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Summary
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The vibration of elastic bodies and structures consisting of elastic bodies is an active
research field in engineering and applied mathematics. Typically, a mathematical model
is a complex system of partial differential equations. However, a model problem may not
have a solution in the classical sense and the rate of convergence of numerical approxi-

mations depends on the “smoothness” of a solution.

The aim of this research is to investigate the disparity noticed in the theory between
the existence of solutions and the regularity assumed on these solutions for convergence
of the Galerkin finite element method. In the articles considered, substantially more
differentiability properties for the solution are assumed than obtained in existence theory.
These assumptions are very restrictive; the solution is required to be smoother than even

a classical solution.

The theory of existence of a solution to a general linear vibration problem that appeared
in an article published in 2002, was considered first. To compare, alternative theories on
existence of solutions to hyperbolic partial differential equations, were also studied. The
existence results, improved regularity of solutions and compatibility conditions, which

are highly restrictive, are presented.

In 2013 an article appeared wherein convergence is proved, but with weaker assump-
tions than the other articles considered. This is achieved by splitting the error into the
semi-discreet and fully discreet errors. However, it is still necessary to assume higher
regularity of the solution. The focus in this dissertation was to compare the article to
other research results, and to highlight significant parts of the proofs in the article. Also,
minor improvements were made and it was proved that the results obtained from ex-
istence theory are sufficient for convergence, but no result on the order of convergence
could be obtained.
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A recent article (2011) on the continuous Galerkin method, where the model problem
considered includes strong damping, was also analysed. The results from this article is
proved in great detail, and possible oversights or omissions discovered are either rectified

or reported.

The discontinuous Galerkin (DG) finite element method is also included in the research,
with the aim to determine whether the assumptions made on the regularity needed
for convergence are less restrictive than those made for the continuous Galerkin method.
Disappointingly, the results offer no significant improvement. The semi-discreet and fully
discreet DG error estimates are from articles published in 2006 and 2009 respectively.

The results are proven in greater detail in this dissertation.

Interesting phenomena obtained from numerical experiments are observed and to a large
degree the theory and experiments agree. However, there are indications that the order

of convergence may in some cases be better than predicted by the theory.

The main conclusion is that there is a problem when applying theoretical results to real
world problems. Further research is required to prove results where error estimates are

derived without restrictive assumptions on boundary and initial data.
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Chapter 1

Model problems in variational form

1.1 Introduction

The vibration of elastic bodies and structures consisting of elastic bodies is an active
research field in engineering and applied mathematics. A mathematical model for such
a vibrating system is a complex system of partial differential equations. Numerical ap-
proximation of solutions to these partial differential equations is inevitable. The finite
element method proves to be ideal here, and it is used for steady-state problems, eigen-

value problems and dynamic problems.

It has become common practice to use numerical methods (often pre-programmed com-
puter software) to “solve” problems. The motion of a system can be simulated or the
natural frequencies calculated. As computers improve, people attempt to solve more

complex model problems, often leading to unexpected difficulties.

It is important to realise that a model problem may not have a solution in the clas-
sical sense and the rate of convergence of numerical approximations depends on the
“smoothness” of a solution. For this reason existence theory (although theoretical) is of
great practical importance. These remarks are especially relevant for the field of partial

differential equations of hyperbolic type, which is investigated in this dissertation.

The existence of solutions for problems involving partial differential equations can have
a number of possibilities. For a start, there is a distinction between so called weak
solutions and classical solutions. But there are different definitions of weak solutions.
For example, what is referred to as a weak solution in the book of [Eva98], is referred to

as a mild solution in the book of [Paz83] (the definitions are in Section 2.4). Either way,

1
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the existence of a weak solution or a mild solution is not sufficient for the theory of the

finite element method (see Section 6.1 for an example), as we explain below.

Convergence of the finite element approximation for the multi-dimensional wave equation
is given in [OR76, Section 9.6]. It is assumed that the solution has a fourth order
time derivative. The differentiability properties of the solution obtained from regularity
theory require that serious restrictions be imposed on the initial states (see Section 2.4
of this dissertation). One of the most recent articles that still deals with the continuous
Galerkin method is the article [Karlla]. In a preliminary investigation of this article, it
was noted that he cites an existence result (from the book of [LM72]) for the existence
of a weak solution, but in proving convergence, assumes more differentiability properties
for the solution, without giving any reference. It is natural to investigate this problem

by consulting more articles.

Numerical experiments are carried out in [Wu03] and [GSS06] to calculate the order of
convergence. In both articles smooth solutions were considered as well as solutions that
do not satisfy the regularity requirements of the theory. The authors reported that the
theory matched the numerical experiments for the smooth solutions, but in other cases

results were found that could not be fully explained by the theory.

The aim of the research of this research is to investigate the following::

e convergence of the finite element approximation;

e error estimates;

e existence of solutions to partial differential equations of hyperbolic type;

e regularity properties of solutions.
The ultimate aim is to determine the extent of the disparity between the results obtained
from existence theory, the compatibility conditions required for higher regularity and the

regularity assumptions made for convergence of the finite element method. Details of

the assumptions made for higher regularity are provided in Section 2.4.
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Chapter 1. Model problems in variational form 3

1.2 The multi-dimensional wave equation with weak

damping

Consider the wave equation in an n-dimensional bounded domain (n = 2 or 3) denoted
by 2. The boundary of €2 is denoted by 02 and the unit outer normal vector to {2 at 0f2
by n.

Problem MW
Let 3 be part of the boundary 992. We have different boundary conditions on ¥ and
092 — ¥. Given functions f,uo and uy, find w defined on Q x [0, T] such that

pPw = V-(AVw) —kdw+ f in Qx(0,7),
w = 0 on 00—,
(AVw)-n = 0 on X,

while w(-,0) = ug and dyw(-,0) = u.

The given parameters in the problem are the matrix of functions A = (a;;) and the

functions k£ and p.

Assumptions on the parameters

1. Qg5 € C(Q) N Cl(Q)
2. The matrix A is uniformly positive definite, i.e. there exists a constant a > 0 such
that

n

> a(e)6g > ad &,
=1

ij=1
for all 2 € Q and all (£,&, ...,&,) € R™
3. There exist positive constants c;, co and c3 such that

c1<p<c and 0<Ek<cs.

Remark The differential operator L = V - (AV) is referred to as uniformly strongly
elliptic.
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The vibration of a membrane

In the two-dimensional case the wave equation models the vibration of a membrane

[Inm94, Section 6.6]. We have the partial differential equation
piw = 7Vw — kdw,

where p is the mass per unit area, 7 the constant tension per unit length, and £ a damping

constant.
The acoustic wave equation

In the three-dimensional case the wave equation models the propagation of sound waves.

The following derivation follows [PR05, Section 1.4.2] with some modification.

Consider a gas at rest, i.e. the velocity v = 0. Suppose the pressure is pg and the density
is po. A small disturbance leads to motion in the gas, and the pressure p and density p

are no longer constant. The linear approximation for the continuity equation is
O p"+poV-v=0, (1.2.1)

where p* = p — po.

The linear approximation for the equation of motion for an ideal gas is
poO v+ Vp* =0, (1.2.2)

where p* = p — py and where modified pressure is considered.

Using the approximation

in Equation (1.2.1) yields
cOyp* + poV - v =0,
where ¢ = f'(pg). It follows that

cO? p* + po0,V - v = 0. (1.2.3)
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Chapter 1. Model problems in variational form 5

Also, from Equation (1.2.2) we have
P00V - v + Vip* = 0. (1.2.4)
Subtracting Equation (1.2.4) from Equation (1.2.3) results in the acoustic wave equation

cOlp* — Vp* = 0.

Heat conduction

The multi-dimensional wave equation also models hyperbolic heat conduction, see Sec-

tion 1.3.

1.2.1 Variational form

Theorem 1.2.1. [Apo67, p. 457] Gauss’ theorem
If F; € CY(Q) fori=1,2,3, then

// V-Fav = [[ F-nda,
Q o0

where V - F' is the divergence of the vector F' and n is the unit outward normal.

Proposition 1.2.2. Green’s formula
Ifu € C?(Q) and v € C*(Q) then

[~ avwyav = [[[ Avu-voav - [[ o(avu)-nda

Proof. We have that V - ((AVu)v) = V - (AVu)v + AVu - Vo and therefore

/// (AVu))vdV = ///Avu VodV — ///v (AVu)v) dV.

From Gauss’ theorem (Theorem 1.2.1) we have

///Qv'((Avu)”)dvz//mU(AVu)-ndA

and therefore we have the result. O
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Chapter 1. Model problems in variational form 6

Now, if w is a solution to Problem MW, then for each v € C'(€), and following from

the boundary conditions on ¥

///Qpﬁfwvd\/ = ///QV-(AVw)vdV—///ﬂkﬁtwvdv+///ﬂfvdv
= —///QAVw-VvdV—F//BQU(AVw)-ndA
~ [ owwvav + [[[ goav
= —///QAVw-VvdV%—//m_ZU(AVw)-ndA

—///Q k&twvdVJr///vadV. (1.2.5)

Test functions
T(Q):={veC Q) :v=0o0n0Q— %}

Following now from the definition of the test functions, we have from equation (1.2.5)
that, if w is a solution to Problem MW, then for each v € T(Q)

JJ potwvav =~ [[[ avw-voav — [[[ kowoav + [[[ foav.  (.20)

Bilinear forms for Problem MW

b(u,v) = //QAVU-VvdV

c(u,v) = ///Q puv dV
a(u,v) = //Q kuv dV
Notation

(f,v)Q://vadV

We can now write Problem MW in variational form.
Problem MWV

Find w such that for each t > 0, w(-,t) € T(2) and
c(OPw(-,t),v) + a(Guw(-,t),v) + blw(-,t),v) = (f(-,1),v)q

for each v € T(§2).
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1.3 Heat conduction

1.3.1 The classical heat equation

In this section we consider heat conduction in a solid. Definitions, units and mechanics

of energy transport can be found in Chapter 8 of [BSL60].

Notation

1. The density of the material: p.  [kg m™3]
2. The specific heat of the material: ¢,.  [J kg7 ' K™
3. Temperature: 7. [K or °C]

4. Heat flux: q.  [W m™?]

Mathematical model

Consider an arbitrary region D in space with boundary £. The choice of zero temperature

is arbitrary. The quantity of heat energy to raise the temperature of the material in D
from 0 to 7' is
/ / pe, T dV.
D

The flux of heat energy into the region D is

—//g q-nds,

where n is the outward unit normal vector to D.

Conservation of heat energy

d
%/D pcpTdV:—/g q-n ds.

This is the basic assumption for the theory. It is often referred to as the energy balance.

It follows from the conservation of heat energy and the divergence theorem that

pcp,0T = =V - q. (1.3.1)
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Another assumption is necessary for the mathematical model. It is referred to as Fourier’s

law of heat conduction:
q=—kVT. (1.3.2)

The constant k is the thermal conductivity.

Combining Equations (1.3.1) and (1.3.2), we arrive at the following partial differential

equation, called the classical heat equation:

/{Z2
0T = VT, where ¢ = 5
p2c2

1.3.2 Hyperbolic heat conduction

Cattaneo [Cat48] and Vernotte [Ver58| indepently proposed a modification to Fourier’s

law (called the Cattaneo-Vernotte model), with the constitutive equation being:
q+70q=—kVT, (1.3.3)

where 7 is the time delay. This model gives rise to a (weakly) damped wave equation
(known as the hyperbolic heat conduction equation, HHCE) when combined with the

energy conservation equation (1.3.1). Taking the divergence of (1.3.3) we get
V-q+7V.-0q=—kV. VT (1.3.4)
Differentiating (1.3.1) yields
pc, 0T = -0,V - q. (1.3.5)
Combining Equations (1.3.4) and (1.3.5) we obtain:
Tpc,0iT —V - q = kV?T. (1.3.6)
Substituting (1.3.1) in (1.3.6) we obtain the hyperbolic heat conduction equation:

7pc, 0t T + pe,0,T = kV*T. (1.3.7)

Consider a domain €2 as in Section 1.2.
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Chapter 1. Model problems in variational form 9

Problem HHCE
Given functions f, T and Ty, find T defined on Q x [0, T such that
YT +mo,T —V*T = 0 in Qx(0,7T), (1.3.8)

T = 0 on 002-—13%,
VI -n = 0 on X,

where v, = % and v, = TZ:CP . Initial conditions are T'(-,0) = Ty and 9;,T(-,0) = T3.

Remark If the flux q - n is zero on ¥, then 0,q - n is also zero on ¥. From (1.3.3) it
follows that
0= —kVT -n,

which gives the boundary condition on 3.

1.3.3 Variational form

Problem HHCE is a special case of Problem MW. For convenience we give the variational
form of Problem HHCE here.

Test functions
T(Q):={veCQ):v=0o0n0d0—X}.

We have for every v € T (),

JJ| négrvav + [[[ woxvav + [[[ vr-vvav ~o.

Now we define our bilinear forms.

Bilinear forms for Problem HHCE

b(u,v) = //QVu-VvdV

c(u,v) = ///Q'yluvdV
1

a(u,v) = ;c(u, v)

We can now write Problem HHCE in variational form.
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Problem HHCEV

Find T such that for each t > 0, T'(-,t) € T(£2) and
(02T (-, 1),v) + a(0T(-,t),v) + b(T(-,t),v) =0

for each v € T(Q).

Remark Problem HHCE is a special case of Problem MW.

1.3.4 Dual-Phase-Lag model

Tzou [Tz095] extended the hyperbolic heat conduction model to the Single-Phase-Lag
(SPL) model:
q(r,t+ 1) = —kVT(r,1), (1.3.9)

where 7, is the phase-lag in the heat flux q, and further extended it to include a phase-lag
in the temperature gradient (V7') as well:

q(r,t +1,) = —kVT(r, t + 17), (1.3.10)

known as the Dual-Phase-Lag (DPL) model. If a first-order Taylor expansion is per-

formed on equation (1.3.9), the result is:
q(r,t) + 17,0eq(r, t) = —kVT(r,t). (1.3.11)
Similarly, for Equation (1.3.10), the result is:
q(r,t) + 7,0q(7,t) = =k [VT (7, t) + 700, (VT (7, 1))] (1.3.12)
Taking the divergence of Equation (1.3.12) and combing it with (1.3.1) results in
— 7,0, (V-q)(r,t) =k [VQT(E t) + 7710, (V2T(f, z))} . (1.3.13)
Using equation (1.3.1) again in (1.3.13) we obtain:

10 0P — pc,0,T = —kN2*T — 7pV2(0,T) (1.3.14)
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1.3.5 Generalised Dual-Phase-Lag model

In this section we consider a general form of the DPL model. This generalised model
is the focus in [Karllal], where it is stated without explanation (although a reference is

given).

Suppose A is a symmetric matrix that satisfies the same assumptions as for Problem MW

in Section 1.2. Consider a generalisation of (1.3.10):
q(r,t +7,) = —AVT(r,t + 7). (1.3.15)
If a first-order Taylor expansion is performed on Equation (1.3.15), then
q(r,t) + 7,0q(r,t) = —AVT(r,t) + 70 AONVT(7,1). (1.3.16)
Using this together with Equation (1.3.1), we obtain
02T + 1O, — V - (QV(0,T)) — V - (AVT) = 0. (1.3.17)
where

Yo = TypCp, 11 = pCp and Q = TpA. (1.3.18)

Problem DPL

Given functions f, Ty and T3, find T' defined on Q x [0, 7] such that

2T +m0T —V - (QV(,T) ~V-(AVT) = f in Qx(0,7),
T = 0 on 00-—13%,
AVT-n = 0 on 3,
while T'(-,0) = Ty and 0,T(-,0) = T3.
The function f is a source term.

Remark If the heat flux q - n is zero on ¥, then we have 0 = —AVT - n.

We consider this model problem in Chapter 4.
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1.3.6 Variational form

The derivation of the variational form is similar to that of the multi-dimensional wave

equation, using Proposition 1.2.2.

Test functions
T(Q):={veC Q) :v=00n0Q— %}

Definition 1.3.1. Bilinear forms for Problem DPL

blu,v) = ///QAVU-VvdV

c(u,v) = ///nyguvdv

a(u,v) = //nyluv+QVu-VvdV

The variational form of Problem DPL is therefore given by the following.
Problem DPLV

Find T such that for each ¢t > 0, T'(-,t) € T(€2) and
(2T (-, t),v) + a(dT(-,t),v) + b(T(-,1),v) = (f(-,1),v)q

for each v € T().

1.4 Vibration of a Reissner-Mindlin plate

Initially the focus of the dissertation was on the multi-dimensional wave equation. How-
ever, the investigation of the article [BV13] (see Chapter 3), which considers a general
linear vibration problem, lead to the consideration of other applications. The two appli-
cations are the vibration of a Reissner-Mindlin plate model (the focus of this section and

Section 6.2), and linear elasto-dynamics (Section 6.3).

1.4.1 Equations of motion

Consider small transverse vibrations of a thin plate with thickness h and density p.

The reference configuration for the plate is a domain €2 in the plane. The transverse
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Chapter 1. Model problems in variational form 13

displacement of x at time ¢ is denoted by w(x,t). Also let ¥(x,t) be the angle between
a “material line” and a perpendicular to the plane, and ¢(x,t) the angle between the
projection of the material line in the plane and the unit vector e; (see [Rei88, Sec 3.2,

Sec 3.5]). The angle v is approximated by

P =11 ¢o]" = [Ycos¢ Ysing]”.

. . . My Mo
The stresses result in a force density Q and a moment density M = . The
M21 My
external load on plate is denoted by gq.
Before proceeding, note that
oM O M
div M = | 9 11+ 020V '
O M21 + Oy Moy
The equations of motion of the plate (see [Min51] and [Rei88, p.152]) are given by
phd?w = div Q+gq, (1.4.1)
pld?y = div M —Q, (1.4.2)

3
where [ = Tz is the length moment of inertia.

1.4.2 Constitutive equations

The constitutive equations for the plate model are derived from Hooke’s law (see [Rei88,
p.61] and [Min51]).

Q = K*Gh(Vw + 1), (1.4.3)

where G is the shear modulus and 2 a correction factor.

ol 200+ vous) (1= 0)(00 + 0n)

ol
2 (1— V)(al% + 82¢1) 2<52¢2 + Val¢1)

, (1.4.4)

ET
here D =
where .2

Poisson’s ratio.

is a measure of stiffness of the plate. F is Young’s modulus and v



&
i

" UNIVERSITEIT VAN PRETORIA
@, UNIVERSITY OF PRETORIA
Quf YUNIBESITHI YA PRETORIA

Chapter 1. Model problems in variational form 14

The equations of motion and the constitutive equations above are known as the

Reissner-Mindlin plate model. It is convenient to derive the variational form of this
plate model directly from the equations of motion and the constitutive equations. How-
ever, the constitutive equations may be substituted into the equations of motion, leading

to a system of three partial differential equations (see [Rei88, p.152] and [Min51]).

1.4.3 Dimensionless form

We derive the dimensionless form of the Reissner-Mindlin plate model in the usual way.

We introduce the dimensionless variables

t T T
= 51271 and 52272,

where ( is a suitable length and ¢y must still be specified.

The dimensionless variables, with x = (x1,z2) and & = (&, &), are

(e = ()b, ¥En) = vxo),

Q&7 = (15m) Q0. M€ = (g ) M1

. 1
and q'(€7) = (57) a6,
The dimensionless constants that are used are given by

0 N e

I =
ET

h* =
’ 12

h
(

Choose tg = ¢ ,/%. Using the original notation for the corresponding dimensionless
K

quantities (for convenience), the equations of motion and constitutive equations in di-

mensionless form are presented below.
Reissner-Mindlin plate model
hO*Pw = div Q + g, (1.4.5)

10}y = div M —Q, (1.4.6)
Q = h(Vw+), (1.4.7)
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1 2@1% + Va2¢2) (1- V)(31¢2 + aﬂﬁl)

M55 -y (0102 + 00vn)  2(0tn + w01t

(1.4.8)

1.4.4 Model problem

Problem RM

The reference configuration for the plate is the domain 2. The model consists of
the equations of motion (1.4.5) and (1.4.6),
the constitutive equations (1.4.7) and (1.4.8), and

the boundary conditions w = ¥, = ¥y = 0.

Note that the boundary conditions on 02 are conventional homogeneous boundary con-

ditions where the plate is clamped. The initial conditions are

w(,O) = Wo, ¢(,O) = ¢07 8tw<70) = w1 and 8t¢(70) = ¢1'

This model problem is considered in [Wu05] and [Wu06].

1.4.5 Variational form

The variational form is is derived directly from the equations of motion and the consti-

tutive equations.

Using Proposition 1.2.2 we have:

//Q<div Qudd = _//QQ'V”dAJr/m(Q-n)vds. (1.4.9)

Also, for any vector valued function ¢ = [¢; ¢o]7,

//Qdiv M-¢dA:—/Atr(M@)dA+/BQMn.¢dS_ (1.4.10)

0101 Oay
0102 Oa¢p2

where ® =

] and “tr” denotes the trace of the matrix.
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Multiply equation (1.4.5) by an arbitrary scalar valued function v and integrate. Using
(1.4.9), we find that

h //Q@fwvd/H—//QQ-VvdA—/m(Q-n)vds://qudA. (1.4.11)

From equation (1.4.6) we have
[ -p=div M-¢—Q- ¢,
where ¢ is an arbitrary vector valued function. Using (1.4.10) we find that

I //Qafv,b-qbdAJr//Qtr(M(P)dA— [ M- gds
+//QQ.¢dA:O. (1.4.12)

Test functions
Choose two spaces of test functions 71(Q2) and 72(2):

Ti(Q) = {veCQ)|v=00n09},
T:(Q) = {o =161 ¢]" ’ b1, P2 € CHQ), ¢ =0 on IN}.

Remark  Other boundary conditions can be accommodated using different spaces of

test functions.

From (1.4.11)

h //Qé?fwvdA%—//QQ-VvdA://qudA, (1.4.13)
for each v € T1(Q).

From (1.4.12)

I //Qafzp-¢dA+//Qtr(M<1>)dA+//QQ-¢dA:o, (1.4.14)

for each ¢ € T5(Q).
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We define a bilinear form bg by
bs(1h, @) = //Q tr(M®) dA
— 5(11_1/2) //Q ((31% + v031)2) 0101 + (Oathe + yalwl)ag@) dA
+25<11+V> //9(811/12 + 0211 ) (0192 + Oap1) dA,

for each 1, @ in H'(2)2. Tt follows that

I //9831/)'¢dA+bB(¢,¢)+h//Q(Vw+¢)-¢dA:0, (1.4.15)

for each ¢ € T5(€2). Equation (1.4.7) is used for the definition of Q.
Problem RMV

Find w and 4 such that, for t > 0, w(-,t) € T1(Q), ¥(-,t) € T2(2) and Equations (1.4.13)
and (1.4.15) hold for each v € T1(€2) and each ¢ € T2(©2). The initial conditions are

w(-,O) = Wo, 1/’(90) = 'l,l)o,

Ow(-,0) =w; and Op(-,0) = ,.
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Chapter 2

Existence

2.1 Weak variational form

It is desirable to determine whether a given problem is well posed before considering a
numerical approximation for the solution. In this chapter we consider the existence of
solutions and various publications on the topic. In Section 2.3 we investigate the results

of the paper [VV02] and in Section 2.4 we consider alternative existence results.

In this section we use the simple yet nontrivial examples in [VV02] to illustrate the weak
variational form of a problem, necessary for existence theory. We consider the small one
dimensional transverse vibrations of a cantilever beam to illustrate the three different
types of damping that is considered in the general linear vibration problem defined in
Section 2.2.1. The beam has length ¢, cross sectional area A, density p, cross sectional
area moment of inertia I, and Young’s modulus E. All of these values are constants in this
case. The reference configuration for the beam is the interval [0, ] and the displacement

of z at time ¢ is denoted by u(x,t).

2.1.1 Equations of motion and boundary conditions

The equations of motion for the deflection u of the beam is given by

pAdiu = 0,V +Q, (2.1.1)
plO?0,u V + 0, M. (2.1.2)

18
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In these equations M denotes the moment, V' the shear force and () a transverse force

density.
The constitutive equation is given by
M = EIdu. (2.1.3)
Combining (2.1.1), (2.1.2) and (2.1.3) yields the partial differential equation:
pAdZu = 0,(pl020,u) — O*(EI10*u) + Q.
Example 1 Viscous damping

Here @ = ¢ — kO,u for a given k > 0 and ¢ is the load. Equation (2.1.1) takes the form

pAdPu + kO = 0,V +q in (0,¢) for t > 0.

Example 2 Kelvin-Voigt damping

The constitutive equation (2.1.3) is replaced by
M = EI9%u + 1u0;0%u.

The transverse force @ in (2.1.1) is now the load g.

For Examples 1 and 2 we consider a cantilever beam, so the boundary conditions are

given by

uw(0,t) = 0,u(0,t) =0,
V(t) = M(,t)=0.

Example 3 Boundary damping

Suppose k1 > 0 and kg > 0 are given. Consider the undamped problem where ) = ¢
and the constitutive equation is given by (2.1.3). We now have damping at the boundary

z =4

V(6t) = —kedwu(l,t),
M(6t) = —kddou(l,t).
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2.1.2 Variational form

To obtain the variational form, multiply the equations of motion (2.1.1) and (2.1.2) by

arbitrary functions v and w and integrate. Using integration by parts we have
¢ ¢
/ pAPuv = / (0,V+Q)v
0 0
¢ ¢
— —/VM+V®M@—V@M®+/QU (2.1.4)
0 0
and

¢ ¢
/ plO}0uw = / (V+0,M)w
0 0

l l
::AVw—AMw+M@M@—M@MW (2.1.5)

Now replace w by v’ in equation (2.1.5) and add the resulting equation to equation
(2.1.4). The result is

¢ ¢
/ pAdZuv +/ pl070,uv’
0 0

=— /OeMv” + V()v(l) — V(0)v(0) + M (€)' (¢) — M(0)v'(0) + /02 Qu.

Test functions

Define the space of test functions by

T10,¢] = {v e C?[0,4] : v(0) = v/(0) = 0}.

Problem EV

Using suitable notation, all three the examples may be written in a general variational

form. The bilinear forms b and ¢ for all three examples are given by
¢ ¢ ¢
b(u,v) = EI/ u' 0" and  c(u,v) = pA/ uv +p[/ u'v' for wu,v €TI0,/
0 0 0
The bilinear form a is different for each example.

Example 1: a(u,v) = k [ uv,

Example 2: a(u,v) = p fi u"v",
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Example 3: a(u,v) = k' (€)v'(€) + kou(€)v(?).
The variational equation for each case is then
C(&fu(, t)? U) + a(atu('a t)7 U) + b<u(7 t)v U) = (Q<7 t)? U) (2]‘6)

for all v € T10, £].

2.1.3 The weak variational form

It is important to note that the bilinear form c is defined for functions in H'(0,¢) and b is
defined for functions u € H?(0, /) (see Appendix A). But the partial derivatives d;u and
0?u do not make sense when a function may be changed arbitrarily on a set of measure
zero. If we define a function w by w(t) = u(+,t), then w'(t) may be defined with respect
to the norm of £2(0,¢), H*(0,¢) or H?(0, /).

In general, let J be a bounded or unbounded interval of real numbers containing zero. J
is either an open interval containing zero or it is of the form [0,7") or [0,00). Let Y be

any Banach space and consider a function v on J with values in Y.

Definition 2.1.1. Derivative
Let t be any interior point of J. Suppose there exists a v € Y such that

}E}I}) Hh_l (u(t +h) — u(t)) — UHY =0,

then v is the derivative of u at t. We write u/(¢) for the derivative and u/(t) € Y to show
that the derivative exists with respect to the norm of Y. The derivative (function) v’ is

defined in the usual way as u'(t) for every ¢t € J, with «” defined by (u')’.

Notation for C* (J, Y)

uwe C(J,Y) if u is continuous on J with respect to the norm of Y.
uwe CF(JY)if u® € CF(JY).

Equation (2.1.6) may now be rewritten:

c(w"(t),v) + a(w'(t),v) + b(w(t),v) = (q(-, 1), v) (2.1.7)

for each test function wv.
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It is generally accepted that Equation (2.1.7) is a generalization of Equation (2.1.6) but
it is not easy to prove. Consider the following quote in [Sho77]: “.. the construction of

a representative u(-,t) of w(t) is non-trivial.”

Theorem 2.1.2 ([Sho77], Theorem 7.A, pl04). Let I = [a,b], a closed interval in R and

G be an open (or measurable) set in R™.

(a) If u € C(I,L*Q)), then there is a measurable function w: G x I — R such that

u(t) =w(-,t), tel. (2.1.8)

(b) If uw € C*I,L*(Q)), w and v are measurable real-valued functions on G x I for
which (2.1.8) holds for a.e. t € I and

u'(t) =v(-t), aetel,
then v = Oyu in D*(G x I).

Let V(0, £) be the closure of the test functions in H?(0, ¢), then Equation (2.1.7) holds for
all v € V(0,¢). It is now possible to formulate the weak variational form of Problem EV.
Let f(t) = q(-,t) for each t.

Problem EW
Find a function w with w'(t) € V(0,¢) and w”(t) € H'(0, ) such that
c(w”(t),v) + a(w'(t),v) + b(w(t), v) = (f(t),v)

for each v € V(0, (), while w(0) = uy and w'(0) = u;.

Definition 2.1.3. A solution of Problem EW is a weak solution of Problem EV.

2.2 Existence of weak solutions

2.2.1 General linear hyperbolic problem

In this section we consider the general linear hyperbolic problem, also referred to as
the general linear vibration problem. We consider the approach in [VV02], because the

theorems are given in variational form. Alternatives are considered in Section 2.4.
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For the general linear vibration problem let X, V' and W be Hilbert spaces such that
V C W C X with inner products and norms in the table below.

Space Inner product Norm
X (- )x - lx
w c(+5+) |- llw
4 b(-, ) - llv

Also, let a be a bilinear form defined on V.
Problem G

Given a function f : J — W, find a function u € C(J, V') such that «’ is continuous at 0
and for each t € J, u(t) € V, W/(t) € V, u"(t) € W and

c(u'(t),v) +a (W (t),v) +b(u(t),v) = (f(t),v)y foreachv eV, (2.2.1)

while u(0) =wug, ' (0)=1wu;.

2.2.2 Existence

Assumptions

The following assumptions are made for the existence results.

El1 V is dense in W and W is dense in X.

E2 There exists a positive constant x; such that ||v||w < kq||v||v for each

veV.

E3 There exists a positive constant kg such that ||w||x < ks||w|lw for each
weW.

E4 The bilinear form a is non-negative, symmetric and bounded on V', i.e. there exists

a positive constant C, such that for v,w € V| |a(u,v)| < Cq|lullv||v||v.

Remark Problem EW in the previous section is a special case of Problem G.

The following three theorems are from [VV02].
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Theorem 2.2.1. Suppose Assumptions E1, E2, E3 and EJ hold. If for ug € V and
uy € W, and there exists some y € W such that

b (ug,v) + a(uy,v) =c(y,v) for eachv €V, (2.2.2)
then for each f € C*([0,T),X) there exists a unique solution
we C([0,7),V)nC([0,T),W)nC ((0,T),V) N C*((0,T), W)

for Problem G. If f =0 then u € C' (]0,00),V) N C? ([0, 00), W).

Proof. See Section 2.3. m

Definition 2.2.2.

Ey={zeV ‘ there exists a y € W such that ¢(y,v) = b(x,v) for all v € V}.

Assumption EAW Weak damping
The bilinear form a is non-negative, symmetric and bounded on W, i.e. there exists a

positive constant Cyy such that for v,w € W, |a(u, v)| < Cw ||lullw||v||w.

Theorem 2.2.3. Weak damping
Suppose Assumptions E1, E2, E3 and E4W hold. Let J be an interval containing zero,

then there exists a unique solution
uwe CH(LV)NC?(J,W)

for Problem G for each uy € Ey, uy € V and each f € C*'(J,X). If f = 0 then
ue ! ((_007 OO)? V) nee ((_007 OO)? W)

Proof. See Section 2.3. [

Remark We can still use Theorem 2.2.3 if a = 0.

Recall that a is called positive definite on V' if there exists a K > 0 such that a(u,u) >
K||u||? for any u € V.

Definition 2.2.4. Strong damping

When a is positive definite on V' the damping is referred to as strong damping.
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Assumption E5S Strong damping

Assume we have strong damping, i.e. the bilinear form a is positive definite on V.

Theorem 2.2.5. Strong damping
Suppose Assumptions E1, E2, E3, E4 and E5S8 hold. Let f : [0,T] — W be locally

Lipschitz. Then there exists a unique solution
ue C([0,T),V)nC' ([0,T),W)NnC*((0,T), W)
for Problem G, for anyuqg € V, uy € W. If f =0 then
u € C([0,00),V)NC([0,00), W) N C>®((0,00),V).
Proof. See Section 2.3. O]

Examples

Consider the examples in Section 2.1. In all three examples the space X is £2(0, (),
the space W is the closure of the test functions in H'(0,¢) and the space V = V(0, /).
The three types of damping are present in the examples. In Example 1 we have weak
damping and in Example 2 strong damping. The damping in Example 3 is neither weak

nor strong.

2.3 Application of semigroup theory

The theorems in the previous section are convenient to use since the assumptions are in
terms of the bilinear forms a, b and ¢ and it is not necessary to construct linear operators
with suitable properties as in [Sho77], [Kut86] and [AKS96]. The approach in [VV02]
is relatively new and therefore we discuss in this section how it is related to semigroup

theory.

2.3.1 General damping

Problem G is equivalent to a first-order differential equation in the product space H =

V' x W with inner product

(xay)H = b(z1,91) + (22, y2)
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for all z and y € H. For x € H denote x and its components by = = (x1,z3), where
x1 € V and o € W. In order to write Problem G as a first-order differential equation,
a linear operator A is constructed in [VV02]. The authors define A as the inverse of

another operator, but provides a characterisation of A in the following Lemma.

Lemma 2.3.1. Operator A

The domain is

D(A) = {x € H : x5y €V and there exists a y € W such that

b(x1,v) + a(xe,v) = c(y,v) for allv € V}

and, y = Ax if y1 = x9 and b(z1,v) + a(xe,v) = —c(ya,v) for each v € V.
Properties of A (Proved in [VV02]):

e A is a densely defined closed linear operator on H. [VV02, Lemma 3]
e For any A > 0, R(A] — A) = H. [VV02, Corollary 1]

e A is dissipative. [VV02, Corollary 3]

Consider the following initial value problem.
Problem IVP-1

Given a function ¢ : [0,7) — H, find U € C([0,T"), H) such that for each ¢t € (0,7,
U(t) e D(A), U'(t) € H and

U'(t) = AU(t)+ g(t) for t € (0,T) (2.3.1)
U) = U. (2.3.2)

We use the same definition for a solution as Pazy [Paz83, p. 105] - see Definition 2.3.2

below.

Definition 2.3.2. A function U is said to be a solution of Problem IVP-1 above if it
satisfies (2.3.1) and (2.3.2) and for each t > 0, U(t) € D(A) and

UeccC(o,7),HyNnC*(0,T), H).
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Proof of Theorem 2.2.1

We can now write Problem G as an initial value problem for a first order system. Let

g(t) = (0, f(t)). If
u€ C([0,T),V)nC([0,T), W)

is a solution of Problem G, then U = (u,u’) is a solution to Problem IVP with
U(O) = U() = <UO,U1>.

Also if
uweC(0,7),V)nC ([0,T),W)nC*((0,T),V)NnC?((0,T), W)

then
U e C([O,T);H) N Cl(<0,7');H).

Conversely, if U is a solution to Problem IVP-1 with Uy = (ug, u;), then the first com-
ponent u = U; of U is a solution of Problem G. If U € C'([0,T), H), then

uwe C(0,T),V)nc([0,T),W)nC*((0,T),V)NC?((0,7), W).

These results are the result in [VV02, Lemma 7].

From the properties of the operator A, it follows from [Paz83, Theorem 4.3, p.14] that A
is the infinitesimal generator of a Cjy semigroup of contractions. Now, if g € C'([0,T], H),
then there exists a unique solution U € C*([0,T'), H) for any Uy € D(A) for Problem IVP-
1 [Paz83, Corrolary 2.5, p.107]. If f € C([0,T], W), then g € C'([0,T], H). Also, from
the definition of A, Uy € D(A) if and only if ug € V and u; € W and there exists some
y € W such that

b (ug,v) + a(u1,v) = c(y,v) for each v € V.

It therefore follows from what has been done above that u = U is a solution to Problem G
with
we C(0,7),V)nC([0,T),W)nC((0,T),V)NC*((0,T),W).

If g =0, then U € C'(]0,00), H) which means that

u € C([0,00),V)NC?([0,00), W).



IVERSITEIT VAN PRETORIA
IVERSITY OF PRETORIA
NIBESITHI YA PRETORIA

.
i
& .
<

cz=z

Chapter 2. FExistence 28

2.3.2 Weak damping

Let J be an open interval containing 0.
Problem IVP-2

Given a function ¢ : J — H, find U € C(J, H) such that for each t € J, U(t) € D(A),
U'(t) € H and

U'(t) = AU(t) + g(t) for t € J and U(0) = Up. (2.3.3)

Suppose g(t) = (0, f(t)) for each t € J. If u € C(J,V) N CYJ, W) is a solution of
Problem G, then U = (u, ) is a solution of Problem IVP-2 with Uy = (ug, uy).

If U is a solution of Problem IVP-2 with Uy = (ug, u1), then the first component u = Uy
of U is a solution of Problem G. If U € C*(J, H) then u € C1(J,V) N C?(J,W).

If Assumption E4AW holds then the operator A is the infinitesimal generator of a Cj
group in H [VV02, Theorem 4]. This follows from [Paz83, Theorem 6.3, p. 23]. Also
note that in this case we have that D(A) = Ej, x V (see [VV02, Lemma 8]).

Theorem 2.3.3. Let A be the infinitesimal generator of a Cy group and g € C'(J, H).
Then Problem IVP-2 has a unique solution U € C*(J, H) for each Uy € D(A). If g =0,
then U € C*((—o0, ), H).

Proof. Suppose that J = [a,b] and define a function G on [0,b — a] by G(t) = g(t + a).
Since g € C'([a,b],H), G € C'([0,b — a],H). By [Paz83, Corollary 2.5, p 107 and
Theorem 1.3, p 102] there exists a function y € C*((0,b — a), H) such that

vy =Ay+ G on (0,b—a).

Define a function w on J by w(t) = y(t — a), then w € C'(J, H) and v’ = Aw + g.

Since Uy and w(0) are in D(A), the function T'(-)(b — w(0)) is a solution of the homo-
geneous differential equation. Consequently U = T'(-)(b — w(0)) + w is a solution of the

nonhomogeneous differential equation 2.3.1 and since U(0) = Up, U is the solution of
Problem IVP-2. O
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Proof of Theorem 2.2.3

If ug € Ey and uy € V, D(A) = E, x V yields that (ug,u1) € D(A). For g(t) = (0, f(t)),
f € CY(J, W) implies that g € C(J, H). By setting Uy = (ug, u1), Theorem 2.3.3 implies
that Problem IVP-2 has a unique solution.

It follows that the first component v = U; of this solution is a solution of Problem G. If
f =0, then g = 0 and it follows from Theorem 2.3.3 that

u et ((—oo, 00), V) N C’Q((—oo7 00), W)

2.3.3 Strong damping

Consider Problem IVP-1. If Assumptions E1, E2 and E3 hold, we know that the operator
A is the infinitesimal generator of a Cj semigroup and Problem IVP-1 has a unique
solution for Uy € D(A) and g € C*([0,T),W). In this section we show that both these

conditions may be relaxed if a is positive definite on V.

Recall Assumption E5S: The bilinear form a is positive definite on V, i.e. there exists a

constant C such that for every u € V,

alu, 1) > Cilully-

A real Hilbert space H may be imbedded in a complex Hilbert space
H={z+1iy ‘ r€HyeH}.
Note that if o + ¢ § is a complex number, then
(a+iB)(z +1iy) = ax — Py + ifx + iay.

This construction can be made rigorous, see [Sch71, p. 153].

The inner product for H is defined as

<$+Zy7u+“}>ﬁ = <Q§',U>H + <y,U>H +Z<y7u>H - Z.<ZL‘7,U>H'
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The linear operator A may be extended to the space H:
D(A) = {z+iy |z eD(A),ye DA},

Az +iy) = Az +iAy.

Problem IVP-3

Given a function g : [0,T) — H, find U € C([0,T), H) such that for each ¢ € (0,T),
U(t) € D(A), U'(t) € H and

U'(ty = AU(t) + g(t) for t € (0,7) (2.3.4)
U0) = U,. (2.3.5)

The following results can be proved in [VV02].

[VV02, Lemma 10]  For any w = & + iy € D(A)

There exists a constant Cy such that for any w = x + iy € D(A) we have

Re(Aw, w) g < =Cy(||zal% + lyell?).

For any w = x + iy € D(A) we have

[Im(Aw, w)l g < lleally + 2y + Nl + [yl

[VV02, Lemma 11]  There exists a constant K such that

K Re((A - Dw,w)g + [Im((A - Iw,w)|5 <0 for any w € D(A).

Let v(t) = e 'U(t). Then v is a solution of

{ ( _7) )+etg(t) for t>0,
(0) = U,
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if and only if U is a solution of Problem IVP-3.

Now consider [VV02, Theorem 5]: A linear operator B is the infinitesimal generator of
an analytic semigroup in a complex Hilbert space X if D(B) is dense in X, 0 € p(B)

and there exists a constant C > 0 such that

C Re(Bzx,x)x + |Im(Bz,z)|x <0 for any z € D(B).

It then follows from the properties above ([VV02, Lemma 11]) and [VV02, Theorem
5] that the operator A — I is the infinitesimal generator of an analytic semigroup, and

consequently the operator A is the infinitesimal generator of an analytic semigroup on

H.
Theorem 2.3.4. If g : [0,T) — H is locally Lipschitz on (0,T), then Problem IVP has
a unique solution U for each Uy € H. If g =0, then U € C* ((0,00), H).

Proof. The initial value problem Y’ = AY + ¢ with Y (0) = U, has a unique solution and
Y e (O™ ((0, 00), ﬁ) if g = 0 by [Paz83, Corollary 3.3, p113]. But Y (¢) = U(t) + iW (¢)
with U(t) € H. Since ¢(t) € H for each t € [0,T) we have U" = AU + g. Finally
Y (0) = Uy € H and it follows that U(0) = Uy. O

Remark  The result in [Paz83] is more general. He only requires that g is locally
Holder continuous (definition on page 112), with exponent «, where 0 < a < 1.

We can now complete the proof of Theorem 2.2.5.

Proof of Theorem 2.2.5

If ug € V and u; € W, then (ug,u;) € H and g is locally Lipschitz with respect to the
norm || - ||z if f is locally Lipschitz with respect to || - ||w. Therefore Problem IVP has
a unique solution U. It then follows by previous arguments that the first component

u = U of U is a solution of Problem G, and
we C([0,7),V) N CH((0,T), W) N C2((0,T), W),
If f =0, then g =0 and so

u e C([0,00), V) N CL([0,00), W) N C= ((0,00), V).
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2.4 Alternatives

2.4.1 Weak solution according to Evans

In this section we present the results in [Eva98]. The notation and formulation of results

are as far as possible exactly the same as in the book.

Let L be a strongly elliptic second order differential operator (see Section 1.2). Consider

the initial boundary-value problem

Pw+Lw=f inQfort>0
(1) w=0 ondfort>0
w(z,0) = g,0w(x,0) =h in Q.

Consider the definition of a weak solution by Evans [Eva98, Subsection 7.2.1].

Introduce the function f : [0,T] — £3(Q) by [f(t)](z) := f(x,t) for z € Q,0 <t < T,
and let (-,-) denoting the pairing between H'(Q) and Hj ().

Definition 2.4.1. We say a function
u € L2((0,7), Hy()),u € L2((0,T), L2(Q)),u” € L((0,T), H()),
is a weak solution of the hyperbolic initial/boundary-value problem (1) provided

1. (u”,v) +b(u,v) = (f,v) for each v € HY(Q) and a.e. 0 <t < T, and

2. u(0) =g, v'(0) = h.
Remarks

1. u”(t) is a distribution and does not belong to a function space.
2. The author only considers homogeneous boundary conditions; u(t) € H}(Q).

3. The author only considers a second order hyperbolic equation which is a generali-
sation of the multi-dimensional wave equation (without damping). The theory can

therefore not be applied to the vibration of plates (see Section 6.3).
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In Subsection 7.2.3 Evans proves the existence of a unique weak solution.

Theorem 2.4.2. [Eva98, Theorem 3, p.384]

There exists a weak solution of (1).

The method of the proof is based on the proof in [LM72].

A weak solution of the initial boundary-value problem (1) is obtained by first constructing
a finite dimensional approximation. Galerkin’s method is employed by selecting smooth
functions wy, = wg(x)(k > 1) such that

{wy}?2, is an orthogonal basis of Hj(€2)

and

{w;,}32, is an orthonormal basis of £*(Q2).

For an integer m, let
U (t) =D db () wy.
k=1

In [Eva98, Theorem 1, p. 380] it is proved that for each integer m > 1, u,, given by
the above is unique. Estimates for ,,, u/, and u! are then derived in [Eva98, Theorem
2, p. 381] in terms of f, ¢ and h, in order to eventually let m — co. From this,
there exists a subsequence (see [Eva98, Theorem 3, p. 384]) {um}2; C {um}>X_; and
ue L*(0,T), Hy(2)), with @’ € £2((0,T), £L2(Q)), u” € L2((0,T), H*(Q2)) such that

U — 4 weakly in £2((0,7T), Hy(Q)).

The limit u is a weak solution (according to [Eva98]).

Theorem 2.4.3. [Eva98, Theorem 4, p.385]

A weak solution of (1) is unique.

Other publications

Existence results may also be found in other publications e.g. [LM72], [Sho77], [Kut86]
and [AKS96]. Their definitions of a weak solution are similar to [LM72], and what will
be referred to as a mild solution in the book of [Paz83]. Either way, the existence of
a weak solution or a mild solution is not sufficient for the theory of the finite element

method as we see in the following chapters.

Remark The model problems in [LM72] does not include damping.
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2.4.2 Regularity according to Evans
In Subsection 7.2.3 Evans prove that improved regularity of the weak solution is possible
under certain conditions.

Theorem 2.4.4. [Eva98, Theorem 5, p. 389] Improved reqularity

1. Assume

9 € Hy(Q),h € L2(Q), f € L((0,T), £2(2)),

and suppose also that u € L2((0,T), H3(Q)), with v’ € L2((0,T), L*()),
u” € L2((0,T), H(Q)), is the weak solution of the of the problem (1). Then in
fact

u € L((0,7T), Hy(Q)),u € £=((0,T), L*(Q))

and we have the estimate

t + [l (t
esssup ([[u(®)llmyey + 1 (1) 2o

< C (Ifllz2comy.c2@) + gl + bl ey ) -

2. If, in addition,
g € H*(Q),h € Hy(Q), f" € L2((0,T), L*(%2)),
then

we L£L2(0,7), H}(Q)), o € L£L2((0,T), H:(Q))
u’ € £2((0,T),£L%Q), " eL£*(0,T),H1(Q)),

with the estimate

esssup ([[u(t)ll (o) + 14/ ()l agien + 10" Bl e2e ) + 1" Bl 2o 100

< C (Il o). + gl + 1w @)

Note that now u”(t) € £2(Q2), i.e. it is actually a function. This result is similar to the
result in Theorem 2.2.3 (from Subsection 2.2.2).
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2.4.3 Higher regularity

In Subsection 7.2.3 Evans introduce so-called compatibility conditions for the initial
values of the weak solution and its derivative which results in the existence of higher

order derivatives of the solution.

Theorem 2.4.5. [Eva98, Theorem 6, p. 391] Higher regularity

Assume

g€ H™™Q), heH™Q)
k

d CZ —k QO
T Hm -_— o .. .
m S ((07 )7 ( ))7k 0, , M

Suppose also the following m*—order compatibility conditions hold:

Jo ‘=g € Hé(Q),hl =h¢€ H&(Q),,
d2£—2f

Gor = W('ao) — Lgar2 € Hy(Q)  (ifm = 20)
d%—lf
hop = W(-,O) — Lhoy1 € Hy(2)  (ifm =20+ 1).
Then
dku 0o m+1—k
3 € L((0,T), H Q) (k=0,1,...,m+1), (2.4.1)

and we have the estimate

m+1

ess sup Z
0<t<T —p

SC(i

k=0

&
dtk

H'm+17k (Q)
af
dt*

+ |l 1)) + HhHHW(Q)) :
L£2((0,T),H™=F(9Q))

To determine whether the compatibility conditions hold in an application is problematic.

Recall that it is stated in Chapter 1 that in the article of [Karlla] a result from the
book of [LM72] is cited for the existence of a weak solution, but in proving convergence,
assumes more differentiability properties for the solution. In particular, the existence of
a weak solution is in the sense of Theorem 2.4.2 or 2.4.4, but for the error estimates it is

assumed that

we C*(J, HPTH(Q), " e C(J, L), uYeL'(J,L4Q)).
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These are rather typical assumptions, and can be interpreted in two ways: in the way
given in Section 2.1.3 or that u”(f) exists with respect to some other norm, e.g the £
norm, but that v”(t) € HP*(Q). Either way, these are very serious restrictions (see for

instance Theorem 2.4.5).

For more on this topic, see Section 6.2. Wu, author of a number of articles [Wu03, Wu04,
Wu05, Wu06] in elasto-dynamics, is more careful than other authors when it comes to

existence and regularity.

2.5 The multidimensional wave equation with weak

damping

2.5.1 Weak variational form

Let V() denote the closure of T() in H*(2). The bilinear form b is defined as in

Subsection 1.2.1 (and for heat conduction in Section 1.3.3):

blu,v) = ///Q (AVa) - Vo dV.

Since ¢; < p < ¢, the bilinear form ¢ is clearly an inner product for £2(Q) and the
corresponding norm is equivalent to the norm of £2(€2). In this application, W is the
space £2(2) with inner product ¢ (and norm || - ||w). Also, X = £%(Q)) and V = V(Q).

Let J be an open interval containing zero. Let f : ¢ — f(,t).

Problem MWW

Given f € C(J,£%(R)), find u such that for each t € J, u(t) € V(Q), u”(t) € L2(Q) and
c(u"(t),v) + a(u/'(t),v) + b(u(t),v) = (f(t),v)r2(q) for each v € V(Q),

while u(0) = ug, and v'(0) = u;.
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2.5.2 Existence

Poincaré-Friedrichs inequality

There exists a constant 3 such that ||v]|> < 8 b(v,v) for each v € V(). If 9Q — ¥ has
positive area (positive length for n = 2), then the assumption holds, see [Bra01, p.30] or
[Eva98, Theorem 2, p.300].

[BakT76] states this without proof or reference. It is not even mentioned in [Dup73].

If the Poincaré-Friedrichs inequality is true, then b is positive definite on V() with
respect to the norm of H'(2) and the bilinear form b is an inner product on V(€2). (The

bilinear form b is symmetric by definition.)

Definition 2.5.1. The norm corresponding to the inner product b is

|lv]lv = \/b(v,v) for any v € V().

The bilinear form b is clearly bounded on H'(), hence the norm || - ||y is equivalent to
the norm of H*(Q2) on V(Q).

Proposition 2.5.2. V(Q) is dense in L%().

Proof. From Appendix A we have that C§°(Q) is dense in £2(£2). Since C5°(R2) C V(Q),
V(Q) is also dense in £%(). O

We have shown that Assumptions E1, E2 and E3 are satisfied. For existence we also
need Assumption EAW (weak damping).

Proposition 2.5.3. The bilinear form a is nonnegative, symmetric and bounded on W,
i.e.

|au, v)| < Cw l[ullw [[v][w-

Proof. Since it was assumed that 0 < k < ¢3, we have that

a(w )l < es [[[fuol < callul o]

and the £2 norm is equivalent to the norm || - || O
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Existence of a unique solution for the weak variational problem depends on the smooth-

ness of the function f .

Recall the definition of Ej, in Chapter 2:
Ey,={z € V‘ there exists a y € W such that ¢(y,v) = b(x,v) for all v € V}.
Theorem 2.5.4. Suppose f € C'(J, L2(Q)). Problem MWW has a unique solution
u€ CHLV(Q)NC?(J,W)
if up € By and uy € V(Q).

Proof. Assumptions E1, E2, E3 and E4W in Section 2.2.2 hold. The result follows from
Theorem 2.2.3. O

2.5.3 Sufficient conditions for existence

In practice useful sufficient conditions for existence are required. We show that uy € Ej,

if uy € H2(Q) N V().

First suppose that uy € C2(Q) N 7(Q). From the definition of the bilinear form b and

using Green’s formula (Proposition 1.2.2) we have

/// (AVuo) - VodV
// (AVuo) - ndA — ///  (AVug))vdV
- —///  (AVuo))v dV

= ¢(—p'V - (AVu), v).

b(ug, v)

Since ug € C%(Q), it follows that —p~'V - (AVug) € C(Q).

Now suppose 1y € H*(Q)NV(Q). Then there exists a sequence {U, }n>1 C C*(Q)NT(Q)
such that this sequence converges to uy with respect to || - ||2, and so also with respect
to || - |lv. But

HUn - uOH% = HUn - u0||(2) + |Un - UO|§ + |Un - u0|§7
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and so the sequence converges to uy with respect to the semi-norm |-|o as well (The semi-
norm | - |; is defined in Appendix A). This means that all the second order derivatives
will also converge in the £?-norm, and so the sequence {—p~'V - (AVU,)},>1 converges
to —p~ 'V - (AVuyg) in the £2-norm. Since the £2-norm is equivalent to || - [|w, it follows

that there exists a y € W such that
b(ug,v) = c(y,v) for all v € V,

where y = —p~ 'V - (AVug). Consequently ug € Ej,.

2.6 The Dual-Phase-Lag model

2.6.1 Weak variational form

Let V = V(Q) denote the closure of T() in H'(2). The bilinear forms a and b are
defined as in Subsection 1.3.6:

b(u,v) = //QAVU -VodV, and a(u,v) = ///nylqu—QVu -VodV
where 0;u and 0;v denote weak derivatives.
Let u(t) = T(-,t).
Problem DPLW

Find u such that for each ¢ > 0, «/(t) € V(Q), u"(t) € L*(Q) and
c(u"(t),v) + a(u'(t),v) + blu(t),v) = (f(-,t),v)q for each v € V()

while u(0) = Ty, and v’ (0) = T1.

2.6.2 Existence of a solution

It is assumed that ¢; < p < ¢y, and therefore C, = 14c1¢, < 72 < T400¢, = C*. From
this it follows that the bilinear form c is an inner product for X = £%*(Q) and the
corresponding norm is equivalent to the norm of £2(Q2). The space £2(2) with inner

product ¢ is the space W (with norm || - [|w).
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As in Section 2.5.2 we see that, assuming that the Poincaré-Friedrichs inequality is true,
b is positive definite on V() with respect to the norm of H'(€) and the bilinear form
b is an inner product on V(2). (The bilinear form b is symmetric by definition.) Recall

that the norm corresponding to the inner product b is

lv]lv = \/b(v,v) for any v € V().

All the properties of the bilinear form b and the space V mentioned in Section 2.5.2 holds
here as well. However the bilinear form a does not satisfy Assumption E4W, but rather

Assumption E4.

Proposition 2.6.1. The bilinear form a is nonnegative, symmetric and bounded on V,
1.€.

|a(u, v)| < Callullv[[vllv for any u,v € V.

Proof. From the definition of a, the fact that ) = 7r A and the definition of b we have
that

la(u,0)] < eacyllullllofl + mry/blu, w)y/b(v,v)

< aqrillullviviy +rrllullvvlly

Ca llullv f[ollv-

Proposition 2.6.2. The bilinear form a is positive definite on V', i.e.

a(u,u) > K|u||? for anyu € V.

Proof. From the definition of a, the fact that ) = 7r A and the definition of b we have
that

a(u,u) > clcp||u||2 + 7rb(u, u) > TTHUH%/ for any u € V.

O

Assumption E5S is therefore satisfied and consequently all the assumptions for Theorem

2.2.5 are now satisfied. Existence of a unique solution for the weak variational problem

depends on the smoothness of the function f: t — f(-,1).
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Theorem 2.6.3. Suppose [ :[0,T] — W is locally Lipschitz. Then there exists a unique
solution

we C([0,7), V)N C ([0, T), W) C2((0,T), W)

for Problem DPLW, for any Ty € V, Ty € W. If f =0 then
u € C([0,00), V)N C ([0,00), W) N C™ ((0,00), V).

Proof. Assumptions E1, E2, E3, E4 and E5S in Chapter 2, Section 2.2.2 hold. The result
follows from Theorem 2.2.5. O
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Chapter 3
Error estimates for weak damping

In this chapter we consider the article [BV13]. The article is a generalization of the
work done in [Bak76], but also includes weak damping. The results in the article can
therefore be applied to any problem of the form given in the general linear vibration
problem, Problem G;, if the bilinear form a is bounded with respect to the norm of the
space W (see Chapter 2). In Chapter 6 we apply the results from [BV13] to the relevant
model problems given in Chapter 1, namely the multidimensional wave equation, the
hyperbolic heat conduction equation and the Reissner-Mindlin plate model. We also

apply the theory to linear elasto-dynamics in Section 6.3 of Chapter 6.

The proofs of the results in the article [BV13] are given in great detail in the article itself,
however, some main ideas of the structure of the proofs are provided here for completeness
and for comparison with other publications. In particular, the improvements made in
[BV13] on [Bak76] are highlighted. We also discuss the significance of the way that the
authors split the proofs for the semi-discrete and fully discrete cases and then use both
the results to get a final error estimate, unlike other articles where the semi-discrete

estimate is not used to derive the error estimate for the fully discrete case.

3.1 Galerkin Approximation

Choose a set of basis functions {¢1, ¢o,...,¢,} in V. Denote the span of these functions
by S". We can now formulate the semi-discrete problem for our general linear vibration
problem, Problem G. The Galerkin finite element approximation of Problem G is referred

to as Problem G”.

42
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Problem G"

Given a function f : [0,7] — X, find a function u, € C?(0,7T) such that for each
te(0,7)

c(uy(t),v) +a(up(t),v) + b (un(t),v) = (f(t),v)y for each v € S" (3.1.1)
while u,(0) = ul, ) (0) =ul.

The initial values ul and u? are elements of S as close as possible to uy and u;. We

discuss the choice of initial values in Section 3.1.2.

3.1.1 Fundamental estimate

The concern here is the difference between the solution v and the Galerkin approximation
up, i.e. to obtain an estimate for the error ||u(t) — u(¢)]| for each ¢t € [0,T]. To do this,

the projection method is used.
Definition 3.1.1. Projection operator

The projection operator P, is defined by b(u — P,u,v) = 0 for all v € S,

If no confusion is possible, we write P for P,. The projection is used to split the error

en(t) = u(t) — up(t) as follows:

e(t) = Pu(t) —up(t), ey(t) =u(t) — Pu(t).

Then en(t) = ¢p(t) + e(t) and [lu(t) — un()|lw < llep(®)llw + [le()llw-

Estimates for the norm of e, can be obtained from approximation theory. See Appendix
B for details on interpolation and see Subsection 3.1.2 for details on the estimate for the
norm of e,. It remains to find an estimate for e(t), the difference between the projection

of u and the Galerkin approximation uy,.
The projection P defines a function Pu by (Pu)(t) = Pu(t) for all t € [0, 7.

Lemma 3.1.2. [BV13, Lemma 3.1]
Ifu e CY[0,T),V), then Pu € C'0,T] and (Pu)'(t) = Pu(t).
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The proof of this lemma can be found in detail in [BV13]. It relies on the fact that P is
a bounded linear operator with norm less than one and that u € C*([0,T], V).

Remark It is important to note that in the article [BV13] an assumption is made that
the solution u of Problem G has the property that (Pu) € C?([0,T]). Upon investigation
of all the proofs, it was seen that this assumption is not necessary, which was an oversight
in [BV13]. It is also worth noting that [Bak76] derived error estimates for the undamped

case and did use this assumption without mentioning it.

Proposition 3.1.3. [BV13, Proposition 3.1]

If u is a solution of Problem G and u; a solution to Problem G", then

c(ef(t),v) +a (e (t),v) + b(e(t),v) = 0 for each v € S". (3.1.2)

Once again the proof is given in detail in [BV13].

In the proof of the main theorem in [Bak76] (Theorem 3.1, p. 567), he obtains an

equation (3.4), which is given here in the notation of this dissertation for comparison:
[Bak76, Equation (3.4)] c(e"(t),v) + ble(t),v) = —c(e!(t),v). (3.1.3)

The proof is almost the same as for Equation (3.1.2). This equation contains the term
ey, and hence implicitly assumes that Pu € C?[0,T], as mentioned earlier. Note that the

term does not appear in Equation (3.1.2).

The authors in [BV13] refer to the lemma below as the fundamental estimate. For the

proof it is better to use Equation (3.1.2) than Equation (3.1.3).

Lemma 3.1.4. [BV13, Lemma 4.1]
Fort € [0,T],

le@)[lw < \/5<||€(0)||w+3T||62(0)||w+3T0w||6h(0)||w
T T
+3/0 ||€p|lw+3CW/0 ||ep||w)- (3.1.4)

Proof. The proof of this result is done in detail in [BV13]. The first part of the proof is
provided here for completeness and to show the benefit of using Equation (3.1.2) rather
than Equation (3.1.3).
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Suppose v is an anti-derivative of e. It follows from Equation (3.1.2) that
c(ep(t),v(t)) +ae,(t),v(t)) +b(et),v(t) =0 forall te[0,T].

Now, following from (3.1.2) and the fact that €'(t) — e}, (t) = —e,(t) for t € [0, 77,

j { c(e e) — ;b(v,v) —c(e),,v) —alep,v)
=c(c,e) —b(e,v) —c(e),v) —c(e,,e) —ale,,v)—alepe)
=c(e —e,e) —alepe)

= —c (ep, e) —a(ep,€). (3.1.5)

Integrate (3.1.5) over [0, 7] for some 7 € (0,7) , and choose v(7) = 0 to obtain

1

;0(6(7)76(7)) - [ ¢ (e(0),¢(0)) = 56 (v(0), v(0)) — ¢ (€;,(0), v(0)) — a(ex(0),v(0))

Td Tl 1 /
/O dt [26 € 6 2b(’l),"0) _C(eh,v) —a(eh,v)}

= /T C( _|_a(6p, )+a(e,e))-

N | —

But a(e,e) > 0 and b (v(0),v(0)) > 0, so

Sele(r),e(r) < ;%d@emﬁ—0®ﬂmv®»—a@A®m®D

—/ /0 a(ep,e). (3.1.6)

But v/(t) = e(t) and since v(7) = 0 we have
—c(e4,(0),0(0) = [ e(€,(0),¢) and —a(en(0).0(0)) = ["alen(0)e). (317
Now, using (3.1.7) in (3.1.6) we have
el < uw+m/“ Je) 142l [ aten(0

CLB 6
Dy
'/0

An estimate for the right hand side of (3.1.8) is needed.

+2 . (3.1.8)

C 6
0

In the article [BV13] it is assumed that Assumptions E1, E2, E3 and E4AW hold for

the convergence theory. Recall Assumption E4W: The bilinear form a is non-negative,
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symmetric and bounded on W, i.e. there exists a constant Cyy such that for v,w € W,

la(u, )| < Cwllullwl[ollw.

Using Assumption E4W, the Cauchy-Schwartz inequality and Young’s inequality (see

Lemma C.1), the authors obtain estimates for the terms

/OTa(ep,e) :

These bounds are substituted into (3.1.8) to obtain:

2 and 2

| aten0).

4
le@ iy < el + 5 mex lle(®)lliy +9T%lles (0)lliy + 9T Cyy llen ()l

T 2 T 2
49 ([Tl ) +96% ([ lleslw )

But this holds for all 7 € (0,T'), and so maxejo 7 [le(t)|5 < [le()|[5, and therefore

1
5 ma )y < () + T4 O) fy + 9T Cy llen(0)
T 2 T 2
0 ([ eyl +9¢8 ([ lesllw) -

Therefore

trer%%lle(t)lliv < 2<II6(0)II3V+9T2||62(0)||3v+9T205v||6h(0)||3v

s0 [/ W +9ck, et

< 2 (HG(O)IIW + 3T ||e;,(0) [lw + 3T Cyy [len(0) | w

2
+3 [ llepllw +3Cw [ Hepuw) .

Taking the square root, the estimate (3.1.4) follows.
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3.1.2 Error estimates
Recall that we have that for ¢ € [0, 7],

[u(t) = un(@)llw < llep(®)llw + [le(®)llw

Using Lemma 3.1.4 we therefore have the following result.

Theorem 3.1.5. [BV13, Theorem 5.1]
Fort e [0,T],

[u®) —un@®llw < llep(®)llw + \/5(||PUO = wollw + 3T Jur — ui[lw

T T
+(1 4+ 3TCw) ||uo — ul lw + 3/0 llenllw + 3CW/O ||6p||w> :

To compare [Bak76] and [BV13], bear in mind that the spaces V' and W in [BV13]
correspond to the spaces Hj(f2) and £2(f2) in [Bak76] respectively. As mentioned in
the beginning of this section, Baker chooses the initial values uf and u? to be the £2-
projections of the initial conditions uy and wu; respectively, but does not mention how
these projections can be obtained in practice. This is another very important difference
between [BV13] and [Bak76]. In [BV13] the initial values are not initially chosen to be
the W-projections of the initial conditions uy and u; respectively. In [BV13] the initial
values uf and u} are left in the result, which gives the reader the opportunity to choose
the initial values from a variety of options. One of these options is to assume that the
initial values are chosen to be the interpolants of ug and u; respectively, ul = Ilug and
u® = TTu,. The interpolation operator here is general (see Assumption GI below), but in
applications a specific interpolation operator is chosen, see Chapter 6. Consider now the

general interpolation assumption as in [BV13].
Assumption GI

There exists a subspace H(V, k) of V| an interpolation operator I and positive constants
Chr and « (depending on V' and k) such that for u € H(V,k):

lu = Tully < Cub®[[ull v,

where || - || H(V,k) 18 @ norm or semi-norm associated with H (V) k).
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The projection errors in Theorem 3.1.5 can now be estimated. By choosing the initial

values to be ul! = [Mug and u?' = Iu,, the following result is obtained.

Theorem 3.1.6. [BV13, Theorem 5.2/
Suppose that Assumption GI holds and that u}} = Tug and u} = Muy. If the solution u
satisfies u(t) € H(\V. k) and v/ (t) € H(V, k) fort € [0,T], then

[u(t) —un®)llw < s1Cah®||ult)||mew + V26 Crh® ((1 + 3TCw)Juo |l z(vr)
T T '(t T t )
+ 3T|wllmm +3 nax [’ ()| r1(vk) + 3Cw nax [Ju( )||H(V,l~c))

Proof. The result follows directly from Assumption GI and the fact that ||v||w < k1||v]|v
forall v e V. [

3.2 The fully discrete approximation

3.2.1 A system of ordinary differential equations

The semi-discrete Problem G” is equivalent to a system of ordinary differential equations.
This system is given in Problem ODE below. It is convenient to introduce the following

notation. For z € R" let

Thi’ = Zﬂjl ¢Z S Sh,

i=1
where S" is the span of the set of basis functions {¢y, ¢, ..., ¢,}. If a function w has

values in S”, then we define a function w by
w =T, 'w,

with values in R”. (The existence of T) ' is due to the fact that the basis functions are

linearly independent.)

If the matrices M, C, K and the vector F' are defined by

Mij = c(¢4,9i), Cij = aldy, ¢i), Kij = b(¢;, ¢i), and Fi(t) = (f(1), oi)x,
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and the initial conditions are defined by
d=u) =T, ul and v=ul="T,"u,

then we have an initial value problem for a system of ordinary differential equations

below.
Problem ODE

Determine u € C?[0,T] such that

Mu" + Cu' + Ku = F(t) with w(0) = d and @/ (0) = .

We see in [BV13] that the function u, is a solution of Problem G" if and only if the
function @ is a solution of Problem ODE [BV13, Proposition 6.1] and also that if F' €
C[0, T], then Problem ODE has a unique solution for each pair of vectors d and v [BV13,
Proposition 6.2].

3.2.2 Time-stepping scheme

A finite difference method is used to approximate the solution of the system in Problem
G" (or Problem ODE). In [BV13] the authors follow [Bak76] with an obvious modification
to include the damping term. Note that Baker [Bak76] applies the finite difference
scheme to the solution u of Problem G, whereas in [BV13] it is applied to the Galerkin
approximation uy; of Problem G”. To do the time discretization we suppose the interval
[0, 7] is divided into N steps of length 7 = % and denote the approximation of uy () by

h
uy,.

The aim is to estimate the difference between the solution of Problem G and the fully

discrete approximation:

u(te) — up = [u(ty) — un(te)] + [un(tr) — ug].

The approach of estimating this difference in [BV13] is different from the other articles
considered, where error estimates are derived for the semi discrete approximation and
then for the fully discrete approximation without using the results already obtained (see
for example [Bak76], [Dup73], [OR76], [Wu03] [Karlla], [Karllb], [Kar12] and [GS09]).

Note that an estimate for the error u(ty) —uy(t;) was obtained in Section 3.1.2. Following
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[BV13], we now require an estimate for the error uy(t,) — ul, and then use both the
estimates (together with the triangle inequality) to obtain a final estimate. The approach
of [BV13] has two advantages. It is not necessary to assume the existence of a third or
fourth order derivative for the exact solution and the convergence analysis for the fully

discrete approximation is simplified.

Consider the fully discrete problem in variational form. This is also done in [Bak76] and

[OR76].
Notation
For any sequence {y;} C R™,

Yk+1 — Yk—1
Sy, = T
T

Yk+1 + Yk
Yetd = T4

Problem G"-D

Find a sequence {u}} C S" such that for k =0,1,2,...,N — 1,

Supy = Ul (3.2.1)
1
A0k ) Aty 320) By p) = L)+ FlB) @)y (322)

for each ¢ € S", while ut = u;,(0) = d" and u} = u},(0) = v

In [BV13, Proposition 6.3.] we see that Problem G"-D has a unique solution for any pair
of vectors d" and v" in S*. In the proof of this proposition an algorithm is derived, given
below in Problem FD.

Problem FD
Find a sequence {uy} € R™ such that for each k,

ﬂ]ﬂ_l = ﬂk+T@k+%,

2 2
<M + %C + T4K> Tpsr = (M - %C - T4K> o — 7Ky + % (F(ty) + F(tps))

while 1o = d and vy = 0.
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3.2.3 Error estimates

In [BV13] an estimate for |Juy(t;) — u}||w is now derived. (The direct approach relies on
the assumption that the exact solution u has derivatives u*) € £2(]0,T],V) for k < 4
or k < 3, which is very restrictive.) For the proof it is required that the Galerkin
approximation uy, satisfies u, € C*[0,T], and it is the case if f € C*([0,T], X).

Theorem 3.2.1. [BV13, Theorem 6.1.]
If f € C*(]0,T], X), then

|lun(ty) — UZHW < 77?7 max ||U§14)||W + 777 max ||u}) || w

"

+4/2Cw T max ||u} || w (3.2.3)

for each t, € (0,T).

Notation:

o pr =7 on(tepr) — vn(te)] — 5 [V (trs1) + 03 ()5

o cp =up(ty) —up and  qp = upy(ty) — vi;

o 0, = T_l[uh(tk—H) — up(tr)] — %([Uh(tk"‘l) +un(te)];

° GnZ%Pn‘f‘TZZ;é ppr+o, fornm=1,2...N—1.

First, the following stability result is obtained in [BV13].

Lemma 3.2.2. [BV13, Lemma 6.1.]

N-1
max len[[fy <8773 Nealliy +27%[lpolliy + (877 + 27 Cw) ool -

n=0

Next, estimates for the truncation errors are derived. If u, € C®[0,T] and v, = u},

then

lpelliy < 7" max v}

lowlliy < 7 max fJu|[5-
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Using these estimates an estimate for ||e,[|%, is obtained:

lenllfy < 577" max [[v} [}y + 47" max [|uy[[§y -

Using these estimates together with Lemma 3.2.2, the result in Theorem 3.2.1 is achieved.

3.3 Convergence of the fully discrete approximation

Now error estimates for the fully discrete approximation of the solution of Problem G
is obtained by combining the error estimate for the semi-discrete approximation from

Section 3.1 with the error estimate obtained in the previous section.

Recall that we assume Assumptions E1, E2, E3, EAW and GI hold for the spaces V., W

and X, and we may use the properties of a solution from Theorem 2.2.3.

From Theorem 3.1.6, if u = Tug and u? = [uy, we have that for weak damping
lu(t) —un®llw < w1 Cuh®u(®) | + V25 Crh® ((1 + 3T Cw)uoll mrevry
/
+ 3T lw v + 3T masc |[u'(8) v + 3CwT max Hu(f)HH(v,m) :

for each ¢ € [0,T]. From Theorem 3.2.1, if f € C*([0,T7], X), then

|lun(te) — UZHW < TT?7% max ||u§14)||w + 7772 max ||uy ||w

4

+4/2Cy 7 max ||u) || w (3.3.1)
for each ty € (0,7).
From the triangle inequality applied to
ultn) — i = [ulty) — un(te)] + [un(ty) — uil,
the following result is obtained.

Notation

uf) € £2<[0,T]; Y) if u)(t) € Y for each t and [, 1 [[uM|f3 < o0.
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Theorem 3.3.1. Suppose u is the solution to Problem G with ug € Ey, and uy € V and
the sequence {ul} is a solution of Problem G"-D. Assume

(a) Assumption GI holds for the space V,

(b) ul = Tuy and u? = Ty,

(c) u" € L2([0,T], H(V,k)),

(d) f e C*(0,T],X).

Then,

IA

() — wn(te)llw + [lun(te) — ugllw

T
k1 Crh®|[u()| vy + V261 Cnh® (3/0 " (E) || z2(viey

lu(tr) — uillw

IA

T
+3CW/O u(@) zeviey + (24 3Cw ) |uoll meviey + 3T||U1||H(v,k))
+7T?7% max Hu,(f)HW + 7T7% max ||u)[|w + /20w 7* max ||u}||w,

for each ty € (0,T).
Remarks

1. In [BV13] assumption (c) in the theorem has the following meaning:
ue CH([0,T),V),u € C*([0,T],W) and u"(t) € H(V,k) for each t.
2. Estimates for ||u}’||w and Huﬁf)HW in terms of the initial data and the forcing
function are available, see for instance [Eva98, Theorem 6, p.391]. In this theorem

the result is given for the exact solution, and since we are looking at the finite

element approximation, similar estimates can be obtained.
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Chapter 4

Error estimates for general damping

In this chapter we analyse the article [Karlla], which is a recent article on the contin-
uous Galerkin finite element method. The aim of the investigation was to study the
assumptions that are necessary for convergence and the link with existence results. The
proofs of the results are given here in great detail, however some of the proofs could not

be done for the cases stated in the article (see Section 4.5).

The proofs from [Karlla] are short and incomplete. The proofs are therefore done in
much greater detail in this dissertation. In doing this, some inconsistencies in the article

were discovered.

4.1 Introduction

In the article [Karlla], the Dual-Phase-Lag model introduced in Section 1.3 is considered

and is stated here again for convenience, but in the notation of [Karlla].

Let €2 be a bounded convex polygonal domain in R™ with m = 2,3. Let J = (0,T) with

T > 0. Consider the multidimensional wave equation in the form
Y202 + 10 — V - (QVou) — V - (AVu) = f(x,t); forx € Qand t € J, (4.1.1)
with mixed boundary conditions

uw(z,t) = Oforz e —YandteJ
AVu-n = Oforx e X andt e J,

o4
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and initial conditions

u(z,0) = u’(x) for v € Q
Ou(x,0) = 1°x) for v € Q.

Remarks

1. We refer to the damping in the article as general since weak and strong damping
terms occur. However, it is not the most general case as boundary damping is not

included.

2. In the article [Karlla], only homogeneous Dirichlet boundary conditions are spec-
ified. This is a significant assumption. To derive the variational form for the DPL
model (or the more general version in [Karllal), it is either necessary to assume
homogeneous Dirichlet boundary conditions or to assume that the matrix @) is a

scalar multiple of A.

Recall that 7. = ~x(x), k£ = 1,2 are nonnegative coefficients given by (1.3.18), and
A= A(z) (with @ = Q(x) a scalar multiple of A) is symmetric and nonnegative: for all
x € 2 and for all £ € R™

A=AT,  TAE>0

In the article [Karlla] it is not assumed that @ is a scalar multiple of A, but this leads

to difficulties explained later. The following assumption is made in the article:
Y2(x) =1, for all z € Q.

It is unnecessary, as can be seen in Section 2.6. There the bilinear form c(u,v) = [, youv
is introduced and shown to be an inner product for the space W, which is the space
L£%(Q) with norm ||ul|lyw = y/c(u,u). Since || - || is equivalent to || - ||o, the results will

be the same.
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Weak variational form
Recall the definition of the bilinear forms given in Definition 1.3.1.
b(u,v) = /AVu -V for u,v € V(Q)

ay(u,v) = /%uv for u,v € V(Q)

as(u,v) = /QVU - Vo for u,v € V()

a(u,v) = ay(u,v)+ as(u,v).

Recall that the space V() is the closure of the space of test functions
T(Q) ={veC Q) :v=00n00—%}

in the Sobolev space H'(Q).

Remark In [Karlla] the bilinear form a is given in the form a(u,v) = v (u,v) +
(QVu, Vo), but 71 is not constant according to the article, and hence it can not be taken
out of the integral. Consequently, the bilinear form a given here differs slightly from that
of [Karlla].

The weak variational form of the Dual-Phase-Lag model is given in Subsection 2.6.1.

Problem DPLW
Find u such that for each t € J, /(t) € V(Q), v"(t) € £L2(Q2) and

(u"(t),v) + a(u'(t),v) + b(u(t),v) = (f(t),v) for all v € V(Q), (4.1.2)
u(0) = u,
u'(0) = 2°.

Remark In the following proposition an estimate for the bilinear for a is derived. This
bound is used in the proof of the main result of this chapter (the fully discrete £2-norm
error estimate). In [Karlla] a different bound is used, but this is discussed in the remark

on page 76 in Section 4.4.2.

Proposition 4.1.1. If u € HPT'(Q) and v € V(R), there exists a constant K such that
the bilinear form a satisfies (forp > 1)

la(u, )| < Klfullp+1[[v]o- (4.1.3)



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Quf’ YUNIBESITHI YA PRETORIA

Chapter 4. Error estimates for general damping 57

Proof. Recall that

a(u,v) = ay(u,v) + as(u, v)

and
|aw(u, )] < Clluflollvllo

for u,v € £2(Q). Now we need to estimate a,(+,-). We use Proposition 1.2.1 in Subsec-
tion 1.2.1, with F' = QVu. We have for v € V (),

lag(u, v)| = '/// QVU-VvdV’
W/ oV - (QVu) dV‘

< V- (@Vu)lol[vllo

< Kallullz2llvllo < Kallullpsallvlfo-

The last two steps follow from the fact that a;; € C(Q) N CY(Q2). We can now combine
the results. Using the fact that || - ||o < || - ||,4+1 we have

ja(u, v)| < Kullollvllo + Kallullpillvllo < Kllullpsrllvllo.

Existence

Existence for the problem is proved in Subsection 2.6.2. Following from Theorem 2.2.5,

if f:]0,T] — L*(Q) is locally Lipschitz, then there exists a unique solution
we C([0.7).V(Q) nC ([0.7), £4(Q)) N C* ((0.7), £2(2)

for the weak variational form Problem DPLW, for any u® € V(2) and v° € £3(Q2). If
f =0 then

u € C([0,00), V() N C ([0,00), L2(2)) N C™ ((0,00), V() .

Remarks

1. In [Karlla], Lions and Magenes [LM72] are referenced for existence and unique-
ness of a solution to the problem. However, in [LM72] existence and uniqueness

are proved for the undamped wave equation, and since the problem considered
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here contains damping terms, the results from [LM72] are not applicable (see Sec-
tion 2.4).

2. In [Karlla] the assumption is made that the bilinear form b is positive definite. Note
that what we call positive definite in this dissertation, is called coercive in [Karlla].
This is in fact proved in Section 2.6, assuming the Poincaré-Friedrichs inequality
holds. The only property of A mentioned in [Karlla] is that it is symmetric, and

it is therefore implicitly assumed in [Karlla] that A is positive definite.

3. In the article [Karlla] it is assumed that the bilinear form af(-, ) is continuous and
coercive on V(). These assumptions are in fact proved in Section 2.6. The fact
that a is positive definite is in any event not relevant to the convergence analysis.

What is relevant is the fact that the quadratic form of a is non-negative.

4.2 Finite Element Approximation

4.2.1 Semi-discrete Galerkin approximation

The semi-discrete form of the model problem, Problem DPL is a special case of Prob-
lem G". A finite dimensional subspace S of V() is constructed using (in two di-
mensions) piecewise linear basis functions on triangle elements or (in three dimensions)
piecewise linear basis functions on tetrahedron elements. Note that the basis functions
must satisfy the forced boundary condition: zero on 92 —¥. The semi-discrete Galerkin

approximation is then given in the problem below.

Problem DPLG"
Find a function u; € C(J,S") such that

(up(t),v) + alup(t),v) + blup(t),v) = (f(t),v) forallve S, teJ (4.2.1)

up(0) = g,
up(0) = uf,

Notation Let P, denote the £2-projection onto S”.
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Remarks

1. In [Karlla], (as in [Bak76]) the initial conditions u? and u} are chosen as the
L2 —projections of uy,(0) and u},(0) respectively, i.e. up,(0) = Pyu® and u},(0) = Py°.
However, they do not mention how these projections can be obtained in practice.
Interpolation theory (see Appendix B) is therefore useful, i.e. choosing the initial

conditions u(0) and u},(0) to be the interpolants of u® and v° respectively.

2. It is notable that the semi-discrete approximation is only stated in [Karlla] and a
semi-discrete error estimate is not derived (as is sometimes done in articles dealing
with convergence). The semi-discrete approximation is stated in order to proceed

to the fully discrete approximation.

Projection error estimate

Recall the definition of the elliptic projection P from Chapter 3: b(u — Pu,v) = 0 for
all v € S". An estimate for the projection error |u(t) — Pu(t)||o = |le,(t)]|o is needed.

In [Karlla] an estimate is given by using “some properties of P”. This estimate is, if
u € HPTH(Q) (with p > 1),

lu = Pullo < CR""lullp41.-

In Chapter 6 we show how an estimate of this kind can be obtained from interpolation

theory.

4.2.2 Fully discrete approximation

For the time approximation of the semi-discrete problem (4.2.1), divide the interval
[0, 7] into N time steps of length 7 = % Denote the approximation by uj ~ u(t,).
We consider the following notation - this notation differs from [Karlla] (see Table 4.1.

page 67).
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Notation For any sequence {y;} C R",

Y1 — 2k + Yr—1

5152% =

2
5t+yk _ Yk+1 — ?/k’ 5;% Yk — Yr—1
T

1

Siath = = (VWr1 + (1 =27y + (v — Dyr—1)
1 1

do Y = OYpi1 + (2 — 20+ 7) Yk + <2 +0— 7) Yk-1

1
Yrel = 5 (Yr+1 + Ur)

1
Yoy = 5 Wkt yee).

Note that:
S - _ Ykt1 — Yr—1 S iy .
b3k = Ok = T and 0y 1y = 0pyk = OYri1 + (1 —20) yp + Oyp—1.

As mentioned in the articles [Karlla] and [Karl2], a general time discretisation method

which is well-know in engineering literature is given by the Newmark method [New59].

The Newmark method applied to (4.2.1) yields

(67U, v) + a(0sul, v) + b(Spup, v) = (8p4f(tn),v) for all v € S™. (4.2.2)

1
29
accurate if v # % In [Karlla] it is said that “by Taylor expansions, it is easy to show”

1
2

generality (see Lemma 4.4.4). If v = %7 the Newmark scheme reduces to

The Newmark method is second-order accurate for all 6 if v = 3, while it is first-order

that this is true. In this article the author proves this fact for v = 5 only, but not in full

(623, v) + a(uy,v) + b(Sgult, v) = (5g.f (t,),v) for all v € S". (4.2.3)

It can be easily verified that (4.2.3) is implicit if 6 # 0 and it reduces to the Central

difference scheme
(623, v) + a(Suy,v) + b(ul,v) = (f(t,),v) for all v € S" (4.2.4)

when 0 = 0.

Remark [Karlla] calls the central difference scheme the Leapfrog scheme.
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Some other interesting and notable schemes can be obtained from the General Newmark

scheme (4.2.2). For example, by choosing § = 1 and v = 1 we obtain the Average

1 2
Acceleration Method (see [Zie77)):

(67u), v) + a(Suy,v) + b(éi,%u}’f, v) = ((%éf(tn), v) for all v € S, (4.2.5)
where
o1 1up = ! (u”“ + 2u} + u"_l)
11U 1 \Un hT Up
1
5%7%f(tn) = Z (f(tn-i-l) + 2f(tn) + f(tn—l)) :

The aim of Karaa’s article is to investigate what he calls the stability of the general
scheme (4.2.2) and derive optimal error estimates. Appropriate initial conditions are

required. Consider u) = Pyu® and define u}, € S" by requiring that

(u}z - u?ﬂ U) + T26b(uflz - u?w U)
2

= (0%, v) + %(ag, V) + 072 (f1 — £°,0) for all v € S", (4.2.6)

where 49 € S" is the solution of the elliptic problem

(@2, v) = (f°,v) — b(u’,v) — a(v®, v) for all v € S™. (4.2.7)

The choice of initial conditions follows from the derivation of the Newmark scheme. This

derivation can be seen in [Karl2].

Proposition 4.2.1. [Karlla, Proposition 1]
For any 0, > 0, the fully discrete approzimations {up}N_, are uniquely defined in S™
by (4.2.2) and (4.2.6).

Proof. Consider Equations (4.2.6) and (4.2.7). From Riesz’s Theorem [Kre78, Theorem
3.8-1, p. 188] it follows that @9 in (4.2.7) is uniquely defined in S”. The initial condition
up is then also uniquely defined in S” for any @ following from (4.2.6). The initial

condition ) is also unique.

Define Q" = §2u? for n > 1. Karaa [Karlla] now states that

yTQ" 4+ 6, upy = oy up. (4.2.8)
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To see this note that

n+1 n n—1
up - — 2uy +uy,

Qn = 5?“2 = 72
1 yuptt — 2yl yul
AT T
1 (Tt (= 29)up 4 (v = D g —
AT T T '
The next statement in the proof is
07> Q" + o uf = 0guj. (4.2.9)

To see that this is true, note that

n+1 n n—1
Qn _ 52un _ Up _ 2uh + Up
t“h 72

> (Oup ™™ = 20up + up )

1
( Z ( 29—1—7) +(2+0—'y>uzl)
() )
o2 5 Y 5 v Uy .

Now define a bilinear form ¢&(+,-) by

1
or?
97

&(u,v) = (u,v) +y7a(u,v) + 07°b(u,v) for all u,v € S"
and a linear functional " by
0" (v) = (8pf(tn),v) — a(8; uft,v) — b(Souft,v) for all v € S™.
Substituting (4.2.8) and (4.2.9) into (4.2.2) we find that for n > 1, Q" satisfies
&(Q", v) = "(v) for all v € S™.

The linear functional ¢* is bounded on S" (independent of the dimension n), since the
bilinear forms a and b are bounded on S". Since the bilinear form b is positive definite
on S and a is non-negative, it follows that the bilinear form & is an inner product for a
space with norm equivalent to || - [|;. It therefore follows from Riesz’s Theorem [Kre78,
Theorem 3.8-1, p. 188] that Q" is uniquely defined in S”, and this implies that u}*" is
uniquely defined in S® for n > 1. [
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4.3 Energy Analysis

In this section, the stability of the fully discrete scheme (4.2.2) (with the absence of
forcing) is investigated. It is not explicitly made clear what the definition of the stability

is here.

Theorem 4.3.1. [Karlla, Theorem 1] The fully discrete scheme (4.2.2) is stable if

v > = and (1)? <’y - 9) sup (v, v) <1 (4.3.1)

1
2 2 vesm\ (o} €(v, V)

The scheme is unconditionally stable when

20>~ >

N | —

Proof. First note that
n 1 2 n n
Oty =T (7 - 2) Oy up, + Oguy-

This can readily be seen from the definitions of the operators 62 and d;. Also note that

1 nal n—1i nl
Sy oup =7 <7 - 2) Siup 4+ (Uh+2 + uy, 2) + (1 —=27)u, *.

1
n—s .
and u;, *. We can now rewrite

il
This follows immediately from the definitions of 62, u) ' 2
the variational form of the general Newmark method (4.2.2) by using the above two

equations. Note that we only investigate the case where f = 0. The result is
2, n 1 2, n n 2 1 2, n
(Ojup,v)+71 (v — 5 a(d;up,v) + a(dpuy,v) +7° (v — 3 b(d;uy,v)
E S n—1
+b <u2+2 + uy, 2,1}) +(1—-27)b <uh 2,v> =0 for all v € S
Now choose v = d,uy in the above equation. We therefore have that

(((fuz, 5tu2) +7 (7 — ;) a (5§UZ= 5tu2) + a (S, Spult) + 72 <7 _ ;) b <5t2uz, 5tu2>

+7b (UZJr2 +uy, 2, 5tu2) +(1—=27)b <u22, 6tu’,;°> =0. (4.3.2)
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Now we can rewrite some of these terms. The first term can be rewritten as

(Ruo o) = oo (S (™ =) = (= ™)) o2 (™ =+ — ™) )
= 217 (6, up — o, up, 6 up + 0, up)
= 217 (6 up, :up) = (67 up 07 up)) -
In exactly the same way we have that
a (67, drup,) = 217 (a (67 up, 65 up) — a (6, up, 6, up))
and

b (67, ) = 217 (b (6 up, 0 up) — b (6, up, 67 up)) -

Notice that the we can write

. . . n+3 n—3
Now using this fact we can rewrite the term b (uh P4y, 2, (MLZ) as follows:
n+% nf%
n+3 n—3 n+3 n-t u —u
b(uh 2 4oy 27&“%) - b(uh 2 4y 27u

1 ntl gl n—l p_1
= <b(uh+27uh+2> _b<uh Q,Uh 2))
T

Now consider the inequality in Lemma C.2

1 1

(z—y,y) < 5(%1’) - §(y,y)7

which is a direct consequence of Young’s inequality (Lemma C.1) and the Cauchy-

Schwartz inequality. Using this we see that

1

1 1 1 1
n—j3; n o n—3; n+3 n—3

T

1 n+i  n4i 1 n—% p=1
2b(uh L uy, 2)—2Tb<uh 2 Uy, 2).

T

IA
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Now we define the discrete energy with v > % as

7 = (erona) oo (o 3o

1

477 (0= 3 )b (5t o ) + b<uz+2,uz+%>> . (433)

We therefore see that (4.3.2) is equivalent to

1 ”+% ”_% n n
1
From (4.3.4) and the fact that a is positive definite on V' it follows that the energy EZ+2

does not increase with n. Also, if the second condition in (4.3.1) hold, then we see that,

from the definition of EZ+§ in (4.3.3), we have

ey oo 1 n sbon 2< _7)6(5?““?“2)
E, > 2(0(5t+uh;5t+uh)+7' 0 5 7-2(9—%>

> o (0, 6 up) .

nts . cps . .
Therefore E), " * is positive semi-definite.

According to [Karlla] it now follows that the scheme (4.2.2) is stable. He does not

however give the definition of stability.

Unconditional stability

1
Considering again the definition of E, ' 2 in (4.3.3) and assuming that v < 26 we see that
1

n+s . . cps . .
E, " * is again positive semi-definite.

From the inverse property (see for instance [OR76, pages 340 - 341]), we have
b(v,v) < Mh™?||v||? for all v € S", (4.3.5)

with M a constant independent of h or v. We therefore have the CFL condition

T2 1

= (’ZV _ 9) < (4.3.6)
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4.4 Convergence Analysis

In this section our attention is devoted to an error analysis of the fully discrete scheme
(4.2.2) and (4.2.6). It is assumed that v > 1/2 and that the mesh size h and the time
step 7 satisfy the CFL condition (4.3.6).

Theorem 4.4.1. [Karlla, Theorem 2] Let the solution u of the wave problem satisfy the

reqularity properties
ue C*(J, HPHHQ)), " e C(J, LX), u¥eL'(J, LX), (4.4.1)

and let the discrete finite element approxvimations {ul}N_, be defined by (4.2.2) and
(4.2.6). Assume that the CFL condition (4.3.6) is satisfied. Then the following a priori

error estimate holds:

max lu(t,) — upllo < CN’(hp+l + T‘m)),

=U,...,

where q(v) =1 if v # 1/2, q(1/2) =2 and C' > 0 is a constant independent of the mesh

size and the time step.

Note that in the article [Karllal, the proof of Theorem 4.4.1 is limited to the case where
v = 1/2, “for the sake of conciseness” and that “the general case can be proved without

major difficulties”.

Notation

The error €” can be split in the following manner:

e" = el +e,(tn).

The way [Karlla] and [GS09] prove convergence, is to first define r™ € S" by

(r",v) = (07 Pu(t,) — dg,u" (tn),v) + a(8; Pu(t,) — dg 1/ (t,), v) (4.4.2)
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Karaa notation | Our notation
a(~, ) b(.’ )

b(.7 ) CL(-, )
ur uy
O, Ot
Out 6?2
At T
Py P,

I, P
w" Pu(t,)

o ‘
n" ep(tn)

TABLE 4.1: Some differences in notation from [Karlla]

for all v € S*,n > 1, where

1 1
So " (tn) = Ou"(tpi1) + <2 — 20 + 7) u”(t,) + < — 0+ 7) uw (th_1)

2
1 1
60,vul(tn) = Qul(tn-ﬂ) + <2 — 20+ 7) ul<tn) + (2 -0+ 7) ul(tn—l)
and for n =0,
(r%v) = 772(el — el v) + Ob(el — el v) for all v € S”. (4.4.3)

Next the author defines R" by R" =7 Z r'.

m=0
The proof of the convergence result (Theorem 4.4.1) is done by first proving three results
(Proposition 4.4.2, Lemma 4.4.3 and Lemma 4.4.4). In Proposition 4.4.2 it is shown that
the error is bounded by R" and and the projection error e,. The truncations errors r"
are estimated in Lemma 4.4.3 and Lemma 4.4.4, in order to then obtain an estimate for
||R™||o. These results are then combined to prove the main result. The proofs of these
results were found to be not detailed enough, particularly if one wanted to reproduce the
results. For this reason the proofs are given in a more detailed manner, i.e. there are at

least twice as many steps than in the articles examined in this section.

4.4.1 Stability

The first result is proved in Proposition 4.4.2 and is what we will call the stability result
(as in [BV13]), since this result limits the growth of errors. In the article [Karlla] it is
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stated, regarding the proof of Proposition 4.4.2 that: “We omit the proof since the result

can be obtained by a slight modification of the arguments presented in [Karl1b].” Upon

consideration of the article [Karllb], it was seen that the proof of this proposition was

only done for the case when there is no damping, i.e. a = 0. We attempted to prove

the result for the case when a # 0, but the “slight modification” mentioned in [Karlla]

is still an obstacle, as the modification is far from trivial. We therefore only give the

proof for the case when a = 0 here. In Subsection 4.5.1 this problem that arises with the

damping term is discussed.

1
Remark The proof below is given for the general case, i.e. when v > 3
Proposition 4.4.2. [Karlla, Proposition 2]
Assume that the CFL condition (4.3.6) holds. Then we have

N—-1
el < € (-+ el + 7 32 11 ).

with a constant C* > 0 independent of h, T and T'.
Proof. By the definition of e”,
n h
omax [le"flo < max [lenllo + max flep(ta)lo

and so we need to bound maxo<,<n ||e" o

(4.4.4)

(4.4.5)

Consider the weak variational form (4.1.2) at ¢,41, t, and ¢, 1 (forn=1,2,..., N —1).

Then we have have that for every v € S”

(00 (tas1), 0) + b(Bultur1),0) = (0F (tar1), ),

(<; —20 +7) u”(tn),v) +0b ((; — 20 + 7) u(tn),v) = ((; — 20 ‘1‘7) f(tn),v> ;
((; +0— 7) u”(tn_l),v> +0b ((; +0— 7) U(tn_1),v) = ((; + 0 — 7) f(tn_l),v) ;

and using these three resulting equations we obtain for every v € S”

(041" (tn), v) + b(Fpyu(tn), v) = (8p..f (tn), ).

Consider (4.2.2) again

(62uy,v) + b(Sgu,v) = (8g4f(tn),v) for all v € S"

(4.4.6)
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and subtract this from (4.4.6) to obtain

(59,"/u”(tn) - 5?’&2, U) + b((sﬂ,wu(tn) - 59,'\/“27 U) - (59,'yf(tn) - 59,7f(tn)> U) (447>
for every v € S" andn=1,2,...,N — 1.

Now add and subtract the terms 67 Pu(t,) and dp(Pu(t,)) in (4.4.7):

(0g " (tn) — 5t2Pu(tn) + 53Pu(tn) — 53@02, v)
+b(dg A u(tn) — dgn(Pultn)) + do~(Pulty)) — dg up,v) = 0. (4.4.8)

Using the definition of the projection P and the definition of ™ we have that (4.4.8)

becomes

(51&262a v) + 5(56,7651’ v) = (6t2pu(tn) - 59,7u”(tn)7 v)
= (r",v) (4.4.9)

for every v € S" and n=1,2,..., N — 1, where
Sonelh = 0(Pultass) ™) + (5 = 20+7) (Pu(ta) — uf)
+ (; = 6+7) (Pulta-1) - ™).
We can rearrange (4.4.9) as follows:

(", v) = (82" v) + 72 (e - ;) b(82eh,v) +7blel 1, v) + (1= )b(eh_y,v) (4.4.10)

for every v € S" and n =1,2,..., N — 1. Now multiply (4.4.10) by 7 and then sum over

n =1 ton =m. Some terms will cancel and we are left with the remainder:

Ti(r",v) = (1 (eﬁwl —e%) ,v) — (71_ (e’f —eQ) ,v)

(o Pl 0) -l
+n§ (v (ehysio) + (L =)7b (el 1,v)) (4.4.11)

[Karlla] now defines a quantity ¢ as

m—1
PO = —vel, O™ = —ryel + > eZJr
n=0

1
2
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We now have to note

m—1
= 6

n=0

l\.’)\»—‘
t\.’)\»—t

m

Z h

n=1 n
We then have that

O 4 (1 — 7)™

Il
2
/l—\
2
D
o>
+
D
3 >
+
~_—
+
—
|
2
|
)

D
o>
+
(o)

3 >

"
~_—

n=0 n=0
gl gl - gl
— —568—1—5(6;‘4—68) +7;ez+% ’yeg+§eg
m—1 L
_ Y h_ h S h Lk
= 5 (31 60) + nz::l (7en+% +(1 v)en_%) (4.4.12)

Now add 7(r° v) to both sides of (4.4.11) and use (4.4.12) in the resulting equation.
Noting that the terms (% (e}f — 68) ,v) and 760b (e}f —eb, v) cancel we have:

v) :Tnizo(rn,v) = (i (efnﬂ—@%),v) + 72 (0—g>b<i (efwl—e?n),v)

+7h (O™ ™ w) 4 (1= 29)7h (D7 0)  (4.4.13)

form=20,1,2,...,N — 1.

Choose v = el | + el = 2(®™"! — ™) in the above equation (4.4.13), and multiply by

7. Then we have:

(ehir = hremin+eh) = lemlls = llenll3
b(6¢n+1 e, m+1+6 ) = b(efn+1’6¢n+1) _b< €ms Zm)
b(®mH 4 @m om ! — m) = b(@m, ™) —p(@™, &™)

@")

b(@m, om ! — = b(em, ™) — b (e™, O™,

Using this, together with the Cauchy-Schwartz inequality and that (1 — 2v) < 0, we see
that (4.4.13) (when it is chosen that v = el + €l = 2(®™ ™ — &™) and multiplied by

7) becomes

(R et eh) = bl = lehli+ 7 (0= 3) (b (chinshn) = b (cheh))
+297% (b (@™, @™ ) — b (™, B™))
+(1=29)7 (b (@™, @™ H) — b (2™, ™)) (4.4.14)
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for m = 0,1,2,...,N — 1. Now sum (4.4.14) from m = 0 to m = n — 1 for n =

1,2,3,...,N. Considering that some terms will cancel, we then have

n—1

n—1
> (Rmeh tel) > Z(nefzﬂué b 3)
m=0 m=0

72( > Z (m+17 m+1) b(eﬁl,eﬁl))

<Z b(@m !, o) — b(cbm,@m))
el = llebli3+7 (0= ) (b (eheh) — b (el ef)

72 (b(@", @") — b (2°, 2°)) (4.4.15)

+

AV

forn=1,2,3,..., N. Note that we have the following

b (<I>0, @0) = b (—’yeg, —fyeg) = b (eg, eg) ; (4.4.16)
b(@", ") > 0. (4.4.17)

We also have the inverse property (see (4.3.5))
b(v,v) < Mh™2||v||2 for all v € S".

From the inverse property we have that

— 72 (g — «9) b (efb, eﬁ)

0b (68, e’&)

Y]

—r? @ - 9) Mh=2|eh| 2 (4.4.18)

IN

OMR™2|ep]2. (4.4.19)
We can rewrite (4.4.15) as
n—1
m h h 2 g 2 0 GO
Tn;()(R NG i )—|—||eo||0 («9—2>b(eo,eo)+7b(® <I>)
> [lepllo + 7 <9 - g) b(eheh) +77b (0", ") (4.4.20)

forn=1,2,3,..., N. Using (4.4.16), (4.4.17), (4.4.18) and (4.4.19) in (4.4.20) we have
that

T Z (Rm, el i +el ) <1+D*h20M> llek||2

> DHeﬁHo
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forn=1,2,3,..., N, where

D*:0+72—%

and 9
T ,y

Now if the CFL condition (4.3.6) holds, we have that D > 0.

Now if we use the Cauchy-Schwartz inequality, the triangle inequality and the fact that
n=1,2,3,..., N, we obtain

n—1

Z (Rma 6?n+1 + e?n)
" N-1

< > IR ollens +enllo
n=0

= [1Rllo (Iletllo + llello) + 1R lo (Ilekllo + lletlo)
+IR2[lo (Ilehllo + llekllo) + - -+ IRV 2llo (llek—allo + llek—2llo)
HIEY o (lefllo + Nl llo)
N—-1
< <Or<nax ||eh||0) (2 Z HR”HO) )
n=0
Following from Young’s inequality, Lemma C.1, with
N-1
a=27> ||R"lo, b= Jmax ||eh||0 and ¢ = D

n=0

we have
> N-1 2
NI P2 * h D h 2 2 n
DIk < (1D Tsonr) ekl + 2 ((max eilo) + = r 3 1o

* D n
= (14D Too0r) e+ s, el + ( > Ho> (1421)

0<n<N

Since the right hand side of (4.4.21) does not depend on n, we take the maximum over

n=0ton =N to obtain

2 (1 + D*r2h~20M) i
0r<r53u<:><N||eh’||0 5 lleg]ls + Z IR ||0
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and therefore

2(1+ D*T%—?ez\@)é or N-1

mas, el < (202 Ieflo+ 5 - I/, (422

0<n<N

Now, using (4.4.5), together with [lef]lo < ||€°lo + |le,(to)]lo and (4.4.22) we obtain the

desired result

N-1
n * 0 n
max "o < C (He o+ s, llep(ta)lo 7 3 IR Ho) L (4

where

* 27 —2 %
C* =max{ 1+ 2(1+DTh oM) ,3 ,
D D

4.4.2 Convergence

Consider Inequality (4.4.4) in Proposition (4.4.2). We have shown that the error ||e"||o
is estimated in terms of || R"[|o. It is now necessary to estimate ||R"||p and so it is in the
first place necessary to obtain an estimate for |[7"||o. This is done in the two lemmas

below, for the cases n =0 and n > 1.
Lemma 4.4.3. [Karlla, Lemma 1]
There holds

[0l < 7Cy (HUN/||C(J,£2(Q)) + ||UNHC(J,HP+1(Q))) + 7'71hp+101||u/||C(J,1L1p+1(Q))7

with the constant C7 > 0 independent of h, T and T.

Proof. We can write the terms in r° as follows: (for all v € S™)

(ef —eg,v) = (Pu(ty) —uy,v) — (Pulty) — uj,v)
= (Pu(t:) —u(tr),v) + (u(tr) — uy, v)
—(Pu(to) — ulto), v) — (ulto) — up, v)
= (P = D(u(tr) = u(to)),v) + (u(tr) — u(to), v)
—(up —ul),v) (4.4.24)



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Quf’ YUNIBESITHI YA PRETORIA

Chapter 4. Error estimates for general damping 74

and

blelh —el v) = b(Pu(ty) —up,v) — b(Pul(ty) — u),v)
= b(Pu(ty) —u(t1),v) + b(u(ty) — uy,v)
—b(Pu(ty) — u(ty),v) — bu(te) — ul),v)
= bu(ty) —u(te),v) — bluy —uj,v), (4.4.25)

since b(Pu(t,) — u(t,),v) =0 for 0 <n < N.
Also, from Taylor’s formula with integral remainder,

/ 72 " I
u(ty) = ulto) + 7u'(to) + =u"(to) + =

_\2,,
5 > ), (1 — s)*u"(s)ds. (4.4.26)

Considering the weak variational form (4.1.2) at ¢, and ¢;, and subtracting the resulting

equations we obtain (for all v € S*):

(u'(tr) = u"(f),v) + a(u'(tr) — v'(to), v)
+o(u(ty) — ulto), v) = (f(tx) — f(to), v) (4.4.27)

Multiply (4.4.27) by 672 and use (4.4.26) in the resulting equation. Then we have

(u(t2) = wlto), v) + 6r2b(u(tr) — ulto), v) = (ru/(t0),v) + - (u"(t0), )
+; /t;fl(T — )2 (u"(s), v)ds — 072 (" () — (o), v)

—07%a(u'(t1) — /' (to),v) + OT*(f(t1) — f(to),v)  (4.4.28)

Now subtract (4.2.6) from (4.4.28). The left hand side will become

(u(t1) — ulto),v) + 072b(u(ty) — u(ty),v) — (uj, — u),v) — 720b(us, — uj, v)
=72(r%v) — (P — I)(u(t) — u(ty),v) for all v € S™. (4.4.29)

The right hand side will be

/ 7-2 " 1 t 2 n
7(u'(to),v) + E(u (to),v) + 2 ), (1 —s)*(u"(s),v)ds

—0m*(u"(t) — u"(to), v) — Or%a(u'(tr) — u'(t), v) + OT*(f(t:) — f(to),v)

2

(0 (t0),v) = (@ v) = 07(F (1) — S (b)), (4.4:30)



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Quf’ YUNIBESITHI YA PRETORIA

Chapter 4. Error estimates for general damping 75

Taking into account the definition of @), i.e. (4.2.7), (4.4.30) becomes

2

%(un(to),v) — 07 (" (ty) — " (to),v) — O7%a(u/ (ty) — /(to),v) — a(u/(to), v)
+; :W — 52 (" (s),0)ds — - ((f(to),v) = blulto), v)). (4.4.31)

Considering the weak variational form (4.1.2) at ¢ = ¢¢, and using this in (4.4.31) (to-
gether with (4.4.29)), we obtain

(' v) = 217_2 /tjl(r —5) (" (s),v)ds — O(u" (t1) — u" (to),v)
—0a(u'(t1) — ' (to),v) + 7 2((P — I)(u(ty) — ulty), v)
(4.4.32)

for all v € S". The terms on the right of (4.4.32) can be bounded as follows. The first
three results follow from the Cauchy-Schwartz inequality and the regularity properties.
For all v € S",

[(u"(t1) — u"(to),v)| = ‘(/totl u"” (s)ds, v)
< [N 1), 0)lds

to
t1
< [ ) lollvlods
0
= Tlu" ez lIv]lo; (4.4.33)

t1 1
[ =) ods) < 7 [ (s), 0)lds
to to
< T3||U”/||C(j,c2(ﬂ))||U||oa (4.4.34)

and

(P = D)(u(t) — ulto) )] = | [ (P~ Dul(5),0)ds

< [P = 1 (s).0)lds
< [11@ = D lolels

< 7O ooz ey lv]lo- (4.4.35)
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The last bound follows from Proposition 4.1.3,

a (/tjl u”(s)ds, U>

[ latw ), 0)lds

to

[ atu(s),u(s))

to

la(u/(t) —u'(to),v)| =

IN

[NIES

IN

a(v,v)%ds

IN

617—HUHHC’(j,HP+1(Q))”UHO- (4.4.36)

Combining the bounds (4.4.33) to (4.4.36) with equation (4.4.32), we obtain (for all
v e Sh),

0 1

272

—
3
e

—

I

[ = 5P (), 0)ds| + 01 (1) — w(t0), )

to

+Ola(u'(t) — ' (to), v)| + 77 (P = I)(u(tr) — u(to), v)]

< TGHUI”HC(J,MQ))”UHO + Teﬂl”“””cu,mﬂ(m)HUHO

T _
+§||U///||C(J,c2(ﬂ))||U||0 +CT lthrl||U'||c*(j,1rfzo+1(9))||U||0~

(4.4.37)
Since r° € S, we have that
0112 1 " 0 " 0
e <7 {0+ 5 i 7.2 177 lo + TOBlup | o7 e ) 17 o
FCTIRPEY | o7, o o 17 o
The result follows with Cy = max{C, 0 + 3,600} ]

Remark A very important remark needs to be made here with regards to the proof
of the following lemma. The proof of this lemma in the article [Karlla] requires that we

must have for any u,v € V (),

|a(u, )| < Bulullo[[v]fo-

This can be seen in going from Equation (4.4.38) to Equation (4.4.39) in the proof of the
lemma. If @ is merely continuous on the space V(£2), then this estimate is not valid. In
fact, a is positive definite with respect to the norm || - [|;. Since the model problems in
the other articles of Karaa, [Karl11b] and [Kar12] do not include damping, no help could
be gained from them. However, the lemma can be proved with the same results when

we are dealing with weak damping, i.e. the bilinear form a is continuous on the space
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£2(Q). This would mean that in the model problem given in the article [Karlla], the
term V - (QVd,u) should not be taken into account.

Lemma 4.4.4. [Karlla, Lemma 2]
If as = 0, there holds for 1 <n < N —1,

n p+1,__—1 tnt1 " tnt1 /
Il < o e ([ () pads + [ () pads
n—1 n—1

tn in
+Cor ( L ) ods + [ ||u<4><s>uods)
1 n—1

n—

with the constant Cy > 0 independent of h, 7 and T.

Proof. Recall that
(r",v) = (67 Pu(t,) — dpu” (tn),v) + a(6:Pult,) — dpu (t,), v)
for all v € S",n > 1. Since ™ € S", we can choose 7 = v and so
|73 = (07 Pu(t,) — Sou” (tn), ") + a(6; Pu(t,) — Sou (tn), ™). (4.4.38)

Now use the Cauchy-Schwartz inequality and the continuity of the bilinear form a on the
space £2(Q) to get

7™ llo < 1107 Pu(t,) — dgu” (tn) o + B0 Pu(tn) — dotd () lo- (4.4.39)

Now adding and subtracting the terms 62u(t,) and (16;u(t,) and using the triangle

inequality we obtain

7o < 1167 Pu(ts) — 67u(tn)llo + |67 u(tn) — dou” (tn)lo
+B1[10:Pu(ts) — deu(ta)llo + Billdru(tn) — dou (tn) o
= 167 (P — Du(ta)llo + |67u(tn) — dou” (tn) lo
+Bu[0:(P — Du(tn)llo + Billdsu(tn) — dou' (tn)o-
(4.4.40)

We now want to estimate the terms on the right of (4.4.40). First consider the general

(m > 0) Taylor expansions of u(t,+1) and u(t,—1) about u(t,).
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Taylor expansion of u(t,1) about u(t,):

(tn-i-l _ tn)z "

Utnr) = u(tn) + (tppr — t)u' (tn) + 5 u'(tn) + ...
1 tnt1 1 (m
+(7’n-1)‘lﬂ (tn+1 — S)m 1u( )(S)dS
-2
= u(t,) + 7u'(t,) + Eu”(tn) -
1 T m—1, (m)
—|—<m_1)!/0 (7 —Is])™ u'™(t,, + s)ds. (4.4.41)
(The last step follows since 0 < s < 7.)
Taylor expansion of u(t,_1) about u(t,):
/ (tn-l—l — tn)2 "
u(tn_1) = ulty) + (ther — t)u'(t,) + U (tn) + ...
1 fn—1 m—1, (m)
—i—(m — 1) /tﬂ (tno1 —s)" u™(s)ds
-2
= u(t,) —7u'(t,) + au"(tn) +
1 e m—1 m—1, (m)
+(m—1)'/o (=)™ (7 —|s])" u'™ (¢, + s)ds.
(4.4.42)
(The last step follows since —7 < s < 0 and so —|s| = s.)
Now consider (4.4.41) and (4.4.42) with m = 1. Then we have
1
0(P = Dults) = 5 (P = Dulturr) = (P = Du(tas))
1 T
= — ((P — Du(t,) + / (P —1Du) (t, + s)ds
2T 0
_ ((P — Du(t,) + /_T((P — Du)(t, + s)ds))
0
1 T
= o _T((P — Du)'(t, + s)ds (4.4.43)
and so
1 T
10:(F = Dulta)llo < 5= [ (P = Du'(tn + 5)llods
ChPtL m
< = / 1 (£, + ) |lpsrds. (4.4.44)
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Now consider (4.4.41) and (4.4.42) with m = 2. Then we have

0 (P = Dultn) = — (P = Dultnrr) = 2(P = Du(ta) + (P = Du(ta-1))

1
jQ((P ~ Dyulta) + 7((P — Dyu)'(t2)
+ /OT(T — [s)((P — Du)"(t, + s)ds — 2(P — Iu(t,)
(P = Dufta) = 7((P = Tu) (1)

= [ = (P = Dy + s)ds)

= L TSP = D)k, + s)ds (4.4.45)

7'2 —T

and so (since 7 — |s| < 7 because s € [—7,7])

1 T "
167 (P = Du(ta) o < ;[T 7 = Islll[(P = D" (tn + 5)lods

Chptl /7-

< " (tn + )| ps1ds. (4.4.46)

Consider (4.4.41) and (4.4.42) with m = 3. Then

Sutn) = o (ultnsr) = ulta 1)
1 / T2 " 1 T 2.1
_ %(u(tn)jLTu (tn) + gy (t) + 5/0 (1 — |s)2u" (t,, + 5)ds

7_2

- (u(tn) — 7 (t,) + EUN(t”) - ;!/()_T(T — |s]) %" (t,, + 8)ds> )

1

pp / (7 = [t + 5)ds (4.4.47)

Also apply (4.4.41) and (4.4.42) to v’ with m = 2 to get:

W(thy1) = d'(t,) +1u"(t,) + /O_T(T — |s)u" (t, + s)ds (4.4.48)

and

W(th1) = u'(t,) —u"(t,) + ' (1 —|s])u" (t, + s)ds. (4.4.49)

-7
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Then from the Taylor expansions (4.4.48) and (4.4.49) we can write
dou'(tn) = O0u'(tns1) + (1 —20)u (t,) + Ou' (1)
= 0 (u’(tn) +7u"(t,) + /T(T — |s|)u" (¢, + s)ds> + (1 —20)u'(t,)
0
0
(= Isl)u"(ta + )ds

— L)+ 0 [ (st + 5)ds. (4.4.50)

—T

+ (u’(tn) — () +

-7

Now subtract (4.4.50) from (4.4.47) to obtain

1 T T
du(ty) — gt/ (t,) = 4—/ (1 — |s])*u" (t, +8)ds — 0 [ (17— |s|)u" (t, + s)ds,
7Jor .
(4.4.51)
and taking the norm on £%(€) and using the triangle inequality we have
||5tu( n) = 0gtt' ()0
/ = [s])*u" (b + s)ds| He s (e + )ds
0
1
<. / s s+ / 7= JsDllu" (b + 5) lods
( + ) ||u’”(t + 8)[lods. (4.4.52)
Lastly consider (4.4.41) and (4.4.42) with m = 4:
/ T2 " T3 n
Utng1) = u(ty) +7u/(t,) + S U (tn) + Y (tn)
2 / 7 — |s)*u® (¢, + s)ds, (4.4.53)
and
/ 7-2 " T3 n
u(tn_1) = wu(ty,) —7u'(t,) + S (tn) — U (tn)
1 —T
~5 (1 — |s))*u®(t,, + s)ds. (4.4.54)
0

Also apply (4.4.41) and (4.4.42) to u” with m = 2:

W (bns1) = U (£n) + 70" () + / (7 — |s])u® (t, + 5)ds, (4.4.55)
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W (tnr) = 0" (8) — Tu" () — /0 T — s u® (t, + 5)ds. (4.4.56)

Now we have (following from (4.4.53) and (4.4.54)) that

Fulte) = Jgutun) — 2ult) + ultn )

1 T
= W)+ oy [ D+ s)as, (4457
T —T

and (following from (4.4.55) and (4.4.56))

So”(t,) = " (t) + 0 [ (v — |s)u¥ (8, + s)ds. (4.4.58)

Similarly as before, subtract (4.4.58) from (4.4.57) to obtain

1 T
S2ulty) — ot (1) = / (7 — |s])2u®(t, + 5)ds

67'2 —T

e (1 — |s])uM(t, + s)ds,

-7

and taking the norm on £%(Q) we have

1 T
|62u(ta) = 8o (ta)lo < (5 +0) 7 [ [0t + 9)lods. (4.4.59)

Returning now to equation (4.4.40), and using the bounds (4.4.44), (4.4.46), (4.4.52) and
(4.4.59), we have

Ir™llo - < 1165(P = Dulta)llo + 10 u(tn) — dou” () llo
+01[6¢(P — Du(tn) — dpu (tn)llo + BullSru(tn) — o’ (t) o

ChPHL 7 1 v
< S [ 4 lpads + (+8) 7 [ e+ ) lods
1 v ChP+1 7
(3 40) 7 [ It + 5)lods + = — [t + 9l
<

tn+1 tn+1
¢, (h L I lpeads + 7 [ ) ods

-1 n—1

-1 -1

tn+1 " 1_—1 tn+1 /
+T/t " (5)||ods + hP*+'r /t 1/ () lpds | -

where Cy = max{%, C,e+0.5 (% + 9)}
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Estimate for |R"||o

From the definition of R™ (with 0 <n < N — 1) we have that

N-1
IR lo < 7llr"llo + 7 Z 7™ llo < 7l o +7 > ™ llo,

m=1 m=1

and then by the bounds derived in Lemma 4.4.3 and Lemma 4.4.4, we have that

IR"le < 7°Cy (HUWHC(j,LQ(Q)) + [lu" |l JHP“(Q))) + PO u o7, mr+1(0))

N-1/ ..
reanrn X ([ nwumﬂw+/ nunmmﬁ

m=1
2 = "
+7 ng t Hu (s)]|ods + Hu ()||0d5 )
m=1 m—1 tm—1
But

N—1

([ I toas + [ <>||ods)
m=1 - m 1

<2 ([" 1)l ds+/ 9 (5o
to
=2 (Hu”/||0(j,£2(ﬂ)) + [lul )HLl(J,EQ(Q)))
and
N—-1
m+1 //

([ W nds [ 1)

m=1 \’tm-1
<2 ([ 6 lpads + [ 1" 5) )
0 0
=2 (I loz,m10y) + 1l mriay) -
Now

e (HU/IIHC(j,EQ(Q)) + HUHHC(J,HPH(Q))) + thCl”UIHC(j,HpH(Q))
+272Cy (|[u” ()| e,z + 16 ()| 11,200

+2071Cy (Il e mon iy + 1 e mone)

7%l <

Cs (72 (HU”HC(J’,HPH(Q)) + ||UHIHC(J )t HU( )< )HLl(iﬁ?(Q)))

L pPHL (||u/||c(j7Hp+1(Q)) + HU’HHC(j’HPH(Q))) ),
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where C5 = max{C}, Cy + 2C5,2C5}. Therefore
N-1

Y IRl < NGy <72 (HU"HC(j,Hp+1(Q)) + 1" e 7.c20)) + Hu(4)(3)”L1(j,£2(Q))>
n=0

+hP (HU/HCU,HHI(Q)) + \|U”H0(j,Hp+1(Q))) ) :

It is now possible to complete the proof of Theorem 4.4.1.

Consider Inequality (4.4.4):

N-1
n * 0 n
el < € (1 + s el + 7 3 1)

n=0

From Subsection 4.2.1 it follows that

max [ley(tn)llo < CP7 max [u(t)p4

and
le%ll0 = [Ju® — Pou’[lo < CRP* U

From the estimate for 3>~ || R"|o, the two results above and since

Jaftn) = il = lle"llo < max fle"lo = max, flu(ta) = uflo

we have the result. O

Remark Note that the constant C' depends on the length of the time interval 7. This

is not mentioned in [Karllal.

4.5 Conclusion

In this section the problems that arose in proving the results in [Karlla] are discussed,

and a conclusion is also given.
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4.5.1 Stability with strong damping

As mentioned, for the proof of Proposition 4.4.2 [Karlla, Proposition 2|, the following is
stated: “We omit the proof since the result can be obtained by a slight modification of
the arguments presented in [Karllb].” The proof in [Karllb] does not make use of the
damping term in [Karlla]. Also, the damping term provides an obstacle that is not so
trivial to overcome, as discussed below. We give the modifications that have to be made

to the proof of Proposition 4.4.2 to include a damping term.

Consider the weak variational form (4.1.2) at ¢,41, t, and ¢, 1 (forn=1,2,..., N —1).
By using appropriate weights, we have that for every v € S”

(e, w“ "(tn), v) + a(de, U "(tn),v) + b(pu(tn),v) = (o (tn), ). (4.5.1)

Consider (4.2.2) again
(67uy,v) + a(Seul, v) + b(dguy, v) = (0g f(tn),v) for all v € S"
and subtract this from (4.5.1) to obtain

(Spu" (tn) — 67ujt, v) + a(Spu' (tn) — Spuf,v)
+b(59ﬁu(tn) — (59,&2, ’U) = (5977]?(25”) — 59’,Yf(tn), U) (4.5.2)

for every v € S" and n=1,2,...,N — 1.
Now add and subtract the terms 62 Pu(t,), 0;,Pu(t,) and & (Pu(t,)) in (4.5.2):
(601" (tn) — 67 Pu(ty,) + 6; Pu(t,) — 6;uj,v)
+a(dpu (tn) — Ot nPulty) + 0pyPulty,) — 0 up, v)

+0(6pu(tn) — 0o (Pu(ty)) + 0o (Pu(t,)) — dgup,v) =0.
(4.5.3)
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Using the definition of the projection P and the definition of ™ we have that (4.5.3)

becomes

(5362, v) + a(émez, v) + b(égﬁez, v) = (67Pu(t,) — S (tn), v)
+a(d;, Pu(t,) — dpu'(t,),v)
= (r",v) (4.5.4)

for every v € S" and n =1,2,..., N — 1, where

1
el = B(Pultuss) = ™)+ (5= 20 7) (Pults) - up)

1
(5= 0+7) (Pultas) - ™)
and

h

6t776n

- i (v(Pultan) = ui™) + (1= 29) (Pulta) = uf) + (v = 1) (Pultumr) —ui ™).

We can rearrange (4.5.4) as follows:

tno

7 (9 _ ;) (02l v) + b€l 4, v) + (1= 7)b(eh_y,v)  (45.5)

(",0) = (6%l v) + Tva(82el,v) + ald7 el v)

for every v € S® and n = 1,2,..., N — 1. Now multiply (4.5.5) by 7 and then sum over
n =1 ton =m. Some terms will cancel and we are left with the remainder:

Ti(r",v) = (1 (e,}jﬁl —e%) ,v) — (1 (e’f —eﬁ) ,U)

n=1 T

(4.5.6)

The terms 7vya (% (621-5-1 - e%) ,v) - Tva (1 (e}f — 68) ,v) can be bounded in the same

way as the corresponding terms for the bilinear form b, as in the proof of Proposition

4.4.2. The term a (ef}n —eh, v) also needs to be bounded. The way that v is chosen, that
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isv=el  +el =2(d™ — d™), results in
h ko h h ko h h h h _h
a(em—eo,em+1 +em) :a(em,em+1> —a(eo, m+1> +a( m,em) a(eo,em>.

For the proof to be completed, we need to find an upper bound (with respect to the £2-
norm) for a (efj1 —eh el L+ ef%). The damping that is present in the problem is strong
damping: the bilinear form a is positive definite on V' (2), i.e. there exists a constant C'
such that a(u,u) > Cllull, ). We also have that a is bounded on V/(Q2), i.e. there exists

a constant C, such that |a(u,v)| > Collullv@||v|lve)

An upper bound for a (eﬁ1 —ep el o+ 6}&) can therefore not be found.

4.5.2 Truncation error with general ~

As mentioned before, it is said in [Karlla] that the proof of the main result Theorem 4.4.1
is done with v = 3 “for the sake of conciseness” and that “the general case can be proved
without major difficulties”. In [Karl2] the general scheme is used to prove the main
result, but in that article no damping is present. When [Kar12] was consulted to aid in

the proofs for the general case (v > 5 ), some irregularities were found in the proofs.

In this section we consider Lemma 4.4.4, the estimate for the terms r”. In the articles
[Karlla] and [Karllb], the proof is only done for the case when v = 5. The article of
[Kar12] was therefore consulted, even though no damping is present. It was found that

in the proof of Lemma 4.4.4 we need the following result: (see [Karl2, p. 697])

S " (tn) =u"(t,) + 6 (7’ —Is |) (t + s)ds + (*y — ;) /_TT " (t, + s)ds. (4.5.7)

—T

It is said in [Karl2] that this “ ...can be easily obtained from Taylor expansions of
u’(tp41) and u”(t,—1) about u”(t,) ...”". Let’s consider this. These Taylor expansions

are given by
W (tny1) = " (tn) + 7"t +/ (7 — |s|)u®(t, + 5)ds
and

W (tar) = (k) = 7" (1) = [ (7 = |s)u® (b + )ds.
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From definition we have that

1 1
ot () = 00 (tnsr) + (5 = 20+ 7) (1) +

S+ 0=) W' (tn),

and combining this with the Taylor expansions above we will have (after cancellations)

1
dp ' (tn) = 0 <u"( +7u" (¢ +/ 7 — |s)u®(t, + s)ds) (2 — 20 + 7) u”(t,)

N (; Lo 7) (u”(tn) — () — /0 "(r = |sDut® (4, + s)ds)

= u"(t,)+ 0 (7' — |s)u? (t,, + s)ds + ( ;) Tu" (t,)

—T

+(5-7) [ = Ishutt, + s)ds. (4:5.8)

The next step will be to subtract (4.5.8) from 62u(t,). This will give

Shu(tn) — Bt (ta) = ]'/}T—Mfwwm+g@—e (7 — |sDu® (t, + s)ds

672 /- -7
~(v=3) ) = (5-7) [ = Ishue + s)ds

Taking the £2-norm we therefore have

7_3

167 u(tn) = doqu”" (ta)llo < 62

| Ot + 5)llods + 07 [ [u®(t, + ) ods

1 0

5= [ I+ ) lods
1 e

= (5+0)7 [ It + )lods

1 0
3 —v‘/ ||u(4)(tn+s)||ods.
(4.5.9)

Tllu" ) llo + 7

+h-3

+] L
T

Tllu" () llo + 7

Recall that we want estimates for the four terms on the right hand side of the inequality

below:

Ir™llo - < 105 Pulta) — 67u(ta)llo + 167 u(tn) — o0 (ta) o
+0110t Pultn) = Stutn)llo + Srl|deu(tn) — ot (n)llo
= [I67(P — Du(ta)llo + 167 u(tn) — do,u" (ta)llo
+ 8110t (P = Du(tn)llo + Bulleyultn) — doqu (t)]lo-
(4.5.10)
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The first term is estimated in Lemma 4.4.4, and the third term can be estimated in a

similar way as in Lemma 4.4.4. We have:

100 (P = Dyu(tn)llo

C hrt1 T o
< (7 [ 1t + 9psads + [t + 9piads ) . (45.10)

T

The second term was estimated above in Equation (4.5.9).

A similar result can be obtained for the fourth term on the right hand side of (4.5.10).
After applying (4.4.41) and (4.4.42) to v/ with m = 2 and cancelling terms:

Sotl(t) = W(tn)+0 [ (7= |s)u"(ty + s)ds + (7 _ ;) (1)

+(5-7) [ = lshu e+ s)ds. (45.12)

Also, after applying (4.4.41) and (4.4.42) with m = 3 and cancelling terms:

/ T 1 T nm
Sppulty) = u'(t,) — zu"(t,) + %/0 (7 — |s])*u” (t, + s)ds

+(’y2—7— 1) /O_T(T B |s’)2um(tn + 5)ds. (4.5.13)

Subtracting (4.5.12) from (4.5.13) and taking the £*-norm we obtain:

161 3t (tn) = o414 (n)lo

T T — 1|7 0
< el Gadllo+ 2 [+ sVl + LT 4 5) s

T 1 0
407 [t $)lods + |5 = 2| [ 1"t + 9)lods

Although the result above is not exactly the same as the estimate in [Karl2|, it is

essentially the same. It still provides a proof for Lemma 4.4.4 for the case v > 3"

4.5.3 Concluding remarks

As mentioned in the beginning of this chapter, additional work was required to supple-
ment what is provided in the article [Karlla] specifically with regards to certain proofs
which the author claims are easy extensions. Certain errors were discovered, for instance
in [Karlla| there is said that the proof of Proposition 4.4.2 ¢ ... can be obtained by a

slight modification of the arguments presented in [Kar11b].” The modification turns out
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to be a lot more comprehensive than expected. The results that could be proved and

those that could not have been summarised in Table 4.2.

Stability (Proposition 4.4.2) | ||r"|lo (Lemma 4.4.4)
1=1% v>3 Y=3| 1>3
None Yes Yes No No
Damping | Weak No No Yes Yes
Strong | No No No No

TABLE 4.2: Summary

The assumptions that are made on the regularity of the solution u of Problem DPL are
very restrictive. It is not mentioned that compatibility conditions must be imposed on
the boundary and initial data to yield these higher regularity properties (see Section 2.4).
These compatibility conditions required to obtain higher regularity place serious restric-

tions (often not realistic) on the initial and boundary data.

It is also mentioned in the conclusion in [Karlla] that the analysis in the article extends
to discontinuous Galerkin finite element methods, and that the convergence results hold
true, as long as the corresponding discontinuous Galerkin bilinear forms are symmetric,
continuous, positive definite and consistent. In the articles [Karllb] and [Karl2], this
convergence analysis has been extended to the interior penalty symmetric discontinuous
Galerkin finite element method in [GSS06] and [GS09]. However, this is only done for
the wave equation with no damping. Also, the results that are obtained rely on the same

higher regularity assumptions being maintained on the solution u as in [Karllal.
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Chapter 5

The discontinuous Galerkin Finite
Element method for the wave

equation

5.1 Introduction

In this chapter we investigate the work done in articles [GSS06] and [GS09]. In [GSS06]
semi-discrete error estimates are derived for the symmetric interior penalty discontinuous
Galerkin finite element method for the wave equation (without damping) in both the
energy norm and the £?-norm. In [GS09] the fully discrete error estimate in the £2-

norm is derived.

We read in [GSS06]: “.. continuous Galerkin methods impose significant restrictions on
the underlying mesh and discretization; in particular, they do not accommodate hanging

nodes.”’

“To avoid these difficulties, we consider instead discontinuous Galerkin (DG) methods.
Based on discontinuous finite element spaces, these methods easily handle elements of
various types and shapes, irregular nonmatching grids, and even locally varying poly-
nomial order; thus, they are ideally suited for hp-adaptivity. Here continuity is weakly
enforced across mesh interfaces by adding suitable bilinear forms, so-called numerical
fluxes, to standard variational formulations. These fluxes are easily included within an

existing conforming finite element code.”

90
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It is clear that the discontinuous Galerkin approximation has certain advantages. How-
ever, the aim of the investigation of DG methods in this dissertation is to examine if
the regularity assumptions needed on the solution for optimal error estimates are less
restrictive than those made to obtain optimal error estimates for the continuous Galerkin
finite element method. A glance at Theorem 4.2 in the article [GSS06] and Theorem 3.4
in [GS09] reveals that this is not the case; in [GS09, Theorem 3.4] it is assumed that
the solution has a fourth order time derivative. Nevertheless, the possibility exists that
suboptimal error estimates were obtained by [GSS06] and therefore it was decided to

study the articles in detail.

The investigation of [GSS06] was a substantial undertaking. The proofs done here are
given in greater detail making them much more accessible. In some cases additional

explanations were provided.

5.1.1 Model problem

In [GSS06], the model under consideration is a special case of the multidimensional (R?
with d = 1,2 or 3) wave equation (Problem MW) with & = 0, i.e. there is no damping

present. The problem is given below partly in the notation of [GSS06] for convenience.
Problem W (Special case):

Given functions f,uo and v, find u defined on Q x J such that

Ou—V-(cVu) = f in QxJ
u = 0 on 00—,
(¢cVu):n = 0 on X,

while u(-,0) = up and dyu(-,0) = vg. Note that J = (0,7) in [GSS06].

Note that the matrix A is ¢l in this case. From the properties of the matrix A assumed

for Problem MW, we have that there are real numbers ¢, and ¢* such that (in the notation
of [GSS06])

0<c<clx)<c < oo for z € Q. (5.1.1)

Remark For the problem in [GSS06], u = 0 on the entire boundary 9.
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5.1.2 Weak variational form and existence

The weak variational form of Problem W was derived in Section 2.5.1 and is given below
in Problem WW for completeness and comparison with that of the weak variational
form of Problem W given in [GSS06]. The assumptions made for existence in [GSS06] is
compared to that of [VV02].

Note that the space V() is the closure of the space of test functions
T(Q):={veC(Q):v=00n0Q2—-%}

in H'(Q). In [GSS06], V(Q) = H}(Q), since u = 0 on the entire boundary 9.
Weak variational form in [GSS06]:

Find v € L2(J,V(Q)), v € L%(J,L*(Q)) and u" € L2(J, H () such that u(0) = ug

and u'(0) = v, and
(", v) + b(u,v) = (f,v) for all v € V (),

where (-, -) is the duality pairing between H~1(Q) and V (Q).

The bilinear form b is given by

b(u,v) = (¢Vu, Vv).

Remark  From the formulation of Problem GSSO06W we see that u” is assumed to
be a distribution, not a function. This assumption, although it is a weak assumption
for the existence of a solution, serves no purpose for the outcome of the article [GSS06],
i.e. to obtain convergence of the semi-discrete discontinuous Galerkin method. Higher
regularity is assumed for the convergence of the semi-discrete discontinuous Galerkin
method regardless of the assumptions made for existence. Assuming u” € £2(J, £%())

would be more constructive.

For the existence of a solution it is assumed in [GSS06] that f € L2(J, L%()), uo € V(Q)
and vy € £%(Q), and then [LM72] is cited; that a solution of the problem exists. As

mentioned, this serves no purpose.

As is shown in Chapter 2 (Section 2.5.1), the weak variational form of Problem W

(undamped case) is given by:
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Problem WW (Special case):

Find u such that for each t € J, u(t) € V(Q), v"(t) € £L3(Q2) and
(u"(t),v) + b(u(t),v) = (f(-,t),v)q for each v € V(Q)

while u(0) = up, and «'(0) = vy.

Existence of a unique solution of Problem WW is proved in Section 2.5. In particular,

sufficient conditions for this result is given and we have

we CH(JV(Q)NC* (J,L2(Q).

In Section 5.2 Problem WW is discretised in space by using the symmetric interior penalty
discontinuous Galerkin finite element approximation (SIPDG) from [GSS06]. The main
results concerning the semi-discrete approximation of the article are stated in Section 5.3.
The two main results, Theorem 5.3.2 and Theorem 5.3.3 are proved in Sections 5.4 and
5.5 respectively. In Section 5.6 the fully discrete error estimates from [GS09] are given

and proved. Some numerical experiments done in [GSS06] are discussed in Section 5.7.

5.2 Discontinuous Galerkin discretisation

In this section Problem WW is discretised in space by using the SIPDG method from
[GSS06]. We first provide the definitions needed for the SIPDG method.

5.2.1 Preliminaries

Consider shape-regular meshes M, that partition the domain €2 into disjoint elements
{E}. Let hg denote the diameter of element E, and let the mesh size h be given by
h = fnax hg. Tt is assumed that the partition is aligned with the discontinuities of /c.
Generally, irregular meshes with hanging nodes are allowed, however, in this article it
is assumed that the local mesh sizes are of bounded variation: there exists a constant

k > 0 (depending only on the shape-regularity of the mesh) such that
ﬁhE S hEl S HilhE (521)

for all neighboring elements F and £
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Note The term “shape-regular mesh” refers here to the following definition: A family
of partitions €2, is called shape regular provided that there exi}its a number k£ > 0 such
that every E € (), contains a circle of radius pgp with pg > ?E, where hg is half the

diameter of E.

Definition 5.2.1. Interior face of My,
The nonempty interior of 0F N OE’, where E and E’ are two adjacent elements of My,

is called an interior face and denoted by F'.

Definition 5.2.2. Boundary face of My,
The nonempty interior of dF N 92 which consists of entire faces of JF, is called a

boundary face and also denoted by F'.

Definition 5.2.3. The set F),

Let F#: The set of all interior faces of M,;
FPB: The set of all boundary faces of Mj,.
Define F, = F£ U FP.

Remark Any element of Fj, is generally referred to as a “face” in both two and three

dimensions, although in reality a “face” in two dimensions is an edge.

Definition 5.2.4. Jump and average for piecewise smooth functions

Suppose v is any piecewise smooth function. Let F; € Fi be an interior face shared by
two neighboring elements £+ and E~ and let # € Fy; let n denote the unit outward
normal vectors on the boundaries 9E*. Let v* denote the trace (Section A.4) of v taken

from within £%, and then define the jump and average of v at x € F} by

[v] :==vtTnt +v n, {o}} = (v+ + v_)

N[ —

respectively.

On every boundary face Fg € FP let [v]] := vn and {v}} := v, with n the unit outward

normal vector on 0f).

Definition 5.2.5. Average for piecewise smooth vector-valued functions
Suppose q is any piecewise smooth vector-valued function. Define the average across

interior faces and boundary faces by

(a"+a) and {a}:=gq,

N —

fla}t ==

respectively.
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5.2.2 Discretization in space

Define the finite element space by
Vhi={ve L2Q):v|g € SIE) for all E € M,,},

where S7(F) is the space P?(FE) of polynomials of total degree at most j on E if E is a
triangle or a tetrahedra, or the space Q’(E) of polynomials of total degree at most j on

E if F is a parallelogram or a parallelepiped.

Definition 5.2.6. Bilinear form by,

The discrete bilinear form b, on V" x V" is given by

bp(u,v) == > /EcVu~Vvdm— > /F[[u]]-{{cVU}}ds

EeMy FeFy,
- 5 [l evupds + 5 [l s, (522)

where n|p = eh ' onecach F € Fi (referred to as the interior penalty stabilization

function) with

A min{hg, hp}, F € FL, F=0ENOF
F =
hg, FeFE F=0ENnoQ
and for v € F
] max{c|g(z),c|g(x)}, FeFF,F=0ENJL
Clp =

clp(z), F e FP F=0EnNoQ,

and 8 > 0 a parameter independent of the local mesh sizes and the coefficient ¢, where

E and E' are neighbouring elements.

Remark The last three terms in (5.2.2) correspond to jump and flux terms at element
1

boundaries. These terms vanish when u,v € V(Q) N H'*™(Q) for m > 5 The semi-

discrete DG approximation given below in Problem WDG is therefore consistent with

Problem WW (Section 2.5.1).
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Problem WDG

Given a function f : J — £2(Q2) and a partition M, of €, find a function u;, € C(J,V")
such that

(up(t),v) + by (un(t),v) = (f(t),v) forallv e V" (5.2.3)

up(0) = ug, up(0) = uf.

Notation Let P, denote the £2-projection onto V.

Remark It was mentioned previously (see Section 3.1 and Section 3.1.2) that most
publications choose the initial conditions u? and u} to be the £L2-projections of the initial
conditions ug and vy respectively, that is, uy,(0) = Pu® and v}, (0) = Py, [GSS06] makes

the same choice.

Now consider the following result, referred to as the stability result for the DG form by,
in [GSS06]. (Recall that the dimension is denoted by d).

Notation To avoid confusion, note that || - ||o.# is the norm for £*(F) and || - ||o.x is
the norm for £2(E)4

Lemma 5.2.7. [GSS06, Lemma 3.1]
There exists a threshold value B > 0 which depends only on the shape-reqularity of the

mesh, the approximation order p , the dimension d, and the bounds in (5.1.1), such that

for B> Bmin and v € V"

b (v, v) Zde( > IVeVullie+ > ||\/ﬁ[[v]]||3,F)

EeMy FeFy

where the constant Cpq is independent of ¢ and h.

The proof of this lemma can be found in [ABCMO02]. A slightly more general stability
result is proven in [GSS06, Lemma 4.4] (Lemma 5.3.7 in this dissertation).

5.3 Main results

Optimal error estimates are derived in [GSS06] for the symmetric interior penalty DG

finite element method. Two main results are obtained: an error estimate with respect to
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the DG energy norm and an error estimate with respect to the £2-norm. We follow the
order of [GSS06|, where these two main results are stated in this section and the proofs

postponed to Section 5.4 and Section 5.5.

We now introduce what the article [GSS06] refers to as the DG energy space, together

with its norm.

Definition 5.3.1.

On V/(h) define the DG energy norm

1 1
[0y == > Ne2Vollg s+ D [Inz[v]l5p-
EeMy FeF,

Note that in the rest of this chapter, J = (0, 7).

Theorem 5.3.2. [GSS006, Theorem 4.1]
Let the solution u of Problem W satisfy

uwe C(J,H ™)), « eC(J,HT™Q)), «" L' (J H™Q))

Jor m > 5, and let uy, be the semi-discrete DG approximation in Problem WDG, with

B > Bmin- Then the error ep, = u — uy, satisfies

lesllewez@y + lenllewvay < G (leh(0) o+ llen(0)llv )
+Ch™™ I ([ully gy + Tl vy + 10l e ramie)

with constants C; and Cy independent of T and h.
Remarks

1. In order to obtain an optimal error estimate with respect to the £2-norm, elliptic
regularity is assumed; i.e. there is a stability constant Cg such that for any f €
L£2(Q) the solution u of the problem

b(u,v) = (f,v) forall veV(Q) (5.3.1)
belongs to H?(€)) and satisfies the bound

l[ull2 < Cs| flo- (5.3.2)
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2. Elliptic regularity as stated above is assumed to obtain an optimal error estimate
with respect to the £2-norm. This is relevant in the proof of Lemma 5.5.2 in
Section 5.5, where a higher order error estimate in the £2-norm is obtained. This is
where we differ from [GSS06]: we also give an error estimate that is not necessarily

optimal, but it is of practical importance.

Theorem 5.3.3. [GSS00, Theorem 4.2]
Let the solution u satisfy

ue€ C(J,HT™(Q)), o eC(J,HT™Q)), «" e L'(J H™(Q))

1

Jor m > 5, and let uy, be the semi-discrete DG approximation in Problem WDG, with

ﬂ Z 5min-
1. The error e, = u — uy, satisfies

H€h||C(J,£2(Q)) < C3hmin{m,j} (HUOHH—m + ||u||C(J,H1+m(Q)) + ﬁ||u/‘|c(J,H1+m(Q)))
+Ca (llen(0)llo + T'lle, (0) o) - (5.3.3)

with a constant C' that is independent of T and h.

2. If elliptic regularity as in (5.3.1) and (5.3.2) is assumed, then the error ey, = u—uy,

satisfies

”ehHC(J,EQ(Q)) < C5hmin{m’j}+1 (HU/OH1+m + HUHC(L]’HI-&-m(Q)) + \/?HU//”C(J7H1+WL(Q)))
+Ci (len(0)lo + T1le, (0 o) (5.3.4)

with constants C; (i = 3,4,5) that is independent of T and h.

We have now stated the main results of the article [GSS06]. In Subsections 5.3.1 to 5.3.3
some preliminary results are obtained in order to prove these main results: Theorem 5.3.2

is proved in Section 5.4 and Theorem 5.3.3 is proved in Section 5.5.

Remark We remark here that the proof of Theorem 5.3.3 ([GSS06, Theorem 4.2]) in
the article [GSS06] follows an argument in [Bak76] for conforming finite element approx-
imations. However, the proof of this theorem in this dissertation in Section 5.5 follows

the work already done in Chapter 3 on the article [BV13].

For convenience we include Table 5.1.
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Notation Refer to
DG bilinear form by, Definition 5.2.6, page 95
Space V' (h) and DG energy norm || - ||y Page 97
Auxiliary DG form by, Equation (5.3.9), page 102
Lifted function ¢(v) Definition 5.3.4, page 99
The form 7y, Equation (5.3.13), page 107
Operator Py, Equation (5.5.1), page 116
Broken norm || - ||. Equation (5.6.2), page 123
Truncation: r" Equations (5.6.6) and (5.6.7), page 126

TABLE 5.1: Some notation in Chapter 5

5.3.1 Extension of the DG form b,

The DG form by, is defined on the space V" x V. However, it does not extend in a
standard way to a continuous form on the larger space V' (h) x V'(h), since in general the
average {cVu}} on a face F' € F), is not well defined for v € H*(Q2). To get around this
difficulty, [GSS06] extends the form b, to the space V(h) x V(h) by making use of the
lifting operators defined in [ABCMO02] and the approach in [PS02].

Definition 5.3.4. Lifted function
The lifted function £(v) € (V")4(d = 2,3) is defined for v € V(h) by

/Q () -wdz = ¥ /F ] - fewldA  forall we (VM)

FeFy

Remarks
1. The notation for the lifting operator differs here from [GSS06], where it is denoted
by L.. In [ABCMO02] it is denoted by 7 (on I' = Ugeaq, OF) and [ (on T? = T'\99).

2. The following definition for the norm of a lifted element is not explicitly given in
[GSS06).

3. The existence of ¢(v) is guaranteed from Riesz’s Theorem [Kre78, Theorem 3.8-1,
p. 188].
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Definition 5.3.5. Norm of a lifted element
For v € V(h) we define

16(0) o = Jmax Y rer, IF|[’[:;]”-O fewldA

Lemma 5.3.6. [GSS06, Lemma 4.5]
There exists a constant Cy,,, which depends only on the shape-regularity of the mesh, the

approximation order j, and the dimension d such that

le@)E < 87 Chy Yo Iz [wllE

FeFy

for any v € V(h). Moreover, if 3 is piecewise constant, with discontinuities aligned with

the finite element mesh My, then

le™2e@)|2 < B71C2, S [nE ]2 p-

FeF,
Proof. 1. First estimate

By making use of the Cauchy-Schwartz inequality, we have

Yrer, Jrllv] - fewhdA

l =
el = _max -
— max Yrer, Jr nin "z [v] - few}dA
we(Vh)e [wllo
(Srem, Jenl[V]12 dA)? (Srer, fon 1{ewh?dA)?
< max .
wevhy [wllo

Following from the definition of i and the bound (5.1.1) on ¢, we have

ol < 5t e (Zrem fe R aA) (Srer, B flew P da)’

we(vh)e [Iwllo
1,401 (ZFefh Jr "7‘[[”]”20314)5 (ZEth hE [y W/ alA)5
< B72(c¢")? max
wev) [[wllo

(5.3.5)

The following inequality (what [GSS06] calls the inverse inequality) is stated without

proof in the article:

IWligop < Chuhi' Wl g for all w & (87(E))7, (5.3.6)

— mu
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with a constant Cj,, that depends only on the shape regularity of the mesh, the approxi-
mation order j and the dimension d. (We discuss this inequality at the end of Section 5.5

on page 121). This inequality implies the following:

1
3 hE/ (WI2dA| < Cimulwlo for all w € (S7(E)),
EeM,,
Substituting this into (5.3.5) we obtain

(Srer, Jenllo]2 dA)* Counllwlo

(v < _% c* % max
[l < B72(e")? max ||w||o
= 5 O [ X [alle]PaA
FeFy

FeFy

3
_1 1
= 5 2 2 znv(z ||'I72 ||0F> :

2. Second estimate

We have that for a piecewise constant ¢, for any element z € (V?)?, iz € (V)4 and so

-1 —  max Y FeF, fF[[U]]'{{C%W}}dA
e t®lo = 5 Wl |

Now we apply the same steps as we did for the first estimate to obtain

1
2

s < 5 may oren el dA) (Srer, Jehe”few)d)
T et il

(Srer, S i) dA)* (Seas, e Jop o] dA)

we(Vhyd lwllo

(Srer, Jonllo]I2 dA)* Counllwlo

we (Vi) [wllo
1

_ —szv(Z /17| !2dA>
FeF;

= B %cmv(z Im? [ HOF) . (5.3.8)

FeFy

N

IN

N
N|=
=
IS
"

(5.3.7)

IN

N
N[
=
IS
"
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The auxillary bilinear form by, defined on V' (k) x V(h) is now introduced.

bp(u,v) == > /cVu Vodz — / - Vudz

EeMy, EeM,,
- Y [ @) Vuda+ 3 [l s, (5.3.9)
EeMy, Fer,

We have that V* c V(h) and V(Q) C V(h), and so from the definitions of b and by, it
follows that:

by="by, on VR x V" b, =bon H}(Q) x H{(Q). (5.3.10)

This suggests that the bilinear form by, can be viewed as an extension of the two bilinear

forms b, and b to the space V(h) x V(h).

In the following lemma it is proved that b, is continuous and positive definite on the
entire space V' (h) x V(h).

Lemma 5.3.7. [GSS06, Lemma 4.4]
Set

inuv

for a general piecewise smooth ¢, and

6m1n 402

mu

for a piecewise constant c, with discontinuities aligned with the finite element mesh My,.

Ciny 15 the constant from Lemma 5.5.6. Setting Cpq = %, we have for B > Buin

br(u, )] < Nullvawllvllve, v € V(h),

Bh(“a“) = deHuH%/(h)a u € V(h).

In particular, the positive definiteness bound implies the result in Lemma 5.2.7.
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Proof. 1. First we prove that by, is bounded.

From the definition of b, and the Cauchy-Schwartz inequality we have for every u,v €

V(h) that

bp(u,0)] = | > /cVu Vodr — Z/ - Voudx

EeM, EeM,,

- > / - Vudzr + Z/

EeMy FeFy,

< Y e ValoslerVollos+ Y 1wzl Volos

EeMy, EeMy

+ 3 1@l Vullos + 3 Im2[0]llorln? [u]lo
EeM, FeFy,

Since || ]| >0,

bu(uw, o)) < D0 llerVullos >0 lle2Vollog+ > @Wlloe > [Volloe

EeMy EeMy EeMy EeMy
l l
+ > 1@loe D Vulloe+ > Im2lwlllor Y llnz[w]lllor
EeMy EeMy FeFy FeFy
1 1
< Y eeVulos D lle2Volos+ Ewlo Y [IVllos
EEMh EGMh EGM}L
l l
+[e@)lo D> [Vullog+ D Imz[wlllor Y llnz[w]lllor-
EeM, FeFy, FeF,

1
Since ||Vullo,p < ¢ ? ||C%Vu||07E and from the first estimate in Lemma 5.3.6 we have

ba(u,0)] <3 e2Vaullos S [le2Vollos

EeMy, EEMh
_1 1 l 1
+ 8732 Cees ® | I [ull|2r S ez Vollos
FE]-'h EeMy
_1 1 1
+ 2(0 mvc* Z Hné “OF Z HCQVUHO,E
FeFy, EeMy
1
+ 3 ImE[Wlllor Y lIn2[ullllo.r
FeF, FeF,
1 1
< > le2Vulos Y [le2Vollos
EeMy, EEMh
_1 1 ; 1
+ ( CinuCs 2 Z 1m2 [[u]l[lo,r Z [c2Vvllo,e
Fth EeMy
it 1
+672(c) CinpCs 2 Z H772 HOF Z |c2Vullo,z
FeFy, EeMy

l
+ 3 (I [ellor X 2 [ullor-

FeFy Fer,
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It then follows that

|l~)h(u,v)| < max{l,ﬁ_é(c*)égmc:?}< Z ||C%Vu||07E Z ||C%VU||07E

EeMy, EeMy
l 1
+ > Inz[wlllor D le2Vollo.s + > n? v Mer > llezVullos
FeF, EeM, FeF, EeMy,
l l
+ > Inz[[vlllor > [Im2[u ||0F)
FeFy FeFy

and so finally (since for any real a and b, a + b < va? + b?),

b (u, )| < K*( > lexVaulop+ Y- n2[u] ]IIop)

EeMy, FeFy

X ( > le2Vollog+ Y- lIn?[o] ]HOF)

EeMy FeFy,
< > leEVulde+ > Inz[ull3 -
EeMy FeFy,
> leEvold g+ Y Izl
EeM, FeFy,

= K"lullvwllvllve

where K* = max{1, 3~ ( ) CinpCx 2 } Since we choose B, = 4c; 1c*C?

= v, We have that
K* =1.

The case of piecewise constant ¢ follows analogously, using the second estimate in Lemma
5.3.6.

2. Now we prove that by, is positive definite.

We have that

bp(u,u) = /cVu Vude — > / - Vudz

EeMy EeM,,
— Z / - Vudzx + Z/
EeMy FeF,
= Y eVt -2 ¥ [ ) Vude+ 3 md [l -
EeM,, EeM,, FeFy

(5.3.11)
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Now consider the second term on the right hand side of (5.3.11). Using the Cauchy-

Schwartz inequality and Young’s inequality in Lemma C.1 we obtain

Z / -Vudzr] = 2 Z /c 2€ C%Vudx

EeMy, EeMy
1 1
< 2y |C_2€(U)||0,E||CQVU||0,E
EeMy
< e Y |evVuliptrete™ Y [6w))i
EeM,, EeM,,

Now, for a general piecewise smooth ¢, we use the first estimate in Lemma 5.3.6.

23 [ ) Vude < & ¥ edVulfpete e, S It g

EeM; EeM,;, FeFy

Combining this with equation (5.3.11) we have

bu(u,u) > (1—) > e Vulgp+ (1 - 'e. 87 CR,) S Im2 [ull3 5

EeMy, FeF,

1

Now, if we choose ¢ = & and By, = 4c;tc*C?

5 =, Where 3 > ..., we obtain the positive

definiteness bound as was desired;

~ 1 1 — “lxo l
bp(u,u) > (1—5) > ||C2VU||(2)’E+(1—20* Brmin mv) > 2 [u
EeMy, FeFy
* . 1
> z le>Vull? 5 + ( —2¢, 7 (de ' C2) T CR) Y I [ullfF
EEMh FeF,
= 5 Z ||CQVU||()157L > ||77
EEMh FG]'-h

1
= Sllullvm = Crallullin

Now, for a general piecewise constant ¢, we use the second estimate in Lemma 5.3.6.

Similarly as above we will obtain

bu(uw,u) > (1—e) > e Vuld p+ (1—e7'87'C2,) 3 I3[l -

EeM,, FeFy
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Again, if we choose ¢ = 1 and B = 4C?

5 ~ o Where 8 > [, we obtain the coercivity

bound as was desired.

- 1 1 _ l
bh(uvu) Z (1 - 5) Z ||CQVU’||(%7E + (1 - 2/8111111 1012717)) Z ||’l72 ||0F

EeM, FeFy
l
> - Z ||c2Vu||0E+(1—2<4cfm “ez,) S Ine [ulllf e
EEMh FeFy
l
= 5 Z ”C VUHOE+ Z |72 [[u ”OF
EEMh FE]'—h

= 5”“”\/@) = de”“”%/(h)

[]

Remark The above proof looks rather messy. It has been done in great detail,
especially proving continuity of by, since the proof given in [GSS06] only states the
following: “By taking into account the bounds in (2.5) and Lemma 4.3, application of
the Cauchy-Schwartz inequality readily gives in the general case ... 7 From this the
estimate obtained was not obvious requiring us to fill in the details in this work. Note
that the estimates obtained here differs from those of [GSS06], but the results are the

same.

5.3.2 Error equation

In this subsection the so-called error equation is derived. This equation is used to prove
the main results (Theorem 5.3.2 and Theorem 5.3.3).

Since b, = by on V" x V" (see Equation (5.3.10) on page 102), Problem WDG (see

Subsection 5.2.2) is equivalent to the following problem.
Problem m

For a given partition M, of Q, find a function u;, € C(J, V?) such that

(u(t),v) + by (up(t),v) = (f(t),v) for allv € V" (5.3.12)
un(0) = up
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To derive an error equation, [GSS06] defines, for u € H*™™(Q) with m > 1

) = 3 /F 0] - {eVu — cPy(Vau) )} dA (5.3.13)

FeFy,
for all v € V'(h).

Remark The definition above is the reason the bilinear form l;h is introduced.

Lemma 5.3.8. Let the solution u of Problem W satisfy
u € LO(J, HT™Q)), " e L], L%Q)),

with m > % Let uy, be the semi-discrete DG approzimation obtained by (5.3.12). Then

the error e, = u — uy, satisfies
(e}, v) + bu(en, v) = ri(u,v) for allv € V" a.e. in J, (5.3.14)
with ry, given as in (5.3.13).

Proof. Subtracting u in equation (5.3.12), we have that

(el (t),v) + bylen(t),v) = (W' (t),v) + bp(u(t),v) — (f(t),v) for all v € V" and all ¢ € J.

Since we have that u” € £'(J, £L3(Q2)), we know that ¢(u) = 0 and also that [[u]] = 0 on
all faces. Now, using the definition of the lifted element ¢(v) and the properties of the

L2-projection P, we have

| tw)-Vude = 5 [ 0] fevuhpaa= ¥ [ o] fePa(Vu)haa.

FeFy Fer,

Using these facts in the definition of b, we have

bh(uv) = 3 / Vu-Vode— 3 / ] - {ePVul dA. (5.3.15)

Eem,, ' E Fer, ¥
Now note that V - (¢Vu) € £2(Q2) almost everywhere in J, since v’ € C(J, £*(Q2)) and
f e CYJ, L£2(R2)). This therefore implies that ¢Vu has continuous normal components
across all interior faces. Now we integrate by parts elementwise (and taking jumps and

averages into account) to get

Z /EcVu -Voudr = — Z /EV (eVu)vdr + Z /F[M] feVul dA.

EeMy EeMy, FeFy,
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Substituting this back into Equation (5.3.15), and using the definition of r;, we have that
the following holds:

by (u,v) = — > /EV (cVu)vdx + r(u, v).

EeMy

Now (u”,v) + by (u,v) = (v — V - (¢Vu),v) + r,(u,v) and from Problem WDG

(er,v) + br(en,v) = (W' =V - (¢Vu) — f,v) + rp(u, v).

Therefore, since (v’ —V - (cVu) — f,v) = 0 for all v € V" we have the desired result. [

Remark It is worth noting here that this error equation (5.3.14) is similar to the

equation obtained in Lemma 3.1.3 (Chapter 3, Section 3.1.1).

5.3.3 Approximation properties

The proofs of the main results (Theorem 5.3.2 and Theorem 5.3.3) rely on similar tech-
niques as used in [Bak76] and [BV13]. A projection is added and subtracted and then
from known theory the projection error estimates can be obtained. These approximation
properties is given in this subsection. The error estimates for the initial conditions also

rely on these approximation properties.

The approximation properties in Lemma 5.3.9 below are from [Cia78]. Recall that P

denotes the £2-projection onto V.

Lemma 5.3.9. [GSS06, Lemma 4.6]
Let E € My,. Then the following holds:

1. Forve H™(E), m >0, we have
lo = Prvllos < CRE™ " 0],

with a constant C' > 0 that is independent of the local mesh size hg and depends
only on the shape reqularity of the mesh, the approximation order j, the dimension

d, and the reqularity exponent m.



&

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
QWaf® VYUNIBESITHI YA PRETORIA

Chapter 5. The discontinuous Galerkin Finite Element method 109

2. Forve H'™(E), m > i, we have

Vo= V(P)lloe < CRE™ ™ol 1 e,
1

o/ AT

v — Povlloor <

min{m,j+1 -1
IVo = Po(Vo)lloor < CRE™ "™ 7201 s,

with a constant C > 0 that is independent of the local mesh size hg and depends
only on the shape reqularity of the mesh, the approximation order j, the dimension

d, and the regularity exponent m.

Lemma 5.3.10. /GSS06, Lemma 4.7]
Let w € HW™(E), m > 0. Then the following holds:

1. We have
lu = Pyullvny < Cal™ ™ |Jully 4,

with a constant C'x > 0 that is independent of local mesh size and depends only
on B, the constant k in (5.2.1), the bounds in (5.1.1) and the constants in Lemma

5.3.9.
2. Forv € V(h), the form ry(u,v) in (5.3.13), can be bounded by
i (u,v)| < Crh™m i) ( > ||77é[[v]]||(2),p) [efl14m (5.3.16)
FeF,

with a constant C'r > 0 that is independent of h and depends only on (3, the bounds

in (5.1.1) and the constants in Lemma 5.3.9.

Proof.
1. From the definition of the norm || - ||y () and Lemma 5.3.9 we have
1 1
lu=Poullgy = D lle2V(u—Pu)llgp+ > [In2lu— Pulllr
EeMy, FeF,
* 2min{m,j 1
< 3 e ol s+ 3 02— Pl -
EeM, FeF,

It follows from the definition of 7 and Lemma 5.3.9 that

||u i PZUHV(h) < CA (hmin{m,j}l|u||l+m + hmin{m7j}+1||u“1+m)

< Cah™™ B |y,
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where C'y depends on independent of the local mesh size hg and depends only on
the shape regularity of the mesh, the approximation order j, the dimension d, and

the regularity exponent m.

2. We have from definition and the Cauchy-Schwartz inequality that

) = 3 /F 0] - {eVu — cPy(Vul} dA

FeFy,

S (fonlteeas) ([ levu - eriwuypas)

<
< (zf / nl[[v]]|2d8) (z; / n—1|{{cvu—cp2<w>}}|2ds)
< pedc (Fz; HnuvﬂuaF) (ZM e /aE\Vu—Pz(Vu)Pds)

_ 5%@%&(2 ||nuvﬂ||3,F) (z hE||w—P2<w>||aaEds) -

FeFy, EeMy,

Now using the result from Lemma 5.3.9 we have the result.

1

1

1 1 ? min{m,j}—1 ’

rn(u,v) < mc*ac*(z ||nuvﬂ||3,F) (Z Chghp™ ™7 2|\u\|o,E)
FeFy EeMy

= Cphip"t™? ( ) IIn[[v]HI%,F) o,

Fery

1 1
where Cr = [f2¢,2c".

OJ

Remark [GSSO06] states that in Theorem 5.3.2 (the DG energy norm error estimate) “it
is implicitly assumed that u® € H'*™(Q) and v° € H™(Q)”. We refer back to Chapter 2,
Subsection 2.5.3. It was found that sufficient conditions (on the initial conditions) for
existence is u’ € H'™™(Q)NV () and v° € V(Q). Tt therefore follows from Lemma 5.3.10
that

len(@)llvy = Iluo — Pauollvay < CR™™ ™ fug|| 11,

e (Ollviy = llvo — Pavollvy < CR™ I g |,

We now have the building blocks to prove the main error estimates.
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5.4 Proof of the | - |ly()-norm error estimate

The result in the lemma below is used in the proof of Theorem 5.3.2 (the DG energy

norm error estimate).

Lemma 5.4.1. [GSS06, Lemma 4.8]

Let the analytical solution u of the wave equation satisfy
u € C(J,H*T™Q)), ' €C(J,H™(Q))
form > 1. Letve C(J,V(h) and v' € L'(J,V(h)). Then we have
[ )t
< Crh™™ ™3 o)l vy (2lullemm@) + T le@mm@)) »

where C'g is the constant in Lemma 5.5.10.

Proof. From the definition of 7, and integration by parts, we obtain

/fh(“’ vydt = [, / L eVu — ePy(Vu)} dA dt

/ ALV — P (V) dA dt

t=T

>[I0l feVu — cPy(Vu)} dA

FeFy, =0

— _/Jrh(ul,?}) dt+[rh(uvv)]iig

Now, from the estimates in Lemma 5.3.10,

/Th(u',v)dt‘ < /|rh(u',v)|dt
J J
< /yrh(u',u)\ dt
J

1
2
< /C prinim} ( > 2 (v IIOF) [t 14 dlt
FeFy
1
‘ 2
= f]CRhml“{m’J}(Z 2 Vols + 3 lIm=[ ||0F) [l
EeMy FeFy
< Crh™™ ™ DT ol oy 14 lowmmay).
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We also have from Lemma 5.3.10 that

(o) =y = [ u(T), o(T)) = r(u(0), v(0))|

< 2CRA™™M™3 0| oo mremay ||l o m+m 0y -

A

Adding, we therefore obtain the desired result:

/J‘rh(uﬂ/”dt < Crh™ T ||v] ey oy 0 Lo @)
+2CRh™™ ™3 0| ¢ g e ) [l (g, mr1+m ()

< Crh™™ "ol o mrim@y (2lellcwm@) + Tl lowmm@y)

O

The following lemma is not given in [GSS06]. It is a trivial matter to prove, but is
important nonetheless, since it is used (but not mentioned) in the proof of the DG norm

error estimate.

Lemma 5.4.2. If u € C*(J, £L3(Q)), then Pyu € C*(J) and (Pyu)®(t) = Pu®(t), for
k—=1,2.

Proof. First consider the case when k = 1. Since ||ul|2 = || Pul|3 + ||u — Pyul3, we have
that || Paullo < |lullp for all w € CH(J, L2(2)). If uw € C(J, L2(Q)), it follows that:

1(5) 7 (Pyu(t + 6t) — Pyu(t)) — Pt (#)]|o
= [I(8t) "' Pe (ult + 6t) — u(t) — /(1)) [lo
< (1087 (u(t + 6t) — ult)) — u'(t)]o

But ||(6¢) 7! (u(t + 6t) — u(t)) — u'(t)||o converges to 0 as 6t — 0, and so
Pyu € C*(J, L%(2))

and (Pou)'(t) = Pou/(t).

Now it follows that if v’ € C1(J, £2(Q)), then P’ € C'(J, £2(Q)) and so

(Pad')(t) = Pou(1).
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Proof of Theorem 5.3.2:

We can now prove Theorem 5.3.2. Recall that P, denotes the £2-projection onto V.
Since the bilinear form by, is symmetric, and adding and subtracting the term (Pyu)’ we

have

1d

2 (He?l(t)!lg + by(en(t), eh(t))) = (el(t), €} (1)) + brlen(t), €, (1))

= (ep(t), (u— Pou)' () + bu(en(t), (u — Pou)'(t))
+rp(u(t), (Pou — up)'(t)) (5.4.1)

Fix s € J and integrate (5.4.1) from 0 to s to obtain:

1 / 2 1
2kﬁ$%+2m@ﬂ?£M$)
= SIChOIZ + Zhnen(0), n(0)) + [ (1), (u — Pou) 1))

—l—/ bh (en(t), (u — Pyu)'( dt—i—/ ra(u(t), (Pyu — up)'(t)) dt
(5.4.2)

In the next step we use Lemma 5.3.7, integration by parts on the third term on the right
hand side of (5.4.2), and the Cauchy-Schwartz inequality on the inner product of £2. We
then have that

1 1
Sleh(5) 2 + 5Cpallents)

< [SIL )R + 5len0) Ry — [ eh(t), (u — Py (1))

-H%@Ju—%MW»z

Lt /0 llen(®) vl (w = Pow) ()]l dt

+/ ru(u(t), (Pou — up)' (t)) dt

SWM®%+QWNMWM+AW%®%WU—&MWMMﬁ
(63,5, (u = Pou)/ ()] + (4 0), (u = Ppu)(0))
[ en®lvin I = oy Ollvie d -+ | [ r(u(e), (P = ) (0) de].
(5.4.3)
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Bounding the third term on the right hand side of (5.4.3) we obtain:

S ek Ololl (e = Prw)' ot < i e (Blo [ lI(u ~ Pow) )]0t

te(0,s

< max b6l [ lu— Py (2) ot

t€[0,T]

Bounding the fourth and fifth terms on the right hand side of (5.4.3) we obtain:

[(€h(s), (u = Pou)'(s))] + (€4 (0), (u — Pou)'(0))]
< llen(s)lloll(w — Pou)'(s)llo + llen(0)[loll (w = Pou)’(0)])o

< — P
2 mas | (0)llo max. (= Paw) (1)

Also, bounding the sixth term on the right hand side of (5.4.3) we obtain:

[ Ten(®llvon I — P (1)l

< T max flen(®)llvey masx [(u — Pou) (®)lve.

Therefore, since (5.4.3) holds for all s € J, we have that

max [leh(®)llo + Cra max llen(®llvy < Nen (Ol + eV + T+ To + T

where

T = 2 IOl 0 = POl + 2 g = P 0 )

t€[0,7]

T, = 2Ttrr%gmx €5, () [1v () nax [(w — Pou)' (t)||lvn

T, — 2/ i (ult), (Pyu — up)'(1))| dt
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To bound the terms T} and Ty we use Lemma C.1 (Young’s inequality). For T; we use

e=1.

2
1 s
< = / 2 / _ " . /
T < thgg%nemnow(o s = P Ol e+ 2 s P2U)(t)||o>
1 s 2
< = / 2 (/ _ " > _ NIE
< gmax flen(®llo+2{ 1w —Pou)’(®)llodt) +8 max |[(u— Pyu)(t)lo
8 ([ = P (0)lode ) gmase 1w~ Pou) (0
0 t€(0,717]
1 s 2
< 112 (/ . I > B 102
< 5 max (O +4 ([l = P @) dt) -+ 16 max (= Py )]}
1 s 2
< = / 2 (/ _ " ) _ IR,
< 5 max O +4 ([l = P @) dt) -+ 16 ma (= Py )]}

From the approximation results in Lemma 5.3.9 we therefore have

1 . ) s 2
< = / 2 2min{m,j} (/ " > 2 / 2 )
T < 5 s e (1)1 + 1607 @)+ 2 ma o)1

And using € = (,% and the approximation results in Lemma 5.3.9 we have,
P
Ty < S0 max el (OB + ——T? max ||(u— Pou) ()]
= R W) Cpa~ tel0.T] V(h)
< Lo, max e (0120 + ——T2 max || (u — Pyu) ()]
= 4 o IV Cpa~ tel0.T] V(R)
1

C
/ 2 2 ! 2
heL tgﬁ%{] len vy + C’ipdT tgﬁ% [ ()17

To bound 75 we use Lemma 5.4.1. Clearly Pyu — uy, satisfy the properties in Lemma

5.4.1 and so we have:

T <2 [ r(ult). (P — ) ()] di

< min{m,j} Pou — 2 T ! )
< Cgrh nax. [ (Pau Uh)(t)HV(h)( tlen[g%HU(t)HHer nax ' @)][1+m

By using the triangle inequality, Young’s inequality (Lemma C.1) and Lemma 5.3.10 we

then have
< min{m,j} _
Ty < 2CRK(T)h (gg;]Heh(t)Hv(h)+tr§g>;] [ (u qu)(t)me)
< min{m,j} min{m,j}
< 20D (e a0 + Cah™ 5 sy o)
1
<

1Coa s [len(B)[} ) + 2 m ) (m eI, + /C%T)) .

t€[0,T] t€[0,T]
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where

K(T) =2 Oliem + T " lhwm
(T) =2 max [[u(®)ll1em + T max [lu(?)]l1

and C = max{16C%, CrCy}.

From the work done above, it now follows that for every t € J
leh®llo + len®llva < Cx (llen 0o + len(O)llven)

prin{m.t Miwm + T "OWl12m / ()] dt
#5000+ [ IO,
for constants C; and Cy independent of T" and h. O

The error estimate in the DG energy norm has been proved.

5.5 Proof of the £2-norm error estimate

As mentioned, the proof of Theorem 5.3.3 ([GSS06, Theorem 4.2], the £?*-norm error
estimate) is based on the proof for the error estimate with respect to the £?-norm in
[Bak76] for conforming finite element approximations. [GSS06] defines a mapping that
is used in the same way as the Galerkin projection in [Bak76] and [BV13]. The mapping
is defined below.

The mapping P, is defined for v € H™™(Q) with m > % by

b (Pru, v) = by(u,v) — 7(u, v) for all v € V. (5.5.1)
This defines a function Ppu by (Pru)(t) = Pru(t) for t € [0,T].
Now consider for ¢ € [0, T7,

len ()11 = llu(t) — un(@®)llg < llu(t) = Puu@®)lg + [Pru(t) — un(®)llo- (5.5.2)

The first term on the right hand side of (5.5.2) can be estimated from the bounds in
Lemma 5.5.1 below, while an estimate for the second term on the right hand side of
(5.5.2) have to be estimated.

Remark  Since [GSS06] follows the proof for the £2-norm error estimate in [Bak76],

the same steps are followed in the proof and hence the assumptions made in [GSS06]
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should be the same as in [Bak76]. As was mentioned in Chapter 3 of this dissertation,
the assumption that (P,u)” exists is used without mention or discussion in [Bak76], and
the same happens in [GSS06] for (Ppu)”. We therefore use the results of [BV13] in the
proof of Theorem 5.3.3, since the results in [BV13] (and Chapter 3 in this dissertation)

do not require that (Phu)” exist. Note that the results are trivially true for a = 0.

Recall the error equation obtained in Lemma 5.3.8,

(e, v) + bu(en,v) = rp(u,v) for all v € V" a.e. in J,
where e, = u — uy,. We then have that
(e, v) + by (u — P, v) + by (Pru — up, v) = r4(u,v) for all v € V* ace. in J,

and from the definition of P}, we obtain

(e}, v) + bp(Pru — up, v) = rp(u,v) — rp(u,v) =0 for all v € V" a.e. in J.

We can now use the results for the semi-discrete approximation error estimate from
[BV13], given in Chapter 3. Recall the result in Lemma 3.1.4, adapted for the case
where the bilinear form a = 0: for ¢ € [0, T7,

[[(un = Pru)(t)]lo
< V2| (un — Puu)(0) o + 27 (u — ua)'(0)[lo + 4\/@3% 1(w = Pw) ()0

<V2 (||U3 — uollo + [Juo — 7DhUoHo) + 2T |vo — uzlo
VT max [[(w =P O)]lo. (5.5.3)
t€[0,T]

The following two lemmas are from [GSS06] and gives estimates for some of the terms

on the right hand side of Equation (5.5.3).

Lemma 5.5.1. [GSS06, Lemma 4.9]
Let the mapping Py, be defined by (5.5.1). Then we have

I = Puullvay < Coh™™ ™ |lullvm

with a constant Cg that is independent of h and depends only on Cpq in Lemma 5.3.7
and C's, Cr in Lemma 5.3.10.
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Moreover, if the elliptic reqularity defined in (5.3.1) and (5.3.2) holds, we have
lu = Puullo < CLR™ I |1

with a constant Cp, that is independent of h and depends only on the stability constant
Cs in (5.3.2), Cpq in Lemma 5.3.7 and Cy, Cr in Lemma 5.5.10.

Proof.
The | - [y bound

Using the triangle inequality we have
lu = Prullvp) < [lu(t) — Prullvp + [|Paut) — Puullv -

From Lemma 5.3.10 we know that ||u — Pyullyn) < Cah™™™3}||ull11,,. We therefore
need to bound the term

| Pyu — Prul|vn).

Note that from Lemma 5.3.7 (the continuity and positive definiteness of b,) and the

definition of P, we have

Cpal [ Pou — 7DhUH%/(h) < bp(Pyu — Pru, Pou — Pyu)
= Bh(PQU —u, PouPru
+5h(u — Pru, Pyu — Pru)
= Bh(PQU — u, Pyu — Pru)
+75(u, Pou — Pru)
< [1Pu = ullv | Pru — Prullvn

+1rp(u, Pyu — Pru).

[GSS06] now uses Lemma 5.3.10 to obtain an estimate for the above result. However, to
use Lemma 5.3.10, it must hold that Pyu —Pru € V(h), that is, Pyu € V(h). This is not
obviously true, since P, is defined to be in V". If this is true though, then use Lemma
5.3.10 to obtain

Cpal| Pou(t) = Pru()l}y < Cah™ ™ ™M w(t) |1 | Pou(t) — Pra(t) vy
FCRR™ M [u(t) |1 | Poult) — Pru(t) v en-
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Therefore,

Ca+Cpr

| Pou — Prullvpy < ( o

)l

The £2-bound

This bound is proved in a similar way as the Aubin-Nitsche trick and relies on the

estimate || - ||y () obtained above.

It follows from Lemma 5.5.1 that the following estimates hold.

Lemma 5.5.2. [GSS00, Lemma 4.10] Let Pru be defined by (5.5.1). Under the regqularity

assumptions of Theorem 5.3.3, we have

1w = Prw)llovay < Coh™ ™ |l |egmem@)

I(w = Pru)()lvay < Cph™™ ™ H|ug||1 .

Moreover, if elliptic reqularity as defined in (5.3.1) and (5.3.2) holds, we have the L?-

bounds

IN

1w = Pr)llewez@y < Coh™™ ™ |lo g memay

1w —Pruw)(0)flo < Ceh™™3H ug[[ 1.

Proof of Theorem 5.3.3:

Recall Equation 5.5.2:
len(®)llo = llu(t) = un(®)llo < lJu(t) = Pru(®)llo + [IPrult) = un()llo.
We now have an estimate for [|u(t) — Pru(t)]o:
lu(t) = Pru(®)llo < Coh™ " [lut)||1m,
and a higher order estimate:

lu(t) = Puu(®)llo < CLA™™ ™ u(t) | 1m.
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We need estimates for the terms on the right hand side of Equation (5.5.3) (an estimate
for || Pru(t) — un(t)||o). [GSS06] proves in Lemma 5.5.2 and Lemma 5.5.2 estimates for
the projection error. Since || - ||o < || - [[vn), we therefore have estimates for two terms

on the right hand side of Equation (5.5.3):

1 (un — Pr) () o
< V2 (Jlufy — uollo + luo — Prollo) + 27 [lvp — ul o
o !
+AVT o [ (w = Pa)' ()]
< V2 ([lufy = uollo + Ceh™™ ™3 |[ug||14m ) + 2T |vo — u g

+4VT max CEhmin{m’j}”ul(t)HHw
te[0,T]

A result similar to the Aubin-Nitsche trick to get a higher order error estimate in the
L?-norm is also proven in Lemma 5.5.2 and Lemma 5.5.2 in [GSS06]. If elliptic regularity
as defined in (5.3.1) and (5.3.2) holds, the higher order £2-bounds then give:

1 (wn = Prt) ()]0
< V2 (J|uf = uollo + CLP™™ ™ lug|ly 1 ) + 2T Jvo — g
+4VT max CLR™™ ™3 1w/ (1) |14
t€[0,T

Therefore:

lex@llo < Coh™™ M () + V3 () — ollo + Cob™ 5 a1 ..
+2T ||vo — w0 + 4VT max Crh™™ ™3 |u/ () || 14m,

and a higher order estimate:

len@llo < CLR™™ ™4 ju(t)||14m + V2 (Hug —ugllo + CLhmin{m’j}“HUc)\|1+m)
+27 ||vg — u}f||0 + 4\/Ttn%§uT<] CLhmin{m’j}“||u'(t)||1+m'
€10,

0

Final estimate

The terms ||ul —uollo = ||ex(0)]]o and ||Jvg —u?||o = ||€}(0)]|o still need to be estimated. If

we choose ul = Pyug and u? = Pyvy as is done in [GSS06], we can use the approximation
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properties in Lemma 5.3.9. Recall the remark made on page 110. Therefore

llen(0)]lo < CR™™™3 g |14,

les,(0)llo < CR™™™ T flug .

Remark The aim of the investigation in this dissertation regarding the discontinuous
Galerkin finite element method was to ascertain if it has any impact on the assumptions
made on the regularity of the solution w, in order to obtain convergence of the semi-
discrete (and fully discrete) approximations. It was found that the assumptions made on
the regularity of the solution u by making use of the discontinuous Galerkin finite element
method to obtain a semi-discrete error estimate (Theorem 5.3.2 and Theorem 5.3.3)
are only fractionally better than those for the the continuous Galerkin finite element
method. In particular, it is assumed that u”(f) € H*™™(Q) (with m > 1) for the DG
approximation, while it is assumed that u”(t) € H?(Q) for the continuous Galerkin
approximation, for t € J. However, the discontinuous Galerkin finite element method
has the advantage of being able to use non-conforming finite element meshes, as stated
in [GSS06]: “Based on discontinuous finite element spaces, the proposed DG method
easily handles elements of various types and shapes, irregular nonmatching grids, and

even locally varying polynomial order.”
Proof of the so called inverse inequality

Recall the following so called inverse inequality (5.3.6):

W5 on < C3

— muv

h51||w||§7E for all w € (S7(E))4,

with a constant Cj,, that depends only on the shape regularity of the mesh, the approx-

imation order j and the dimension d.

Consider the inverse property in [OR76, p.341] (due to Babuska and Aziz): there exists

real number m > 0 such that for every real number s < m,

el sy < CA™ =l

H5(Q), (5.5.4)

where C does not depend on u or h. Note that it is not well known that this result is

holds for real numbers and is not only true for integers.
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The so-called inverse inequality (5.3.6) therefore follows from the estimates for the trace

operator (Section A.4) and the inverse property (5.5.4) above:

_1
[ullo.or < Cllul < CChg® [|ullo.e-

H5(®)

5.6 Fully discrete approximation

In this section the article [GS09] is investigated. In it the error analysis done in [GSS06] is
extended to the fully discrete numerical scheme. A centered second-order finite difference
approximation (called the “leap-frog” scheme in [GS09]) is used for the time discretisa-
tion. Optimal error estimates are obtained for the fully discrete approximation in the
L?-norm. This error analysis has also been done in [Kar12], but the time discretisation
scheme used in [Kar12] is the general Newmark method in Chapter 4. It is worth noting
again that the semi-discrete approximation error estimate and the fully discrete error

estimate are kept separately here.
The semi-discrete approximation is given by Problem WDG (Section 5.2.2).

For the fully discrete approximation, divide the interval [0, 7| into N time steps of length
7 = % Denote the approximation by u} ~ uy(t,), where uy(t,) denotes the DG approx-

imation. Recall that we defined for any sequence {y;} C R",

for k=1,2,...,N —1.

2 Ykt1 — 2k + Yr—1
Oy = -2

Recall the definition of the discontinuous Galerkin finite element space V" in Chapter 5:
Vhi={v e L2(Q) :v]|p € SU(E) for all E € M,}.

We now have the fully discrete numerical approximation to the wave equation.

Problem WFD

Find a sequence {u?} C V" such that forn=1,2,..., N — 1,

(5t2u’,:,v) +bp(uf,v) = (f"v) forallve V" (5.6.1)

0 0
u, = P,
2
1 _ .0 0 ~0
u, = u, +7Phv + ?uh’
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where @) € V" is defined by

(@, v) = (f°,v) — bp(u®,v) for all v € V"

In (5.6.1), every time step involves the inversion of the DG mass matrix M. Since it
is symmetric positive definite, the new approximations u}"! are well-defined for n > 1.
Therefore the fully discrete DG approximations {u}}"=} are uniquely defined by (5.6.1)

and the initial conditions in Problem WFD.

The following remark is made in [GSS06] with regards to the DG mass matrix M: “It can
be inverted at very low computational cost, and the scheme is essentially fully explicit.

In fact, if the basis functions are chosen mutually orthogonal, M reduces to the identity.”

5.6.1 Properties of the bilinear form b,

In order to show the key properties of the bilinear form b, [GS09] introduces the broken

norm below, where D?u denotes the matrix of second derivatives of the solution .

lullZ= > IIVullge+ > hpllD*ullg s+ > hp'l[u]lr- (5.6.2)
EeMy EeMy FeFy,

Remark  Here [GS09] differs from [GSS06]. As was seen in the beginning of this
chapter, a bilinear form b, had to be introduced to obtain an error estimate for the
semi-discrete problem. However, here this is not necessary, but the broken norm above
is needed for the derivation of the error estimate for the fully discrete case. As stated
in [GS09, Remark 3.1], “the norm || - ||« is the natural one for obtaining continuity of
the bilinear form b, on H?(Q2) + V" while the weaker DG norm || - ||/ is enough for

obtaining coercivity.” Also see Appendix A.5 for more detail on broken Sobolev spaces.

The following results are special cases of the results obtained in [ABCMO02, Sections 4.1

and 4.2]. The results are similar to the results in Lemma 5.3.7.

Lemma 5.6.1. [GS09, Lemma 3.2]
There exists a threshold value Bnin > 0, independent of the mesh size, such that for
B > Buin there holds

b (u,u) Cpalul?, weVh

bu(u, )] < Cple’)? max{1, BY|ull[lv]l., wve H* Q)+ V",

Vv
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with a positive definiteness constant Cpg > 0 that is independent of the mesh size, and a

continuity constant C'g > 0 that is independent of the mesh size, ¢ and (3.

Lemma 5.6.2. [GS09, Lemma 3.3]

For quasi-uniform meshes My, there holds
b (u,u) < Cs(c*)* max{1, BYh2|u||3 for u e V",
with a stability constant C's > 0 that is independent of the mesh size, ¢ and (3.

The proof of this lemma is given in detail in [GS09]. It relies on the continuity of by, in

Lemma 5.6.1, the definition of the norm || - ||, and the inverse inequalities

IVullo,e < Ch Hullog and || D?ullo.r < Ch™>||ullo.e.

Finally, suppose that the mesh size h and the time step 7 satisfy the CFL condition

< 2 (5.6.3)

c*y/Cg max{l,ﬁ}.

e

5.6.2 Convergence

Following [GS09], we first state the main theorem below (the fully discrete error estimate),
and then prove it in the sections that follow. In this subsection the Galerkin projection
is defined and estimates are obtained. In Subsection 5.6.3 a stability result is obtained
(Proposition 5.6.7) and estimates for some of the terms in this stability result are given

(Lemmas 5.6.8 and 5.6.9). Theorem 5.6.3 is then proved by combining these results.

Theorem 5.6.3. [GS09, Theorem 3.4/
Let the solution u of the wave problem satisfy the reqularity properties (p

ue C*(J, HPHHQ)), " e C(J,L3(Q), u® e L'(J,L*Q)), (5.6.4)

and let the discrete finite element approvimations {uf}™_, be defined by (5.6.1) together
with the initial conditions in Problem WFD. Assume that the CFL condition (5.6.3) is

satisfied. Then the following a priori error estimate holds:

max |u(t,) —upllo < C~’(h1”Jrl + 72,

=U,...,

where C > 0 is a constant independent of the mesh size and the time step.
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Galerkin projection

The steps in the proof of Theorem 5.6.3 are the same as that of Theorem 4.4.1 in Sec-
tion 4.4. However, we are now dealing with the DG method, and therefore error estimates

for the Galerkin projection P,u € V" defined below are required.

Definition 5.6.4. Let u € H?(f2) and define the Galerkin projection P,u € V" of u by
b (Pyu,v) = by(u,v) for all v € V. (5.6.5)

Lemma 5.6.5. [GS09, Lemma 4.1]
If, additionally, v € HP*(Q) for p > 1, then

lw = Pyulle < ChP||ullpsa,

lu = Puullo < CHHlullpsa,

with a constant C' > 0 that is independent of the mesh size.

The proof of this lemma uses Lemma 5.6.1 and interpolation error estimates, not properly

cited in [GS09]. The estimate with respect to the £2-norm is a higher order estimate.

A function Pyu(t) € V" is defined by (Pyu)(t) = Pyu(t) for all ¢t € [0,T]. Then the

following lemma holds.

Lemma 5.6.6. [GS09, Lemma 4.2/
Let u satisfy the reqularity properties in Theorem 5.6.3 and let Pyu be defined by Defini-
tion 5.6.4. Then

1w — Po)®(t)]Jo < ChP[u® (8)||pa1, for k =0,1,2, and t € [0,T]

with a constant C' > 0 that is independent of the mesh size.

Proof. This follows immediately from Lemma 5.6.5. O]

5.6.3 Proof of Theorem 5.6.3

The steps in the proof of Theorem 5.6.3 are the same as those in the proof of Theorem

4.4.1 in Section 4.4. However, in [GS09] the undamped wave equation is considered and

the central difference scheme (the Newmark method with # = 0 and v = 1) is used for
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the time discretisation. In the proofs of the different steps the similarities and differences

will become clear.

Recall the following notation from Section 4.4 (adapted for the undamped case and using

the central difference method).

Notation

el = Pou(t,) —ul,  ey(ty) = uty) — Puul(t,), " =u(t,) — u}

The error e” is split in the following manner:

e =el +e,(t).

Deﬁner”EVhforlgngN—l,by

(r",v) = (62 Pyu(t,) —u(t,),v), (5.6.6)
and for n =0,
(rv) = 77 2(el — el v) (5.6.7)
for all v € V.
Set
R" =71 Zn: r™. (5.6.8)
m=0

Proposition 5.6.7. [GS09, Proposition 3.4]
Assume that the CFL condition (4.3.6) holds. Then we have

N—-1
max_[|e"]ly < C* <|ye°||O + max fep(ta)llo+7 Y HR”H0> , (5.6.9)
=ns n=0

1<n<N

with a constant C > 0 independent of h, T and T'.

Proof. We follow the exact same steps as in the proof of Proposition 4.4.2 in Section 4.4

with § = 0 and v = %, and since the bilinear form b;, is symmetric we can use it in the

same way as we used the bilinear form b in Proposition 4.4.2. Note that the steps of
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the proof of [GS09, Proposition 4.3] differ slightly from the proof of Proposition 4.4.2 in
Section 4.4 ([Karlla, Proposition 2]), but we get to the following step with either.

We have that for 1 <n < N,

2
T
lenlly — b (ehen) < Heouowz (R™ el s +eh). (5.6.10)

Recall the estimate from Lemma 5.6.2:
bu(ely, el) < Cs(c*)? max{1, BYh~2|lel][5.

n’-n

Now, if the CFL condition (5.6.3) holds, we then have for 1 <n < N,
D.leqlls < lleglls +7 Z (R™, el +eb) (5.6.11)

where

2
D,=1- TZCS(C*)Q max{1, 3}h~% > 0.

Recalling from the proof of Proposition 4.4.2, we know that

n—1 N—1
mz:: (R™ e +e1,) <2 <Og;a<XNlleﬁllo> (;0 IIR”||0>. (5.6.12)

Following from Young’s inequality, Lemma C.1, with

N—-1 1
o= el b= IR =g
we have
D 2 N-1 2
DR < I3 + 5 g I3+ - (S 0mele) - oy

Since the right hand side of (5.6.13) does not depend on n, we take the maximum over

n=0ton=N to obtain

D N N 2 N—-1 2
* 2 2 = mn
3 s I < Wbl + 7 (X 1)
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and therefore
5 NS
h h n
s letlo < /-l + 5 (3 1)
Using this together with

n h
omax fle"flo < max [lenllo + max lley(tn)llo,

we have the desired result, with C* = min{1, ,/ 32 v2y O

Lemma 5.6.8. [GS09, Lemma 4.4] There holds

170 < 7Cy (||U/"HC(J,L2(Q)) + T_lhp+1||u,||C’(J,HP+1(Q))) )

with the constant Cy > 0 independent of h, 7 and T.

Proof. Once again, the steps in this proof follows the exact same way as the proof of
Lemma 4.4.3 in Section 4.4 with § = 0 and v = % Also note that we have no damping

term a as in Lemma 4.4.3.
Note that the proof relies on Lemma 5.6.6. [

Lemma 5.6.9. [GS09, Lemma 4.5] There holds for1 <n < N —1,

-1 tn—1

tnt1 tna1
o < o (1t [ s [ ) o)

with the constant Cy > 0 independent of h, T and T.

Proof. Once again, the steps in this proof follows the format of the proof of Lemma 4.4.4
in Section 4.4 with § = 0 and v = % Also note that we have no damping term a as in
Lemma 4.4.4.

Note that the proof relies on Lemma 5.6.6. O

Proposition 5.6.10. [GS09, Proposition 4.6] For 0 <n < N — 1, there holds

IR lo < Csh?** (Il + 10l @)

+C37—2 (||u///||C(J,£2(Q)) + ||U(4)||£1(J7[,2(Q))) ,

with the constant C3 > 0 independent of h, T and T.
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Proof. From the definition of R™ (with 0 <n < N — 1) and using the triangle inequality

we have that

IR [lo = (R",R")o = (7> 1™.7 3 ™)

m=1 m=1
n
< 7l +7 > 1™l
m=1
N-1
< 7o+ 7 7™ lo-
m=1

Then, by the bounds derived in Lemma 5.6.8 and Lemma 5.6.9, we have that

IRl < C1 (T2l lowcxay + I e )

N—-1
b1 [T g [tmt1 (4)
+C 3 (W [ () peads 7 [ () fods
m=1 m—1 m—1

< pptl (O1HUIHC(J,HP+1(Q)) + 202HU”HC(LHP“(@))
+77 (Cullw” e ez + 2Cal[u® |21 20

Csh? ™ (114 le iy + 1 llow o)

IN

+C37—2 (”uI”HC(J,ﬁQ(Q)) + Hu(4)”LI(J7,C2(Q))) ,

where C3 = min{C, 2C5}. O

Proof of Theorem 5.6.3

Now note that
N-1

N—1 N—-1
Y B0 < TN iax | Bl = T dak | B

n=0

and use this in Proposition 5.6.7 to obtain:
N ' n . N N=1 1 rn
nibc "o < € (el + nib ey (t) o + Tk | 7o)
Using Lemma 5.6.6 we have

N
max [le, (tn)llo < CHPHlullosmreq)).
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Also note that since we chose that u) = P,u®, we have

le’llo = flu” = upllo = [lu® — Pou"[lg
< CPH[ulllpa

< ChP* Y ullome @)

Now, since the right hand side of the estimate in Proposition 5.6.10 does not depend on

n we have

N1 | n
max Rl < Csh? (|l + [0 e op)

+037'2 (”U”’HC(‘LEQ(Q)) + "u(4)|’£1(J752(Q))) .

Finally we have
N n *
Iﬁli%f(“e ||() < C (th+1||U||C(J7HP+1(Q)) +Chp+1||u||c(J,Hp+1(Q))

+TCsh? ™ (Il lleqamia + 0 llogamay)

+TCs7* (" ez + 16 212y ) )

IA

Crh? (ullowar @) + 1 ey + 10" lowar @)

+Cp7? (HUW”C(J,LZ(Q)) + Hu(4)||£1((]7£2(9))> ,

where the constant C7 depends on T, and so the constant C' in Theorem 5.6.3 grows

linearly with T'.

Since ||u(t,) — u}|lo = [[€"|lo < maxi< <y ||€™]|o = maxj<,<n ||u(t,) — u}t||o we have the

result. O

5.7 Numerical experiments

In the article [GSS06] three numerical examples are given. In each of the first two
examples, an explicit (analytical) solution is available. The first example is to “confirm”
the theoretical estimates. In the second example the solution has a “spatial singularity”
at a boundary point and “the £2-error rates” are less than for Example 1. The authors

claim that these results establish the “sharpness” of the regularity assumptions. The last
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example is not related to rates of convergence, but serves to illustrate the flexibility of
the DG method.

Consider Example 1. It is stated that: “This solution is arbitrarily smooth so that all our
theoretical regularity assumptions are satisfied.” The authors then describe numerical
experiments and calculations. “In Figure 5.2, the relative errors for the fully discrete
approximation of (5.6) show convergence rates of order h in the energy norm and order
h? in the L£?-norm, thereby confirming the theoretical estimates of Theorems 4.1 and
4.27

In Example 2 the authors consider the wave equation on a two dimensional L-shaped
domain. Again an explicit solution is available. They claim that the solution is in
C>(J, H3(Q)) without proof. Then they state “. .. regularity assumptions of Theorem 4.1
hold with o = 3 Thus, Theorem 4.1 predicts numerical convergence rates of ; in the
energy norm, as confirmed by our numerical results in Table 5.1.” Then they proceed to
argue: “As the elliptic regularity assumptions (4.1) - (4.2) from Theorem 4.2 are violated,
we do not expect L2-error rates of the order 1 + o for this problem. Indeed, in Table 5.1

4
we observe convergence rates close to g.”

“To explain this behaviour, let us consider the following weaker elliptic regularity

assumption: for any f € £2(Q) we assume that the solution of the problem

—V-(cVz) = f in Q,
z = 0 on 09,

belongs to H'™(2) for a parameter s € (%, 1} and satisfies the following bound:
12]l14s < Csl[Allo”

No motivation or reference is given for this assumption. We conclude that not all the

observed results are adequately explained by the theory and further research is indicated.



IVERSITEIT VAN PRETORIA
IVERSITY OF PRETORIA

&
i

s .
v, !
Quf’ YUNIBESITHI YA PRETORIA

cz=z

Chapter 6

Applications

In this chapter we apply the theory in Chapter 3 to some of the model problems intro-
duced in Chapter 1.

6.1 The multidimensional wave equation with weak

damping

6.1.1 Error estimate for the semi-discrete approximation

Recall from Section 2.5 the spaces:

V = V(Q) is the closure of the test functions in H'(f);
W is the space £2(2) with inner product c;

X = £2(Q).

The semi-discrete form of the model problems, Problem MW and Problem HHCE are
special cases of Problem G”. A finite dimensional subspace S” of V is constructed using
(in two dimensions) piecewise linear basis functions on triangle elements and (in three
dimensions) piecewise linear basis functions on tetrahedron elements. Note that the basis
functions must satisfy the forced boundary condition: zero on 92 — Y. We can therefore
give the Galerkin finite element approximation of the weak variational forms of the model

problems.

132
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Recall that f : t — f(-,t).
Problem MW"

Given a function f € C([0,T], £2(2)), find a function u, € C2((0,T), S") such that u),

is continuous at 0 and for each t € (0,7)

c(up(t),v) +a(uy(t),v) +b(up(t),v) = (f(t),v) o, Tforeachwve St (6.1.1)
while 1, (0) = ul, ) (0) =ul.

We now consider the semi-discrete error estimate in Theorem 3.1.5 and apply it to the
model problems. We need to investigate whether the assumptions used in this theorem
hold for the problems.

Piecewise linear basis functions on triangle elements

We consider the interpolation theory discussed in Appendix B. A general interpolation

assumption (Assumption GI) is used in Section 3.1.2. For this situation we have that
H(V, k) = H*(Q) NV (Q).

Instead of Assumption GI we have a specific estimate which depends on a concrete
subspace S and a specific interpolation operator. For simplicity, first consider the two
dimensional case on a rectangle with triangle elements. In Section B.2 we denote the
interpolation operator for piecewise linear basis functions on triangle elements by I1. If
k > 2, then there exists a constant C, such that for any u € H*(Q)

TAw — g < Cah? ™ |ulpg for m =0, 1, 2.

Since the space V() € H'(Q), we have that ||ITau(t) — u(t)|ly < Cahlu(t)|rq, and so
lepllw < NJu(t) = Mau(®)llw < wllu(t) = Lau@)lly < mCahlu(t)|re.
for t € [0, 7] and k > 2. Similarly,
lep(Ollw < mCahlu (Bl

for t € [0, 7] and k > 2.
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Error estimate

Suppose that u(’)‘ = Ilaug and u’f = Ilauy. If the solution u of Problem MW (and
Problem HHCE) satisfies u(t) € H?(Q2) and «'(t) € H?(), then it follows that for
t € 10,7,

|u®) —un(®)llw < lep(®)llw + ﬂ(IIPuO — u|lw + 3T ||uy — u}||w
h T / T
+(1+3TCw) o = ufllw +3 [ llepllw +3Cw [ llepllw
< kiCOahlu(t)|ag + £1CaV2h (|U0|2,9 + 3T w120
T , T
(14 3TCw ) uglg + 3/0 [ () o.c0 + 30W/0 u(t)]a.c
< K1COahlu(t)|ag + £1CaV2h (3T\U1!2,Q + (24 3TCw)|uol2.0

3 (t 3C Bz |-
+3 max [u'(t)l2.0 + 3Cw max u( )|2,9>

Piecewise linear basis functions on tetrahedron elements

We now consider the three dimensional case on a 3-interval (“brick”) with tetrahedron
elements. From Section B.4 we have that for piecewise linear basis functions on tetrahe-
dron elements the interpolation operator is denoted by II;. If £ > 2, then there exists a

constant Cy such that for any u € H*(Q) we have

u — u|mao < CA’thQ_m\u|k7Q form=20, 1, 2.

The error estimate follows in the exact same way as for piecewise linear basis functions

on triangle elements as done above.

6.1.2 Fully discrete error estimate

We can apply the error estimates for the fully discrete approximation of Problem G to

our model problems. Consider the scheme from Section 3.2.
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Problem MW"-D

Find a sequence {u}} C S" such that for k =0,1,2,..., N — 1,

Sty = Vppl, (6.1.2)
1
c(0ve, @) + a(vpy1, ) + b(uL%, p) = St + ftir) 0)x (6.1.3)

for each ¢ € S", while u?! = u;,(0) = d" and u} = u},(0) = v

For the result below, we either have that II = II5 or II = II;. Recall the notation from
Section 3.3: u® € EQ([O,T]; Y) if u®)(t) € Y for each t and Jior) [u®]|2 < .

Suppose

(a) ul = Tuy and u? = Muy,
(b) u” € L2(]0,T], H*(Q) NV ()),
(c) feC?([0,T],£%Q)) and

(d) the sequence {u?'} is a solution of Problem MW"-D.

Then
lu(ty) —ulllw < KiChlu(t)|oq + k1CV2h (3T|u1|m + (24 3TCw)|ugla.0
+3 max [u'(t)]2,0 + 3Cw max |u(t)|gg)
te[0,7

te(0,7)

+7T?7% max ||u§L4)H0 + 7772 max ||u)||o + \/Efl max ||u} ||o,

for each ty € (0,7).

6.1.3 Convergence with less restrictive regularity assumptions

The assumption that u”(t) € H?({2) is necessary to obtain the error estimate of order / in
Subsection 6.1.2. However, under less restrictive regularity assumptions, the solution uy,
of Problem MW" converges to the solution u of Problem MW as h tends to zero. (This is
not mentioned in [BV13].) The convergence can be obtained without assuming anything
more than the result of Theorem 2.5.4 in Section 2.5. Note that H?({) is dense in H*(£2),
and since V C H'(Q), it follows that H?(2) NV is dense in V (see Appendix A).
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Lemma 6.1.1. For any € > 0 and any u € V(Q2), there exists a 6 > 0, such that
|lu—Hul|ly <e for h<$§

and

|lu— Pully <e for h<§.

Proof. Since II is bounded (Appendix B),

lv = Tully - < lu=yllv + ly = yllv + [Ty — Tullv
< (A4 [Hv) [lu = yllv + lly = y|lv.

Since H*(Q) N V() is dense in V(£
such that |ju — y|lv < (1 + ||H|}y)~"

~—

, and u € V(Q), there exists a y € H*(Q) NV (Q)
. It follows that

DN ™

lw = Tully < (1 + |[Tlv) [lu = yllv + [ly = yllv

IN

€
B + Ch||yll m2(0)-

There exists a 0 such that for h < 3, Chl|y|| g2 < %, and so

|lu—ully < =+ €.

E_
5=

YRS

This proves the first estimate.
The second estimate follows from the fact that P is a projection. O]

Theorem 6.1.2. Suppose u is the solution of Problem MW and wy is the solution of
Problem MW". If the initial conditions are chosen such that uf = Iuy and ul = Tu,
then

lm [u(t) = un(®)lw = 0 for ¢ € [0.7).
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Proof. Following from Theorem 3.1.5 we have

[u(t) —un@®)llw < [Ju(t) = Pu(t)|lw + \/§<HPUO — ugllw + 3T ||uy — uf|lw
A T
+3TCllus = uflw +3 [ |/ = Pul
T
+3CW/O lu — Pullw
< K1 (Hu(t) — Pu(t)|lv + ﬁ(HPUo —ugllv + 3T ||uy — uf[|v
A T
+3TCw||ug — ugl|v + 3/0 [u" — Pu'lv
T
+SCW/O lu — Pully ).

Note that u(t),u'(t) € V for all t € (0,7T") (Section 2.5) and so Pu(t), Pu/(t) € V for all
t € (0,7). We can therefore use Lemma 6.1.1 to estimate all the terms on the right hand

side of the above equation. Consider for example:

| Puo — ugllv < [[Puo — uollv + [|ug — Mug ||y < 2e

for h < 4.
Also,
[/ (t) = Pu'(t)][v <e,

and so

T

/ o/ (t) — P (1) ||y dt < Te,

0

for h < 4.

The rest of the terms are estimated in the same way, and so ||u(t) — ux(t)|lw — 0 as h

tends to zero. O
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Fully discrete error estimate

A fully discrete error estimate can be obtained by using the result above together with

Equation (3.3.1) in Section 3.3. Recall that

n

un(ts) —ulllw < 7T%7% max ||ul? | + 7772 max ||u” ||

+1/2Cw 7 max ||u]) ||
Corollary 6.1.3. For h and 7 sufficiently small, we have

lu(te) — wpllw < [Julte) — un(e)|lw + [Jun(ts) — upllw < 2e.

6.2 The Reissner-Mindlin plate

We can also apply the theory discussed in Chapter 2 and Chapter 3 ([VV02] and [BV13])

to the Reissner-Mindlin plate model introduced in Section 1.4.

6.2.1 Weak variational form

To obtain the weak variational form of the problem, we consider the variational equations
in Section 1.4.5. We show that this problem is of the same form as Problem G. Add
equations (1.4.13) and (1.4.15):

h // 82wvdA+]// 824 - pdA

+ b4, &) +h// (Vw + ) (Vo + ¢)dA = // qudA. (6.2.1)

To make the formulation precise, we introduce the following product spaces.

Product spaces

X = L2Q) x L*(N)?
H* = HQ) x H* Q)
T = Ti(Q) x ()

We define the space V as the closure of 7 in H'.
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Bilinear forms For u and v in V', define

c(u,v) = h(uy,v)a+ I(uz,v2), and

Q
bu,v) = bp(ug,vy) + h(Vul + ug, Vg + 02)02.

A natural inner product for X is

(,y)x = (z1,y1)0 + (T2, Y2)0.2,

where (-, ) and (-, )2 denote the inner products for £3(Q2) and £2*(Q2)? respectively.
(See Appendix A, Section A.2.3 on Sobolev spaces of vector valued functions.) Denote

the corresponding norm by || - || x.

Proposition 6.2.1. Let u and v be any elements of X. Then there exist positive con-
stants K; such that

Killullx < e(u,u) < Kollullk.

Proof. The result follows from the fact that c(u,w) = hluy||g + I([|uz]/§)*-

Proposition 6.2.2. The bilinear form c is an inner product for the space X .

Proof. The bilinear form c is a symmetric bilinear form and c(u,u) > K;||u||% by Propo-
sition 6.2.1. ]

Definition 6.2.3. Inertia space

The norm || - ||y is defined by ||u|lw = y/c(u, u). We refer to the vector space X equipped
with the norm || - || as the space W.

Proposition 6.2.4. The norms || - ||w and || - ||x are equivalent.

Proof. Tt follows directly from Proposition 6.2.1. [

Let f(t) = (q(-,t),0) and J an open interval containing zero. We can now formulate the

weak variational form of the Reissner-Mindlin plate model.
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Problem RMW

Find w such that for each t € J, u(t) € V, v'(t) € V, «"(t) € W and
c(u”(t),v) + b(u(t),v) = (f(t),v)x for each v € V,

while u(0) = ug = (wo, ¥y) and v (0) = ug = (wy, Yy).
Before we discuss existence and convergence of the problem, we need the following results.

Proposition 6.2.5. V is a dense subset of W.

Proof. Ti(€) is dense in £2(2) and T3(f2) is dense in £2(Q)%. Consequently 7T is dense
in X. Since 7 C V C X, the result follow from Proposition 6.2.4. H

Theorem 6.2.6. There exist a constant K, such that
b(w, v)| < Kollul[m [[0]|a1,

for each u € V.

Proof. The terms in bp(ug, ve) are all of the form

/ /Q Oytta; Oyun. 5 dA.

Applying the Cauchy-Schwartz inequality to each term and adding we obtain

bp(ug, va)| < K|ug|l12 [|[v2]]1,2-
Consider the other term in b. By the Cauchy-Schwartz inequality,

|(Vug + ug, Vg +v2)o2| < ||Vuy + usllo 2 Vv, + U2||072
< 2| Vug + unl§ 5, + 2[[ Vo 4 v[§ 5.

Now, [[Vuy + uallg, = fua[f + [luall§ < lluallf + lluzllg o, and hence

IVur + usllg 2 < 2luallf + 2lluzll2 < 2[lullz.
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Theorem 6.2.7. Korn’s lemma

There exists a constant Cy, such that

bp(u,u) > Cyllul|f, for eachu € V.

Proof. See [Bra01, p.289] or the references in [Wu06]. O
Corollary 6.2.8. The bilinear form b is an inner product for V.

Definition 6.2.9. Energy space
The space V equipped with the inner product b is referred to as the energy space. The

norm || - ||y is defined by ||ully = /b(u, u).

From Theorems 6.2.6 and 6.2.7 we have the next result.

Corollary 6.2.10. The norms || - ||v and || - ||z are equivalent on V.

We have shown that Assumptions E1, E2 and E3 hold. Since the vibration is undamped,
E4 is automatically satisfied. Let g : t — ¢(-,t). Recall the definition of the space Ej
from Section 2.2.2. For this application, E}, is defined to be

Ey={zeV ’ there exists a y € £3(Q) such that (y,v) 20 = b(z,v) for all v € V}.

Again in a similar manner as in Subsection 2.5.3, a sufficient condition for existence of a

solution will be when vy € H2NV.

Theorem 6.2.11. Suppose ¢ € C'(J, L2(RY)), then there exists a unique solution
ue CH(LV)NC*(J, W),
for Problem RMW for each ug € Ey and ug € V.

Proof. Since ¢ € C'(J, £%(Q)), f € C*(J,X) and the result follows from Theorem 2.2.3.
O]

Remark  In [Wu04] existence and uniqueness for solutions of the Reissner-Mindlin
plate model (analogous to that of [LMT72]) is proved, as well as some regularity results

similar to those in [Eva98|. This paper has not been investigated in detail.
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6.2.2 Finite element approximation

The finite element approximation is considered in [Wu05]. From the introduction to the
article [Wu05], we conclude that this is the first result on convergence of the finite element
method for the vibration of a Reissner-Mindlin plate. Wu formulates it as follows: “The
static analysis is the foundation of the dynamic analysis. On the other hand, the a priori
estimates for hyperbolic problems are developed in [Dup73| and [Bak76]. The method is

extended to elasto-dynamic problems by explicit finite elements” [Wu03].

Wu uses the quadrilateral four-node Bath-Dvorkin (B-D) element, which employs piece-
wise bilinear shape functions. He observed that the convergence rates were optimal for
the deflection and rotation, but deterioration in convergence rate and locking are clearly

observed for the velocities.
Problem RMW"

Find a function u, € C?(0,T) such that u}, is continuous at 0 and for each t > 0,
up(t) € S" and

c(up" (t),v) + bluy(t),v) = (q(-,t),v1) for each v € S" (6.2.2)

while u,(0) = uff = (wf, v5) and uj,(0) = ug = (w, ¢}).

The existence of a unique solution follows from [BV13, Theorem 3.1] (see Chapter 3)

provided that ¢ is continuous w.r.t. the norm of £2(Q).
Interpolation

In [Wu05] the domain € is a rectangle. We define an interpolation operator on H* =
H*(Q) x H*(Q)2. For piecewise bilinear basis functions on rectangular elements ITu is
defined as follows. If u € H*, then

[y = <HbU17 HBU2>7

where II, and IIg are defined in Appendix B.

Proposition 6.2.12. There exists a C > 0 such that

| — u|| g < Chllully for each u € H2.
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Proof. From Appendix B we have that
ITyu — ulj10 < CA'h|u|279 for u € H*(Q)

and
ITgu — ull1.2 < Chlu|ys for u e H*(Q)2.

From the definition of II, we have
ITTu — ulffpn = [Myur — wi [ g + [Tpuz — ual7s.

The result follows. O

Using the result above and equivalence of the norms || - ||y and || - ||z (Corollary 6.2.10),

we obtain the following estimate: For v € H?,

T — ully < Chlful|,. (6.2.3)

6.2.3 Inertia norm error estimates

Since no damping is present, it follows that the results for weak damping in Chapter 3
(based on [BV13]) are valid. For this problem we have that H = H*NV.

We first apply the result from Theorem 3.1.6.

Suppose that we choose u} = ITuy and uf = Iluy. If the solution u of Problem RMW
satisfies v’ € L*([0,T], H*NV), then

[ut) = un(®)]lw < m@hllu(t)Hz+\/§f€1@h(3THU1H2+(2+3TCw)HuOII2

#3 [ IOl + 3w | Tuu<->||w).

for each t € [0, 7.

Remark Theoretically convergence follows from the discussion above, but in practice
locking may be a problem as observed in the numerical experiments in [Wu05]. However,

with piecewise bicubic basis functions satisfactory results are obtained (see [LVV09)]).
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Remark Alternatively, we can let S denote a subspace of H?(€2) consisting of piecewise

Hermite bicubic functions that vanish on the boundary of (2. Defining

Sh = Sh x Shx St

then S" is a finite dimensional subspace of V. These elements were used in [LVV09] with

success.

6.2.4 Fully discrete

Since we used the method of [BV13] to split the semi-discrete and fully discrete error

estimates, one is now in a fortunate position to decide what algorithm to use for the fully

discrete approximation. Suppose one were to choose to use the algorithm in Problem G-

D (Section 3.2).

Problem RMW"-D
Find a sequence {u}} C S" such that for k =0,1,2,..., N — 1,

5tulkl = Vgt ls
1
Bk, 1) + bl 1, ) = S([F () + f(trn)] )
for each ¢ € S*, while uf = uy,(0) = d" and vy = u},(0) = V™.

Recall that we know from Theorem 3.2.1 that if ¢ € C?([0,T], £2(2)), then

lun(te) — ulllw < 77272 max |[ul? |y + 7772 max ||u)"||w

+4/2Cw T max ||u} || w

for each t; € (0,7).

Now we can use this result together with the result in the previous subsection (Section

6.2.3) to obtain the main result.
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Suppose uft = Hug and ufy = Tug. If u/(t) € £2([0,T], H*NV), g € C*([0,T], £L*(22)) and
the sequence {ul'} is a solution of Problem RMW"-D, then

lu(te) — uillw < f-’vléhlIU(t)Hz+\/§H1@h(3TIIU1II2+(2+3TCw)HuO||2

T T
+7T72maXHuZ,”W+\/E74max||ulé/’|w.

for each t;, € (0,7T"), where @ = 1 for k =3 and a = 2 for k > 4.

Recall that an estimate for Hu,(f) |lw in terms of the data can be obtained.

6.2.5 The approach taken by Wu

In Section 2 of [Wu05] the plate vibration problem (Problem RM) is formulated and the
weak variational form is stated (but not derived). This is Equation (2.6). Estimates and

the existence theorem with references to other articles are given.

The fully discrete problem is formulated in Section 3 and the explicit scheme explained.

The fully discrete method is the same as in [Wu03], see Section 6.3 of this dissertation.

In Section 4 the projection is defined and the decomposition of the errors introduced as
in Section 2.3 of this dissertation. The notation in [Wu05] is the author’s own and differs
from [Dup73] and [Bak76]. (The fact that all these papers use different notation makes

comparison a time consuming task.)

6.3 Linear elasto-dynamics

In this section we briefly consider the work done in [Wu03]. In the introduction we read.
This paper is devoted to the evaluation of the accuracy and convergence of the explicit

finite element method for linear structural dynamics.
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6.3.1 Equation of motion

Consider an elastic body with density p. The displacement of a point x in the reference

configuration at time ¢ is u(x,t) and the velocity is v = d;u.

From the conservation law for momentum, we have the equation of motion (see [Fun65,

Sec 5.5, 5.7]))
pdiu = div T +f,

where T is the first Piola stress tensor and f an external body force (density force). In
the case of small local displacements, we may assume that T is the Cauchy stress tensor

(which is symmetric).

In the matrix representation of T the stress components are denoted by o;; and div T

is a vector with components

[le T]z = 810i1 + aQO'Z'g + 830'i3 for i = 1, 2, 3.

The strain tensor £ is defined by

1
5ij = 5 (81’2113 -+ @ul) .

It is possible to derive a system of partial differential equations using Hooke’s law

E vE
R T T R

where E is Young’s modulus and v Poisson’s ratio. Note that here the symbol “tr”

denotes the trace of the tensor (matrix).
Problem Wu03
Suppose 2 C Fjs is the reference configuration for a solid executing small vibrations. The
boundary of €2 consists of two parts ¥ and I'. The problem is to find u such that
the equation of motion is satisfied in €2;
Hooke’s law is satisfied in €2;

the specified displacement for u = U is satisfied on ;
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the specified traction Tn = g is satisfied on I’
the initial conditions u(x,0) = ug and dyu(x,0) = uy is satisfied in €.
Remark  The problem in [Wu03] is the system of equations labelled (2.1). Initially

[Wu03] assumes an arbitrary U, but when giving the variational form assumes that

U = 0, “without loss of generality.”

6.3.2 Variational form

It follows from the divergence theorem that

///Qdiv (W)dV://mTv-ndS,

where n is the unit outward normal on 0f2. Also, from the properties of the divergence

we have
div (Tv) =div T - v + tr(TV),

where V is the Jacobi matrix for v. Since T is symmetric, it follows that

///Qdiv T'VdVZ—///Qtr(TV)dVJr//an-vds.

It therefore follows that the variational form of Problem Wu03 is to find a displacement

u such that the boundary condition on ¥ is satisfied and
/Qpafu-vdv _ /Qctr(SV) + okt (E) tr (V) dV+/Qf - vdV+/g vdS,
r

for each v e T(Q) ={ve C'(Q)?:v=0 on X} and where

FE vE

1+v’ ¥ (1+v)(1-2v)

CcC =

If the bilinear forms is defined by
b(u,v) = / ctr (EV) + ktr (€) tr (V) dV,
Q
and

c(u,v) :/pﬁfu~vd‘/,
0
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then the variational form of Problem Wu03 is similar to that for the wave equation.

6.3.3 Weak variational form and existence

The two-dimensional vibration problem is similar to the Reissner-Mindlin plate model
in Section 6.2, Problem RMW. The three-dimensional case differs slightly. Note that
the undamped case is considered. The abstract formulation is the same and the theory
depends on Korn’s inequality (see [BraOl, p.289] and Theorem 6.2.7), which gives the

positive definiteness of the bilinear form b. The spaces under consideration are:
o X = L%(0)3%
o W is the space £2(Q)? with norm || - [ = \/c(-,-);

e 1 is the closure of the space of test functions in H'(Q)?.

Problem Wu03W

Find u such that for each t > 0, u(t) € V, u/(t) € V, u”(t) € W and
c(u”(t),v) + c(u(t),v) = (f(t),v)a + (g9(t),yv)r for each v €V,

while u(0) = ug and u/(0) = ug.

If ¢ = 0, we find that the problem is a special case of the general linear vibration
problem introduced and discussed in Chapter 2 (with no damping). We can therefore
use the results from the article [VV02], discussed in Chapter 2, in the same way as for
Problem RMW. Note that the existence result cited by Wu are also not applicable if

g #0.

Let J be an interval containing zero, and suppose f € C*(J, £L%(2)). Then there exists a
unique solution

ue (L V)ne (s, w),
for Problem Wu03W for each ug € Ej and ug € V.
Remark In [Wu03], Lions and Magenes [LM72] is cited for existence. Also, in [Wu03]
it is mentioned that “...the regularity of a solution is discussed in [Eva98, Chapter 7],

for the system of one function with homogeneous Dirichlet type displacement boundary

conditions, similar to Eq (2.1"). Here, we suppose the argument can be extended to the
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2-D and 3-D elasto-dynamics system, without proof.” However, it should be noted that
Problem Wu03W is similar to Problem RMW and the proofs are given in [Wu04], see
the remark on page 141 at the end of Subsection 6.2.1.

6.3.4 Semi-discrete approximation

The finite element approximation for this problem is considered in [Wu03] and [Wu06].
However, no error estimate for the semi-discrete case is derived. We have a special
case of Problem G” in Chapter 3 and apart from the obvious differences between two-
dimensional and three-dimensional elements, we can apply [BV13] (Theorem 3.1.6 in
Chapter 3 in this dissertation). The results are not stated here since it is analogous to
that of the Reissner-Mindlin plate model, Sections 6.2.2 and 6.2.3. Recall that S" is a

finite dimensional subspace of V.
Problem Wu03Gh

Find uj, € C?(0,T) such that u}, is continuous at 0 and for each ¢t > 0, uy(t) € S* and
c(up(t),v) + c(un(t),v) = (f(t),v)a + (9(t), v)r for each v € S",

while u,(0) = uf and u},(0) = uh.

6.3.5 Fully discrete approximation

The fully discrete scheme in [BV13] (Chapter 3 in this dissertation), which is implicit,

can theoretically be applied to this three-dimensional elasto-dynamics problem.

In the introduction of [Wu03] we read: “Among many numerical schemes implemented in
commercial software, the explicit finite element method has been successfully employed
to solve transient, large deformation, dynamics problems which are subject to impact
loading.” Also, in the introduction to [Wu06] the importance of the explicit method is
stressed. “The explicit finite element method has been extensively developed for the

transient dynamic analysis to meet the increasing demand of engineering application.”

We also read in the abstract of [Wu06] that “ with smooth solutions, it is shown that by
using diagonal mass matrix or consistent mass matrix, the displacement, velocity, and

the energies have the same convergence rates.” In the introduction of [Wu06], it is also
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remarked that “ the diagonal mass matrix is one of the important features making the

explicit method sufficient and practical.”

From this it is clear that according to Wu, the explicit method is preferable to an implicit
method, due to high computational costs. Any finite element method tends to be implicit
due to the presence of the mass matrix M. Therefore, to make a finite element method
explicit, the mass matrix M is changed to a diagonal matrix by so called mass lumping.

We therefore briefly discuss the explicit scheme used in [Wu03].

The semi-discrete problem can be discretised into a system of ordinary differential equa-

tions as in Section 3.2. Recall the following notation. For x € R" let
Th:i’ = 2?:1]}1' (bz c Sh,

where S" is the span of the set of basis functions {¢y, ¢, ..., ¢,}. If a function w has

values in S”, then we define a function w by
w(t) =T, w(t),

with values in R™.

Problem Wu03G" can now be written as a system of ordinary differential equations:
Mu" + Ku= F(t) with «(0) =4 and @' (0) =/,

with the matrices M and K given in Section 3.2, and uf = T, 'ult and @® = T}, 'ul.

Recall that the time interval [0, T is divided into N steps with a step length 7 = % and

that we denote the approximation of wuy(t;) by ul. [Wu03] uses the central difference

method for time discretisation. In variational form:

(péfuzv U) + b(uzv U) - (f(tk>7 U) )
(u37 U) = (P2u07 U) 3
h

) U) = (P2ud7 U) ;
where

ouy, = ———— and

h h h ho, . h
S2u — OpUy — Oply_y  Wpyq — 2up +up 4
U = -
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Implementing this scheme for the system of ordinary differential equations we obtain
M (ﬂk;—i—l — 2u + ﬂk—l) + Kuy, = F(tk),

with

u(0) = uf and @' (0) = ;.
Using mass lumping the matrix M is replaced by the diagonal matrix D to become
TﬁzD (’l_LkJrl - 27«_% + ak,l) + Kﬂk = F(tk>

The system is now essentially explicit since it is a trivial matter to compute D!

The time integration procedure followed by Wu is explained in [Wu03]. The following

explanation follows the article [Wu03] precisely.

Let the velocity be denoted by vy, = d;1iy.

(1) Move one step

Up = Up—1 + TU,_1,

(2) calculate forces
Fr = Kuy + F(t),

(3) calculate acceleration
ay = D7'Fy,

(4) update the velocity

Dy 1 = Oplly_1 + Tl
(5) go back to step (1).

Wu ([Wu03]) does not explain how the first step works. For the above to work, the first
step is obtained by setting

and using

to get
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6.3.6 Numerical experiments

In the article [Wu03], the author provides numerical experiments to compare to the
theoretical results. The first two examples concern the longitudinal vibration of a rod.

In both cases explicit solutions (analytical solutions) are available.

In Example 1 [Wu03] the solution has a fourth order time derivative, hence the solution
satisfies the assumption of the theory. Wu then states “it is observed that the numeri-
cal results match the theoretical a priori estimates, ... Both displacement and velocity

achieve the optimal rates.”

In Example 2 Wu examined a second case with possibly lower regularity. However, it is a
solution with a third order time derivative so the predictions of the theory differs slightly
from Example 1. Wu noted: “it is observed that the convergence rates of displacement in
both £2? and H! norm match the theoretical results, which are still the optimal. However,

the convergence rates of velocity and energies are better than the theoretical results.”

In Example 3 Wu considers a two-dimensional problem: in-plane vibration of a rectan-
gular plate. He assumes that the theory in [Eva98] (Section 2.4 of this dissertation) is
applicable and thus the solution has a fourth order time derivative. The author found
“...that the convergence rates in both the £?-norm and H' semi-norm match the theo-
retical results ...which are still optimal. However, the convergence rates of velocity and

energies are better than the theoretical results.”

In Example 3 the initial displacement is zero. If the theory in [Eva98| is applicable the
solution is smoother than a classical solution. If the conditions of Theorem 2.2.3 are met
the solution will be less smooth than in Example 3, but almost a classical solution. In

our view that would have been a more useful experiment.

We conclude that the theory does not explain all the observed numerical results.
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Conclusion

7.1 Overview

As mentioned in the introduction, the general aim of the research is to investigate the
disparity that was noticed in the theory between the existence of solutions and the regu-
larity assumed on these solutions for convergence of the finite element method. In almost
all of the articles that were considered, an existence result (in [LM72]) for the existence
of a weak solution is quoted, but in proving convergence of the Galerkin approxima-
tion, substantially more differentiability properties for the solution are assumed. These
articles are [Bak76], [GSS06], [Karlla], [Karllb], [Karl2] and [Dup73]. In [GS09] and
[Wu06] existence is not mentioned. The assumptions used for convergence theory are
very restrictive; the solution is required to be smoother than even a classical solution.

The detail of this is given in Section 2.4.

We first consider the theory of existence of a solution to a general linear vibration prob-
lem, called Problem G, in Chapter 2. We investigated the article of Van Rensburg and
Van der Merwe [VV02] published in 2002. The theory in [VV02] is convenient to use in
this dissertation since it is given in terms of bilinear forms - a requirement for the finite
element method. To compare we examined alternative theories on existence of solutions
to hyperbolic partial differential equations, such as those in [Eva98] and [LM72]. We also
presented the improved regularity and higher regularity results of a solution to the multi-
dimensional wave equation without damping (in [Eva98]). To obtain this, compatibility
conditions are required on the initial and boundary data. The limitations of these results
are that no damping is considered and only homogeneous Dirichlet boundary conditions

are considered.

153
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In conducting the literature study, the article of [BV13] published in 2013 came under
consideration (see Chapter 3). In the article convergence is proved, but with weaker
assumptions than the other articles considered. However, it is still necessary to assume
higher regularity of the solution. In the article semi-discrete and fully discrete error
estimates for the Galerkin approximation of a general linear second order hyperbolic
problem are derived. Viscous type damping is also incorporated and as such the results
in [BV13] could be applied to problems like the multi-dimensional wave equation with
weak damping, the hyperbolic heat conduction equation and the Reissner-Mindlin plate
model. The results and proofs in the article [BV13] are mostly given in sufficient detail
in the article, hence the focus in this dissertation was to compare the article to other

research results, and to highlight significant parts of proofs.

A recent article on the continuous Galerkin method, [Karlla], is analysed in detail in
Chapter 4. The problem that Karaa [Karlla] considers is the general Dual-Phase-Lag
model introduced in Subsection 1.3.4. A fully discrete error estimate in the £2-norm
is derived. The approximation method in time in [Karlla] is the general Newmark
method. Special cases of this scheme include the central difference scheme and the
average acceleration method. The Dual-Phase-Lag model that is considered includes
strong damping (see Section 2.6), where other articles usually only include weak damping
or no damping at all. The proofs in [Karlla] posed a challenge to follow and it was
necessary to provide more steps and reasons for greater readability. Possible oversights

or omissions in the proofs were discovered and either rectified or reported on.

It was decided to include the discontinuous Galerkin finite element method in the inves-
tigation, to see if it has any impact on the assumptions on the regularity of solutions
required for convergence. To be specific, we wanted to determine whether the assump-
tions made on the regularity of solutions for convergence of the solution are less restrictive
than those made for the continuous Galerkin method. In Chapter 5 the work done on
the discontinuous Galerkin (DG) method by Grote, Schneebeli and Schétzau [GSS06] is
investigated. This article deals with the symmetric interior penalty DG method (SIPDG)
for the spatial discretization of the second-order scalar wave equation. In the article error
estimates for the semi-discrete DG method are derived, in both the energy norm and the
weaker £2-norm. These two estimates are proven in greater detail in this dissertation,
and some results that aid in the proofs of these estimates are also provided in more detail.
The L£2%norm error estimate is based on the proof of the error estimate in [Bak76] for
the continuous Galerkin finite element method, but in this dissertation we showed that
the proof could be streamlined following [BV13] (see Section 3.1.1). We also report on

the article [GS09] where a fully discrete error estimate in the £2-norm is derived for the
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SIPDG method. The authors use the semi-discrete formulation from [GSS06] and the

central difference scheme in time.

We apply the general theory from Chapters 2 and 3 to some of the model problems, in
Chapter 6. To be precise, a section each is devoted to the multidimensional wave equation

with weak damping, the Reissner-Mindlin plate model and linear elasto-dynamics.

7.2 Results

To start, consider Theorem 3.1.5 in Subsection 3.1.2. We have the following error estimate

for the semi-discrete approximation: for t € [0, 77,
Ju(t) —un(@)llw < llep(®)]lw + \/§<I|PUO —uollw + 3T [[ur — uf[|w

T T
+(1 4+ 3TCw ) ||uo — ultlw + 3/0 e |lw + 3CW/O Hep||w)-

For this result no additional assumptions are necessary; the properties of the solution
guaranteed by Theorem 2.2.3 are sufficient. To proceed, estimates are necessary for the

projection errors
[u(t) = Pu(t)llw  and  [u'(t) = Pu'(t)]lw, (7.2.1)
and for the errors in approximating the initial states
||ug — U?HW and  ||up — uSHW. (7.2.2)

As mentioned, most articles assume that the initial conditions u} and u are the projec-
tions with respect to the weaker space W of the initial conditions uy and u; respectively.

In none of the articles is it mentioned how to obtain these projections.

Now consider the multi-dimensional wave equation with weak damping. To obtain op-
timal estimates for the projection errors (7.2.1), the regularity assumption u'(t) €
H?(Q) for t € [0,T] is necessary (see Subsection 6.1.1).

Also, if it is assumed that the initial conditions uff and u? are the £2-projections of the
initial conditions ug and u; respectively, it should be assumed that ug,u; € H*(Q), in

order to obtain optimal order estimates for (7.2.2).
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There is clearly a lack of convergence results for classical solutions or weak solutions.
The situation for other model problems, e.g. the vibration of a plate is the same. The
assumptions made on the regularity of the solution u by making use of the discontinuous
Galerkin finite element method to obtain a semi-discrete error estimate (Theorem 5.3.2
and Theorem 5.3.3) are only fractionally better than those for the continuous Galerkin

finite element method.

In the article of Basson and Van Rensburg [BV13], a fully discrete error estimate is

obtained by first deriving estimates for

u(te) —un(e)lw  and  flus(te) — willw,

and then combining these two estimates with the use of the triangle inequality to obtain
a fully discrete error estimate. Consider Theorem 3.2.1 in Subsection 3.2.3. We have the

following estimate for ||uy(t1,) — uf||w:

un(te) — ulllw < 7T%7? max ||u§14)||w + 7T7% max ||u} || w
+1/2Cw 7 max ||u]) ||
For this estimate to hold, it is assumed that u, € C*[0,T] and this is the case if
f € C*(]0,T], X), which is realistic. However, note that nothing is mentioned in [BV13]
about estimates for ||u§14) |lw and ||u}||w. It is not necessary to assume the existence of a
third or fourth order derivative on the exact solution u as is done in all the other articles
considered. Strict compatibility conditions must be imposed on the initial data and

regularity conditions on the forcing function to yield these higher regularity properties

(see Section 2.4).

Again the result is that convergence results for classical solutions and weak solutions are

not available.

In Section 6.1 we proved that the results obtained from existence theory in Section 2.2.1
are sufficient for convergence of the semi-discrete and fully discrete approximations, but

no result on the order of convergence could be obtained.

In Section 5.7 and Subsection 6.3.6 numerical experiments in [GSS06] and [Wu03] are
discussed briefly. Interesting phenomena are observed and to a large degree the theory
and experiments agree. However, there are indications that the order of convergence may

in some cases be better than predicted by the theory.
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7.3 Further research

The investigation has confirmed that there is a problem when applying theoretical results
to real world problems. Further research is required to either improve on the regular-
ity theory for hyperbolic type partial differential equations or improve the convergence

theory for finite element approximations.

Numerical experiments suggest that it should be possible to obtain error estimates with

less restrictive regularity assumptions.

One possibility is to do further research to extend the work done in [BV13]:

e obtain estimates for ugf)

e investigate if weaker regularity assumptions can be made for the case when strong

damping is present;

e apply the general method on structures consisting of linked elastic bodies.

Further research is possible on the time-stepping schemes in [Karlla], [Karllb] and
[Kar12]. For example, one could investigate the application of methods to the multi-

dimensional wave equation with general damping.

The discontinuous Galerkin method looks promising. Further investigation of the proofs

in [GSS06] may lead to results where less restrictive spatial regularity is required.

Fundamentally the approach to prove optimal order convergence in all articles considered
is related to the approach of Baker [Bak76]. A challenge would be to find an alternative
method to obtain an estimate for the difference between the elliptic projection error and
the Galerkin approximation. Hopefully an alternative method may yield convergence
results with less restrictive regularity assumptions. In this context mixed finite elements

may provide an alternative.

Another consideration would be to study how the compatibility conditions placed on
the initial and boundary data in the books of Evans [Eva98] and Wloka [W1o87] can be

interpreted when applying it to systems of linked elastic bodies.

Model problems with “almost” classical solutions are important in practice. For example
the solution u of the multi-dimensional wave equation has the properties u(t) € H*(f),
u'(t) € H'(Q) and v”(t) € £*(Q). The conjecture is that [u(t) — up(t)||c2@) < Kh*



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Quf’ YUNIBESITHI YA PRETORIA

Chapter 7. Conclusion 158

where a > 0. Further research should start with either doing numerical experiments or

search the literature for numerical experiments that can be used to “test” this conjecture.
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Appendix A

Sobolev Spaces

A.1 The space L)

Consider an open subset © of R and denote its closure by €. The space £2() consists
of functions f such that f? is Lebesgue integrable on €.

Theorem A.1.1. The space L*(Q) is a Hilbert space with inner product

(u,v):/ﬂuv:/qudu,

where p s the n-dimensional Lebesgue measure.
Proof. See [Rud76, Theorem 3.11, p. 69]. ]

Notation Unless otherwise stated, the norm on £2(2) is denoted by || - || or || - ||o-

Definition A.1.2. Set Ay := {x € Q: f(z) # 0} and S to be the closure of A; in €,
where (2 is open. Then define C5°(Q2) := {f € C>(Q) : Sy C Q}.

If f e C5°(), then the distance between S; and the boundary of € is positive.

Theorem A.1.3. The space C5°(Q) is dense in L*(2).

Proof. See [Ada75, Theorem 2.13, p.28]. O
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A.2 Sobolev Spaces

A.2.1 The one dimensional case

Let the open interval (a,b) be denoted by I and the closed interval [a,b] by I. The
Sobolev space H™(I) is the subspace of functions in £2(I) with weak derivatives up to

order m.

Definition A.2.1. Weak Derivative of order m
Suppose u € L£2(I) and there exists a v € £2(I) such that

(u,0™) = (=1)"(v,9) ¥V ¢ € CF(I),

then v is called the weak derivative of order m of u and is denoted by D™u.

In this dissertation no distinction will be made between weak and ordinary derivatives

as far as notation is concerned, i.e. Du is denoted by u’.

Definition A.2.2. Inner product on H™(I)
For uw and v in H™(I) we define

(U, ) = Z(u(k),v(k)) form=20,1,2,....
k=0
Definition A.2.3. Semi-norm on H™(I)
For any m > 1 and any function u € H™(I), we define

[l = /(w0 = u™].

Definition A.2.4. Norm on H™(I)
For any function uw € H™(I) we define

llwllm =/ (w, 1)y, for m=0,1,2,....

A.2.2 The higher dimensional case

Let © be an open subset of R”. The Sobolev spaces H™(f) is the subspace of functions
in £2(Q2) with weak partial derivatives up to order m in £3().
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Notation Let a = (ag,a9,...,ay), then D* = DD ... D% and |a] = ag + ag +
ety

Definition A.2.5. Weak partial derivative of order m
Suppose u € £2() and there exists a v € £2(Q) such that

(u, D¢) = (1) (v,¢) ¥ ¢ € C(9),

then v is called the weak derivative of order |a| of u and is denoted by D™u.

Remark In this dissertation no distinction will be made between weak and ordinary

derivatives as far as notation is concerned.

Definition A.2.6. Inner product on H™({2)
For u and v in H™(2) we define

(U, V) = Z (D%, D*v) for m =0,1,2,....

|| <m

The bilinear form (u,v),, has all the properties of an inner product.

Definition A.2.7. Semi-norm on H™({)
For any m > 1 and any function u € H™(2) we define

ulm = [ Y (D%, D).

|al=m

Definition A.2.8. Norm on H™(f2)
For any function u € H™(£2) we define

llwllm =/ (u, )y, for m=0,1,2,....

Definition A.2.9. The space H} ()
The space Hj () is defined to be the closure of the space C5°(Q).

Notation  If we need to distinguish between different domains, we will denote the

norm and semi-norm by || - |lm.o and | - .0
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A.2.3 Sobolev spaces of vector valued functions
Definition A.2.10. For f,g in H™(Q),
[fs glm = (f7, ™) and

| flm = /[fs flm for m=0,1,...
The function |- |, is a semi-norm for m > 1.
Definition A.2.11. uwe L2(Q)? if u; e L2(Q) for i=1, 2.
uwe L2(D)? if u; € LAT) for i=1, 2.
u€ H*Q)? if u; € H¥Q) for i=1, 2.
[w, V]2 = [u1, v1]m + [u2, vo]m for uwe H™(Q)? and v e H™(Q)?.
[U|mo = \/[u, u]ma for ue L2Q)?.

The function |- |,,2 is a semi-norm for m > 1.

When we need to distinguish between domains, we will use superscripts {2 and I' in the

cases of a double subscript, e.g. || - || and || - |1, 5.

Definition A.2.12. The inner product for H™(€)? is defined by

m

(fs@ma2=>_ [frglka for m=0,1,...
k=0

Definition A.2.13. The norm for H™(£2)? is defined by

| fllm2 =/ (fg)ma for m=0,1,...

Notation HY(Q) = £*(Q) and H°(Q)? = L*(Q)2

A.3 Fundamental properties of Sobolev Spaces

Suppose () is a bounded open interval or a bounded open convex subset of R”.

It is not necessary to require that €2 be convex, but it is sufficient for our purpose. In

the theory it is usually assumed that €2 is star shaped or has the cone property.
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Remark £?(Q) = H°(Q).

Theorem A.3.1. The space H™(QQ) is complete.

Proof. See [Ada75, Theorem 3.2, p.45] O

Theorem A.3.2. C™(Q) is dense in H™(Y) with respect to the norm of H™(Q).

Proof. See [OR76, Theorem 2.10, p. 53]. O

Remark A function v € H™()) can be approximated by a function in C™(Q): if

v € H™(Q), then for any € > 0 there exists a ¢ € C™(2) such that ||v — ||, < e.

Theorem A.3.3. Sobolev’s Lemma

Let m be any non-negative integer. If u € HP(2) where p > m+ %, then u € C™(£2) and

D% ullsup < lullp for |af < m.

Proof. See [OR76, Theorem 3.10, p. 80] ]

A.4 Trace

1
Lemma A.4.1. Let u € H*(Q2), s > 3 Then there exists a trace vy of the function u
on 02 and C' > 0 such that

ol -3 oy < Cld

H 3 (90 He(Q)-

3 ou
Further, if s > 2 there exists a trace — on OS2 and

on

This lemma is a special case of the Trace Theorem [OR76, Theorem 4.18, p.143].

ou

— <
- < Cllu

13 (00)
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A.5 Broken Sobolev Spaces

This section is included for convenience and is from [Riv08].

Broken Sobolev spaces are natural spaces to work with the discontinuous Galerkin meth-
ods. Let € be a subspace of R", and subdivide it into elements E. Here an element E
can be a triangle or quadrilateral when n = 2 and a tetrahedron or hexahedron when
n = 3. It is assumed that the intersection of any two elements is either empty, a vertex,
an edge, or a face. Such a subdivision is called a conforming mesh, and is denoted by

M, with h = maxgea, hg, where hg is the diameter of element E.
Assumption BSsl

The subdivision My, is regular, i.e. there is a constant p > 0 such that for every £ € My,

7§p7
PE

where pp the maximum diameter of a ball inscribed in E.

Definition A.5.1. Broken Sobolev space of order m
H™(M;) = {v e L*Q): for every E € My, v|p € H"(E)}.

Definition A.5.2. Broken norm and seminorm

The broken Sobolev space H™(M},) is equipped with the norm

1
2
|||v|||Hm<M;L>=< > ||v||?n,E)

EeM,

and the broken seminorm

=

IVolllaom,) = ( > ||VU||(2),E)

EeMy

We now have
H™(Q) ¢ H™(M},) and H™ (M) € H™(My,).



IVERSITEIT VAN PRETORIA
IVERSITY OF PRETORIA
NIBESITHI YA PRETORIA

cz=z

.
o
s .
<%

Appendix A. Sobolev Spaces 165

A.6 Elliptic regularity

Theorem A.6.1. [Eva98, Theorem 4, p. 317] (Boundary H?-regularity)

Assume that

(a). ' € CYQ), b',c € C(Q)(i,j=1,...,n) and

(b). f € LQ).

Suppose that u € H} () is a weak solution of the elliptic boundary value problem

Lu=f inQ
(A.6.1)
u=>0 on 0.
Assume finally 0 € C?. Then u € H*(Q) and we have the estimate
[ull2 < C ([ fllo + llullo) (A6.2)

with the constant C depending only on 2 and the coefficients of L.
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Appendix B

Interpolation

The results in this appendix are simplified versions of the theory in [OR76, Chapter 6],
[OC83, Chapter 4] and [SF73, Chapter 5].

B.1 The one dimensional case

The interpolation error

Theorem B.1.1 below is formulated as a special case of a general result. This result may
be found in [SFT73, p.144], [OCS83, p.76] and [OR76, p.279].

We will use C' to denote a generic constant. Also denote the interpolation operator on an
element by II, and the interpolation operator on the entire domain by II. (The definitions
are given in [SF73], [OR76] and [OC83]).

Theorem B.1.1. Suppose there exists an integer k such that for each element
s(Il)) +1 <k <r(l)+1

for the interpolation operator 1I. Then there exists a constant C such that for any
u € HN(I) we have

\Hu—u|m71§6’hk_m|u\k,1 for m=20,1, ... k.

The interpolation operator is denoted by II;, for piecewise linear basis functions and by

II. for Hermite cubics.

166
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Corollary B.1.2. Hermite cubic basis functions.
There exists a constant C,, such that if u € H*(I) for

a) 2 <k <4, then

Ju — Ty < CohF ™ ule, m=0,1,..., k.
b) k>4, then
Ju — Ty < Coh™™|uly, m=0,1,..., 4

Proof. 1t is clear that s(II.) = 1 and it can be shown that r(II.) = 3. Consequently
Theorem B.1.1 is applicable with &k = 2, 3 or 4. ]

Corollary B.1.3. Piecewise linear basis functions

There exists a constant Cy, such that if u € H*(I) for k > 2, then
ITpu —ully < Crhjuls

Proof. 1t is clear that s(II;) = 1 and it can be shown that r(II;) = 1. Consequently
Theorem B.1.1 is applicable with k = 2. O

B.2 The two-dimensional case

Theorem B.2.1 below is formulated as a special case of a general result. As mentioned
before, this result may be found in [SF73, p.144], [OCS83, p.76] and [OR76, p.279]. In

the theorem, h = max h,., where h, is the diameter of the element €2,.

Theorem B.2.1. Suppose there exists an integer k such that for each element
s(I,) +2 <k <r(ll)+1

for the interpolation operator II. Then there exists a constant C such that for any
u € H*(Q) we have

T — tlmo < O™ ulrg  for m=0,1, ...k

Remark The constant C depends on the shape of the elements in the finite element

mesh.
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Corollary B.2.2. Piecewise linear basis functions on triangle elements.
The interpolation operator is denoted by Iln. If k > 2, then there exists a constant Ch
such that for any u € H*(Q) we have

au — tfma < @Ah2’mlu\k,g for m=0, 1, 2.

Corollary B.2.3. Piecewise bilinear basis functions on rectangle elements.
The interpolation operator is denoted by Il,. If k > 2, then there exists a constant Cy
such that for any u € H*(Q) we have

1y — o < Coh* ™|ulrg  for m=0, 1, 2.

Corollary B.2.4. Hermite cubic basis functions.
The interpolation operator is denoted by Il.. If k > 2, then there exists a constant C.
such that for any u € H*(Q) we have

Heuw — ulpma < C”Chz’m]u\k,g for m=0,1, 2.

B.3 Vector-valued functions

If an interpolation operator II is defined on H*(Q) we may define one on H*(2)2. For
u = (uy, ug) € H*(Q)?, we define

ng = <HU1, HUQ) .
The seminorm of order k for H*(Q)? is denoted by | - |2 and
[ulin = i + Juzli -

(See Appendix A.)

Lemma B.3.1. If [[IT v — v||,, < Ch¥"™|v|y for v € H*(Q), then

lu — Mau||me < CA’hk’m|ulk72 foru € Hk(Q)2.
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Proof.

|u—Tauls, = Jur — Hu 3, + | up — Mugl,

For piecewise bilinear basis functions on rectangles, let Ilpu = (IT, uq, IT; us).

Corollary B.3.2. If k > 2, then there exists a constant C such that, for all u € H*(Q)?
|u— g ulm,s < 6h|u|2,2 form =0,1,2.
Proof. The result follows from Corollary B.2.3 and Lemma B.3.1. O

For piecewise bicubic basis functions on rectangles, let g, u = (Iye uq, e usg).

Corollary B.3.3. If k > 2, then there exists a constant C' such that, for all u € H*(Q)?

|u —peu|ma < CA'h|u|2,2 form =0,1,2.

B.4 Three-dimensional case

Theorem B.2.1 is also valid for the three-dimensional case.

Corollary B.4.1. Piecewise linear basis functions on tetrahedron elements.
The interpolation operator is denoted by Il,. If k > 2, then there exists a constant C,
such that for any u € H*(Q) we have

ILu — ulma < CA’thz_m|u|279 for m=0, 1, 2.

B.5 General interpolation assumption

Assumption GI

There exists a subspace H(V,k) of V', and positive constants C; and « (depending on
V and k) such that for u € H(V, k):

lu — Pully < Cuh®||lull v,
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where || - || gvx) is @ norm or semi-norm associated with H(V, k).
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Appendix C

Some inequalities

Lemma C.1. Young’s inequality

For any € > 0 we have

2

p< &40
W=t

Proof. We have
(ea — e7b)? > 0,

which implies that
e2a® + 7202 > 2ab
and the result follows. O

Lemma C.2. We have
1 1

(z—y,y) < 5(%1’) - §(y,y)-

Proof. Following from the Cauchy-Schwartz inequality and Young’s inequality we have

(z—y,y) = (z,9)— (y,9)
< gx,x)é(y%)é—(y,y)
< Q(x,x)JrQ(y,y)—(y,y)
= S - 3)

171
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Appendix D

Notation

Nonstandard notation in Chapter 3

ulk) € EQ(J;Y) if u®(t) € Y for each t and [, [|[u® |2 < co.

172
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