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Abstract

For vector lattices E and F, where F is Dedekind complete and supplied with a
locally solid topology, we introduce the corresponding locally solid absolute strong
operator topology on the order bounded operators .Z,, (E, F) from E into F. Using
this, it follows that .Z, (E, F) admits a Hausdorff uo-Lebesgue topology whenever
F does. For each of order convergence, unbounded order convergence, and—when
applicable—convergence in the Hausdorff uo-Lebesgue topology, there are both a
uniform and a strong convergence structure on .2, (E, F). Of the six conceivable
inclusions within these three pairs, only one is generally valid. On the orthomor-
phisms of a Dedekind complete vector lattice, however, five are generally valid, and
the sixth is valid for order bounded nets. The latter condition is redundant in the
case of sequences of orthomorphisms, as a consequence of a uniform order bound-
edness principle for orthomorphisms that we establish. We furthermore show that,
in contrast to general order bounded operators, orthomorphisms preserve not only
order convergence of nets, but unbounded order convergence and—when applica-
ble—convergence in the Hausdorff uo-Lebesgue topology as well.

Keywords Vector lattice - Banach lattice - Order convergence - Unbounded order
convergence - Uo-Lebesgue topology - Orthomorphism - Absolute strong operator
topology - Uniform order boundedness principle

Communicated by M. S. Moslehian.

< Marcel de Jeu
mdejeu@math.leidenuniv.nl

Yang Deng

dengyang @swufe.edu.cn

School of Economic Mathematics, Southwestern University of Finance and Economics,
Chengdu, Sichuan 611130, People’s Republic of China

2 Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden, The Netherlands

Department of Mathematics and Applied Mathematics, University of Pretoria, Corner of
Lynnwood Road and Roper Street, Hatfield, Pretoria 0083, South Africa

) Birkhauser


http://orcid.org/0000-0002-7295-8969
http://crossmark.crossref.org/dialog/?doi=10.1007/s43037-021-00124-y&domain=pdf

57 Page2of33 Y. Deng, M. de Jeu

Mathematics Subject Classification 47B65 - 46A19

1 Introduction and overview

Let X be a non-empty set. A convergence structure on X is a non-empty collection
€ of pairs ((x,),ec4,X), Where (x,),c 4 is a net in X and x € X, such that:

1. when ((x,),e4,X) €, then also ((x)sep,X) G for every subnet (x;)zcpz Of

('xa)aGA;
2. when anet (x,),c 4 in X is constant with value x, then ((x,),c 4. X) € €.

One can easily vary on this definition. For example, one can allow only
sequences. There does not appear to be a consensus in the literature about the
notion of a convergence structure; [4] uses filters, for example. Ours is sufficient
for our merely descriptive purposes, and close in spirit to what may be the first
occurrence of such a definition in [12] for sequences. Although we shall not pur-
sue this in the present paper, let us still mention that the inclusion of the subnet
criterion in the definition makes it possible to introduce an associated topology
on X in a natural way. Indeed, define a subset of S of X to be ¥-closed when
x € § for all pairs ((x,),e4.X) € € such that (x,),c4 € S. Then the collection of
the complements of the %’-closed subsets of X is a topology on X.

The convergent nets in a topological space, together with their limits, are the
archetypical example of a convergence structure. For a given convergence struc-
ture ¥ on a non-empty set X, however, it is not always possible to find a (obvi-
ously unique) topology 7 on X such that the r-convergent nets in X, together with
their limits, are precisely the elements of 4. Such non-topological convergence
structures arise naturally in the context of vector lattices. For example, the order
convergent nets in a vector lattice, together with their order limits, form a con-
vergence structure, but this convergence structure is topological if and only if the
vector lattice is finite dimensional; see [8, Theorem 1] or [23, Theorem 8.36].
Likewise, the unbounded order convergent nets in a vector lattice, together with
their unbounded order limits, form a convergence structure, but this convergence
structure is topological if and only if the vector lattice is atomic; see [23, Theo-
rem 6.54]. Topological or not, the order and unbounded order convergence struc-
tures, together with the (topological) structure for convergence in the Hausdorff
uo-Lebesgue topology, when this exists, yield three natural and related conver-
gence structures on a vector lattice to consider.

Suppose that E and F are vector lattices, where F is Dedekind complete. The
above then yields three convergence structures on the vector lattice .2, (E, F)
of order bounded operators from E into F. On the other hand, there are also
three convergence structures on .Z,, (E, F) that are naturally derived from the
three convergence structures on the vector lattice F. For example, one can con-
sider all pairs ((T,),e4.T), where (T,),c 4 is a net in £, (E,F) and T € £ (E),
such that (T,x),c 4 is order convergent to Tx in F for all x € E. These pairs also
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form a convergence structure on .Z,, (E, F). Likewise, the pointwise unbounded
order convergence in F and—when applicable—the pointwise convergence in
the Hausdorff uo-Lebesgue topology on F both yield a convergence structure on
Z.(E,F). Motivated by the terminology for operators between Banach spaces,
we shall speak of uniform and strong convergence structures on .Z,, (E)—with the
obvious meanings.

The present paper is primarily concerned with the possible inclusions between the
uniform and strong convergence structure for each of order convergence, unbounded
order convergence, and—when applicable—convergence in the Hausdorff uo-Leb-
esgue topology. Is it true that a uniformly order convergent net of order bounded
operators is also strongly order convergent? Is the converse true? How is this for
unbounded order convergence and, when applicable, convergence in the Hausdorff
uo-Lebesgue topology? We consider these implications, six in all, for £, (E, F), but
also for the orthomorphisms Orth (E) on a Dedekind complete vector lattice.! This
special interest in Orth (E) stems from representation theory. When a group acts as
order automorphisms on a Dedekind complete vector lattice E, then the Boolean
lattice of all invariant bands in E can be retrieved from the commutant of the group
action in Orth (E). This commutant, therefore, plays the role of the von Neumann
algebra which is the commutant of a unitary action of a group on a Hilbert space. It
has been known long since that more than one topology on a von Neumann algebra
is needed to understand it and its role in representation theory on Hilbert spaces, and
the same holds true for the convergence structures as related to these commutants in
an ordered context. Using these convergence structures, it is, for example, possible
to obtain ordered versions of von Neumann’s bicommutant theorem. We shall report
separately on this. Apart from its intrinsic interest, the material on Orth (E) in the
present paper is an ingredient for these next steps.

This paper is organised as follows.

Section 2 contains the basic notations, definitions, conventions, and references to
earlier results.

In Sect. 3, we show how, given a vector lattice E, a Dedekind complete vector
lattice F, and a (not necessarily Hausdorff) locally solid linear topology 7, on F,
a locally solid linear topology can be introduced on .Z; (E, F) that deserves to be
called the absolute strong operator topology that is generated by 7. This is a prepa-
ration for Sect. 4, where we show that regular vector sublattices of .Z; (E, F)) admit a
Hausdorft uo-Lebesgue topology when F admits one.

For each of order convergence, unbounded order convergence, and—when appli-
cable—convergence in the Hausdorff uo-Lebesgue topology, there are two conceiva-
ble implications between uniform and strong convergence of a net of order bounded
operators. In Sect. 5, we show that only one of these six is generally valid. Section 9

! With six convergence structures under consideration, one can actually consider thirty non-trivial pos-
sible inclusions between them. With some more effort, one can determine for all of these whether they
are generally valid for the order bounded operators and for the orthomorphisms on a Dedekind complete
vector lattice; see [10, Tables 3.1 and 3.2].
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will make it clear that the five failures are, perhaps, not as ‘only to be expected’ as
one might think at first sight.

In Sect. 6, we review some material concerning orthomorphism and establish
a few auxiliary result for use in the present paper and in future ones. It is shown
here that a Dedekind complete vector lattice and its orthomorphisms have the same
universal completion. Furthermore, a uniform order boundedness principle is estab-
lished for sets of orthomorphisms.

Section 7 briefly digresses from the main line of the paper. It is shown that ortho-
morphisms preserve not only the order convergence of nets, but also the unbounded
order convergence and—when applicable—the convergence in the Hausdorff uo-
Lebesgue topology. None of this is true for arbitrary order bounded operators.

In Sect. 8, we return to the main line, and we specialise the results in Sects. 3
and 4 to the orthomorphisms. When restricted to Orth (E), the absolute strong opera-
tor topologies from Sect. 3 are simply strong operator topologies.

Section 9 on orthomorphisms is the companion of Sect. 5, but the results are
quite in contrast. For each of order convergence, unbounded order convergence,
and—when applicable—convergence in the Hausdorff uo-Lebesgue topology, both
implications between uniform and strong convergence of a net of orthomorphisms
are valid, with an order boundedness condition on the net being necessary only for
order convergence. For sequences of orthomorphisms, this order boundedness con-
dition is even redundant as a consequence of the uniform order boundedness princi-
ple for orthomorphisms from Sect. 6.

2 Preliminaries

In this section, we collect a number of definitions, notations, conventions and earlier
results.

All vector spaces are over the real numbers; all vector lattices are supposed to
be Archimedean. We write E* for the positive cone of a vector lattice E. For a non-
empty subset S of E, we let I and B denote the ideal of E and the band in E, respec-
tively, that are generated by S; we write S¥ for {s; V --- Vs, : s(,...,5, €S, n>1}.

Let E be a vector lattice, and let x € E. We say that a net (x,),c 4 in E is order
convergent to x € E (denoted by x, — x) when there exists a net (y;)s¢ in E such
that y, | 0 and with the property that, for every §, € B3, there exists an o, € A such
that |x — x,| <y, whenever a in A is such that a > a,. We explicitly include this
definition to make clear that the index sets A and B need not be equal.

Let (x,),e4 be a net in a vector lattice E, and let x € E. We say that (x,) is
unbounded order convergent to x in E (denoted by x,— x) when |x, —x| Ay— 0
in E for all y € E*. Order convergence implies unbounded order convergence to the
same limit. For order bounded nets, the two notions coincide.

Let E and F be vector lattices. The order bounded operators from E into F will
be denoted by £, (E, F). We write E~ for .Z,,(E, R). A linear operator T : E — F
between two vector lattices E and F is order continuous when, for every net (x,),c 4
in E, the fact that x, — 0 in E implies that Tx, — 0 in F. An order continuous lin-
ear operator between two vector lattices is automatically order bounded; see [3,
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Lemma 1.54], for example. The order continuous linear operators from E into F will
be denoted by .Z; (E, F). We write E_ for Z, (E,R).

Let F be a vector sublattice of a vector lattice E. Then F is a regular vector
sublattice of E when the inclusion map from F into E is order continuous. Ideals
are regular vector sublattices. For a net in a regular vector sublattice F of E, its
uo-convergence in F and in E are equivalent; see [14, Theorem 3.2].

When E is a vector space, a linear topology on E is a (not necessarily Haus-
dorff) topology that provides E with the structure of a topological vector space.
When E is a vector lattice, a locally solid linear topology on E is a linear topology
on E such that there exists a base of (not necessarily open) neighbourhoods of 0
that are solid subsets of E. For the general theory of locally solid linear topolo-
gies on vector lattices we refer to [2]. When E is a vector lattice, a locally solid
additive topology on E is a topology that provides the additive group E with the
structure of a (not necessarily Hausdorff) topological group, such that there exists
a base of (not necessarily open) neighbourhoods of 0 that are solid subsets of E.

A topology 7 on a vector lattice E is an o-Lebesgue topology when it is a (not
necessarily Hausdorff) locally solid linear topology on E such that, for a net

(*y)qeq 1n E, the fact that xa—i 0 in E implies that xa—L 0. A vector lattice need
not admit a Hausdorff o-Lebesgue topology. A topology = on a vector lattice E
is a uo-Lebesgue topology when it is a (not necessarily Hausdorff) locally solid

linear topology on E such that, for a net (x,),c4 in E, the fact that xa—ui 0 in
E implies that x,— 0. Since order convergence implies unbounded order con-
vergence, a uo-Lebesgue topology is an o-Lebesgue topology. A vector lattice
E need not admit a Hausdorff uo-Lebesgue topology, but when it does, then this
topology is unique (see [6, Propositions 3.2, 3.4, and 6.2] or [24, Theorems 5.5
and 5.9]) and we denote it by 7.

Let E be a vector lattice, let F' be an ideal of E, and suppose that 7 is a (not nec-
essarily Hausdorff) locally solid linear topology on F. Take a non-empty subset S of
F. Then there exists a unique (possibly non- Hausdorﬁ) locally solid linear topology
ug7, on E such that, for a net (x,),c 4 in E, x, —5 0if and only if |x,| A |s|—> 0 for
all s € §; see [11, Theorem 3.1] for this, which extends earlier results in this vein in,
e.g., [6, 24]. This topology ug7 is called the unbounded topology on E that is gener-
ated by 7, via S. Suppose that E admits a Hausdorff uo-Lebesgue topology 7. The
uniqueness of such a topology then implies that u;7; = 7. In the sequel, we shall
use this result from [6, 24] a few times.

Finally, the characteristic function of a set S will be denoted by yg, and the iden-
tity operator on a vector space will be denoted by I.

3 Absolute strong operator topologies on .2, (E, F)

Let E and F be vector lattices, where F is Dedekind complete. In this section,
we start by showing how topologies can be introduced on vector sublattices of
Z(E,F) that can be regarded as absolute strong operator topologies; see Theo-
rem 3.5 and Remark 3.7, below. Once this is known to be possible, it is easy to relate
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this to o-Lebesgue topologies and uo-Lebesgue topologies on regular vector sublat-
tices of .Z, (E, F). In particular, we shall see that every regular vector sublattice of
Z.(E,F) admits a (necessarily unique) Hausdorff uo-Lebesgue topology when F
admits a Hausdorff o-Lebesgue topology; see Corollary 4.5, below.

When restricted to the orthomorphisms on a Dedekind complete vector lattice,
the picture simplifies; see Sect. 8. In particular, the restrictions of absolute strong
operator topologies are then simply strong operator topologies.

The construction in the proof of the following result is an adaptation of that in
the proof of [11, Theorem 3.1]. The latter construction is carried out under mini-
mal hypotheses and uses neighbourhood bases at zero as in [24, proof of Theo-
rem 2.3] rather than Riesz pseudo-norms. Such an approach enables one to also
understand various ‘pathologies’ in the literature from one central result; see [11,
Example 3.10]. It is for this reason of maximum flexibility that we also choose
such a neighbourhood approach here.

Theorem 3.1 Let E and F be vector lattices, where F is Dedekind complete, and let
T be a (not necessarily Hausdorff) locally solid additive topology on F. Take a non-
empty subset S of E. There exists a unique (possibly non-Hausdorff) additive topol-

STF

ASO
0gy ASOT gt on £, (E, F) such that, for a net (T,) e 4 in Lo (E, F),T,—— 0 if

and only iflTa||s|—Ti> Oforalls €S.

Let I be the ideal of E that is generated by S. For a net (Ty)ye 4 in Ly (E, F),
ASOTq7,
T,—50 if and only if |Ta||x|i> 0 for all x € Is; and also if and only if

a
|Ta|xi> 0forall x € 1.
Furthermore:

1. for every x € I, the map T — Tx is an ASOTst, — 75 continuous map from
L (E,F)into F;

2. the topology ASOT ¢ty on £, (E, F) is a locally solid additive topology;

3. when vy is a Hausdorff topology on F, the following are equivalent for an additive
subgroup G of £ (E,F):

(a) the restriction ASOTgtp|y of ASOT 1y to ¢ is a Hausdorff topology on 4,
(b) I separates the points of 4.

4. the following are equivalent for a linear subspace ¥ of Z,(E,F):

(@) forallT € V ands € S,|£T||s|i> Oase - 0inR,
(b) the restriction ASOTtg |y of ASOT gty to V is a (possibly non-Hausdorff)
linear topology on V.

Proof Suppose that 7 is a (not necessarily Hausdorff) locally solid additive topol-
ogyon F.

It is clear from the required translation invariance of ASOT7 that it is unique,
since the nets that are ASOT ¢7,-convergent to zero are prescribed.
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For its existence, we take a tp-neighbourhood base {U, } ;5 of zero in F that con-
sists of solid subsets of F. For x € Igand 1 € A, we set

V,. :={T e L.EF): |T||lx| €U,}.

The V, ,’s are solid subsets of .Z; (E, F) since the U, are solid subsets of F.
Set

Ny ={V,, - A€ A x €L}

We shall now verify that .4 satisfies the necessary and sufficient conditions in [17,
Theorem 3 on p. 46] to be a base of neighbourhoods of zero for an additive topology
on 72, (E, F).

TakeV, ..V, . € A Thereexistsad; € AsuchthatU, CU, NnU,,anditis
easy to verify thatthen V,_ .\, €V, NV, . .Hence 4 is a filter base.

Itis clear thatV,, = =V, ..

Take V, , € ;. There exists a u € A such that U, + U, C U,, and it is easy to
see thatthenV, . +V,  CV, .

An appeal to [17, Theorem 3 on p. 46] now yields that .4 is a base of neigh-
bourhoods of zero for an additive topology on .Z,, (E, F) that we shall denote by
ASOTgtp. It is a direct consequence of its definition that, for a net (7,),c4 in

1X1

ASOT,r, -
ZLW(EF),T, —5 0ifand only if |7, ||x|— O for all x € I. Using the fact that

7r is a locally solid additive topology on F, it is routme to verify that the latter con-
dition is equivalent to_ the condition that |T |x——> 0 for all x € I, as well as to the
condition that |7 ||s| i Oforall s € S.

We turn to the statements in the parts (1)—(4).

For part (1), suppose that (T,),c 4 is a net in .Z, (E, F) such that T,

Then |Ta||x|——ri> 0 for all x € I;. Since |T,x| < |T,||x|, the fact that 7 is locally solid

implies that then also Tax—i Oforall x € I.

Since the topology ASOT 7} is a locally solid additive topology on .Z, (E, F) by
construction, part (2) is clear.

For part (3), we recall from [17, p. 48, Theorem 4] that an additive topology on a
group is Hausdorft if and only if the intersection of the elements of a neighbourhood
base of zero is trivial. Using this for F in the second step, and invoking [11, Proposi-
tion 2.1] in the third, we see that

OTg7p

| (Vi.n9) = {Tezob(E,F) S ITlIx e (U, forallxels} ng
AEAx€EI

FIEIN
={Te Z,(E,F):|T|lx| =0forallx e I} n¥.
={Te Z,(E,F): Tx=0forallxe i} n¥Y
={Te¥: Tx=0forall x € I}.

Another appeal to [17, p. 48, Theorem 4] then completes the proof of part (3).
We prove that part (a) implies part (b). It is clear that ASOT¢7y|, is an addi-
tive topology on 7. From what we have already established, we know that the

) Birkhauser



57 Page8o0f33 Y. Deng, M. de Jeu

assumption implies that also |sT||x|i> Oase—>0inRforall T € ¥ and x € I;.
Fix A€ Aandx € I;, and take T € ¥. Since |eT| |x|i> 0as e — 0inR, there exists
a 6 > 0 such that |eT'||x| € U, whenever |e| < 6. That is, eT € V, , NV whenever
le] < 6. Hence, V;, N ¥ is an absorbing subset of ¥'. Furthermore, since V, is a
solid subset of £ (E, F), it is clear that eT € V, , N ¥ whenever T € V, N/ and
€ € [-1,1]. We conclude from [1, Theorem 5.6] that ASOTz|, is a linear topol-
ogy on¥'. ASOTz,],

We prove that part (b) implies part (a). Take 7 € . Then eT——— 0 as
e - 0inR. By construction, this implies that (and is, in fact, equivalent to) the fact
that|£T||s|—> Oforalls €S. O

Remark 3.2 1t is clear from the convergence criteria for nets that the topologies
ASOTg, 7 and ASOTj, 7 are equal when Ig = I . One could, therefore, work with
ideals from the very start, but it seems worthwhile to keep track of a smaller set of
presumably more manageable ‘test vectors’. See also the comments preceding Theo-
rem 4.3, below.

ASOTt,
Remark 3.3 Suppose that (T eca is a net in £, (E, F) such that T, —50.Itis

easy to see that then |T, |x—> 0 uniformly on every order bounded subset of /g, so
that then also 7, —5 0 uniformly on every order bounded subset of /.

Definition 3.4 The topology ASOT(7, in Theorem 3.1 is called the absolute strong
operator topology that is generated by t via S. We shall comment on this nomen-
clature in Remark 3.7, below.

The following result, which can also be obtained using Riesz pseudo-norms, is
clear from Theorem 3.1.

Corollary 3.5 Let E and F be vector lattices, where F is Dedekind complete, and let
T be a (not necessarily Hausdorff) locally solid linear topology on F. Take a vector
sublattice & of £, (E, F) and a non-empty subset S of E.

There exists a unique additive topology ASOT¢tp on & such that, for a net
ASOTg7, T
(T)en in & T,——5 0 if and only if |T,||s|—> O for all s € S. ASOTr
S*F

Let I be the ideal of E that is generated by S. For a net (T,) e 4 in 6,T,——— 0
if and only if|Ta||x|i> 0 for all x € Ig; and also if and only lflTalx—> 0 for all

x €l
Furthermore:

1. forevery x € I, the map T — Tx is an ASOT 1, — 7 continuous map from &
into F;

2. the additive topology ASOT ¢ty on the group & is, in fact, a locally solid linear
topology on the vector lattice &. When t. is a Hausdorff topology on F, then
ASOT 1y is a Hausdorff topology on & if and only if I separates the points of &.
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Remark 3.6 Although in the sequel of this paper we shall mainly be interested in
the nets that are convergent in a given topology, let us still remark that is possible
to describe an explicit ASOT ¢7,-neighbourhood base of zero in &'. Take a 7,-neigh-
bourhood base {U,},c, of zero in F that consists of solid subsets of F. For 1 € A
and x € I, set

Vixi={T €& |T||x| € U,}.

Then{V,, : A € A,x € I} is an ASOTgr-neighbourhood base of zero in &

Remark 3.7 1t is not difficult to see that ASOT 7 is the weakest locally solid linear
topology 7, on & such that, for every x € I, the map T — Tx is a 7, — 7 continuous
map from & into F. It is also the weakest linear topology r{’p on & such that, for every
x € I, the map T — |T|x is a 7/, — 7 continuous map from & into F. The latter
characterisation is our motivation for the name ‘absolute strong operator topology’.
Take F = R and S = E. Then ASOTg7y is what is commonly known as the abso-
lute weak*-topology on E~. There is an unfortunate clash of ‘weak’ and ‘strong’

here that appears to be unavoidable.

Remark 3.8 For comparison with Remark 3.7, and to make clear the role of the
local solidness of the topologies in the present section, we mention the following,
which is an easy consequence of [1, Theorem 5.6], for example. Let £ and F be
vector spaces, where F' is supplied with a (not necessarily) Hausdorff linear topol-
ogy 7. Take a linear subspace & of the vector space of all linear maps from E
into F, and take a non-empty subset S of E. Then there exists a unique (not nec-
essarily I;Iausdorff) linear topology SOTgzy on & such that, for a net (T,),c4 in
&, T, ——5 0 if and only if T, s—5 0 for all s € S. The subsets of & of the form
N {Te&:Ts e V. }, where the s; run over S and the V; run over a balanced 7,
-neighbourhood base {V, : 4 € A} of zero in F, are an SOT¢7-neighbourhood base
of zero in &. When 7 is Hausdorff, then SOT7} is Hausdorff if and only if S sepa-
rates the points of &. This strong operator topology SOT ¢z, on & that is generated
by 7 via S, is the weakest linear topology 7, on & such that, for every s € S, the
map T — Tx is 7, — Tp-continuous.

4 o-Lebesgue topologies and uo-Lebesgue topologies on vector
lattices of operators

To arrive at results concerning o-Lebesgue topologies and uo-Lebesgue topologies
on regular vector sublattices of operators, we need a preparatory result for which we
are not aware of a reference. Given its elementary nature, we refrain from any claim
to originality. It will re-appear at several places in the sequel.
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Lemma 4.1 Let E and F be vector lattices, where F is Dedekind complete, and let
& be a regular vector sublattice of Z,(E, F). Suppose that (T,)qe 4 is net in & such
thatT,— Q0in &. ThenT,x— 0 for all x € E.

Proof By the regularity of &, we also have that Ta—0> 0in .Z,, (E,F). Hence there
exists a net (Sp)pep in L4, (E, F) such that Sy | 0 in £, (E, F) and with the prop-
erty that, for every fi, € B, there exists an &, € A such that |7,| < S, foralla € A
such that a > a,. We know from [3, Theorem 1.18], for example, that Sﬂxoi 0 for all
x € E*. Since |T,x| < |Ty|x for x € E*, it then follows easily that T,x— 0 for all
x € E*.Hence T, x— Oforallx € E. O

We can now show that the o-Lebesgue property of a locally solid linear topol-
ogy on the Dedekind complete codomain is inherited by the associated absolute
strong operator topology on a regular vector sublattice of operators.

Proposition 4.2 Let E and F be vector lattices, where F is Dedekind complete.
Suppose that F admits an o-Lebesgue topology ty. Take a regular vector sublattice
& of L (E,F) and a non-empty subset S of E. Then ASOT 7 is an o-Lebesgue
topology on &. When t. is a Hausdorff topology on F, then ASOT¢ty is a Haus-
dorff topology on & if and only if I separates the points of &.

Proof In view of Corollary 3.5, we merely need to show that, for a net (7,),c 4 in &,
the fact that Ta—i 0in & implies that Ta& 0. Take s € S. Since also |Ta|—(1> 0
in &, Lemma 4.1 implies that |7, ||s]| 2 0inF. Using that 7 is an o-Lebesgue topol-
ogy on F, we find that |Ta||s|i> 0. Since this holds for all s € S, Corollary 3.5

ASOTy7p X
shows that T,——— 0in & O

We conclude by showing that every regular vector sublattice of £, (E, F) admits
a (necessarily unique) Hausdorff uo-Lebesgue topology when the Dedekind com-
plete codomain F admits a Hausdorff o-Lebesgue topology. It is the unbounded
topology that is associated with the members of a family of absolute strong opera-
tor topologies on the vector sublattice, with all members yielding the same result.
Our most precise result in this direction is the following. The convergence criterion
in part 2 is a ‘minimal one’ that is convenient when one wants to show that a net
is convergent, whereas the criterion in part 3 maximally exploit the known conver-
gence of a net.

Theorem 4.3 Let E and F be vector lattices, where F is Dedekind complete. Sup-
pose that F admits an o-Lebesgue topology tr. Take a regular vector sublattice & of
L W(E,F),a non-empty subset . of &, and a non-empty subset S of E.

Then u ,ASOT 7y is a uo-Lebesgue topology on &.

We let 1 denote the ideal of E that is generated by S, and I, the ideal of & that is
generated by /. For a net (T,),c 4 in &, the following are equivalent:
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u g ASOT 7,
1. T,—0;
2. (IT,| AIT))|s|— OforallT € . and s € S,
3. (IT,| A|T)x—> OforallT € I, and x € I.

Suppose that Ty is actually a Hausdorft o-Lebesgue topology on F. Then the fol-
lowing are equivalent:

(1) u ASOTg7y is a (necessarily unique) Hausdorff uo-Lebesgue topology on &
(ii) I separates the points of & and I , is order dense in &.

In that case, the Hausdorff uo-Lebesgue topology u ,ASOT ¢t on & is the restric-
tion of the (necessarily unique) Hausdorff uo-Lebesgue topology on £, (E, F), i.e.,
of uy, (gmASOT 1y, and the criteria in 1,2, and 3 are also equivalent to:

4. (T, AMTDx—> Ofor all T € £, (E, F) and x € E.

Proof It is clear from Proposition 4.2 and [11, Proposition 4.1] that u ,ASOT7 is
a uo-Lebesgue topology on &. The two convergence criteria for nets follow from the
combination of those in [11, Theorem 3.1] and in Corollary 3.5.

According to [11, Proposition 4.1], u ,ASOT 7 is a Hausdorft topology on & if
and only if ASOT 7, is a Hausdorft topology on & and [, is order dense in &. An
appeal to Proposition 4.2 then completes the proof of the necessary and sufficient
conditions for u ,ASOT7} to be Hausdorff.

Suppose that 7 is actually also Hausdorff, that I separates the points of &, and
that I, is order dense in &. From what we have already established, it is clear that
Uy g nASOTgTp is a (necessarily unique) Hausdorff uo-Lebesgue topology on
Z(E,F). Since the restriction of a Hausdorff uo-Lebesgue topology on a vector
lattice to a regular vector sublattice is a (necessarily unique) Hausdorff uo-Lebesgue
topology on the vector sublattice (see [24, Proposition 5.12]), the criterion in part 4
follows from that in part 3 applied tou o (g ;) ASOTp 7. O

Remark 4.4 Take a tp-neighbourhood base {U,},c5 of zero in F that consists of
solid subsets of F. For A€ A, T € 1,, and x € I, set

Vi =T e & (TIAITDIx| € U, .
As a consequence of the constructions of unbounded and absolute strong operator

topologies, {V,5 1 A€ AT €1, x €I} is then a uy ASOTg7e-neighbourhood
base of zero in &.

The following consequence of Theorem 4.3 will be sufficient in many situations.

) Birkhauser



57 Page120f33 Y. Deng, M. de Jeu

Corollary 4.5 Let E and F be vector lattices, where F is Dedekind complete. Sup-
pose that F admits a Hausdorff o-Lebesgue topology tp.

Take a regular vector sublattice & of £ (E,F). Then & admits a (necessarily
unique) Hausdorff uo-Lebesgue topology T,. This topology equals u ASOTgtp,
and is also equal to the restriction to & of the Hausdorff uo-Lebesgue topology
Uy £nASOTptp on L (E, F).

For a net (T,) ¢ 4 in &, the following are equivalent:

L T,=50;
2. (IT,| ATx—> Oforall T € & and x € E;
3. (IT,| A T)x—> Oforall T € £, (E,F)and x € E.

Remark 4.6 There can, sometimes, be other ways to see that a given regular vector
sublattice of .Z; (E, F)) admits a Hausdorff uo-Lebesgue topology. For example, sup-
pose that F; separates the points of F. For x € E and ¢ € F, the map T — ¢(Tx)
defines an order continuous linear functional on .Z, (E, F), and it is then clear that
the order continuous dual of .Z, (E, F) separates the points of .Z, (E, F). Hence,
Z, (E,F) can also be supplied with a Hausdorff uo-Lebesgue topology as in [11,
Theorem 5.2] which, in view of its uniqueness, coincides with the one as supplied
by Corollary 4.5.

5 Comparing uniform and strong convergence structures
on Z,,(E,F)

Suppose that E and F are vector lattices, where F' is Dedekind complete. As
explained in Sect. 1, there exist a uniform and a strong convergence structure on
Z(E, F) for each of order convergence, unbounded order convergence, and—when
applicable—convergence in the Hausdorff uo-Lebesgue topology. In this section, we
investigate what the inclusion relations are between the members of each of these
three pairs. For example, is it true that the uniform (resp. strong) order convergence
of a net of order bounded operators implies its strong (resp. uniform) order conver-
gence to the same limit? We shall show that only one of the six conceivable impli-
cations is valid in general, and that the others are not even generally valid for uni-
formly bounded sequences of order continuous operators on Banach lattices. Whilst
the failures of such general implications may, perhaps, not come as too big a sur-
prise, the positive results for orthomorphisms (see Theorems 9.4, 9.5, 9.7 and 9.10,
below) may serve to indicate that they are less evident than one would think at first
sight.

For monotone nets in .Z (E, F), however, the following result shows that then
even all four (or six) notions of convergence in .Z,, (E, F) coincide.

Proposition 5.1 Let E and F be vector lattices, where F is Dedekind complete, and
let (T,) e 4 be a monotone net in £, (E, F). The following are equivalent:
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T, 0in. 2, (E, F);
T,—> 0in 2, (E, F);
Tax—()» Oin F forall x € E;
Taxﬁ Oin F forall x € E.

e

Suppose that, in addition, F admits a (necessarily unique) Hausdorff uo-Lebesgue
topology T, so that £, (E, F) also admits a (necessarily unique) Hausdorff uo-Leb-
esgue topology %:gfob(E,F) by Corollary 4.5. Then 1-4 are also equivalent to:

1A’yoh(E,F)
5. TaA—) 0;
6. Tax—zi Oforallx € E.

Proof We may suppose that 7, | and that x € E*. For order bounded nets in a vector
lattice, order convergence and unbounded order convergence are equivalent. Passing
to an order bounded tail of (T,),c 4, We, thus, see that the parts 1 and 2 are equiva-
lent. Similarly, the parts 3 and 4 are equivalent. The equivalence of the parts 1 and 3
is well known; see [2, Theorem 1.67], for example.

Suppose that F admits a Hausdorff uo-Lebesgue topology 7. In that case, it follows
from [11, Lemma 7.2] that the parts 2 and 5 are equivalent, as are the parts 4 and 6. O

When (7,),c 4 1s a not necessarlly monotone net in .Z,, (E, F) such that T, > 0,
then Lemma 4.1 shows that T,.x— 0 in F for all x € E. We shall now give five
examples to show that each of the remaining five conceivable implications between
a corresponding uniform and strong convergence structures on .Z,, (E, F) is not gen-
erally valid. In each of these examples, we can even take E = F to be a Banach lat-
tice, and for the net (7,),e 4 We can even take a uniformly bounded sequence (7)) |
of order continuous operators on E.

Example 5.2 We give an example of a uniformly bounded sequence (T,)" | of posi-
tive order continuous operators _on a Dedekind complete Banach lattlce E with a
strong order unit, such that T,x— 0 in E for all x € E but T, »0in Z,(E) because
the sequence is not even order bounded in .Z, (E).

We choose 7 (N) for E = F. For n > 1, we set T, :=S", where § is the right shift
operator on E. The T, are evidently positive and of norm one. A moment’sothought
shows that they are order continuous. Furthermore, it is easy to see that 7,x— 0 in E
for all x € E. We shall now show that {7, : n > 1} is not order bounded in .Z,, (E).
For this, we start by establishing that the 7, are mutually disjoint. Let (¢;)7°, be the
standard sequence of unit vectors in E. Take m # n andi > 1. Since ¢; is an atom, the
Riesz—Kantorovich formula for the infimum of two operators shows that

0< (T, AT)e; =inf{te, ., + (1 —1e,,; : 0<t <1} <inf{e,; e,,;} =0

Hence, (T,, A T,,) vanishes on the span of the e;. Since this span is order dense in E,
and since T, A T,, € Z, (E), it follows that T, A T,, = 0.

m
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We can now show that (7,)%  is not order bounded in %, (E). Indeed, suppose
thatT € £, (E) is a upper bound for all 7. Sete: = \/;’i1 e;. Then, forall N > 1,

N N
Te > <\/ Tn>e = (Z Tn)e > Ney,;.
n=1 n=1

This shows that 7e cannot be an element of .. We conclude from this contradiction
that (7,,)% | is not order bounded in £, (E).

Example 5.3 We give an example of a uniformly bounded sequence (T,), of posi-
tive order continuous operators on a Dedekind complete Banach lattice E with a

strong order unit, such that Tn—ui 0in £, (E) but T,x 2 0 for some x € E.

We choose ¢ (Z) for E = F. For n > 1, we set T, :=S", where § is the right shift
operator on E. Just as in Example 5.2, the T,, are positive order continuous operators
on E of norm one that are mutually disjoint. Since disjoint sequences in vector lattlces
are unbounded order convergent to zero (see [14, Corollary 3.6]), we have T, = 0in

Z,.,(E). On the other hand, if we let e be the two-sided sequence that is constant 1, then
T,e = eforalln > 1. Hence (T,¢);? | is not unbounded order convergent to zero in E.

For our next example, we require a preparatory lemma.
Lemma 5.4 Let u be the Lebesgue measure on the Borel o-algebra A of [0, 1],

and let 1 < p < o0. Take a Borel subset S of [0, 1], and define the positive operator
TS . Lp([Ov 1]9 %9 l’l) - Lp([os 1]7 %5 /’l) by Settlng

Ts(f)3=/{dld “ Xs
for f € Lp([O, 11, B, u). ThenTg A1 = 0.

Proof Take an n > 1, and choose disjoint a partition [0, 1] = U?:l A, of [0, 1] into
Borel sets A; of measure 1/n. Let e denote the constant function 1. Then

(Ts ADe= Y (Tg Al gy,
i=1

n
< Z(Ts)(A[) A X,

< DA XD) A 1,
i=1

IA

PIWTCHIN
i=1
1

= —e.
n
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Since n is arbitrary, we see that (T¢ Al)e =0. Because 0 < Tg AT <I, TgAT is
order continuous. From the fact that the positive order continuous operator Tg A I
vanishes on the weak order unit e of Lp([O, 11, 8, u), we conclude that Tg A I = 0.

O

Example 5.5 We give an example of a uniformly bounded sequence (T,)> | of order
continuous operators on a separable reflexive Banach lattice E with a weak order
unit, such that T,x— 0 in E for all x€ E but T, 20 in Z,,(E) because even

/T\J/’(,h(h')
T,—+— 0in Z(E).

Let 4 be the Lebesgue measure on the Borel o-algebra # of [0, 1], and let
1 < p < 0. For E we choose Lp([O, 11, A, u), so that E is reflexive for 1 < p < oo.
For n > 1, we let #, be the sub-c-algebra of & that is generated by the intervals
S,;=lG-1)/2"i/2"| fori=1,...,2", and we letE, : E — E be the correspond-
ing conditional expectation. By [5, Theorem 10.1.5], E,, is a positive norm one pro-
jection. A moment’s thought shows that every open subset of [0, 1] is the union of
the countably infinitely many S, ; that are contained in it, so that it follows from
[5, Theorem 10.2.3] that E.f — f almosutoeverywhere as n — oo. By [14, Proposi-
tion 3.1], we can now conclude that E, f— f forall f € E.

20
On the other hand, it is not true that [En—ib(i 1. To see this, we note that, by [5,
Example 10.1.2], every E, is a linear combination of operators as in Lemma 5.4.
Hence, E, L I for all n. Since ?gob(E) is a locally solid linear topology, a possible
T4 eylimit of the E, is also disjoint from /, hence cannot be / itself.
On setting T,,:=E, — I for n > 1, we have obtained a sequence of operators as
desired.

Example 5.6 We give an example of a uniformly bounded sequence (T,)%, of
positive order continuous operators on a Dedekind complete Banach lattice E
with a strong order unit that admits a Hausdorff uo-Lebesgue topology, such that

TLob(E)

T,—— 0in £, (E) but T,x 50 in E for some x € E.

We choose E, the T, € Z,,(E), and e € E as in Example 5.3. There are several
ways to see that E admits a Hausdorff uo-Lebesgue topology. This follows most eas-
ily from the fact that E is atomic (see [24, Lemma 7.4]) and also from [11, The-
orem 6.3] in the context of measure spaces. By Corollary 4.5, .Z (E) t&en also
admits such a topology. Since we already know from Example 5.3 that 7,— 0, we

TZ o (E) .
also have that Tn—b(> 0. On the other hand, the fact that 7,e = e for n > 1 evi-

dently shows that (7€), is not 7,-convergent to zero in E.

Example 5.7 We note that Example 5.5 also gives an example of a uniformly
bounded sequence (T,)> | of order continuous operators on a separable reflexive
Banach lattice E with a weak order unit that admits a Hausdorff uo-Lebesgue topol-

7, T Loy (E)
ogy, such that Tnxg 0in E for all x € E but T,—+— 0 in Z,,(E).
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6 Orthomorphisms

In this section, we review some material concerning orthomorphism and establish a
few auxiliary result for use in the present paper and in future ones.

Let E be a vector lattice. We recall from [3, Definition 2.41] that an operator on
E is called an orthomorphism when it is a band preserving order bounded operator.
An orthomorphism is evidently disjointness preserving, it is order continuous (see
[3, Theorem 2.44]), and its kernel is a band (see [3, Theorem 2.48]). We denote by
Orth (E) the collection of all orthomorphism on E. Even when E is not Dedekind
complete, the supremum and infimum of two orthomorphisms S and 7 in E always
exists in .2, (E). In fact, we have

[SVT]x)=Sx) Vv T(x)

[SAT](x) =Sx) AT(x) .1

for x € E* and
[Tx| = |T||x| = |T(|x])| 6.2)

for x € E; see [3, Theorems 2.43 and 2.40]. Consequently, Orth (E) is a unital vector
lattice algebra for every vector lattice E. Even more is true: according to [3, Theo-
rem 2.59], Orth (E) is an (obviously Archimedean) f-algebra for every vector lattice
E, so it is commutative by [3, Theorem 2.56]. Furthermore, for every vector lattice
E,whenT € Orth(E)and T : E — E is injective and surjective, then the linear map
T-' : E - E is again an orthomorphism. We refer to [21, Theorem 3.1.10] for a
proof of this result of Huijsmans’ and de Pagter’s.

It follows easily from (6.1) that, for every vector lattice E, the identity operator is
a weak order unit of Orth (E). When E is Dedekind complete, Orth (E) is the band in
Z,(E) that is generated by the identity operator on E; see [3, Theorem 2.45].

Let E be a vector lattice, let T € .Z,, (E), and let 4 > 0. Using [3, Theorem 2.40],
it is not difficult to see that the following are equivalent:

1. =AIL<T< A
2. |T|exists in .2 (E), and |T| < Al
3. |Tx| < Alx|forall x € E.

The set of all such T is a unital subalgebra Z{E) of Orth (E) consisting of ideal pre-
serving order bounded operators on E. It is called the ideal centre of E.

Let E be a vector lattice, and define the stabiliser of E, denoted by AE), as the
set of linear operators on E that are ideal preserving. It is not required that these
operators be order bounded, but this is nevertheless always the case. In fact, AE) is
a unital subalgebra of Orth (E) for every vector lattice E (see [25, Proposition 2.6]),
so that we have the chain

AE) C AE) C Orth(E)

of unital algebras for every vector lattice E. For every Banach lattice E, we have
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AE) = AE) = Orth (E);

see [25, Corollary 4.2], so that the identity operator on E is then even an order unit
of Orth (E).

For every Banach lattice E, Orth (E) is a unital Banach subalgebra of the bounded
linear operators on E in the operator norm. This follows easily from the facts that
bands are closed and that a band preserving operator on a Banach lattice is automati-
cally order bounded; see [3, Theorem 4.76].

Let E be a Banach lattice. Since the identity operator is an order unit of Orth (E),
we can introduce the order unit norm|| - ||, with respect to I on Orth (E) by setting

ITll,:=inf{4 > 0 : |T| < Al}

for T € Orth(E). Then ||T|| = ||T||; for all T € Orth (E); see [25, Proposition 4.1].
Since we already know that Orth (E) is complete in the operator norm, it follows

that Orth (E), when supplied with || - || = - |[|;, is a unital Banach lattice algebra
that is also an AM-space. When E is a Dedekind complete Banach lattice, then evi-
dently |T[| = ITll; = IITHl; = I |T| || = IT|l, for T € Orth(E). Hence, Orth (E) is

then also a unital Banach lattice subalgebra of the Banach lattice algebra of all order
bounded operators on E in the regular norm.

Let E be Banach lattice. It is «clear from the above that
(Orth (E), || - |) = (Orth(E),|| - |I;)is a unital Banach f-algebra in which its iden-
tity element is also a (positive) order unit. The following result is, therefore, appli-
cable with /= Orth (E) and e = I. It shows, in particular, that Orth (E) is isometri-
cally Banach lattice algebra isomorphic to a C(K)-space. Both its statement and its
proof improve on the ones in [9, Proposition 2.6], [22, Proposition 1.4], and [16].

Theorem 6.1 Let o/ be a unital f-algebra such that its identity element e is also
a (positive) order unit, and such that it is complete in the submultiplicative order

unit norm || - ||, on o/. Let 2 be a (not necessarily unital) associative subalgebra

of &/ . Then @” e is a Banach f-subalgebra of </ . When e € é” . ”u, then there exist

a compact Hausdorff space K, uniquely determined up to homeomorphism, and an

=l
isometric surjective Banach lattice algebra isomorphismy : B — C(K).

Proof Since (< || - ||;) is an AM-space with order unit e, there exist a compact Haus-
dorff space K’ and an isometric surjective lattice homomorphism v’ : &/ — C(K’)
such that y'(e) = 1; see [21, Theorem 2.1.3] for this result of Kakutani’s, for exam-
ple. Via this isomorphism, the f-algebra multiplication on C(K”) provides the vector
lattice ./ with a multiplication that makes 7 into an f-algebra with e as its posi-
tive multiplicative identity element. Such a multiplication is, however, unique; see
[3, Theorem 2.58]. Hence w’ also preserves multiplication, and we conclude that
v’ 1 o/ - C(K’)is an isometric surjfﬁtﬁyﬁ, Banach lattice algebra isomorphism.

We now turn to . It is clear that Z is Banach subalgebra of .<7. After moving
to the C(K”)-model for .« that we have obtained, [13, Lemma 4.48] shows that @” e

==l .
is also a vector sublattice of 7. Hence 8 is a Banach f-subalgebra of <7. When
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—l-1. .
e€RB , we can then apply the first part of the proof to 4 , and obtain a com-

pact Hausdorﬁf ||space K and an isometric surjective Banach lattlce algebra isomor-
phismy : A — C(K). The Banach—Stone theorem (see [7, Theorem VI.2.1], for

example) implies that K is uniquely determined up to homeomorphism. O

We now proceed to show that E and Orth (E) have isomorphic universal comple-
tions. We start with a preparatory lemma.

Proposition 6.2 Let E be a Dedekind complete vector lattice, and let x € E. Let I,
be the principal ideal of E that is generated by x, let B, be the principal band in E
that is generated by x, let P, : E — B, be the corresponding order projection, and
let JP be the principal ideal of Z.,(E) that is generated by P.. For T € JP , set
v (T):=T|x|. Then w (T) € I, and:

1. the map y, : ﬂpx — I, is a surjective vector lattice isomorphism such that
v (Py) = |xl;
2. Sp =P AE).

Proof Take T € fP There exists a A > 0 such that |[T| < AP,, and this implies that
|Ty| < AP, |y| for all’ y € E. This shows that T'|x| € I, so that y, maps .#p into [,; it
also shows that T(Bg) = {0}. Suppose that T'|x| = 0. Slnce the kernel of T'is a band
in E, this implies that 7" vanishes on B,. We already know that it vanishes on Bg.
Hence T' = 0, and we conclude that y, is injective. We show that y, is surjective. Let
y€1.TakeaA > OsuchthatO < |y/A| < |x|. An inspection of the proof of [3, The-
orem 2.49] shows that there exists a T € ZAE) with T|x| = y/A. Since ATP, € .,
and (ATP,)|x| =y, we see that y, is surjective. Finally, it is clear from (6.1) that 1//;
is a vector lattice homomorphism. This completes the proof of part 1.

We turn to part 2. It is clear that .#, 2 P .Z{E). Take T € .#, C ZAE). Then
also P,.T € Jp . Since y(T) = qjx(PxT),) the injectivity of y, on (Xﬁpr implies that
T =P.T € P AE). ) O

The first part of Proposition 6.2 is used in the proof of our next result.

Proposition 6.3 Let E be a Dedekind complete vector lattice. Then there exist an
order dense ideal I of E and an order dense ideal .% of Orth (E) such that I and .9
are isomorphic vector lattices.

Proof Choose a maximal disjoint system {x, : « € A}in E. Foreacha € A, let [,
B,,P, 1 E— B, ,Jp ,and the vector lattice isomorphism y, : %, — I, be as
in Proposition 6.2. ' '

Since the x,’s are mutually disjoint, it is clear that the ideal ) . , I, of E'is, in
fact, an internal direct sum @, 4 I, . Since the disjoint system is maximal, &b
is an order dense ideal of E.

It follows easily from (6.1) that the P, are also mutually disjoint. They even form
a maximal disjoint system in Orth (E). To see this, suppose that T € Orth (E) is such

acA X
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that|T| AP, =0foralla € A. Then(|T|x,) Ax, = (T| AP, )x, =0foralla € A.
Since |T| is band preserving, this implies that |T'|x, = O for all « € A. The fact that
the kernel of |T'| is a band in E then yields that |T'| = 0. Just as for E, we now con-
clude that the ideal )}, 4 Fp, of Orth(E) is an internal direct sum Doca I, that

is order dense in Orth (E).
Since D ,eq Vs, : Daca Pp, = Dacals, is a vector lattice isomorphism by
Proposition 6.2, the proof is complete. a

It is generally true that a vector lattice and an order dense vector sublattice
of it have isomorphic universal completions; see [2, Theorems 7.21 and 7.23].
Proposition 6.3 therefore implies the following.

Corollary 6.4 Let E be a Dedekind complete vector lattice. Then the universal com-
pletions of E and of Orth (E) are isomorphic vector lattices.

The previous result enables us to relate the countable sup property of E to that
of Orth (E). We recall that vector lattice E has the countable sup property when,
for every non-empty subset S of E that has a supremum in E, there exists an at
most countable subset of S that has the same supremum in E as S. In parts of the
literature, such as in [20, 26], E is then said to be order separable. We also recall
that a subset of a vector lattice is said to be an order basis when the band that it
generates is the whole vector lattice.

Proposition 6.5 Let E be a Dedekind complete vector lattice. The following are
equivalent:

1. Orth (E) has the countable sup property;
2. E has the countable sup property and an at most countably infinite order basis.

Proof 1t is proved in [18, Theorem 6.2] that, for an arbitrary vector lattice F, F" has
the countable sup property if and only if F has the countable sup property as well
as an at most countably infinite order basis. Since Orth (E) has a weak order unit /,
we see that Orth (E)" has the countable sup property if and only if Orth (E) has the
countable sup property. On the other hand, since Orth (E)" and E" are isomorphic
by Corollary 6.4, an application of this same result to E shows that Orth (E)" has
the countable sup property if and only if £ has the countable sup property and an at
most countably infinite order basis. O

We shall now establish a uniform order boundedness principle for orthomor-
phisms. It will be needed in the proof of Theorem 9.5, below.

Proposition 6.6 Let E be a Dedekind complete vector lattice, and let {T, : a € A}
be a non-empty subset of Orth (E). The following are equivalent:
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1. {T, : a € A}is an order bounded subset of £, (E);
2. foreachx € E,{Tx : a € A} is an order bounded subset of E.

Before proceeding with the proof, we remark that, since Orth (E) is a projection
band in .Z (E), the order boundedness of the net could equivalently have been
required in Orth (E).

Proof 1t is trivial that part 1 implies part 2. We now show the converse. Take an
x € E*. The hypothesis in part 2, together with (6.2), shows that {|T,|x : « € A} is
an order bounded subset of E. Hence the same is true for {|7,|x : « € A}Y which,
in view of (6.1), equals {Sx : S € {|T,| : « € A}V}. Using [3, Theorem 1.19], we
conclude that {S : S € {|T,| : « € A}V} is bounded above in .Z,,(E). Then the
same is true for {|T,| : @ € A}, as desired. a

Proposition 6.6 fails for nets of general order bounded operators. It can, in fact,
already fail for a sequence of order continuous operators on a Banach lattice, as is
shown by the following example.

Example 6.7 Let E:=¢(N), and let (¢,)72, be the standard unit vectors in E. Let
S € Z,.(E) be the right shift, and set T,,:=S" for n > 1. It is easy to see that (7,x)*° |
is order bounded in E for all x € E. We shall show, however, that (Tn),‘;"=1 is not order
bounded in .Z,, (E). To see this, we first note that T, L T, for m,n > 1 with m # n.
Indeed, for all i > 1, we have 0 < (T, AT, )e; <T,(e) AT, (e;) =e,. ;ANe,.;=0.
Hence (T,, AT,)x =0 for all x €1, where [ is the ideal of E that is spanned
by {e; : i > 1}. Since [ is order dense in E and T, A T,, € £, (E), it follows that
T,AT, =0 for all m,n>1 with m # n. Suppose that 7 is an upper bounded of
(T, in Ly (E). Sete:= VZI e;. Using the disjointness of the 7, we have

wx (V1 )em (T )z
i=1 i=1

for all n > 1, which is impossible. So (Tn)fl"=1 is not order bounded in .Z,, (E).

As a side result, we note the following consequence of Proposition 6.6. It is an
ordered analogue of the familiar result for a sequence of bounded operators on a
Banach space.

Corollary 6.8 Let E be a Dedekind complete vector lattice, and let (T,)7 | be a
sequence in Orth (E). Suppose that the sequence (T,x):? | is order convergent in E
forall x € E. Then {T, : n > 1} is an order bounded subset of £, (E). For x € E,
define T : E — E by setting

Tx:=o0-lim T x.

n—oo

Then T € Orth (E).
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Proof Using Proposition 6.6, it is clear that T is a linear and order bounded opera-
tor on E. Since each of the 7, is a band preserving operator, the same is true for 7.
Hence, T is an orthomorphism on E. O

We conclude by giving some estimates for orthomorphisms that will be
used in the sequel. As a preparation, we need the following extension of [3,
Exercise 1.3.7].

Lemma 6.9 Let E be a vector lattice with the principal projection property. Take
x,y € E. For 2 € R, let P, denote the order projection in E onto the band generated
by (x — Ay)*. Then AP,y < P,x. When x,y € E* and A > 0, then x < Ay + P,x.

Proof The first inequality follows from the fact that
0<P,(x— A" =P,(x—Ay) =P,x — AP,y.

For the second inequality, we note that x — Ay < (x — Ay)* = P,(x — Ay)* for all x, y,
and 4. When x,y € Etand A > 0, then (x — Ay)™ < x* = x, so that

X< Ay+Px— AT < Ay+ Py

O

Proposition 6.10 Let E be a Dedekind complete vector lattice, and let
T e Orth (E)*. For A > 0, let ‘P, be the order projection in Orth (E) onto the band
generated by (T — AI)* in Orth (E). There exists a unique order projection P, in E
such that P,(S) = P,S for all S € Orth (E). Furthermore:

. AP, <P,T<T;
2. T<A+P,T;
3. (P Tx)Ay< %Tyforallx,yeEJr.

Proof Since 0 < P; < 1oy g it follows from [3, Theorem 2.62] that there exists a
unique P, € Orth (E) with 0 < P, < I such that P,(S) = P,S for all S € Orth(E).
The fact that P, is idempotent implies that P, is also idempotent. Hence, P, is an
order projection.

The inequalities in the parts 1 and 2 are then a consequence of those in
Lemma 6.9. For part 3, we note that (P,Tx) A y is in the image of the projection P,.
Since order projections are vector lattice homomorphisms, we have, using part 1 in
the final step, that

1
(P,T)Ay=P,(P,TY) Ay) = (P;TX) AP,y <P,y < ETy.
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We shall have use for the following corollary, which has some appeal of its
own.

Corollary 6.11 Let E be a Dedekind complete vector lattice, and let T € Orth (E)*.
Then

Tx)ANy < AxAY) + %Ty
forall x,y € E* and A > 0.

Proof For A > 0, we let P, be the order projection in Orth (E) onto the band gener-
ated by (T — A" in Orth (E). According to Proposition 6.10, there exists a unique
order projection P, in E such that P,(S) = P,S for all S € Orth(E). By applying
part 2 of Proposition 6.10 in the first step and its part 3 in the third, we have, for
x,y € E",

(Tx)ANy L (Ax+P,Tx) Ay
SAxAY)+PTx Ny

S AxAY) + %Ty.

7 Continuity properties of orthomorphisms

Orthomorphisms preserve order convergence of nets. In this short section, we
show that they also preserve unbounded order convergence and—when applica-
ble—convergence in the Hausdorff uo-Lebesgue topology.

Before doing so, let us note that this is in contrast to the case of general order
bounded operators. Surely, there exist order bounded operators that are not order
continuous. For the remaining two convergence structures, we consider ; with its
standard basis (e,)2 . It follows from [14, Corollary 3.6] that ¢,— 0. There are
several ways to see that £, admits a (necessarily unique) Hausdorff uo-Lebesgue
topology ’r}]. This follows from the fact that its norm is order continuous (see [24,
p- 993]), from the fact that it is atomic (see [24, Lemma 7.4]), and from a result
in the context of measure spaces (see [11, Theorem 6.3]). The latter two results
also show that @»1 is the topology of coordinatewise convergence. In particular,

7, uo
en——l—> 0 which is, of course, also a consequence of the fact that e¢,— 0. Define

T: ¢ - ¢ bysettingTx:=(Y - x,)e forx=Y" xe, €, SinceTe, = ¢, for
all n > 1, the order continuous positive operator T on ¢, preserves neither uo-
convergence nor %}I—convergence of sequences in 7.

Proposition 7.1 Let E be a Dedekind completgovector lattice, and lgot T € Orth (E).
Suppose that (x,),e 4 is a net in E such that x,— 0 in E. Then Tx,— 0 in E.
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Proof Using (6.2), one easily sees that we may suppose that T and the x,’s are posi-
tive. Let By denote the band in E that is generated by T(E). Take a y € T(E)".
Since a positive orthomorphism is a latticu% homomorphism, there exists an x € E*
such that y = Tx. Using the fact that x,— 0 in E, the order continuity of 7 then
implies that

Tx, Ny=Tx, ANTx = T(xa/\x)—0> 0

in E. Then [14, Corollary 2.12] shows that also Tx, A y—i 0 in the regular vector sub-
lattice B, of E. Since By also equals the band in By, that is generated by T(E)
an appeal to [19, Lemma 2.2] yields that TXx, —>00 in By, Hence Tx, A |y|—> 0
in By, for all y € By, and then also Tx, A |y|—> 0 in E for all y € By Since
E=B;; ® (B T(E))d it is now clear that Tx, A [y|—> Oin E for all y € E. O

For the case of a Hausdorff uo-Lebesgue topology, we need the following prepar-
atory result that has some independent interest. Lemma 9.9 is of the same flavour.

Proposition 7.2 Let E be a Dedekind complete vector lattice that admits a (not
necessarily Hausdorff) locally solid linear topology vy, and let T € Orth (E). Sup-

T, UgT,
pose that (x,)4e 4 IS a net in E such that xa——i Oin E. Then Tx, —50inE.

Proof As in the proof of Proposition 7.1, we may suppose that 7" and the x, are posi-
tive. For n > 1, we let P, be the order projection in Orth () onto the band generated
by (T — nI)* in Orth (E) again, so that again there exists a unique order projection P,
in E such that P,(S) = P,S for all S € Orth (E). Fix e € E*. Take a solid 7;-neigh-
bourhood U of 0 in E, and choose a 7;- ne1ghb0urh00d VofOsuchthat V+V CU.
Take an ny > 1 such that Te/n, € V. As x, —5 0, there exists an ay € A such that
ngx, € V for all @ > a,. By applying Corollary 6.11 in the first step, we have, for all
a > o,

(Tx,) AN e < ny(x, Ae)+ nLTe
0
<ngx, + lTe (7.1)
Ny

eV+VCU

The solidness of V then implies that (7x,) Ae € U for all @ > ;. Since U and e

UpT,
were arbitrary, we conclude that Taxi 0. O

Since the unbounded topology u,7 that is generated by a Hausdorff uo-Lebesgue
topology 7, equals 7y again, the following is now clear.
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Corollary 7.3 Let E be a Dedekind complete vector lattice that admits a (necessar-
ily unique) Hausdorff uo- Lebesgue topology 7y, and let T € Orth (E). Suppose that

(Xy)qen Is a net in E such that x,, L 0inE. Then Tx, L 0inE.

8 Topologies on Orth (E)

Let E be a Dedekind complete vector lattice, and suppose that 7 is a (not neces-
sarily Hausdorff) locally solid additive topology on E. Take a non-empty subset S
of E. According to Theorem 3.1, there exists a unique additive topology ASOT 7y

ASOTyt
on Z,(E) such that, for a net (T,),c4 in 2, (E), T,—— 0 if and only if
IT,|s|—> 0 for all s € S. When (T,,),c 4 € Orth (E), (6.2) and the local solidness of

75 imply that this convergence criterion is also equivalent to the one that Tas——Ti 0
for all s € S. Hence on subsets of Orth (E), an absolute strong operator topology
that is generated by a locally solid additive topology on E coincides with the cor-
responding strong operator topology. In order to remind ourselves of the connec-
tion with the topology on the enveloping vector lattice .2, (E) of Orth (E), we shall
keep writing ASOT gz when considering the restriction of this topology to subsets
of Orth (E), rather than switch to, e.g., SOT 7.

The above observation can be used in several results in Sect. 3. For the ease of
reference, we include the following consequence of Corollary 3.5.

Corollary 8.1 Let E be a Dedekind complete vector lattice, and let Ty be a (not nec-
essarily Hausdorff) locally solid linear topology on E. Take a vector sublattice & of
Orth (E) and a non-empty subset S of E.

There exists a unique locally solid linear topology ASOT ¢ty on & such that, for a
net (T, )aeAin@@TﬂOifandonlyifT leforallseS ASOT.r

Let I be the ldeal of E that is generated by S. For a net (T,)yc 4 in &,T, —5%0
if and only if T, s Oforall x € L.

When t, is a Hausdorff topology on E, then ASOT gty is a Hausdorff topology on
& if and only if I separates the points of &.

According to the next result, there is an intimate relation between the existence of
Hausdorff o-Lebesgue topologies and uo-Lebesgue topologies on E and on Orth (E).

Proposition 8.2 Let E be a Dedekind complete vector lattice. The following are

equivalent:

1. E admits a Hausdorff o-Lebesgue topology;

2. Orth (E) admits a Hausdorff o-Lebesgue topology;

3. E admits a (necessarily unique) Hausdorff uo-Lebesgue topology;

4. Orth (E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology.
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Proof As E and Orth (E) are Dedekind complete, they are not just order dense vector
sublattices of their universal completions but even order dense ideals; see [3, p.126—
127]. Since these universal completions are isomorphic vector lattices by Corol-
lary 6.4, the proposition follows from a double application of [11, Theorem 4.9.(3)].

O

For a Dedekind complete vector lattice E, Orth(E), being a band in .7, (E),
is a regular vector sublattice of .Z,, (E). A regular vector sublattice & of Orth (E)
is, therefore, also a regular vector sublattice of .Z,,(E), and Proposition 4.2 then
shows how o-Lebesgue topologies on & can be obtained from an o-Lebesgue topol-
ogy on E as (absolute) strong operator topologies. In particular, this makes the fact
that part 1 of Proposition 8.2 implies its part 2 more concrete. The fact that part 1
implies part 2 is made more concrete as a special case of the following consequence
of Theorem 4.3.

Theorem 8.3 Let E be a Dedekind complete vector lattice. Suppose that E admits
an o-Lebesgue topology ty. Take a regular vector sublattice & of Orth (E), a non-
empty subset .7 of &, and a non-empty subset S of E.

Then u ,ASOT 1y is a uo-Lebesgue topology on &.

We let I denote the ideal of E that is generated by S, and I, the ideal of & that is
generated by .7 . For a net (T,),c 4 in &, the following are equivalent:

u,ASOTr

1T,/

2. |T,s| A |Ts|—> O forallT € .% and s € S;

T,

3. T x| A |Tx|—£> OforallT € 1, and x € 1.

Suppose that ty is actually a Hausdorft o-Lebesgue topology on E. Then the follow-
ing are equivalent:

(@) u,ASOTty is a (necessarily unique) Hausdorff uo-Lebesgue topology on &
(b) I separates the points of & and I, is order dense in &.

In that case, the Hausdorff uo-Lebesgue topology u ;ASOT¢ty on & is the restric-
tion of the (necessarily unique) Hausdorff uo-Lebesgue topology on £, (E,F), i.e.,

of uy, rASOT 7y, and the criteria in 1,2, and 3 are also equivalent to:

4. (IT,| AMTDx—> 0for all T € £, (E) and x € E.

9 Comparing uniform and strong convergence structures on Orth (E)
Let E and F be vector lattices, where F is Dedekind complete, and let (7,),c 4 be

anet in .2, (E, F). In Sect. 5, we studied the relation between uniform and strong
convergence of (T,),c4 for order convergence, unbounded order convergence,
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and—when applicable—convergence in the Hausdorff uo-Lebesgue topology. In
the present section, we consider the case where (T,),c 4 is actually contained in
Orth (E). As we shall see, the relation between uniform and strong convergence is
now much more symmetrical than in the general case of Sect. 5; see Theorems 9.4
(and Theorem 9.5), 9.7, and 9.10, below.

These positive results might, perhaps, lead one to wonder whether some of the
three uniform convergence structures under consideration might actually even be
identical for the orthomorphisms. This, however, is not the case. There even exist
sequences of positive orthomorphisms on separable reflexive Banach lattices with
weak order units showing that the two ‘reverse’ implications in question are not
generally valid. For this, we consider E:=Lp([0, 1]) for 1 < p < . In that case,
Orth (E) can canonically be identified with L_([0,1]) as an f-algebra; see [3,
Example 2.67], for example. The uo-convergence of a net in the regular vector
sublattice L ([0, 1]) of Ly([0, 1]) coincides with that in L ([0, 1]) which, according
to [14, Proposition 3.1], is simply convergence almost everywhere in the case of
sequences. According to [11, Theorem 6.3], the convergence of a net in the Haus-
dorff uo-Lebesgue topology of L ([0, 1]) is equal to the convergence in meas-

ure. Forn > 1, set f, :=ny, . Then = 0in L _ ([0, 1]), but it is not true that
n [0,1/n] n [

fn—0> 0 in L ([0, 1]) since the f, are not even order bounded in L ([0, 1]). Using
Xit—1y2-njo-n forn > land k = 1,...,2", one easily finds a sequence that is conver-
gent to zero in measure, but that is not convergent in any point of [0, 1].

We now start with uniform and strong order convergence for nets of orthomor-
phisms. For this, we need a few preparatory results. The first one is on general
order continuous operators.

Lemma 9.1 Let E be a Dedekind complete vector lattice, let (T,),c 4 be a decreas-
ing net in £, .(E)*, and let F be an order dense vector sublattice of E. The following
are equivalent:

1. Tax—o> Oin Eforall x € F;
2. Tax—(’» OinEforallx € E.

Proof We need to show only that part 1 implies part 2. Let T € .Z,;, (E) be such that
T, T in Z,(E). Then T € %, (E)*. The hypothesis under part 1 and [3, Theo-
rem 1.18] imply that 7x = 0 for all x € F*. Since F is order dense in E and T is
order continuous, it now follows from [3, Theorem 1.34] that 7 = 0. Using [3, Theo-
rem 1.18] once more, we conclude that 7,x | 0in E for all x € E*, and the statement
in part 2 follows. O

Proposition 9.2 Let E be a Dedekind complete vector lattice, let (T,),c4 be a
decreasing net in Orth (E)*, and let S be a non-empty subset of E. The following are

equivalent:

1. Tas—i O0inE foralls € S;
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2. Tax—o> 0in E for all x € By.

In particular, if E has a positive weak order unit e, then T,,x—0> 0 in E for all
x € Eifand only ifTye | Oin E.

Proof We need to show only that part 1 implies part 2. Take y € IS+. There
exist s,...,5,€S and Aj,...,4, >0 such that 0<y< 3" Als] Hence
0<T,y <Y, AT,ls;| = X, A|T,s;| for a € A, and the assumption then implies
that 7,y | 0 in E. Since orthomorphisms preserve bands, we have T,y € By for all
a € A, ar(}d the fact that By is an ideal of E now shows that 7,y | 0 in Bg. It follows
that T,y— 0 in By for all y € I. Since the restriction of each 7, to the regular vec-
tor sublattice B of E is again order continuous, and since [ is an order dense vec-
tor sublattice of the vector lattice By, Lemma 9.1 implies that 7,,y— 0 in By for all
y € By. The fact that By is a regular vector sublattice of E then yields that 7,y— 0 in
Eforall y € Bg. O

Lemma 9.3 Let E be a Dedekind complete vector lattice, and let . be a subset of
Orth (E) that is bounded above in £,(E). Then, for x € E¥,

<Te\/yT>x = Te\/yTx

Proof Using [2, Theorem 1.67.(b)] in the second step, we see that, for x € E*,

By (6.1), this equals

V ov= V=V

wWe(sx)v yeESX Te.?

O

We can now establish our main result regarding uniform and strong order conver-
gence for nets of orthomorphisms.

Theorem 9.4 Let E be a Dedekind complete vector lattice, and let (T,),c 4 be a net
in Orth (E) that is order bounded in £, (E). Let S be a non-empty subset of E with
B¢ = E. The following are equivalent:

T, 0 in Orth (E);
T, 0in 2, (E);
Tas—0> Oin Eforalls € S;
Tax—i OinE forall x € E.

-
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In particular, when E has a weak order unit e, then T, > 0in Z(E) if and only if
T,e— OinE.

As for Proposition 6.6, the order boundedness of the net could equivalently have
been required in Orth (E).

Proof Since (T,),c 4 is supposed to be order bounded in the regular vector sublat-
tice Orth (E), the equivalence of the parts 1 and 2 follows from [14, Corollary 2.12].
Lemma 4.1 shows that part 2 implies part 4, and evidently part 4 implies part 3.
The J)roof will be completed by showing that part 3 implies part_ 1. Suppose that
T,s— 0 in E for all s €S or, equivalently, that |T,|[s| = |T, s|—> 0 in E for all
s €S. For a € A, set T =V sq |5l in Z,,(E). Since Lemma 9.3 shows that
T Is| = \/ﬂ>a |T4ls| for « € A and s € S, we see that T,|s| | 0 in E for all s € S.
Proposition 9.2 then yields that T =0 for all x € Bjgy = E. Using that T 1, it
follows that T 1 0in £, (E). Since |T,| < T for a« € A, we see that |T, |—> 0 in
Z(E), as required. O

In view of Lemma 4.1, the most substantial part of Theorem 9.4 is the fact
that the parts 3 and 4 imply the parts 1 and 2. For this to hold in general, the
assumption that (7,),c 4 be order bounded is actually necessary. To see this, let
I" be an uncountable set that is supplied with the counting measure, and consider
E:=¢, (") forl <p < co. Set

A:={(n,S) : n>1, S CT is at most countably infinite}

and, for (n;, S,), (n,,S,) € A, say that (n;,S,) < (n,,S5,) whenn; <n, and S| C S,.
For (n,S) € A, define T, 5, € Z(E) = Orth (E) by setting

T(n,s)x: =N Jr\sX

for all x:I"> R in E. Take an x € E. Then the net (7, %), 54 has a tail
(T 1,50 (n,5)2 (1 supp ) that is identically zero. Hence T{,, g x— 0 in E for all x € E. We
claim that (7|, 5),.5)c 4 is not order convergent in Orth (E), and not even in Z},(E).
For this, it is sufficient to show that it does not have any tail that is order bounded
in .Z,,(E). Suppose, to the contrary, that there exist an ny > 1, an at most count-
ably infinite subset S, of ', and a T’ € .Z;,(E) such that T, ,) < T for all (n,A) € A
with n > n, and A 2 A,. As I is uncountable, we can choose an x, € I\ A,; we let
e,, denote the corresponding atom in E. Then, in particular, T, 4 \e, < Te, for all
n > ny. Hence, Te, > ne, for all n > n,, which is impossible.
Using Theorem 9.4 and Corollary 6.8, the following is easily established. In
contrast to Theorem 9.4, there is no order boundedness in the hypotheses because
this is taken care of by Corollary 6.8.

Theorem 9.5 Let E be a Dedekind complete vector lattice, and let (T,)% | be a

sequence in Orth (E). Let S be a non-empty subset of E such that I = E. The follow-
ing are equivalent:
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1. T,~> 0inOrth (E);
2. T,— 0in. 2, (E);
3. Tns—i Oin E forall s € S;
4 Tnx—0> OinEforallx € E.

In particul%r, when E has a strong order unit e, then Tn—0> 0 in Orth (E) if and
only ifT,e— 0in E.

Remark 9.6 Even for Banach lattices with order continuous norms, the condition
that Iy = E in Theorem 9.5, cannot be relaxed to Bg = E as in Theorem 9.4. To see
this, we choose E:=c,and sete:=\/ ., ¢;/ i, where (e;)2, 1s the standard unit basis
of E. It is clear that B, = E. For n > 1, there exists a unique 7,, € Orth (E) suc(I} that,
fori > 1, T,e; = ne; wheni =n, and T, e; = 0 when i # n. It is clear that 7,e— 0 in
E. However, a consideration of 7, (\/i2 e/ i) for n > 1 shows that (7},)> | fails to be
order bounded in Orth (E), hence cannot be order convergent in Orth (E).

We continue our comparison of uniform and strong convergence structures on
the orthomorphisms by considering unbounded order convergence. In that case,
the result is as follows.

Theorem 9.7 Let E be a Dedekind complete vector lattice, and let (T,),c 4 be a net
in Orth (E). Let S be a non-empty subset of E such that B; = E. The following are
equivalent:

. T,— 0inOrthE;
2. T,— 0in. 2, (E);
3. Tasﬂ» OinEforalls €S,
4 Tax—l—li OinE forall x € E.

In particular, when E has a weak order unit e, then Taﬂ 0 in Orth (E) if and
uo
only if T,e— 0 in E.

Proof Since Orth (E) is a regular vector sublattice of £, (E), the equivalence of the
parts 1 and 2 is clear from [14, Theorem 3.2] o

We prove that part 2 implies part 4. Suppose that T,— 0 in .Z, (E), so that, in
particular, |T,| AI— 0 in £, (E). Take x € E. Using (6.1) in the second step, and
Lemma 4.1 in the third, we have

AT 1) A Jl = (T, 1xD) A A1x]) = (IT,| ADlx|= 0.

Since the net (|T,||x|),c4 18 c%ltained in the band B, it now follows from [11,
Proposition 7.4] that |T,||x|— O in E. As |T,||x| =|T,x|, we conclude that

T, x—> 0in E.
It is clear that part 4 implies part 3.
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We prove that part 3 1mphes part 2. Suppose that T, s— 0in E for all s € S, so
that also |T,||s| = |T, s|——> Oin E for s € S. Using (6.1) again, we have

o
(Tl ADIs| = (T, IIs]) A ls]— 0

in E for all x € S. In view of the order boundedness of (|7, | A I)qe 4, Theorem 9.4
then yields that |T,| A1 2 0in Zw(E). As I is a weak order unit of Orth (E) [15,
Lemma 3.2] (or the more general [11, Proposition 7.4]) shows that 7, e 0 in

LB, a

We now consider uniform and strong convergence of nets of orthomorphisms
for the Hausdorff uo-Lebesgue topology. Let E be a Dedekind complete vector
lattice. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue
topology 75. We recall from Theorem 8.3 that Orth (E) then also admits a (nec-
essarily unique) Hausdorff uo-Lebesgue topology 7o, (g)» and that this topology
equals U gy, 5 ASOT 7. Furthermore, for a net (7,),¢ 4 in Orth (E), we have that

TOrth (E)

T,—— 0if and only if [T x| A |Tx|—> Oforall7T € Orth(E)and x € E.

[
We need two preparatory results.

Lemma 9.8 Let E be a vector lattice that admits a (necessarily unique) Hausdorff
uo-Lebesgue topology Ty. Suppose that E has a positive weak order unit e. Let

(Xy)qecn be a netin E. Then xai) 0in E if and only if |x,| A e—5 0inE.

Proof We need to show only the “if”’-part. Suppose that |x,| A e—% 0'in E. For each
x € E, there exists a net (yy)ep in I, such that yﬂ—i x, and then certainly yﬂ—ri X.
Hence I_eTE = E. An appeal to [24, Proposition 9.8] then shows that x,, N 0. Since

u. Ty = 7, we are done. |
Our second preparatory result is in the same vein as Proposition 7.2.

Lemma 9.9 Ler E be a vector lattice with the principal projection property that
admits a (not necessarily Hausdorff) o-Lebesgue topology ty, and let (T,),c 4 be a
net in Orth (E). Let S be a non-empty subset of E such that B; = E. Suppose that

Tasg Oforalls € S. Then Taxﬂ Oforallx e E.

Proof Using (6.2), it follows easily that Taxg 0 for all x € I;. Take an x € E, and
let U be a solid 7z-neighbourhood U of 0. Choose a 7- neighbourhood V of 0 such

that V 4+ V C U. There exists a net (x)4ep in /g such that xﬁ—> x 1n E, and then we

can choose a f§, € B such that |x — X4, | € V. AS|T,||xg | = |T,x, |——> 0, there exists
an ay € A such that|T,||x, | € V forall a > a,. For all a > a,, we then have
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0 < (ITxD) A x|
= ([T, ADlx|
< T, ADIxy, | + (T, ADIx = x|
ST, Mg, |+ 1x = x|
evV+VCU.
As U is solid, we see that (ITx]) Alx] € U for a > ay, and we conclude that
(T x]) A |x|—> 0. Since |T x| € B, for @ € A, it then follows from [24, Proposi-

tion 9.8] that |T, x| A |y|—> Oin E for all y € B),|. As B, is a projection band in E,
this holds, in fact, forall y € E. a

Theorem 9.10 Let E be a Dedekind complete vector lattice. Suppose that E admits
a (necessarily unique) Hausdorff uo-Lebesgue topology Ty, so that Orth(E) and
Zw(E) also admit (necessarily unique) Hausdorff uo-Lebesgue topologies T oy, (i
and %\*Z)b(E)’ respectively. Let (T,),c 4 be a net in Orth (E). Let S be a non-empty sub-

set S of E such that By = E. The following are equivalent:

Orl()

T,— 01in Orth (E);
T,—— 0in 2, (E);

1
2.
3. Tas—A>0mEf0rallsES;
4 Taxl OinE forall x € E.

ob( )

In partlcular when E has a weak order unit e, thenT, & 0 in Orth (E) if and

only lfTa€—> OinE.

Proof The equivalence of the parts (1) and (2) follows from the final part of
Theorem 4.3.
We prove that part (1) implies part (4). Suppose that T, —, 0 in Orth (E).

Take an x € E. Then certainly |T,x| A |x| = |T,x| A |1x|———> 0. The net (T,X),ec 4 15
contained in the band B|,.. Since, by [24, Proposition 5.12], the regular vector sub-
lattice B|,, of E also admits a (necessarily unique) Hausdorff uo-Lebesgue topology

(namely, the restriction of 7 to B|X|) it then follows from Lemma 9.8 that T, x—> 0
in E.

We prove that part (4) implies part (1). Suppose that T, x—5 0 for all x € E.
Since 7y is locally solid, we then also have |T,x| A |Tx|—> 0 for all T € Orth (E)
and x € E. Hence 7T, e, 0 in Orth (E).

It is clear that part (4) implies part (3).

Since u;Ty = 7, Lemma 9.9 shows that part (3) implies part (4). O
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