holds:

() 1 p =2, then [P/ O,(G) < p"

(ii) If p = 3, then |P/O,(G)| < p*.

The examples of the extremal bounds come from A;. Note that in Theorem A, P’
is subnormal when p > 3. It would be interesting to know that if G has n p-singular
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vanishing conjugacy classes for some prime p > 3, is there a function f(n) such that
P/ is subnormal in G, where P® is the ath derived group of P?

Dolfi et al. [6] showed that if all the p-elements of G are non-vanishing, then G
has a normal Sylow p-subgroup. This was generalised in [8] when they proved that N
is normal subgroup of G whose p-elements are all non-vanishing in G, then N has a
normal Sylow p-subgroup. We consider solvable groups which has exactly one vanishing
conjugacy class consisting of p-elements.

Theorem C. Let p be an odd prime and P be a Sylow p-subgroup. If G is a solvable
group which has exactly one vanishing conjugacy class consisting of p-elements, then
[P/ Oy (G)| < p.

Our notation is standard is mainly taken from [11]. We shall recall some notation
when it seems necessary.

2. PRELIMINARIES

In this section, we collect some results that we need for the proofs of the theorems
above. We start off with a sufficient condition for a subgroup to be Frobenius group.
Recall that for a subset A of G, kg(A) denotes the number of conjugacy classes of G
contained in A.

Lemma 2.1. Let H and K be normal solvable subgroups of a finite group G such that
1< K< H. If k((H\K) =1 and ged(|H:K|,|K|) = 1, then H is a Frobenius group
with kernel K and a complement of prime order.

Proof. Since kq(H\K) =1, we have that H/K is a chief factor of G. This means that
H/K is an elementary abelian group of order ¢* for some prime ¢. Since ged(|H: K|, |K|) =
1, it follows that H\K contains elements of the same order and hence are elements of
order ¢q. Let @ be a Sylow g-subgroup of H. Then H = KQ and @ = H/K. Note
that for any element g € Q\{1}, Cy(g) = Q. Hence, H is a Frobenius group with an
abelian complement (). Therefore @) is a cyclic group of order q. O

The next lemma shows that every element of odd order of an almost simple group
outside the simple group is a vanishing element.

Lemma 2.2. Suppose that S <G < Aut(S), where S is a nonabelian simple group. Let
x € G be an element of odd order. If x € G\S, then is a vanishing element of G.

Proof. Using [5, Lemma 2.1] and [5, Theorem 2.3], if x is non-vanishing, then = € S.
Hence the result follows. i

Theorem 2.3. [5, Theorem A] Let G be a finite group and x be an element whose order
is coprime to 6. If x is a non-vanishing element of G, then x € F(G).

The existence of p-defect zero characters is guaranteed in finite simple groups G for
all primes p > 5 dividing |G].

Lemma 2.4. [10, Corollary 2.2] Let G be a non-abelian finite simple group and p be a
prime. If G is a finite group of Lie type, or if p = 5, then there exists x € Irr(G) of
p-defect zero.

We have the following result which gives a sufficient condition for a finite group to
have p-singular vanishing elements when a normal subgroup has an irreducible character
of p-defect zero.
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Lemma 2.5. [2, Lemma 2.2] Let G be a finite group, N a normal subgroup of G and
p a prime. If N has an irreducible character of p-defect zero, then every p-singular
element of N is a vanishing element in G.

3. p-SOLVABLE GROUPS

In this section we prove Theorem C and part of Theorem A.

Proof of Theorem C. Let C the conjugacy class. We may assume that P is not
normal and so C ¢ O,(G). Consider G/O,(G) = G. If N = N/O,(G) = 0,(G) # 1,
then O,(G) < N, a normal p-subgroup of G, a contradiction.

Let O,(G) < H, K be normal subgroups of G such that H/K is a chief factor of G
and C C H\K. Hence H/K is a chief factor of G and C C H\K. Since kg(H\K) = 1
and ged(|H/K|,|K|) = 1, we have that H is a Frobenius group with kernel K and a
Frobenius complement of order p by Lemma 2.1. The result then follows. O

Theorem 3.1. Let p # 3 be a prime and P be a Sylow p-subgroup of a finite group G.
Suppose that G has exactly one p-singular vanishing conjugacy class. If G is p-solvable,
then |P/O,(G)| < p.

Proof. Let C be the p-singular vanishing conjugacy class of G. If C does not consists of
p-elements, then G is a normal Sylow p-group using [6, Theorem A]. We may assume
that C contains p-elements.

If G is solvable, the result follows by [15, Theorem B]. Suppose that G is non-solvable.
If p = 2, then G is solvable, so we may assume that p > 5. Since the vanishing prime
graph of G is disconnected, by [7, Theorem B], there exist normal subgroup M and
N such that N is the solvable radical of G, M/N is simple and G/N is almost simple
group. Moreover, since G is p-solvable, either C C N or C C G\ M.

Suppose that C € N. By Lemma 2.2, p 1 |G:M| and so p { |G:N|. Note that all
the p-elements outside O,(G) are vanishing elements contained in C by Theorem 2.3.
There exists normal subgroups H, K of G such that C = H\K, H/K is a p-group and
0,(G) < K. If K = O,(G), then H is the Sylow p-subgroup of G and the result follows.
We may assume that O,(G) < K. Then kg(H\K) = 1 and ged(|H:K]|, |K|) = 1 where
S = 5/0,(G). Using Lemma 2.1, H/O,(G) is a Frobenius group with kernel K/O,(G)
and H/K is of order p. The result then follows.

Suppose that C € G\M. We note that G/M is solvable. Since all the p-elements
in N are non-vanishing, we have that N has a normal Sylow p-subgroup by [8, The-
orem A]. It is sufficient to show that a Sylow p-subgroup of G/M is cyclic. Let us
consider Out(M/N). Since G is p-solvable, p 1 |[M/N|. Let M/N be either a sporadic
simple group, an alternating group A,, n > 5, n # 6 or the Tits group ?F4(2)’. Then
|Out(M/N)| = {1,2} and the result follows since p > 5. We may assume that M/N
is a finite simple group of finite of Lie type. Then |Out(M/N)| = dfg, where d is the
order of diagonal automorphisms, f, field automorphisms and g, graph automorphisms
with some exceptions (see [4, pages xv-xvi]). Since pt |[M/N]|, p{d. Also pt g and so
p | f. Since the group of order f is cyclic, our result follows. O

4. ALMOST SIMPLE GROUPS

In this section we show Theorems A and B hold for almost simple groups. We begin
by looking at almost simple groups whose socle is a sporadic simple group.
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Theorem 4.1. Let G be a finite almost simple group whose socle is a sporadic simple
group or the Tits’ group *F4(2)'. Let P be a Sylow p-subgroup of G for some prime
p. If G has exactly one p-singular vanishing conjugacy class, then P is cyclic of prime

order.
Proof. Using the Atlas [4], we have that our result. O

We consider non-abelian simple groups with some properties that are sufficient for
the corresponding almost simple to have exactly one p-singular vanishing conjugacy
class but with |P| > p®. A problem of a similar flavour was considered in [13, Theorem
1.2] and [14, Theorem 1.1].

Theorem 4.2. Let M be non-abelian simple group which is either an alternating group
or a finite simple group of Lie type with the exception of the Tits’ group *F4(2). Let P
be a Sylow p-subgroup of M for some prime p. Suppose that the following holds:

(a) all the p-singular vanishing conjugacy classes of M consists of elements with the
same p-power order;

(b) the number of p-singular vanishing conjugacy classes of M is at most the size
of the outer automorphism group of the group M ;

(c) P is not cyclic.

Then one of the following holds:

(i) p=2 and M = Ay;

(ii)) p=3 and M = Az;

(iii) M = PSLy(q) where ¢ = p’, p a prime and f > 2 an integer.

Proof. Suppose that M is an alternating group A,,, 7 < n < 10. Then the result follows
using the Atlas [4].

Assume that n > 11. First let p > 5. Let p +3 < n. Then M has elements of order
3p. Hence M has vanishing elements of order p and 3p. Note that these elements are
also vanishing elements of any almost simple group with socle M by Lemma 2.5. The
result follows. We may assume that M = A,, A,.; or A,;2. Then a Sylow p-subgroup
of M is cyclic and so M does not satisfy (c). If p = 2, then since n > 11, M has elements
of 10 and 14. If p = 3, then M has elements of order 15 and 21. In all cases, these are
vanishing elements of M which are also vanishing elements of any almost simple group
with socle M by Lemma 2.5.

Suppose that M is a finite group of Lie type. Note that all the elements of M are
vanishing elements of M which are also vanishing elements of any almost simple group
with socle M by Lemma 2.5. Assume that p = 2. If M has elements of order 2r, for
some odd prime r, then the result follows since M has vanishing elements of orders 2 and
2r. So we may assume that the centralizer of every involution contained is a 2-group.
It follows from [17, III, Theorem 5] that M is isomorphic to one of the following groups:
PSLy(p), where p is a Fermat or Mersenne prime, PSL3(4) or 2By(2*™*1), m > 1. In
the case when M = PSLy(p), where is Fermat or Mersenne prime, then its Sylow 2-
subgroups are cyclic. If M = PSLz(4) or M =2B,(2*™!), then M has elements of
order 2 and 4.

We may assume that p > 3. We first suppose that M = PSLs(q), ¢ = 7/, f is a
positive integer. Then its structure and character table is known. If p # r, then a Sylow
p-subgroup of M is cyclic. If p = r, then M has two conjugacy classes with elements
of order p. These are the only p-singular elements. Since |Out(M)| > 2, we have that
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M satisfies properties (a) and (b) of the hypothesis. If f > 2, then a Sylow p-subgroup
of M is not cyclic and the result follows.

Suppose that M = PSL,(q) or PSU,(q), ¢ = v/, withn > 3 and ¢ > 3 or n > 4
and ¢ > 2. If p = r, then the result follows by [18, Theorem 1]. We may assume that
p # r. The orders of the maximal tori for M are well knov%n. If p divides ¢™ £+ 1, where
T EL ivides [T] and |T
ged(n, g £1)
is divisible two distinct primes. Hence the result follows since M contains the at least
two p-singular elements of distinct orders. If p diviiei q" £ 1, then there exists a torus

qn
(n—1)ged(n,g+1)

n; < n, then there exists a torus 7" of M such that

T, the Singer cycle, such that p divides = |T|. Since T is cyclic,

property (c) is not satisfied.

Suppose that M € {PSp,(q) | ¢ = 4} U {PSp,,(q) [ n = 3} U{PSO21(q) [ n =
3} U {PSO3, (q) | n > 4}. If p = r, then the result follows by [18, Theorem 1]. Assume
that p divides |T'| for some maximal torus 7" of M. Now either |T| divisible by two
distinct primes or T is cyclic. In the first case M is has two p-singular elements of
distinct orders and in the second case a Sylow p-subgroup is cyclic. In both cases
property (a) or (c) is not satisfied.

Suppose that M is an exceptional finite group of Lie type. Consider M =22B,(8).
The result follows using the Atlas [4]. Assume that M =?By(¢?), ¢* = 2*"* with n, a
positive integer. Then all the odd Sylow subgroups of M are cyclic. Hence M does not
satisfy property (c).

Suppose that M 222Gy (q¢?), ¢* = 3?"*! with n, a positive integer. Then all the Sylow
[-subgroups for [ # 2,3 are cyclic. Hence Sylow p-subgroups of M are cyclic. For p = 3,
we have that M has elements of order 6 and so does not satisfy (a).

Suppose that M =2F,(¢%), ¢> > 2. Then for every prime divisor [ of |*F4(¢?)],
there exists an [-singular element of 2F4(¢?) whose order is divisible by two distinct
primes with the exception of possibly prime divisors of ¢* + v/2¢® + ¢* + v/2¢ + 1 and
¢*—V2¢°+¢* —v/2q+1. Now, for any prime divisor I # 3 of the two exceptions, Sylow
l[-subgroups are cyclic. In all cases, either M has two p-singular elements of distinct
orders or Sylow p-subgroups of M are cyclic.

Suppose that M = Gy(q), ¢ > 2. Then the maximal tori of M are well known. If
p divides ¢ — 1, then there exist p-singular element whose order is divisible by two
primes. So M has two p-singular elements of distinct orders. If p divides ¢*> £ ¢ + 1,
then Sylow p-subgroups of M are cyclic.

Suppose that M =3D,(q), ¢ > 2. Considering the maximal tori of M, for every prime
divisor [ of | M|, either there exists an I-singular element whose order is divisible by two
distinct primes or Sylow [-subgroups are cyclic.

Suppose that M = Fy(q), ¢ > 2. Considering the maximal tori of M, we have that
for every prime divisor [ of |M]|, there exists an [-singular element of M whose order is
divisible by two distinct primes except possibly prime divisors of ¢* — ¢®> + 1. In this
exception case, the Sylow [-subgroups of M are cyclic.

Suppose that M = Eg(q), ¢ = 2 or ?E¢(q), ¢ = 2. The orders of maximal tori of M
are known. We have that for every prime divisor [ of |M]|, there exists an [-singular
element of M whose order is divisible by two distinct primes except possibly prime
divisors of ¢° & ¢3 + 1. In this case, the Sylow [-subgroups of M are cyclic.

Suppose that M = Ez(q), ¢ > 2. If ¢ = 3, then every prime divisor [ of |M]|, there
exists an [-singular element of M whose order is divisible by two distinct primes except
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for 757 and 1093 which are primes. If ¢ # 3, then every prime divisor [ of |M]|, there
exists an [-singular element of M whose order is divisible by two distinct primes.
Suppose that M = Eg(q), ¢ = 2. We have that for every prime divisor [ of | M|, there
exists an [-singular element of M whose order is divisible by two distinct primes except
10 _ 5 10, .5 10
. ) .. —q¢°+1 +q¢°+1 +1
possibly prime divisors of q 5 q , q 5 q . ¢ —q¢*+1and g 5 . In these
¢ —q+1 ¢F+q+1 ¢ +1
cases, the Sylow [-subgroups of M are cyclic. O

Theorem 4.3. Let P be a Sylow p-subgroup of a finite almost simple group G for some
prime p. Suppose that G has exactly one p-singular vanishing conjugacy class. If the
socle of G is not isomorphic to PSLa(q), where ¢ = p/, f > 2, then one of the following
18 true:

(a) P is cyclic;

(b) G = A7, p=2 and |P| = 23;

(c) G2 A7, p=3 and |P| = 3%

Proof. Let M be the socle of G. If M is a sporadic simple group or the Tits’ group
*F4(2), then the result follows by Theorem 4.1. We may assume that that M is an
alternating group or a finite simple group of Lie type with the exception of the Tits’
group 2F4(2). Suppose that either the p-singular vanishing conjugacy classes of M
consists of elements which do not have the same p-power order. Note that by the proof
of Theorem 4.2, these are vanishing elements of G. Then G has p-singular vanishing
elements of distinct orders, a contradiction. Suppose that the number of p-singular
vanishing conjugacy classes of M is more than the size of the outer automorphism
group of the group M. Then G has more than two p-singular vanishing conjugacy
classes. Hence using Theorem 4.2 and its proof, if P is not cyclic we only need to
consider groups G with socle M such that M = A;. Since S; has vanishing elements
of order 2, 3 and 6, it follows that S; does not satisfy the hypothesis. If G = A, then
using the character table in the Atlas [4], we have the above cases. Hence the result
follows. U

5. PROOFSs OoF THEOREMS A AND B

Proof of Theorem A. If p # 3 and G is p-solvable, then |P/O,(G)| < p by Theorem
3.1. We may assume that p > 3 and G has no composition factor isomorphic to PSLs(q),
where ¢ = p/, f > 2. We may also assume that G is not p-solvable. Note that the
vanishing prime graph of G is disconnected. Using [7, Theorem B, there exists normal
subgroups M and N of G such that M/N is a non-abelian simple group, G/N is an
almost simple group and N is a solvable radical of G. Since G is not p-solvable, p
divides |M/N| and so M/N has p-singular vanishing elements by Lemma 2.5. This
means that N has no vanishing elements which are p-singular. Using [8, Theorem A],

we have that N has a normal Sylow p-subgroup. Considering G /N, we have also have
that |[PN/N| < p by Theorem 4.3. Hence |P/O,(G)| < p as required. O

Proof of Theorem B. Note that the vanishing prime graph of G is disconnected.
Using [7, Theorem B], there exists normal subgroups M and N of G such that M/N is
a non-abelian simple group, G/N is an almost simple group and N is a solvable radical
of G. Since G is not p-solvable, p divides |M/N|. Observe that M /N has a vanishing
element of order divisible p. By Theorem 4.3, if P is not cyclic, then G/N = A.
Using [8, Theorem A], we have that N has a normal Sylow p-subgroup since N has no
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vanishing elements which are p-singular. Then |PN/N| = p? if p = 2 and |PN/N| = p?
if p = 3. The result then follows. U

[1]

[11]
[12]
[13]

[14]
[15]

REFERENCES

J. Brough, On vanishing criteria that control finite group structure, J. Algebra 458 (2016) 207—
215.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of Finite Groups,
Oxford University, Clarendon Press, 1985.

S. Dolfi, G. Navarro, E. Pacifici, L. Sanus, and P. H. Tiep, Non-vanishing elements of finite
groups, J. Algebra 323 (2010) 540-545.

S. Dolfi, E. Pacifici, L. Sanus, and P. Spiga, On the orders of zeros of irreducible characters, J.
Algebra 321 (2009) 345-352.

S. Dolfi, E. Pacifici, L. Sanus, and P. Spiga, On the vanishing prime graph of finite groups, J.
London Math. Soc. (2) 82 (2010) 167-183.

M. J. Felipe, N. Grittini and V. Sotomayor, On zeros of irreducible characters lying in a normal
subgroup, Ann. Mat. Pura Appl. 199(5) (2020) 1777-1787.

D. Goldstein, R. M. Guralnick, M. L. Lewis, A. Moreté, G. Navarro and P. H. Tiep, Groups with
exactly one irreducible character of degree divisible by p, Algebra Number Theory 8(2) (2014)
397-428.

A. Granville, K. Ono, Defect zero p-blocks for finite simple groups, Trans. Amer. Math. Soc. 348
(1996) 331-347.

I. M. Isaacs, Character Theory of Finite Groups, Rhode Island, Amer. Math. Soc., (2006).

I. M. Isaacs, G. Navarro, T. R. Wolf, Finite group elements where no irreducible character
vanishes, J. Algebra 222 (1999) 413-423.

S. Y. Madanha, On a question of Dixon and Rahnamai Barghi, Comm. Algebra 47(8) (2019)
3064-3075.

S. Y. Madanha, Zeros of primitive characters of finite groups, J. Group Theory 23 (2020) 193
216.

S. Y. Madanha, On the orders of vanishing elements of finite groups, J. Pure Appl. Algebra 225
(2021) 106654.

M. Suzuki, Finite groups with nilpotent centralizers, Trans. Amer. Math. Soc. 99(1961) 425-470.
J. S. Williams, Prime graph components of finite groups, J. Algebra 69(1981) 487-513.

DEPARTMENT OF MATHEMATICS AND APPLIED MATHEMATICS, UNIVERSITY OF PRETORIA, PRE-
TORIA, 0002, SOUTH AFRICA
Email address: sesuai.madanha@up.ac.za



