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1 | INTRODUCTION

One of the most important parameters in the analysis of the long term behaviour of compartmental models in epidemiology
is the basic reproduction number, typically denoted by Ry, that is defined as the number of infections caused in a completely
susceptible population by one infective during the whole period of its infectiveness. It seems obvious that if R, < 1, then
the disease should die out, while it should persist and expand if R, > 1. Typically this is the case locally; that is, for small
perturbations of the disease free equilibrium (DFE)™. In other words, the DFE is locally stable if R, < 1 and looses its stability,
when R, moves through R, = 1 to the region where R, > 1, where typically a new stable equilibrium, called the endemic
equilibrium (EE), appears. This phenomenon is typically called the supercritical, transcritical, or forward, bifurcation. In many
cases, however, the system undergoes another type of bifurcation, called the subcritical, or backward, bifurcation, where a stable
endemic equilibrium exists for R, < 1. It has an important implication for the control of the disease, as in such a case the classical
requirement, that for eradication of the disease it is enough to bring R, below unity, no longer suffices (even though it is still
necessary). The occurrence of such a bifurcation has been studied in a number of disease transmission models by many authors.
For instance, in malaria models we can mention papers>+>08, for TB papers?/%HU213 for the bovine TB', for HIVIPUO, for
the dengue fever”, and for Chlamydia'®. A common reason for the occurrence of the backward bifurcation is using an imperfect
vaccination#1?20, Certainly, backward bifurcations appear in other mathematical models; some particular cases were studied
in2122] We also refer to papers?22 for a discussion of the conditions that make some models exhibit the backward bifurcation
behaviour.

Due to the reasons mentioned above it is important to develop tools that allow for a quick detection of backward bifurcations
in particular models. One of the most effective techniques, based on the centre manifold theorem, was derived in#, It provides
explicit conditions that ensure the existence of a local branch of "small" equilibrium points emerging from the disease free
equilibrium to the left of R, = 1. However, for many models, numerical evidence suggests that for a certain range of R, < 1
this subcritical branch often coexists with another branch of "larger" stable endemic equilibrium points. For an effective disease
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control, it is essential to know how many other (stable) branches of equilibria exist alongside the bifurcating one, and the ranges
of parameters for which these branches coexist. It is thus important to emphasize here that the method of2# provides only a
local result; that is, the existence of a bifurcating branch in a small neighborhood of the disease free equilibrium for values
of R, close to one. Hence, it is unable to determine the number of branches of endemic equilibria or inform on the ranges of
parameters for which they exist. Nonetheless, its relevance lies in that it provides the set of parameters for which the (local)
backward bifurcation occurs and thus sets the foundation on which further analytical and numerical investigations of the global
picture of endemic equilibria can be carried out.

There are some models for which the equation for the endemic equilibria is algebraic and thus the existence of a backward
bifurcation can be explicitly established by a direct analysis of the set of its roots that occur for R, < 1. If feasible, this method
can provide the exact number of endemic equilibria along with their maximal ranges of the parameters ensuring their existence.
However, due to the number of parameters in the original model and their interplay, the calculations can be tedious, if not
impossible, even in the simplest cases. In this paper we shall focus on the case, when the endemic equilibria are positive solutions
of the quadratic equation

A +Bi+C=0, D
where the variable A represents the value of the endemic equilibrium, or the model’s force of infection at such an equilibrium that
is directly related to its value. The parameters B and C are combinations of the parameters of the model. While one could think
that the analysis of a roots of a quadratic equation hardly is a topic of a research paper and, indeed, the mathematical complexity
of the analysis does not go beyond an undergraduate algebra, the aim of this work is to show that even such a simple case can
generate a plethora of different, often unexpected, epidemiological scenarios and to provide a comprehensive survey of them.

We begin by noting that (1)) has appeared in a number of epidemiological models, see e.g.22%27, that will be discussed later,
and various approaches have been proposed to analyze the dependence of its solutions on the parameters B and C instead of R,,.
In this paper, we provide explicit conditions that ensure that (1) has none, one or two positive roots. To emphasize the importance
of R, in the analysis, we express B and C in terms of R, (where R, equals R, or R2, as could be the case for some vector-borne
disease models). As we shall see in the examples, it is convenient to rewrite B and C as B = b (K — R,) and C = c(1 — Ry),
to get

P +bK-Rpi+c(l-Ry) =0. )
For a wide variety of epidemiological models, the calculation of equilibrium points entails solving equation (2) where b > 0
and ¢ > 0. However, for some models, which we will present later, these conditions are not always satisfied, hence the need for
a systematic approach to deal with all possible cases. We note here that the conditions ¢ > 0 ensures that the model has a unique
endemic equilibrium point for R, > 1.

As mentioned above, the aim of this paper is to provide explicit conditions on b,c and R, that ensure the existence of
zero, one or two positive solutions for equation (Z). We will further discuss the biological/epidemiological implications of such
occurrences and present two models that present a "nonstandard" backward bifurcation behaviour:

(i) a model for the interactions between HIV and the immune system,
(i1) a malaria model with counterfeit antimalarial drugs.

The mathematics of the paper, though tedious and not always obvious, is rather elementary. We believe, however, that it is useful
to theoretically explore all possible bifurcation scenarios allowed by (2), derive explicit conditions that lead to them and com-
prehensively and graphically summarize the findings in a way that can be directly applied to a wide variety of epidemiological
models.

2 | MATHEMATICAL ANALYSIS

For convenience, we use the following notations:

1. A(R) = b*(K — Ry)* — 4c(1 — R,). This is the discriminant of .

Kb>=2c=24/b2c(1-K)+c2
2h2 '

2. R, =

3. R, = K2 5 :22 <U=K)*c" When they exist, R, and R, are the real roots of A(R,) = 0.
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21 | Casel:c>0

We can easily see that when R, > 1, equation has one positive root. We focus the remainder of this section on the case
R, < 1. We will proceed by discussing the cases b > 0 and b < 0. We observe that A(0) = b>’K? — 4¢ < 0 if and only if

4c 4c
—\/b—z <K< \/b—z

2.1.1 | Sub-case1l: >0
Proposition 1. 1. If K > 1, then equation exhibits a forward bifurcation; that is, equation has:

(a) no positive roots if R, € [0, 1],
(b) a unique positive root if R, € (1, +00).

2. If — i—j < K < 1,then 0 < R, < 1 and equation exhibits backward bifurcation; that is equation has:

(a) no positive roots if R € [0,R,),
(b) one double positive root if Ry = R,,
(c) two positive real roots if Ry € (R, 1),

(d) aunique positive root if R, € [1, +o0).
3. If K =—4/ %, then R, = 0 and equation exhibits an almost full backward bifurcation; that is equation ll has:

(a) If R, =0, then equation has a double positive root,
(b) If R, € (0, 1), then equation (2)) has two positive roots,

(c) aunique positive root if R, € [1, +00).

4. If K < —4/ %, then R, < 0 and equation exhibits a full backward bifurcation; that is equation has:

(a) two positive roots if R, € [0, 1),
(b) a unique positive root if R, € [1, +00).

Proof. 1. If K > 1, thenforall R, < 1, we have c (1 - RO) > 0 and b(K —R)) > 0 implying that (2)) has no positive roots.

2. If - :—g < K < 1, we discuss the following cases:

(a) If \/g > 1, then —\/% < K < \/:ii implying that A(0) = »>’K? — 4c < 0. Since A(K) = —4c(1 — K) <
0, A(=o0) > Oand A(1) > 0, then max(0, K) < R, < 1 and R, < min(0, K). This implies that A(R;) < Oon [0, R,)
and A(R,) > 0 on (R, 1). This implies that equation has no real roots on [0, R,), a double root at R, = R,
and two real roots on (R, 1). Since b(K — R;)) < 0 and c¢(1 — R) > O for R, € (R,, 1), then equation has no
positive real roots on [0, R ), a double positive root at R, = R, and two positive real roots on (R, 1).

(b) If i_; < 1, then we have the following cases:

i, If —4 /2—; <K< \/% then A(0) := b*K? — 4¢ < 0 which leads to the same results as above.

ii. If \/% < K < 1then A(0) = B’K? —4c > 0. Since A(K) = —4c¢(1 — K) < 0 and A(1) > 0, then
0 <R, < K < R, < 1. Inthis case A(R;y) < 0on (R,,R,) and A(Ry) > 0 on (0,R;) U (R, 1). This
implies that equation (2) has no real roots on (R,, R.), a double root at R, = R, or R, and two real roots
on (0,R,) U (R, 1). Since for R, € [0, 1) we have c(1 — Ry) > 0, (K — R,) < 0for R, € (R,,1) and
b(K —R;y) > 0for R, € (0,R,), the two roots of equation (2)) in (0, R,) are negative while those in (R, 1) are
positive.

3.IfK =—4/ %, then A(R) = bzRg +4(c— b\/z> Ry. Then A(Ry) = 0if Ry = 0 and A(R,) > 0if R, € (0, 1). Thus,
results on the roots of (Z) follow in the same way as in the previous case.
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4. If K < =1/ %, then K2b*—4c > 0implying that A(R,) = b*R2+ (4c — 2Kb?) Ry+ (Kb — 4c) > Oforall R, € [0, 1).
We deduce the results on the roots of (Z)) in the same way as in the previous cases. We note that in this case, we have

R, <O.
O
TABLE 1 Number of positive roots for equation H when b > 0 and ¢ > 0.

Assumptions Number of positive roots Bifurcation diagram
A

K>1 0,%fR0€[0,1],

Lif Ry € (1,4+).

0 1

|
|
0,if Ry € [0,R,). |
4c 1 double, if Ry =R, I
/¥ <Kk<1 ¢ !
Ve <Bk< 1 2ifR, € (R, 1), '
1,if Ry € [1, +0). !
0 R. 1
A
1 double, if R, =0,
K=- ‘;—2 3 2,if Ry € (0,1),
1,if Ry € [1,+0).
0 1

A
e 4_c { 2’ifR0€[0’1), /

» 1,if Ry € [1,+00).

Ro
Ro
Ro

o
.
a

S

2.1.2 | Sub-case2: <0

First we note that in this case b(K — R) < 0 and c¢(1 — R) > 0 for R, € [0, 1). This implies that both roots of equation (2)) for
R, € [0, 1) are positive whenever A(R,) > 0. Furthermore, from A’(R,) = 2b* (RO -K ) + 4¢, we deduce that A’(R;) = 0 if
and only if

* 2c . . " c
Ry=Rji=K-35 with mmA(RO)=A(R0)=4c(K—1—§). 3)
We have the following result:
Proposition 2. If K > 1 + ﬁ, then equation H exhibits a full backward bifurcation; that is, it has
1. two positive roots if R, € [0, 1),

2. aunique positive root if R, € [1, +o0).

»2’

Proof. Since K > 1+ =, A (RS) > 0 implying that A(R,) > 0 for all R, and hence, in particular, equation (2) has real roots
on [0, 1], which are both positive on [0, 1). O
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Next we consider the case

¢
I1<K<L1+ ok 4
We observe an important inequality
c 4c
L+ 2524/ )
2
with equality occurring only if bi = 1, that follows from re-writing the above as (1 - %) > 0. Moreover, A(R{) < 0 and
2c * c

I_ESROSI_E<L 6)

In the sequel we discuss the following cases: 2—§ <l 5<1< 2—§ and I < .

Proposition 3. Let i—g < 1. Then

1. fK =1,then0 < R, < R, = 1 and equation (Z)) has:
(a) two positive roots if R, € [0, R;),
(b) no positive roots if Ry € (R, 1] ,
(c) adouble positive rootif Ry =R, ,
(d) aunique positive root if R, € (1, +00).

2. Forl<K<1+ bc—z, we have 0 < R, < R, < 1 and equation (2) has:
(a) two positive roots if R, € [0,R,) U (R, 1),
(b) no positive roots if R, € (R, Rc) ,
(c) adouble positive rootif Ry =R,or Ry =R,
(d) aunique positive root if R, € [1, +o0).

3.IfK=1+—,then0 <R, =R, <1 and equation H has:

C
»
(a) two positive roots if R # R,

(b) adouble positive root if R, = R,,

(c) aunique positive root if R € [1, +00).

Proof. If % < 1, then 2 < 2 < 1, implying that 0 < R} < 1.

1. f K =1, then A(0) > 0, A(1) =0and A(RE;) <0.Thus 0 <R, < R < 1. The statement for R, = 1 follows since then
(@) becomes 4> = 0 with no positive roots.

2. Since K > 1, A(0) = K?b* —4¢ > 0, A(1) > Oand, by K < 1 + i, A(R}) <0.Hence 0 < R, < R, < 1. Thus
(@ ARy >0for R, € (0,R,) U (R,.1),

(b) ARy <0for Ry € (R,.R,).,
(©) ARy =0forRy=R,orRy=R..

and the proposition follows by the comments preceding the proposition.
3. IfK=1+ é, then A(R() =0 and thus 0 < R, =R, = R < | and the statement follows as above.

Since for all R, € (0, 1), we have c¢(1 — R,) > 0 and b(K — R,)) < 0, then whenever a root of (2) exists it is positive. This
completes the proof. O

Proposition 4. If ,,C—z <1< :—g, then % < \/2—5 <1+ ;—2 and we have

1. IfK =1,then R, <0 < R, =1 and equation (2} has:
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(a) no positive roots if R, € [0, 1],
(b) a unique positive root if R, € (1, +00).

2. If1< K< \/%, then R, € (0, 1) and equation has:

(a) no positive roots if R € [0,R,),
(b) a double positive root if R, = R,
(c) two positive roots if R, € (Rc, 1) R

(d) aunique positive root if R, € [1, +o0).
3. If i—g <K<l1+ :—z,thenO <R, <R,<1and equationhas:

(a) two positive roots if R, € [0,R,) U (R, 1),
(b) no positive roots if Ry € (R, R,),

(c) adouble positive rootif Ry =R, or Ry =R,
(d) aunique positive root if R, € [1, +00).

4. IfK =1+, then0 <R, =R, < | and equation (2) has:

(a) two positive roots if Ry # R,
(b) adouble positive root if R, = R,

(c) aunique positive root if R, € [1, +0).

Proof. Since bi, < 1,then 1+ é > \/2—5 (due to bc—z < 1 and (3)). Moreover, for the same reason, i—; < 2—;. Therefore,

1.ifK=1< 2—5, then A(0) <0 and A(1) =0,s0 R, <0and R, = 1 with0 < R < 1 and the statements follow as in
Proposition 3] item 1;

2

2 implies A(0) = K2b? — 4¢ < 0 and A(0) = O for K = ‘;— > 2,

2. 1<K X< 7
(6)), where A(R;) < 0. Also A(1) > 0. Hence

with corresponding 0 < R < I (see

(@) A(Ry) <0for R, €[0,R,),
(b) A(Ry) =0for Ry =R,
(©) A(Ry) >0for Ry € (R, 1).
3. If :—g <K<1+ b%’ then A(0) = K?b* — 4¢ > 0 and again 0 < Ry < 1 with A(Rj) < 0. Since A(1) > 0, then
O0<R,<R,<land
(@) A(Rg) > 0for Ry € [0,R)U (R,.1),
(b) A(Ry) <0for R, € (Rb,Rc) ,
(©) ARy =0forRy=R,or Ry =R..
2
4. If K = 1+%,thenA(0) = 1+bc—2> b>—4c > 0and 0 < R; = K—% < 1. Since A(1) > OandA(Rz;) =0,
0<R,=R,=Rj<1<Kand
(a) A(Ry) > O0for Ry # R,,
(b) A(Ry) =0for Ry =R,.
Since for all R, € [0, 1], we have b(K — R) < 0 (dueto K > 4/ % > 1) and c¢(1 — R,) > 0, then the statements follow
as in Proposition 3] item 3.

O
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Proposition 5. If 1 < %, then 1 < 4/ i—; <1+ bc—z < %, and we have the following results:
1. IfK =1,then R, <0 < R, = 1 and equation (2} has:

(a) no positive roots if R, € [0, 1],

(b) a unique positive root if R, € (1, +00).

2.1 <K <4/ %, then R, € (0, 1) and equation has:
(a) no positive roots if Ry € [0,R,),
(b) a double positive rootif Ry, =R,
(c) two positive roots if Ry € (R,, 1),
(d) aunique positive root if R, € [1, +00).

4c c
3. If §§K§1+b—2,thenhas:

(a) two positive roots for R € [0, 1),

(b) a unique positive root if R, € [1, +o0).

Proof. Since 1 <5 -, then \/‘; < % Moreover,

Lifl =K < \/ = < 2,thenA(O)—b2 4e <0, R; =K - i" —l—k < 0Oand A(R}) :=4c(K—1—bC—2)=%Cz <0.
Thus R, < R* < 0. Furthermore we have A(1) = 0 which implies that A(Ry) < 0on (0,1). At Ry = 1, equation (2)), as
before, has a double ZEro root;

2. ifl<K < \/:—s, then A(0) = K2b% — 4¢ < 0. Moreover, since we also have K < ﬁ, R} < 0. Hence, by A(—co) > 0 and
A(1) = b*(K — 1)> > 0, we have 0 < R, < 1 and
(@) ARy) < 0 for Ry € [0,R,),
(b) A(Ry) = 0for Ry = R,,
©) ARy >0for R, € (R,.1);

3. if 4/ E<K<1+ —2 < ig, then R} < 0 and A(0) = K?b* — 4c > 0. Hence A(R,) > 0 for R, € [0, 1).

The statements follow from b(K — R;) < 0 and c¢(1 —R;) > O on [0, 1]. ]
For 0 < K < 1, we discuss two cases, 1 < \/ = and b2 £ <.

Proposition 6. 1. if1 < \/2—2, then for 0 < K < 1, equation H has
(a) no positive root if R, € [0, 1],

(b) a unique positive root if R, € (1, +o0);

4c
2. If = <1, then

(a) if \/% < K < 1,then 0 < R, < 1 and equation (2) has:
i. two positive roots for R € [0, Rb) ,
ii. a double positive root for R, = R,
iii. no positive roots for R € (Rb, 1] ,

iv. a unique positive root if R, € (1, +o0);

(b) if = K, then R, = 0 and equation (2) has:
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i. a double positive root for R, = 0,
ii. no positive roots for R, € (0,1],

iii. a unique positive root if R, € (1, +0);

() if0< K < ,/:—g, then R, € (K, 1) and equation has:
1. no positive root if R, € [0, 1],
ii. a unique positive root if R, € (1, +00).

Proof. 1. If1 < \/‘;—j then, for 0 < K < 1, we have —/ % <K< \/:—; which implies that A(0) = b>?K? — 4¢ < 0. Since
A(K) = —4¢(1 — K) <0, A(~o0) > 0 and A(1) = b*(K — 1)*) > 0, R, € (K, 1). Hence

(a) if Ry € [0,R,), then A(R) < 0 implying that equation (2 has no real roots,

(b) if Ry = R, then A(R;) = 0 implying that equation (2)) has a double root which is negative because b(K — R ) > 0
and c(1 - R,) >0,

(c) if Ry € (R, 1], then A(R) > 0implying that equation (2)) has two roots which are negative if R, € (R, 1) because
b(K —Ry) > 0and c(l —Ry) > 0, and are negative and zero if R, = 1 asthen (K —1) >0andc(1 -1)=0.

2. If 2—§ < 1, then we discuss the following cases:

(a) If \/% < K, then A(0) = b*K? — 4¢ > 0. Since A(K) = —4c(1 — K) < 0 and A(1) = b*(K — 1)?) > 0, then
0<R,<K<R, <1 Hence
1. if R, € [O, Rb) , then A(R,) > 0 implying that equation (2) has two roots which are positive because b(K —
Ry) <0andc(l -—Ry) >0,
ii. if Ry = R, then A(R)) = 0 implying that equation (2) has a double root which is positive because b(K —R ;) <
Oand c(1 = R,) > 0.
iii. if Ry € (R;, R, ). then A(R,) < 0 implying that equation (2) has no real roots,
iv. if Ry = R, then A(R,) = 0 implying that equation (2)) has a double root which is negative because H(K —R ) >
Oandc(1 - R,) > 0.

v. if Ry € (Rc, 1] , then A(R,) > 0 implying that equation (2) has two roots which are non-positive, as in item
1.c above.

(b) fO0< K = :—;, then A(0) = 0, A(K) = —4¢(1 — K) < 0, A(1) = b*(K — 1)?) > 0, and hence R, = 0. Then for
R, = 0 equation () has double positive root 4 = \/Z . The remaining cases are the same as in item (a).
(©) f0< K < \/%,then—\/% <K< ‘/g which implies that A(0) = 52K%—4c¢ < 0. Since A(K) = —4¢(1—-K) < 0,

A(—o0) > 0 and A(1) = ¥ (K — 1)*) > 0, R, < 0, R, € (K, 1). The remaining part of the proof is similar to the
first case in this proposition.

O
Proposition 7. If K < 0, then equation (2)) has:
1. no positive roots if R, € [0, 1],
2. aunique positive root if R, € (1, 4+00).

Proof. If K < 0, then for all R, € [0, 1], we have b(K — R;;) > 0 and c¢(1 — R,;) > 0. This implies that, on the interval
R, € [0, 1], equation (2) either has no real roots, or two nonpositive ones. L]

In this section we considered the case ¢ > 0 which ensured that the model has a unique endemic equilibrium point when
R, > 1. However, for some models the bifurcation equation 1| comes with ¢ < 0 (see for instance?), therefore in the next
section we will discuss the implication of this on the number of positive roots for the equation.
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TABLE 2 Number of positive roots for equation (2f) when » < 0 and ¢ > 0.

Assumptions Number of positive roots Bifurcation diagram
1
K>l+ﬁor { 2,if R, € [0, 1), \
c 4c c 3
0 1 Ro
, o
" . 2,if Ry € [0,R,) U (R, 1), Lo
b_2<1&1<K<1+b_20r < 0,if Ry € (R, R,), .
fel<E g cKk<l1+E 1 double,if Ry =R, or R, >i '
Iz = » 2 » . |
1,if Ry € [1, +00). P
L 0 R, R 1 R,y
- 2 :
( A . 0,if R, € (O,R,), i
) w<lsZ&l<K<4/7or ) 1double,if R, = R,, i
1s§&15K< /4[7_; 2,if Ry € (R, 1),
L 1,if Ry € [1, +0). !
L 0 R. 1 Ro
K <0or ’
1<% &K=1
] =% f‘ or 0.if R, € [0, 11,
1<y/Z&0<K<lor 1,if Ry € (1, +00).
4c 4c
\/,,—251&0<K<\/,,—z 5 . =
i - i
= <1&K =1 2,if Ry € [0, R,), |
) 4—§S1& 4—§<K<lor ) 1@ouble,1fR0=Rb, i
: ’ 0,if Ry € (Ry. 11, >
\/7551&\/7;<K<1 1,if Ry € (1, +o0). I
L L 0 R, 1 Ro
|
f :
2,if Ry # R, I
bc—z <1&K =1+ :—2 4 1ldouble, if Ry =R, |
Lif R, € [1, +00). i
8 |
0 R,=R. 1 R,
1
1 double, if R, =0,
Ve S 1&K =4 /% 0,if R, € (0, 1],
2,if Ry € (1, +00).
0 1 Ro

2.2 | Case2:¢c<0

First, we observe that if ¢ < 0, then equation @) has one positive root when R, < 1. Hence, in the sequel we focus on the case
R, > 1. Again, we will discuss the cases b > 0 and b < 0 each with the sub-cases K > 1, 1 + ,,c_z <K<land K <1+ ;—2
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2.2.1 | Sub-case1l: 5> 0
Proposition 8. 1. If K > 1, then R, > K and equation has:

(a) aunique positive root if R, € [0, 1),
(b) no positive roots if R, € [1, R ),
(c) adouble positive root if R, = R,

(d) two positive roots if R, € (R, +o0). In this case, as R, becomes large, the lower root tends to zero while the larger
root tends to infinity in some linear fashion.

2. If1+ é < K < 1,then1 < R, < R, and equation (2) has:

(a) aunique positive root if R, € [0, 1),
(b) no positive roots if R, € (R, R,),
(c) adouble positive root if Ry = R, or Ry = R,

(d) two positive roots if R € (1,R,) U (R, +0), In this case, as R, becomes large, the lower root tends to zero while
the larger root tends to infinity in some linear fashion.

3. IfK <1+ %, then equation li has:
(a) aunique positive root if R, € [0, 1],
(b) two positive roots for all R, € (1, 4+00).

Proof. We first note that when K < 1, we have b(K — R() < O for all R, > 1 with ¢(1 — R;) > O for all R, > 1 and
c¢(1 -Ry) =0if R, = 1. This implies implying that whenever the roots of (2) are real, they must be positive if R, > 1, and
one root is positive while the other 0 if R, = 1.

1. If K > 1, then we have the following cases:

(a) If K > 1, then A(K) = 4c (K — 1) < 0, since A(1) = b (K — 1)* > 0 and A(+c0) > 0,then 1 < R, < K < R,
and we have A(R;) =0, A(R,) =0, A(Ry) > 0for1 <Ry <R, A(Ry)) <0for R, < Ry <R, and A(R;) >0
for R, < R,. In this case, we have the following:

i. if 1 £ Ry < R, equation (2) has two roots which, since b(K — R;) > 0 and c¢(1 — R,) > 0, are either both
negative, or negative and 0 (if R, = 1),
ii. if Ry = R,, then equation (2)) a double positive root which is negative since (K — R ;) > 0,
iii. if R, < Ry < R,, then equation (2) has no roots,
iv. if Ry = R, then equation (2) has a double root which is positive as b(K — R ) < 0,
v. if R, < R, equation (2) has two real roots which are positive since b(K — R) < 0 and c(1 — R) > 0.

(b) The case K = 1 is similar to the previous one. We have again A(R;) < 0 and A(0) > 0. Furthermore, K =1
implies Rj =1 — i—j > 1. Therefore, by A(R*) < 0, A(1) =0, we have 1 = R, < R < R,. Thus A(R,) > 0 for
Ry €10,1)U(R,,+)and A(R,) < 0for Ry, € (1,R,). Since b(1 — R,) =0and c(l =Ry =0for Ry, =1 and
b(K —Ry) <0and c(1 —Ry) > 0for R, € (1,400), the proof of items (b)-(d) is concluded.

) IfK <1+ %, then A(R;) =4c <K -1- bc—2> > 0 implying that A(R,) > 0 for all R, > 1. In this case, H has
two positive roots for all R, > 1 which coalesce into a double positive root if K = 1 + bc_2~ For R = 1 one root is
0, while the other positive.

2. If 1+ ,,c_z < K < 1, then A(R;) <0, see @]) Moreover, due to ¢ < 0, A(Q) = b>K? — 4¢ > 0. Furthermore, the condition
1+% < K < 1limplies that 1—:—2 < R(*; = K—%. Sincec < 0,1 < RS.Therefore, by A(R*) < 0,A(1) = b* (K — 1)’ >0
and A(+o0) > 0, we have 1 < R, < R(’; < R, and A(Ry) > O for R, € [0,R;) U (R,,+0) and A(R;) < O for
Ry € (R,, R.). This, along with b(K — R;) < 0 and c¢(1 — R) > 0 on (1, +00), completes the proof of items (b)-(d).

O
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2.2.2 | Sub-case2: <0

In this case we have the following result:

Proposition 9. 1. If K < 1, then equation (2)) has:

(a) aunique positive root if R, € [0, 1),
(b) no positive roots if € [1, +o0).

2. If K > 1, then R, € (1, K) and equation (2)) has:

(a) aunique positive root if R, € [0, 1],
(b) two positive roots if R, € (1, R,),
(c) adouble positive root if Ry, = R,,
(d) no positive roots if R, < R,,.

Proof. 1. If K <1, then, for all R, > 1 we have b (K - RO) > 0 and ¢(1 — R,) > 0, implying that equation (2) has no
positive roots.

2. Since K > 1, then A(K) = 4c¢ (K — 1) < 0 which, by A(1) = b* (K — 1)? > 0 and A(+o0) > 0, imply that 1 < R, <
K <R, and we have A(R;) > Ofor 1 <Ry < R,, A(Ry) <0forR, < Ry < R, and A(R) > 0 for R, < R, In this
case, we have:

(a) if Ry = 1, then equation (2) has one positive and one 0 root,

(b) if Ry € (1,R,), then equation has two roots which are positive because b(K — R,) < 0 and ¢(1 — R;) > O on
(1, K),

(c) if Ry = R,, then equation (2) has a double root which is positive because (K — R,) < 0 and c (1 - Rb) > 0,
@) if Ry € (R,, R,), then equation (2) has no real roots,
(e) if Ry = R, then equation (2) has a double root which is negative because b(K —R,) > 0 and ¢ (1 - Rc) >0,

) it Ry € (R,, o), then equation has two roots which are negative because bH(K — R) > 0 and c(1 — R;;) > O on
(R, +),

which, combined, give (a)—(d) of item 2. of the theorem.

3 | EXAMPLE 1: A BASIC MODEL FOR THE INTERACTIONS BETWEEN HIV AND THE
IMMUNE SYSTEM

The basic model (see e.g. Perelson® and Nowak“®) considers a population of T-cells, T', which are produced at a constant rate
s and die at a rate d per cell. Through interactions with the virus population, V', T-cells become infected at a constant rate f
and move to the infected class /. Infected cells are assumed to lyse at constant rate 6 per cell and produce new virus particles
at a constant rate p which are assumed to be cleared at a constant rate o per virus. The infection of T-cells triggers an immune
response mediated by CD8 lymphocytes, Z, which are produced at a constant rate ¥ and reduced through either contact with
infected cells at a rate ¢ or death at a rate {. The model describing the basic model of viral dynamics is as follows:

ar s _prV —dr

d

— =pTV —alZ - 61

1 9 (N
%:p[—aV
Z— — —

\
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TABLE 3 Number of positive roots for equation (2f) when » > 0 and ¢ < 0.
Assumptions Number of positive roots Bifurcation diagram
i
Lif R 0,1
K<l+% { TRy €10.1), /

2,if Ry € [1, +00).

1+:—2<K<1

1if R, €[0,1),
0,if Ry € (R, R,),

|

|

|

|
| |
1 1double, if Ry = R, or R, .
2,if Rg € (1,R) U(R,, +x). | !

L 0 1 Ry R, R,
- i :
1,if R, €[0,1), |
K>l ) 0,if R, e’[l,Rc), |
1 double, if Ry =R, |
2,if Ry € (R, +00). \ |
0 1 R R,
TABLE 4 Number of positive roots for equation (2) when b < 0 and ¢ < 0.
Assumptions Number of roots Graphical illustration
i
K<l 1,if Ry €0, 1),
0, for R, € [1, +0). \
0 1 Ro
ﬂ :
1,if Ry €0, 1), |
|
2,if Ry € (1, Ry), '
K>1 0= b [
1 double, if Ry, = R, |
0,if Ry € (Ry, +0). i
0 1 R, R,

The model’s virus-free equilibrium is given by E; = (5, 0, %, 0) and the basic reproductive number is given by

__ psp¢
7 do(ax +8)

Using Maple, we find that the bifurcation equation of this model is given by:

A +b(K—=Ry)A+c(1-Ry) =0, (8)
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where
b= dyo ({6 — s¢)
s¢ (ka +yé)
pd Py §28*

" od (ax + C6) (ak + wd)
_ s¢p(ka+wo)

RZSED
In this example, we see that ¢ > 0 while b and K can take negative values. We note that the parameter ¢ appears in the expression
of b and K and not in R,. We therefore use it for our bifurcation discussion. We have the following cases:

1. 1f¢<€s—5,thenb>0and1<<o.

2. 1f¢2€s—5,thenb<0and1<>1.

An illustration of the various bifurcation behaviours exhibited by this model is presented in tables[S |and[6 |

TABLE 5 Number of positive roots for equation @) when ¢ < i—é, (i.e.b>0and K < 0).

Assumptions Number of positive roots Bifurcation diagram

i |

|

0,if Ry € [0, R,). !
|

" 1 double, if Ry = R, |
—/E<K<0 ¢ .
r SRS 1 2.ifR, € (R,. 1), '
L,if Ry € [1, +o0). :

{ 0 R, 1 Ro
1
( 1 double, if R, =0,
K=- ‘;_; 1 2,if Ry €(0,1),
L if Ry € [1, +00).
~ 0 1 Ry

1,if Ry € [1, +00).

A
b2

o
-
d

3

4 | EXAMPLE 2: A MALARIA MODEL FOR HUMANS WITH EFFECTIVE AND
INEFFECTIVE TREATMENT

This model was recently developed in” to study the effects of the use of ineffective drugs on malaria control in Ghana. In this
model, the total population of humans is divided into five classes: susceptible humans (.S},), exposed humans (E h) , infectious
humans (I h), partially recovered humans (Rh) and fully recovered humans (Th) . The population of mosquitoes is divided into
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TABLE 6 Number of positive roots for equation when ¢ > %, (le.b<Oand K > 1).

Assumptions Number of positive roots Bifurcation diagram

2

{ K>1+§or { 2,if R, €[0,1), \

1< L&\ [2<K<1+% Lif Ry € [1, +o0).

0 1 R,
( N
de ¢ 2,if Ry € [0,R) U(R,, 1), i i
b_2<1&1<K<1+b_20r ) O,ifROE(Rb,RC), I :
. | |
Ccr<defH oKk <145 1doubleif Ry =R,or R, >I
1,if Ry € [1,+o0). P
L 0 R, R. 1 Ro
1
) - 0,if Ry € (O, R,), I
c C C |
<15 &l<K<,/5or J 1double,if Ry =R, |
. |
1S%&1SK< 4_; 2,lfROE(RC,1),
b X 1,if Ry € [1, +00). I
] R. 1 Ro
‘N
( |
2,if Ry # R, !
bc—z < 1&K = 1+bc—2 3 1double,if R, =R, I
1,if Ry € [1, +0). |
) [] ‘R:,:’RE 1 R,

three classes: susceptible mosquitoes (.S,,) , exposed mosquitoes (E,,) and infectious mosquitoes (7,,) . The model proposed
in“’ to describe the dynamics of disease transmission and recovery reads as follows:

(450 — g, + ¢T,, + OR, — (4, + 1) S,

% =4Sy — (Vh + Mh) E,
j—}{hzthh+§Rh—(n+y+5h+uh)Ih
) Z=’1[h_(§+0+ﬂh)Rh
£=ylh_(¢+ﬂh)Th
Em = Sy — (Vi + o, + o, Ny) S,
T’m =v,S, - (”ml +um2Nm) E,
dd_, =V = (M, + b, Npy) L,

= aﬂm(l]’\‘[ﬂ. The model’s basic reproductive number as calculated by the authors is given by

I
where A, = % and 4
h h

m

R. = azﬁhﬂmvhvm (V33 + ,077) ™
0 - 9
Uy X V11 Vas Kyt

where vy = v, + p, Va3 = E+ 0+ pp Vg =V + @ and y = (y +1+6,) (0 + uy) + & (v +6,).
In their investigation of the model’s endemic equilibrium points, the authors obtained a bifurcation equation which we rewrite
as follows:

I?+b(K-R}) I +c(1-R})=0 9
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where
2
@2 ppvivisvas Ky (0 + my) By

- @28, vy vs3vaax (& + my) (8% — 5h)’
@2 vy ViV Ky (0 + my)

T o (04 ) (5,5

q k= 2 ’
B,
P aBty (V33 + pn)
Xy V33
v
B, = nx __dr

L VpVas @+,

This is an interesting example whereby b and ¢ can be positive or negative and K can take any positive or negative value (at
least theoretically). We first note that the results of the approach described above depend on the sign of 6* — 6,. Second, the
investigation of all possible cases of b, ¢, K and R, discussed in the next sections is possible because there are parameters that
appear in b, ¢ and K and do not appear in R, (such as ¢) and there are also parameters that appear in R, and do not appear in
b,c and K (such as r,, or u,, ). In fact, we have the following properties:

1. b > 0if and only if 6, < 6* in this case we also have ¢ < 0

2. K > 0if and only if 6* < 26,

3. K > lifand only if 6* < 26, — B,

4. 26, — B, < 6, if and only if 6, < B,,

This leads us to discuss the cases 6, < B, and 6, > B,.

1. If 6, < B,, then 26, — B, < 6, < 25;,. Thus, we have the following cases:

(a) If 6* < 26, — B,, then K > 1. Moreover, we have 6* < ¢, implying that b < 0 and ¢ > 0.

(b) If26, — B, < 6" < 6, then K < 1 and 6* < 26, implying that K > 0. Moreover, the condition 6* < §, implies that
b<0andc > 0.

(c) If6, < 6", then K < 1,b>0andc < 0.

2. If 6, > B,, then 6, < 26, — B, < 26,,. We thus discuss the following cases:

(a) If 6* < ¢,,, then b < 0 and ¢ > 0. Moreover, we have 6* < 26, implying that K > 0 and 6* + B, < 26, implying
that K < 1
(b) If 6, < 6* <26, — By, thenb > 0,c <0and K > 1.

(c) If26,— B, < 6", thenb>0,c <0and K < 1.

Various bifurcation behaviours exhibited by this model is presented in tables[7 |—[10 ]
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TABLE 7 Number of positive roots for equation (EI) when 6, < B, and 6* <26, — B,, (i.e. b < 0,c > 0and K > 1).

Assumptions Number of positive roots Bifurcation diagram
A
K>1+§or { 2,if R, € [0, 1), \
c 4c c :
0 1 Ry
( 11
» . 2,if Ry € [0,R,) U (R, 1), i i
b_2<1&1<K<1+b_20r < 0,if Ry € (R, R,), o
Ccl<t g ]l k<142 ldouble if Ry=R,orR,, >l '
h2 - p2 b2 b2 . |
L,if Ry € [1,4+00). b
L 0o R, R. 1 R,
( 4 I
A . 0,if Ry € (O,R,), i
w<lsZ&l<K<4/7or J 1double,if Ry =R, |
1<L&I<K<q/% 2,if Ry € (R, 1), |
b b 1,if R, € [1, +0). !
L 0 R 1 R,
A4
( i
2,if Ry #R,, !
5 <1&K =1+ 1 1double, if Ry =R, |
1,if Ry € [1, 4+00). .
L |
0 R,=R, 1 R,

S | CONCLUSIONS

In this paper we have provided a comprehensive survey of all the possible bifurcation patterns that can occur in epidemiological
models in which the endemic equilibria satisfy a quadratic equation. Of practical importance are Tables 1-4, where we summa-
rized all the bifurcation cases that may emerge from such models. We note that some of these bifurcation results do not seem to
have obvious epidemiological interpretation, making their occurrence in practice debatable. Nonetheless, in the two presented
examples we managed to show possible interplays of the models’ parameters that lead to such unexpected bifurcation patterns.
Of course, even then one needs to check if the parameter values that drive such a behaviour are realistic.
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TABLE 8 Number of positive roots for equation @) when {6, < B, and 26, — B, < 6* < §,} or {6, > B, and 6* < ¢,,}, (i.e.
b<0,c>0and0< K < 1).

Assumptions Number of positive roots Bifurcation diagram

a

[ K <Oor

4c
< = =
Isi &K=Tlor { 0,if Ry € [0, 1],

1<y/%&0<K<1,0r 1,if Ry € (1, +c0).

4c 4c
{ \/,J—2S1&0<K<\/b—2

0 1 Ry
c 1 I
X <1&K =1 2,if Ry € [0, Ry), |
V¥ <1&/E <K < lor J 1'doudle,if Ry =Ry, |
: : 0,if Ry € (R, 11,
= S1& /5 <K <1 1,if Ry € (1,+00). 7:z _
L 0 b 1 N
A
( I
2,if Ry # R, !
 <I&K =1+ 3 ldouble, if Rj =R, |
1,if Ry € [1,+00). !
L |

0 R,=R, 1 R,

TABLE 9 Number of positive roots for equation @) when {6, < B,and ¢, < 6"} or {6, > B, and 26, — B, < 6"}, (i.e.
b>0,c<0and K < 1).

Assumptions Number of positive roots Bifurcation diagram

a

K<lts { 1Lif R, € [0, 1), /

2,if Ry € [1, +c0).

o
N
2

1,if R, € [0, 1),
0,if Ry € (R, R,),

1 double, if Ry =R, or R,
2,if Ry € (1,R) U(R,, +0).

1+:—2<K<1

o
R
a

Ro
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