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Abstract

The sterile insect technique (SIT) is a technique to control some vectors of diseases by
releasing sterile males. However, during these releases, sterilized females can be (accidentally)
released and since only females are vectors of diseases, it is important to study their impact
when arthropod viruses are circulating. To that aim, we develop and study an entomological-
epidemiological model, considering either permanent or periodic releases. Qualitative analysis of
the continuous and periodic models are conducted. We highlight a critical sterile males release
rate, A$}', above which the control of wild population is always effective, using massive releases.
Estimating the basic reproduction number of the epidemiological model, RZ, we show that if
it is above a certain threshold, R%y*, that depends on the basic offspring number, A/, and the
release rate of sterile females, the epidemiological risk can only be controlled using (very) massive
releases. Otherwise, we can estimate the basic reproduction number of the SIT epidemiological
model, R%j g7 that shapes the stability property of the (periodic) disease-free equilibrium. We
show that it might be possible to take R ¢y below 1 using non-massive, but large enough,
releases. However, practically, it seems more efficient to consider massive releases, followed by
small releases once the vector population is small enough.

In addition to SIT, we also recommend mechanical control, i.e. the reduction of breeding
sites, that greatly improves the efficacy of SIT, in terms of duration or size of the releases.

Our results reveal that outside an epidemic period, the release of sterile females is not an
issue, as long as the sterile males release rate is greater than A§}**. Within an epidemic period,
we show that sterile females releases do not really impact the SIT efficiency, as long as the release
rate, Ap, is lower than a critical value, A%%, that depends on the mosquito and epidemiological
threshold parameters, A, and R3. To illustrate numerically our theoretical results, we consider
Dengue parameters. We estimate all thresholds and also the effective reproduction number,
Rgf Iz and highlight the importance of early permanent or periodic SIT control to prevent or
mitigate the risk of a Dengue epidemic, with and without sterile females releases.
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1 Introduction

Vector-borne diseases (VBD), including mosquito-borne diseases, are still considered as serious
threats to the health of societies around the world. The major global VBD of humans include
malaria, dengue, lymphatic filariasis, schistosomiasis, chikungunya, onchocerciasis, Chagas disease,
leishmaniasis, Zika, yellow fever and Japanese encephalitis. According to WHO [22], the major
VBD together account for around 17% of the estimated global burden of communicable diseases
and claim more than 700 000 lives every year. The burden is highest in tropical and subtropical
areas. More than 80% of the global population live in areas at risk from at least one major VBD.
Many of these VBD are co-endemic, and it is estimated that more than half of the world’s population
live in areas where two or more VBD are present [22].

Despite the progress in knowledge on VBD, for most of them, the major problem is the absence
of effective drugs and vaccines. In addition, climate changes and travels have increased the area
where these diseases can occur, even in Europe, locally [23, 25]. That is why, in the last decades, the
development of (sustainable) vector control methods, which can be broadly classified into chemical-
and non—chemical-based tools, has become one of the most challenging issues to reduce the impact
of human vector borne diseases.

Chemical control consists on the use of massive spraying of larvicide and/or adulticide, like
Deltamethrin for mosquitoes. Even being efficient to reduce adult populations, it can be very
detrimental to the environment, and also, vectors can develop resistance. This is actually the case
in French West Indies [2]. Therefore, it is desirable to have alternative eco-friendly controls. Several
non-chemical and eco-friendly control techniques, including the sterile insect technique (SIT), have
been developed or are under development. However, the process to reach field applications is long
and complex.

Modeling, and in particular mathematical modeling, has become a useful tool in human epi-
demiology since the pioneering works of Sir R. Ross and his malaria model [24]. Numerous models
have been developed to understand the dynamics of diseases and pests, to test “in silico” the
usefulness or not of control strategies (and their combination).

In this paper, we focus on the sterile insect technique within an epidemiological context. SIT
is an old control technique that has been used more or less successfully on the field against various
kind of pests or vectors (see [16] for various examples). The classical SIT consists of mass releases
of males sterilized by ionizing radiation. The released sterile males transfer their sterile sperms
to wild females, which results in a progressive decay of the targeted population. For mosquitoes,
other sterilization techniques have been developed using either genetics (the release of insects car-
rying a dominant lethal technique, in short RIDL technique) or bacteria (wolbachia) [26]. While
conceptually very simple, SIT is, in practice, difficult to conduct as it requires mass rearing and
sterilization facilities, and an efficient sexing method for production of males only, at an industrial
scale.

Various models have been developed for SIT, using discrete or continuous approaches. Our
work is a companion paper of [5, 2], where SIT against pests and vectors were considered. In
[5], we showed that SIT induces a strong Allee effect, that can be useful to derive appropriate
control strategies, based on massive releases followed by small releases. In [2], where diffusion
operators to model the spreading of the pest/vector were considered, we showed existence of bi-
stable traveling wave solutions that can be used to derive several spatial and also locally-spatial
strategies. However, these works stand within an inter-epidemic period where the objective is to
reduce the wild population under a certain threshold that can be fixed based on several factors,
like sterile insects production capacity, size of the targeted area, etc.

Here we consider that a virus is circulating, and that SIT is used to reduce the epidemiological
risk, i.e. to drive or to maintain the basic reproduction number below 1. As it is well-known for
mosquito-borne diseases, only female mosquitoes are the vector of transmission, because they are



blood feeding, and preferably on humans. Thus, their control is the goal of any vector control
policy. That is why the (accidental) release of sterile females is questionable (at least for the health
authorities). Indeed, during the sterilization process, in order to produce sterile males only, it is
necessary to eliminate/separate the females. Up to now, the sex-separation system is mechanical
as male nymphs are (in general) smaller than female nymphs. However, a certain number of female
nymphs can accidentally fall in the male nymphs bucket and, then, be irradiated to become fully
sterilized. Releasing a small amount of (sterile) females is not really problematic during an inter-
epidemic period because they are fully sterile, but can be problematic when viruses are circulating,
since sterile females can transmit viruses, because they will feed blood on humans. That is why, we
consider the releases of sterile females in our model, in order to define if and how they can impact
the SIT strategy, and what should be the upper bound limit for the release of sterile females. In the
literature [19], releasing 4% of Aedes females is considered as acceptable. Like in [14], we will also
consider mechanical control (reduction of breeding sites) and show its efficacy when it is combined
with SIT control.

The outline of the paper is as follows. In the next section, we present the full epidemiological-
entomological SIT model. Then, in section 3, page 6, we briefly recall the results on the entomo-
logical models developed in [5]. In section 4, page 9, following [14], we study the epidemiological
model without SIT. In section 5, page 11, the full epidemiological SIT model is studied and the
theoretical results discussed in terms of control strategy. The SIT epidemiological model with im-
pulsive periodic releases is studied in section 6, page 18. Finally, numerical simulations, related
to Aedes albopictus and dengue, are provided in section 7, page 26, to discuss the timing of SIT
control strategies, with and without mechanical control, with and without release of sterile females,
in order to reduce the epidemiological risk. The paper ends with a conclusion in section 8, page 34.

2 An epidemiological model with SIT releases

Our model is based on the entomological model studied in [5], and initially developed in [3]. We
also follow [14], except for the aquatic stage, and add the epidemiological stages related to the
wild and sterile (mature) females, Fg, Fg, Fr, Ss, Sg, and St, respectively. We assume that the
total population of humans, Nj, = Sj, + I}, + R}, is positive and constant. When (wild and sterile)
female mosquitoes are infected, we assume that their mortality rate can be impacted (see [12, 14]
for the Chikungunya case). We also take into account the extrinsic incubation period of the virus
within the vector population, v,,, which implies to consider three epidemiological states, i.e. the
susceptible, exposed and infected states. The previous assumptions complexify the analysis but
then the model is more realistic. We don’t consider vertical transmission (from infected female
mosquitoes) of the virus because it was showed in [1] that the observed percentages (1 — 4% )
of vertical transmission do not play a role in the long term persistence of the virus. A novelty
in our model lies in the fact that, accidentally, sterile female mosquitoes are released with sterile
males. This is modeled by the parameters Ap in equation (3)1, related to the Sg compartment.
We point out that the Sg compartment gathers both sterile females that are released and young
wild females that mated with sterile males and, hence, have become fully sterile. Since all sterile
females are mixed with sterile males before the release, they are considered as mated and thus do
not participate in mating after their release. The model is summarized in the flow diagram 1, page
4, and the full epidemiological SIT model is defined as follows:
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Figure 1: Flow diagram of model (1)-(4).

% = ¢o(Fs+Fg+Fr)— (v+pa1+ pazd)A,
Ll = A,
UE = A~ B Fs — psFs, (2)
% = Bﬁhmlj\.ZLFS — (Vm + us) Fg,
% = UnlFg—pfy,
% = Ap+ MAM]\ﬁWT — Bﬁhmi,};ss — usSs,
dd% = B/majlvzss — (m + us) Sk, 3)
d% = vmSE — IS,
and
% — Aps — My (4)

where the parameters and state variables are described in Table 1, page 5.



Symbol | Description Unit
Sh, Susceptible human Individuals
I, Infected human Individuals
Ry, Recovered human Individuals
A Aquatic stage (gathering eggs, larvae, nymph stages) Individuals
Fg Susceptible fertilized and eggs-laying females Individuals
Fg Exposed fertilized and eggs-laying females Individuals
Fr Infected fertilized and eggs-laying females Individuals
Sg Susceptible sterilized females Individuals
Sk Exposed sterilized females Individuals
St Infected sterilized females Individuals
M Wild males Individuals
M Sterile males Individuals
1/ pn Average lifespan of human Day
1/np, Average viremic period Day
B Average mosquito bites days~!
Bmh Transmission probability from infected mosquito -
Bhm Transmission probability from infected human -
10} Number of eggs at each deposit per capita Day !
0% Maturation rate from larvae to adult Day !
HAL Density independent mortality rate of the aquatic stage Day !
HA2 Density dependent mortality rate of the aquatic stage Day~! Individuals ~!
r Sex ratio -
1/Um Average extrinsic incubation period (EIP) Day
1/ps Average lifespan of susceptible fertilized and eggs-laying female

and, susceptible sterilized female Day
1/ pr Average lifespan of infected fertilized and eggs-laying female

and, infected sterilized female Day
1/ s Average lifespan of male Day
1/pr Average lifespan of sterile male Days
Ans Sterile male release rate Individuals x Day™!
Ar Sterile female release rate Individuals x Day~!

Table 1: Description of parameters and state variables of model (1)-(4)

Contrary to [29], we assume a density-dependent mortality rate in the aquatic stage. This
may correspond to an intra-specific competition between the larvae stages, for instance. However,
the forthcoming methodology could be applied for a system where the non-linearity stands for the
birth-rate, like in [14, 15, 29].

Remark 1. In systems (2) and (3), we don’t consider explicitly the (mean) mating competitiveness
parameter, cp, of the sterile males. This parameter can be less or greater than one. To take it into
account, like in [14, 29], it suffices to replace My by cyMr and to change the following results
accordingly.

Remark 2. Model (1)-(4) is not really appropriate for the RIDL approach. Indeed, with the RIDL
control technique, sterile females can lay eggs that will hatch and enter the aquatic stage, resulting
i an increase in the density-dependent mortality. However, all RIDL pupae are supposed not to
survive into the adulthood. Note also that, so far, the RIDL approach has only been tested on Aedes

aeqypti.



3 The wild insect sub-models

The wild insect population model has been studied in [5]. Here, we just recall results obtained in

[5].

3.1 The wild insect sub-model without SIT

It is straightforward to deduce from system (2) that dynamics of wild insect without SIT is modelled
by system (5):

dA
P ¢Fs — (v 4+ pa1 + pagA)A,
dM
- = (1 —r)vyA — up M, (5)
dFg
—_— = A — ugFg.
dt ry pnst's

Remark 3. System (5) is very simple: it implies that all emerging immature individuals will become
either males, either females (after mating), assuming implicitly that 0 < r < 1. Since we consider
a mosquito population, we have r =~ 0.5, such that there are always adults of both sex, considering
at least either A(0) > 0 or Fs(0) > 0.

The basic offspring number related to model (5) is

B TP
N= ps(y + pa) (6)

Setting the right-hand side of (5) to zero we obtain the extinction equilibrium Ogs = (0,0, 0)”
and the equilibrium E* = (A*, M*, F§)T given by

4 - +MA,1)(N_ D,
HA2
1—r)yA*  (1—
12074 2% HA2
pro= DA O ean) gy
s 1S A2

The inequalities between vectors are considered here in their usual coordinate-wise sense. Clearly,
E* > Ogs if and only if N' > 1. We summarize these results with some more details related to
basins of attraction of equilibria in the following theorem:.

Theorem 1 ([5]). Model (5) defines a forward dynamical system on D = {x € R3 : x > Ogs}.
Furthermore,

1) If N <1 then Ogs is globally asymptotically stable on D.
2) If N > 1 then E* is stable with basin of attraction
D\ {z = (A, M Fs)" € R} : A= Fg =0},
and Ogs is unstable with the non negative M —axis being a stable manifold.

Proof. See [5, Theorem 1] where F' = Fs and p = pg. d



3.2 The wild insect sub-model with SIT

We now assume that AV > 1. We take into account the constant release of sterile males My
by adding to model (5) an equation for My, and also the accidental release of sterile females by
considering the release rate, Ap, in the compartment Sg. Altogether, the SIT model becomes

dA
o = OFs— (v tpantpazd)A,
dM
dFg M
—= = ———7rvA — ugF
dt M+ My TS (8)
dSg M
25 A _ T A
dt A var vt e
dM
—— = Ay — purMr.
| ot M — prMT
Remark 4. In system (8), the term —————— does not appear in the deposit rate component, in
M + Mp

the aquatic/immature component, contrary to some models (see [8, 34/, for instance) where we have

dA M

— =¢p——Fc — A)A. 9
o ¢M+MT s — (v + pag + pagA) 9)

Implicitly, in (9), it is assumed that daily deposit rate always depends on the proportion of fertile
males over the total male population: this is not true. Mosquito females, like Aedes spp, have 3
spermathecae that allow to stock sperms such that in general one mating is sufficient to deposit
eqgs along their lifespan. Biologically, after emergence, immature or virgin females will enter the
mature/fertile females compartment, Fg, only when they mate with fertile/wild males, and, then,
are able to deposit viable (hatching) eggs along their lifespan. This is exactly what is modeled
in system (8): the income rate in the mature (sterile) female compartment, Fs (Ss), takes into
M < My

M+ My \ M1y to mate with wild

account the fact that immature females have a probability

(sterile) males.

Using (9) 1is very convenient from a mathematical point of view because all nonlinear terms
appear in the same equation, but, biologically, it is false. At some point, it could be, mathematically,
equivalent to consider (9), but we believe that it is better to stick to the biological reality in order
to make the model understandable for entomologists, even if, mathematically, it is a bit more
challenging.

Assuming t large enough, we may assume that Mp(t) has reached its equilibrium value, M7 :=
A
M fact, from a practical point of view, the value Aps/pr can be reached with massive constant
mr

In(2
and continuous releases of 2A; during t = n(2) , see also [5, 6]. Hence, model (8) reduces to

wr

dA

o = OFs— (v pantpazd)4,

dM

5 = A=r)yA-puM,

dbs M (10)

it~ Mg 0 THSES

dSs M

WS Npt T A psS

It F+M+M%7“7 HSSS,



where parameters and state variables are described in Table 1, page 5. Since the state variable
Sg does not appear in the first three equations of system (10), it suffices to study the following

sub-system
dA
P ¢Fs — (v +pa1 +pagA)A,
dM
- = (1—r)yA—upmM, (11)
dFg M
= A — ugkFs.
dt M+ g T HSES

In fact we recover the system studied in [5]. Knowing the dynamics of A and M, the dynamics of
Sg is deduced by using the fourth equation of system (10).

Let us set )
HA20M Atjz\zzt _ MT( \% N — 1)
(v +pa)(d —r)y’ Q

Following [5, Theorem 3|, we derive existence of equilibria for 0 < Ay < A‘j&“, and also stability
results for system (11), such that we can deduce the following results for system (8):

Q= (12)

Theorem 2. System (8) defines a forward dynamical system on D' = {x € R® : & > Ogs}.
Moreover,
" _ Ap A \" .
(1) If Ay > ASF, then equilibrium TE = | Ogs, Iu—, Iu— 1s unique and globally asymptotically
S T
stable on D'.

. AvN\T
2) If Ay = AST then system (8) has two equilibria, TE and E; = | A+, M, Fs.,Sg ,—M
M T T 4 T P

where ) '
1
o = (N -1-QM) = VR -1,
M -1
MT = LERE \/N >0,
aL ¥ VN —1 (13)
Ay = M A= (v + >0,
T 1—1)y i (v + pan) fiAa
ANA
Fs, = (v +pay+ pagdy) oo,
1 M7 Ap
Sg. = — (Ap+rvA T> > —.
% us< P M) T s
The set

{(A, M, Fs,Ss, Mp)" € R® : Ops < (A, M, Fs)" < (At, My, Fs,)"'}
is in the basin of attraction of TE, while the set

{(A,M,Fs,Ss, Mp)" € R*: (A, M, Fs)" > (A, My, Fs,)"}

is in the basin of attraction of Ej.



. AT
(3) If 0 < Ay < A}, then system (8) has three equilibria TE, Ey = <A1,M1,F51,Ssl, M>
ur

A T
and FEy = <A2, My, Fs,, Ss,, M> where
ur

A
Mj*“ — 7M7
iuT
o = S (W=1-QMp) = /(W -1-QM;)? - 117Q)) ),
M*
M, = A > 0,
at
M*
M, = —£>0, (14)
12U
Arg = MMy
1,2 =)y 1,2 >0,
Ai19)A
Fs,, = (v + ran +ZA,2 1,2)A12 >0,
1 M3 Ap
= — A Ao T il
551 s ( Py M2 + M}) s

and (A1, My, Fs,)T < (Ag, Ma, Fg,)T. The set
{(A, M, Fs,Ss, M) € R® : Ogs < (A, M, Fs)T < (A1, My, Fg,)T}
is in the basin of attraction of TE while the set
{(A, M, Fs,Sg, M) € R® : (A, M, Fs)T > (A1, My, Fs,)T}
is in the basin of attraction of Es.
Remark 5. If mechanical control is included within the SIT control strategy, this will increase the
density-dependent mortality rate, j142, in the aquatic compartments, such that, according to (12),

Aﬁ?t will decay. In other words, mechanical control is helpful to decrease the amount of sterile
males to release.

The bifurcation diagram in Fig. 2, page 10, summarizes Theorem 1 and Theorem 2 when
N > 1: the blue (red) solid line represents (globally) stable equilibrium, while the blue dotted line
represents unstable equilibrium.

4 The vector-borne epidemiological model without SIT

Most of the analysis follows [14], where a vector-borne epidemiological model was studied. Of
course only the case N' > 1 is worth of investigations and we will consider this assumption for the
rest of the paper. The model is given as a system of ordinary differential equations as follows:

dsy, Fy

h Ny — BB~ Sh — 1inSh,

7 n Ny B hNhSh LnSh

dlp, Fy

dn - _ pg i, - In, 15
o 5 h, Sh (n + ) In (15)
dRy,

— = Iy, — upR

o Iy — pn R,

where Ny = S, + I, + Ry, = Np(0)> 0, and
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Figure 2: Bifurcation diagram at equilibrium with respect to the values of Ays for system (8) and
system (10)

( % = G(Fs+ Fp+ Fr) — (v +pag1 + pagA)A,
6%4 = (1—=r)yA—uyM,
% = r'yA—Bma]{;;FS — usks, (16)
dd% = Bﬁhmif};Fs — (us +vm)F,

\ % = Unlp—prky.

Let z(t) = (Su(t), In(t), Ru(t), A(t), M(t), Fs(t), Fr(t), F1(t))T. Let us consider the set
D' =R% = {z € R®: 2 > Ops}.

The following result holds true.

Lemma 1. 1. The set
Tys1={z€RY: S, +1I,+ Ry =Ny A< A M < M*; Fs + Fg + F; < F§}

is positively invariant for system (15)-(16) where (A*, M*, F&)T is given by (7). That is, any
solution that starts in I'nrs1 will remain there.

2. System (15)-(16) defines a dynamical system on D".

Proof. See A. O

10



4.1 Equilibria of system (15)-(16)

In this section, we deal with the computation of trivial and non-trivial equilibria of system (15)-(16).
It is straightforward to obtain the following results, so its proof is omitted.

Proposition 1. 1. System (15)-(16) admits a trivial disease-free equilibrium, TDFE = (Np,, Ogr)”,
that always exists.

2. System (15)-(16) admits a disease-free equilibrium, DFE = (N, 0,0, A*, M*, F%,0,0)T, when-
ever N' > 1 and where A*, M*, F§ are defined in (7).

4.2 Stability analysis of the DFE

Using the next generation matrix (NGM) approach, see e.g. [30], we derive the basic reproduction
number related to system (15)-(16), that is

Um BBmn BBrm F,;'
Um + s pr  Mu+ pn Np

We further summarize stability results of the non trivial disease-free equilibrium in the following

0 (17)
Theorem 3. 1. If R3 <1, then the DFE is globally asymptotically stable.

2. If R =1, then system (15)-(16) has a forward bifurcation.

3. If 7?,% > 1, then the DFE is unstable.

Proof. See B, page 41. O

4.3 Endemic Equilibrium of system (15)-(16)
Long but straightforward computations lead to
Proposition 2. When Rg > 1, there exists a unique endemic equilibrium
EE = (S, 1} RE A% MP R FE FDT
which is locally asymptotically stable.
Proof. See C, page 44. O

Remark 6. Again, if mechanical control is considered, then the size of the female population, Fg,
will decrease, such that 7?,(2) will also decrease.

5 The vector-borne epidemiological model with SIT

In this section, we consider that constant and permanent SIT releases are done as a control tool.
Hence, following (10), the dynamics of human and mosquito populations are described by system
(18)-(19):

ds Fr+ S

CT: = upNp — BBp— ISh—HhSh,

dl Fr+ S

7: = BBun——L8y — iy — pnIn, (18)
dRy,

T — unR

7 ndn — pn R,

11



( dA
il ¢(Fs + Fp+ Fr) — (v + pag + paz4)A,
dM
& = (=rvA—puM,
dFs M I
s~ M A~ BBl Fs — usFs,
7 M+M;m Bh n, b psFs
dF’ I
= - BﬁhmlFS - (Vm + NS)FEy
dt Np, (19)
@ = v,,Fgp— u/F
S T h
S pAp b T iy A~ BBt Ss — usSs,
7 F+M+M;m Bh N, s 1sSs
S I,
— = B mar — Um 5
7 Bh NhSS (Um + 1s)SE
dSt
. UmSE — prSr.

We provide qualitative results of system (18)-(19). Let us set
. Ap+r AT
=
1is
5.1 Boundedness of solutions and existence of disease-free equilibria
Based on Lemma 1, page 10, it is straightforward to obtain the following result:
Lemma 2 (Boundedness of solutions). The set
Cars1,51T = {x RN : Sy + I + Ry = Nips (A, M)T < (A*, M*)"; Fg + Fg + Fy < F;
Ss+ Sp+ S <u*}
is positively invariant for system (18)-(19) where (A*, M*, F&)T is given by (7).

Proof. Taking into account Lemma 1, page 10, it remains to prove that Sg + Sg + S; < v*. By
adding the last three equations of system (19) and using the fact that A < A*, one obtains:

d(Ss + Sg + Sr)
dt

Using G = (Sg + Sg + Sr) — u* and f the right-hand side of (20), we have

< Ap+ryA* —us(Ss+ Sg + Sr) = ps(u* — (Ss + Sg + S1)). (20)

VG- f\SSJrSEJrSI:u* = 0. Hence Sg + Sg + Sy < u™.
This ends the proof. O
Using Theorem 2, page 8, we deduce:
Proposition 3 (Trivial and non-trivial disease-free equilibria). Let A defined by (12), page 8.

1. If Apr € (0,A57), then system (18)-(19) has two non-trivial disease-free equilibria DF Ey o =
(Nh, 0, 0, ALQ, MLQ, FS1,27 0, 0, SSLQ,O, O)T wz’th (Al, Ml, Fsl)T < (AQ, MQ, F52)T and Al,g,
M2, Fs,,, Ss,, are given in Theorem 2.

2. If Ay = A§t, then system (18)-(19) has a non-trivial disease-free equilibrium DFE; =
(Nh,O,O,AT,MT,FST,O,O, SST,O,O)T where Ay, My, Fg,, Ss, are given in Theorem 2.

12



. A T
3. If Ayp > A, system (18)-(19) has a unique equilibrium, TDFE = (Nh, O, F,O,O) .
1s

Following Theorem 2, in the disease-free case, equilibrium DF F; is unreachable because it is
always unstable. Therefore, the meaningful disease-free equilibrium of system (18)-(19) is

DFE,, when Ay € (0,A$),
DFEgir, ={ DFE;, when Ay = A}, (21)
TDFE, when Ay > A§jt

Using again the NGM-approach, the basic reproduction number of system (18)-(19) is

( Um BBmh Bﬁhm (FSQ+SSQ)
Um + s M1 Mh+ Hh Ny

, when Ay € (0, A1),

Um  BBmnh BBrm (FST+SST)

,  when Ay = A§H, (22)
Um + s 1 mn+ fn N,

2 —
7zO,SITC -

Um Bﬂmh Bﬁhm AF
\ Um + s pr 0+ pn s Ny

when Ay > Af&”.

Remark 7. In the case of non-massive release, that is Ay € (0, AGH), R(Q),SITC has two parts: the
first part
Um BBmn BBrm FS2,T
Vm + s pr na+pn N
related to the wild susceptible females and the second part,

Vm B/Bmh BBuym SS2,T
Um + s 1 Mn+ pn Np '

2 _
Ro sit.w =

2 _
Ro si1..8 =

related to the sterile susceptible females. The main question is: when R%,SITC,W < 1, s it possible
that releases of sterile females imply R%,SITC > 17

Remark 8. Since FSM + SSZT = W and Fg = T;Zl* , it is interesting to observe that
W, when Ay € (0,A§),
R?),SITC = R3 w, when Ay = A}, (23)
r/’:fl*’ when  Apr > NS,

where F§ is defined in (7)3, page 6. Thus clearly, if Ap is too large, i.e. Ap > ryA*, we always
have 7?,% SIT. > R%, such that the epidemiological risk increases, 7?,(2) srr, might become larger than
1. Note also that, since Agy < A*, it follows that

2 2
Risir. < Rp
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if and only if Ap is sufficiently small, i.e.
ry (A* — Ag), when A € (0,ASH),

Ap << ry(A*—Ay), when Ay = A§H, (24)

ryA*,  when Ay > A§E
This result shows that for small releases, the constraint on the sterile females release rate is strong.

Remark 9. e Since Ss, or Ss, is an increasing function of A, it is straightforward to deduce
that 7'\’,37 siT, tncreases with respect to Ap.

o Using (14), it is straightforward to show that My is decreasing with respect to Apr, such
that As, Fg, are decreasing functions of Ay too. Thus, using (22), we deduce that RaSITC
decreases with respect to Ayy.

5.2 Stability analysis of the disease-free equilibria

Using [30, Theorem 2] and a comparison argument, the stability properties of the biological disease-
free equilibrium DFEgr7, € {DFEy, DFE;, TDFE} is summarized as follows.

Theorem 4. The following results hold true for system (18)-(19).
1. Assume Ay € (0, ASFH).

(a) If R&SITC < 1, then DFEs, defined in Proposition 3, is locally asymptotically stable.
(b) If R%,SITC > 1, then DF Ey is unstable.

2. Assume Apr = A§F).
a <1, then , defined 1n Proposition 3, s locally asymptotically stable.
If R§ s17, < 1, then DFE;, defined in P tion 3, is locall cally stabl
(b) IfR&SIn > 1, then DF E}; is unstable.
3. Assume Ay > Af\;}”.
a < 1, then , defined in Proposition 3, 1s globally asymptotically stable.
IfRaSITC 1, then TDFE, defined in P ition 3, is globall call bl
(b) If R(%,SITC > 1, then TDFE is unstable.
Thanks to Remark 8, page 13, when Ay > A, R(Z),SITC <1< Ar € [0,A%") where

(Y + pa )V — 1)

Acrit —
F
paRE

(25)

In fact, in the disease-free context, with Ap € [0, A%™), system (18)-(19) may exhibit a bistable
dynamics. Indeed, using a similar approach as in the proof of Theorem 3 together with Theorem
2, it is straightforward to establish:

Theorem 5. Consider system (18)-(19) with Ap € [0, A%™).

1. Assume that Aps € (O,Aﬁ}}“). If R(%’S[TC < 1, then equilibria DFEs and TDFE are locally
asymptotically stable (LAS). Moreover, the set

{(ShsIn, Rn, A, M, Fs, Fp, F, Ss, Sg, S1)T € R (A, M, Fg)' < (A1, My, Fs,)"}
belongs to the basin of attraction of TDFE while the set

{(Sh,In, Rp, A, M, Fs, F, Fy, Ss, Sp, Si)* € RY (A, M, Fs)" > (A1, My, Fs,)"}
belongs to the basin of attraction of DF Es.
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2. Assume that Ayy = AL, If R(%’SITC < 1, then equilibria DFE; and TDFE are locally
asymptotically stable (LAS). Moreover, the set

{(Sh:In, Ry, A, M, Fs, Fg, F1, Ss, Sp, S1)" € RY' : (A, M, Fs)" < (A, M;, Fs,)"'}
belongs to the basin of attraction of TDFE while the set

{(Sh, In, Rn, A, M, Fs, Fg, F1, S5, Sg, S1)" € RY' : (A, M, Fs)" > (Ay, My, Fs,)"'}
belongs to the basin of attraction of DFEj.

However, the previous result does not give information on if and how SIT can impact Ra SIT,"

5.3 Impact of insect releases on the SIT basic reproduction number

As stated in Remark 8, page 13, R%, st < RZ iff Ap is sufficiently small. However, this does not
necessarily imply that there exists Aj; > 0 such that R(%, srr. < 1. Assume that Ay € (0, A,
Using formula (14), we derive

1l QAy B 4QA N pr
Ay = A <1 uT(/\/—l)) <1+\/1 (uT(N—l)—QAM)2> > 0. (26)

Assuming Ar > 0 and using (26) and (23)2, we deduce that

1 QAM 4QA T Ap .
SRE|1- — 1 1-—- _ h A 0. Acrit
2 0< /‘T(N_l)> ( +\/ (NT(N—l)—QAM)2)+Af}"Zt’ when  Aps € (0, AFf"),

1 QA VN -1 Ap 4
“RI(1- S ) +C=RE . hen Ay = A
2 0< M(N-n)* 0(/\/—1 +A;rzt’ when M

2 —
7?’O,SITC -

(27)
Clearly, if Ap > A%, this means that R% sir, > 1, such that whatever the size of the releases
of massive males, the epidemiological risk cannot be controlled.

We now assume Ap < AS#, and we set

N -1
RS, = T (28)
VN — 14 HA28REF
ry (Y + pan)
We derive the following result
Theorem 6. Assume 0 < Ap < AG. Consider system (18)-(19) and set
Ar \?
RE + (1 - ) N -1
c o mwen | U Rge) D "
MR3CT T - (29)

RE+ R3 (1 AF) V-1

o A%rzt
1. If R% > Rg’*, then for Ay > Af\’/}it, the equilibrium T DFE is globally asymptotically stable.
2. If1 < R% < Ra*, then the following results hold true:

o When Ay > Aﬁ\}it, the equilibrium TDFE is globally asymptotically stable.
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o When Apr = A}, then R&SITC <1, DFE; and TDFE are locally asymptotically stable.
The set

{(S,I,R,A, M, Fs,Fg, F1,Ss,Sg,S1)" € R\ : (A, M, Fs)" < (A;, My, Fs,)"'}
belongs to the basin of attraction of TDFE while the set

{(S,1,R, A, M, Fs, Fp, F1,Ss,8p,S)" € Ry : (A, M, Fs)" > (Ay, My, Fs,)"}
belongs to the basin of attraction of DF E}.

o when Ay > A}‘\/[,Rg,(:’ then R(Q),SITC < 1, and the equilibria DF Ey and TDFE are locally

asymptotically stable. Moreover, the set
{(S,1,R,A,M,Fs,Fg, F1,Ss,Sg,S1)" € R} 1 (A4, M, Fs)" < (A1, My, Fs,)"}
belongs to the basin of attraction of TDFE while the set
{(S,1,R,A,M,Fs,Fg,Fy,Ss,Sg,S1)" € R« (A, M, Fs)" > (A1, My, Fs,)"}
belongs to the basin of attraction of DF Es.

Proof. We deduce from Theorem 4 that when Ay > A and 0 < Ap < A%, then TDFE is
GAS. When Ay € (O,Aﬁyt] and R3 > Ra*, then R%?Sm > 1, such that SIT control is ineffec-
tive: only massive releases can be used, i.e. Ap > Af\?t. Clearly, the larger Ap, the smaller

-1
N . In order to be able to use “small” releases strategy, we have to define
pa2Ap
VN 14 Hache
ry(y + pag)
upper bounds for Ap, for a given Aj; and vice-versa.
A
We set C = Eﬂt and M7 = T]\; Since C < 1 holds true, then, for a given Ap, using (27)1, we
have to find x = QM7 such that
4 201 - C)(N -1 2
1- . 2<<<2 )W )—1>. (30)

Setting y = N — 1 — z, this leads, after some manipulation, to

AN -1-y) _ [20-COWN-1)
1-— " <( R%y _1> 7

2_4_/\/'_ _

PN G- - - R

Roy® — ARGN —1—y) <4(1 = C)*(N —1)* + Rgy® — 4RGy(1 — C)(N — 1),
(Ré + Rg(l —C)(N — 1)) y<(1-C0>*WN-1)2+ Rﬁ(/\/ - 1),
(1-C)2(N —1)2+ RN —1)
R+ RE1-C)N —1)
(1-CPYN —1)2+ RN —1)
R+ RE(1-C)(N —1)
(1-CP} N -1+ RN —1)

N-1-z

N—-1- <z,
RE+RI1—C)N — 1) v
that is,
prN —1) ([ (1=C*(W —1) + R}
1-— 1 2 < AMa
and we deduce (29). Then, the results follow from Theorem 5, page 14. O
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Clearly the constraint on the releases size given by (29) can be strong, i.e. close to Aﬁgit, such
that it seems to be preferable to use massive releases, i.e. Apy > A§}.

In that case, the strategy developed in [2, 5], using massive and then small releases can be
adequate to reduce the epidemiological risk and maintain this risk at a lower level.

Thus, in terms of vector control: when R% < 1, vector control is not necessary; when 7?,% >1
and 0 < Ap < A% then two cases should be considered:

e when R3 > Ra*, then massive releases of sterile insect, i.e. Ay; > A7, should be advocated.

e When R3 < RZ,, then small, but large enough (A%, r2e < Am < A§Y), releases of sterile
; R2,

insects could be useful to control the disease. However, since A crit

* is close to A§}", from

M,R3,C
ARl
a practical point of view, it is preferable to consider massive releases of sterile insects too.

We summarize all qualitative results of system (18)-(19) related to the disease free equilibria in
Table 2, pagelT.

N | RE Ap RE Ay Observations
<1 TDFE is GAS
<1 Releases of sterile insects are useless
because the DFE is already GAS
> 1 > AGt > A§" | Only massive releases could be efficient
such that TDFE is GAS
> 1 >RE, | >A§" | TDFE is GAS
> NG TDFE is GAS
<A <RGL. | =AY | RE g, <1, TDFE and DFE; are both stable
> A?W,R%,C Rg,SITc <1, TDFE and DFE, are both stable

Table 2: Summary table of the qualitative analysis of system (18)-(19)

Remark 10. According to Table 2, when R3 < Ra*, we recover bifurcation diagram 2, page 10: it
suffices to replace TE by TDFE and Ey; by DFEy ;.

5.4 About the effective reproduction number

SIT control is a long term strategy: it means that to lower the epidemiological risk before entering
the risky season (when DENYV starts circulating), SIT has to be started far before. However, if the
basic reproduction number is estimated (even roughly), several options can be used. Indeed, before
the rainy season starts, and following (17), page 11, to get Rg < 1, it suffices to reduce the size of
the female population under the following threshold

o _ (wm+ps) pr (nn + pin)
P Um Bzﬁmhﬁhm

If SIT is used before the risky season, then the strategy of massive releases followed by small releases
can be used: first, massive releases to reduce the initial size below Fe*pi, for instance, followed by
small releases to maintain it small [5], that is Fs(t) +Ss(t) < F,,, for allt > tppyv, where tppnv
is the time where infected individuals (by Dengue) are introduced, i.e. when the outbreak starts.

However, we will highlight the fact that the starting time, tg, of the SIT control is important relative

Ny (31)
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to tpeny, even if R%’ srr, < 1. That is why, it is important to consider the effective reproduction
number, R¢ys(t),that is defined as follow

Vm BQBthhm FS(t) + SS(t)
Um + s por (nn + pin) Ny,

Repy(t) = - (32)
In particular, we will estimate R.s¢ at time tppny. Clearly, if Res¢(tppny) < 1 and R%’SITC <1,
then no epidemics will occur. In contrary, even if R&SITC < 1 but Rese(tpeny) > 1 then an
outbreak will occur.

Last, combining SIT with Mechanical control will also improve the previous results in terms of

size of the releases or duration of the releases in order to have Ref;(tpenv) < 0.5, to avoid any
outbreak. This will be illustrated later.

6 The SIT periodic releases case

Assuming that the releases are periodic, for example with weekly period. Then epidemiological
model is defined by the system (18)-(33)-(34):

dA
i ¢(Fs + Fp+ Fr) — (v + pag + pagA)A,
dM
o (1=r)yA —puM,
dFs M I,
5 B A BBl Fs — usFs,
7 MY Bh N, s —nsks
dFy I,
YE BB Fy (1, Fg,
7 Bh N, b (Vm + 1s)FE
dF’
ditl = vnFp — prFr, (33)
S My I,
D5 2 A BB Ss — psSs,
7 M Br N, s ~Hsds
dSE I,
T = B mis — \Um S 5
7 Bh N, s (VUm + 1s)SE
dSy
% = vpSe — p1Sr,
T
ST M
dt wrMr,

Sp(nty) = Sp(nT),
In(n7y) = In(nT),
Rp(n74) = Rp(nT),
A(nty) = A(nT),

M(nry) = M(n1),
Fg(nty) = Fs(nt),
Fr(nty) = Fg(nT),
Fr(nty) = Fr(nT),
Ss(nty) = Sg(nt) + 7ApR,
Sg(nty) = Sg(nT),
Sr(nty) = Si(nt),

My (nty) = Mp(nt) + 1AM

where 7 is the period of the releases.
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Remark 11. Practically, we will consider a total amount of sterile insects released at time nr,
Miotar- Among these releases, a fraction € of sterile females will be released, such that e Miopq =
TAF, and (1 - 5)Mtotal = TAM.

When e = 0, we can use the approach already used in [1/] to study the sterile male impulsive
model. When € > 0, then we have to study the previous systems.

6.1 Existence and stability of the trivial periodic disease-free solution (I'DF'S,.,)

Let us consider the following system (35)-(36) that models the periodic release of sterile insects
(both males and females):

ds
=5 = —ugSg, for t#nr,
dMr
Ss(nty) = Sg(nt) + 7Ap, (36)
My (nty) = Mp(nt) + 1A
Hence, as t — 400, M and Sg converges toward the periodic solution
perpy __TAM e
M7 (t) = I T ;
(37)
er TAp — —t/7]T
SET(t) = T ps(t=1t/7]7)
Moreover, we have that
T AF
SPE () = ToL 38
| s @y = = (3%)

Taking into account (37), we deduce that solutions of system (18)-(33)-(34) converge in the sense
of L>°(0,400) norm, to solutions of system (18)-(39)-(40). Precisely, only Mp(t) is substituted by
MZE(t) in (33) to obtain (39):

dA
i &(Fs + Fg+ Fr) — (v + pag + pa2d)A,
dM
- = Q=)A= puM,
dFs M I
5 B A~ BBum - Fg — usFs,
7 MJFM;;H“’Y Bh N, b psFs
dF I
=L = BBuntFs — (v + us)F,
dt Ny, (39)
ary = vptEp— il
dt m Ep HIly,
dSS MTET Ih
— = ———m YA — BB S5 — ,
dt M+M§err7 /Bh NhSS HSSS
S I,
E BB S — (v S,
7 Bh N, S (Vm + 1s)SE
dST
T S — ST,
L at UmOE — BIOT
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Sp(nty) = Sp(n7),
Ih(n7+) = Ih(TlT),
Ry(n7y) = Ry(nT),
A(nty) = A(nt),

M(nry) = M(n7),
Fg(nty) = Fg(nT), (40)
Fg(nty) = Fg(nt),
Fi(n7y) = Fi(nT),
Sg(nty) = Sg(nt) + AP,
Sp(nty) = Sp(nt),
Sr(nty) = Sr(nT).

It is straightforward to obtain that system (18)-(39)-(40) admits as trivial periodic disease-free
solution (TDFS,e,):
TDF Sper = (Np, Ogr, S57(t),0,0)"

where ST is defined in (37). Finally, we set

B? I B? A
767pulse _ VUm maﬁmh / Sger($)dw _ VUm ma/@mh 7F’ (41)
Vm + ps (M + )N 7 Jo Vm + ps (M + pn) i Nn pis
Ay, = pr min Mper(t) = we—uTT
- telor] " L—emnr? 7 (42)
A — MPeT () = HTTAM
= pr s My (t) = 37— ==
and, using A$}" defined in (12), page 8, we also set
) Acm’t eHTT _ 1
g, = M) (43)

ur

Note that following (22), when Ay; > Af&“, then R%, sr1. = Topuise and both thresholds shape the
stability of the trivial disease-free state. Moreover,

76,;7ulse <1 if and only if Ap < ACMt7 (44)
where Airit is defined in (25). Indeed, from (41), we deduce that

R(Q)MA,Q
ry(y + pa) N —1)

7E),pulse = AF (45)

Hence, (44) is straightforwardly deduced. We can prove the following global attractivity result.

Theorem 7. Let € > 0 and Mo > 0 be given. Assume that Ap < A}il’”.

(i) If '
TAn > M§TE (46)
then solutions of system (18)-(39)-(40) are such that
lim (S(t), I(t), R(t), A(t), M(t), Fs(t), Fu(t), Fi(t), Ss(t), Sp(t), Sr(t))" = TDF S,

t—+00
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(ii) If
Ay = M (47)

T,per»>
solutions of system (18)-(39)-(40) are such that

lim (S(t), I(t), R(t), A(t), M(t), Fs(t), Fg(t), Fi(t), Ss(t), Sp(t), St(t)T = TDFSpe,

t——+00

whenever

(A, M, Fs + Fg + F1)" (0) € [Ogs, By(Ay)-
(iii) If |
0<7Ay < M., (48)
then solutions of system (18)-(39)-(40) are such that

lim (S(t), I(t), R(t), A(t), M(t), Fs(t), Fg(t), Fi(t), Ss(t), Sp(t), S1(t)T = TDFSper

t——+00

whenever

(A, M, Fs + Fp + F)"(0) € [Ogs, E1(Ay)).
Proof. See D, page 47. O

Like in Theorem 6, we can deduce from Theorem 7 that, in the case of periodic releases, the
strategy using large and small releases is useful to decay an established mosquito population and
thus to lower the epidemiological risk. If the mosquito population is small or not established, then
(appropriate) small releases of sterile insects are sufficient to reach elimination too.

6.2 Existence of a periodic disease-free solution (DF'S,.,)

Taking into account (37), the disease-free sub-system derived from system (18)-(33)-(34) is given
by system (49)-(50):

% = pun(Np — Sh),

% = ¢Fs— (v+pa1+ pna24)A,

6%4 = (1—r)vA—puM, (49)
ddFtS Y +MM¥”" AT st

djts = M]\—l/:[%\j;er ryA — psSs,

Sp(nty) = Sp(nT),

Alnrs) = Afnr),

M(nty) = M(nT), (50)
Fs(nty) = Fg(nt),

Sg(nty) = Ss(nt) + 7AR.

The dynamics of state variables S; and Sg, i.e. equations (49),—(50),; and (49);—(50);, are un-
coupled. Hence, we will consider in the sequel the sub-system (51):
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dA
— =¢Fs — (Y4 pa1 + pa24)A,

dt
dM
— = (=)A= puM, (51)
dF M
S — ryA — ugFs.

dt M+ ME(¢)

A A
Substituting M7 (¢) by "M and by =M in (51) leads to the lower system (52) and the upper
wr

system (53), with

and

Hence, one has, see e.g. [5]:

Hr

dA
i OFs — (v + pag + pa2d)A,
dM
— = (1-— A — M
at Ay AT psEs
M + 7M
ur
dA
o OFs — (v + paq +pazd)A,
dM
— = (1- A— M
M _|_ ﬂ
BT

(i) When N > 1 and Ay € (0,A}"], system (52) admits one or two positive equilibria £ 3p <
Es3p. In addition, if the initial data of (52) is greater or equal to F 3p, then the correspond-
ing solution is also greater or equal to Eq3p. Recall that My is given by (12). Similarly,
since 0 < My < Mp < Mrp,, we deduce that system (53) admits one or two positive equilibria
E,3p < Ey3p. Finally, the set

{(AvMa FS)T S Ri’— : (A> MvFS)T < E1,3D}

belongs to the basin of attraction of Ogs = (0,0,0)T for system (53), hence by comparison,
its belongs to the basin of attraction of Ogs for system (51).

(ii) When N > 1 and Aj; > A}, then the elimination equilibrium Ogs is globally asymptotically

stable for system (53).

(i) When N < 1, then the elimination equilibrium Ops is globally asymptotically stable for

system (53).

Taking into account Lemma 1 together with the previous discussion, leads to Proposition 4.

Proposition 4. If N> 1 and Ay € (0,A}Y], the set

Q= {(A7M7FS)T ERi :E1,3D < (A7M7FS)T < E*}

is positively invariant by system (51) where E* is the positive wild equilibrium given by (7).
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To establish the existence of a least one positive and periodic solution for system (51), we will
use the Brouwer fixed point theorem together with comparison arguments. The following result is
valid.

Theorem 8. Assume that N' > 1 and Ay € (0,A}]. Then, for
E13p < (A(0), M(0), F5(0))" < E*,

system (18)-(39)-(40) has at least one positive T-periodic disease-free solution DF Spey = (Sh(t),Or2, A(t), M(t), Fs(t),
with
Eisp < (A(t), M(t), Fs(t)T < B,

Sp(t) = Ny, and

(It/7]m+1)7
TAp + e Hs7T / v(x)ets®dx .
_ [t/7]T nsx —ps(t—|t/7]7)
Ss(t) = = - A t/TJTv(x)e STy | emts (54)
where M ()
t
t) = L A(t).
Proof. See E. 0

6.3 Stability property of a periodic disease-free solution (DF'S,.,)

Now, we are in position to define the basic reproduction number, RE ., of system (18)-(39)-(40).
Following the approach given in [32, 33], we set X = (I, Fg, F1, Sg, S, A, M, Fs, Ss, S, Ry)" and
the non-trivial and 7-periodic disease-free solution is

XPe" = (Ogs, AP (t), MP"(t), FE (), SE(t), N, 0)7.

For i € {1,2,3,4,5,6,7,8,9,10,11} and ¢ # nt, let F;(t,X) be the input rate of newly infected
individuals in the ith compartment; Vj (t, X) is the input rate of individuals by others means,
V; (t, X) is the rate of transfer of individuals out of compartment ¢ and V;(t,X) = V; (¢, X) —
Vi (t, X). That is,

Fr+S; (n + pa)In
BBmn N, Sh (Vm + 1s)FE
I, — v Fe + prFr
B —F
0 —vmSE + ,UISI
In —¢(Fs + Fg + Fr) + (v + pag + pagA)A
BﬂthhSS —(1=r)vA+ puM
‘F(th): 0 ; V(taX): M " Ih
—_— B —F F
0 M+M$er(t)r7 + /maNh S+MS S
0 MPer(t) I,
- _ryA+ B —S S
0 M+M$er(t)r7 + 5thh S+ 1sOs
0 Fr+8
0 — i Ni + BB =28, + un S
0 —npdn + pn Ry
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such that system (18)-(39) can be written as follows

dX
It is straightforward to prove that F(t, X), V(t, X) and system (40) satisfy assumptions (H1)—(HG6)
of [33].
The derivatives of V and F, at XP¢", can be parted as follows

_( F#) O IAZ0EE
DF(x,t) = < 0 O)’ DV(z,t) = < < oM@ )
where
0 0 BB
FPET(t) P Nh + [h 0 0
F= Bﬂhm SN 0 0 , V= 0 Um +us 0
h 0 —Vm 124
0 0 0
and
— (s + vim) 0 0 0 0 0 0 0
U, — iy 0 0 0 0 0 0
0 0 age 0 10} 0 0 0
B 0 0 (I—=r)y —pp O 0 0 0
M(t) = 0 0 ase agr  —ps 0 0 0
0 0 a9e agy 0 —Uus 0 0
0 —Bﬁmh 0 0 0 0 —Up 0
0 0 0 0 0 0 0 —up
with
ry AP () My (t)

a66 = (v pan + 2ua2 A (1), ast = ras e
T

M) AN
M(t) + M7 ()’ (MPer(t) + M7 (1))
ryMp” (t)

a96 = Mpe’r‘t) + M;er(t) .

Let ®x¢(7) be the monodromy matrix related to the linear 7-periodic system

dz(t) _
7 = M(t)Z(t), t ?é nr,

Z(nt+)=Z(nt), t=nr.
We assume that the periodic equilibrium X7 = (0,0, AP*"(t), MP"(t), FE"(t), S%"(t), Np, 0)T is
locally asymptotically stable, that is

(H7)  p(®m(1)) <1,

where p(-) is the spectral radius operator. Let us consider the sub-matrix £ of matrix M defined
by

age 0 o
E=|Q=r)y —ppm 0
asge agr —Hs

and the monodromy matrix, ®¢(7), related to the linear 7-periodic system

dQ(t) _
o EM)Q), t#nr,

Q(nt+) = Q(n1), t=nr.
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It is straightforward to deduce that
p(Pm(T)) <1 = p(Pe(r)) < 1.

Hence, we set

(HT)  pl@e(r) < 1.

Unfortunately, since we do not have an explicit expression of X, we will only be able to verify
assumption (H7) or (HT7) numerically. Similarly, the monodromy matrix related to the linear
T-periodic system

=-VY(t), t#nr,
Y(nt+)=Y(n7), t=nr,

dy (t)
d

is

e~ (Mntun)T 0 0
o_y(r) = 0 e~(mtns)
0 * e HIT

where % is a real value. Therefore, it is straightforward to deduce that
(H8)  p(P_y(r)) <1

holds true.
Following [33], one can define the next infection operator £ which is positive, continuous and
compact. We also define the basic reproduction number (see for instance [33])

Rg,eg*IT = p(L),

the spectral radius of £. The next result (see Lemma 3) shows that p(®r_y (7)) — 1 has the same
sign as Ry Gr — 1.

Lemma 3. Let X, be a non-trivial periodic disease-free solution of system (18)-(39)-(40). As-
sume that (H7)" holds true. Then, one has:

1. REGyp = 1 if and only if p(@p_v (7)) = 1.
2. Rﬁfgn > 1 if and only if p(Pp_v (7)) > 1.

3. Rg,eng < 1if and only if p(Pr_v (7)) < 1.

per per

Hence, Xper 1s locally asymptotically stable if Ry g < 1 and unstable iof Ry g;p > 1.

Proof. Assumptions (H1), (H2), (H3), (H4), (H5), (H6) and (H8) are verified. Assuming that (H7)’
is verified implies that (H7) holds true. Hence, conclusions of the Lemma follow from [33, Theorem
2.2]. 0

As already pointed out in [14, 32], it is not possible to obtain explicitly an analytic expression

for p(@p-v (7)) or Rfgp- Since F and V' are not both upper or lower triangular, according to

Theorem 4.1 [21], we cannot use a time-average method to compute R{ g, It will be computed

numerically; see for instance [21] for a procedure for the linear operator method.

Also, when Rg > 1, since R{°G;p can only be estimated numerically, we cannot derive an
*

! R
course, that Ap < AS. This will be evaluated numerically, using the linear operator method
coupled with the bisection method. See some estimates in Tables 9, 10, 11, with and without

mechanical control.

analytical expression for the threshold A in order to ensure that Rgeng < 1, assuming, of
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7 Numerical simulations

All numerical simulations are done using a standard finite difference method, the ode23tb solver of
Matlab [20] which solves system of stiff ODEs using a trapezoidal rule and second order backward
differentiation scheme (TR-BDF2) [7, 18]. Results are obtained in a couple of seconds.

We consider Aedes albopictus mosquito parameters used in previous publications [4, 5, 11, 12,
13]. They are summarized in Table 3.

Symbol | ¢ | paa A2 r ps | By | pr | Y
Value | 10 | 0.05 | to be estimated | 0.50 | 1/10 | 1/7 | 1/7 | 0.08

Table 3: Aedes spp entomological parameter values.

According to Table 3, the basic offspring number is N &~ 30.76, and the critical daily release rate
for sterile males is A" = 1613, without mechanical control. Above this value, the wild mosquito
population will decay to 0 more or less fast depending on the size of the releases.

Following [14], we estimate j14 2 thanks to the carrying capacity (of breeding sites), K. Assuming

1
that K = 3 x Nj, the aquatic stage at equilibrium is A* = (1 — /\/) K, such that to get the same
equilibrium with our model leads to

+ 1A
uag = LBy

Thus according to the value taken for IV}, in Table 5, we derive 42 ~ 6.667 x 1075, from which we
deduce the following equilibrium values for the mosquito population on a domain with N = 20000
inhabitants:

A* M* E*
58050 | 16254 | 23220

Table 4: Mosquito positive equilibrium

These will be the initial values in the following simulations. In Table 5, we consider epidemio-
logical parameters related to a Dengue epidemic, because Dengue is circulating in La Réunion since
2019. We also assume that there is no impact of the virus on the infected vector’s mean lifespan,
i.e. ur = pg. Values for By, Bmn, nn and vy, are taken from [1].

Symbol | B | Bum | Bmn | B | Um I s Ny,

1
1 1] 0. . 1/10 | 1/8 | ———— | 1/7 | 2
Value 0375 | 0.375 | 1/10 | 1/8 | s | 1/7 | 20000

Table 5: DENV epidemiological parameter values [1]

7.1 The constant and permanent SIT releases case

According to Table 5, the basic reproduction number is Rg ~ 6.3476 such that F7, = 3659, and
we can also estimate Aifit ~ 366 individuals. Note also that, when Agp = 0, Ra . ~ 6.547.

Since R% is close to Rg,*, we have A?w,ng,c ~ 1611, very close to Af&it = 1613, such that it is far
crit

better to consider massive releases, i.e. Ay > A§/", like, for instance, a daily release rate of Ay =
1650 sterile male individuals. However, be careful, being just above the sterile threshold, implies
that it will take a long time to be close from TDF E: the larger the release, the faster the system
converges to TDFE.
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In Table 6 we provide several computations of some threshold parameters, when 0 < Ap < Aifit.
When e = 0.01, that is Ap = 17, we have R(Q),SITC = R%’SITQS < 1 because the release rate for
sterile males is larger than A§}"*. Once e > 0.025, sterile females are enough to make ng s, above
1, because R%,SITC,S > 1.

€ 0 0.01 [0.025] 0.05 | 0.1
Ap 0 17 40 [ 82 | 165
A 1650 | 1633 | 1609 | 1567 | 1485

Mygze | 1611 | 1613 [ 1611 | 1599 | 1528
R§, | 6.547 | 6.074 | 5512 | 4.744 | 3.729
Risimw | - - 0.385 | 0.637 | 1.004
Rosir.s | - | 0.0836 | 1.766 | 2.329 | 3.065
RS SIT. -1 0.0836 | 2.152 | 2.967 | 4.070

Table 6: Threshold values to lower the epidemiological risk for DENV

crit
However, for a given £ > 0, as long as we consider large releases, such that 7Ay; >> —2 that
KT

crit
is (1 — 6) X Mtotal >> M

, the wild population will decay to 0, whatever the amount of sterile

females that are released.

However, for practical application, we have to be cautious because these results are only true for
“long time” control. That is why, in the forthcoming simulations, we estimate R.s; at time ¢ = t;,
for different starting time. It is important to understand that massive continuous or impulsive
periodic SIT control, i.e. Ay > A7, with or without sterile females releases, cannot prevent from
an outbreak, when the SIT starting time is too close from the outbreak starting time. The red
stars in all figures indicate the minimal amount of sterile insects to release considering an infinite
time to get Ro,srr, <1 (Rbgp < 1)

Whatever the type of cc;ntrol, mechanical control is always recommended. Indeed, as showed
in Table 7, page 27, the use of mechanical control allows to lower the threshold A§*. In fact, when
e = 0, as expected, since A?Qit depends linearly on K, the decay on A%}it is proportional to the level
of mechanical control.

% of Mechanical control (days) | 0 20% | 40% | 60%

A 1613 | 1291 | 968 | 646
Improvement 0 20% | 40% | 60%

Table 7: Threshold values for the release rate to eliminate the wild population, thanks to different
level of mechanical control - e =0

Figs. 3, 4, and 5 show the impact of mechanical control (MC) to improve the efficiency of
the SIT and also to reduce faster the population in order to get R.s; smaller than 0.5, once the
epidemic starts. With MC, SIT control time reduction can be substantial. For instance, assuming
Ay = 2000, without MC, almost 400 days are necessary to get R.ry < 0.5, while it takes only
180 days with 20% of MC, and 120 days with 40% of MC. Also, once Ajs is ehoesern such that
Ay > AS for a sufficient long time, then Ro,sir < 1. Again, the positive impact of MC is
obvious.
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Let us now consider the effect of releasing sterile females. In general, there is at most a small
percentage of sterile females releases, but to illustrate our findings we will assume that 5% of sterile
females are released: see Figs. 6-7-8. As observed in these Figs. (see the level set 0.5), the sterile
male release rate has an impact on R.ss, such that if the release is too large then R.fy > 0.5.
This makes sense because when the release rate is large, a significant amount of sterile females are
released, such that they maintain Rg sy above 0.5. According to Fig. 6, the best release rate
would be Ay = 3000 to get Reff(tDENV) < 0.5 in the shortest time, here 250 days, approximately.
The addition of MC (see Figs. 7-8) can reduce this time to 200 days for 20% of MC, and 175 days,
and also, to reduce the release rate to 2500 or even 2000, for instance. This result make sense as
MC lower the threshold release rate as showed in Table 8, page 29. The gain in time and in the
release rate is very substantial and show again the great importance of MC, with or without sterile
females releases.

% of Mechanical control (days) | 0 20% | 40% 60%
A?&it 1692 | 1357 992 594
Improvement 0 19.8% | 41.4% | 64.89%

Table 8: Threshold values for the release rate to eliminate the wild population, thanks to different

level of mechanical control - € = 0.05
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Let us discuss briefly the particular case Ap > A%*. For that case, we know that R% s, > L,
whatever the size of the releases. In particular, assuming that the proportion of sterile fernales is
5%, then releasing a total amount of 7320 sterile insects leads to release exactly 366 sterile females,
ie. Ap =~ A%f“, such that R%’ sire > L. If very massive releases are used, then the percentage
of sterile females within the releases have to be sufficiently small, in order to have Ap < Af}"it.
This shows that results like [19], where an admissible percentage of 4% of released sterile females
is given, are useless if we don’t know exactly the real sizes of the releases.

7.2 The impulsive periodic releases case

We now consider periodic impulsive releases, that is more realistic. We will estimate numerically
the periodic basic reproduction number and also estimate the minimal release amount needed to
decay the wild mosquito population to 0 for a given releases period, 7.

When € = 0 (no release of sterile females), in Table 9, page 32, we derive numerically the

threshold, AZyer , and the mean number of sterile insects, for a given 7. It is interesting to notice
0,SIT
that for 7 = 5, the release rate is close to the release rate obtained for the continuous daily rate,
* _
MRZC = 1611.
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7 (days) 5 7 10 14
AZsper 1670 | 1723 | 1842 | 2080
0,SIT
Nb of insects per release | 8350 | 12061 | 18420 | 29120
Mean number of sterile | 11690 | 12061 | 12894 | 14560

males over one period

Table 9: Threshold values to lower the epidemiological risk for DENV| i.e. Rgeg <1

We consider 7 = 7, because, in the field, weekly releases are usually considered. With different
level of mechanical control, including also the release of sterile females (like previously, 5%), we
estimate numerically the minimal amount of insect to ensure that Rgfg ;7 is less than one. This is
based on a numerical estimate of R, like in [14].

% of mechanical control (days) 0 20% | 40%
A%per 1723 | 1359 | 966
0,SIT
Mean number of sterile 12061 | 9513 | 6762
males

Table 10: Weakly releases (7 = 7) - Threshold values to lower the epidemiological risk for DENV,
i.e. Rgeg ;7 < 1, without release of sterile females, Arp = 0

% of mechanical control (days) 0 20% | 40%
A 1817 | 1451 | 1053

Rosir
Mean number of sterile 12719 | 10157 | 7371
insects over one period

Table 11: Weakly releases (7 = 7) - Threshold values to lower the epidemiological risk for DENV,
Le. R grr < 1, with the release of 5% (from A%gegm) of sterile females

In the following simulations, we derive an estimate of Reff(tpEnGv), Wwhen the Dengue epi-
demic starts, for weekly periodic impulsive releases, with different level of Mechanical Control, also
including (or not) the release of sterile females.

Comparing Figs. 9, 10, and 11, we can highlight the great impact of mechanical control (see
also Table 10) that allows to reduce the size and even the duration of the SIT control. For instance,
in the continuous case, choosing Ay = 3000, it requires 210 days to get Reyp < 0.5 without MC,
150 days when MC = 20%, and 110 days when MC = 40%. The red dotted lines indicate the
minimal threshold, A%SZIT’ for the release rate to get Rgfg ;7 < 1. The readers have to be aware
that it can take a long’time (and thus a lot of releases) to have R%))i;IT < 1, as showed in Fig.
9. Clearly, large periodic releases, like for continuous releases, are more interesting. However, this
might depend on the sterile insects production facilities and also the area to treat. As usual, a
balance has to be find.

Let’s turn now to the release of sterile females. Like for the continuous case, we consider that,
among the sterile insects that are released, 5% are females. As showed in Figs. 12, 13, and 14, we
derive the same simulations than before and recover somehow the same results: very large release
can induce a negative effect because the amount of sterile females can be so large that it is impossible
to decay Rgfg 7 below 0.5, for instance. Following Remark 11: since (1 —¢)Myotq = TAm > M%:;ir’
it is important to notice that as long as Ap < A$" ~ 366, we will have Rgi; i < 1. Of course, it

we want RY < 0.5, then we need to check that Ap < AG"/2 ~ 183.
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Again, the combination with mechanical control is clearly beneficial and can help lower the time
needed to reduce Rqry below 1 or 0.5 and also the size of the releases. For instance, according to
Fig. 9, the best release rate would be Ay; = 3500 without MC, while for MC = 40%, the release
rate Aps = 2500 would decay Ry below 0.5 in only 150 days.
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Globally, if SIT, combined with mechanical control, started early compared to the ”start” of an
epidemic, the release of sterile females, in a reasonable amount (no more than 5%) does not have an
impact on the final efficiency of the SIT control. The only issue would be to consider very massive
releases such that a sufficient amount of sterile females would “artificially” maintain Rgeg ;7 above
1. However, if the aim is to reduce the basic reproduction number below 0.5, then our simulations
show that the releases rate has to belong between 1500 and 4000 individuals, meaning that every
week between 10500 and 28000 sterile males have to be released.

In order to better illustrate our explanations, we provide additional simulations of the time
evolution of infected humans with and without SIT control, combined or not with mechanical
control (40%). In Figs. 15(a), 15(c), and Fig. 16(a), 16(c), page 38, we show how the dynamic
of infected humans can vary according to the size of the releases and the use or not of mechanical
control: while SIT control decays the maximum number of infected individuals, it also leads to a
spreading of the epidemic which can increase the number of cumulative cases, as showed in Figs.
15(b), 15(d), Fig. 16(b), and 16(d), page 38. Clearly, also, the use of mechanical control allows to
reduce significantly the size of the periodic releases needed to avoid an epidemic. Last, the releases
of sterile females impact the maximum of the Infected compartment, but in a very limited way.
This follows our conclusion that even if irradiated females are released (at a reasonable rate), while
a DENV virus is circulating, this will not impact, i.e. favor, the dynamic of the epidemic.

8 Conclusion

In this work we have considered SIT control, based on sterile males releases, coupled with an
epidemiological model, taking into account that sterile females can be (accidentally) released too.
We showed that a low SIT control is possible but only if the basic reproduction number, Ry, is
lower than a certain threshold, Rj, that depends on the basic offspring number, N, related to
the mosquito species. If not, then only massive releases (above the threshold, Af&“ or Mr}’";ir) are
useful. This is an important result as it can change the SIT control strategy, locally or along the
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year since all these threshold parameters can change.

For mosquitoes, sex-separation is already an issue even if new approaches, like Genetic Sex
Strain, are in development [17]. Until these new technologies are operational, it is worth, at least
for the health authorities and also to reassure local people, to study if the release of sterile females
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during a SIT campaign can be problematic or not. We showed that as long as the sterile females
release rate, Ap, is below the threshold Aifit, then SIT control can already be efficient, provided
that it starts early enough. We emphasized the fact that if (very) massive releases are considered,
the amount of released females has to be small enough, such that Ap < A%it. This result is of
primary importance because, when SIT is not efficient, the tendency is to increase the size of the
releases: outside an epidemic period, this is not an issue, but it is when a virus is circulating. Thus,
the recommendation about the maximal percentage of sterile females to release, given by the TAEA,
is not useful because we show that it is the amount of sterile females released that matters.

We illustrated our theoretical findings on Dengue parameters since several dengue viruses are
circulating in La Réunion where our SIT project takes place (see [6] for explanations).

Our recommendation, in the absence of virus circulation, is to start SIT control, combined
with mechanical control, even when sterile females are released, as early as possible before the risky
epidemic season in order to decrease the mosquito population, such that, for instance, Ro sr7 < 0.5,
and then, continue the SIT control with (very) small releases, as described and illustrated in [2, 5].

Our model can be improved by taking into account that sterile males cannot not necessarily
be fully sterilized, such that a certain proportion, €, of residual fertility can occur. This has been
studied in [6], where we showed that € needs to be less than 1/A in order to keep the SIT efficient.
Most certainly the combination of residual fertility and sterile females releases could be problematic
and that is why they have to be studied seriously in order to avoid failures in SIT programs.
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Figure 15: Weakly periodic releases: Time evolution of I, the infected humans, and the cumulative
number of infected humans when DENYV starts circulating at day 300 while SIT starts at time t=200
- without and with 40% of mechanical control - No release of sterile females, ¢ = 0
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eF=0.05 - SIT starts at day 200 while DENV starts circulating at day 300- MC (0%)
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Figure 16: Weakly periodic releases: Time evolution of I, the infected humans, and the cumulative
number of infected humans when DENYV starts circulating at day 300 while SIT starts at time t=200
- 40% of mechanical control - with release of sterile females (¢ = 0.05)
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A  Proof of Lemma 1

1. The right-hand side of system (15)-(16) is continuous and continuously differentiable on R®.
Thus, according to [31, Theorem III.10VI], for any initial condition in R®, a unique solution
exists, at least locally. The vector field defined by the right-hand side of system (15) — (16) is
either tangential or directed inwards on the boundary of D”. Hence, D" is positively invariant
by system (15)-(16). Now, we use the notion of invariant regions, see e.g. [28, Chapter 14,
pages 198-212], to prove the positive invariance of the set I'y/~;. By adding equations of
system (15), it is straightforward to deduce that, for all ¢ > 0, the set S(¢) + I(t) + R(t) = N
is positively invariant. From system (16), we deduce that:

dA

a = ¢(Fs+Fg+Fr) — (v +pa1 +pa2d)A,

dM

T = (1—=7r)yA—puuM, (56)
d(Fs + Fg + F)

pT < ryA—ps(Fs + Fg + Fy).

Let f be the right-hand side of system (56). Assume that N' > 1. Hence the positive wild
equilibrium E* = (A*, M*, F*)" is defined. Recall that

_ A*) A*
VL S L 1y CR Rl (R G 2 S L)
oY s ¢

. Let us consider
G1:M—M*, G22F5+FE+F[—F*,G3:A—A*.
One has:
VG- flyep = @ =1)y(A =A%) <0in Tprsq, so M < M*.
VG2 flpgirpir—p STYA—A") <0 in Iys1, so Fs+ Fg+ Fr < F*
VGs - flacar = ¢ (Fs + Fg+ Fr) — (v + paq + pagA") A

ng)(Fs-l-FE—l-F[—F*)
<0 in TIps1, so A< A"

2. Based on he uniform boundedness, we deduce that the solutions of system (15)-(16) exist
globally, for all ¢ > 0. Therefore, system (15)-(16) defines a dynamical system on D”.

This ends the proof of the Lemma.

B Proof of Theorem 3, page 11

1. Following [9], we rewrite system (15)-(16) by splitting the uninfected compartments =z =
(S,R, A, M, Fs)' from the infected compartments y = (I, Fg, Fy)T. That is

dx

? - f(‘rvy)7
ay _

g =g(z,y),
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such that g(z,0) = 0. When N > 1, thanks to the results obtained in section 3, it is

straightforward to show that the equilibrium z* = (Nh,O,A*,M*,ng)T is GAS for system

d d
g f(z,0). Let us consider G g(z,y), that is

dt dt
dly, Fy
—h BBn—S), — I,
— 5 hy, Sh (nn + pn) I
dFg I
—= = BBum—Fs— m)FE, o7
i B, N, [ (e +vm)FE (57)
dFy
mF - F7
i Umlf'p — 1y

that can be rewritten as

W~ Flay) -~ Viay) = (F = V)y — hr.y).
where F,
Bﬂmhﬁhsh (1n + pn)In
O~ gl | VO | st ) (59)
0

F and V the Jacobian matrices associated with F and V at (x*,0gs)’, that is

0 0 BBmn

P Nh + Kn 0 0

F=| BBy 00 , V= 0  ps+vm 0 |, (59)
h 0 —Vm I
0 0 0 K

where F{¢ is given by (7), and h(z,y) = (F — V)y — (F(z,y) — V(z,y)). In fact, we have

BBmnFr(1 — Sp/Np)
I
h(z,y) = Bﬁhmﬁ’;(Fg ~Fg) | >o0.
0

In addition F' — V is a Metzler matrix. When Rg <1, DFFE is LAS and since assumptions
(H1) and (H2) in [9] are verified, DFE is GAS when R3 < 1.

. The Jacobian matrix of system (15)-(16) at the DFE is

" 0 0 0 0 0 0
0 0 S — 0 0 0 0
0 Mh —lth 0 0 0 0
0 0 0 —y — paq —2pa24* 0 ¢ ¢

JDFE: 0 0 0 (1—7")’7 — UM 0 0
F*
0 —BBum—= 0 Y 0 —us 0
Ny,
Fg
0  BBum 0 0 0 0 —(us+vm)
Ny
0 0 0 0 0 0 Ui
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Eigenvalues of Jprp are: —uar, —pn, —in, the solutions of the following equation in A:
A (s + pag + 2pa2A" + N+ pgpasA* =0 (60)

and the eigenvalues of the matrix Z defined by

—(nn + pn) 0 BpBmn
Z = | BBumF§/Nn  —(us + vm) 0
O l/m _MI

Eigenvalues of the matrix Z are solutions of the cubic equation in A

N+ N2(n + pn + ps 4 Vi + ) + Mk + n) (s + vim) + pr(nn + pn + s + vim))

S ur (s 4 v ) + ) (1 —R2) — 0. OV

It is not hard to see that roots of (60) have negative real part and that when Ry = 1, (61)
admits zero as a root and a negative root. Moreover,

Vm + s 1 Mh + pin Na
VUm  Bmh  Brm F§

R3 =1 @B:B*:\/

A right eigenvector of Jyrprg corresponding to the zero eigenvalue is w = (w;);i=1,... s where

B*
Hh
B*
wy = ﬁmh > 0’
Nh + [h
wy = @U)Q >0,
Lh
I S
Vm, Vi,
Wy = )
pspa2A*
= gb(,usi—ui) <0 Dbecause pug < g,
MSMA,zA
1—
ws = ww;; <0,
22,7
I * S
e (1 + M) — (v par + 2pa24%) (1 + “)
Vm VUm
We = ’
pspaA*
wy = 28 > 0,
Um
wg = 1>0.

Since

ps < pur, s (Y + pa 4+ 2ua24%) —ryd = pspagA* >0, ryed — pr(y + pag + 2pa24%) <0,

we have

o M
ryd — (v + pag + 2ua2A* ) pr — pspa A 5*

we = m < 0.
pspaA*
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C

A left eigenvector of Jyrprgr corresponding to the zero eigenvalue is v = (v;)i=1,. 8 where
v1 =v3 =v4 =v5 =vg =0 and

b B
Nh + in Ni’
vr = 17
Vm + ps
vg = ———=.
Um

Following [10], the only non-zero term to be considered are the ones that correspond to ve,
v7 and vg. From system (15)-(16), one deduces that

B* B*
6mh wyws -+ 207 ma

a = 29 wowg < 0

and
*

S
0.
Np, ~

Hence, it follows from [10, Theorem 4.1 & Remark 1], that system (15)-(16) undergoes a
forward bifurcation or transcritical bifurcation when Ry = 1.

b = wvowsBmn + viw2Bum

. Based on [30, Theorem 2], we deduce that when R2 > 1, then the DFE is unstable.

Proof of Proposition 2, page 11

To find the positive or endemic equilibrium, EE = (5’2,I,%,R?L,Aﬁ,Mﬁ,Fg,FgFﬁ)T, we have to
solve the following system

and

F
(1t Ny, — BBrmh~=Sp = 1tnSh

Ny,
F
Bﬁmhﬁls = (0n + pn) In,
h
Nulp = pp Ry,

¢(Fs + Fg+ Fr) = (v + pa1 + pa2d)A,

62
(I —r)yA=puM, (62)
I
ryA - BﬁhthFS = usFks,
h
Ip,
BﬁhmﬁFS = (;U/S + Vm)FEy
h
( YmPE = pr k.
Using (62)¢, (62)7 and (62)s, we deduce
B/ma Iﬁ
Fi = 20k Chopt 63
BBum It
pl=_m 75’””7’133. (64)
Um + s pr Np
BB I
<1 + ﬁ’”"") Fi=21at (65)
ps  Np Hs
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Using (62)4, we obtain
Y+ pan + pa2Af
¢

S gt
Fi+F},+F} = AP,

Thus

g _ v tpart 14 AP

F p Af, (66)

BBum I} Vi BBm L
14— hog o m —h
s +vm N v +ps  pr o Ny

that is, for Af # 0,

# # f
Ty BBym I, Um  BBhm 1, BBym 1, y
(14 == Ay R R (R S L 3 (7+NA,1+MA,2A),
(Z)MS( ps +vm Ny v +ps  pr Np ps  Np

or

I I I
N1 + Bﬁhm 1n + Um Bﬁhm Zho| 1+ B/ma th <1 + HA2 Aﬁ) 7 (67)
us +vm Ny v +ps pur Np us  Np v+ pan

from which we deduce

Ly BB Ty e B L
s +vm N v +ps  pr Ny .

Aﬁ:7+ﬂA,1 N

it
HA2 14 BBum Iy,
s  Np

Note that, when uy = pg, the previous relationship reduces to

Ab = TERAL Ny
HA2

Then, using (65), we deduce

Bfwn Th ,  vm Bl i )

1+Bﬁhm—fil Fﬁ:ﬂ’y+,uA71 J\/< s +vm Ny v +pus  pr Ny .
s N ) 5 ps pag |, BB I}
ps  Np

such that, using (64), we derive

m L m BBum 1}
<1+B’Bh h_i_yi Bh h)

Fﬂ: Um Bﬁhmi}iﬁ’7+ﬂA,l 1 MS"‘VmNh Um + s I Np, 1
' vt ps wr Naps  pag L BBum Ij, (1 BB I}i)
ps  Np ps  Np

(69)
Then, using (62)2,

i
+ I
BBy F} <1 - <W> A;;) = (i + ) IF,

45



we replace FIﬁ in (69) to obtain the following equation for I} # 0

1+
L vm BBunBBm my v+ paa | (s +vm Ni vm +ps  pr Ny

BBy I . Y BPun I )
_ ﬁ — X
Ny v + s (n + pn) 11 o5 pa2 (1 BBym 1, )
L BBhm 2

ps  Np

1_<77h+uh>12 1 BB I}
ph ) N s Np’

or equivalently

w2 (a1 BBm Lo, vm BBun I\ (|, B I 1_(%)12 _
0 s +vm Ny v +ps  pr Ny s Np K Np

N -1) <1+

That is,

N N v 1\ I i+ o\ 1
R} (N -1+B ( +=— —>" 1—< ~ | =
0( Bt US +Vm I Vm+ps  ps) Ny Hh Ny,

Ji.
Setting = —2, we derive
Ny,

ax?® +bxr +c =0, (71)

with

N v N 1 BBrm \ >
a = REBBum ( - + —) (W>+(/\/—1)< bn > ,
KIVm + (s ps+Vm  ps Hh s

Bﬁhm N Um N 1
b=RE(N —1 <1+"">+2 N1 — R2B m( + _>7
o ) ( ) 0B HIVm + s (S +Vm  JS

h s
and
c=—N-1)(R}-1)
m 1
such that, A being large (larger than u;/pg), we have <N Y + N — > >0, A" >0
HIVm + s JS +Vm  Hs

(see (68)), a > 0, and ¢ < 0 when Ry > 1, (71) has one positive root
ah = Qi (—b+ V' b? —4ac> > 0.
a

Thus, we deduce [ 2’ and, then, all other variables can be deduced. Moreover, the application of
[10, Theorem 4.1], to prove item 2 of Theorem 3, page 11, also establishes the local asymptotic
stability of the unique endemic or positive equilibrium for system (15)-(16) when R3 > 1.
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D Proof of Theorem 7

Eigenvalues of the monodromy matrix of system (18)-(39)-(40) at TDF'S., are

Al = g = e HT
)
A3 = N =e H5T
)
A5 = e HMT \g = 6_(“S+Vm)T,
N = e HIT \g = e (rtra)T

and the eigenvalues of the 3 x 3 sub-matrix Z defined as:

—(nn + pn)T 0 BpBmnt
Bﬂh
Z = (2ij)1<ij<3 = = / Ss(xz)dr —(Vm + ps)T 0
0 UmT — T
Moreover, let us set:
C1 = —z11 — 22 — 233 >0,
Co = —211%222233 — 2212327213,
C3 = 211233 + 211222 + 222233 — 5
1

Hence, according to the Routh-Hurwitz theorem, eigenvalues of the matrix Z have negative real
parts if and only if Cy > 0 and Cs > 0 and C3 > 0.

Cy = —211%22233 — 221232213,
3 Um B? /maﬁmh /
= 7(nn + ) (Vi + ps)pr <1 - Ss(z)dx
(1 + p) Wm + pas)p Vi + s (M + pn) s No 7
- T3(77h + :u’h)(ym + MS):U'I (1 - %,pulse) .

Hence, Cy > 0 because 7o puise < 1. Moreover,

Co
C3 = 211233 + 211222 + 222233 — =,
Ch
1
e — (C1(z11233 + z11222) — 222233(222 + 233) + 221232213),
> 0.

Therefore, if 7o puise < 1, then s(Z) < 0, where s(-) denotes the stability modulus (i.e., the maximum
of the real part of eigenvalues). Thus, eigenvalues of the matrix Z have negative real part and the
exponential of their real are therefore strictly less than one. Consequently, the trivial periodic
disease-free solution is locally asymptotically stable whenever 7o puise < 1. Similarly, if 7o puise >
1, then s(Z) > 0 and the trivial periodic disease-free solution is unstable. Moreover, solutions
(A, M, Fs, Fg, F)T of system (39) satisfy:

dA

P ¢(Fs + Fp+ Fr) — (v + pag + pa24)A,

dM

o = (A=ryA-puM,

d(Fs + Fg + Fy) M (72)
= A— Fs+ Fg) — urF
dt M+M§err7 MS( s+ E) mrfy,
M

< —ryA - Fs+ F Fr).
= M+M§err’7 ,US( s+ rE+ I)
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The auxiliary system (73) is a non-autonomous monotone non-decreasing system:

dA
il O(Fs + Fg+ Fr) — (v + pag + pa24)A,
dM
o = (A=rvA- e, (73)
d(Fs + Fg + Fy) M
= A— F F Fy).
dt M+M:?€TT7 US( s+ g+ I)

Moreover, substituting M7 by M in system (73) leads to the following constant SIT model

dA
o = ¢(Fs + Fg+ Fr) — (v + pag + pa24)A,
dM
7 (I —r)vA — puM, (74)
d(Fs + Fg + Fy) M
= A— ug(Fs + Fg + F
7 M+MTW us(Fs + Fg + F)

whose solution Xy is such that X3; > X, for all time ¢ > 0, using a comparison principle with
Xper being the solution of (73). Therefore, we deduce from Theorem 2, page 8 that:

e For M, > My, or equivalently, 7Ay > M%T;fer, Ops is globally asymptotically stable for

system (74). Hence, for system (72), one has tliﬂa (A, M,Fs,,Fg,F1)T(t) = Ogs. Since
—+oo

To,puise < 1, the trivial periodic disease-free solution TDFS,, is locally asymptotically stable
for system (18)-(39)-(40). The LAS property means that there exists a neighborhood V of
TDFSper in R such that if at a time t* > 0,

Xper = (S(%), 1(1%), R(t*), A(t*), M(t"), Fs(t*), Fu(t*), F1(t*), Ss(t*), Sp(t*), S1(t*))" € V,
then for t > t*, one has

lim (S(t),I(t), R(t), A(t), M(t), Fs(t), Fe(t), Fi(t), Ss(t), Sg(t),S;(t))T = TDFSpe,. (75)

t——+o0

It therefore follows from (75) that

X' eV = lim (S(t),1(t),R(t))T = (Ny,0,0)T.

per t—+o0

However, it is straightforward to obtain from system (18) that
VE>0, (S+I1+R)t)=N,

which implies that

tllgrnoo(s + 1+ R)(t) = Np. (76)

We deduce from (76) that for all neighborhood Vy of Ny in R, there exists a time tf > 0
such that

S+I+R)(tH) eV = Jm (S 4T+ R)(t) = Ny, (77)

In particular for Vy =V, (77) holds true. By the unicity of the limit, we deduce that

for (S,I,R)T(0) e R%, lim (S(t),1(t),R(t))" = (Np,0,0)7. (78)

t—+00

48



Hence, the limit system of (Ss, Sg, S7)T is

s

= —usS
—th = —(Vm + 1s)Se, (79)
dST

7 UmSE — 1S,

Sg(nty) = Ss(nt) + 7ANM
SE(n7'+) = SE(nT), (80)
Sr(nty) = S(nT),

It is therefore straightforward to deduce that

lim (Ss(t),Sg(t),S1(t))" = (S¢"(1),0,0)". (81)

t——+o00

e Assume that 7Ay = M7 and (A, M, Fs + Fg + F1)"(0) € [Ogs, E{(Mr)). Therefore,

we deduce from Theorem 2, page 8, that tligl (A, M, Fs, Fg, F1)T(t) = Ogs. Therefore, we
— 00

proceed in the same way as in (75)-(81).

e Finally, assume that 0 < 7A) < Mf{’;ter, and (A, M, Fs + Fg + F1)T(0) € [Ogs, E1(M7)).

Therefore, we deduce from Theorem 2, page 8, that . lir+n (A, M, Fg, Fg, Fr)T(t) = Ogs. Hence,
— 400
the rest of proof is done as in (75)-(81).

This ends the proof.

E Proof of Theorem 8

For system (51), the following result is valid.

Lemma 4. Assume that N' > 1 and Ay € (0,A$]. Then, system (51) has at least one positive
T-periodic solution (A(t), M(t), Fs(t))T with E13p < (A(t), M(t), Fs(t))T < E* whenever E13p <

Proof. Assume that assumptions of Lemma 4 are valid. First, we define a shift operator, which is
also known as a Poincaré mapping o : R?® — R3. For (to, (4o, Mo, Fs,)T)T € Ry x R3,

U((A07 M07 FSQ)T) = (A(T) tOv (AO) MO) FSQ)T)7 M(Ta tO) (Al)u M07 FSQ)T)a FS(Ta tO) (AOa MOa FSQ)T))T)

where (A(T,to, (Ao, Mo, Fs,)T), M (7, to, (Ao, Mo, Fis,)T), Fs(7,to, (Ao, Mo, Fs,)*))? denotes the so-
lution of system (51) through the point (to, (Ao, Mo, Fs,)?)T. Proposition 4, page 22, tells us that
the set

Q={(A,M,Fs)" €eR} : Ey < (A, M, Fs)" < E*}

is positively invariant by system (51). That is to say, the operator o defined above maps 2 into
itself: o(Q2) C Q. Since the solution of (51) is continuous with respect to the initial value, the
operator ¢ is continuous. Moreover, € is a bounded, closed, convex set in R3. Hence, by the
Brouwer fixed point theorem, see for example [27, Theorem 2.1.11], ¢ has at least one fixed point in
Q, i.e., there exists at least one positive T-periodic solution of (51) in Q. This ends the proof. [
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Let us now consider the auxiliary system (82):

dSS
Sg(n7+) Sg(nt) + AR

where v is a continuous, T-periodic, positive and bounded real valued function. The following result
is valid:

Lemma 5. System (82) admits a unique positive and periodic solution Sg(t) defined by:

(Lt/7|m+1)7
TAF + e‘“ST/ v(x)e!sS*dx .

_ Lt/7]T ps —pns(t=[t/7]7)
Ss(t) e + WTJTv(x)e dr | e . (83)

Based on Lemma 4, it is straightforward to deduce Lemma 6 and Lemma 7:

Lemma 6. Assume that N' > 1 and Ay € (0, ASFY]. Then, for
E13p < (A(0), M(0), Fs(0))" < E*,

system (49)-(50) has at least one positive T-periodic solution (Sp(t), A(t), M (t), Fs(t), Ss(t))T with
Eiap < (A(t), M(t), Fs(t))" < B,

Sp(t) = Ny and Ss(t) is defined by (83) with

MPE(t)

Lemma 7. Under conditions of Lemma 6, system (18)-(39)-(40) has at least one positive T-periodic
solution DF Spe, = (Sh(t),Op2, A(t), M(t), Fs(t),0pz, Ss(t), 0p2)T with Sy(t), A(t), M(t), Fs(t),
Ss(t) given in Lemma 6.

Theorem 8 therefore follows from Lemma 7.
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