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Summary

The aim of the dissertation was to conduct a literature study on mathematical
modelling, numerical computation and mathematical analysis of a linear and
nonlinear Timoshenko model for the vibration of a rod. In this dissertation
the word “rod” is used as a collective name for beams, cables and columns.

The general linear existence theory was stated and applied to a linear rod
model with axial force (the adapted Timoshenko rod model). In order to
do this, the model considered was written in weak variational form and the
required properties shown to hold. It was discovered that, assuming the axial
force S is constant, a critical value for S exists such that if S is less than its
critical value, then the required properties of the theory do not hold.

The spectral theory for a linear rod model was extended to include an axial
force for any combination of three boundary conditions, where S is greater
than its critical value. This was done while improving on the rigour of the
exposition in Van Rensburg and Van der Merwe (2006). The eigenfunctions
for a pinned-pinned rod were then calculated and used to generate a series
solution. In the case where S was not greater than this critical value, a
formal series solution was investigated.

The finite element method (FEM) was then applied to the adapted Timo-
shenko rod model with pinned-pinned boundary conditions and the conver-
gence investigated. The first five eigenvalues in the increasing sequence were
calculated using the spectral theory and a critical value for S was approxi-
mated. For illustrative purposes, the approximations found using FEM were
then compared to the results of the series solution.

The semi-linear Timoshenko rod model of Sapir and Reiss (1979) with pinned-
pinned boundary conditions was then studied. The problem was written in
variational form to apply FEM to the semi-linear model and an original al-
gorithm was derived. The results were compared to those of the linear model
for small initial displacement where the axial force neared its critical value.
Approximations where the axial force surpassed the critical value of the linear
model were also investigated. An interval for a critical value of the nonlin-
ear model (less than that of the linear model) was found. This discovery is
contrary to the popular belief that the critical values for linear and nonlinear
models are equal.

Peradze and Kalichava (2020) also constructed an algorithm for the semi-
linear problem. Three separate estimates were found for the algorithm and
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then added to form a “total error estimate”. The structure and readability
of the article was improved upon and inconsistencies identified.

The existence theory for the Sapir-Reiss semi-linear Timoshenko rod model
presented by Ammari (2002) was shown to be incomplete and contain crucial
errors. Some of the identified errors and exclusions were rectified.

In the articles studied, improvements were made regarding the presentation
of the work, connections established, and the integrated result written up.
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Chapter 1

Introduction

1.1 Mathematical models for the motion of a
rod

Beams, cables, columns and rods are mentioned in the title of the disserta-
tion. The terminology is well understood in the engineering literature and
Applied Mathematics where the focus is on real world applications and indi-
cates that application is important. The expression “analysis of” is to make
it clear that the approach is mathematical.

In this dissertation, “rod” is used to refer to a one-dimensional continuum
following, for example, [Ant96] and [LA12]. This implies that “rod” is a
collective name for beams, cables, columns etc. In [LA12], Lang and Arnold
highlight the importance of rod models in industrial and engineering appli-
cations.

The Cosserat model is the most general geometrically exact rod model. An
important special case is the local linear Timoshenko model in [VDL21]. In
this dissertation our attention is restricted to linear and semi-linear Timo-
shenko models for small oscillations. Simplified theories such as the Euler-
Bernoulli theory are possible, but are not considered. An important objective
of the study is the comparison of different models for the same application
by theoretical analysis as well as simulation using the finite element method.

To model the motion of a rod, one must first describe the rod in mathematical
terms. Consider, for example, a cylinder with length ¢ and radius a. Using

1
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coordinates, it is possible to identify each point in the beam and its axis is
well defined. Cross-sections may also be rectangular or any other shape as
long as the axis passes through the centroids. Such a rod is called prismatic.
When the diameter of the cross-sections are small compared to its length,
the rod is modelled as a one-dimensional continuum.

The interval [0, /] is the reference configuration for the motion of a rod in
space. The current configuration (real position at any time) is then deter-
mined by six scalar functions or two vector functions: 7(x,t) is the position
of x € [0, /] at time ¢ and n(z, t) is the orientation of a cross-section at time t.

So called equations of motion can be derived from conservation laws of mo-
mentum and angular momentum, but this is beyond the scope of this study.
These equations of motion can be found in [Ant96], [LA12] and [VDL21], for
example.

This work is restricted to small planar oscillations of a rod. Let {éj, és,é3}
denote an orthonormal set “fixed in space” forming a right-handed triad. To
describe the motion, a reference position is also needed. For this the line
segment joining the zero vector and fé; is used. The position of = in the
reference configuration at time ¢ is given by

7(z,t) = u(z, t)e; + w(x, t)eés.
The rotation of a cross section is described by ¢(z,t).

In Sections 1.2 and 1.3, the mathematical models are introduced.

1.2 The Timoshenko theory

1.2.1 The original Timoshenko model

Consider the original Timoshenko model for a beam. Details on the deriva-
tion of the model can be found in [Tim37, pp.337-338], [Fun65, pp.323-324]
and [Inm94, pp.337-338].

In the equation below, w(z,t) denotes the transverse displacement or de-
flection of the rod’s axis and ¢(x,t) the angle of rotation of a cross-section
(assuming plane cross-sections remain plane). In textbooks, sketches are
used to define w(z,t) and ¢(z,1t).
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Equations of motion

pAPw = 0,V + P, (1.2.1
pldi¢ = V + 0, M. (1.2.2

~— ~—

In these equations p denotes the density, A the area of a cross section, [
the area moment of inertia, M the moment, V' the shear force and P the
transverse load.

Constitutive equations

M = EId,¢, (1.2.3)
V o= AGK(0,w — &),

where E and G are elastic constants and x? the shear correction factor.
Dimensionless form
The length of the beam is denoted by ¢. Set

t oz . _ w(w,t)
Ta €_Z> UJ(f,T)— /

T = and ¢*(&,7) = ¢(x,1),

where T' is to be specified. Following [VV06], the forces, force densities and
moments are then scaled by AGk?, AGk*(~! and AGK?{ respectively. That
is,

(P(x,t) V(z,t) M (x,t)
(fa T) AGHL2 ) Vv (éa T) AGKJQ and (57 T) AGK}2€
The following dimensionless constants are introduced:
A2 AGR*(?
o= a and (= T

Lastly, choose (as in [VV06])

[ p
T = —_
¢ GK?

From this point onward, the notation V', M, P, w and ¢ is used instead of V'*,
M*, P*, w* and ¢* respectively. The equations of motion and constitutive
equations then form the Timoshenko model. This is referred to as Model T,
which can be applied to “beams”, “cables” and even “wires”.
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Model T Find w(z,t) and ¢(x,t) such that

Fw = 0,V + P, (1.2.5)
é$¢= V +0,M, (1.2.6)
M = %@@ (1.2.7)
V = O,w— ¢. (1.2.8)

Three sets of boundary conditions are considered for the model.
Pinned-pinned rod:

w(0,t) = 0,0(0,t) = w(l,t) = d,¢(1,t) = 0, (1.2.9)
Cantilever rod:
w(0,t) = ¢(0,t) = 0,¢(1,t) = d,w(1,t) — p(1,¢) = 0, (1.2.10)
Clamped-clamped rod:
w(0,t) = ¢(0,t) = ¢(1,t) = w(l,t) = 0. (1.2.11)
If the load P = 0, then w = ¢ = 0 is an equilibrium solution for the model.

It should be noted that g = GT“Q Also, k? € [%, 1] and therefore v = g €
[, 3] (see for example [LVV09] where references are provided). Significant
variation is possible for the constant a and thus also for 5.

For theoretical purposes it is necessary to assume that o > [ > 1 (see
Section 2.3). This also happens to be realistic from a physical perspective.
Elementary calculations show that, even for § = 2, no one will consider
the relevant object to be a beam (or cable). On the other hand, it will be
shown that § cannot be too large since a beam is supposed to resist bending
effectively. For a cable, § (and therefore o)) can be large and the simpler
Euler-Bernoulli model may be used.

1.2.2 Axial force

The equation of motion for longitudinal vibration is given by

pAdiu = 0,5+ Q, (1.2.12)
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where u is the displacement, S is the axial force and @) the axial load (see
for example [Inm94]).

Using Hooke’s Law in its simplest form yields the constitutive equation
S = AFEJd,u. (1.2.13)

For the dimensionless form, the force S is scaled in exactly the same way as
the force V' in the previous section. Hooke’s Law then becomes

s=tou (1.2.14)
Y

The other constitutive equations are the same as for the standard Timo-
shenko model.

In Equation (1.2.1) for the standard Timoshenko model, it is tacitly assumed
that the shear force V is equal to the transverse force. However, due to
the bending of the rod, the axis becomes curved (and is referred to as the
deflection curve). It is hence more realistic to assume that the transverse
force F' is given by

F = Ssinf 4+ V cos ¥,

where 6 is the rotation of the tangent vector. For a linear model and some
nonlinear models, it is assumed that 6 is sufficiently small to justify the
assumption sin § = d,w and cos @ = 1. (See, for example, [SR79] and [LL9I1].)
Consequently,

F=S0,w+V.

The dimensionless equations of motion for a Timoshenko rod with axial force
are given below.

Model T-AF
Ofu = 0,8 +Q, (1.2.15)
O*w = 0, (S0,w)+ 0,V + P, (1.2.16)
1
aaqu = V+9,M. (1.2.17)

The constitutive equations are (1.2.7), (1.2.8) and (1.2.14).

The boundary conditions for the standard Timoshenko rod (1.2.9), (1.2.10)
and (1.2.11) remain. Boundary conditions for the displacement u are re-
quired. For the pinned-pinned rod as well as the clamped-clamped rod they

are
u(0,t) =0, wu(l,t) =D, (1.2.18)
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with D given. For the cantilever rod the boundary conditions are

u(0,t) = O,u(1,t) = 0. (1.2.19)

1.2.3 Adapted Timoshenko model

Equation (1.2.15) decouples from the rest of the system since it is the one-
dimensional wave equation and together with the standard boundary condi-
tions the system is “well formulated”. Once this problem is solved, S and u
are known. Consequently, the transverse vibration may be considered, but
note that S is now a “time dependent” parameter. This variant is not con-
sidered in the present study. However, in some realistic applications, 0;Q) = 0
and then 0,5 = 0 if there is no dynamic boundary forcing. Equation (1.2.15)

then reduces to
B ds L0
- dx ’

This equation, together with the boundary conditions above, determine S
and u uniquely. The model is referred to as the adapted Timoshenko theory.

D
If @ = 0 for a rod with boundary conditions (1.2.18), then S = —, a con-
Y

0

stant. This constant is denoted by Sy and can be positive or negative. (This
case is often referred to as a pre-stressed rod.) In [CVV18], the case where
Sp is positive and “large” is studied.

Model AT

Equations of motion

Rw = 0,(S0,w)+ 0,V + P, (1.2.20)
éat% = V+0,M. (1.2.21)

with constitutive equations

M= %c%gb, (1.2.22)
Vo= o (1223

The three sets of boundary conditions are the same as for the Timoshenko
model.
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Pinned-pinned rod:
w(0,1) = 8,0(0,1) = w(l,t) = Ay(1,t) =0, (1.2.24)
Cantilever rod:
w(0,t) = ¢(0,t) = V(1,t) = M(1,t) =0, (1.2.25)
Clamped-clamped rod:
w(0,t) = ¢(0,t) = w(l,t) = ¢(1,t) = 0. (1.2.26)

It is important to note the fact that Model T is a special case of Model AT,
where the force S = 0.

1.2.4 Damping

Although damping terms are included in some of the relevant publications,
damping is not the main concern in this study. Different constitutive equa-
tions to model damping are found in the literature, where [Inm94] is a useful
reference. Viscous damping is a possibility: The “load” P in (1.2.20) is then
due to damping and is replaced by —pui0,w for some gy > 0. Another possi-
bility is strain rate damping, where (1.2.22) changes to M = %&Cgb + p20;0,¢
with e > 0. Strain rate damping will not be considered in this dissertation.

In [Amm02] a damping term of the form —p30;¢ is introduced in (1.2.21). No
explanation is given, which makes one sceptical. However, in the mathemat-
ical analysis the type of damping does not matter provided that it dissipates
energy (see Section 2.5). For the sake of comparison, the same damping
terms as [AmmO02] are included. It is assumed that p; and p3 may be zero.

1.3 Nonlinear Timoshenko rod models

1.3.1 Semi-linear Timoshenko rod model

Recall the Timoshenko model for a rod with an axial force (Model T-AF).
For the nonlinear theory, the axial force S is given by

S=FEA(0,s—1), (1.3.1)
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where s is the arc length function. In dimensionless form, S is rewritten as
1

S=—(0,s—1). (1.3.2)
v

The constitutive equation for S is then found by approximating s. The
approximation

1
0,5 — 1~ O,u+ 5 (89;11})2
is often used (see for example [SR79], [LLI1] or [VDL21]).
Model SLT

Equations of motion

Pw = 0,(S0,w)+ 9,V + Py, (1.3.4)
éat% = V4 0,M, (1.3.5)

with constitutive equations

M o= %am (1.3.6)

V o= O,w— o, (1.3.7)
1 1

S = —0,u+ —(d,w)? 1.3.8
N 27( ) ( )

The three sets of boundary conditions considered are the same as for Model T-
AF. Tt is important to note that in [SR79] only pinned-pinned boundary
conditions are considered.

1.3.2 Semi-linear Timoshenko beam of Sapir and Reiss

In [SR79] the authors consider the case where the axial load density @ is
zero. Two additional assumptions are made:

0w =0 and 9,5 = 0. (1.3.9)

It follows that fol S(t) = S(t), and hence

S(t) = %u(l,t) + %/0 (-, )2, (1.3.10)
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The boundary conditions (1.2.18) for u are now redundant, but D = u(1)
now becomes a parameter in the constitutive Equation (1.3.10). That is,

S(t) = g + %/ (Opw(-,1))>. (1.3.11)

Alternatively, one may use the axial force Sy = D/~ as a given parameter.
Model SLT is thereby simplified.

Model SLT-SR Equations of motion

ofw = So*w+9,V, (1.3.12)
é@fqﬁ = V+0.M, (1.3.13)
with constitutive equations
M = %89@, (1.3.14)
V = 0,w— ¢, (1.3.15)
S = So+% 1(agcw(-,t))z. (1.3.16)

The boundary conditions for the rod are

w(0,t) = 0,¢(0,t) = w(l,t) = 0, ¢(1, ) (pinned-pinned), (1.3.17)
w(0,t) = ¢(0,t) = w(l,t) = ¢(1,t) = (clamped—clamped). (1.3.18)

The model was first derived from two-dimensional elasticity in [SR79], but
in this dissertation it is considered as one of the special cases in [VDL21]. In
[SR79] only pinned-pinned boundary conditions are considered and only the
case where Sy < 0. In the article, the motion of a buckled rod is analysed.

Remark. The report [VDB16] was consulted to write Sections 1.2 and 1.5.
An improved version of this report is the article [VDL21], which appeared
recently.

1.4 Mathematical analysis and computation

The aim of this research is to study a number of model problems for par-
tial differential equations with the same real world application. The study
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includes existence theory, spectral theory, finite element (FEM) analysis and
implementation.

The articles [VV06], [CST16], [CVV18], [PK20] and [AmmO02] were initially
chosen to be the main sources for the study. As expected, other sources were
needed as the research progressed.

The existence of solutions for the linear models T and AT was to be proved
using the general theory in [VV02]. The proofs in the article itself were not
to be studied in depth, but rather the applicability of the theory.

Modal analysis for linear problems was considered next. In the paper [CVV18]
a rigorous basis for modal analysis is provided using results from functional
analysis. It was thought that this should be applied to Models T and AT. In
the articles [VV06] and [CST16], natural frequencies and modes of vibration
for the standard Timoshenko rod (Model T) were derived.The purpose of this
study was to compare the articles, evaluate the level of rigour and investigate
the extension of the results to Model AT.

Application of FEM to the linear models was planned and hence it was
natural to investigate convergence. For this purpose the paper [BV13]| was
identified.

The model presented in [SR79] was of great importance for the study be-
cause although it is not linear, the application is the same as for Model AT.
It is significant that the semi-linear model SLT-SR differs “slightly” from
Model AT. The main difference is the term containing the integral of (9,w)?,
which should be negligible for small vibrations. The authors of [SR79] were
interested in properties of solutions, especially buckling and post-buckling
behaviour. For this research the main concern was existence, FEM analysis
and application as well as comparison to the linear model, Model AT.

[ order to carry out FEM analysis of the nonlinear model, the article [PK20]
was chosen. In it the authors present an algorithm to simulate the oscillation
of solutions of Model SLT-SR. They prove that the FEM approximation
converges to the exact solution and derive error estimates.

The biggest challenge was to study the existence theory for Model SLT-SR
in [AmmO02]. In the nonlinear theory one is confronted by mathematical
methods not encountered in the linear theory.



Chapter 2

Analysis of linear vibration
models

In this chapter a general second order hyperbolic problem in variational form
is considered (linear vibration models are special cases). General existence
results from the literature ([VV02] and [VS19]) are discussed as well as the
theoretical foundation for modal analysis in [CVV18]. The standard Timo-
shenko theory is used as an example.

2.1 Variational approach to the Timoshenko
model

Much has been written in books and articles on the Timoshenko rod model.
However, the variational approach to the theory attracted less attention de-
spite certain advantages. The first being that the variational form is effec-
tively the same for all possible homogeneous boundary conditions. Secondly,
there is a single point of departure for the existence theory, FEM theory
and FEM application. Consequently, a detailed treatment of the variational
approach is desirable.

The variational form and weak variational form for Model T in this section
and Section 2.3 can easily be adapted for the Adapted Timoshenko model
and the semi-linear Timoshenko model of Sapir and Reiss ([SR79]) in later
chapters. The weak variational form also serves as a non-trivial motivation

11
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for the general theory in Sections 2.4 to 2.7.

Properties of function spaces are investigated in Sections 2.2 and 2.3 to pre-
pare for the general case in the rest of this chapter as well as other models
in Chapters 3 and 5 to 7.

2.1.1 Timoshenko model problem

The boundary conditions considered in Models T, AT and SLT-SR are

w(0,t) = 0,0(0,t) = w(l,t) = 0,¢(1,t) =0 fort >0, (2.1.1)
w(0,t) = ¢(0,t) = 0,0(1,t) = ,w(1,t) — p(1,t) =0 fort >0, (2.1.2)
w(0,t) = ¢(0,t) = w(l,t) = ¢(1,t) =0 for t > 0. (2.1.3)

Equations (2.1.1), (2.1.2) and (2.1.3) are the boundary conditions for a
pinned-pinned rod, cantilever rod and clamped-clamped rod respectively.

Problem T Given « and S, find w and ¢ such that
Hw = 0,V+P—mmdw in (0,1)fort >0, (2.1.4)
1
aaqu = V+0,M — u30» in (0,1) for t >0, (2.1.5)

with boundary conditions (2.1.1), (2.1.2) or (2.1.3). The accompanying con-
stitutive equations are

1
M = Baxgb in (0,1) fort >0, (2.1.6)
V = 0,w—2¢ in (0,1), fort>0 (2.1.7)
and the initial conditions considered are
w(z,0) wo(x) for € (0,1), (2.1.8)
o(z,0) = ¢o(2) for z € (0,1), (2.1.9)
Ow(x,0) = wy(x) for z € (0,1), (2.1.10)
0ip(x,0) = ¢g(x) for « € (0,1). (2.1.11)

For the classical Timoshenko theory, p; = s = 0. In the rest of the section
this will be assumed. Damping will only be mentioned where relevant.

Remark. The parameters o and 3 are bounded, with a positive infimum and
do not to vary greatly. In order to simplify the theory in this dissertation, «
and B are assumed to be constant. The theory still holds if this assumption
15 not made.
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2.1.2 Variational form

In order to carry out analysis and generate an approximation for a solution
of the model problem, it is necessary to derive the variational form. To
do this, (2.1.4) and (2.1.5) are multiplied by arbitrary functions v; and v,
respectively, where v; and vy are in C'[0,1]. The two equations are then
integrated over [0, 1]. This results in

1 1 1
/ Rwv, = / 0.V, +/ Pv; in (0,1) for ¢t > 0, (2.1.12)
101 i L

/ avgafgb = / VU2+/ 0, Mvy in (0,1) for ¢t > 0. (2.1.13)
0 0 0

The following notation is convenient to define the test functions.

]
]

Also, the set of infinitely differentiable functions with support contained in
(0,1) is notated C§°(0,1). More detail and the definition of “support” can
be found in Appendix A.

T:[0,1] = {ve Yo,
T[0,1] = {vecC,

) = 0}, (2.1.14)

1] | v(1
1] | v(0) = 0}. (2.1.15)

Recall that for f and g in £2(0, 1), fol fg is an inner product on £2(0,1).

Definition. The notation (-,-) is used for the inner product on £2(0,1),

where 1
(f.9) = /0 f9.

The norm for £2(0,1) is induced by (-, -) and notated

IF1I* = (£, £).

Note that if w; and wy are in £2(0,1), then the notation w; = wy implies
equality almost everywhere. A crucial result is that C§°(0,1) is dense in
£2(0,1) [OR76, Theorem 2.7].

The generic notation Tp is used throughout the dissertation to denote the
set of test functions which is specific to given boundary conditions. This
allows for the variational form of different problems to be defined using one
notation. For the boundary conditions mentioned in (2.1.1)-(2.1.3), there are
three variations for Tp:
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Case 1(Pinned-pinned rod) Tp = T1[0,1] x C[0,1];
Case 2(Cantilever rod) Tp = T»[0,1] x T»[0,1];
Case 3(Clamped-clamped rod) Tp = T1[0, 1] x T1]0, 1].

In each case, the variational form only differs in the definition of the set
of test functions Tp. Using integration by parts in (2.1.12) and (2.1.13), it
follows that for every (vy,vq) € Thp,

/01 Fw(-, th, = —/011/(-,75)@’14—/01]3(.’75)”17 (2.1.16)
/01 §83¢(~,t)1}2 = /01 V(- t)vy — /01 M(-, 1)), (2.1.17)

The variational form of Problem T may now be presented.

Problem TV  Given the load P, find (w,¢) such that for each ¢t > 0,
<UJ(',t), ¢(7t)> € TP and for every <Ul7,02> € TP7

/ dfw = —/OIV(-,t)v’1+/01P(-,t)v1, (2.1.18)
/0 Lo2o( tyw, = /01V(-,t)v2—/01M(.,t>v;. (2.1.19)

The accompanying constitutive equations are

1
M = _ax>
3 ¢
V = O,w—¢.

Clearly a solution of Problem T is a solution of Problem TV. It is shown
below that if a solution (w,¢) of Problem TV satisfies certain conditions
then it is a solution of Problem T.

Proposition 2.1.1. If (w, ¢) is a solution of Problem TV and (w(-,t), (-, 1))
is in C?[0,1] x C?[0,1] for t > 0, then (w, d) is a solution of Problem T.

Proof. Suppose that, for each t > 0, (w(-,t), ¢(-,t)) € Tp and

/82 = /Olv )y + /1P( t)vy, (2.1.20)
/Oaa%( thvy = /1V )y — /M (2.1.21)
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for every (vy,vs) € Tp.

Since C§°(0, 1) is contained in T30, 1], T3[0, 1] and C[0, 1], Equations (2.1.20)
and (2.1.21) hold for every v € C3°(0,1) x C§°(0, 1).

After performing integration by parts on (2.1.20) it follows that
1
/(fw@w—mV@w—P@wﬁq:Q
0

Since C§°(0, 1) is dense in £%(0, 1), for each v; € £2(0, 1),

A%fw@w—avmw—P@wynzo

That is,
Otw(-,t) — 0,V (-, t) — P(-,t) = 0. (2.1.22)

Also, after performing integration by parts on (2.1.21) it follows that
b1
[ (etotn - v - amt.0) e = o
0\«

Again by the density of C§°(0,1) in £2(0,1), for each vy € £3(0,1),

1
/ (l@%(-,t) V(1) — ax]\/[(-,t)> v = 0
0 [0
This implies that
é@f(b(-, B = V(- t) — O M(- 1) 0. (2.1.23)

To show that a solution of the system (2.1.22), (2.1.23) satisfies the boundary
conditions, consider Case 2. Note that w(-,t) and ¢(-,t) are in T5[0, 1]. That
1s

w(0,t) = (0, ) = 0. (2.1.24)
It remains to show that d,¢(1,t) = d,w(1,t) — ¢(1,t) = 0.

If (2.1.22) is multiplied by v, € T3]0, 1] and integrated over [0, 1], then, using
integration by parts,

/01 (fw(-,t)vr + V (-, )0} — P(-,t)v1) — V(1,t)v1(1) = 0.
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But w(-, t) satisfies (2.1.20) for ¢ > 0. Therefore, for each v; € T3[0, 1],
V(1,t)v (1) = 0.

From the constitutive equations, V' = d,w — ¢. Also, for v; € T5[0, 1], v;(1)
is arbitrary. Therefore

Byw(1,t) — ¢(1,1) = 0. (2.1.25)

Similarly, if (2.1.23) is multiplied by vy € T3]0, 1] and integrated over [0, 1],
then, using integration by parts,

"1
/ (a(‘?f<b(~,t)vg — V(- t)vg + M(-, t)vg) — M(1,t)ve(1) = 0.
0
But ¢(-,t) satisfies (2.1.21) for t > 0. Therefore, for each v, € T30, 1],
M (1,t)ve(1) = 0.

From the constitutive equations, M = %(‘L(b. Also, for vy € T5[0,1], vo(1) is
arbitrary. Therefore
9p6(1, 1) = 0. (2.1.26)

That is, by (2.1.24), (2.1.25) and (2.1.26), the boundary conditions in Case 2
are satisfied.

The proof that the boundary conditions are satisfied for Case 1 or Case 3 is
similar.

It can therefore be concluded that (w, ¢) is a solution of Problem T. ]

For theoretical purposes, the sum of Equations (2.1.16) and (2.1.17) is used.
(To implement the finite element method this is not done.) Define the fol-
lowing notation.

Bilinear forms For f and g in £2(0,1) x £2(0,1) and u and v in Tp, define
the following symmetric bilinear forms:

cr(f.g) = me)+$(ﬁyg, (2.1.27)
a(f,9) = m (fr,0) + ps(f2, 92) (2.1.28)
br(u,v) = % (ug, vh) + (U] — ug, v] — va), (2.1.29)

(£.9)% = (fug) + (for 92) - (2.1.30)
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Let f(-,t) = (P(-,t),0). Then Problem TV may be written as follows:

Find y = (w, ¢) such that for each ¢ > 0, y(-,¢) € Tp and

cr (81523/(7 Zf),?]) +a (8ty<'7t)7 U) + br (y(-,t),?)) = (f('?t)v U)(2) (2'1'31)

for each v € Tp, where

(w(z,0),¢(z,0)) = (wo(z), do(x)) , (Gpw(z,0),0¢(x,0)) = (wa(z), Pa()) .

The product space £2(0,1)? = £2(0,1) x £2(0, 1) features prominently in the
theory.

Proposition 2.1.2. The bilinear form (-, ~)(2) is an inner product for the
space L£2(0,1)2, which is complete.

Proof. To prove the symmetry, linearity and non-negativity of the bilinear
form is trivial. Suppose f € £2(0,1)? is such that

(f. ) =o.
Since || f1||* + || f2]]* = 0, it follows that f; = f, = 0 a.e. and hence f = 0

a.e.. Therefore the bilinear form satisfies the conditions in the definition of
an inner product. Finally, the cartesian product of two Hilbert spaces is a
Hilbert space. O

The variational problem (Problem TV) is suitable for FEM calculations, but
not for any of the theory. The spaces of test functions are not complete.
In Section 2.3, after discussing Sobolev’s embedding theorem in one dimen-
sion in Section 2.2, further properties of the relevant function spaces will be
derived.

2.2 Sobolev’s embedding theorem

Sobolev space theory is required for the theory in this dissertation (existence
theory, modal analysis and convergence for the finite element method). In
the literature consulted ([OR76], [Sho77] and [Eva98]), weak derivatives and
other properties of functions are presented for functions defined on a subset
of R™. It is usually assumed that functions defined on an interval of the real
line can be treated as a special case. In Appendix A, results of Sobolev space
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theory are given for functions defined on a subset of R", where those defined
on one-dimensional intervals are special cases.

In this section, Sobolev’s embedding theorem is stated and proved because
the one-dimensional case differs from the multi-dimensional case and is im-
portant for the theory in this dissertation. It is shown that for the one-
dimensional case, if a function has weak derivatives up to order m, then it
may be considered to have continuous derivatives up to order m — 1. That
is, if u € H'(0,1), then there exists a unique continuous function v such that
u = v a.e. and v may be considered to be continuous.

Some preliminary results, used in the proofs, are presented first.

Proposition 2.2.1. If f € C[0,1], then

1 lsup < V21 £ (2.2.1)

Proof. Let f be an arbitrary function in C'[0,1]. If f has a zero, then using
the Fundamental Theorem of Calculus and the Cauchy-Schwartz inequality,

1
f@I< [ 171217
0
Therefore the Poincaré type inequality follows:

1/ llsup < LIl (2.2.2)

If f is positive, then it has a minimum m > 0. Let ¢ = f — m. Then the
function g has a zero in [0, 1] and hence ||g||sup < ||¢']| = || f'|l- Therefore

1 llswp < e+ W< WA+ L1

Therefore, using the inequality 2|ab| < a? + b? for real numbers a and b,

(1 fllsup)® < 2011 +201° = 201 £117,

If f is negative, —f may be substituted into (2.2.1). Consequently, (2.2.1)
holds for any f € C[0,1]. O

Proposition 2.2.2. Ifu € H'(0,1) then there exists a unique u* € C[0,1]N
HY(0,1) such that u = u* a.e. and ||u*||sup < V2| ull;-
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Proof. Let u € H*(0,1). Since H'(0,1) is the closure of C''[0, 1] using the
norm || - ||; (see Appendix A), there exists a sequence (g,) C C*[0, 1] such
that

lgn = ully = 0.

This sequence is Cauchy in H'(0,1) and hence Cauchy in (C[0,1], || - [lsup)
from Proposition 2.2.1. But (C0, 1], || - ||sup) is complete. Denote the unique
limit of (g,) in C[0,1] by u*. Then, since || gn — u*|| < ||gn — 1*||sup, it follows
that

lgn — ]| = 0.

Finally, ||g, — u|| — 0 since ||g, — u[| < [|g, — ul[1 and hence u = u* a.e. by
the uniqueness of limits. Since ||g,|lsup < V2||gnl1, it follows that

1 [lswp < V2l

Since any two continuous functions equal almost everywhere are identical,
it follows that u* is unique in C[0,1] N H'(0,1) such that u = u* a.e. and

e llsup < V/2Ju] . O

Definition. For u € C™[0, 1], let

‘uHsup ZHuk HSUP

It is now possible to present the proof of Sobolev’s Lemma and Embedding
Theorem.

Theorem 2.2.1 (Sobolev’s Lemma in one dimension).
If w e C™[0, 1] then
lullss ' < 2v/mllullm. (2.2.3)

Proof. By Proposition 2.2.1, the estimate
(1) < 2[|ut? |2 + 2[[ub+? (2.2.4)

holds for the jth derivative of u, where j < m. Summing over j yields

3

, 2
(Hu(j)”sup) < 4||u||72n (2-2'5)

.
Il
o

m—1

2 m—1
The inequality (Z ||u(j)||sup> mz |0, ||Sup yields (2.2.3). O
7=0

j=0
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Theorem 2.2.2 (Sobolev’s Embedding Theorem in one dimension).
If uw € H™(0,1) then there exists a unique u* € C™10,1] such that u = u*
a.e. and ||Ju*||7=0 < my/2||ul]m.

sup

Proof. Suppose u € H*(0,1).

Since H?(0, 1) is the closure of C?[0, 1] using the norm |- ||» (see Appendix A),
there exists a sequence (u,) C C?[0, 1] such that

lim ||u,, — ulls = 0. (2.2.6)
n—o0
This implies that
nll_{go\|un—u|| = 0, (2.2.7)
lim ||u,, — Du| = 0, (2.2.8)
n—o0
lim ||u! — D?ul| = 0. (2.2.9)
n—oo

By Proposition 2.2.2 there exists a unique u* € C[0, 1] such that u = u* a.e.
and a unique u € C|0, 1] such that Du = 4 a.e..

Since (u,) and (u},) are contained in C'[0,1], it follows by Proposition 2.2.1
that they are Cauchy sequences in (C10, 1], || - ||sup)- Thus,

lim ||up, — V)|sup = 0,, (2.2.10)
n—oo
0. (2.2.11)

. 1 —

nlgrolo [, = w[sup
Hence, by the uniqueness of a limit, v = u* and, by the implied uniform
convergence, w = (u*)". Also, Equation (2.2.11) implies that

lim [ju;, —w|| = 0. (2.2.12)

n—oo

Equations (2.2.8) and (2.2.12) imply that Du = 4 = (u*) a.e. and hence
u* € CY0,1]. Also, from Proposition 2.2.1, |lu,||l, < 2v2|un|l2. Hence

sup

||l < 2v2|luls. This proves that the theorem holds for the case m = 2.

sup

Assume that, for m = 1,2,...,n, if u € H™(0,1) then there exists a unique
u* € C™1[0, 1] such that u = u* a.e. and ||u*]|75" < mvV2||ul|m.

sup

Suppose v € H"™(0,1). Then u € H™(0,1) and there exists a unique
u* € C"710,1] such that u* = w a.e. But Du € H"(0,1) as well. Therefore
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there exists a unique @ € C"[0, 1] such that @ = Du a.e.. That is, & = u*’
(as shown in the case m = 2). It follows that u* € C™[0,1].

Also,

n
sup

= [l + 1™ sy < (0 4+ 1)V2ullnr.

This proves the theorem for m = n + 1. Therefore, by mathematical induc-
tion, the theorem holds for any m € N. [

]

For u € H'(0,1), let u(z) be the value v(x) of the unique continuous function
v which is equal to u almost everywhere. Then x is a zero of u if v(zg) = 0.

For f and g in H*(0,1) x H'(0,1) = H'(0,1)?, let

(f7 g>§2) - (flagl) + (beDgl) + (f2792) + (Df27Dg2) ’ (2213)

where D denotes the weak derivative.

2)

Proposition 2.2.3. The bilinear form (-, )§ is an inner product for the

Sobolev space H'(0,1)?, which is complete.

Proof. By the definition of (-,-),, , which is an inner product for H™(0, 1)
(See Appendix A), it follows that (-, -)52) is an inner product for H'(0,1)%.
Also, the cartesian product of two Hilbert spaces is a Hilbert space. O

Definition (Value of a function at the boundary). For u € H*(0,1)2,
w(0) =u*(0) and wu(l)=u"(1),

where u* is the unique function in C*~*(0,1)? such that u = u* a.e.

2.3 Weak formulation of the standard
Timoshenko problem

The weak variational form is formulated at the end of this section. Recall
that for a realistic model, > 8 > 1. This fact is discussed in Chapter 1
in the context of rod mechanics. In this chapter it is an assumption for the
theory, where it is included in the estimates.

In Section 2.2 it is shown that for the one-dimensional case, if a function has
weak derivatives up to order m, then it may be considered to have continuous
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derivatives up to order m — 1. That is, if u € H'(0, 1), then there exists a
unique continuous function v such that v = v a.e. and v may be considered
to be continuous.

In this section, the weak variational form of Problem T is considered. At the
end of Section 2.1, the space £%(0,1)? is shown to be a Hilbert space with
inner product (-,-)®. Let || - ||z2 denote the norm induced by (-,-)® and
| - [|g2 the norm induced by (-, -)f).

Definition (Energy Space). The closure of Tp in H'(0,1)? with respect to
the norm || - |1 is referred to as the energy space V.

The energy space for each of the three cases of boundary conditions is now
characterised. To do this, the notation A is used to denote the closure of the
set A. Also note that for two sets A and B, A x B = A x B. For Case 1,
V = T1(0,1] x H*(0,1), for Case 2, ¥V = T5[0,1] x T3[0,1] and for Case 3,
YV =T1]0,1] x T1[0, 1].

The bilinear form b is extended to V: for u and v in V,
1
bT(u, U) = E (D’UQ, D’UQ) + (DU1 — U2, DUl — ’UQ) . (231)

Proposition 2.3.1. The bilinear form cr is an inner product for the space
£2(0,1)? and the norm induced by cr is equivalent to || - || c2.

Proof. The fact that ¢z is an inner product for £2(0,1)? follows easily from
the fact that o > 0 and ¢z is composed of inner products on £2(0,1). Let
u € £2(0,1)%. Then

1 1
min {1, ol < eru,) < mox {1, (232
(8% (0%

]

The inner product ¢ for £2(0,1)? will prove to be useful.

Definition (Inertia Space). The space £2(0,1)? with norm induced by cr,
denoted || - ||y, is referred to as the inertia space W.

Proposition 2.3.2. For anyu € V,

1
Ju||? < || Duy|)? < 28 (||Du1 — || + E||u2||2) : (2.3.3)
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Proof. Since u1(0) = 0, |Jui|| < ||Duy|| (See Appendix A). Using the triangle
inequality and the fact that for a and b in R, 2|ab|] < a® + b?, it follows that

[Dusl® < 2[[Duy — ua||* + 2[Juz®

1
< 23 (||Du1 gl + —||u2||2) .

g
0
Proposition 2.3.3. For Cases 2 and 3, if u € V, then
lui]|® < || Dusl]* < 28br(u,u). (2.3.4)
Proof. Let u € V. Then, since uy(0) = 0, (see Appendix A)
[[us|| < || Dus-
The result therefore follows from Proposition 2.3.2. [

The result above does not hold for Case 1.

Theorem 2.3.1. For any u € V, there exists a non-zero real number ¢ such
that

Allul|ze < br(u,u). (2.3.5)

Proof. In Cases 2 and 3, if u = (uy,us) € V, then Propositions 2.3.2 and
2.3.3 hold. It follows that for u € V,

lual® + [luz®
< 28br(u, u) + || Dus|f?
< 36br(u,u). (2.3.6)

lullz2

That is, for ¢* = %, (2.3.5) holds.

In Case 1, if u € V, a direct proof appears to be impossible. For this reason
a proof is given by contradiction. The proof is based on the idea given in the
appendix of [VZV09]. Note that for any nonzero u € V and w = ||ul| u,

= by(w,w). (2.3.7)
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Let S denote the unit sphere with centre 0 in £2(0,1)2. In order to prove
(2.3.5), it is required to prove that for u € VNS, there exists a real number
c? such that

br(u,u) > 2. (2.3.8)

Suppose not. Then there exists a sequence (u™) contained in Tp NS such
that b(u™, u™) — 0 as n — oo. This implies that for a given ¢ € R, there
exists ng € N such that for n > ny,

br(u™,u™) < . (2.3.9)

By the contrapositive of the result shown for Cases 2 and 3, it follows that
uly does not have a zero in [0, 1]. Without loss of generality, assume u} > 0.

For any € > 0, there exists n; > ng such that for n > nq,

br(u™, u™) < 2. (2.3.10)
For convenience, the notation w, = u} and ¢,, = u} is used. From the fact
that u™ € S for each n € N, it follows that for each n € N,

16all? + llwn|* =1 (2.3.11)

and hence
ol < 1. (2.3.12)

For each n € N, w,, and ¢, are in C'[0,1] since (u") is contained in Tp N S.
Then, by (2.3.10), for n > n;

lwr, = énll <e.

Since w,, has a zero in [0, 1], it follows from a poincaré type inequality (see
Appendix A) and the triangle inequality that for n > ny,

lwnll < llwpll < llw, = @ull + 1¢nll <&+ lI@nll-

That is,
[wall* < 26 + 2|6 1*. (2.3.13)

By (2.3.11) and (2.3.13),

L < [|@nll® + 2% + 2[| 0> (2.3.14)
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Choose £ = 5. Then (2.3.12) and (2.3.14) imply that for n > n;

49

A2 <1 2.3.15
— <l (23.15)

For each n € N, the maximum and minimum of ¢, (denoted On(max) and
Gn(min) Tespectively) are reached since ¢, may be considered to be an ele-
ment of C[0,1]. Therefore, for some a,b € [0, 1], using the Cauchy-Schwartz
inequality and the fact that ¢,, > 0, it follows that,

b b
Pr(anax) — n(min) = / (¢7) = / 20n¢r, < 2[ullll¢nll- (2.3.16)

Thus, (2.3.15) and (2.3.16) imply that

Py = / B i) = / o - / (62 = 6 i)

> / gb _/ n(max) n(min))
> 2.3.17
= a4, (2317
That is,
49 19
2
m) > Ton 26 = — 2.3.18
Onmin) > 155~ 2 = 159 (2.3.18)
Again, using the Cauchy-Schwartz inequality,
1
w,, — ¢n < \w — o] < Wl — du]l < — T (2.3.19)
Hence,
V114 -3 o
< n(min < n . 2.3.20
=2 <o~ 5= [ o< [t (2:3.20)

But this implies that w, (1) > w,(0), which contradicts the fact that u™ € Tp.
Therefore, for u € Y N S, there exists ¢ > 0 such that

by (u,u) > . (2.3.21)
That is, for u € V), there exists ¢ > 0 such that (2.3.5) holds. O

Corollary. The bilinear form by is an inner product for the space V.
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Proof. By Theorem 2.3.1, by is a positive definite symmetric bilinear form.
O

Let || - ||y denote the norm induced by the inner product by. The space V
equipped with the norm || - ||y is referred to as the energy space.
Proposition 2.3.4. For anyu €V,

| Duq[|* < 2K |ulf3,. (2.3.22)

with K* = max {8, ¢ ?}.
Proof. From Proposition 2.3.2, for any u € V,

1
IDwl? < 28 (||Du1—u2||2+5||u2||2)

1
< 28 (HDul —ug)® + B||u||f;2) . (2.3.23)

That is, by Theorem 2.3.1,
2 2, 2 2
1Dwll® < 2Bully + Sllully
< 2K ||ull3. (2.3.24)
O

Proposition 2.3.5. The norms || - ||gr and || - ||y are equivalent on V.

Proof. Let w € V. Then, for K; = max{~', 2},

ity < g ([ @u+ [ous [ )

< Kiflullfn. (2.3.25)

Also, using the inequality (2.3.5) and Proposition 2.3.4, it follows that

lullzn = llullzs + | Duall* + || Dua
2 *
< Slully + 2K ully + Bllull
< 5K*|ull3. (2.3.26)
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Remark. From Proposition 2.3.5 it follows that the energy space V is com-
plete.

Let J denote the interval [—7, 7] or [0,7]. As a first step to proceed in for-
mulating the weak variational form, the partial time derivatives of Equation
(2.1.31) are replaced by partial weak derivatives. This suggests that a solu-
tion y = (w, ¢) should be sought for in H?([0,1] x J)%. That is, y should be
found such that for each ¢ > 0, y(-,t) € V and, for each v € V,

cr (Dto('7t)v ’U) +a (Dty('at)v U) + bT (y(’ t),?}) = (f('?t)v U)(z) :

In order to use the abstract existence theory in Section 2.4, an even weaker
form of the problem is considered. It is shown that Problem TV can be
written in the form

cr(u”,v) + a(u'v) + br(u,v) = (f,v).
For any function g € £2([0,1] x J), let
g(t) = g(-,t) € £*[0,1].

Then the ordinary derivative of g is the partial time derivative of ¢g. Let
uy(t) = w(-,t) and ug(t) = o(-, ).

Definition (Derivative). Suppose f is a function defined on some interval

(a,b) with values in a Banach space (B, | - ||z). Let t be any point in (a,b).

If }lliH(l) h™'(f(t+h) — f(t)) exists, then it is called the derivative of f at ¢ and
—>

is denoted by f’(t). That is, if it exists, the derivative f’ at ¢ is such that
lim [~ (F(t+B) = £(0) — (@) =0 and F(0) € B.

Remark. In this dissertation the Banach spaces considered are the Hilbert
spaces (L2(0,1)%, | - lz2), OV, 1+ [w) and (V.| - [Iv)-

The weak variational form of Problem T follows.

Problem TW
Given ug € V, ug € W and f € C([0,7); £%(0,1)?), find u € C*((0,7); W)
such that for each t > 0, u(t) € V, v/(t) € V and

er (W' (1), v) + a(u'(t),v) + bp(ut),v) = (f(t),v)? for each v eV,
Jim fJu(t) = wlly =0,

. ! o
Qi [ (t) = uall2 = 0.
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Remark. In the weak variational form of a problem, the information re-
garding the system of partial differential equations and boundary conditions
1s contained in the bilinear forms and function spaces.

2.4 Existence and uniqueness of solutions

The results of the general theory in [VV02] and [VS19] are presented in this
section. This theory deals with existence and uniqueness of solutions of linear
vibration models. The problem formulation in this section is a generalisation
of the formulation given in Section 2.3.

The following assumptions are made about the spaces being considered.

S1 The spaces V, W and X are real Hilbert spaces, where V C W C X.

S2 The notation for the inner products and induced norms are as follows

(following [VS19]).

Table 2.1: Notation for spaces with inner products and induced norms.

Space Inner product Norm
Global space X (-, )x IR
Inertia space W (. )w |- {lw
Energy space V (-, )y - llv

The spaces V and W are to be constructed for every application. This was
done for Problem TW in Section 2.3.

Three bilinear forms, a, b and ¢ are considered, where a and b are defined
on V and c is defined on W. It is assumed that b = b; + by, where by is
symmetric and by not. It is possible that b, is zero.

The following assumptions are made in [VS19] for the existence results.

A1 Visdense in W and W is dense in X.

A2 There exists a positive constant Cyy such that [|[w||x < Cyy||w||w for
each w e W and c(-,-) = (-, )w-
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A3 There exists a positive constant Cy such that ||v|,y < Cy||v]]y for each
veVand b)) = ().

A4 The bilinear form a is non-negative, symmetric and bounded on V),
i.e. there exists a positive constant K, such that for v and v in V,
|a(u, v)] < Kallul[y[lv]lv-

A4W (Weak damping) The bilinear form a is non-negative, symmetric and
bounded on W, i.e. there exists a positive constant C, such that for v
and w in W, |a(u,v)| < Cg|lullwl|v]w-

A5 The bilinear form by is bounded in the following sense: there exists a
positive constant K; < C}," such that for u and v in V,

b2 (u, v)| < Ki[lullv[[ofw.

The following general problem in weak variational form is from [VS19].

Problem GVar

Given a function f : J — X, find a function u € C(J,V) such that u' is
continuous at 0 with respect to || - ||,y and for each t € J, u(t) € V, u/(t) € V,
u"(t) € W and

c(u'(t),v) +a(W(t),v) +b(u(t),v) = (f(t),v), foreachveV, (2.4.1)

while w(0) =wup, u'(0)=1uq.

Semigroup theory is used in [VV02] and [VS19] to obtain the following results.

The theorems listed below are the main results of [VS19].

Theorem 2.4.1. Suppose Assumptions A1, A2, A3, A4 and A5 hold. If,
forug €V and ug € V, there exists some y € W such that

b (ug,v) + a(ug,v) =c(y,v) for eachv €V, (2.4.2)
then for each f € C*([0,T),X) there exists a unique solution
ue C(0,7),V)nC([0,T),W)nC*((0,T),V)NnC*((0,T),W)
for Problem GVar. If f =0 then u € C' ([0,00),V) N C? ([0, 00), W).
Definition (The space Ej).

E, = {z € V| there exists a y € W such that c¢(y,v) = b(z,v) for all v € V}.
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Theorem 2.4.2 (Weak damping).
Suppose Assumptions A1, A2, A3, A4W and A5 hold. Let J be an interval

containing zero, then there exists a unique solution
u € CHJIV)NC* (J, W)
of Problem GVar for each ug € Ey, uq €V and each f € C* (J,X). If f =0
then u € C' ((—o00,0), V) N C? ((—o0,00), W).
The symmetric case

If the bilinear form b is symmetric, it is important to note that Theorems 2.4.1
and 2.4.2 reduce to the existence theorems in [VV02] (copied here for conve-
nience).

Theorem 2.4.3. Suppose Assumptions A1, A2, A3 and A4 hold. If, for
ug €V and ug € V, there exists some y € VW such that

b (ug,v) + a(ur,v) = c(y,v) for eachv €V, (2.4.3)
then for each f € C'([0,00),X), there exists a unique solution
u € C*([0,00), V)N CZ ([0, 00), W)
for Problem GVar.

Theorem 2.4.4 (Weak damping).
Suppose Assumptions A1, A2, A3 and A4 W hold. Then there exists a
unique solution

u€ ' ((=00,00), V) N C* ((—00,00), W)
of Problem G Var for eachug € Ey, eachug € V and each f € C* ((—o0,00), X).

Remark. The theory in [VV02] is sufficient for Models T and AT.

In Section 2.7, this theory is applied to the standard Timoshenko problem.

To interpret the existence theory, the proofs of the theorems in [VV02] and
[VS19] were investigated. In both articles, Problem GVar is written as an
initial value problem for a first-order differential equation using a linear op-
erator A determined by a, b and c¢. Semigroup theory is then used to obtain
existence results. A necessary condition for the solvability of Problem GVar
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is that A is the infinitesimal generator of a semigroup and that the initial
conditions are contained in the domain of A.

Of special interest is the case of weak damping or no damping. For this case
the domain of A is Ej x V. Therefore, in the case of weak or no damping,
by Theorem 2.4.4, if Assumptions Al, A2, A3 and A4W are met, Then
the unique solution u for Problem GVar is an element of C'* ((—o00,0), V)N
C? ((—o0, 00), W) for each (ug,u;) € EpxV, and each f € C' ((—o0,00), X).
Theorem 2.4.4 also implies that since the initial condition is contained in
E, x V, the solution remains in Ej, x V for each ¢t > 0. The regularity of a
solution of Problem T is discussed in more detail in Section 2.7.

2.5 Modal analysis

Consider Problem GVar with f = 0, the bilinear form a = 0, and a possible
solution u(t) = T(t)@, where T is a real-valued function. That is, for each
t € J, it follows that u(t) € V, v”(t) € W and

T"(t)e (a,v) + T(t)b(a,v) =0 for each v € V. (2.5.1)
This results in the following eigenvalue problem and differential equation.

b(a,v) = AIe(a,v) foreachv eV, (2.5.2)
T"(t) + AT(t) = 0.

If eigenvalues and eigenvectors exist, then for some real numbers B; and B,
the general solution of Equation (2.5.3) is

T(t) = By cos(VA t) + Bysin(VA t). (2.5.4)

In Section 2.6 it is shown that there exists a complete sequence of eigenvectors
(Uy,) for the eigenvalue problem (2.5.2) with a corresponding sequence (\,,)
of eigenvalues.

In this section the application is discussed. Note that if wu,,(t) = T, (t)tn,,
where 1, and A, are a solution of (2.5.2) and T, is given by (2.5.4), then
um(t) is a solution of Problem GVar (with f = 0 and a = 0), known as a
modal solution. The formal series solution then follows.

u(t) =Y T ()it (2.5.5)
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Energy

It is now shown, using the same method as [CVV18], that the series rep-
resentation (2.5.5) is valid. That is, the partial sums of the formal series
solution can be used to approximate the exact solution and the error of this
approximation can be made arbitrarily small in energy. The definition of
energy associated with a function is given here for reference.

Definition. The energy F associated with a function u is given by

Note that for any solution u of Problem GVar (with f = 0),
E'(t) = b(u(t),u'(t)) + c(u”(t),u'(t)) = —a(u/'(t),u'(t)) <O0. (2.5.6)

That is,
E(t) < E(0) for all £ > 0. (2.5.7)

The following partial sum is considered

uM(t) =) T (t) - (2.5.8)

The notation below is used for convenience. Let

M M
u)! = Z By, and ul = Z Crnlm, (2.5.9)

m=1 m=1

where B,, = T,,(0) and C,, = T/ (0). The partial sum (2.5.8) satisfies the
differential equation (2.4.1), with f = 0 and a = 0, with the initial conditions
uM(0) = w}! and (u™)'(0) = u}. Therefore Equation (2.4.1) — where f =0
and @ = 0 — is also satisfied by the error function u*™ = u — u™, where
uP(0) = ug — ud! and (uP)(0) = ug — ul!. Let the energy associated with
uP be denoted by EM(t). It follows from the inequality (2.5.7) that for all
t >0,

EM(t) < EM(0). (2.5.10)

It can be concluded that if both the partial sum approximation of the ini-
tial displacement and the partial sum approximation of the initial velocity
converge to the initial displacement and initial velocity respectively in the
energy norm (|| - |ly) and the inertia norm (|| - ||,y) respectively, then both
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the partial sum (2.5.8) converges to the solution in the energy norm and the
derivative of the partial sum converges to the derivative of the solution in
the inertia norm.

As aresult of a theorem in [CVV18], if C,, = c(uy, @y, ), then ||ug—ulf||w — 0
as M — oo. Also, by another theorem in [CVV18], if B,, = ||tm]|5,°b(uo, tim),
then [Jug — ud’||y — 0 as M — oco. That is, there exist coefficients B, and
C,, such that EM(0) — 0 as M — oo and hence EM(t) — 0 as M — oc.

Therefore, for all £ > 0, the partial sum (2.5.8) converges to the solution
in the energy norm and the derivative of the partial sum converges to the
derivative of the solution in the inertia norm. Also, the accuracy of the
approximations — in terms of partial sums — depends only on the accuracy
of the partial sum approximations of uy and u, at time t = 0. The accuracy
can therefore be guaranteed.

Hence, the limit of the partial sums — the formal solution — satisfies Problem
GVar, provided the assumptions Al, A2, A3, A4W, A5 are met and ug € Ej,
ug €V and f € C' (J, X).

2.6 Existence of a complete sequence of
eigenvectors

In [CVV18] it is assumed that the bilinear form b is symmetric. In order
to prove the existence of a complete sequence of eigenvectors, the follow-
ing assumptions are made. The first four assumptions (B1-B4) are a more
concise version of Assumptions S1-S3 and A1-A3 in Section 2.4 and the last
assumption (B5) is additional.

B1 W is a Hilbert space with inner product ¢ and induced norm || - ||y.

B2 V is a Hilbert space with inner product b and induced norm || - ||y.

B3 There exists a positive constant C}, such that ||v|w < Cyljv||y for each
ve.

B4 V is a dense subset of W.

B5 The embedding of V into W is compact.
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Alternative of B5: Every bounded set in V contains a sequence that converges
in W (is pre-compact in W).

The following theorem from [CVV18] is as a result of the Riesz Representa-
tion Theorem.

Theorem 2.6.1. For each x € W there exists a unique element w € V' such
that
b(w,u) = c(z,u) for each weV and ||w|y < Cpllz|w.

Definition. For each = € VW define the operator T as Tx = w, where w is
the unique element described in Theorem 2.6.1.
The operator T is a bounded linear operator from W to V), i.e.

|Tz||v < Cyl|z|w for each z € W.

In addition, by assumption B5, T is compact. Also, since b and ¢ are sym-
metric, it can be shown that 7" is symmetric.

Theorem 2.6.2. The null space N'(T) of the operator T is trivial.

Proof. If x € N(T), then Ta = 0. Therefore,

c(x,u) = b(Tx,u) =0 for each u € V.
That is, ¢(x,u) = 0 for each u € V. Since V is dense in W, it is simple to
show that = = 0. O

A consequence of Theorem 2.6.2 is that the operator T is invertible.

Proposition 2.6.1. For each x € W, if x # 0 then ¢(Tx,z) > 0.

Proof. For each x € W where x # 0, by Theorem 2.6.2 it follows that
0<b(Tx,Tz) =c(Tz,x).

Theorem 2.6.3.
b(z,u) = Ae(z,u) for each u €V
if and only if

Tr = —zx.
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Proof. The result follows easily from the fact that b(T'z,u) = ¢(z,u) for each
u€e . ]

For p = %, the eigenvalue problem (2.5.2) can thus be rewritten as
Tu = pu. (2.6.1)

Definition (Completeness). If (0y) is an orthonormal sequence in a Banach
space B and v = Y 2, (v,04) 0} for each v € B, then (o) is said to be
complete in B.

By the theory of symmetric linear compact operators (see [Zei95]) the fol-
lowing properties are true for eigenvalues and eigenvectors of 7.

(a) T has an orthonormal sequence of eigenvectors (u,,) with corresponding
positive eigenvalues (u,,);

(b) The orthonormal sequence of eigenvectors (1,) is complete in W;

(c¢) Each eigenspace is finite dimensional;

(d) The sequence of eigenvalues (i,,) is decreasing and p,, — 0 as n — oco.

Therefore, the theorem below follows.
Theorem 2.6.4. The following statements are true.
(a) The eigenvalue problem (2.5.2) has an orthonormal sequence of eigen-
vectors (U,) with corresponding positive eigenvalues (\y,);
(b) The orthonormal sequence of eigenvectors (i) is complete in W;
(c) Each eigenspace is finite dimensional;

(d) The sequence of eigenvalues (\,) is increasing and A, — 00 asn — 0.

The authors in [CVV18] then proceed to find the following result.

Theorem 2.6.5. The sequence of eigenvectors (uy,), which is complete in
W, is also complete in V.

The well known definition of the Rayleigh quotient follows for reference.
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Definition. The Rayleigh quotient R is defined as
b(v,v)

R(v) = c(v,v)

for each v € V.

It follows from the fact that b and ¢ are inner products that the Rayleigh
quotient is positive for all elements of V.

2.7 Application of existence theory to a
Timoshenko rod

The existence theory of Section 2.4 is now applied to Problem TW from
Section 2.1 for completeness.

Theorem 2.7.1. Forug € V and uqg € V, Problem TW has a unique solution
u € C'([0,00), V)N C?([0,00), W).

Proof. The assumptions A1-A4 are verified in order to use Theorem 2.4.3.

A1 Since C§°(0,1) is dense in £2(0, 1) and by the equivalence of the norms
|- ||z and || - | (Proposition 2.3.1), it follows that C§°(0,1)? is dense
in W and W is dense in £2(0,1)2. That is, by the fact that C§°(0,1)* C
V C W, Vis dense in W and W is dense in £2(0,1)2.

A2 By the equivalence of the norms || - ||z2 and | - ||,y (Proposition 2.3.1),
there exists a positive constant Cyy such that [|w| 2 < Cy|lw|w for
each w € W.

A3 By the inequality (2.3.5) and the equivalence of the norms || - ||z and
|- [[w (Proposition 2.3.1), it follows that there exists a positive constant
Cy such that [|v]|yw < Cy||v||y for each v € V.

A4 In this case, a = 0. Therefore the bilinear form a is non-negative,
symmetric and bounded on V.
Therefore, by Theorem 2.4.3, there exists a unique solution u for Prob-
lem TW, where
u € C*([0,00),V) N C*([0,00), W).
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The existence of a complete sequence of eigenfunctions of the associated
eigenvalue problem is not discussed here since Problem T is a special case of
Problem AT presented in Chapter 3.

Regularity
Recall from Section 2.4 that

E, = {z € V| there exists a y € W such that c(y,v) = b(z,v) for all v € V}.

Note that, by definition, Ej is a subset of V. From Section 2.2 this implies
that Ej, is contained in H'(0,1)2. Tt is, however, possible for elements of Ej to

have higher order derivatives than just one. The following result characterizes
Ey.

Proposition 2.7.1. Consider the different cases for boundary conditions. In

each case, E, C H*(0,1)?.

Proof. Recall that V c H'(0,1)?. Let u € F,. That is, u € V is such that
for each v € V, there exists a y € W such that

br(u,v) = cr(y,v). (2.7.1)

Let x = (21,0) and z = (0, z2), where x, 2o € C§°(0,1). Then, = and z are
in V and, by the definitions of by and cr,

(Duy —ug,2}) = (y1,21) and (2.7.2)
1 1
B (DUQ, Zé) - (Du1 — U2, Z2> = a (yg, 22) . (273)
That is, for any = and z in C§°(0, 1),
(Duy,2’) = —(Dug—yi,x) and (2.7.4)
1 1
B (DUQ, Z/) = — <UQ — Du1 — ayg, Z) . (275)
Hence (Dus — y1) is the weak derivative of Du; and (u2 — Duy — éyg) is the
weak derivative of %Dug. Therefore @ € H?(0,1)2. O

Proposition 2.7.1 and Theorem 2.2.2 imply that for uy in Fy, ug is considered
an element of C'[0,1]. That is, if ug is in Fj, then u is in C'[0,1] for all
t>0.
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Chapter 3

Adapted Timoshenko rod

In this chapter the adapted Timoshenko model is investigated. The condi-
tions for existence of a weak solution and the completeness of a sequence of
eigenfunctions are established. The treatment is similar to that of the Tim-
oshenko theory. As a consequence, the results from Chapter 2 could often
be used again with or without some modification. In this chapter the theory
will be applied to the adapted Timoshenko model with constant parameters.

3.1 Model: Adapted Timoshenko rod

Considered here is the Adapted Timoshenko rod model where the term rep-
resenting the axial load, S, is such that 0;S = 0. The model is the same as
Problem T except for one extra term:

O}w = 0, (SO,w) + 9,V + P. (3.1.1)

In the case where S = 0, (3.1.1) becomes (2.1.4). A constitutive equation for
S is also included:

1
S = —d,u. 3.1.2
5 (3.1.2)

The boundary conditions considered are the same as in Chapter 1, except
for Case 2 (cantilever rod), where an extra term is included:

w(0,1) = $(0,1) = SA,w(1, 1) + V(1,t) = M(1,¢) = 0. (3.1.3)

39
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The additional term in the boundary conditions, however, does not influence
the test functions. Recall that

700,11 = {ve€ C'0,1] | v(0) = v(1) = 0}, (3.1.4)
B[0,1] = {veC'0.1] | v(0) =0},

so that the sets of test functions Tp are defined as follows:
Case 1 (Pinned-pinned rod)

Tp = T1[0,1] x C'[0, 1], (3.1.6)
Case 2 (Cantilever rod)

Tp = T»[0,1] x T3[0, 1], (3.1.7)
Case 3 (Clamped-clamped rod)

Tp = T1[0,1] x T3]0, 1]. (3.1.8)

As before, the inner product notation (u,v) will be used, where

(u,v) = /Oluv.

The variational form of the adapted Timoshenko rod model is given below.

Problem ATV Given positive constants o and § and load P, find (w, ¢)
such that for each t > 0, (w(-,t), #(-,t)) € Tp and for each (vy,vs) € Tp,

(BFw(-,t),v1) = — (SOw(-, 1), v}) — (V (-, 1),v1) + (P(-, 1), 1), (3.1.9)
<é8t2¢(-,t),v2) = — (M(-,t),vy) + (V(-,t),v2). (3.1.10)

The accompanying constitutive equations are

M = %axqs, (3.1.11)

V o= 8w— o, (3.1.12)

s = o (3.1.13)
g

Remark. As with Problem TV in Chapter 2, if alternative boundary con-
ditions are used, the variational form will remain the same except for the
definition of the test functions Tp.
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3.2 Existence

In order to show the existence of a solution, the weak variational form of the
problem is considered and the theory of Chapter 2 is applied. To find the
weak variational form, Equations (3.1.9) and (3.1.10) are added and bilinear
forms are used. This was done in detail in Chapter 2. The variational form
of the problem differs from Problem TV only in the definition of the bilinear
form 0.

Define the symmetric bilinear form b47 for vectors v and v as

1
bar(u,v) = B (Dusg, Dvs) + (Duy — ug, Duy — v9) + (SDuy, Duvy)
= bT(U,U) + (SDU17 D?Jl). (321)

Assumption The axial force S is in C[0, 1] and is differentiable.

An important special case of the model is where S is a constant. Additionally,
the case where S changes sign is not considered because that is unrealistic
in the model under consideration here.

After careful consideration it is found that the proofs of the propositions in
Sections 2.1 and 2.3 — up to Proposition 2.3.3 — still hold with the necessary
minor adaptations. It is only the properties of the bilinear form b4 which
are to be investigated in order to ensure the validity of the adaptation of
Theorem 2.3.1 and hence Proposition 2.3.5.

The formulation of the weak variational form is the same as in Section 2.3.
Recall the Hilbert space £2(0,1)2 with the norm || - ||z (induced by (-, -)@).
In addition, the space V denotes the closure of the test functions Tp in
H'(0,1)? with respect to the norm || - || (induced by (-,-){?)). Also, the
space W denotes the space £2(0,1)? with norm || - ||,y (induced by cr).

The energy space V for each of the three cases of boundary conditions is
characterised as before. For Case 1, V = T1[0,1] x H'(0,1), for Case 2,
V = T5[0,1] x T3]0, 1] and for Case 3, V = T1[0, 1] x T1[0, 1].

By Theorem 2.3.1, for any u € V there exists a non-zero real number ¢? such
that
A|ul|Ze < br(u, ).

The number K* = max{f3, c"%} is used in the proposition below, which is an
adaptation of the corollary to Theorem 2.3.1.



42 CHAPTER 3. ADAPTED TIMOSHENKO ROD

Proposition 3.2.1.
If

(a) S >0, or
(b) S <0 and

sup |S| < (3.2.2)

1
2K* 4+ 1’
then bar 1s an inner product for V.

Proof. (a) If S > 0, then using the fact that for u € V, by(u, u) < bar(u,u),
Theorem 2.3.1 implies the desired result.

(b) Suppose S < 0 and (3.2.2) holds. The symmetry and linearity of
bar is trivial. Let uw € V such that byr(u,u) = 0. By (3.2.2) and
Proposition 2.3.4,

2K*
](SDul,Du1)| S sup |S|||DU,1H2 < mbT(U,U) (323)
Now
bar(u,0) = by(u,w) + (SDus, Dur) = by(u, ) — ——a—by(u,u)
AT (U, U) = O (U, U uy, Juy) = borlu,u OK* + 1 (U, U).
(3.2.4)
Therefore )
> ) 2.
bar(u,u) > oK + 1bT(uaU’) (3.2.5)
That is, br(u,u) = 0 and hence u = 0.
O

Assumption In the remainder of Chapter 3, it is assumed that (3.2.2) holds
when S < 0.

Let || - ||y, denote the norm induced by the inner product baz.

Proposition 3.2.2 (Adaptation of Proposition 2.3.5).
The norms || - || g2 and || - ||y, are equivalent.

Proof. The proof is the same as that of Proposition 2.3.5, where (3.2.5) is
used instead of the inequality (2.3.5). O
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As in Chapter 2, let
The weak form of Problem ATV follows.

Problem ATW

Given ug € V, ug € W, and f € C([0,7); £%(0,1)?), find v € C*((0,7); W)
such that for each ¢t > 0, u(t) € V, v/(t) € V and

or (W' (1), 0) + bar(u(t),v) = (f(t),v)? foreach v eV,

li t) — =0
T u(t) ~ wgll, = 0.
li "(t) — = 0.
Jim ' (2) = uall 2
Note that if u(t) is continuous with respect to the norm || - ||y, and u/(t)
is continuous with respect to the norm || - ||z2, then the initial conditions

become
u(0) = up and u'(0) = ug.

Problem ATW, with u(0) = wy and u/(0) = w4 resembles Problem GVar
defined in Chapter 2.

By the equivalence of the norms ||- ||y, and |||z (Proposition 3.2.2) and the
norms || - ||z2 and || - ||y (Proposition 2.3.1), it follows that (V, || - ||y,) and
OV, || - llw) are Hilbert spaces. That is, the assumptions S1-S3 are satisfied.
Thus, in order to show existence of a unique solution, only the assumptions
A1-A4 are required to hold.

Theorem 3.2.1. For ug € E, and uqg € V, Problem ATW has a unique
solution
u e C([0,00),V) N C* ([0, 00),W).

Proof. The assumptions A1-A4 are verified in order to use Theorem 2.4.3
from Chapter 2.

A1 Since C§°(0,1) is dense in £2(0, 1) and by the equivalence of the norms
| - |lzz and || - ||, it follows that C§°(0,1)? is dense in W and W is
dense in £2(0,1)2. That is, by the fact that C§°(0,1)2 CV C W, V is
dense in W and W is dense in £2(0,1)2.

A2 By the equivalence of the norms ||-||z2 and |- ||y, there exists a positive
constant Cy such that ||w]|z2 < Cyy||lw]|y for each w € W.
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A3 By the inequality (3.2.5) and the equivalence of the norms || - ||z2 and
| - |lw, it follows that there exists a positive constant Cy such that
lvllw < Cyljv||y, for each v € V.

A4 In this case, a = 0. Therefore the bilinear form a is non-negative,
symmetric and bounded on V.

Therefore, by Theorem 2.4.3; there exists a unique solution u for Problem
ATW, where

u € C'([0,00), V)N C? ([0, 00), W).
O

Theorem 3.2.1 implies that Problem ATW may be written with initial con-
ditions
w(0) = ug, u'(0) = uy. (3.2.6)

3.3 Eigenvalues and eigenfunctions

To apply the results in Section 2.6, consider Problem AT Eig below.

—((14 S)uy) +uy — Au; = 0, (3.3.1)
1 A
—Bug + ug — uy — ~up = 0. (3.3.2)

The boundary conditions are

Case 1 (Pinned-pinned rod): u1(0) = u5(0) = uy(1) = ub(1) = 0;
Case 2 (Cantilever rod): u;(0) = u(0) = uj(1) — ua(1) = uy(1) = 0;
Case 3 (Clamped-clamped rod): u;(0) = u2(0) = uy1(1) = ug(1) = 0.

To prove the existence of a complete sequence of eigenfunctions, the weak
variational form of the eigenvalue problem is needed. This is presented using
the notation of bilinear forms given in Sections 2.1 and 3.2.

Problem AT EigW Find z € V such that z # 0 and, for each v € V,

bar(z,v) = Aep(z,v). (3.3.3)
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The existence of eigenvalues and eigenfunctions is not assumed, but if any
do exist, some properties are simple to prove.

Suppose z,, and z, are solutions of Problem AT EigW. It follows by the
symmetry of by and cr that

bAT<zm7 Zn) - bAT(Zna Zm)

and hence
(Am — An)er(2m, 2n) = 0.

That is, any eigenfunctions of Problem AT EigW are orthogonal with respect
to the inner product c¢r. Also, for a solution z of Problem AT EigW,

bar(z,2) = Aer(z, 2). (3.3.4)

By Propositions 2.3.1 and 3.2.1 | since ¢y and bap are inner products and z is
a solution of Problem AT EigW (i.e. z # 0), it follows that ¢r(z, z) > 0 and
bar(z,z) > 0. That is, all eigenvalues A of Problem AT EigW are positive.
Above, inequality (3.2.2) was used but it is also necessary to investigate the
existence of zero and negative eigenvalues and the implication for applica-
tions.

Existence of a complete sequence of eigenfunctions

In order to use the theory of Section 2.6, it is only required to prove the
assumption B5 since B1-B4 have been proved already in Section 3.2. Proofs
of compact embedding in the literature require a smooth boundary for the
relevant domain (see, for example [Eva98]). This does not make sense for the
one-dimensional case. It is therefore proved in this subsection.

The following results are used in the proof of the existence of a complete
sequence of eigenfunctions.

Proposition 3.3.1. Ifu € C[0,1] N H'(0,1), then for any & and x in [0,1],

u(§) = u(@)] < VI€ = 2| [ull.

Proof. For any ¢ and x in [0, 1], using the Cauchy-Schwartz inequality, the
fact that for u =€ C[0,1] N H'(0,1) and || Du||* < ||u||, it follows that

¢
[u(§) = u(z)| = / Du| < /|z = £[[[Dull < /| = ElfJullr-
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Proposition 3.3.2. If a sequence (u,) C C[0,1] N H(0,1) is bounded with
respect to || - ||1, then the sequence is equicontinuous.

Proof. Any function in C'[0, 1] is uniformly continuous [Rud64, Theorem 4.19].
Equicontinuity follows from Proposition 3.3.1. O

It is now possible to prove that Problem AT EigW has a complete sequence
of eigenfunctions by showing that assumption B5 holds.

Theorem 3.3.1. A bounded sequence in H'(0,1) has a uniformly convergent
subsequence in C0, 1].

Proof. Let (u,) be a bounded sequence in H'(0,1). Proposition 2.2.2 ensures
that there exists a sequence (u}) C C[0,1]NH?'(0, 1) such that for each n € N,
u, = v’ ae. and [[ul|lsup < V2|[tnll1. Hence (u) is uniformly bounded and,
by Proposition 3.3.2, equicontinuous. That is, (u}) is pointwise bounded

and equicontinuous on [0, 1]. Therefore (u) contains a uniformly convergent
subsequence (see [Rud64, Theorem 7.23]). O

Corollary. Any bounded sequence in H*(0,1) has a uniformly convergent
subsequence in L*(0,1).

Remark. Proposition 3.3.1 also holds for vector valued functions, using a
norm on R™ instead of an absolute value.

Theorem 3.3.2. A bounded sequence in V has a convergent subsequence

m W.

Proof. The proof follows from Theorem 3.3.1, the equivalence of the norms
| - llgr and || - ||y, (Proposition 3.2.2) and the fact that for each v € V,
llvllw < Cyljv|lv, (Assumption B3). O

By Theorem 2.6.4, since Assumption B5 holds, Problem AT EigW has an
orthonormal sequence of eigenvectors (,) — which is complete in V — with
corresponding positive eigenvalues (), ) forming an increasing sequence where
Ap —> 00 as n — 00.
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Regularity

Proposition 3.3.3.
CH0,1* NV = Tp.

Proof. Since Tp C C*0,1]* and Tp C V, it follows that T C C*0,1]2 N V.

Let v € C'0,1]> N V. By the definition of V, there exists a sequence (v,)
contained in T such that ||v, — v|| g1 — 0. That is,

0™ — vy]l; = 0 and [[o{” = vy — 0.

The fact that C'[0,1]2NV C Tp follows from Proposition 2.2.1 and that (v,,)
is contained in T'p. O

Remark. [t is possible to prove that a solution of Problem AT FEigW is
actually a classical solution of Problem AT Fig in all three cases of boundary
conditions. This is done by showing regularity using induction.

Proposition 3.3.4. If the pair {u,\} is a solution of Problem AT EigW,
then, for all three cases of boundary conditions, u € H?(0,1)* and {u, \}
satisfies the eigenvalue problem

CD((1+ S)) + by —duy = 0, (3.3.5)
1 A
_BDQUQ +uy — uf — Suz = 0. (3.3.6)

Proof. Let {u, A} be a solution of Problem AT EigW. That is, u € V is such
that u # 0 and, for each v € V,

bar(u,v) = Aer(u,v) (3.3.7)

Let © = (x1,0) and z = (0, 29), where 1 and zy are in C§°(0,1). Then, x
and z are in V and by the definitions of bsr and cr,

(Duy — ug, ) + (SDuy, 2y) = X(up,z;) and (3.3.8)
1 1
(EDUQ, zé) — (Duy —ug,29) = A (aug,zg) ) (3.3.9)

That is, for any = and z in C§°(0, 1),

(14 S)Duy,2’) = —(Dug— Mug,z) and (3.3.10)

1
(BDU27Z/) = - (UQ — Duy — gu2,z> ) (3.3.11)
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Hence (Duy — Auy) is the weak derivative of (1+S5) Du; and (u2 — Duy — %uz)
is the weak derivative of %DUQ. Therefore u € H?(0,1)?. Also, by Theo-

rem 2.2.2 (Sobolev’s embedding theorem), u can be considered an element of
C1(0,1)>NV. Hence

—D ((1+ S)u}) +uy — dug =0 (3.3.12)
1 A
—ED%Q+U2—u;—Eu2:0. (3.3.13)

By (3.3.12) and (3.3.13), it follows that for any v = (v, v5) € C[0, 1)?,

(= (1 + S)D*uy — 9, 5u) + wh — Auy, v1)
A

1
= — (—BD2U2 +uy — Uy — EU2,U2> - (3.3.14)

The fact that u € C*(0,1)? NV implies that u € Tp (Proposition 3.3.3) and

1
—(1+ S)ujuily — Zuyvaly + usvi]g + bar(u, v) — Aer(u,v) = 0.

g
Since u is a solution of Problem AT EigW, it follows that for any v € C[0, 1]?,

1
41+$mmﬁ—g@wﬁ+wmﬁzo (3.3.15)
Case 1: For any v = (v1,vq) € Tp, Equation (3.3.15) implies that
1 1
—Bué(l)w(l) + Eu’Q(O)vg(O) =0. (3.3.16)

For x € [0,1], let w(z) = x and z(x) = 1 —=z. Then, for arbitrary v; € T'[0, 1],
(v,w) and (vy, z) are in Tp. Therefore, by Equation (3.3.16) it follows that

up(1) =0 and u5(0) = 0.
Case 2: Since S(1) = 0, (3.3.15) implies that for any v = (vy,vs) € Tp,

(i (1) = un(1)) v (1) — %ugumm - (3.3.17)

For x € [0,1], let w(z) = (1 — x). Then, for v; and vy in T'[0, 1] such that
v1(1) # 0 and ve(1) # 0, (v, w) and (w, ve) are in Tp. Therefore, by (3.3.17),

ui(1) —ug(l) =0 and wug(1) =0.
Case 3: No further calculations are necessary.

Thus, v € H?*(0,1)? and {u, A} satisfies the given eigenvalue problem for all
three cases of boundary conditions. O
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Proposition 3.3.5. If the pair {u, \} is a solution of Problem AT EigW and
S e C?0,1], where S > —1, then u € H™(0,1)?, where m > 3.

Proof. Note that uy,u},us and ) are in H'(0,1). Therefore D(D?u;) and
D(D?%uy) exist and hence u € H3(0,1)? with

1
D3, = D (1 3 (uhy — Auy — OxSu’l)) : (3.3.18)
Duy = D (Buy — Bu) — A\yus). (3.3.19)
Similarly, it follows that u € H™(0,1)? for m > 3. O

By Sobolev’s Embedding Theorem in one dimension (Theorem 2.2.2), u; and
uy can be considered to be in C?[0,1]. That is, u € C?[0,1]> N'V. There-
fore the orthonormal sequence of eigenvectors (@,) of Problem AT EigW
— which is complete in V — is an orthonormal sequence of eigenvectors for
Problem AT Eig.

Improved regularity

The following result is used to show the regularity of an eigenfunction of
Problem AT EigW.

Theorem 3.3.3. Problem AT Fig has a classical solution.

Proof. From Section 3.3, Problem AT FEig has an orthonormal sequence of
twice differentiable eigenvectors (1,) — which is complete in V — with cor-
responding positive eigenvalues (\,) forming an increasing sequence where
Ap — 00 as n — o0o. It remains to show that the boundary conditions of the
eigenvalue problem are satisfied.

By Equations (3.3.12) and (3.3.13) in the proof of Proposition 3.3.4 and
by Theorem 2.2.2, it follows that for any solution u to Problem AT EigW,
u € C?[0,1]> NV and

—((1+S)u) +uy — Iy = 0, (3.3.20)
1 A

It follows from Proposition 3.3.3 that since v € (C?[0,1]* N V), u € Tp. Thus,
for both the pinned-pinned and the cantilever case, since u € Tp, u satisfies
the boundary conditions of Problem AT Eig. ]
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If inequality (3.2.2) does not hold, then the results obtained thus far may
not be true. However, when the parameters in Problem AT Eig are constant,
results can be achieved using the theory of ordinary differential equations, as
is shown in the next section.

3.4 Properties of eigenfunctions

For the results in Section 3.3 it is not necessary that the axial force S be
constant. However, by assuming that S is constant, more can be achieved.
Assume S is a constant, say Sy, where Sy > —1. The approach in [VV06]
for the classical Timoshenko theory (i.e. Sy = 0) is taken in this section.
The results presented are more comprehensive than those in either [VV06]
or [CST16].

Suppose the function e™*w is a solution of Problem AT Eig. This is possible
if and only if

—(So + 1)m* — A m } {“’1} - H L (34.0)

—am —%m2 + (= N)| |ws 0
In order to find a nontrivial solution, it is necessary that the determinant
(So+Dm* + (=SeB+ A1+ (So+1D)y)m* + v (A —a) =0.  (3.4.2)
The roots m? of Equation (3.4.2) are

m? = —m(—mﬂu + (14 So)7)) (1 £ Ab), (3.4.3)

where
4(So + 1) (Y A(A — «))
(=SoB + A(L+ (1 + S0)7))?

46X + (Soff + A(1 = (So + 1)7))?
(508 + A(=1 = (So + 1)7))?

A= 1-

(3.4.4)

Note that A is a continuous function of X\. Therefore, since A > 0 for A > 0
and A = 1if A = 0, there exists a real number C* € (—1,0) such that if
A € (C*,0), then A > 0. Therefore, considering A > C*, the roots m? of
Equation (3.4.2) are real numbers and are not equal.
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If So > 0, then A > 0 (see Section 3.3). Therefore if A < 0, then —1 < Sy < 0.
Special cases

If A =0 or A\ = o, then one of the roots m? of Equation (3.4.2) is zero and
the other root is negative. That is, the four roots m of Equation (3.4.2) are
0 (with multiplicity 2) and two others denoted by %wi.

In the case where m? = 0 (which only occurs if A = a or A = 0), two linearly
independent solutions of Problem AT Eig can be found by inspection of
Equations (3.3.1) and (3.3.2):

gt )i I P R e R R
Other cases

If C* < A < 0or A > q, then both roots m? of Equation (3.4.2) are negative.
That is, the four roots m of Equation (3.4.2) can be denoted as £60i and +wi.

If 0 < A < a, then one of the roots m? of Equation (3.4.2) is negative and
the other root is positive. That is, the four roots m of Equation (3.4.2) can
be denoted as +p and Fws.

If m? # 0, then the solutions are of the form €™ (wy,ws), where w; = m
and wy = (Sp + 1)m? + .

The general solutions of each of the five cases (C* <A <0, A=0,0 <\ < a,
A =a and A > «) are now considered. The forms of the general solution of
the system in Problem AT Eig are given below. For the three cases where
A > 0, the results are very similar to [VV06].

General solution for the cases C* < A <0 and )\ > «

w(x) sin Oz cos 0z
[wﬂ ) A[——H&;*”@Z cosew%B[—HS%“W }

sin Oz

sin wx COS WT

+C [——)‘_(S(jl)‘ﬁ cos wx} +D [—’\_(5‘;+1)w2 sinwx

} (3.4.5)

General solution for the case A =0

e B R g e
COS WT }

D
+ [—/\_(S(LH)“Q sin wx

(3.4.6)
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General solution for the case 0 < A < «

[w(g;)] 4 sinh pz ] [ cosh piz ]

o(x) w cosh px W sinh px

sin wx COS WX

+ C |:_ )\_(S?j—l)wQ oS wx:| + D |:>\_(S(ZJ+1)w2 :| (347)

sin wx

General solution for the case A\ = «

) = ARl el et

w

e 1 (3.4.8)

+D | - W2
{%smwx

In [CST16], the value « is referred to as the “transition frequency”. This is
because, for the case where all eigenvalues are positive, there is a shift in the
“nature” of the vibration modes when A = « is crossed. This also appears
true for the case A > C*, with an additional transition frequency at 0.

As in [VVO06], it should be noted that w, p and 6 are uniquely determined
by A:

1 1

= s ML (1 50)7) = 5B (af+1) for x>0, (3.49)
1 1

2= 305, M+ (507 — 508 <A2 . 1) for A < a, (3.4.10)
1 1

Five possibilities of the value of A\ have been considered. In each case four
linearly independent solutions have been found. The solution space of Prob-
lem AT Eig, however, is four-dimensional since it can be written as a system
of four linear first-order equations. The following theorem therefore follows.

Theorem 3.4.1. In each of the five cases C* < A <0, A=0, A < a, A=
a and A > « respectively, a general solution for the system of differential

equations in Problem AT exists and has the forms given by (3.4.5), (3.4.6),
(3.4.7),(3.4.8) and (3.4.5) respectively.

In order to determine the eigenvalues of Problem AT Eig, the following strat-
egy is used. Applying the boundary conditions at zero causes the dimension
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of the solution space of the system of differential equations to reduce to
two. Any eigenspace, therefore, can have a dimension of at most two. Three
cases of boundary conditions at zero are considered. These include clamped,
free and pinned. The reduction of the solution space will be demonstrated
for the first two zero boundary conditions in this subsection and the third
zero boundary condition in the next subsection. The boundary conditions
considered are

Clamped at  =0:  w(0) = ¢(0) =0,
Free at x =0:  w/'(0) — ¢(0) = ¢'(0) = 0,
Pinned at x =0:  w(0) = ¢’(0) = 0.

Substitution of these zero boundary conditions yields solutions where two of
the four coefficients can be written in terms of the other two. Then, any of
the three boundary conditions can be applied at = 1 in order to solve for
the remaining coefficients. These boundary conditions are

Clamped at z = 1:  w(1) = ¢(1) = 0,
Freeat o = 1: /(1) — ¢(1) = ¢/(1) = 0,
Pinned at z = 1:  w(1) = ¢/(1) = 0.
Clamped at z =0

The cases C* < A< 0 and )\ > «

cos Oz }

w(x) - sin O
[gzﬁ(x)] =4 {—’\_(Soo%l)e? cos 93:} B {w sin O

w(A = (Sp +1)6%) sinwz
(N — (So + 1)w?) {—M coswx}
COS WIT
- [’\_(S+W sinwx]

The case A =0

R R R o] R i

COS WT }

sin wx
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The case 0 < A < «

w(z sinh px cosh px
[gzﬁ((x))] = A M cosh pux +B % sinh ,u:v]
WX+ (So + 1)u?) Slnwx
+ A SQ+1
(A= (So + Dw?) |—  coswa
COS W
-5 [’\ (S°+1 sin wx}

The case A\ = «

[Zfﬂ - Am P [;x]m_(g‘;ﬁ 0? l—<—>ww}

w
B COS WX
- A—(So+1)w? .

If the boundary conditions at x = 1 are applied, the following system is
obtained and the other two coefficients can be solved for:

di(p(A),w(A),0(N))  da(p(A),w(N),8(N)| |A] _ |0
{dg(u(k),w(k)ﬁ(k)) d4(u(A),w(A),9(A))1 {B} - M : (3.4.12)

More detail of the cantilever (clamped-free) and clamped-clamped rods is
given in Subsection 3.5.2. In general, for all cases of boundary conditions at
x = 1 and all possibilities of A, the coefficient matrix is non-zero.

Free at t =0
The cases C* < A< 0 and )\ > «

w(r) sin Oz cos 0z
Lb@)] =4 {—M cos 095] B [M sin Gx]

e (A — Sp0?%) [ sinwzx }
0 (A — Sow?) —M COS W

B A= (Sp +1)6? [ COS WT }
A — (So + 1w? %ﬂ)”z sin wzx

The case A =0
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The case 0 < \ < «

sinh px cosh px

w cosh px %ﬂ)“z sinh px

4 (A + So?) sinwz
(A = Sow?) — 2ot

A+ (So + 1)p? COS W

A — (Sy+ Dw? A=(So+D)w?

cos wx}

-B

sin wx
The case \ = «

w(x)| 0 1 w sinwz
[(b(:c)} = A [1} +B [ax} B A)\— Sow? [—’\_(S(L—H)WQ coswx}

B a COS W
A —(So + 1w? %ﬂ)“ﬁ sin wzx

Again, if the boundary conditions at = = 1 are applied, the following system
is obtained and the other two coefficients can be solved for:

di(p(A), w(A),0(N))  do(u(A),w(A),6(N) | [A] _ |0
d3(p(A), w(N), 0(N))  dalp(N), w(N), 6 } [B] = M (3.4.13)

For all cases of boundary conditions at x = 1 and all possibilities of A, the
coefficient matrix is non-zero.

Note that the solution space, and therefore the eigenspace, of each case will
have dimension two only if the coefficient matrix of (3.4.12) and (3.4.13)
respectively is a zero matrix. If this occurs, A is referred to as a double
eigenvalue. If the coefficient matrix of (3.4.12) and (3.4.13) respectively is
nonzero, then X is an eigenvalue if and only if the determinant

dydy — dyds = 0.

For both the clamped and the free case and all of the boundary conditions at
x = 1, there is at least one nonzero entry in the coefficient matrix of (3.4.12)
and (3.4.13) respectively. Therefore all eigenvalues in these cases are simple.
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3.5 Computation of eigenvalues and
eigenfunctions

3.5.1 Rod with pinned-pinned boundary conditions

The same approach as in the previous subsection is now taken with a rod that
has pinned boundary conditions at x = 0. Detail is given for a rod that is
pinned on both ends since the pinned-clamped and pinned-free rods could be
viewed as the clamped-pinned and free-pinned rods, which have already been
considered. If the zero boundary values of the pinned-pinned problem are
substituted into the general equations, since w, p and 6 are distinct, nonzero
values, it results in the following.

The cases C* < A< 0 and )\ > «

w(z) sin Ox sinwz
Lb(@] = LA(S‘+1)92 cos GI} +C [__A(SZHW COS wx] (3.5.1)

Applying the two boundary conditions of the pinned-pinned problem at
x = 1, the following equation is found

{(A - (Sosj:lle)ez)sine (A — (Sosjrnlb;wz)sinw} {é} = m . (35.2)
The case A =0
v = ali] v [t

Applying the two boundary conditions of the pinned-pinned problem at
x = 1, the following equation is found

[(1) (A= (Sosjrnlo;wQ) sinw} [é} = [8] (3.5.4)

The case 0 < A < «

o M] (3.5.3)

sinh px sin wx
A+(So+1)p? cosh pux + C [_ A—(So+1)w? (355)
"

cos waz} ‘
w

Applying the two boundary conditions of the pinned-pinned problem at
x = 1, the following equation is found

e 5 e -] [ =[] 059
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The case A = «
w(x) _ 4 0 c sin wx
o) ~ 1) T A

Applying the two boundary conditions of the pinned-pinned problem at
x = 1, the following equation is found

{8 (A= (Sosjrnﬁw2)sinw] H = m (3.5.8)

Using the results above, the following theorem follows.

o wx] (3.5.7)

Theorem 3.5.1. The following statements are true for a rod with pinned-
pinned boundary conditions:

(a) The value « is an eigenvalue of the pinned-pinned problem with the
corresponding eigenfunction [0 1]

(b) If [w ¢]T is a non-constant eigenfunction of the pinned-pinned problem,
then given Sy > —1, it follows that the sequence of eigenfunctions is
given by

B:((i))} N [Aiiﬁéf&féﬂ 7 (3.5.9)

with k an integer and Ay a constant depending on k and \j.

(c) All eigenvalues A\, where 0 << X < a, are simple.

Proof. (a) Simple substitution shows that for A = «, [0 1]7 is a solution of
the pinned-pinned problem.

(b) When Equation (3.5.2) is solved, it follows that C'sinw = Asinf = 0.
Therefore three options arise that result in a non-trivial solution. Either
A =0 and w is a multiple of m; C' = 0 and # is a multiple of 7; or A
and C' are real numbers and both w and 6 are multiples of 7, but are
not equal. In all three cases, it still follows that for C* < A < 0 and
A > a, the sequence of eigenfunctions has the given form.

When Equations (3.5.4) and (3.5.6) are solved, it follows that A = 0
and therefore, for a non-trivial solution it is required that w is a multiple
of m. That is, for 0 < \ < «, the sequence of eigenfunctions has the
given form.
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When Equation (3.5.8) is solved, it follows that A € R and C'sinw = 0.
Therefore, for a non-constant solution it is required that w is a multiple
of w. That is, for A = «, the sequence of eigenfunctions has the given
form.

(c¢) From the proof of (b) it can easily be seen that the solution space is
one-dimensional when 0 < A < a.

]

Suppose [wy, ¢x|T is a non-constant eigenfunction of the pinned-pinned prob-

lem.

Substituting (3.5.9) into Problem AT Eig, it follows that [wy, ¢;] is a solution
of the system if and only if the pair (A, Ax) is a solution of

(So —+ 1)/{72 2_ Akkﬂ' = )\k, (3510)
k*m2A
Tk — okm + OéAk = AkAk (3511)
v

From Equation (3.5.11) it is clear that Ay # 0.

If Ay = « then it follows from Equations (3.5.10) and (3.5.11) that a necessary
condition for a to be a double eigenvalue is

. ]{3271'2(50 + 1)

Ao o O= (S e o (351

If there exists an integer k such that (3.5.12) holds, then the eigenvalue
A = a depends on the elastic constants and the dimensions of the rod.

A necessary condition for 0 to be an eigenvalue is

]fgﬂ'?(So + 1)

o5 —F (3.5.13)

To determine the distribution of eigenvalues, a different approach is taken
compared to [VV06]. Substituting (3.5.10) into (3.5.11), it follows that

1
Al + (lm (;—SO—1> +%) Ap—a = 0 (3.5.14)
(So + V)E*n? — Ak = N (3.5.15)
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That is, two different real values for Ay are obtained, resulting in two different
values for Aj.

Ag

2,2 -1y
_ RSt loyT)mafy )y da ~](3.5.16)
2km (km (v =So— 1)+ &)

Me = (So + DE*m? — Apkr. (3.5.17)

It is therefore clear that the system has two solutions (A, Ax) and (A;, Af).
Let A} denote the larger value. The authors in [VV06] refer to the value A
as an eigenvalue of Type 1 and to A}, as one of Type 2.

For some value of Sy in the interval (—1,0), it is found that A\; = 0 and it is
clear that, for smaller values of Sy, one or more of the eigenvalues may even
be negative.

From (3.5.10) and (3.5.11) it can be seen that there exists a value for Sj such
that \; = 0. Denoting this value by S..;;, it follows that

(Scrit + 1)7T - Al = 07
T2A) — Br+BA, = 0.

That is,

(Scrit + 1) == 7'('2 —I—ﬂ

Note that S.,.; = % and hence —1 < S+ < O.

Proposition 3.5.1. A\; < 0 if and only if So € (=1, Serit)-

Proof. Suppose A\; < 0. By Equation (3.5.10), this is true if and only if

A; > (So+ ). (3.5.18)
Also, by Equation (3.5.11), A; < 0 if and only if
- pr + B < 0. (3.5.19)
Ay

That is, A\; < 0 if and only if
s
(So+1)

It therefore follows that A\; < 0 if and only if Sy < S..;;. That is, if and only
if Sp € (=1, Serit)- O

4+ 8 <

(3.5.20)
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3.5.2 Rod with clamped boundary conditions

The rod with cantilever (clamped-free) or clamped-clamped boundary con-
ditions from Section 3.4 is now considered in more detail. Recall that when
the boundary values at x = 1 are applied, an equation of the following form
is found (note that u, w and 0 are distinct and nonzero):

di((N),w(N),0(N)  da(p(N),w(N),0(N)] TAT [0
d3(1(N),w(A), O(N)) d4(u()\),w(>\),9()\))1 [B} = M : (3.5.21)

Eigenvalues of the cantilever or clamped-clamped problem are double if and
only if the coefficient matrix is a zero matrix.

Cantilever rod

For the cases where C* < A < 0 and A > «,
o - + 3002 . A — Sow2

dy = inf + ———sinw

0 i w
and
dy = (A= (S0 +1)6%) cosf — (A — (Sp + 1)w?) cos w.

It is not possible for ds and d4 to be zero simultaneously since w # 6. Hence
the coefficient matrix is nonzero.

When A =0 and A = q,
ds =wsinw and dy = (Sp + 1)w? cosw.

Since it is not possible for both sinw and cosw to be zero at the same time,
it follows that the coefficient matrix is nonzero.

For the case where 0 < A\ < q

A+ Sop? g A — (Sp + 2)w?

dy = inh p — sinw # 0.
w

That is, the coefficient matrix is nonzero.
In all five cases, there are no double eigenvalues.
Clamped-clamped rod

It can be shown that in each case (C* <A <0, A=0,0< XA < a, A =« and
A > «) there is at least one nonzero entry in the coefficient matrix. That is,
there are no double eigenvalues.
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To find frequency equations as has been done in [VV06] is quite a long and
tedious process. However, eigenvalues A can be searched for using the bisec-
tion method, where X is such that the determinant of the coefficient matrix
is zero.

The authors of [CST16] state that the entire spectrum, “regardless of the
boundary conditions, must be constructed by taking into account that it
consists of... portions, neither of which can be disregarded.” They also claim
to have completed the theory. However, although the “complete” (or whole)
spectrum is considered, they do not mention the completeness of the sequence
of eigenvectors, which is an important part of the theory. The authors of
[VV06] reference [Zei95] with regards to the completeness of the sequence of
eigenfunctions.

3.6 Modal analysis

Due to the nature of the eigenfunction expressions, it is convenient to conduct
an analysis for the pinned-pinned rod. The analysis done can also be applied
to the other cases, where the process is similar.

As a result of Proposition 3.5.1, it is necessary to distinguish between the
cases Sg > Seir and Sy < Sgie. The case where Sy > S, is discussed in
Subsection 3.6.1, while the case where Sy < S, is investigated in Subsec-
tion 3.6.2.

3.6.1 Approximation of solutions by partial sums

In this subsection, modal analysis is performed on the Adapted Timoshenko
rod model with pinned-pinned boundary conditions and a constant axial force
So. To be specific, in each case the formal series solution is calculated knowing
from Section 2.5 that this can be justified whenever the weak solution actually
exists. It is assumed that Sy > S..;, which results in positive eigenvalues
(see Proposition 3.5.1).

The form of the formal series solution is given in Section 2.5, which was
shown to be valid using convergence in energy as in [CVV18]. The sequence
of eigenfunctions with corresponding eigenvalues for the pinned-pinned rod
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is calculated in Section 3.5.1. The formal series solution obtained is

{Z((;C,’f))} = g (ck cos(v/ A t) + disin(v/ A t)) [Z:((i))} . (3.6.1)
where ¢, is such that
Bﬁ)((;c 8))] - {ZS((;))} - gck [;}:gﬂ (3.6.2)
and d, is such that
@Z((af 8))] - {ZZ((;E))} = g VA di {Z:((i))} . (3.6.3)
That is,
o ([ZS] ’ {ZZD - or (:ol Ck [Z:] : {Z:D (3.6.4)
and

—~

3.6.5)

o ([1] ] = (35 vaen 2] [])

Using partial sums it follows by the orthogonality of eigenfunctions (Theo-
rem 2.6.4) that for each natural number n,

o (ol + 20nI?) = () + % (00,6 366
and
1 1
Vi (P 4 26,17) = ) + - (0n,6). (367)

Remark. If a is an eigenvalue (that is, if there exists an integer m such that
(3.5.12) holds), then the term

(co cos(va t) + dosin(v/ax t)) m

is added to the series in (3.6.1), where co = (¢o,1) and do = a2 (¢a, 1).
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3.6.2 Degenerate cases

If So < S.., it is easy to see that a formal series solution for the vibration
problem can be calculated, but it is unclear if the procedure can be justi-
fied. A formal series solution for Problem AT with pinned-pinned boundary
conditions and Sy € (—1, Serit] is now calculated.

Example 1 Formal series solution for the case A\; =0

If Ay =0, then T1(t) = at + b by (2.5.4). Consequently, the formal series
solution is

vi] = e [0

= . wi ()
+ ¢ cos(\V Ak t) +disin(\/ g t .
5 v o) 2]
If the initial velocity is zero, it follows that a = 0. Therefore
w(z, t) wl(ﬂf)] N : [wk(w)}
=b + cos(v/ Axt) + di sin(/ Akt :
] = onfe)] 35 (ceosto )+ st /) (4
Example 2 Formal series solution for the case A\ < 0

If Ay < 0and A, > 0 for k > 1, then Ty (¢) = areY 21 + aze™V "1 by (2.5.4).
Hence, the formal series solution is

1] (e e [0

3 (st s st /) 6]

2

If the initial velocity is zero, it follows that a; = as. Therefore

1] (v v [

+ i (Ck cos(v/Mit) + di, Sin(\/)\_kt)) [Z:éx)] .

z)

Furthermore, the energy becomes unbounded which does not describe oscil-
lations and the physical application is therefore questionable.

The examples above do not exhaust all the possibilities of degenerate cases.
For example, more than one negative eigenvalue may exist.
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Chapter 4

Application of the finite
element method to the linear
models

Solutions of the linear problems may be calculated using partial sums if a
rod is prismatic. Otherwise, the eigenvalues and eigenfunctions must be
calculated numerically. This can be done using the finite element method.
Only the case of pinned-pinned boundary conditions is considered here, since
the cases of other boundary conditions differ mainly in the definitions of the
space V.

The main source for the convergence theory of FEM applied to the dynamic
problem is [BV13]. The idea in this chapter is to show the application of the
theory of [BV13] to Problem AT. A detailed study of the proofs in the article
is beyond the scope of this dissertation.

4.1 Variational forms

Recall the weak variational form of Model AT, Problem ATW, from Chap-
ter 3.

Problem ATW
Given ug € V, ug € W, and f € C([0,7); £%(0,1)?) find u € C%*((0,7); W)

65
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such that for each ¢ > 0, u(t) € V, «/(t) € V and, for each v € V,
cr (u//(t)a U) + bAT(u(t)7 U) = (f(t)v U)(2)7
u(0) = ug, Du(0) = ug.

The derivation of the mixed variational form is done in the same way as the
standard variational form (Problem ATV). The only difference is that the
constitutive equation for V' is not substituted in.

Mixed Variational Form Given the load P, find (w,¢) and V such
that for each ¢ > 0, (w(-,t),¢(-,t)) € Tp, V(-,t) € C[0,1] and for each
(v1,v2) € Tp and each g € C0, 1],

(BRw(,8),01) = = (SOuw(,8),0) = (V1) 04) + (P(- ), 01),
(B0 0002) = @ (V1)) = = (0u6 1), 05),
(V- 1)9) = @uwlt) = 6(-1),0),
while
(w(-,0),6(,0)) = (o, 60} and (Duaw(-,0),06(-,0)) = (w60

In order to apply the convergence theory to the mixed finite element method,
the weak mixed variational form is considered.

Weak Mixed Variational Form Given the load P as well as ug € V
and ug € W, find u = (ug,us) € C*((0,7); W) and V € C([0,7); £L3(0,1))
such that for each t > 0, u(t) € V, v/(t) € V and, for each (vy,v2) € V and
g € £%0,1),

(1), 00) = —(SDus(t), Dua) — (V(2), Dun) + (P(t), )
=t 00) = (V(0),02) = 5 (Dualt), Do),

(V(t),9) = (Dui(t) —ua(t), 9),
while
w(0) =ug, Du(0) = ug.

If S is not constant, numerical integration is required. For the remainder
of this chapter, S is assumed to be constant (S = Sp), which is true for a
pre-stressed rod.

Proposition 4.1.1. The functions u and V are a solution of the weak mixed
variational form if and only if u is a solution of Problem ATW.
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Proof. Let (ui,us) and V' be a solution of the weak mixed variational form.
Then for each t > 0, u(t) € V, v/(t) € V and, for each (vi,v2) € V and each
g € £2(0,1),

(uy(t),v1) = —=So(Dua(t), Dvy) = (V(t), Dv1) + (P(t),v1) ,
S (W0,0) = (V(0),02) = 5 (Dualt), Do),
(V(t).9) = (Dua(t) — ua(t),9) -

Since Dv; € £2(0,1) and vy € £2(0,1), it follows that for each (vy,vs) € V,
(uy(t),v1) = —(1+480) (Dur(t), Dv1) + (ua(t), Dvr) + (P(t), v1) ,
(uy(t),v2) = (Duy(t) —ua(t),ve) — % (Dusy(t), Duvs) .
This is true if, for f(t) = (P(t),0) and, for each pair (v, ve) € V,

or (u"(t),v) + bar(ult),v) = (f(t),0)"?.
That is, u is a solution of Problem ATW.

Now suppose u is a solution of Problem ATW. Then for each t > 0, u(t) € V,
u'(t) € V and, for each v € V,

cr (W'(t),v) + bar(u(t),v) = (f(t),v)?. (4.1.1)
This is true if f(t) = (P(t),0) and, for each (vi,v2) € V,

(uy(t),v1) = —(1+ So) (Duy(t), Dvy) + (uz(t), Dvy) + (P(t),vy),
(W0, 0) = (Dualt) — uslt),v2) — % (Dus(t), Duy)
That is, for each (v1,v2) € V and g € H'(0,1),
(W!(t),v1) = —So(Dus(t), Duy) — (V(), Duy) + (P(t). 1)
(W0 v) = (V(0),02) = 5 (Dualt), Duw),
V(thg) = (Durlt) - us(t),g).

Fix an arbitrary g € £2(0,1). Then, since H'(0,1) is dense in £%*(0,1), it
follows that there exists a sequence {g,} contained in H'(0,1) such that
gn — g as n — oo. Therefore, since for any n € N,

(V(t)a gn) = (Dul (t) - u2<t)7 gn) ) (4'1'2)
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by the uniqueness of a limit

(V(t), 9) = (Dui(t) — ua(t), 9) - (4.1.3)

Since g € £2(0,1) was arbitrary, it follows that for each (vi,vy) € V and
g € £2(0,1),

(wi(t),01) = =50 (Dus(t), Dvr) = (V(t), Dvy) + (P(t), 01),
S (0),02) = (ViE)0) = 5 (Dualt), Do),
(V(t),9) = (Dui(t) —us(t), g).
Therefore (u1,us) and V are a solution of the weak mixed variational form.

Since the initial conditions are the same, they are also satisfied. O

4.2 Dynamic problem

Suppose V& and V}\ are finite dimensional subspaces of Tp and Y is a finite
dimensional subspace of C[0,1].

Standard Galerkin Approximation

Find <wh,gbh> such that, for each ¢ > 0, <wh(-,t),¢h(-,t)> € Vk, and

(2w (-, 1), v1) = —(1+ So) (Bpw"(-,1),0}) + (#"(,t),01) + (P(-, 1), v1),
(afgbh<~,t),7}2) = (aﬂ?wh<'7t> - Qbh('?t)ﬂ)?) - % (8w¢h(-,t),v;)

hold for each (vy,vy) € V&, while

<wh('7o)7¢h('70)> = <wg7¢g> and <atwh('>0)7at¢h<'70)> = <w§7¢g>

The choice of the finite dimensional subspace V£ must now be made. If piece-
wise linear basis functions are chosen, then although the standard Galerkin
approximation above converges in theory, in practice locking occurs. (The
term “locking” is used to describe a situation where the discretisation error
fails to decrease at the theoretically predicted rate.) One possibility to avoid
this, if it is known that the exact solution is sufficiently regular, is to use
Hermite piecewise cubic basis functions.
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Another alternative is to use piecewise linear basis functions and apply the
mixed finite element method.

In order to obtain the mixed Galerkin approximation, some notation is re-
quired. Divide the interval [0, 1] into n elements of equal length. Contin-
uous piecewise linear basis functions are used (also known as C piecewise
linear basis functions), notated as &g, dy,...,d,. Let S" be the span of the
set {dg,...,0,} and S§ be the span of the set {d,...,d,_1}. The choices
Vi =8 x S and Y" = S" are made.

Define the following matrices

Kij = (6},6;),
M;; = (65, 04),

Lij = (85, 6;).

More detail on the definition of the basis functions and matrices can be found
in Appendix B. The following sub-matrices are also defined. If X is a square
matrix, then

— X{ap is matrix X with rows a and b and columns a and b deleted,;

— XR{ap) s matrix X with rows a and b deleted.

Definition. Let x; denote the value of x at node j. Then

W) = Y wnle )i @), o) = D ool (o),
wh(e) = Y wa)@), hie) = 3 b))

The mixed Galerkin approximation is therefore given below.
Mixed Galerkin approximation

Find <wh, gbh> and V" such that, for each ¢t > 0, <wh(-,t), gbh(-,t)> € St xSh,
Vh(.,t) € S and

(Fw" (-, t),v1) = =80 (B (-, 1), 0}) — (V" (-, t),01) + (P(-, 1), v1),
(P 1),0) = a (VP 1)) - % (06" (1), 1))
(V' 1),9) = (9uw"(-,1) = 6"(-,1),9)
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hold for each (vy,v9) € SP x S" and g € S", while
<wh('7o)7¢h('70)> = <w(})la¢g> and <atwh('>0)’at¢h('70)> = <w27¢g>

Since w"(-,t) € S§, ¢"(-,t) € S" and V(- t) € S" for each t > 0, it follows
that

w'(z,t) = ij(t)éj(a:), (4.2.1)
o (x,t) = Z@(t)@-@), (4.2.2)

d"(z,t) = Z d; ()6, (x), (4.2.3)

n

Vi@ t) = Y (di(t) = ¢5(1)) 6 (), (4.2.4)

J=0

where (d", g) = (9,w", g) for g € C[0, 1]. Note that there exists a one-to-one
correspondence between S" and R"*!. Similarly, there exists a one-to-one
correspondence between S and R"~1.

Definition. For v € S", v € S}, let Tu = @ if u =Y u;6; and 7v = 0 if
v = Z?:_ll ’Uz(gz
Note that 7 is clearly one-to-one. Take V"(-,¢) as an example. Then, since
Vh('a t) € Sh7 -

V(1) = V().

These one-to-one correspondences may also be applied to pairs [w, ¢]7.

Using Equations (4.2.1) - (4.2.4), the Galerkin approximation can be rewrit-
ten: Find w, ¢ and d such that, for i = 1,...,n —1; k = 0,...,n and
—0,....n

n—1 n—1

S Wl (6;,5) = —So> wy(8.) ZV (0;,00) (4.2.5)
j=1 j=1

D 058) = a) V;(;.6) ~ ;Z@ (05:0) . (4:2:6)
j=0 Jj=0 Jj=0

n n—1

§=0 j=1

(t) = d(t) - o(t), (4.2.8)

<



4.2. DYNAMIC PROBLEM 71

with
w(0) = 7w, ¢(0) =7¢y, w'(0)=7wy, ¢'(0) =7

w

¢] and d such that
o ST =] e S [E]
2d = [(Lngon)" 1) m and V=d—¢

o) = [d] - (500 = (4]
¢(0) S R A () T
Remark. For rods with cantilever or clamped-clamped boundary conditions,

the Galerkin approximation is the same except for the obvious modifications
to the matrices M, K and L.

That is, find [

<

with

Using central differences, the following algorithm is obtained to find approx-

imations for {w and d.

¢

Algorithm
For each time step k,

Mo 0[] e ([Emen)] o
[ 2

L G- ),

Mdy, = [(LR{%})T 0] Zﬂ

To prepare for the initial time step,

ol =[] (2] - 2) = ]

where
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The algorithm for the standard Galerkin approximation can be found by sub-
stituting (4.2.8) into (4.2.5) and (4.2.6). It is not discussed in this dissertation
as it can be found in many textbooks.

Provided that the initial condition ug is in Ej, the standard finite element
method can be used effectively with Hermite cubic basis functions and yields
extremely accurate numerical results.

4.3 Convergence

Convergence for the dynamic problem is studied in this section. The theory
presented in [BV13] is applied to the standard finite element method and
other sources are quoted for the mixed finite element method.

4.3.1 General results

Recall the general spaces V, W and X and Problem GVar defined in Chap-
ter 2. The standard FEM results in [BV13] are written for a general problem
such as Problem GVar. Let V" be a finite dimensional subspace of V. Note
that h is a parameter related to the dimension m of V* and h — 0 as m — 0.
Let t,, = n(dt) and denote the approximation of u"(t,) by u”.

Assumption C1 The solution v € C(J,V) of Problem GVar is such that
(Pu) € C?(J), where P is the projection operator defined by

b(u — Pu,v) = 0 for each v € V"

Assumption C2 There exists a subspace G of V and a positive integer 7
such that if u € G, then for some positive real number GG

inf [Ju— vy < Gh"u|lg,
evh

where || - ||g is a norm or semi-norm for G.

Definition. Let II denote the interpolation operator for the relevant space.
Define I1? as follows. For f € X,

I® f = (1f1, 1 fs) .



4.3. CONVERGENCE 73

Theorem 4.3.1. Suppose Assumption C2 holds, ulf = MPuy and ul =
@, . If the solution u of Problem GVar satisfies Assumption C1, u(t) € G
and u'(t) € G, then

lu(t) = u"(@®)llw < OVGR|u(t) g + V20yGR" (3T max [/ (1) g
+3CTmax[lu(t)|lg + (2 + 3CaT)||uollg
+3T||uq||g) (4.3.1)

for each t € [0,T], where Cy and C, are from assumptions A3 and A4W
respectively.

Proof. See [BV13] Theorem 5.2. O
Theorem 4.3.2. If f € C?*([0,T],X) then

||uh(tn) - UZ||W < 7T25t2 max ”(uh)(4)||w 4+ 7Tt max ||(uh)m”w
+1/2C,0t* max || (u")" || (4.3.2)

for each t € (0,T), where C, is from assumption A4W.
Proof. See [BV13]| Theorem 6.1. O

The following theorem follows from Theorems 4.3.1 and 4.3.2 above.

Theorem 4.3.3 (Error estimate).

Suppose the solution u of Problem GVar satisfies Assumption C1 and As-
sumption C2 holds. Also, suppose uff = MNPug, ult = MPuy, u(t) € G and
u'(t) € G. If f € C*([0,T], X?) then

Ju(tn) — u"(ta)|lw + [lu"(t,) — ullw

CYGR||u(ty)]lg + V2C,Gh" (3T max || (t,) g
+3C, T max [[u(t,)|lg + (2 + 3C.T) |Juo|lg + 3T'||ur]lg)
+7T6* max || (u") Dy + 776t max || (u")" [

+4/2C,6t* max || (u™)" || (4.3.3)

lu(ta) = upllw

IA A

for each t € (0,T).
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4.3.2 Application to Problem AT

In order to apply the general theory, the space V" and operator P must be
identified and Assumptions C1 and C2 shown to hold.

Using piecewise linear basis functions (as in Section 4.2), let V" = S} x S"
and P be such that

bar(u — Pu,v) = 0 for each v € Sj x S

Then the assumptions become

C1 The solution u € C(J,V) of Problem ATW is such that (Pu) € C%(J).
C2 There exists a subspace G of V and a positive integer n such that if
u € G, then for some positive real number G

inf llu—vlv, < Ghlullg,

vESh X
where || - ||g is a norm or semi-norm for G.
Theorem 4.3.4. Using piecewise linear basis functions, the standard FEM

converges for Problem ATW if f € C?([0,T], £*(0,1)%).

Proof. By Theorem 3.2.1 Problem ATW has a unique solution
u € C'([0,00), V)N C?([0,00), W). (4.3.4)

Therefore u € C?([0,00),V) since ¥V C W. Hence, as in the remark in
Section 3 of [BV13], it can be proved that P(u(-,t)) € C?*([0,00)) for each
t > 0. That is, Assumption C1 holds.

Let G = H?(0,1)2 NV and || - ||g2 denote the natural norm for H?(0,1)2.
Since u € C?%([0,00),V), it follows that, for i = 1,2, (see [SF73])

Ju; — Hug|| < A?||07w]| and  [|0pu; — 05 (ITwy)|| < A?|| 03w

Therefore, by the equivalence of the norms || - ||y, and || - ||z (Proposi-
tion 3.2.2),

lu—Tull}, < K2 (llu — Hu|? + (|01 — 0, ()|
Hluz — Mua||* + 1|05tz — 0 (Mus) [1%)
< 2K20 (||02u|® + 1|02us|?)
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That is

||u—HuH$,A < KV2h|u| g (4.3.5)
Therefore, for G = Kv/2,

g&“u—M@ASGMWMP. (4.3.6)

Hence Assumption C2 holds and Theorem 4.3.3 may be used to find the
error estimate for the problem. Since m — oo implies that h — 0, the FEM
solution converges for Problem ATW. O]

Now consider using piecewise Hermite cubic basis functions. The spaces V"
and P are defined in a similar fashion and assumptions C1 and C2 are the
same as in the case where piecewise linear basis functions are used.

Theorem 4.3.5. Using piecewise Hermite cubic basis functions, the standard
FEM converges for Problem ATW if f € C*([0,T], £*(0,1)%).

Proof. The proofs that u € C*([0,0), V) and Assumption C1 holds are sim-
ilar to those for piecewise linear basis functions.

Since u € C?([0,00), V), there exists a constant C' such that for i = 1,2, (see
[SF73])

07 u; — 07 (Mu,) || < CR*™||0%w;|| for m =0,1,2. (4.3.7)

Therefore, following similar arguments to the proof of Theorem 4.3.4, there
exists a positive real number GG such that

: 2
vleanhHu_vHVA < Ghl|ul| 2. (4.3.8)

That is, Assumption C2 holds and hence Theorem 4.3.3 may be used to find
the error estimate for the problem. Since m — oo implies that A — 0, the
FEM solution converges for Problem ATW. ]

Convergence of the mixed finite element method

The convergence of the mixed finite element method will not be discussed
here as it is beyond the scope of this dissertation. The interested reader may
consult [Sem94]| and [LMR16] for more information.
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4.4 Numerical experiments

If a rod is not prismatic, then the eigenvalues and eigenfunctions must be cal-
culated numerically. A comparison of numerical and exact results is therefore
done to determine the accuracy of the numerical algorithm. In this section

the values v = E = 0.25 and o = 1200 were used throughout.
o

Eigenvalues and eigenfunctions

Using the system of Equations (3.5.16)-(3.5.17) in Chapter 3, the first five
terms of the sequence of eigenvalues are given in Table 4.1, where the influ-
ence of the value of Sy near 0 is investigated. These values are accurate as
they are calculated directly. Note that Sy can be positive or negative. The
eigenvalues where Sy = —107° and Sy = 10~ do not differ significantly from
those where Sy = 0. They are therefore not included in the table below.

Table 4.1: The first five eigenvalues corresponding to values of Sy near 0.

E.value | So = —107! | Sp = —=3.185 x 1072 | Sy = —1072 | Sy = —1073
A1 -0.6675 8.14 x 107 0.2140 0.3022
A2 0.6270 3.250 4.091 4.437
A3 10.92 16.72 18.58 19.34
A4 36.56 46.72 49.98 51.32
As 81.44 97.20 102.2 104.3
Evalue | Sg = —107% | Sy =0 | Sp =107 | Sy =1073 | Sy = 1072
A 0.3110 0.3119 | 0.3129 0.3217 0.4099
A2 4.472 4.476 | 4.480 4.514 4.861
A3 19.42 19.43 | 19.43 19.51 20.28
A4 51.45 51.47 | 51.48 51.62 52.96
A5 104.5 104.6 | 104.6 104.8 106.9
For the case where Sy = —1072, the eigenvalues differ significantly from the
case where S; = —1072. This can be interpreted as the case where the rod

may buckle if the compressive force S is increased further. For the case
where Sy = 1072, the eigenvalues also differ significantly from the case where
Sp = 1073. This can be interpreted as the case where the rod stiffens signif-
icantly as a result of the tensile force stretching it.



4.4. NUMERICAL EXPERIMENTS 7

Dynamic problem

In this section the numerical results of Model AT, with S = Sy, are calcu-
lated after half of a period of the solution and compared to the exact results.
As this comparison is for illustrative purposes, for simplicity the initial con-
ditions used are chosen to be the first mode. That is,

wo(x) = sin(mz), ¢o(x) = meos(mx), and wg(x) = ¢q(z) =0. (4.4.1)

The formal series solution of the model (see Section 3.5.1) is given by

{Z((if))] = cos(v/h1 1) [ sl } : (4.4.2)

) A, cos(mx)

Also, substituting in the initial conditions, the algorithm to find the numer-
ical approximation of the solution becomes

Algorithm
For each time step k,

P W] - e[

Pr+1
+(o1)? [_So[f]{ovn} _[QH {wk}

i RICHRE)]

Md, = [(LR{o,n})T 6} {Zﬂ ‘

where

_ _ - )
To prepare for the initial step, [go} — {77;1;2} and [Z_;l} _ |:U)1:| ‘
0 0 -1

The following tables show, using the given initial conditions (4.4.1) and dif-
ferent values for the force Sy, the numerical (mixed finite element method)
and exact (Equation (4.4.2)) results obtained for the deflection and angle of
rotation after half of a period of the solution. The first table also includes, for
reference, the values of the eigenvalue A\; and the value of the dimensionless
time t. Since the greatest deflection occurs at the centre of the rod for this
set of initial conditions, results for the deflection at x = % will be compared
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and because the greatest deviation occurs at the two endpoints (r = 0 and
x = 1) for this set of initial conditions, results for the deviation at z = 1 will
be compared.

It should be noted that Sy = —10~! results in a negative eigenvalue \; and
was therefore not considered.

Table 4.2: Deflection at z = 0.5 after Half a Period

So A1 t Numer. Result | Exact Result | Relative Error
—1072 | 0.2140 | 6.7910 | -1.0004 -1 4.0 x 107
—1073 | 0.3022 | 5.7152 | -1.0004 -1 4.0 x 1074
—10=* ] 0.3110 | 5.6337 | -1.0002 -1 2.0 x 1074

0 0.3119 | 5.6248 | -1.0001 -1 1.0 x 107*

10~* | 0.3129 | 5.6160 | -1.0000 -1 0.0 x 107
1073 | 0.3217 | 5.5385 | -1.0004 -1 4.0 x 107
10=2 | 0.4099 | 4.9070 | -1.0001 -1 1.0 x 1074

Table 4.3: Angle of rotation at x = 1 after Half a Period

So Numerical Result | Exact result | Relative Error
—1072 | 3.0174 3.0421 8.119 x 1073
—1073 | 2.9868 3.0423 1.824 x 1072
—10=* | 3.0766 3.0423 1.127 x 1072

0 3.1077 3.0423 2.012 x 1072

10~* | 3.1035 3.0423 2.702 x 1072
10~ | 2.9897 3.0423 1.729 x 1072
1072 | 3.1208 3.0425 2.574 x 1072

From Tables 4.2 and 4.3 it is clear that the numerical approximation of the
deflection in the linear model is accurate to at least three significant digits,
while the approximation of the angle of rotation is accurate to one significant
digit. In the approximations, 28 elements and 3000 time steps were used. A
better result is expected if more elements or time steps are used.



Chapter 5

The Sapir-Reiss semi-linear
model

The focus of this chapter is on the SLT-SR model described in Section 1.3.
Recall that in [SR79] only pinned-pinned boundary conditions are used. For
this reason the same is done in this chapter. As mentioned, the model was of
great importance for the study since it is not linear but the application is the
same as for Model AT (which is linear). It is significant that the semi-linear
model SLT-SR differs “slightly” from Model AT as explained below.

More recently, in [ADMPS12] a study similar to [SR79] is done, but shear
is not considered in the model. Due to the shear, the model in [SR79] has
greater complexity and is, in our view, more interesting.

5.1 Model problem and scope of numerical
experiments

Model SLT-SR is almost the same as the pre-stressed Model AT introduced in
Chapter 1. It is convenient to refer to the pre-stressed model as Model ATC
since S = Sy = % (a constant). Recall that for Model SLT-SR,

1

Sit) = So+% i (Opw(-,1))2. (5.1.1)

The only difference between the models is the term containing the integral
of (Oyw)?.

79
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Originally, the main concern regarding [SR79] was existence, FEM analysis
and application as well as comparison to the linear model. However, to
do a comparison it was necessary to consider buckling. Of importance in
this chapter is the discussion in Sections 3.5 and 3.6 regarding the critical
load. It was proved that the existence of a zero eigenvalue implies that
Sy = % (This critical value of Sy is denoted by S.;.) By Proposition
3.5.1, negative eigenvalues exist if and only if Sy € (=1, S4). It follows
that S..; is important for comparison of the models and that one should

distinguish between the cases Sy < Se.i¢ and Sy > Seriz.

An investigation into what sense one should consider Model ATC as a linear
approximation of Model SLT-SR is conducted. To guide this investigation,
the situation is compared to a mechanical system modelled by a system of
ordinary differential equations. The nonlinear system u” + f(u) = 0, with
f(0) = 0 has a well defined linear approximation w” = —Aw, where A is the
Jacobian matrix of f at 0.

Suppose —A has a positive eigenvalue A with corresponding eigenvector wy.
Then
w(t) = (cl cosh VMt + ¢y sinh \/Xt) Wy

is a solution of the linear approximation for which |w(t)|g» — 00 as t — co.

The nonlinear system can be written as u”+Au = g(u), where |u|gs|g(w)|gn —
0 as |u|]§i — 0. Consider the corresponding first order system for the pair
(u,u’), that is v’ = v with v/ = —Au + g(u). In matrix form, this is written

as
u]’ 0 1| |u 0
= + )
v —A 0] |v g(u)
It is well known that the equilibrium 0 is stable if all the eigenvalues of

—-A 0
are positive or have positive real parts.

1
[ 0 ] have negative real parts and is unstable if one (or more) eigenvalues

By assumption, —Aw, = Aw, and hence

0 I wy | Wx
EHIEAROEAL
It follows that the equilibrium 0 of the nonlinear system is unstable and there
exists a ball with centre 0 where solutions close to the line determined by

<w,\, \/Xw)\> will leave the ball.
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Note that w = ¢ = 0 is an equilibrium for Model ATC as well as Model
SLT-SR. If Sy > S..i, the solution of Problem AT is periodic and the rod
oscillates around the zero equilibrium. Sapir and Reiss [SR79] studied post-
buckling oscillations of an axially loaded rod. The authors first considered
the system where the nonlinear term is omitted. They claim that the system
was “linearised” to obtain the eigenvalue problem, but no reference is given.
Using the critical load for the linear system, they calculated approximate
solutions for the nonlinear system when Sy < Sepi¢.

Analysis of nonlinear stability for partial differential equations is beyond the
scope of this dissertation. It was decided to explore the properties of solu-
tions using numerical methods. The model, with pinned-pinned boundary
conditions, is solved numerically and compared to a solution of Model ATC.
The case where Sy > S..; is discussed in Section 5.4 and the case where
So < Sgpi in Section 5.5.

5.2 Variational forms

Recall the variational form of Model ATC found in Chapter 3. It is natural
to use the mixed form for this model as well. The variational form for the
semi-linear case is identical except for the definition of S.

Problem SLT-SRV  Given the load P, find (w,¢) and V such that for
each t > 0, (w(-,t),¢(-,t)) € Tp, V(-,t) € C(0, 1), the equations

(B0, m) = — (SWal,0)08) ~ (V0,00 + (P(.1), 1),
(S0 thua) = (V000 = (0000005

hold for each (v1,v9) € Tp with constitutive equations
V(.t) = 0 W( 5 1),
Also, for t =0,

w(z,0) =wy(x), Jw(z,0) = wy(zx), (5.2.1)
¢(x,0) = ¢o(x),  0p(x,0) = da(x). (5.2.2)

As in [PK20], damping is not considered in this chapter. (That is, a = 0).
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Problem SLT-SRV is considered for FEM implementation. The minimum
requirement for the initial states are (wo, o) € Ep and (wg, ¢q) € V (see the
remark below).

For completeness, the weak variational form is considered below. In order to
find the weak variational form, the bilinear form by from Chapter 3 must
be rewritten. For v and v in V), let

bo(u,v) = br(u,v) + (SoDuy, Dvy) (5.2.3)

and
1
o(u,v) = bo(u,v) + > ((Duy, Duy)Duy, Dvy) . (5.2.4)

Note that by = bar when S = Sy. Interestingly, o is a semi-linear form. Using
the notation f(t) = (P(-,t),0), the weak variational form of the problem
follows.

Problem SLT-SRW

Givenug € V, ug € £%(0,1)% and f € C([0,7); £2(0,1)?) find u € C?((0,7); W)
such that for each ¢ > 0, u(t) € V, ¥/(t) € V and

cr (W'(t),v) + a(u'(t),v) + o(u(t),v) = (f(t),v) foreach v eV,

I t) — =0
Jim fJu(t) = uolly :
. / .

Jim [l (t) = ualle2 = 0.

Another weak variational form (based on [PK20]) is considered in Chapter 6.
The existence of a solution of the problem above is considered in Chapter 7.
The theory is based on [AmmO02] and a # 0.

Remark. In the linear theory, the initial conditions must be such that ug €
Ey, and ug € V in order for existence of a solution to be considered. It is
therefore safe to assume that at least the same must be true for the nonlinear
problem above.

5.3 Development of an algorithm

To simulate oscillation of a rod, an algorithm is developed for Problem SLT-
SR using a variation of the mixed finite element method.
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The notation defined in Chapter 4 is used to find the Galerkin approximation
of the model and algorithm to compute the approximation.

Galerkin approximation
Find w", ¢" and d" such that, for each t > 0, w"(-,t) € St, ¢"(-,t) € Sh,
d"(-,t) € S" and the equations

(Fw" (-, t),v1) = — (SO + %(d%t),d%t))) (D" (-, 1), v7)
- (vh('vt)7vll) )
(a§¢h<'7t)7v2) = « (Vh('7t)7v2) - % (am(bh(':t)?Ué) )

(d"(~t).9) = (0w"(-1).9),
Vh('7t) = dh('7t)_¢h('>t)

hold for each v; € SP, v, € S" and g € S", while
<wh<'>0)7¢h('70)> = <w87¢g> and <atwh('70)>at¢h('70)> = <w2,¢§>

Since wh(-,t) € Sk, ¢"(-,t) € S" and d"(-,t) € S" for each t > 0, it follows
that

w'(z,t) = :ijj(t)éj(x),
Sat) = gasj(t)aj(x),
d"(z,t) = Zdj(t)aj(x)
Vi, ) = D (di(t) = ¢;(1)) ().

J=0

Also, fol(dh(-, t))? can be approximated, using the trapezoidal rule, by
[zt dawr o+ Loy (53.1)
; , =~ 213 0 j n . .O.

Therefore the Galerkin approximation can be rewritten: Find @, ¢ and d
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such that
1 (1 il 1
S = So+ Som <§(do( )%+ Z(dj(t))2 + §(dn(t))2> :
j=1
n—1 n—1 n
STwl(0,,0) = =S w(8), ) Zv] (9;,8) fori=1,...,n—1,
j=1 j=1

n

n n 1

> @60 = ) V(65,0 qu] 8;,6,) for k=0,...,n,
j=0 j=0 7

n n—1

> di(65.0m) = > _wi(0},6,) form=0,....n,

j=0 j=1

V(t) = dt)— o)

with
w(0) = 7wy, ¢(0) =7, W'(0) =7wh, ¢(0)=7eh.

This may be constructed as a system of ordinary differential equations.

That is, find {g] and d such that

Md = |(Lngom)" 0 {Z]

and
Mo S = [l e[ B [8)
with N . .y o
50) = k) (50 = 7t

Using central differences, the following algorithm is obtained to find approx-
imations for [Z] and d.
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Algorithm For each time step k,

M 0[] _ e [~ g, g,

o [ 8] Pl 46222
where
Mae = [(Lnom)” 0] [;‘j:]
Sy = SO+L(%(dé’“))ernZl(d;k))QJr%(dn’“)f).

To prepare for the initial step,

) = [Fad] ez (5] - []) = (2]

Remark. To the best of our knowledge, this algorithm is new.

5.4 Implementation of FEM

In this section, simulation of the motion for a subcritical load (Sy < Serit)
is carried out. This is done to compare the results of linear and semi-linear
models and investigate the outcome. The values v = g = 0.25, a = 1200
and f = 300 are used. For g = 300, the critical value S..;; = —0.03185
(approximately).

The numerical results of Model SLT-SR with a small initial displacement were
calculated and compared to the results of Model ATC after half a period of
the linear case. For a small initial displacement, the linear and nonlinear
models should behave similarly. Thus, the comparison of the deflection and
angle of rotation for the two models is justified.

For the initial condition, a multiple of the first mode of the linear model is
used. That is, for a = 1073,

wo(x) = asin(nx), ¢o(z) = amcos(nz), wy(z) = pg(x) = 0. (5.4.1)
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The exact solution for the linear model is given by

{Z(g 3] = acos(v/2u 1) { nire) 1 : (5.4.2)

A; cos(mz)

Substituting in the initial conditions, the algorithm to find the numerical
approximation of the solution in Section 5.3 becomes

Algorithm
7 T ] | Wk
Mdi = | (Lag.)" 0] {‘bk}
1 (1 — 1
S = So+—<-(dgk>)2+ <d§’“>)2+§(dnk>)2>

and

M ] ] = 0 [ -

e[S e (5] [ SR - )

o we] _ [mw w_y| _ [y
with Lﬁo} = _7?(]58] and |:¢1} = [Qﬁ} )

Experiment 1
In this experiment, various values of Sy, with Sg > —0.01 > S,.;; were chosen
to compare the solutions of Models ATC and SLT-SR.

The following tables show, for the given initial conditions (5.4.1) and different
values for the force Sy, the exact results obtained for Model ATC (Equation
(5.4.2)) and the numerical results obtained for Model SLT-SR where the
deflection and angle of rotation are calculated after 2 dimensionless units of
time. This is done because t = 2 is small compared to the period of all linear
solutions considered.

For this set of initial conditions, the greatest deflection occurs at the centre
of the rod. Results for the deflection at x = 0.5 are therefore compared.
Also, the greatest deviation occurs at the two endpoints (r = 0 and z = 1)
for this set of initial conditions and hence results for the deviation at x = 1
are compared.
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Table 5.1: Deflection at x = 0.5 and ¢t = 2, where a = 1073

87

Value of Sg | Model ATC | Model SLT-SR | Relative Difference
—1072 6.017 x 10~* | 6.015 x 10~* 2.327 x 10714
—1073 4542 x 107* | 4.539 x 10~* 5.725 x 1071

0 4.383 x 107* | 4.381 x 10~ 6.160 x 1074
1073 4.226 x 107* | 4.226 x 1074 1.420 x 10~*
1072 2.863 x 107* | 2.862 x 10~* 3.144 x 1074

1 9.972 x 10~* | 9.974 x 10~* 1.705 x 10~*
1.5 1.073 x 107* | 1.071 x 1074 2.330 x 1073

2 —8.759 x 107* | —8.762 x 10~ 3.425 x 10714

Table 5.2: Angle of rotation at x = 1 and ¢ = 2, where a = 1073

Value of Sg | Model ATC | Model SLT-SR | Relative Difference
—102 —1.830 x 1072 | —1.830 x 1073 4.371 x 1074
—1073 —1.382 x 1073 | —1.381 x 1073 7.237 x 1074

0 —1.334 x 1073 | —1.333 x 1073 7.499 x 1074
1073 —1.286 x 1073 | —1.285 x 1073 3.111 x 1074
1072 —8.710 x 107* | —8.706 x 10~ 4.822 x 10~*

1 —3.058 x 1072 | —3.058 x 1073 6.540 x 107°
1.5 —3.306 x 107* | —3.293 x 10~* 3.872 x 1073

2 2.708 x 1073 2.709 x 1073 4.432 x 1074

It was found that the approximate solution of the semi-linear model sug-
gests that the solutions are “period-like”. (The term almost periodic is well
defined.)

The Tables 5.1 and 5.2 show that for Sy > S..:, the approximations of
Model ATC are equal to the approximations of Model SLT-SR to at least 3
significant digits.

Solutions of linear and semi-linear models for Sy close to the critical value
Serit &= —0.03185 are investigated in the experiments that follow.

Experiment 2
In this experiment, the case where Sy > S..i;, but with |Sq — Sg.i| small is

examined. To be specific, the value Sy = —3.1 x 1072 is used. In this case,
AL = 8.33 x 1073,

Only the deflections are given, since they represent the shape of the rod. As
in Experiment 1, the greatest deflection occurs at the centre of the rod and
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hence the results for the deflection at = 0.5 are compared.

Value of ¢t | Model SLT-SR | Model ATC | Relative Difference
0 1.00 x 102 1.00 x 102 0.00
1 9.91 x 1073 | 9.96 x 1073 442 x 1073
2 9.65 x 1073 9.84 x 1073 1.91 x 1072
3 9.21 x 1073 9.63 x 1073 4.32 x 1072
4 8.63 x 1073 9.34 x 1073 7.61 x 1072
5 791 x 1073 8.98 x 1073 1.19 x 107!
6 7.06 x 1073 8.54 x 1073 1.74 x 107!
7 6.15 x 1073 8.03 x 1073 2.34 x 107!
8 5.15 x 1073 7.45 x 1073 3.09 x 10!
9 4.09 x 107° | 6.81 x 107 3.99 x 107!
10 3.00 x 1073 6.12 x 1073 5.10 x 107!
11 1.87 x 1073 5.37 x 1073 6.52 x 10!
12 7.29 x 1074 4.58 x 1073 8.41 x 107!
13 —4.20 x 10~* 3.75 x 1073 1.11
- H“x
\\\\

S \\\

§ 0.004 \\\

g 0.002 - \\\

\\

Model SLT-SR
Model ATC

Table 5.3: Deflection at o = 0.5, where a = 1072

-0.002
]

2

Time

Figure 5.1: Comparison of the results from Table 5.3, Sy > Seri, a = 1072

It is clear from Table 5.3 that the solutions differ significantly. The solution
of Model ATC is periodic and the solution of Model SLT-SR appears to
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be “period-like”. As the graphs in Figure 5.1 indicate, the “period” of the
nonlinear model is less than the period of the linear model.

5.5 Buckling

Recall that S..; is the critical load that corresponds to A; being zero. In
Model ATC, the solution where Sy < S..; yields unrealistic results (see
Subsection 3.6.2) which are interpreted as an indication that the rod could
be buckling. However, the results of Experiment 2 lead to the belief that
Serie 18 not “critical” for Model SLT-SR.

Experiment 3

In this experiment, the case Sy = S, is examined. Assuming \; = 0, the
value of Sy was calculated and approximated by Sy = —3.185 x 1072. In this
case, the solution of Model ATC is a non-zero constant.

Table 5.4: Deflection at x = 0.5, where a = 1072

Value of ¢t | Model SLT-SR | Relative Difference

0 1.00 x 10~2 0.00

1 9.956 x 1073 4.37 x 1073
2 9.811 x 1073 1.89 x 1072
3 9.575 x 1073 4.25 x 1072
4 9.260 x 1073 7.40 x 1072
5 8.857 x 1073 1.14 x 107!
6 8.399 x 103 1.60 x 107!
7 7.881 x 1073 2.12 x 107!
8 7.310 x 1073 2.69 x 1071
9 6.708 x 1073 3.29 x 1071
10 6.075 x 1073 3.93 x 107!
11 5.416 x 1073 4.58 x 107!
12 4.749 x 1073 5.25 x 1071
13 4.067 x 1073 5.93 x 107!

As the graph in Figure 5.2 indicates, the solution of Model SLT-SR decreases,
while the solution of Model ATC stays constant, which is not physically re-
alistic. The graph for the nonlinear case can be interpreted that the solution
may reach zero and oscillate around it. This was confirmed in a later exper-
iment (see Figure 5.3).
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Figure 5.2: Comparison of the linear and nonlinear results from Table 5.4,
SO = Scm't; a=10"2

The following experiment is similar to Experiment 3, but with A\; < 0.

Experiment 4
In this set of results, the case where Sy < Sg.i, but with [Sy — Sepi¢| small,

is examined. The value Sy = —3.2 x 1072 is used and in this case, \; =
—1.4610 x 1073.

It is clear from Table 5.5 that the linear solution in this example makes no
physical sense since there is no additional force and yet the deflection of
the centre of the rod increases. It is possible, however, that the nonlinear
approximation reflects the actual deflection. Although the solution of Model
SLT-SR decreases, it is slower than for the case where A\; = 0. This can be
seen by comparing the values of the deflection at the centre of the rod in
each case at t = 13. It may be interpreted from the graph for the nonlinear
case that it is possible for the solution to reach zero and oscillate around it.

In search of a nonlinear critical value for Sy, Experiment 5 is conducted.

Experiment 5

Choose Sy = —3.25 x 1072, The graph below compares the results of
Model SLT-SR found in Experiments 2, 3 and 4, as well as for the addi-
tional case, where t € [0, 30].
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Table 5.5: Deflection at x = 0.5, where a = 1072

Value of t | Model SLT-SR | Model ATC | Relative Difference

0 1.00 x 1072 | 1.00 x 1072 0.00

1 9.96 x 1073 | 1.00 x 1072 4.36 x 1073
2 9.84 x 1073 | 1.00 x 1072 1.88 x 1072
3 9.64 x 1073 | 1.01 x 1072 4.24 x 1072
4 9.37 x 1073 | 1.01 x 1072 7.36 x 102
5 9.03x 1073 | 1.02 x 1072 1.13x 1071
6 864 x 1073 [ 1.03x 1072 1.58 x 1071
7 820 x 1073 [ 1.04 x 1072 2.09 x 1071
8 771 x 1073 | 1.05 x 1072 2.64 x 1071
9 7.19x 1073 | 1.06 x 1072 3.21 x 1071
10 6.65 x 1073 | 1.07 x 1072 3.81 x 1071
11 6.09 x 1073 | 1.09 x 1072 4.42 x 1071
12 5.52x 1073 | 1.11 x 1072 5.02 x 1071
13 493 x 1073 [ 1.13x 1072 5.62 x 1071

0.01

0.005 -

Deflection of the rod centre
=)
T

-0.005 -

91

—8p=-31x10% (4 > 0)
Sp=-3.185:102 (A; = 0)

— Sp=-3.2x107 (0 <0)

—— 8p=-3.25x107 (A, <0)

001
o 5 10 15 20 25 30
Time

Figure 5.3: Comparison of the deflection of the rod centre for the cases Sy =
—3.1x1072 Sy = —3.185x 1072, Sy = —3.2 x 1072 and Sy = —3.25 x 1072,
where a = 1072,

For Sy = —3.2 x 1072, the solution still oscillates around zero even though
A1 is negative. However, for Sy = —3.25 x 1072, the solution no longer
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oscillates around zero, but possibly some other positive value. This leads
to the conjecture that the critical value for Sy in Model SLT-SR is between
Sop=—3.2x10"? and Sy = —3.25 x 1072.

Conclusion

The results in Chapter 5 almost confirm the findings in [SR79]. One difference
is that they claim the critical value is the same for the linear and nonlinear
models. In this chapter, calculations show that the critical values differ but
are close. It is important to note that neither Sapir and Reiss nor we proved
any of the conclusions. However, completely different computational methods
were used, which render the findings significant. Clearly, more reading and
investigations should be done in future research.



Chapter 6

Convergence for the
Sapir-Reiss semi-linear model

In Chapter 5 the same approach was taken in solving the nonlinear model
as with the linear model. A different approach is considered in this chapter.
The system is reduced to one of first-order equations before the finite element
method is applied to it. This approach has the advantage that error estimates
are calculated using weak derivatives in terms of space and time. That is,
convergence for the shear strain and bending strain can also be found. The
methods used in this chapter follow closely to those used in [PK20].

Instead of deriving the error estimates using the solution itself, error esti-
mates using a vector valued image of the solution are calculated. This vector
valued image, however, does not include the deflection and neither do the
actual iterations. The use of the deflection is avoided by using the equality
of mixed derivatives. The approach taken in [PK20] is similar to approaches
used in Finite Differences. Estimates are first calculated on matrices, vectors
and the so-called truncation error before the approximation error is found.
This is done using a norm that depends on the element length h.

93



94 CHAPTER 6. CONVERGENCE FOR MODEL SLT-SR

6.1 Comparison of models

The system considered by the authors of [PK20] is

1
Pw = (cd —a+ b/ (8xw)2dx> O*w — cdo, ¢, (6.1.1)
0
0lp = cO*p—c*d(¢p— dw), (6.1.2)
where 0 <z < 1,0 <t < T and with boundary and initial conditions

Dw(0,t) = duw(1,t) =0, 9,6(0,t) = dé(1,t) =0,  (6.1.3)

Oyw(z,0) = wy(z), w(x,0)=wy(x),

Or¢(x,0) = ¢a(x), ¢(2,0) = do(x). (6.1.4)

As part of the justification for this model, the articles [SR79] and [Amm02]

(amongst others) are quoted, which consider boundary conditions for a pinned-
pinned rod. The authors of [PK20] give no explanation as to why they

consider clamped-clamped boundary conditions and no other boundary con-

ditions are mentioned. Also, there is no mention that w(0,t) = ¢(0,t) = 0.

Fortunately, by choosing the test functions in the variational form according

to the boundary conditions (as has been done throughout this dissertation),

this does not influence the theory.

The system considered in Chapter 5 is

Pw = <1+S +i/1(aw(-t))2)62w—a¢ (6.1.5)
t - 0 2,7 o T 5 T ¥, -1
oo = %aicb (¢ — Baw), (6.1.6)

where 0 < 2 < 1,0 <t < T and with initial conditions

Oyw(z,0) = wy(z), w(x,0)=wy(x),

Orp(x,0) = ¢a(x), ¢(x,0) = go(x). (6.1.7)

Comparing the two models, it was found that no scaling was done for the
model in [PK20].

In [PK20], the authors use the notation I; to denote the area moment of
inertia where I was used in Chapter 1. In addition, I, denotes the polar
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moment of the cross-section. The authors of [SR79] use I, the polar moment
of a cross-section, instead of I, which is clearly an error. In other articles,
including [PK20], this error has been carried over. Fortunately, it is not
relevant to the theory. The value I, is irrelevant for the model but is of the
same order as I;. The authors of [PK20] also use A in their model to denote
the “end shortening” of the rod. This value is not dimensionless, whereas all
other parameters in their model are.

Rewriting the system (6.1.1) - (6.1.2) using the dimensionless constants de-
fined in Chapter 1, it is found that

ArPG B
= = — 1.
cd i e (6.1.8)
AIN  AA
A2«
- - = 1.1
b 5T 5 (6.1.10)
A2 1
¢ = — =xa, where —<y<l1. (6.1.11)
I 2

That is, (noting that 8 = vy«)
1
2 b a 2 2, 1%
Jyw = <a <m2 D) + 5 /0 (O,w) dm) O;w e 0.0, (6.1.12)
2
Ro = xad?d— (6 w), (6.1.13)

12
where 0 <2 <1, 0<t<T.

The form of the problem considered in [PK20] is therefore similar to Problem

SLT-SR.

The requirement in [PK20] that ¢d — a > 0 is equivalent to the condition
D < %. Typically, v € [%, %] and k2 € [%, 1] (see Chapter 1) and hence the
requirement is that D < 1. Alternatively, for Sy = % (see Chapter 1), the

requirement is equivalent to Sy < 2.

As mentioned in Chapter 5, the initial conditions must satisfy the forced
boundary conditions in order for existence of a solution to be considered. It
is assumed that

Wo, Po € H3(0, 1) and wg, ¢g € ]‘12(07 1)

Although not explicitly stated, the authors of [PK20] consider weak solutions
on (0,1) x (0, 7). That is, w and ¢ are assumed to be in H?((0,1) x (0,7)).
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For ease of reference, most of the notation used in the remainder of this
chapter is the same as that used in [PK20].

6.2 Variational forms and existence theorems

Following the sequence used in the rest of this dissertation, the weak vari-
ational form is found before the Galerkin approximation is given. This is
omitted in [PK20], although weak derivatives seem to be implied. Once
the finite element method has been applied, the authors of [PK20] apply a
Crank—Nicolson type of symmetric difference scheme and use a Picard type
iteration process to find the algorithm.

Instead of solving the problem as it is, the problem is first reduced to a
system of first-order differential equations. Let

Wy = 8tw7 Wy = aacwa gbt = atgba ¢ac = m¢ (62]—>

Then (6.1.1), (6.1.2), (6.1.3) and (6.1.4) become

1
opwy = <cd —a+ b/ w? (-, t)) Oy w, — cddy, (6.2.2)
0

8th = @xwt, (623)
8z€§b1€ = Ca$¢$ —d (Qb - wz) > (624>
0P = O0ur, (6.2.5)
g = ¢, (6.2.6)

where 0 <z <1, 0<t<7T and
wi(0,t) = wy(1,t) =0, ¢(0,t) = ¢y(1,t) =0, (6.2.7)

with initial conditions

—~

we(z,0) = wy(z),  we(z,0) = dpwy(z),

¢u(2,0) = Ga(x),  ¢u(2,0) = app(x),  &(2,0) = go(x). (6.2.8)

Note that the solution for w will still need to be found since the solution
of this set of equations will give approximations for d,w, d,w, 0;¢, 0,.¢ and
¢. This could be done by integration or, as the authors of [PK20] suggest,
Taylor expansions.
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Although it seems to be implied throughout [PK20] that weak derivatives of
both time and space exist, only the initial conditions are assumed to have
weak derivatives. For this nonlinear problem it is not necessarily true that
the solution will have the required regularity.

In order to find the variational form of this problem, Equations (6.2.2) -
(6.2.6) are multiplied by functions v; € C[0,1], i = 1,2,...,5. and each
equation is integrated over the length. Let

Tr = {9 = (91,92 93,91, 95) € (C[0,1])* : :(0) = ga(1) = O,
g3(0) = g3(1) = 0} . (6.2.9)

The variational form therefore follows.

Variational Form
Given positive constants a, b, ¢, d, find (wy, w,, ¢y, ¢, ¢) such that for each
t> 07 <wt('7t)awx('at)7¢t('7t)7¢x('at)7 ¢(7t)> S TP and for each v € Tp,

(Qpwy,v1) = ((cd —a+ b/o (wm(-,t))Q) OpW, — cdoy, v1> ,(6.2.10)
(Orws, va) — (we, v3) (6.2.11)
(i, v3) = (Ontpr — (¢ — wy),v3) (6.2.12)
(Ose,va) = —(¢1,04), (6.2.13)

(0cd,vs5) = (D1, 05), (6.2.14)

with initial conditions

wi(z,0) = wa(x),  we(z,0) = dywy(z),
ou(5,0) = a(x),  6u(2,0) = Dudo(z),  6(x,0) = o). (6.2.15)
In order to find the weak variational form, the closure of the test functions

Tp (that is, Tp) must be defined. This is not the space V as in previous
chapters. Now

Tp = H(0,1) x H'(0,1) x H3(0,1) x H*(0,1)?, (6.2.16)
where

H)(0,1) = {w € H'(0,1) : lim w(z) = limw(x) = 0}.

z—0 z—1

In this chapter the weak partial derivatives with respect to time and space are
denoted D; and D, respectively, whereas the weak derivative with respect to
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space is denoted D as before. The fact that mixed weak partial derivatives
are interchangeable comes from the definition of a weak derivative, since
mixed partial derivatives of C'* functions are equal.

Weak Variational Form

Given positive constants a,b, ¢, d, find y = (wy, wy, ¢1, ¢z, ¢) such that for
each t > 0, y(vt) = <wt('7t>7wm('7 t)7¢t('7t)7¢m('7t)7 ¢<7t)> € Tp and for each
v € Tp,

(Dywy,v1) = ((cd —a+ b/o (wy (-, t))2> D,w, — cd¢,, vl) , (6.2.17)
(Diwg,v2) = — (wy, Dvg), (6.2.18)
(Dypy,v3) = (cDm@ —d (¢ — w,) ,'03) , (6.2.19)
(Di¢a,v4) = — (1, Dvy), (6.2.20)

(Dip, v5) (1, v5) , (6.2.21)

with initial conditions

wi(z,0) = wy(x), we(z,0) = Dywy(z),

O1(2,0) = ¢g(z),  ¢u(x,0) = Dypy(x), o(x,0) = ¢o(z). (6.2.22)

Recall the notation 7f = f used in Chapter 4: for v € S" and v € S¥,
ru=uifu=7> " jud and 7o =7 if v = Z;:ll v;0;. Since piecewise linear
basis functions are being used, the i** entry of 7 f is the function f at node i.
The definition of 7 is therefore extended to H'(0,1): for u € H(0,1), let
Tu = u, where u denotes the nodal values of the unique continuous function

that is equal to u almost everywhere (see Theorem 2.2.2).
Define the following vector valued function:

Existence theory for the nonlinear problem is discussed in Chapter 7. The
fact that the model used there is similar to the one in this chapter suggests
that the existence results will hold for both models.

6.3 Algorithm in [PK20]

The first-order system is written as a Galerkin approximation. Each equation
of the Galerkin approximation is then written in matrix form. The entire
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system is written in one matrix differential equation depending only on time,
which is discretised twice further to form an algorithm used to approximate
the solution.

Application of the finite element method

As in Chapter 4, let the interval [0, 1] be divided into n subintervals and 9,
denote the j'th C piecewise linear basis function on [0, 1]. (More information
is given in Appendix B.) Then the approximate solution of the system (6.2.2)-
(6.2.6) is found in the form

D= w05, wet) =3 w0
J=1 k=0
=Y 0y 050), 0w 0= 6 )

=Y 6.()0(x).  (63.1)

The functions wy,(t), wy, (), ¢y, (t), ¢, (t) and ¢, (t) above are defined using
the system of ordinary differential equations below:

1
(thth, 5j) = ((cd —a+ b/ (wxh(-,t))g) Dyw," — edo,™, 5j) , (6.3.2)
0

(Dewy", 6;) = — (w",8)) , (6.3.3)
(Dt¢th> 5]) = (CDbexh - C2d (th - ) ) ’ (6 3. 4)
(-Dt¢rh7 5k) - (¢t 75k ) ) (6 3 5)
(Dt¢h7 5]6) = (¢t a(sk) ) (6 3. 6)

where 0 < t < T, with the initial conditions
w;(0) = wa(x;),  we, (0) = Dewo(2r), (6.3.7)
¢, (0) = da(;),  02,(0) = Ouiy(zr),  ¢.(0) = do(zx), (6.3.8)

where j =1,...,.n—1and k =0,1,...,n

As mentioned above,

7w (1) = (wi (), ... w1 (1)) and  Tw" (-, 1) = (wao(l), . . . wen(t)).

The notation 7u = @ could become confusing at this point. To avoid this,
the notation, for example

wy (1) = Fw," (-, 1),
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is used. Define the vector function y” as follows:

Y (t) = (wi' (1), wi(t), 6} (), ¢ (1), &" (1)) - (6.3.9)

Matrices Recall the matrices M and L defined in Chapter 4. The matrices
are also written out in more detail in Appendix B. For a square matrix X,
the following notation is used.

— X{o,n) is matrix X with rows 0 and n and columns 0 and n deleted;

— Xpg is matrix X with rows 0 and n deleted.

The system in Equations (6.3.2)-(6.3.8) can therefore be rewritten as

M{07n}Dt(wf(t)) = (cd —a+ bw;’(t)TMw;’(t)) Lrw(t)

—cdMpp" (1), (6.3.10)

MDy(w}(t)) = —(Lr)" w}(t), (6.3.11)
Moy Di(98(t)) = cLroli(t) — *dMgpe"(t) + FdMgw!(t),(6.3.12)
MD(¢5(t)) = —(Lr)" ¢1(t), (6.3.13)
MDy(¢"(1)) = (Mg)" (1), (6.3.14)

where 0 < t < T and with initial conditions

wl(0) = Twg,  w'(0) = TOwo, (6.3.15)
¢ (0) =Tda,  ¢4(0) = Tutbo,  ¢"(0) = To. (6.3.16)

For theoretical purposes, Equations (6.3.10)-(6.3.16) are represented as
MD,(y"(t)) = (L + N(wk (1)) y"(¢), (6.3.17)
with 0 < ¢ < T and initial condition
y"(0) = (Twa, TOpwo, Tha, Tuo, Tho) , (6.3.18)

where (following the notation of [PK20])
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Moy
2\ 0
M = + M{o.n} ,  (6.3.19)
0 20\
M
0 “Ar, 0 =My 0 ]
2(Lg)" 0 0 0 0
L= 0 <4 )My 0 CLp  =24Mpl,  (6.3.20)
0 0 2(Lp)" 0 0
0 0 2(Mpg)” 0 0 |
0 +Lrp 0 0 0
0 0 000
N(v(t)) =bo(t)"Mov() |0 0 0 0 0f,v(t) €R™™.  (6.3.21)
0 0 000
0 0 000

If alternative boundary conditions are used, (6.3.17) remains the same except
for the definitions of M, L and N.

Algorithm

Before the algorithm from [PK20] is given, more notation is required.

Let 7 denote the grid step on the time interval [0,7], where 0 < 7 < 1,
T = % and t,, = m7, m = 0,1,..., R. Denote the values of vectors of the
form v"(t,,) by v, m = 0,1, ..., R. Using this notation, let

Using a Crank-Nicholson type of symmetric difference scheme (see [PK20]),
it follows that

h _ . h
MYt — (L4 3 (N(w,h) + N(w, ) (ol + o)
with g = 4(0). (6.3.23)

The authors of [PK20] further discretise the system to perform an iteration

process. Let

yﬁl»p = (wtz’hp’ wxfn,p’ gbt?n,p? st?n,pa QSZ’L,p) ) (6324)

where, for chosen 7 and h, yﬁ%p is the p' iteration of y" . It is assumed that
y" | is known and has a negligible corresponding error. Let

Yo = Ym-1- (6.3.25)
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Using a Picard type iteration process (see [PK20]), the following algorithm
for yﬁ%p is found:

T 1
M?Jﬁn,p = Mygm—l + 9 (L + 2 (N(wl"}rln,p—l) + N(wﬂfﬁn—l))) (ygz,p—1 + ygz—l) .
(6.3.26)

6.4 Truncation error

Once the error estimate for the system has been found, the error of the
iteration process (which was assumed to be negligible) is estimated.

The vector y defined in (6.2.23) does not necessarily satisfy (6.3.17). That
is, there is an error term when it is substituted in. To be precise,

MD,(5(t)) = (L + N(wy(-, 1)) 5(t) + 0". (6.4.1)
The term 0" is referred to as the truncation error. For 2"(t) = (t) — y"(¢),

MD, (2" (t)) = Lz"(t) + N(@a(-,1))5(t) — N(wg ()y"(t) + 0"(t), (6.4.2)

T

where
0"(t) = MD,((t)) — (L + N(wz(-, 1)) 5(t), 6"(0) =0. (6.4.3)

Equation (6.4.2) resembles a linear differential equation, where the second,
third, and fourth terms act as forcing functions. The strategy followed in
this chapter is to find bounds for these “forcing functions”, then Gronwall’s
inequality may be used to find the error estimate for the algorithm.

Proposition 6.4.1 (Gronwall’s inequality).
Let f(-) be a non-negative, absolutely continuous function on [0,T] and g(t)
and h(t) be non-negative, summable functions on [0,T]. Suppose

@) <gt)ft)+n(t) ae for tel0,T). (6.4.4)

Then, for each t € [0,T],
ft) < eJo 9(s)ds <f(0) + /t h(s)ds) : (6.4.5)
0

Proof. See [Eva98, Appendix B| ]
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Vector and matrix norms

Some norms are defined in order to find bounds on the “forcing functions”
in Equation (6.4.2). Recall that h = % The h-scalar product for two vectors
u and v with the same dimension k is defined as

k
(’LL, U)h = h Z U; Uy,
i=1

with associated norm .
Julln = (u, )z

Let

S" = span{dy, ...,6,} and S = span{éy, ..., 5, 1}. (6.4.6)
The relation between the || - ||;, norm and the £2(0,1) norm is shown below.
Proposition 6.4.2. The norm || - || on S* and the norm || - ||, on S& both

converge to the norm in £*(0,1).

Proof. For u € S™ and v € S}, by the definition of the Riemann integral,

1 ¢ !
li 7= lim — )2 = 2 = |Jul]? 4.
il = Jim 3 ) | =l (6.4.7)
1 n—1 1
I 5= lim — )2 = 2= Jlo)*. 4.
fm el = Jin 3w | 2= (6.45)
O
The proposition above implies that any bounds found in terms of the || - ||

norm also hold in £2(0,1).

Other related norms are now defined. For a symmetric positive definite
matrix V' and vector u with dimension equal to the order of V', define the
norm

1
1 3
|lullv., = (EVu, u> : (6.4.9)
h
The norm || - ||, on a matrix V' is represented by
[Vl
V] = max ———. 6.4.10
H Hh U0 HUHh ( )

The following estimates are useful.



104 CHAPTER 6. CONVERGENCE FOR MODEL SLT-SR

Proposition 6.4.3. For a vector v € R and vy € R* 1,

1
%HUHh < vllarn < vlln, (6.4.11)
1
%HUOH}Z S ||UO||M{0’R},/'L S ||U0||h' (6412)
Also,
ILell, < 1. (6.4.13)

Proof. Let v € R"" and vy € R"!. Then (see Appendix B for the definition
of M)

P

[ Z(Mv)ivi = —h Y (207 4 200341 + 207,4) -

=0 %

|~
Il
(@)

Therefore, using the property |2ab| < a? + b* for any real numbers a and b,
it follows that

1
Sllolli < [lollizs < o]l

1
The proof that —3Hvlo < Jvoll s,y < llvolln is similar.

V3

For the proof of (6.4.13), recall that

||LRU||h
L = max .
” R“h 0£0 ||U||h

Now, for any v € R""! using the property —2ab < a? + b* for any real
numbers a and b, (see Appendix B for the definition of L)

h n—1 n
IZrolly = 33 it = visa)* S B ()" = ol
=1 i=0

Therefore
LRl < 1.

Bounds for the growth of the function y

The notation defined above is now used to find bounds in order to estimate
the “forcing” terms in (6.4.2).
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Due to the fact that some expressions are used frequently, shortened notation
is defined for convenience. This notation is similar to that used in [PK20].
Recall that the notation C%([0,1] x [0,T7]) is used for the space of functions,
defined on [0, 1] x [0,7], which have i continuous partial space derivatives
and j continuous partial time derivatives. Let

2
w=5+ \/%61(0), (6.4.14)

where

er() = (oo )1 + cdosutz, ) = o, O + 55 (o

=

2

sl ) + LGOI + 0,00 ) . (6419

In addition, if w,(x,t) € CP°([0, 1] x [0,T7]), where p =1 or p = 2, let

5 f =1
w, = 4 87O L (6.4.16)
3 (mo(m1 + mZ) + Eml) for p=2,
O'wy(x,t
where m; = max max M ,1=0,1,2.
0<z<10<t<T ozt b

Let

_ 1 _ =
ea() = (11, 0+ el = 113

=

1 o o 1, ,— —
4o (a = BT 3) +;u¢tu?v,{o,n},h+r|¢xn%4,h) C(6447)

The values sg, s1 and sy are given by
50 = wo+ hfw,, (6.4.18)

5, = % + \/gcd (62(yh(0)) + % | Mro? — LR¢2}|h) . (6.4.19)

a\ 2 8 ¢ 2
sy = 3b (31—|—<81—6> )max{l,g,é,a} (6.4.20)
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and the values oy, as and agz are given by

@ = 3 (77 + (so + V6 (vso+ E)  + 31) %) . (6.4.21)

3 b
0w = ° (n ts (1 + 2\/6> E) , (6.4.22)
3 b
a3 = 5 <T} + SIE) y (6423)
where, for p and ¢ positive real numbers depending on a, ¢ and d,
1
n = P+ (6.4.24)

The propositions below are lemmas which are proved in [PK20]. References
are given for convenience.

Proposition 6.4.4 (Lemma 1).
The following inequalities hold:

M|, < 2 (6.4.25)

M < 3 (6.4.26)

[ P—— (6.4.27)

Proof. See [PK20, Section 3.1.2]. O

Proposition 6.4.5 (Lemma 2).
For w,v,u* and v* in S x S" x Sk x (S")?%,
b

IN(u2)o” = N(wa)alln < o ((luallarn + loallazn) 107 = @ [ln + (luallan

Hllvzllarn) (valln + lluzlln) 1o = vfln)

Proof. See [PK20, Section 3.1.2]. O

Proposition 6.4.6 (Lemmas 3 and 4).
There ezists a solution of the problem given by Equations (6.3.10)-(6.3.16),
and the following inequalities are valid for 0 <t <T':

[z (-, )13

lwz Ol

S0, (6.4.28)

<
< 5. (6.4.29)

Proof. See [PK20, Section 3.2.2]. O
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Proposition 6.4.7 (Lemma 5).
There exists a solution of the problem in (6.3.23) and the following estimate
holds:

lwemlan < s, (6.4.30)

where m = 1,2, ..., R.

Proof. See [PK20, Section 3.3.2]. O

Proposition 6.4.8 (Lemma 6).
If the grid step T satisfies the condition
1-— €9

0<7< , (6.4.31)
a3

where € is an arbitrary number from the interval (0,1), then
lyplln < s, (6.4.32)

where m = 1,2, ..., R.
Proof. See [PK20, Section 3.4.2]. O

If a function has a continuous partial time derivative of order ¢, then the
partial derivative is bounded.

Definition. For y(z,t) € (C%([0,1] x [0,T)))°, £ =0,1,2, let

Mg = Magge + Mg e + Mg o+ Mg, + Mgy, (6.4.33)
dévo (‘rﬁ t) —  —
Mygge = Orgtaé}%“ T . , Vg = Wy, ¢t, (6.4.34)
1<j<n—1
d“v(zy, t) I
Mpe = Ogltaé)% dté . y U= Wg, Pg, ¢ (6435)
0<k<n

Also, for y(t) € (C2[0,T])°, £ =0,1,2, let

Myh g = Myh g+ Mah g+ Mgh g+ Mgh o+ Migh g, (6.4.36)
de/l)()j(t) h h
Moot = 22r dtt |, vo = W, 9 (6.4.37)
1<j<n—1
d'vi(t) h bk
Mot = Orgtz;XT St . v = Wy $ @ (6.4.38)

0<k<n
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The authors of [PK20] do not explicitly mention an estimate for N(w/(t)),
however it is similar to Proposition 6.4.5. It is given below for convenient
reference.

Proposition 6.4.9. Fort € [0,T] and 5(t) € R™! x R x R=1 x (R7H)?)
_ b _
IN (w2 () 3(#)ln < o2 (O3 171l (6.4.39)

Proof. Let t € [0,T]. Then, for o(t) € R"! x R" x R*1 x (R™™)? using
the estimate given in (6.4.13) ,

b ()T Mo ()~ Lwa(#)

IN(v()3() |5 = !

h

= o el | Lrva()],

IN
I

A ||U2(t>||?w,h HLRHh ||U2(t)”h

IN
I

loa (D135 119(E) . (6.4.40)
0

Using the theory above, an estimate may be found for the truncation error
defined in (6.4.3).

Proposition 6.4.10. The following inequality holds for the truncation error
in (6.4.3): if wy(x,t) € CP1([0,1] x [0,T]), where p = 1 or p = 2, and
wt(xvt)7 ¢t(x>t>7 (bz(xut)z ¢($,t> € CO,I([()? 1] X [OvT])7 then

b
16" (@) [|n < 2my1 + nmgo + 5 50mMg0-

Proof. For any t € [0,T], using propositions 6.4.4, 6.4.6 and 6.4.9 and the
fact that w,(x,t) € CP1([0,1] x [0,T]), where p = 1 or p = 2, and wy(z, 1),
O, 1), ¢u(z,t), ¢(,1) € COH([0,1] x [0,T7),

0l = M — (L Nt a0
< M2 + s, + N0,
< Ml g+ Ll mg + Bl g
< 2myg +nmgo + ésomg,g. (6.4.41)

h
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6.5 Error estimates

Using bounds found for the so-called truncation errors, Gronwall’s inequality
is used to find error estimates for the algorithm given in Section 6.3. This
is done using the triangle inequality to add three different error estimates in
order to find the total estimate.

Semi-discrete error estimate

The first of the error estimates calculated is the semi-discrete error estimate.
That is, the error of the finite element method.

Theorem 6.5.1. The error of the finite element method is estimated by the
inequality below, using the notation of (6.2.23), (6.3.9) and (6.4.3):

[5(6) = 9" Olln < (0ae™ e +3t) max 0"l (6.5.1)

Proof. Let 2"(t) = 5(t) — y"(t). By (6.4.2), since z"(0) = 0, it follows that

M:"(t) = /O (L") + N(@z (-, u))g(u) — N(wg (w))y" (w) + 0" (u)) du.

(6.5.2)
Also, by Proposition 6.4.5, (6.4.28) and (6.4.29),
IN (@ (-, )5 (t) — N(wg (£))y" (t)|n
< % @z O 3en + 1wk Ol3en + (@ ) s
Hlwk @O llan) (@, 0)n + wk(@)]n)) 12" @)
< % (s0+ V6 (Va0 + v0)" + 51 ) 112" (1) I (6.5.3)

Therefore, from (6.5.2), (6.4.26) and (6.4.27), it follows that

t t
1O < ar [ 1 @lhdu+3 [ 160
0 0

IN

t
h h
al/o |2 (u)\!hdu+3t0r£%>%ue ()]/n- (6.5.4)
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Using Gronwall’s inequality (Proposition 6.4.1), with f(t) fo 12" ()] ndu,
it follows that

/ |27 (w)||ndu < 3eP*1 2 fax 16" ()| (6.5.5)
Therefore (6.5.4) becomes
1" @®)lln < Baze™™*t* max 0" (t)]]n +3tof£%xTH9h(t)||h

_ tag 42 h
= (3areit —I—St) Org%XTHQ ®)||n-

O

Corollary. If
wy(x,t) € CPH([0,1] x [0,T]), where p=1 or p=2, (6.5.6)
wy(w,1), o2, 1), P, 1), d(, 1) € C*H([0,1] x [0,T]), (6.5.7)

then the error of the finite element method is estimated by the following in-
equality.

b
Hg(t) ( )“h (30&1€ta1t2 —+ St) (2mg’1 + nm@o + ﬁSOmg’o) s (658)

Fully discrete error estimate

Recall that 7 denotes the grid step on the time interval [0,7], where 0 <
T
7<1l,7=—=andt, =mr,m=0,1,..., R. Also, the approximate values of

vectors of the form v"(¢,,) are denoted by v, m =0,1,..., R. Let

Ui = (Wil Was Dtys D B - (6.5.9)
Recall from (6.3.23) that along with y? = y"(0),

h _ . h 1 1
MYm = Yma 1 (L 5 (N(wh) + N(wxz_1>)) (Y + Ym) -

T 2
Let
=Y (t ) = Y-
Note that by letting 3" = y"(t,,) — 2", it follows that for m = 0,1, ...R
2 = P 1 h h 1 h
Mf = §L (2 4+ 20 _1) — 1 (N(wgr,)

NG )) (0 vle) + 7 ()
+N(wlxl(tmfl))) (yh(tm) + yh(tmfl)) + efn’ (6'5'1())
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where z!' = 0 and

h __ b
an _ My (tm) Y (tm—l) _ %L (yh(tm) +yh(tm_1))

-
1

~1 (N(wxh’(tm)) + N(wxh(tm_l))) (yh(tm) + yh(tm_l)) (6.5.11)
The following proposition is a part of the proof of Theorem 2 in [PK20], but
is not explicitly stated.

Proposition 6.5.1. If, for the functions in (6.3.1),
wy, (), We, (1), G, (1), 6ay (1), G1(t) € C?[0, T,

where j = 1,...n—1 and k = 0, ...,n, then the truncation error in (6.5.11)
15 estimated by

1 b
Jmax 108 < T (m ho + YL + 51— ( + \/_) wh71> . (6.5.12)

The error estimate of " is found below.

Theorem 6.5.2. Suppose that for the grid step T, the inequality below holds:

1
0<r1< il

: (6.5.13)

(%)

where €1 is an arbitrary number from the interval (0,1). Then the following
inequality estimates the error of the difference scheme in (6.3.23):

h _ - 2t7n(052/51)
1" (tm) =y lln < 20, ax 167 15- (6.5.14)
Proof. 1t follows from (6.5.10) that
™! 1 !
VRN (L<z:;+z:; 045 3 (NGH )
—N(w,, )y ;) + M6k (6.5.15)

Also, by Propositions 6.4.3, 6.4.5 and 6.4.6, for i,7 € {0, 1}

IN(h b))y () = N(walh_ )y,
b
< o [(wa(tm—i)H?M,h + ||w$7]’1n—z||?\4h) ||Zgz—j||h

+ (s (tm-i)llarn + 1 womillarn) (lwg Em)lin + lwem ;1) 2 illx]

b
< sy (||z,’;_j||h - 2\/6||zi‘n_i||h> : (6.5.16)
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Therefore, by Proposition 6.4.4 and the definition of as,
lzmlln < lzmoilln +7az (lzmlln + 251 lln) + 37165 1n.  (6.5.17)
That is,

lzmlln < IIQZLIIh

1—
m—1

( ) B ( )H e
=0

TO./Q + 27'042 ) mn

IN

[N

m—

1
— Ty + 270
( : ) 16l (6.5.18)
0

1—7'04
2 =

Therefore, since 2z = 0 and by (6.5.13), it follows from the limit of a geo-
metric series that

1

3 i s\’
h (1 + 27—2)
€1 0<é<m €1

3 m
= T7— ((1—{—27%) — 1) “ max ||02||h
€1 €1 2T Qg 0<<m

m—1 YA
3 Q
lhde < r2 3 (12022 el
=0

IN
93
|
=
&
»
=
=

3 m
< 1+2t,—
< 2a2( + 2t mel) max 167 111
3
< 2tm(a2/61) 5.
< o a0/ (6.5.19)
[

Corollary. If, for the functions in (6.3.1),

wt]( ) ka( ) ¢tj( )7¢xk(t)7¢k(t) S 02[07T]7 (6520)
j=1,...n—1,k=0,....n, then

37_62tm(a2/61)
I () =yt s < ST (

Myh o + =NMyh 1
2042 v, vy,

2

+s15 ( + x/_) M 1) . (6.5.21)
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There is now enough information to calculate the error estimate on the differ-
ence scheme, which is not mentioned in [PK20]. Instead, an error estimate
for the iteration process is also given and then the total error estimate is
found.

Error estimate for the iteration process

Recall that it is assumed that y” | is known and has a negligible corre-
sponding error. Also, the algorithm for 3,  is given by (6.3.26) and (6.3.25),
repeated here for convenience.

Myf%,p = Mygzq + % (L + % (N(wx}&,pfl) + N<w3€]rznfl))) (y;ll,pfl + ?Jg%l) )
h  _ . h
ym,() = Ym—1-
Theorem 6.5.3. Suppose the grid step T satisfies the inequalities below.
0<7< =2 (6.5.22)
o3

2
0<7 (77 + 3 (1 +iree +2 (rf‘_—%) > 8%) < 2q, (6.5.23)

where €3 and q are arbitrary numbers from the interval (0,1). Then

¢, p=12.... (6.5.24)

1Y, = U plln < 752057

Proof. Tt follows from (6.3.26) that for Ay = yk —yl .,

m

T 1
Mfper = M (L NGt ) Aok,
1
Tr—
FIMY ()Nt ) (e + 95) - (65:25)
=0

Therefore, by Proposition 6.4.5 and the definition of N,

b
[N 1) Ay, |, < E!lwz}&_1||ﬁ4,h|lﬁyfn,p\lh7 (6.5.26)

HN(wwgl,p)yqf?Lz,p - N(wwgm,pfl)yﬁz,pfl ||h

1
b
=< ﬁllﬁyfn,pl\h (Z 1wz pillien
1=0

1
3 e peillarn (lwaplln + wafn,leh)) ;- (6:5.27)
1=0
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H (N(w&?fn,p) - N<wzfn,p71>) yfnfl ||h

1
b
<3 > llwar pellarnllwst, o llnl Ay s (6.5.28)
(=0

Also, by Proposition 6.4.3, it follows that

w1l < lwap_illn < [[Yh_1lln, (6.5.29)
Jwatt, o ollarn < Nlwalt ol < N0, dlln, (6.5.30)
Jwem, ollazn < Nwap ol < Ny oI5 (6.5.31)
Therefore
h 37 b hoo2 ) h 2 h
||Aym7p+1||h S ? n + % (”ym—th + ||ym,pl|h + ||ym,p—1”h) ||Aym7p||h

+377||yfnl||h (ymp e+ 1 palln) | Ay, -
+3§Hyfn_1HthZ,thHyZ,p_l!!h\!AyZ,p\\h- (6.5.32)
From (6.3.26) and (6.3.25) it follows that
M?an,l =My, +7 (L + N(wtﬂfn—l)) Y1 (6.5.33)
Therefore, by Propositions 6.4.7, 6.4.8 and the definition of as,
Ay [l < 275005 and |yl || < 52 + 275203 (6.5.34)

Let
k = 278503, (6.5.35)

Then (6.5.23) can be rewritten as

3r b o E\
Sl — 1)s> — ) ] <q 5.
0<3 <n+2h;(€+ )s2 <s2+1_q)>_q (6.5.36)

Thus, (6.5.32), (6.5.34) and (6.5.36) together with the fact that ﬁ > 1
imply that
‘|A3/7}7Lz,2||h < QHAyﬁz,th < kq. (6.5.37)

Therefore, using the triangle inequality, it follows from (6.5.34) and (6.5.37)
that
ym2lle < [Ymalln + 1 Aymolln < s2+E(L+ q). (6.5.38)
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Using mathematical induction (see [PK20]), (6.5.39) follows for p > 1:
1Ayh i < kg (6.5.39)

This implies that

¢ ¢
i— q
[y e — Ui plln < Z [AYE il < kqu+ '< kl——q (6.5.40)
i=1 i=1
Therefore, for p =0,1,...., ¢ =1,2, ...,
¢!
1—¢q

1Al < 2k (6.5.41)

Note that the right hand side of (6.5.41) tends to zero as p — co. Hence the
sequence (yfn,p), p=0,1,...,is convergent. Thus, letting p — oo in Equation
(6.3.26) and using Proposition 6.4.5 and the continuity of the matrices M

and L, it follows that

lim ¢ =",
p—)ooym’p Ym

Therefore, by (6.5.40), it follows that for p = 1,2, ...,

h h o h h @ q°
||ym - ym,th - gli{g) Hym,p-‘rﬁ - ym,th < kl — 2782@31

. (6.5.42)

Total error estimate

The error estimates of the previous sections are now used together with the
triangle inequality in order to find the total error estimate of the approxima-
tion.

In [AmmO02] it is mentioned, but not proved, that the regularity of the solu-
tion of the linear problem may be increased to H3(0, 1). This is not necessar-
ily true for the nonlinear case. Due to this remark in [Amm02], the authors
of [PK20] assume that wy(x) and ¢g(z) are in H3(0,1) and wy(z) and ¢q4(x)
are in H2(0,1).

Theorem 6.5.4. Suppose that y is a solution of the weak variational form
of the problem given in Section 6.2. In addition, suppose

wo(), po(x) € H*(0,1), wy(x), gg(x) € H*(0,1) (6.5.43)
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and that for the grid step T the following inequalities hold:

0<7< 9, (6.5.44)
0<7< 2 (6.5.45)

2
0<r(n+%(1+¢ +2< q))sg>§§q, (6.5.46)

where €1, € and q are arbitrary numbers from the interval (0,1).

If

wy(z,t) € CPH([0,1] x [0,T]), where p=1orp=2, (6.5.47)
wy(w,t), (1), b, 1), ¢(z,t) € C*(]0,1] x [0,T)), (6.5.48)
we, (8), ey (), 01 (1), 62, (1), 01(1) € C*[0, 7], (6.5.49)

forj=1,...n—1and k =0,...,n. Then, for chosen T and h att =t,,, the
estimate for the total error at the p™ iteration step is
— tmo 42 b
Hy<t ) ymth < (30416 ly + 3tm) 2my 1+ nmyo + —SoMmyo

h
73e2m(az/a) 1
4+ (myh72 + STy 1

20(2 2
b 2
+ Si5p (1 + 2\/_> Myh 1 | + TS203 . q’. (6.5.50)

If the right hand side of (6.5.50) vanishes as h — 0, then by Proposition 6.4.2
it follows that the approximation converges in the £2(0, 1) norm.

In [PK20], the result (6.5.50) is given in the form
15(tm) =y plln < €14 27 + e3P (6.5.51)

This is very misleading as the coefficients ¢;, co and c3 all depend on h and
do not all vanish as h — 0. In fact, some increase to infinity.

After examining the theorems several times, it was concluded that the error
bound calculated in [PK20] is not of any use since it is itself unbounded. To
remedy this by finding a bounded error estimate is beyond the scope of this
dissertation.



Chapter 7

Existence of a solution for the
Sapir-Reiss problem

The article [Amm02] is studied in this chapter. The author investigated the
existence of solutions of the nonlinear Timoshenko model of Sapir and Reiss
([SR79]). There is, however, only brief mention of the article [SR79]. Instead,
Ammari refers to a few 1991 publications. A standard Timoshenko rod is
considered with small vibrations, where it is implicitly assumed that Sy = 0
(that is, the rod is not pre-stressed as in [SR79]). This diminishes the value
of the article significantly. A difficult, but exciting undertaking to study this
article was anticipated, but instead we were disappointed.

The fact that the definition of the angle ¢ is incorrect in [Amm02] brings into
question the author’s understanding of the application. Added to this is the
absence of explanation as to why natural boundary conditions are treated
as forced. Also, the author seems unaware that for a standard as well as an
adapted Timoshenko rod, there is a result on the existence of a complete,
orthonormal sequence of eigenvectors. This omitted fact is relevant to one of
the existence proofs.

The system of partial differential equations and boundary conditions for the
Sapir-Reiss model are discussed in Chapter 5 of the dissertation, where an
algorithm to implement FEM is derived. Although the weak variational
form of the problem is found, no existence theory is discussed. Existence is
assumed and the proof postponed to this chapter.

117
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7.1 Local existence result and associated
linear problems

Existence results for Problem SLT-SRW (formulated in Section 5.2) are de-
rived in this chapter. The approach is based on the article [Amm02], where
the problem is somewhat simplified. It is assumed that Sy = 0 and f = 0.
Instead of (5.2.3) and (5.2.4), it is assumed in [AmmO02] that

1
o(u,v) = br(u,v) + %HDulHQ(Dul, Duy).
Problem SLT-SRW Given uy € V and uy € W, find u € C*((0,7); W)
such that for ¢t > 0, u(t) € V, ¥/(t) € V and
cr(u’(t),v) + a(u'(t),v) + o(u(t),v) =0 for each v € V, (7.1.1)
lim ||(u(t) — uo)|ly — 0,

The strategy in [Amm02] is to prove a local existence result. That is, there
exists some 7 > 0 and a function u such that Equation (7.1.1) is satisfied.
Then it must be proved that the solution can be extended. However, to prove
the local result, an associated linear problem is solved first.

For greater clarity, two linear problems are considered, Problems 7.1 and 7.2.
The local nonlinear problem is then Problem 7.3. It is clearly not necessary
to duplicate the complete formulation of the different problems.

Notation J: C'([0,t]; V) — C'([0,t]; R)

J(t, g(t)) = / Dyg(t)].

Instead of Equation (7.1.1), consider
cr(u’(t),v) + a(u'(t),v) + br(u(t),v) + Jao(t,ui (t))(Duy(t), Dvy) = 0 (7.1.2)
for each v € V.

Problem 7.1 For any 7 > 0 and any given f € C'[0, 7], consider, for each
t€[0,7),

c(u"(t),v) + a(u/(t),v) + bp(u(t),v) + f(t)(Dui(t), Dvy) =0  (7.1.3)
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for each v € V.

Problem 7.2 For any 7 > 0 and any g € C'([0,7]; T31(0, 1)), consider, for
each t € [0,7),

c(u"(t),v) + a(u'(t),v) + br(u(t),v) + Jo(t, g(t))(Dui(t), Dvy) = 0 (7.1.4)
for each v € V.

Problem 7.3 There exists some 7 > 0 and a function u that solves Equation
(7.1.2) on [0, 7) and satisfies the initial conditions.

To obtain the local existence result the following strategy is followed. First
it is proved that Problem 7.1 has a solution. Then, the function f(t) =
Jo(t,g(t)) is used to prove that Problem 7.2 has a unique solution. This
result is then used to prove existence of a solution for Problem 7.3 using
fixed point iteration.

Assume the following result for the time being.

Proposition 7.1.1 (Theorem 2.1).
If ug € By and ug € V, then there exists a unique solution

u € C([0,7); V)N CH(0,7); V) N C*((0,7); W)

for Problem 7.1 with u(0) = uy and u'(0) = ug.

Corollary. If ug € Ey and ug € V, then there exists a unique solution
u € C([0,7); V)N CH(0,7); V)N C*((0,7); W)

for Problem 7.2 with u(0) = ug and u'(0) = ug.

Define the mapping A: wu; = Ag where u is the solution in Proposition 7.1.1.

Suppose that B is a subset of C"! ([0, 7]; T1(0, 1)) such that A(B) C B and

A is a contraction on B. This would imply that a fixed point exists and
hence a solution of Problem 7.3.

7.2 The associated linear problems

In this section, the proof of Proposition 7.1.1 (from the previous section) is
considered.
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In [AmmO02], a classical boundary initial value problem is formulated in Sec-
tion 2, and in Theorem 2.1 it is claimed that a solution exists. The only
way to interpret this is that the partial derivatives in the formulation of the
problem are weak partial derivatives. Alternatively the author should have
stated that “a weak derivative exists”.

The author of [Amm02] writes the problem in variational form and proves
the existence of a weak solution. The approach is standard and can be
interpreted as a special case of a more general result in [Eva9d8, Section 7.2].
The steps in the proofs are as follows.

1. The existence of a basis (ex) for V is assumed and functions & consid-
ered such that u,, = 22:1 &rer is a classical solution of the variational
problem.

2. Tt is proved that the sequences (u,) and () are bounded in C([0, 7]; V)
and C([0, 7]; W). Hence, they converge weak™ respectively and satisfy
the weak variational form in the sense of distributions.

3. The existence part of Proposition 7.1.1 is proved.

4. Gronwall’s inequality is used to prove uniqueness.

The “proof” outlined above leaves much to be desired. In Step 2 it should be
made clear that the weak™* limits are not even functions in £2([0, 7]; £2(0, 1)?)
and in what sense the limit of the sequence (u,) “satisfies the problem”. In
Step 3, Ammari claims without any reason that r}gﬂ;oun € O([0,7]; H*(0,1))

and “... following [Str66] ...”, claim to complete the proof in one line. This
part of the proof cannot be completed in one sentence as explained below.

To present a proper proof and appreciate the shortcomings in [AmmO02], one
may consider [Eva98, Section 7.2]. Evans proves existence for the multi-
dimensional wave equation with time-dependent coefficients. First the ex-
istence of a weak solution is proved and this part is what is relevant here.
Evans defines a bilinear form Blu,v,t] and then the weak problem (without
calling it a “weak problem”) in the definition of the weak solution of the
original problem. Problem 7.1 is similar to the problem in [Eva98] and is
in some sense a special case. The proof in the book may be used with the
relevant minor changes. It is presented on eleven pages and consists of five
theorems and their proofs.
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7.3 Local existence

The local existence result, Theorem 2.2 in [Amm02, Section 2|, is under
consideration. In short, the solvability of Problem 7.3 is established.

Theorem 7.3.1 (Theorem 2.2 Part 1).
If ug € By and ug € V, then there exists some 7 > 0 and a unique function

u e C([0,7); V)N CH(0,7); V) N C*((0,7); W)
that solves Equation (7.1.2)
cr(u’(t),v) + a(u'(t),v) + br(u(t),v) + Jo(t,ur(t))(Dus(t), Dvy) =0

on [0,7) with uw(0) = uy and u'(0) = ug.

The proof in [AmmO02] is not complete. First, it is necessary to consider
two ways to construct a contraction mapping. The viability of both depend
on the corollary in the previous section. One possibility is the mapping A
defined after the corollary. In [Amm02], three mappings a;,ay and S are
defined as follows. For any functions f and g, let asf be the pair (f, f) and
a3 (g, g) = g. The mapping S is defined by letting S((g, g)) be the solution of
Problem 7.2. Finally, S = aj 0 Soay. According to [Amm02], a; and oy are
contractions and “It is easy to see for 7 small enough that S is a contraction

. (see for instance [1]).” The problem here is that not only is the existence of
a solution of Problem 7.2 required, but also an estimate relating the solution
to g.

Ammari ([Amm02]) concludes that S is a contraction which has a unique
fixed point and thus the problem has a unique solution. There is a second
part to Theorem 2.2.

Theorem 7.3.2 (Theorem 2.2 Part 2).

Furthermore, at least one of these two affirmations is true:
(a) T =400,
(6) lim - ([fu(®)]| g2 + o' (8)]lv) = +oe.

This statement is not proved at all. The proof of Theorem 7.3.1 is followed
by “The proof of the local existence result is now complete.”



122 CHAPTER 7. EXISTENCE FOR PROBLEM SLT-SR

If Theorem 7.3.2 is true, then since 7 is assumed to be “small enough that .S
is a contraction,” it follows that the only possibility is for part (b) to hold.
This must be a serious error, as [AmmO02] uses the fact that these norms
are uniformly bounded on a maximal interval of existence in the proof of
the global existence theorem (Theorem 3.1). The proof described above is
clearly not complete.

7.4 Global existence

In Theorem 3.1 of [AmmO02, Section 3] it is established that the local so-
lution can be extended to [0,00). This is subject to uy and wu, satisfying
“Condition (3.1)” (see the remark).

Theorem 7.4.1. Ifug € Ey, ug € V and ug and uq satisfy “Condition (3.1)”,
then there exists a unique function

u € C([0,00); V) N C((0,00); V) N C*((0,00); W)
that solves Equation (7.1.2)
cr(u (), 0) + a(el (t), v) + br(u(t), v) + Jo(t, us (£))(Dur(t), Doy) = 0
on [0, 00) with u(0) = uo and w'(0) = wuq.

Remark. In essence, “Condition (3.1)” is a bound involving ug and ug and
their derivatives.

Recall from Section 7.3 that [AmmO02, Theorem 2] cannot be used to prove
[Amm02, Theorem 3.1]. This, however, is not the only shortcoming. It ap-
pears that the following result is true:

Suppose [0,t,,) is the maximal interval of existence of the solution and
tm < oo. If [|[u()||%+ ||u(t)||y is bounded on [0, t,,), then it is a contradiction
and the solution can be extended.

This result is used but not stated and, of course, not cited. Asin Section 5.1,
the theory of ordinary differential equations is considered to motivate why
such a general result is probably not true.

Let H be an arbitrary Hilbert space, b a bilinear form on H and f an arbitrary
function on H. Consider for each ¢t > 0, u(t) € H and

(u"(t),v) + blu(t),v) + (f(u(t)),v) =0 for each v € H. (7.4.1)
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Rewritten in a familiar form,
u" + Au+ f(u) =0, (7.4.2)

where the linear operator A is defined in such a way that the two problems
are equivalent. Suppose a solution is defined on a bounded interval [0, T) and
the possibility of an extension is considered. If H is finite dimensional and
the range of the pair (u,u') is contained in a bounded subset D of H x H,
then lim,_,;— u(t) and lim,_,p- u/(¢) exist and belong to the compact set D.
(The proof is not trivial.) The initial value problem (7.4.2) with

w(T) = lim u(t), ' (T)= lim u'(¢)

t—T— t—T—

can be solved locally to extend the solution.

Model SLT-SR is of the form (7.4.1) or (7.4.2), but the spaces V and W
are not finite dimensional and hence a closed and bounded set need not be
compact. It is concluded that A and f must possess special properties for an
extension of a solution to exist. The multi-dimensional wave equation with
a nonlinearity is also of the form 7.4.2 (see for example [Eva98]). However,
the function f for the examples in the textbook are of a different type to the
function in this chapter.
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Chapter 8

Conclusion

8.1 Overview

Chapter 1 is an introductory chapter in which the models used through-
out the dissertation are introduced and discussed. The original Timoshenko
model for a beam is given and written in dimensionless form, forming the
linear Model T. Three sets of boundary conditions used throughout the dis-
sertation — pinned-pinned, cantilever and clamped-clamped — are given and
the parameters of the model are discussed. The use of the term “rod” as
a collective name for beams, cables, wires, etc. is then stated. Next, the
possibility of an axial force is considered in the Timoshenko model and the
dimensionless equations of motion are given as Model T-AF. Boundary con-
ditions for the additional displacement variable are then stated. In the case
of the pinned-pinned or clamped-clamped rod, the rod could be pre-stressed.
This is considered in the adapted Timoshenko model, Model AT. Damping
is discussed for completion, but is not the main concern in the dissertation.
An alternative formulation of the Timoshenko model with axial force is con-
sidered using nonlinear theory. This results in the semi-linear Model SLT.
The authors of [SR79] make additional assumptions to form the semi-linear
Model SLT-SR. In this dissertation Model SLT-SR is considered as one of
the special cases in [VDL21].

In Chapter 2, general existence and uniqueness of a solution for a linear model
are presented. The standard Timoshenko model problem (Problem T') is used
to illustrate the use of the theory. This is done by finding the variational form
of the problem, which is shown to be equivalent to the original problem under
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certain conditions. Sobolev’s embedding theorem for a function defined on
an interval is also discussed. The theorem is required for application of the
theory and is not a special case of the theory for a function defined on R™.
The weak variational form of Problem T (Problem TW) is then found in
order for the function spaces in consideration to be complete — a requirement
of the theory. The existence and uniqueness theory from [VV02] and [VS19]
is then presented for a general Problem GVar. Modal analysis of Problem
GVar is also presented and a formal series solution found, which is justified
using the energy method given in [CVV18]. The theory of existence of a
complete sequence of eigenvectors presented by [CVV18], is also discussed.
The general theory is then applied to Problem TW, which has the same form
as Problem GVar. Finally, the regularity of the solution guaranteed by the
theory is investigated.

The general existence theory and modal analysis discussed in Chapter 2 is
applied to the adapted Timoshenko problem (Problem AT) in Chapter 3. In
order for this to be done, the weak variational form of Problem AT (Prob-
lem ATW) is found. The application of the general theory to Problem ATW
is very similar to that of Problem AW. The necessary adaptations are made
and it is found that if the axial force S satisfies certain conditions, the general
existence theory holds. The existence of a complete sequence of eigenfunc-
tions for the weak variational form of the eigenvalue problem associated with
Problem AT (Problem AT EigW) is then shown. This sequence of eigen-
functions has corresponding positive eigenvalues which form an unbounded
increasing sequence. Using Sobolev’s embedding theorem it is found that
the complete sequence of eigenfunctions for Problem AT EigW also satisfies
the eigenvalue problem associated with Problem AT. Assuming that the ax-
ial force S is constant, it is found that a critical value for S exists which
results in the first eigenvalue in the increasing sequence of eigenvalues to be
zero. Following [VV06], properties of the sequence of eigenfunctions are then
investigated for any combination of pinned, clamped and free boundary con-
ditions, where S is greater than the critical value. The eigenfunctions for a
pinned-pinned rod are then calculated and used to generate a series solution.
In the case where S is less than or equal to the critical value, a formal series
solution can be found, but the procedure cannot necessarily be justified.

In Chapter 4, the solution of Model AT with pinned-pinned boundary con-
ditions is approximated using the finite element method (FEM) and central
differences. The approximation is then compared to the series solution found
in Chapter 3. In order to implement FEM, the Galerkin approximation is
defined using piecewise linear basis functions. However, although the stan-
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dard Galerkin approximation converges in theory, in practice locking occurs.
To avoid this, the mixed finite element method is used in the calculations.
The Galerkin approximation is written in matrix notation as a system of or-
dinary differential equations after which central differences are used to derive
an algorithm to approximate the solution. Convergence of the standard FEM
for the dynamic problem is studied using [BV13] and [SF73]. References are
given for the convergence of the mixed FEM. The first five eigenvalues in the
sequence of eigenvalues are found using the theory of Chapter 3 and used
to approximate the critical value for S. This is done in order to investigate
the behaviour of the model when S nears its critical value. The mixed FEM
approximation for the dynamic problem is also found and compared to the
series solution to illustrate accuracy.

The semi-linear model from [SR79] (Problem SLT-SR) with pinned-pinned
boundary conditions is investigated in Chapter 5. The variational and weak
variational forms are derived, but existence of a solution is not discussed as
it is dealt with in Chapter 7. Once the Galerkin approximation is found in
matrix form, central differences are used to derive an algorithm to approx-
imate the resulting system of ordinary differential equations. These results
are compared to the series solution of the linear Model AT with constant
axial load (that is, Model ATC) found in Chapter 4. The results where S
approaches the critical value such that the first eigenvalue is zero are in-
vestigated. This is where possible buckling occurs. It is confirmed that
Model ATC does not describe the physical situation in this case, but that
Model SLT-SR may be accurate. It is also found that the critical value for
Model ATC is not the critical value for Model SLT-SR. An interval where
the critical value of Model SLT-SR lies is found, but further investigation is
left for future research.

In Chapter 6 the convergence of FEM applied to a model similar to Prob-
lem SLT-SR is investigated using [PK20] as a guide. The system is reduced
to one of first-order equations before FEM is applied to it. It is found that
convergence for FEM applied to this model implies convergence for FEM
applied to Problem SLT-SR. An algorithm is derived using piecewise linear
basis functions, a Crank-Nicholson type of symmetric difference scheme and
a Picard type iteration process. The so-called truncation error is then found
and used to calculate error estimates which are added to find a total error
estimate. The error estimate found, however, does not imply convergence as
[PK20] claims.

In Chapter 7, the existence of a solution for Problem SLT-SR is discussed.
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It is presented by [AmmO02], but the presentation is shown to be incomplete
and contain crucial errors. One of these errors involves the use of the local
existence theorem to prove the global existence theorem. The proof in the
article follows a pattern used by other researchers. The errors and exclusions
are identified and some are rectified.

8.2 Achievements

The aim of the dissertation was to conduct a literature study on modelling,
numerical computation and mathematical analysis of a linear and nonlinear
Timoshenko model for the vibration of a rod with axial force. This included
existence theory and spectral theory.

After introducing and discussing the models used throughout the disserta-
tion, the general linear existence theory was stated and applied to a linear
rod model with axial force (the adapted Timoshenko rod model). In order
for this to be done, the model considered was written in weak variational
form and the required properties shown to hold. Sobolev’s embedding theo-
rem — which was also used to apply the theory — was proved for a function
defined on an interval. It was discovered that, assuming the axial force S is
constant, a critical value for S exists such that if S is less than its critical
value, then the required properties of the theory do not hold. The spectral
theory for a linear rod model was extended to include an axial force for any
combination of pinned, clamped and free boundary conditions, where S is
greater than its critical value. This was done while improving on the rigour
of the exposition in Van Rensburg and Van der Merwe (2006). The eigen-
functions for a pinned-pinned rod were then calculated and used to generate
a series solution. In the case where S was less than or equal to this critical
value, a formal series solution could be found, but the procedure could not
necessarily be justified.

The finite element method was then applied to the adapted Timoshenko rod
model with pinned-pinned boundary conditions and the convergence investi-
gated. The first five eigenvalues in the increasing sequence of eigenvalues were
calculated using the spectral theory and a critical value for S was approx-
imated. For illustrative purposes, the series solution was found using the
first mode as the initial condition. The approximations found using FEM
were then compared to the results of the series solution. An investigation of
the solution when S neared its critical value led to the study of a nonlinear
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model.

The nonlinear model studied was the semi-linear Timoshenko rod model of
Sapir and Reiss (1979) with pinned-pinned boundary conditions. The prob-
lem was written in weak variational form, but existence of a solution post-
poned. FEM was applied to the semi-linear model and an original algorithm
derived. The results were compared to those of the linear model for small
initial displacement where the axial force neared its critical value. Approxi-
mations where the axial force surpassed the critical value of the linear model
were also investigated and an interval for a critical value of the nonlinear
model (less than the critical value of the linear model) was found. This dis-
covery is contrary to the popular belief that the critical values for linear and
nonlinear models are the same.

The convergence of the FEM algorithm derived for the semi-linear problem
was not studied. An alternative algorithm of Peradze and Kalichava (2020)
was considered for convergence instead. This algorithm was more involved
than the one derived in the dissertation as it approximated five functions
instead of two. Three separate estimates were found for the algorithm and
then added to form a “total error estimate”. The structure and readability
of the article was improved upon and inconsistencies identified.

The existence theory for the Sapir-Reiss semi-linear Timoshenko rod model
presented by Ammari (2002) was shown to be incomplete and contain crucial
errors. The proof in the article was shown to follow a pattern used by other
researchers. The errors and exclusions were identified and some were rectified.

In the articles studied, improvements were made regarding the presentation
of the work, connections established and the integrated result written up. In
some cases it was necessary to correct and complete work.

8.3 Future research

The investigations for the Sapir-Reiss semi-linear rod show that the criti-
cal values for the linear and nonlinear models differ, but are close. This is
contrary to the popular belief that they are equal. More reading and inves-
tigations are required in this regard.

The convergence of the finite element method for the Sapir-Reiss semi-linear
rod investigated by Peradze and Kalichava (2020) considers a rather involved



130 CHAPTER 8. CONCLUSION

algorithm. Convergence for the algorithm derived in this dissertation, which
is simpler, should be investigated.

The existence theory for the semi-linear Timoshenko model of Sapir and Reiss
presented in this dissertation is incomplete. Much more research is required.

Finally, the spectral theory of the adapted Timoshenko rod is to be consoli-
dated and written up as a journal article.



Appendix A

Sobolev Space Theory

Unless otherwise stated, the proofs of the results given in this Appendix may
be found either in [Eva98] or [OR76]. Both textbooks prove these results for
a multi-dimensional space, where the proof for a one-dimensional space is a
special case. The exceptional case is where a better result can be obtained
in a one-dimensional space than a multi-dimensional space.

Definition (Support of a function).
The closure of the set {z € (0,1) | g(x) # 0} is referred to as the support of
the function g on (0, 1).

Let Cy(0, 1) denote the functions in C'(0, 1) with support contained in (0, 1).
That is, the functions with compact support. Then

02(0,1) = C%(0,1) N Co(0, 1).

Definition (Weak derivatives).
Let m be any positive integer. If u € L?(0, 1) and there exists a v € L*(0, 1)
such that

(u, ™) = (=1)™(v, ¢) for each ¢ € C°(0,1)

then v is called the m-th order weak derivative of u, denoted D™u.

Note that the m-th order weak derivative D™u is uniquely determined.

Definition. The set of functions with weak derivatives in £2(0,1) up to
order m is denoted by H™(0,1).
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Proposition A.0.1. C™[0,1] € H™(0,1) and if u € C™[0,1], then
D™y = u™.

Proposition A.0.2. H™(0,1) is a vector space.
Proposition A.0.3. The following statements are true.

(a) If ue H™(0,1) and i and j are positive integers such that i+j <m ,

then D*(D’u) = D*u.

(b) If D*u € H™(0,1), then u € H*™(0,1).

Definition. The bilinear form (-, -),, is defined by
(U, V), = (u,v) + (Du, Dv) + -+ - + (D"u, D™v).
Proposition A.0.4. The bilinear form (-, )., is an inner product for H™(0, 1).
Definition. Denote the norm for the vector space H™(0,1) by
el = v/ @

Definition. The Sobolev space H™(0,1) is the vector space H™(0,1) with
inner product (-, ).

Proposition A.0.5. The space H™(0,1) is complete.

Proposition A.0.6. If u € H™(0,1), then there exists a sequence (u,) con-
tained in C™[0,1] such that

|lu — tup|lm — 0 as n — oc.

Proposition A.0.7. H™(0,1) is equal to the closure of C™[0, 1] with respect
to the || - || norm.

Proof. See [OR76, Theorem 4.1] O

The following results are also useful.

Proposition A.0.8 (Poincaré type inequalities). If u € C'a,b] and u has
a zero in [0, 1], then

(a) [[ullsup < VO = all[],
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(b) Nlull < (b = a)llu']].

Proof. By the Fundamental Theorem of Calculus and the Cauchy-Schwartz
inequality,

b
()| < / /| < VB —all]|.

Therefore the Poincaré type inequality (a) follows. The inequality in (b)
follows from (a) and the fact that [Ju|| < ||u|/sup- O

Proposition A.0.9. Suppose w € H'(0,1) has a zero in [0,1]. Then

[wll < [ Dl

Proof. By Proposition A.0.7, there exists a sequence (w,,) contained in C'*[0, 1]

such that lim ||w,||; = ||w|;. That is, such that
n—oQ
lim [Jwn[| = [lw]| and T fJw,[| = [[Dw].
n—oo n—oo

If Dw = 0, then w = 0 since it is constant and has a zero in [0, 1] and the
result holds. Suppose Dw # 0. Then, by Proposition A.0.8,

ol [l

[Dwl| — n=oe flwyll =
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Appendix B

Finite Element Method

Suppose the interval [a, b] is divided into N elements with length h = 2. For
each node z; = a +ih,i=0,..., N, the C° piecewise linear basis functions
are defined as

11— if
So(x) = 4 n o MTE (0, 1) (B.0.1)
0 if ©¢ (xg,21)
H% if ze€ (l‘i_l,l‘i)
0 if x ¢ (xi,l,xiﬂ)
TENSLf _
Sn(z) = z if we (e on) (B.0.3)
0 if ¢ (zn_1,2N)
The following matrices are defined.
o -
1 4 1
h ' 0
M = (6j,0i)o<ij<n = = : . (B.0.4)
6
0 :
1 4 1

135



136 APPENDIX B. FINITE ELEMENT METHOD

1 -1
-1 2 -1
1 ' 0
K = (5,0)osijen = 5 : (B.0.5)
0 .
-1 2 -1
i ~1 1]
and
[—1 -1 1
1 0 -1
1 ‘ 0
L = (6;,0)osijen = 5 : . (B.0.6)
2
0 .
1 0 -1
| 11

Depending on the admissible basis functions, corresponding rows and/or
columns are deleted.
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