
Vol.:(0123456789)

Banach J. Math. Anal. (2021) 15:57
https://doi.org/10.1007/s43037-021-00124-y

ORIGINAL PAPER

Convergence structures and locally solid topologies 
on vector lattices of operators

Yang Deng1 · Marcel de Jeu2,3 

Received: 13 August 2020 / Accepted: 1 April 2021 / Published online: 30 June 2021 
© The Author(s) 2021

Abstract
For vector lattices E and F, where F is Dedekind complete and supplied with a 
locally solid topology, we introduce the corresponding locally solid absolute strong 
operator topology on the order bounded operators Lob(E,F) from E into F. Using 
this, it follows that Lob(E,F) admits a Hausdorff uo-Lebesgue topology whenever 
F does. For each of order convergence, unbounded order convergence, and—when 
applicable—convergence in the Hausdorff uo-Lebesgue topology, there are both a 
uniform and a strong convergence structure on Lob(E,F) . Of the six conceivable 
inclusions within these three pairs, only one is generally valid. On the orthomor-
phisms of a Dedekind complete vector lattice, however, five are generally valid, and 
the sixth is valid for order bounded nets. The latter condition is redundant in the 
case of sequences of orthomorphisms, as a consequence of a uniform order bound-
edness principle for orthomorphisms that we establish. We furthermore show that, 
in contrast to general order bounded operators, orthomorphisms preserve not only 
order convergence of nets, but unbounded order convergence and—when applica-
ble—convergence in the Hausdorff uo-Lebesgue topology as well.
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1  Introduction and overview

Let X be a non-empty set. A convergence structure on X is a non-empty collection 
C  of pairs ((x�)�∈A, x) , where (x�)�∈A is a net in X and x ∈ X , such that: 

1. when ((x�)�∈A, x)∈C  , then also ((x�)�∈B, x)∈C  for every subnet (x�)�∈B of 
(x�)�∈A;

2. when a net (x�)�∈A in X is constant with value x, then ((x�)�∈A, x) ∈ C .

One can easily vary on this definition. For example, one can allow only 
sequences. There does not appear to be a consensus in the literature about the 
notion of a convergence structure; [4] uses filters, for example. Ours is sufficient 
for our merely descriptive purposes, and close in spirit to what may be the first 
occurrence of such a definition in [12] for sequences. Although we shall not pur-
sue this in the present paper, let us still mention that the inclusion of the subnet 
criterion in the definition makes it possible to introduce an associated topology 
on X in a natural way. Indeed, define a subset of S of X to be C -closed when 
x ∈ S for all pairs ((x�)�∈A, x) ∈ C  such that (x𝛼)𝛼∈A ⊆ S . Then the collection of 
the complements of the C -closed subsets of X is a topology on X.

The convergent nets in a topological space, together with their limits, are the 
archetypical example of a convergence structure. For a given convergence struc-
ture C  on a non-empty set X, however, it is not always possible to find a (obvi-
ously unique) topology � on X such that the �-convergent nets in X, together with 
their limits, are precisely the elements of C  . Such non-topological convergence 
structures arise naturally in the context of vector lattices. For example, the order 
convergent nets in a vector lattice, together with their order limits, form a con-
vergence structure, but this convergence structure is topological if and only if the 
vector lattice is finite dimensional; see [8, Theorem  1] or [23, Theorem  8.36]. 
Likewise, the unbounded order convergent nets in a vector lattice, together with 
their unbounded order limits, form a convergence structure, but this convergence 
structure is topological if and only if the vector lattice is atomic; see [23, Theo-
rem 6.54]. Topological or not, the order and unbounded order convergence struc-
tures, together with the (topological) structure for convergence in the Hausdorff 
uo-Lebesgue topology, when this exists, yield three natural and related conver-
gence structures on a vector lattice to consider.

Suppose that E and F are vector lattices, where F is Dedekind complete. The 
above then yields three convergence structures on the vector lattice Lob(E,F) 
of order bounded operators from E into F. On the other hand, there are also 
three convergence structures on Lob(E,F) that are naturally derived from the 
three convergence structures on the vector lattice F. For example, one can con-
sider all pairs ((T�)�∈A, T) , where (T�)�∈A is a net in Lob(E,F) and T ∈ Lob(E) , 
such that (T�x)�∈A is order convergent to Tx in F for all x ∈ E . These pairs also 
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form a convergence structure on Lob(E,F) . Likewise, the pointwise unbounded 
order convergence in F and—when applicable—the pointwise convergence in 
the Hausdorff uo-Lebesgue topology on F both yield a convergence structure on 
Lob(E,F) . Motivated by the terminology for operators between Banach spaces, 
we shall speak of uniform and strong convergence structures on Lob(E)—with the 
obvious meanings.

The present paper is primarily concerned with the possible inclusions between the 
uniform and strong convergence structure for each of order convergence, unbounded 
order convergence, and—when applicable—convergence in the Hausdorff uo-Leb-
esgue topology. Is it true that a uniformly order convergent net of order bounded 
operators is also strongly order convergent? Is the converse true? How is this for 
unbounded order convergence and, when applicable, convergence in the Hausdorff 
uo-Lebesgue topology? We consider these implications, six in all, for Lob(E,F) , but 
also for the orthomorphisms Orth (E) on a Dedekind complete vector lattice.1 This 
special interest in Orth (E) stems from representation theory. When a group acts as 
order automorphisms on a Dedekind complete vector lattice E, then the Boolean 
lattice of all invariant bands in E can be retrieved from the commutant of the group 
action in Orth (E) . This commutant, therefore, plays the role of the von Neumann 
algebra which is the commutant of a unitary action of a group on a Hilbert space. It 
has been known long since that more than one topology on a von Neumann algebra 
is needed to understand it and its role in representation theory on Hilbert spaces, and 
the same holds true for the convergence structures as related to these commutants in 
an ordered context. Using these convergence structures, it is, for example, possible 
to obtain ordered versions of von Neumann’s bicommutant theorem. We shall report 
separately on this. Apart from its intrinsic interest, the material on Orth (E) in the 
present paper is an ingredient for these next steps.

This paper is organised as follows.
Section 2 contains the basic notations, definitions, conventions, and references to 

earlier results.
In Sect. 3, we show how, given a vector lattice E, a Dedekind complete vector 

lattice F, and a (not necessarily Hausdorff) locally solid linear topology �F on F, 
a locally solid linear topology can be introduced on Lob(E,F) that deserves to be 
called the absolute strong operator topology that is generated by �F . This is a prepa-
ration for Sect. 4, where we show that regular vector sublattices of Lob(E,F) admit a 
Hausdorff uo-Lebesgue topology when F admits one.

For each of order convergence, unbounded order convergence, and—when appli-
cable—convergence in the Hausdorff uo-Lebesgue topology, there are two conceiva-
ble implications between uniform and strong convergence of a net of order bounded 
operators. In Sect. 5, we show that only one of these six is generally valid. Section 9 

1 With six convergence structures under consideration, one can actually consider thirty non-trivial pos-
sible inclusions between them. With some more effort, one can determine for all of these whether they 
are generally valid for the order bounded operators and for the orthomorphisms on a Dedekind complete 
vector lattice; see [10, Tables 3.1 and 3.2].
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will make it clear that the five failures are, perhaps, not as ‘only to be expected’ as 
one might think at first sight.

In Sect.  6, we review some material concerning orthomorphism and establish 
a few auxiliary result for use in the present paper and in future ones. It is shown 
here that a Dedekind complete vector lattice and its orthomorphisms have the same 
universal completion. Furthermore, a uniform order boundedness principle is estab-
lished for sets of orthomorphisms.

Section 7 briefly digresses from the main line of the paper. It is shown that ortho-
morphisms preserve not only the order convergence of nets, but also the unbounded 
order convergence and—when applicable—the convergence in the Hausdorff uo-
Lebesgue topology. None of this is true for arbitrary order bounded operators.

In Sect. 8, we return to the main line, and we specialise the results in Sects. 3 
and 4 to the orthomorphisms. When restricted to Orth (E) , the absolute strong opera-
tor topologies from Sect. 3 are simply strong operator topologies.

Section  9 on orthomorphisms is the companion of Sect.  5, but the results are 
quite in contrast. For each of order convergence, unbounded order convergence, 
and—when applicable—convergence in the Hausdorff uo-Lebesgue topology, both 
implications between uniform and strong convergence of a net of orthomorphisms 
are valid, with an order boundedness condition on the net being necessary only for 
order convergence. For sequences of orthomorphisms, this order boundedness con-
dition is even redundant as a consequence of the uniform order boundedness princi-
ple for orthomorphisms from Sect. 6.

2  Preliminaries

In this section, we collect a number of definitions, notations, conventions and earlier 
results.

All vector spaces are over the real numbers; all vector lattices are supposed to 
be Archimedean. We write E+ for the positive cone of a vector lattice E. For a non-
empty subset S of E, we let IS and BS denote the ideal of E and the band in E, respec-
tively, that are generated by S; we write S∨ for {s1 ∨⋯ ∨ sn ∶ s1,… , sn ∈ S, n ≥ 1 }.

Let E be a vector lattice, and let x ∈ E . We say that a net (x�)�∈A in E is order 
convergent to x ∈ E (denoted by x�

o
�����→ x ) when there exists a net (y�)�∈B in E such 

that y� ↓ 0 and with the property that, for every �0 ∈ B , there exists an �0 ∈ A such 
that |x − x�| ≤ y�0 whenever � in A is such that � ≥ �0 . We explicitly include this 
definition to make clear that the index sets A and B need not be equal.

Let (x�)�∈A be a net in a vector lattice E, and let x ∈ E . We say that (x�) is 
unbounded order convergent to x in E (denoted by x�

uo
���������→ x ) when |x� − x| ∧ y

o
�����→ 0 

in E for all y ∈ E+ . Order convergence implies unbounded order convergence to the 
same limit. For order bounded nets, the two notions coincide.

Let E and F be vector lattices. The order bounded operators from E into F will 
be denoted by Lob(E,F) . We write E∼ for Lob(E,ℝ) . A linear operator T ∶ E → F 
between two vector lattices E and F is order continuous when, for every net (x�)�∈A 
in E, the fact that x�

o
�����→ 0 in E implies that Tx�

o
�����→ 0 in F. An order continuous lin-

ear operator between two vector lattices is automatically order bounded; see [3, 
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Lemma 1.54], for example. The order continuous linear operators from E into F will 
be denoted by Loc(E,F) . We write E∼

oc
 for Loc(E,ℝ).

Let F be a vector sublattice of a vector lattice E. Then F is a regular vector 
sublattice of E when the inclusion map from F into E is order continuous. Ideals 
are regular vector sublattices. For a net in a regular vector sublattice F of E, its 
uo-convergence in F and in E are equivalent; see [14, Theorem 3.2].

When E is a vector space, a linear topology on E is a (not necessarily Haus-
dorff) topology that provides E with the structure of a topological vector space. 
When E is a vector lattice, a locally solid linear topology on E is a linear topology 
on E such that there exists a base of (not necessarily open) neighbourhoods of 0 
that are solid subsets of E. For the general theory of locally solid linear topolo-
gies on vector lattices we refer to [2]. When E is a vector lattice, a locally solid 
additive topology on E is a topology that provides the additive group E with the 
structure of a (not necessarily Hausdorff) topological group, such that there exists 
a base of (not necessarily open) neighbourhoods of 0 that are solid subsets of E.

A topology � on a vector lattice E is an o-Lebesgue topology when it is a (not 
necessarily Hausdorff) locally solid linear topology on E such that, for a net 
(x�)�∈A in E, the fact that x�

o
�����→ 0 in E implies that x�

�
�����→ 0 . A vector lattice need 

not admit a Hausdorff o-Lebesgue topology. A topology � on a vector lattice E 
is a uo-Lebesgue topology when it is a (not necessarily Hausdorff) locally solid 
linear topology on E such that, for a net (x�)�∈A in E, the fact that x�

uo
���������→ 0 in 

E implies that x�
�
�����→ 0 . Since order convergence implies unbounded order con-

vergence, a uo-Lebesgue topology is an o-Lebesgue topology. A vector lattice 
E need not admit a Hausdorff uo-Lebesgue topology, but when it does, then this 
topology is unique (see [6, Propositions 3.2, 3.4, and 6.2] or [24, Theorems 5.5 
and 5.9]) and we denote it by �̂E.

Let E be a vector lattice, let F be an ideal of E, and suppose that �F is a (not nec-
essarily Hausdorff) locally solid linear topology on F. Take a non-empty subset S of 
F. Then there exists a unique (possibly non-Hausdorff) locally solid linear topology 
uS�F on E such that, for a net (x�)�∈A in E, x�

uS�F
����������������→ 0 if and only if |x�| ∧ |s|

�F
���������→ 0 for 

all s ∈ S ; see [11, Theorem 3.1] for this, which extends earlier results in this vein in, 
e.g., [6, 24]. This topology uS�F is called the unbounded topology on E that is gener-
ated by �F via S. Suppose that E admits a Hausdorff uo-Lebesgue topology �̂E . The 
uniqueness of such a topology then implies that uE �̂E = �̂E . In the sequel, we shall 
use this result from [6, 24] a few times.

Finally, the characteristic function of a set S will be denoted by �S , and the iden-
tity operator on a vector space will be denoted by I.

3  Absolute strong operator topologies on Lob(E, F)

Let E and F be vector lattices, where F is Dedekind complete. In this section, 
we start by showing how topologies can be introduced on vector sublattices of 
Lob(E,F) that can be regarded as absolute strong operator topologies; see Theo-
rem 3.5 and Remark 3.7, below. Once this is known to be possible, it is easy to relate 
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this to o-Lebesgue topologies and uo-Lebesgue topologies on regular vector sublat-
tices of Lob(E,F) . In particular, we shall see that every regular vector sublattice of 
Lob(E,F) admits a (necessarily unique) Hausdorff uo-Lebesgue topology when F 
admits a Hausdorff o-Lebesgue topology; see Corollary 4.5, below.

When restricted to the orthomorphisms on a Dedekind complete vector lattice, 
the picture simplifies; see Sect. 8. In particular, the restrictions of absolute strong 
operator topologies are then simply strong operator topologies.

The construction in the proof of the following result is an adaptation of that in 
the proof of [11, Theorem 3.1]. The latter construction is carried out under mini-
mal hypotheses and uses neighbourhood bases at zero as in [24, proof of Theo-
rem 2.3] rather than Riesz pseudo-norms. Such an approach enables one to also 
understand various ‘pathologies’ in the literature from one central result; see [11, 
Example 3.10]. It is for this reason of maximum flexibility that we also choose 
such a neighbourhood approach here.

Theorem 3.1 Let E and F be vector lattices, where F is Dedekind complete, and let 
�F be a (not necessarily Hausdorff) locally solid additive topology on F. Take a non-
empty subset S of E. There exists a unique (possibly non-Hausdorff) additive topol-
ogy ASOTS�F on Lob(E,F) such that, for a net (T�)�∈A in Lob(E,F), T�

ASOTS�F
��������������������������������→ 0 if 

and only if |T�||s|
�F
���������→ 0 for all s ∈ S.

Let IS be the ideal of E that is generated by S. For a net (T�)�∈A in Lob(E,F), 

T�
ASOTS�F
��������������������������������→ 0 if and only if |T�||x|

�F
���������→ 0 for all x ∈ IS; and also if and only if 

|T�|x
�F
���������→ 0 for all x ∈ IS.

Furthermore: 

1. for every x ∈ IS, the map T ↦ Tx is an ASOTS�F − �F continuous map from 
Lob(E,F) into F; 

2. the topology ASOTS�F on Lob(E,F) is a locally solid additive topology;
3. when �F is a Hausdorff topology on F,  the following are equivalent for an additive 

subgroup G  of Lob(E,F)∶

(a) the restriction ASOTS�F|G  of ASOTS�F to G  is a Hausdorff topology on G;
(b) IS separates the points of G .

4. the following are equivalent for a linear subspace V  of Lob(E,F)∶

(a) for all T ∈ V  and s ∈ S, |�T||s|
�F
���������→ 0 as � → 0 in ℝ;

(b) the restriction ASOTS�F|V  of ASOTS�F to V  is a (possibly non-Hausdorff) 
linear topology on V .

Proof Suppose that �F is a (not necessarily Hausdorff) locally solid additive topol-
ogy on F.

It is clear from the required translation invariance of ASOTS�F that it is unique, 
since the nets that are ASOTS�F-convergent to zero are prescribed.
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For its existence, we take a �F-neighbourhood base {U�}�∈Λ of zero in F that con-
sists of solid subsets of F. For x ∈ IS and � ∈ Λ , we set 

The V�,x ’s are solid subsets of Lob(E,F) since the U� are solid subsets of F.
Set

We shall now verify that N0 satisfies the necessary and sufficient conditions in [17, 
Theorem 3 on p. 46] to be a base of neighbourhoods of zero for an additive topology 
on Lob(E,F).

Take V�1,x1
,V�2,x2

∈ N0 . There exists a �3 ∈ Λ such that U𝜆3
⊆ U𝜆1

∩ U𝜆2
 , and it is 

easy to verify that then V𝜆3,|x1|∨|x2| ⊆ V𝜆1,x1
∩ V𝜆2,x2

 . Hence N0 is a filter base.
It is clear that V�,x = −V�,x.
Take V�,x ∈ N0 . There exists a � ∈ Λ such that U𝜇 + U𝜇 ⊆ U𝜆 , and it is easy to 

see that then V𝜇,x + V𝜇,x ⊆ V𝜆,x.
An appeal to [17, Theorem 3 on p. 46] now yields that N0 is a base of neigh-

bourhoods of zero for an additive topology on Lob(E,F) that we shall denote by 
ASOTS�F . It is a direct consequence of its definition that, for a net (T�)�∈A in 
Lob(E,F) , T�

ASOTS�F
��������������������������������→ 0 if and only if |T�||x|

�F
���������→ 0 for all x ∈ IS . Using the fact that 

�F is a locally solid additive topology on F, it is routine to verify that the latter con-
dition is equivalent to the condition that |T|x

�F
���������→ 0 for all x ∈ IS , as well as to the 

condition that |T�||s|
�F
���������→ 0 for all s ∈ S.

We turn to the statements in the parts (1)–(4).
For part  (1), suppose that (T�)�∈A is a net in Lob(E,F) such that T�

ASOTS�F
��������������������������������→ 0 . 

Then |T�||x|
�F
���������→ 0 for all x ∈ IS . Since |T�x| ≤ |T�||x| , the fact that �F is locally solid 

implies that then also T�x
�F
���������→ 0 for all x ∈ IS.

Since the topology ASOTS�F is a locally solid additive topology on Lob(E,F) by 
construction, part (2) is clear.

For part (3), we recall from [17, p. 48, Theorem 4] that an additive topology on a 
group is Hausdorff if and only if the intersection of the elements of a neighbourhood 
base of zero is trivial. Using this for F in the second step, and invoking [11, Proposi-
tion 2.1] in the third, we see that

Another appeal to [17, p. 48, Theorem 4] then completes the proof of part (3).
We prove that part  (a) implies part  (b). It is clear that ASOTS�F|V  is an addi-

tive topology on V  . From what we have already established, we know that the 

V�,x ∶= {T ∈ Lob(E,F) ∶ |T||x| ∈ U�}.

N0∶={V�,x ∶ � ∈ Λ, x ∈ IS}.

⋂

�∈Λ,x∈IS

(
V�,x ∩ G

)
=

{
T ∈ Lob(E,F) ∶ |T||x| ∈

⋂

�∈Λ

U� for all x ∈ IS

}
∩ G

= {T ∈ Lob(E,F) ∶ |T||x| = 0 for all x ∈ IS} ∩ G.

= {T ∈ Lob(E,F) ∶ Tx = 0 for all x ∈ IS} ∩ G

= {T ∈ G ∶ Tx = 0 for all x ∈ IS}.
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assumption implies that also |�T||x|
�F
���������→ 0 as � → 0 in ℝ for all T ∈ V  and x ∈ IS . 

Fix � ∈ Λ and x ∈ IS , and take T ∈ V  . Since |�T||x|
�F
���������→ 0 as � → 0 in ℝ , there exists 

a 𝛿 > 0 such that |�T||x| ∈ U� whenever |𝜀| < 𝛿 . That is, �T ∈ V�,x ∩ V  whenever 
|𝜀| < 𝛿 . Hence, V�,x ∩ V  is an absorbing subset of V  . Furthermore, since V�,x is a 
solid subset of Lob(E,F) , it is clear that �T ∈ V�,x ∩ V  whenever T ∈ V�,x ∩ V  and 
� ∈ [−1, 1] . We conclude from [1, Theorem 5.6] that ASOTS�F|V  is a linear topol-
ogy on V .

We prove that part  (b) implies part  (a). Take T ∈ V  . Then �T
ASOTS�F|V
��������������������������������������→ 0 as 

� → 0 in ℝ . By construction, this implies that (and is, in fact, equivalent to) the fact 
that |�T||s|

�F
���������→ 0 for all s ∈ S .   ◻

Remark 3.2 It is clear from the convergence criteria for nets that the topologies 
ASOTS1

�F and ASOTS2
�F are equal when IS1 = IS2 . One could, therefore, work with 

ideals from the very start, but it seems worthwhile to keep track of a smaller set of 
presumably more manageable ‘test vectors’. See also the comments preceding Theo-
rem 4.3, below.

Remark 3.3 Suppose that (T�)�∈A is a net in Lob(E,F) such that T�
ASOTS�F
��������������������������������→ 0 . It is 

easy to see that then |T�|x
�F
���������→ 0 uniformly on every order bounded subset of IS , so 

that then also T�x
�F
���������→ 0 uniformly on every order bounded subset of IS.

Definition 3.4 The topology ASOTS�F in Theorem 3.1 is called the absolute strong 
operator topology that is generated by �F via S. We shall comment on this nomen-
clature in Remark 3.7, below.

The following result, which can also be obtained using Riesz pseudo-norms, is 
clear from Theorem 3.1.

Corollary 3.5 Let E and F be vector lattices, where F is Dedekind complete, and let 
�F be a (not necessarily Hausdorff) locally solid linear topology on F. Take a vector 
sublattice E  of Lob(E,F) and a non-empty subset S of E.

There exists a unique additive topology ASOTS�F on E  such that, for a net 
(T�)�∈A in E, T�

ASOTS�F
��������������������������������→ 0 if and only if |T�||s|

�F
���������→ 0 for all s ∈ S.

Let IS be the ideal of E that is generated by S. For a net (T�)�∈A in E, T�
ASOTS�F
��������������������������������→ 0 

if and only if |T�||x|
�F
���������→ 0 for all x ∈ IS; and also if and only if |T�|x

�F
���������→ 0 for all 

x ∈ IS.
Furthermore: 

1. for every x ∈ IS, the map T ↦ Tx is an ASOTS�F − �F continuous map from E  
into F; 

2. the additive topology ASOTS�F on the group E  is, in fact, a locally solid linear 
topology on the vector lattice E  . When �F is a Hausdorff topology on F,  then 
ASOTS�F is a Hausdorff topology on E  if and only if IS separates the points of E .
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Remark 3.6 Although in the sequel of this paper we shall mainly be interested in 
the nets that are convergent in a given topology, let us still remark that is possible 
to describe an explicit ASOTS�F-neighbourhood base of zero in E  . Take a �F-neigh-
bourhood base {U�}�∈Λ of zero in F that consists of solid subsets of F. For � ∈ Λ 
and x ∈ IS , set

Then {V�,x ∶ � ∈ Λ, x ∈ IS} is an ASOTS�F-neighbourhood base of zero in E .

Remark 3.7 It is not difficult to see that ASOTS�F is the weakest locally solid linear 
topology �E  on E  such that, for every x ∈ IS , the map T → Tx is a �E − �F continuous 
map from E  into F. It is also the weakest linear topology �′

E
 on E  such that, for every 

x ∈ IS , the map T → |T|x is a ��
E
− �F continuous map from E  into F. The latter 

characterisation is our motivation for the name ‘absolute strong operator topology’.
Take F = ℝ and S = E . Then ASOTE�ℝ is what is commonly known as the abso-

lute weak∗-topology on E∼ . There is an unfortunate clash of ‘weak’ and ‘strong’ 
here that appears to be unavoidable.

Remark 3.8 For comparison with Remark  3.7, and to make clear the role of the 
local solidness of the topologies in the present section, we mention the following, 
which is an easy consequence of [1, Theorem  5.6], for example. Let E and F be 
vector spaces, where F is supplied with a (not necessarily) Hausdorff linear topol-
ogy �F . Take a linear subspace E  of the vector space of all linear maps from E 
into F, and take a non-empty subset S of E. Then there exists a unique (not nec-
essarily Hausdorff) linear topology SOTS�F on E  such that, for a net (T�)�∈A in 
E  , T�

SOTS�F
��������������������������→ 0 if and only if T�s

�F
���������→ 0 for all s ∈ S . The subsets of E  of the form 

⋂n

i=1
{T ∈ E ∶ Tsi ∈ V�i

} , where the si run over S and the V�i
 run over a balanced �F

-neighbourhood base {V� ∶ � ∈ Λ} of zero in F, are an SOTS�F-neighbourhood base 
of zero in E  . When �F is Hausdorff, then SOTS�F is Hausdorff if and only if S sepa-
rates the points of E  . This strong operator topology SOTS�F on E  that is generated 
by �F via S, is the weakest linear topology �E  on E  such that, for every s ∈ S , the 
map T ↦ Tx is �E − �F-continuous.

4  o‑Lebesgue topologies and uo‑Lebesgue topologies on vector 
lattices of operators

To arrive at results concerning o-Lebesgue topologies and uo-Lebesgue topologies 
on regular vector sublattices of operators, we need a preparatory result for which we 
are not aware of a reference. Given its elementary nature, we refrain from any claim 
to originality. It will re-appear at several places in the sequel.

V�,x∶={T ∈ E ∶ |T||x| ∈ U�}.
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Lemma 4.1 Let E and F be vector lattices, where F is Dedekind complete, and let 
E  be a regular vector sublattice of Lob(E,F) . Suppose that (T�)�∈A is net in E  such 
that T�

o
�����→ 0 in E  . Then T�x

o
�����→ 0 for all x ∈ E.

Proof By the regularity of E  , we also have that T�
o
�����→ 0 in Lob(E,F) . Hence there 

exists a net (S�)�∈B in Lob(E,F) such that S� ↓ 0 in Lob(E,F) and with the prop-
erty that, for every �0 ∈ B , there exists an �0 ∈ A such that |T�| ≤ S�0 for all � ∈ A 
such that � ≥ �0 . We know from [3, Theorem 1.18], for example, that S�x ↓ 0 for all 
x ∈ E+ . Since |T�x| ≤ |T�|x for x ∈ E+ , it then follows easily that T�x

o
�����→ 0 for all 

x ∈ E+ . Hence T�x
o
�����→ 0 for all x ∈ E .   ◻

We can now show that the o-Lebesgue property of a locally solid linear topol-
ogy on the Dedekind complete codomain is inherited by the associated absolute 
strong operator topology on a regular vector sublattice of operators.

Proposition 4.2 Let E and F be vector lattices, where F is Dedekind complete. 
Suppose that F admits an o-Lebesgue topology �F . Take a regular vector sublattice 
E  of Lob(E,F) and a non-empty subset S of E. Then ASOTS�F is an o-Lebesgue 
topology on E  . When �F is a Hausdorff topology on F,   then ASOTS�F is a Haus-
dorff topology on E  if and only if IS separates the points of E .

Proof In view of Corollary 3.5, we merely need to show that, for a net (T�)�∈A in E  , 
the fact that T�

o
�����→ 0 in E  implies that T�

ASOTS�F
��������������������������������→ 0 . Take s ∈ S . Since also |T�|

o
�����→ 0 

in E  , Lemma 4.1 implies that |T�||s|
o
�����→ 0 in F. Using that �F is an o-Lebesgue topol-

ogy on F, we find that |T�||s|
�F
���������→ 0 . Since this holds for all s ∈ S , Corollary  3.5 

shows that T�
ASOTS�F
��������������������������������→ 0 in E  .   ◻

We conclude by showing that every regular vector sublattice of Lob(E,F) admits 
a (necessarily unique) Hausdorff uo-Lebesgue topology when the Dedekind com-
plete codomain F admits a Hausdorff o-Lebesgue topology. It is the unbounded 
topology that is associated with the members of a family of absolute strong opera-
tor topologies on the vector sublattice, with all members yielding the same result. 
Our most precise result in this direction is the following. The convergence criterion 
in part 2 is a ‘minimal one’ that is convenient when one wants to show that a net 
is convergent, whereas the criterion in part 3 maximally exploit the known conver-
gence of a net.

Theorem 4.3 Let E and F be vector lattices, where F is Dedekind complete. Sup-
pose that F admits an o-Lebesgue topology �F . Take a regular vector sublattice E  of 
Lob(E,F), a non-empty subset S  of E, and a non-empty subset S of E.

Then uSASOTS�F is a uo-Lebesgue topology on E .
We let IS denote the ideal of E that is generated by S,  and IS  the ideal of E  that is 

generated by S  . For a net (T�)�∈A in E, the following are equivalent: 
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1. T�
uSASOTS�F
�����������������������������������������→ 0;

2. (|T�| ∧ |T|)|s|
�F
���������→ 0 for all T ∈ S  and s ∈ S;

3. (|T�| ∧ |T|)x
�F
���������→ 0 for all T ∈ IS  and x ∈ IS.

Suppose that �F is actually a Hausdorff o-Lebesgue topology on F. Then the fol-
lowing are equivalent: 

 (i) uSASOTS�F is a (necessarily unique) Hausdorff uo-Lebesgue topology on E;
 (ii) IS separates the points of E  and IS  is order dense in E .

In that case, the Hausdorff uo-Lebesgue topology uSASOTS�F on E  is the restric-
tion of the (necessarily unique) Hausdorff uo-Lebesgue topology on Lob(E,F), i.e., 
of uLob(E,F)

ASOTE�F, and the criteria in 1, 2, and 3 are also equivalent to: 

4. (|T�| ∧ |T|)x
�F
���������→ 0 for all T ∈ Lob(E,F) and x ∈ E.

Proof It is clear from Proposition 4.2 and [11, Proposition 4.1] that uSASOTS�F is 
a uo-Lebesgue topology on E  . The two convergence criteria for nets follow from the 
combination of those in [11, Theorem 3.1] and in Corollary 3.5.

According to [11, Proposition 4.1], uSASOTS�F is a Hausdorff topology on E  if 
and only if ASOTS�F is a Hausdorff topology on E  and IS  is order dense in E  . An 
appeal to Proposition 4.2 then completes the proof of the necessary and sufficient 
conditions for uSASOTS�F to be Hausdorff.

Suppose that �F is actually also Hausdorff, that IS separates the points of E  , and 
that IS  is order dense in E  . From what we have already established, it is clear that 
uLob(E,F)

ASOTE�F is a (necessarily unique) Hausdorff uo-Lebesgue topology on 
Lob(E,F) . Since the restriction of a Hausdorff uo-Lebesgue topology on a vector 
lattice to a regular vector sublattice is a (necessarily unique) Hausdorff uo-Lebesgue 
topology on the vector sublattice (see [24, Proposition 5.12]), the criterion in part 4 
follows from that in part 3 applied to uLob(E,F)

ASOTE�F .   ◻

Remark 4.4 Take a �F-neighbourhood base {U�}�∈Λ of zero in F that consists of 
solid subsets of F. For � ∈ Λ , T̃ ∈ IS  , and x ∈ IS , set

As a consequence of the constructions of unbounded and absolute strong operator 
topologies, {V�,T̃ ,x ∶ � ∈ Λ, T ∈ IS, x ∈ IS} is then a uSASOTS�F-neighbourhood 
base of zero in E .

The following consequence of Theorem 4.3 will be sufficient in many situations.

V�,T̃ ,x∶={T ∈ E ∶ (|T| ∧ |T̃|)|x| ∈ U�}.



 Y. Deng, M. de Jeu 57 Page 12 of 33

Corollary 4.5 Let E and F be vector lattices, where F is Dedekind complete. Sup-
pose that F admits a Hausdorff o-Lebesgue topology �F.

Take a regular vector sublattice E  of Lob(E,F) . Then E  admits a (necessarily 
unique) Hausdorff uo-Lebesgue topology �̂E  . This topology equals uEASOTE�F, 
and is also equal to the restriction to E  of the Hausdorff uo-Lebesgue topology 
uLob(E,F)

ASOTE�F on Lob(E,F).
For a net (T�)�∈A in E, the following are equivalent: 

1. T�
�̂E
��������→ 0;

2. (|T�| ∧ |T|)x
�F
���������→ 0 for all T ∈ E  and x ∈ E;

3. (|T�| ∧ |T|)x
�F
���������→ 0 for all T ∈ Lob(E,F) and x ∈ E.

Remark 4.6 There can, sometimes, be other ways to see that a given regular vector 
sublattice of Lob(E,F) admits a Hausdorff uo-Lebesgue topology. For example, sup-
pose that F∼

oc
 separates the points of F. For x ∈ E and � ∈ F∼

oc
 , the map T ↦ �(Tx) 

defines an order continuous linear functional on Loc(E,F) , and it is then clear that 
the order continuous dual of Loc(E,F) separates the points of Loc(E,F) . Hence, 
Loc(E,F) can also be supplied with a Hausdorff uo-Lebesgue topology as in [11, 
Theorem 5.2] which, in view of its uniqueness, coincides with the one as supplied 
by Corollary 4.5.

5  Comparing uniform and strong convergence structures 
on Lob(E, F)

Suppose that E and F are vector lattices, where F is Dedekind complete. As 
explained in Sect.  1, there exist a uniform and a strong convergence structure on 
Lob(E,F) for each of order convergence, unbounded order convergence, and—when 
applicable—convergence in the Hausdorff uo-Lebesgue topology. In this section, we 
investigate what the inclusion relations are between the members of each of these 
three pairs. For example, is it true that the uniform (resp. strong) order convergence 
of a net of order bounded operators implies its strong (resp. uniform) order conver-
gence to the same limit? We shall show that only one of the six conceivable impli-
cations is valid in general, and that the others are not even generally valid for uni-
formly bounded sequences of order continuous operators on Banach lattices. Whilst 
the failures of such general implications may, perhaps, not come as too big a sur-
prise, the positive results for orthomorphisms (see Theorems 9.4, 9.5, 9.7 and 9.10, 
below) may serve to indicate that they are less evident than one would think at first 
sight.

For monotone nets in Lob(E,F) , however, the following result shows that then 
even all four (or six) notions of convergence in Lob(E,F) coincide.

Proposition 5.1 Let E and F be vector lattices, where F is Dedekind complete, and 
let (T�)�∈A be a monotone net in Lob(E,F) . The following are equivalent: 
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1. T�
o
�����→ 0 in Lob(E,F);

2. T�
uo
���������→ 0 in Lob(E,F);

3. T�x
o
�����→ 0 in F for all x ∈ E;

4. T�x
uo
���������→ 0 in F for all x ∈ E.

Suppose that, in addition, F admits a (necessarily unique) Hausdorff uo-Lebesgue 
topology �̂F, so that Lob(E,F) also admits a (necessarily unique) Hausdorff uo-Leb-
esgue topology �̂Lob(E,F)

 by Corollary 4.5. Then 1–4 are also equivalent to: 

5. T�

�̂Lob (E,F)

����������������������������→ 0;

6. T�x
�̂F
���������→ 0 for all x ∈ E.

Proof We may suppose that T� ↓ and that x ∈ E+ . For order bounded nets in a vector 
lattice, order convergence and unbounded order convergence are equivalent. Passing 
to an order bounded tail of (T�)�∈A , we, thus, see that the parts 1 and 2 are equiva-
lent. Similarly, the parts 3 and 4 are equivalent. The equivalence of the parts 1 and 3 
is well known; see [2, Theorem 1.67], for example.

Suppose that F admits a Hausdorff uo-Lebesgue topology �̂F . In that case, it follows 
from [11, Lemma 7.2] that the parts 2 and 5 are equivalent, as are the parts 4 and 6.   ◻

When (T�)�∈A is a not necessarily monotone net in Lob(E,F) such that T�
o
�����→ 0 , 

then Lemma  4.1 shows that T�x
o
�����→ 0 in F for all x ∈ E . We shall now give five 

examples to show that each of the remaining five conceivable implications between 
a corresponding uniform and strong convergence structures on Lob(E,F) is not gen-
erally valid. In each of these examples, we can even take E = F to be a Banach lat-
tice, and for the net (T�)�∈A we can even take a uniformly bounded sequence (Tn)∞n=1 
of order continuous operators on E.

Example 5.2 We give an example of a uniformly bounded sequence (Tn)∞n=1 of posi-
tive order continuous operators on a Dedekind complete Banach lattice E with a 
strong order unit, such that Tnx

o
�����→ 0 in E for all x ∈ E but Tn �

o
0 in Lob(E) because 

the sequence is not even order bounded in Lob(E).
We choose �∞(ℕ) for E = F . For n ≥ 1 , we set Tn∶=Sn , where S is the right shift 

operator on E. The Tn are evidently positive and of norm one. A moment’s thought 
shows that they are order continuous. Furthermore, it is easy to see that Tnx

o
�����→ 0 in E 

for all x ∈ E . We shall now show that {Tn ∶ n ≥ 1} is not order bounded in Lob(E) . 
For this, we start by establishing that the Tn are mutually disjoint. Let (ei)∞i=1 be the 
standard sequence of unit vectors in E. Take m ≠ n and i ≥ 1 . Since ei is an atom, the 
Riesz–Kantorovich formula for the infimum of two operators shows that

Hence, (Tm ∧ Tn) vanishes on the span of the ei . Since this span is order dense in E, 
and since Tn ∧ Tm ∈ Loc(E) , it follows that Tn ∧ Tm = 0.

0 ≤ (Tm ∧ Tn)ei = inf{tem+i + (1 − t)en+i ∶ 0 ≤ t ≤ 1} ≤ inf{em+i, en+i} = 0.
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We can now show that (Tn)∞n=1 is not order bounded in Lob(E) . Indeed, suppose 
that T ∈ Lob(E) is a upper bound for all Tn . Set e∶=

⋁∞

i=1
ei . Then, for all N ≥ 1,

This shows that Te cannot be an element of �∞ . We conclude from this contradiction 
that (Tn)∞n=1 is not order bounded in Lob(E).

Example 5.3 We give an example of a uniformly bounded sequence (Tn)∞n=1 of posi-
tive order continuous operators on a Dedekind complete Banach lattice E with a 
strong order unit, such that Tn

uo
���������→ 0 in Lob(E) but Tnx�

uo
0 for some x ∈ E.

We choose �∞(ℤ) for E = F . For n ≥ 1 , we set Tn∶=Sn , where S is the right shift 
operator on E. Just as in Example 5.2, the Tn are positive order continuous operators 
on E of norm one that are mutually disjoint. Since disjoint sequences in vector lattices 
are unbounded order convergent to zero (see [14, Corollary 3.6]), we have Tn

uo
���������→ 0 in 

Lob(E) . On the other hand, if we let e be the two-sided sequence that is constant 1, then 
Tne = e for all n ≥ 1 . Hence (Tne)∞n=1 is not unbounded order convergent to zero in E.

For our next example, we require a preparatory lemma.

Lemma 5.4 Let � be the Lebesgue measure on the Borel �-algebra B of [0,  1],   
and let 1 ≤ p ≤ ∞ . Take a Borel subset S of [0, 1],  and define the positive operator 
TS ∶ Lp([0, 1],B,�) → Lp([0, 1],B,�) by setting

for f ∈ Lp([0, 1],B,�) . Then TS ∧ I = 0.

Proof Take an n ≥ 1 , and choose disjoint a partition [0, 1] =
⋃n

i=1
Ai of [0, 1] into 

Borel sets Ai of measure 1/n. Let e denote the constant function 1. Then

Te ≥
(

N⋁

n=1

Tn

)
e =

(
N∑

n=1

Tn

)
e ≥ NeN+1.

TS(f )∶=∫S

f d� ⋅ �S

(TS ∧ I)e =

n∑

i=1

(TS ∧ I)�Ai

≤
n∑

i=1

(TS�Ai
) ∧ �Ai

≤
n∑

i=1

(�(Ai)�S) ∧ �Ai

≤
n∑

i=1

�(Ai)�Ai

=
1

n
e.
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Since n is arbitrary, we see that (TS ∧ I)e = 0 . Because 0 ≤ TS ∧ I ≤ I , TS ∧ I is 
order continuous. From the fact that the positive order continuous operator TS ∧ I 
vanishes on the weak order unit e of Lp([0, 1],B,�) , we conclude that TS ∧ I = 0 .  
 ◻

Example 5.5 We give an example of a uniformly bounded sequence (Tn)∞n=1 of order 
continuous operators on a separable reflexive Banach lattice E with a weak order 
unit, such that Tnx

uo
���������→ 0 in E for all x ∈ E but Tn �

uo
0 in Lob(E) because even 

Tn
�Lob (E)

0 in Lob(E).
Let � be the Lebesgue measure on the Borel �-algebra B of [0,  1], and let 

1 ≤ p ≤ ∞ . For E we choose Lp([0, 1],B,�) , so that E is reflexive for 1 < p < ∞ . 
For n ≥ 1 , we let Bn be the sub-�-algebra of B that is generated by the intervals 
Sn,i∶=[(i − 1)∕2n, i∕2n] for i = 1,… , 2n , and we let �n ∶ E → E be the correspond-
ing conditional expectation. By [5, Theorem 10.1.5], �n is a positive norm one pro-
jection. A moment’s thought shows that every open subset of [0, 1] is the union of 
the countably infinitely many Sn,i that are contained in it, so that it follows from 
[5, Theorem 10.2.3] that �nf → f  almost everywhere as n → ∞ . By [14, Proposi-
tion 3.1], we can now conclude that �nf

uo
���������→ f  for all f ∈ E.

On the other hand, it is not true that �n

�̂Lob (E)

�����������������������→ I . To see this, we note that, by [5, 
Example  10.1.2], every �n is a linear combination of operators as in Lemma  5.4. 
Hence, �n ⟂ I for all n. Since �̂Lob(E)

 is a locally solid linear topology, a possible 
�̂Lob(E)

-limit of the �n is also disjoint from I, hence cannot be I itself.
On setting Tn∶=�n − I for n ≥ 1 , we have obtained a sequence of operators as 

desired.

Example 5.6 We give an example of a uniformly bounded sequence (Tn)∞n=1 of 
positive order continuous operators on a Dedekind complete Banach lattice E 
with a strong order unit that admits a Hausdorff uo-Lebesgue topology, such that 

Tn

�̂Lob (E)

�����������������������→ 0 in Lob(E) but Tnx
E
0

��  in E for some x ∈ E.
We choose E, the Tn ∈ Lob(E) , and e ∈ E as in Example 5.3. There are several 

ways to see that E admits a Hausdorff uo-Lebesgue topology. This follows most eas-
ily from the fact that E is atomic (see [24, Lemma 7.4]) and also from [11, The-
orem  6.3] in the context of measure spaces. By Corollary  4.5, Lob(E) then also 
admits such a topology. Since we already know from Example 5.3 that Tn

uo
���������→ 0 , we 

also have that Tn
�̂Lob (E)

�����������������������→ 0 . On the other hand, the fact that Tne = e for n ≥ 1 evi-
dently shows that (Tne)∞n=1 is not �̂E-convergent to zero in E.

Example 5.7 We note that Example  5.5 also gives an example of a uniformly 
bounded sequence (Tn)∞n=1 of order continuous operators on a separable reflexive 
Banach lattice E with a weak order unit that admits a Hausdorff uo-Lebesgue topol-

ogy, such that Tnx
�̂E
���������→ 0 in E for all x ∈ E but Tn

�Lob (E)

0 in Lob(E).
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6  Orthomorphisms

In this section, we review some material concerning orthomorphism and establish a 
few auxiliary result for use in the present paper and in future ones.

Let E be a vector lattice. We recall from [3, Definition 2.41] that an operator on 
E is called an orthomorphism when it is a band preserving order bounded operator. 
An orthomorphism is evidently disjointness preserving, it is order continuous (see 
[3, Theorem 2.44]), and its kernel is a band (see [3, Theorem 2.48]). We denote by 
Orth (E) the collection of all orthomorphism on E. Even when E is not Dedekind 
complete, the supremum and infimum of two orthomorphisms S and T in E always 
exists in Lob(E) . In fact, we have

for x ∈ E+ and

for x ∈ E ; see [3, Theorems 2.43 and 2.40]. Consequently, Orth (E) is a unital vector 
lattice algebra for every vector lattice E. Even more is true: according to [3, Theo-
rem 2.59], Orth (E) is an (obviously Archimedean) f-algebra for every vector lattice 
E, so it is commutative by [3, Theorem 2.56]. Furthermore, for every vector lattice 
E, when T ∈ Orth (E) and T ∶ E → E is injective and surjective, then the linear map 
T−1 ∶ E → E is again an orthomorphism. We refer to [21, Theorem  3.1.10] for a 
proof of this result of Huijsmans’ and de Pagter’s.

It follows easily from (6.1) that, for every vector lattice E, the identity operator is 
a weak order unit of Orth (E) . When E is Dedekind complete, Orth (E) is the band in 
Lob(E) that is generated by the identity operator on E; see [3, Theorem 2.45].

Let E be a vector lattice, let T ∈ Lob(E) , and let � ≥ 0 . Using [3, Theorem 2.40], 
it is not difficult to see that the following are equivalent: 

1. −�I ≤ T ≤ �I;
2. |T| exists in Lob(E) , and |T| ≤ �I;
3. |Tx| ≤ �|x| for all x ∈ E.

The set of all such T is a unital subalgebra Z(E) of Orth (E) consisting of ideal pre-
serving order bounded operators on E. It is called the ideal centre of E.

Let E be a vector lattice, and define the stabiliser of E, denoted by S(E) , as the 
set of linear operators on E that are ideal preserving. It is not required that these 
operators be order bounded, but this is nevertheless always the case. In fact, S(E) is 
a unital subalgebra of Orth (E) for every vector lattice E (see [25, Proposition 2.6]), 
so that we have the chain

of unital algebras for every vector lattice E. For every Banach lattice E, we have

(6.1)
[S ∨ T](x) = S(x) ∨ T(x)

[S ∧ T](x) = S(x) ∧ T(x)

(6.2)|Tx| = |T||x| = |T(|x|)|

Z(E) ⊆ S(E) ⊆ Orth (E)
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see [25, Corollary 4.2], so that the identity operator on E is then even an order unit 
of Orth (E).

For every Banach lattice E, Orth (E) is a unital Banach subalgebra of the bounded 
linear operators on E in the operator norm. This follows easily from the facts that 
bands are closed and that a band preserving operator on a Banach lattice is automati-
cally order bounded; see [3, Theorem 4.76].

Let E be a Banach lattice. Since the identity operator is an order unit of Orth (E) , 
we can introduce the order unit norm ‖ ⋅ ‖I with respect to I on Orth (E) by setting

for T ∈ Orth (E) . Then ‖T‖ = ‖T‖I for all T ∈ Orth (E) ; see [25, Proposition 4.1]. 
Since we already know that Orth (E) is complete in the operator norm, it follows 
that Orth (E) , when supplied with ‖ ⋅ ‖ = ‖ ⋅ ‖I , is a unital Banach lattice algebra 
that is also an AM-space. When E is a Dedekind complete Banach lattice, then evi-
dently ‖T‖ = ‖T‖I = ‖�T�‖I = ‖ �T� ‖ = ‖T‖r for T ∈ Orth (E) . Hence, Orth (E) is 
then also a unital Banach lattice subalgebra of the Banach lattice algebra of all order 
bounded operators on E in the regular norm.

Let E be Banach lattice. It is clear from the above that 
(Orth (E), ‖ ⋅ ‖) = (Orth (E), ‖ ⋅ ‖I) is a unital Banach f-algebra in which its iden-
tity element is also a (positive) order unit. The following result is, therefore, appli-
cable with A = Orth (E) and e = I . It shows, in particular, that Orth (E) is isometri-
cally Banach lattice algebra isomorphic to a C(K)-space. Both its statement and its 
proof improve on the ones in [9, Proposition 2.6], [22, Proposition 1.4], and [16].

Theorem 6.1 Let A  be a unital f-algebra such that its identity element e is also 
a (positive) order unit, and such that it is complete in the submultiplicative order 
unit norm ‖ ⋅ ‖e on A  . Let B be a (not necessarily unital) associative subalgebra 

of A  . Then B
‖ ⋅ ‖e is a Banach f-subalgebra of A  . When e ∈ B

‖ ⋅ ‖e
, then there exist 

a compact Hausdorff space K,  uniquely determined up to homeomorphism, and an 
isometric surjective Banach lattice algebra isomorphism � ∶ B

‖ ⋅ ‖e
→ C(K).

Proof Since (A, ‖ ⋅ ‖I) is an AM-space with order unit e, there exist a compact Haus-
dorff space K′ and an isometric surjective lattice homomorphism � � ∶ A → C(K�) 
such that � �(e) = 1 ; see [21, Theorem 2.1.3] for this result of Kakutani’s, for exam-
ple. Via this isomorphism, the f-algebra multiplication on C(K�) provides the vector 
lattice A  with a multiplication that makes A  into an f-algebra with e as its posi-
tive multiplicative identity element. Such a multiplication is, however, unique; see 
[3, Theorem  2.58]. Hence � ′ also preserves multiplication, and we conclude that 
� � ∶ A → C(K�) is an isometric surjective Banach lattice algebra isomorphism.

We now turn to B . It is clear that B
‖ ⋅ ‖e is Banach subalgebra of A  . After moving 

to the C(K�)-model for A  that we have obtained, [13, Lemma 4.48] shows that B
‖ ⋅ ‖e 

is also a vector sublattice of A  . Hence B
‖ ⋅ ‖e is a Banach f-subalgebra of A  . When 

Z(E) = S(E) = Orth (E);

‖T‖I∶= inf{� ≥ 0 ∶ �T� ≤ �I}
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e ∈ B
‖ ⋅ ‖e , we can then apply the first part of the proof to B

‖ ⋅ ‖e , and obtain a com-
pact Hausdorff space K and an isometric surjective Banach lattice algebra isomor-
phism � ∶ B

‖ ⋅ ‖e
→ C(K) . The Banach–Stone theorem (see [7, Theorem VI.2.1], for 

example) implies that K is uniquely determined up to homeomorphism.   ◻

We now proceed to show that E and Orth (E) have isomorphic universal comple-
tions. We start with a preparatory lemma.

Proposition 6.2 Let E be a Dedekind complete vector lattice, and let x ∈ E . Let Ix 
be the principal ideal of E that is generated by x,  let Bx be the principal band in E 
that is generated by x,  let Px ∶ E → Bx be the corresponding order projection, and 
let IPx

 be the principal ideal of Lob(E) that is generated by Px . For T ∈ IPx
, set 

�x(T)∶=T|x| . Then �x(T) ∈ Ix, and: 

1. the map �x ∶ IPx
→ Ix is a surjective vector lattice isomorphism such that 

�x(Px) = |x|;
2. IPx

= PxZ(E).

Proof Take T ∈ IPx
 . There exists a � ≥ 0 such that |T| ≤ �Px , and this implies that 

|Ty| ≤ �Px|y| for all y ∈ E . This shows that T|x| ∈ Ix , so that �x maps IPx
 into Ix ; it 

also shows that T(Bd
x
) = {0} . Suppose that T|x| = 0 . Since the kernel of T is a band 

in E, this implies that T vanishes on Bx . We already know that it vanishes on Bd
x
 . 

Hence T = 0 , and we conclude that �x is injective. We show that �x is surjective. Let 
y ∈ Ix . Take a 𝜆 > 0 such that 0 ≤ |y∕�| ≤ |x| . An inspection of the proof of [3, The-
orem 2.49] shows that there exists a T ∈ Z(E) with T|x| = y∕� . Since �TPx ∈ IPx

 
and (�TPx)|x| = y , we see that �x is surjective. Finally, it is clear from (6.1) that �x 
is a vector lattice homomorphism. This completes the proof of part 1.

We turn to part  2. It is clear that IPx
⊇ PxZ(E) . Take T ∈ IPx

⊆ Z(E) . Then 
also PxT ∈ IPx

 . Since �x(T) = �x(PxT) , the injectivity of �x on IPx
 implies that 

T = PxT ∈ PxZ(E) .   ◻

The first part of Proposition 6.2 is used in the proof of our next result.

Proposition 6.3 Let E be a Dedekind complete vector lattice. Then there exist an 
order dense ideal I of E and an order dense ideal I  of Orth (E) such that I and I  
are isomorphic vector lattices.

Proof Choose a maximal disjoint system {x� ∶ � ∈ A} in E. For each � ∈ A , let Ix� , 
Bx�

 , Px�
∶ E → Bx�

 , IPx�
 , and the vector lattice isomorphism �x�

∶ IPx�
→ Ix� be as 

in Proposition 6.2.
Since the x� ’s are mutually disjoint, it is clear that the ideal 

∑
�∈A Ix� of E is, in 

fact, an internal direct sum 
⨁

�∈A Ix� . Since the disjoint system is maximal, 
⨁

�∈A Ix� 
is an order dense ideal of E.

It follows easily from (6.1) that the Px�
 are also mutually disjoint. They even form 

a maximal disjoint system in Orth (E) . To see this, suppose that T ∈ Orth (E) is such 
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that |T| ∧ Px�
= 0 for all � ∈ A . Then (|T|x�) ∧ x� = (|T| ∧ Px�

)x� = 0 for all � ∈ A . 
Since |T| is band preserving, this implies that |T|x� = 0 for all � ∈ A . The fact that 
the kernel of |T| is a band in E then yields that |T| = 0 . Just as for E, we now con-
clude that the ideal 

∑
�∈A IPx�

 of Orth (E) is an internal direct sum 
⨁

�∈A IPx�
 that 

is order dense in Orth (E).
Since 

⨁
�∈A �x�

∶
⨁

�∈A IPx�
→

⨁
�∈A Ix� is a vector lattice isomorphism by 

Proposition 6.2, the proof is complete.   ◻

It is generally true that a vector lattice and an order dense vector sublattice 
of it have isomorphic universal completions; see [2, Theorems  7.21 and  7.23]. 
Proposition 6.3 therefore implies the following.

Corollary 6.4 Let E be a Dedekind complete vector lattice. Then the universal com-
pletions of E and of Orth (E) are isomorphic vector lattices.

The previous result enables us to relate the countable sup property of E to that 
of Orth (E) . We recall that vector lattice E has the countable sup property when, 
for every non-empty subset S of E that has a supremum in E, there exists an at 
most countable subset of S that has the same supremum in E as S. In parts of the 
literature, such as in [20, 26], E is then said to be order separable. We also recall 
that a subset of a vector lattice is said to be an order basis when the band that it 
generates is the whole vector lattice.

Proposition 6.5 Let E be a Dedekind complete vector lattice. The following are 
equivalent: 

1. Orth (E) has the countable sup property;
2. E has the countable sup property and an at most countably infinite order basis.

Proof It is proved in [18, Theorem 6.2] that, for an arbitrary vector lattice F, Fu has 
the countable sup property if and only if F has the countable sup property as well 
as an at most countably infinite order basis. Since Orth (E) has a weak order unit I , 
we see that Orth (E)u has the countable sup property if and only if Orth (E) has the 
countable sup property. On the other hand, since Orth (E)u and Eu are isomorphic 
by Corollary 6.4, an application of this same result to E shows that Orth (E)u has 
the countable sup property if and only if E has the countable sup property and an at 
most countably infinite order basis.   ◻

We shall now establish a uniform order boundedness principle for orthomor-
phisms. It will be needed in the proof of Theorem 9.5, below.

Proposition 6.6 Let E be a Dedekind complete vector lattice, and let {T� ∶ � ∈ A} 
be a non-empty subset of Orth (E) . The following are equivalent: 
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1. {T� ∶ � ∈ A} is an order bounded subset of Lob(E);

2. for each x ∈ E, {T�x ∶ � ∈ A} is an order bounded subset of E.

Before proceeding with the proof, we remark that, since Orth (E) is a projection 
band in Lob(E) , the order boundedness of the net could equivalently have been 
required in Orth (E).

Proof It is trivial that part  1 implies part  2. We now show the converse. Take an 
x ∈ E+ . The hypothesis in part 2, together with (6.2), shows that {|T�|x ∶ � ∈ A} is 
an order bounded subset of E. Hence the same is true for {|T�|x ∶ � ∈ A}∨ which, 
in view of (6.1), equals {Sx ∶ S ∈ {|T�| ∶ � ∈ A}∨} . Using [3, Theorem 1.19], we 
conclude that {S ∶ S ∈ {|T�| ∶ � ∈ A}∨} is bounded above in Lob(E) . Then the 
same is true for {|T�| ∶ � ∈ A} , as desired.   ◻

Proposition 6.6 fails for nets of general order bounded operators. It can, in fact, 
already fail for a sequence of order continuous operators on a Banach lattice, as is 
shown by the following example.

Example 6.7 Let E∶=�∞(ℕ) , and let (ei)∞i=1 be the standard unit vectors in E. Let 
S ∈ Loc(E) be the right shift, and set Tn∶=Sn for n ≥ 1 . It is easy to see that (Tnx)∞n=1 
is order bounded in E for all x ∈ E . We shall show, however, that (Tn)∞n=1 is not order 
bounded in Lob(E) . To see this, we first note that Tm ⟂ Tn for m, n ≥ 1 with m ≠ n . 
Indeed, for all i ≥ 1 , we have 0 ≤ (Tm ∧ Tm)ei ≤ Tm(ei) ∧ Tn(ei) = em+i ∧ en+i = 0 . 
Hence (Tm ∧ Tn)x = 0 for all x ∈ I , where I is the ideal of E that is spanned 
by {ei ∶ i ≥ 1} . Since I is order dense in E and Tn ∧ Tm ∈ Loc(E) , it follows that 
Tn ∧ Tm = 0 for all m, n ≥ 1 with m ≠ n . Suppose that T is an upper bounded of 
(Tn)

∞
n=1

 in Lob(E) . Set e∶=
⋁∞

i=1
ei . Using the disjointness of the Tn , we have

for all n ≥ 1 , which is impossible. So (Tn)∞n=1 is not order bounded in Lob(E).

As a side result, we note the following consequence of Proposition 6.6. It is an 
ordered analogue of the familiar result for a sequence of bounded operators on a 
Banach space.

Corollary 6.8 Let E be a Dedekind complete vector lattice, and let (Tn)∞n=1 be a 
sequence in Orth (E) . Suppose that the sequence (Tnx)∞n=1 is order convergent in E 
for all x ∈ E . Then {Tn ∶ n ≥ 1} is an order bounded subset of Lob(E) . For x ∈ E, 
define T ∶ E → E by setting

Then T ∈ Orth (E).

Te ≥
(

n⋁

i=1

Ti

)
e =

(
n∑

i=1

Ti

)
e ≥ nen+1

Tx∶=o – lim
n→∞

Tnx.
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Proof Using Proposition 6.6, it is clear that T is a linear and order bounded opera-
tor on E. Since each of the Tn is a band preserving operator, the same is true for T. 
Hence, T is an orthomorphism on E.   ◻

We conclude by giving some estimates for orthomorphisms that will be 
used in the sequel. As a preparation, we need the following extension of [3, 
Exercise 1.3.7].

Lemma 6.9 Let E be a vector lattice with the principal projection property. Take 
x, y ∈ E . For � ∈ ℝ, let P� denote the order projection in E onto the band generated 
by (x − �y)+ . Then �P�y ≤ P�x . When x, y ∈ E+ and � ≥ 0, then x ≤ �y + P�x.

Proof The first inequality follows from the fact that

For the second inequality, we note that x − �y ≤ (x − �y)+ = P�(x − �y)+ for all x, y, 
and � . When x, y ∈ E+ and � ≥ 0 , then (x − �y)+ ≤ x+ = x , so that

  ◻

Proposition 6.10 Let E be a Dedekind complete vector lattice, and let 
T∈ Orth (E)+ . For 𝜆 > 0 , let P� be the order projection in Orth (E) onto the band 
generated by (T − �I)+ in Orth (E) . There exists a unique order projection P� in E 
such that P�(S) = P�S for all S ∈ Orth (E) . Furthermore: 

1. �P� ≤ P�T ≤ T;

2. T ≤ �I + P�T;

3. (P�Tx) ∧ y ≤ 1

�
Ty for all x, y ∈ E+.

Proof Since 0 ≤ P� ≤ IOrth (E) , it follows from [3, Theorem 2.62] that there exists a 
unique P� ∈ Orth (E) with 0 ≤ P� ≤ I such that P�(S) = P�S for all S ∈ Orth (E) . 
The fact that P� is idempotent implies that P� is also idempotent. Hence, P� is an 
order projection.

The inequalities in the parts  1 and  2 are then a consequence of those in 
Lemma 6.9. For part 3, we note that (P�Tx) ∧ y is in the image of the projection P� . 
Since order projections are vector lattice homomorphisms, we have, using part 1 in 
the final step, that

  ◻

0 ≤ P�(x − �y)+ = P�(x − �y) = P�x − �P�y.

x ≤ �y + P�(x − �y)+ ≤ �y + P�x.

(P�Tx) ∧ y = P�((P�Tx) ∧ y) = (P2
�
Tx) ∧ P�y ≤ P�y ≤ 1

�
Ty.
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We shall have use for the following corollary, which has some appeal of its 
own.

Corollary 6.11 Let E be a Dedekind complete vector lattice, and let T ∈ Orth (E)+ . 
Then

for all x, y ∈ E+ and 𝜆 > 0.

Proof For 𝜆 > 0 , we let P� be the order projection in Orth (E) onto the band gener-
ated by (T − �I)+ in Orth (E) . According to Proposition 6.10, there exists a unique 
order projection P� in E such that P�(S) = P�S for all S ∈ Orth (E) . By applying 
part 2 of Proposition 6.10 in the first step and its part 3 in the third, we have, for 
x, y ∈ E+,

  ◻

7  Continuity properties of orthomorphisms

Orthomorphisms preserve order convergence of nets. In this short section, we 
show that they also preserve unbounded order convergence and—when applica-
ble—convergence in the Hausdorff uo-Lebesgue topology.

Before doing so, let us note that this is in contrast to the case of general order 
bounded operators. Surely, there exist order bounded operators that are not order 
continuous. For the remaining two convergence structures, we consider �1 with its 
standard basis (en)∞n=1 . It follows from [14, Corollary 3.6] that en

uo
���������→ 0 . There are 

several ways to see that �1 admits a (necessarily unique) Hausdorff uo-Lebesgue 
topology �̂

�1
 . This follows from the fact that its norm is order continuous (see [24, 

p. 993]), from the fact that it is atomic (see [24, Lemma 7.4]), and from a result 
in the context of measure spaces (see [11, Theorem 6.3]). The latter two results 
also show that �̂

�1
 is the topology of coordinatewise convergence. In particular, 

en

�̂
�1

������������→ 0 which is, of course, also a consequence of the fact that en
uo
���������→ 0 . Define 

T ∶ �1 → �1 by setting Tx∶=
�∑∞

n=1
xn
�
e1 for x =

∑∞

n=1
xnen ∈ �1 . Since Ten = e1 for 

all n ≥ 1 , the order continuous positive operator T on �1 preserves neither uo-
convergence nor �̂

�1
-convergence of sequences in �1.

Proposition 7.1 Let E be a Dedekind complete vector lattice, and let T ∈ Orth (E) . 
Suppose that (x�)�∈A is a net in E such that x�

uo
���������→ 0 in E. Then Tx�

uo
���������→ 0 in E.

(Tx) ∧ y ≤ �(x ∧ y) +
1

�
Ty

(Tx) ∧ y ≤ (�x + P�Tx) ∧ y

≤ �(x ∧ y) + P�Tx ∧ y

≤ �(x ∧ y) +
1

�
Ty.
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Proof Using (6.2), one easily sees that we may suppose that T and the x� ’s are posi-
tive. Let BT(E) denote the band in E that is generated by T(E). Take a y ∈ T(E)+ . 
Since a positive orthomorphism is a lattice homomorphism, there exists an x ∈ E+ 
such that y = Tx . Using the fact that x�

uo
���������→ 0 in E, the order continuity of T then 

implies that

in E. Then [14, Corollary 2.12] shows that also Tx� ∧ y
o
�����→ 0 in the regular vector sub-

lattice BT(E) of E. Since BT(E) also equals the band in BT(E) that is generated by T(E), 
an appeal to [19, Lemma  2.2] yields that Tx�

uo
���������→ 0 in BT(E) . Hence Tx� ∧ |y|

o
�����→ 0 

in BT(E) for all y ∈ BT(E) , and then also Tx� ∧ |y|
o
�����→ 0 in E for all y ∈ BT(E) . Since 

E = BT(E) ⊕
(
BT(E)

)d , it is now clear that Tx� ∧ |y|
o
�����→ 0 in E for all y ∈ E .   ◻

For the case of a Hausdorff uo-Lebesgue topology, we need the following prepar-
atory result that has some independent interest. Lemma 9.9 is of the same flavour.

Proposition 7.2 Let E be a Dedekind complete vector lattice that admits a (not 
necessarily Hausdorff) locally solid linear topology �E, and let T ∈ Orth (E) . Sup-
pose that (x�)�∈A is a net in E such that x�

�E
���������→ 0 in E. Then Tx�

uE�E
����������������→ 0 in E.

Proof As in the proof of Proposition 7.1, we may suppose that T and the x� are posi-
tive. For n ≥ 1 , we let Pn be the order projection in Orth (E) onto the band generated 
by (T − nI)+ in Orth (E) again, so that again there exists a unique order projection Pn 
in E such that Pn(S) = PnS for all S ∈ Orth (E) . Fix e ∈ E+ . Take a solid �E-neigh-
bourhood U of 0 in E, and choose a �E-neighbourhood V of 0 such that V + V ⊆ U . 
Take an n0 ≥ 1 such that Te∕n0 ∈ V  . As x�

�E
���������→ 0 , there exists an �0 ∈ A such that 

n0x� ∈ V  for all � ≥ �0 . By applying Corollary 6.11 in the first step, we have, for all 
� ≥ �0,

The solidness of V then implies that (Tx�) ∧ e ∈ U for all � ≥ �0 . Since U and e 
were arbitrary, we conclude that T�x

uE�E
����������������→ 0 .   ◻

Since the unbounded topology uE �̂E that is generated by a Hausdorff uo-Lebesgue 
topology �̂E equals �̂E again, the following is now clear.

Tx� ∧ y = Tx� ∧ Tx = T(x� ∧ x)
o
�����→ 0

(7.1)

(Tx𝛼) ∧ e ≤ n0(x𝛼 ∧ e) +
1

n0
Te

≤ n0x𝛼 +
1

n0
Te

∈ V + V ⊆ U
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Corollary 7.3 Let E be a Dedekind complete vector lattice that admits a (necessar-
ily unique) Hausdorff uo-Lebesgue topology �̂E , and let T ∈ Orth (E) . Suppose that 
(x�)�∈A is a net in E such that x�

�̂E
���������→ 0 in E. Then Tx�

�̂E
���������→ 0 in E.

8  Topologies on Orth (E)

Let E be a Dedekind complete vector lattice, and suppose that �E is a (not neces-
sarily Hausdorff) locally solid additive topology on E. Take a non-empty subset S 
of E. According to Theorem 3.1, there exists a unique additive topology ASOTS�E 
on Lob(E) such that, for a net (T�)�∈A in Lob(E) , T�

ASOTS�E
��������������������������������→ 0 if and only if 

|T�||s|
�E
���������→ 0 for all s ∈ S . When (T𝛼)𝛼∈A ⊆ Orth (E) , (6.2) and the local solidness of 

�E imply that this convergence criterion is also equivalent to the one that T�s
�E
���������→ 0 

for all s ∈ S . Hence on subsets of Orth (E) , an absolute strong operator topology 
that is generated by a locally solid additive topology on E coincides with the cor-
responding strong operator topology. In order to remind ourselves of the connec-
tion with the topology on the enveloping vector lattice Lob(E) of Orth (E) , we shall 
keep writing ASOTS�F when considering the restriction of this topology to subsets 
of Orth (E) , rather than switch to, e.g., SOTS�F.

The above observation can be used in several results in Sect. 3. For the ease of 
reference, we include the following consequence of Corollary 3.5.

Corollary 8.1 Let E be a Dedekind complete vector lattice, and let �E be a (not nec-
essarily Hausdorff) locally solid linear topology on E. Take a vector sublattice E  of 
Orth (E) and a non-empty subset S of E.

There exists a unique locally solid linear topology ASOTS�E on E  such that, for a 
net (T�)�∈A in E, T�

ASOTS�E
��������������������������������→ 0 if and only if T�s

�E
���������→ 0 for all s ∈ S.

Let IS be the ideal of E that is generated by S. For a net (T�)�∈A in E, T�
ASOTS�E
��������������������������������→ 0 

if and only if T�x
�E
���������→ 0 for all x ∈ IS.

When �E is a Hausdorff topology on E,  then ASOTS�E is a Hausdorff topology on 
E  if and only if IS separates the points of E .

According to the next result, there is an intimate relation between the existence of 
Hausdorff o-Lebesgue topologies and uo-Lebesgue topologies on E and on Orth (E).

Proposition 8.2 Let E be a Dedekind complete vector lattice. The following are 
equivalent: 

1. E admits a Hausdorff o-Lebesgue topology;
2. Orth (E) admits a Hausdorff o-Lebesgue topology;
3. E admits a (necessarily unique) Hausdorff uo-Lebesgue topology;
4. Orth (E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology.
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Proof As E and Orth (E) are Dedekind complete, they are not just order dense vector 
sublattices of their universal completions but even order dense ideals; see [3, p.126–
127]. Since these universal completions are isomorphic vector lattices by Corol-
lary 6.4, the proposition follows from a double application of [11, Theorem 4.9.(3)].  
 ◻

For a Dedekind complete vector lattice E, Orth (E) , being a band in Lob(E) , 
is a regular vector sublattice of Lob(E) . A regular vector sublattice E  of Orth (E) 
is, therefore, also a regular vector sublattice of Lob(E) , and Proposition  4.2 then 
shows how o-Lebesgue topologies on E  can be obtained from an o-Lebesgue topol-
ogy on E as (absolute) strong operator topologies. In particular, this makes the fact 
that part 1 of Proposition 8.2 implies its part 2 more concrete. The fact that part 1 
implies part 2 is made more concrete as a special case of the following consequence 
of Theorem 4.3.

Theorem 8.3 Let E be a Dedekind complete vector lattice. Suppose that E admits 
an o-Lebesgue topology �E . Take a regular vector sublattice E  of Orth (E), a non-
empty subset S  of E, and a non-empty subset S of E.

Then uSASOTS�E is a uo-Lebesgue topology on E .
We let IS denote the ideal of E that is generated by S,  and IS  the ideal of E  that is 

generated by S  . For a net (T�)�∈A in E, the following are equivalent: 

1. T�
uSASOTS�E
�����������������������������������������→ 0;

2. |T�s| ∧ |Ts|
�E
���������→ 0 for all T ∈ S  and s ∈ S;

3. |T�x| ∧ |Tx|
�E
���������→ 0 for all T ∈ IS  and x ∈ IS.

Suppose that �E is actually a Hausdorff o-Lebesgue topology on E. Then the follow-
ing are equivalent: 

(a) uSASOTS�E is a (necessarily unique) Hausdorff uo-Lebesgue topology on E;
(b) IS separates the points of E  and IS  is order dense in E .

In that case, the Hausdorff uo-Lebesgue topology uSASOTS�E on E  is the restric-
tion of the (necessarily unique) Hausdorff uo-Lebesgue topology on Lob(E,F), i.e., 
of uLob(E,F)

ASOTE�E, and the criteria in 1, 2, and 3 are also equivalent to: 

4. (|T�| ∧ |T|)x
�̂E
���������→ 0 for all T ∈ Lob(E) and x ∈ E.

9  Comparing uniform and strong convergence structures on Orth (E)

Let E and F be vector lattices, where F is Dedekind complete, and let (T�)�∈A be 
a net in Lob(E,F) . In Sect. 5, we studied the relation between uniform and strong 
convergence of (T�)�∈A for order convergence, unbounded order convergence, 
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and—when applicable—convergence in the Hausdorff uo-Lebesgue topology. In 
the present section, we consider the case where (T�)�∈A is actually contained in 
Orth (E) . As we shall see, the relation between uniform and strong convergence is 
now much more symmetrical than in the general case of Sect. 5; see Theorems 9.4 
(and Theorem 9.5), 9.7, and 9.10, below.

These positive results might, perhaps, lead one to wonder whether some of the 
three uniform convergence structures under consideration might actually even be 
identical for the orthomorphisms. This, however, is not the case. There even exist 
sequences of positive orthomorphisms on separable reflexive Banach lattices with 
weak order units showing that the two ‘reverse’ implications in question are not 
generally valid. For this, we consider E∶=Lp([0, 1]) for 1 < p < ∞ . In that case, 
Orth (E) can canonically be identified with L∞([0, 1]) as an f-algebra; see [3, 
Example  2.67], for example. The uo-convergence of a net in the regular vector 
sublattice L∞([0, 1]) of L0([0, 1]) coincides with that in L0([0, 1]) which, according 
to [14, Proposition 3.1], is simply convergence almost everywhere in the case of 
sequences. According to [11, Theorem 6.3], the convergence of a net in the Haus-
dorff uo-Lebesgue topology of L∞([0, 1]) is equal to the convergence in meas-
ure. For n ≥ 1 , set fn∶=n�[0,1∕n] . Then fn

uo
���������→ 0 in L∞([0, 1]) , but it is not true that 

fn
o
�����→ 0 in L∞([0, 1]) since the fn are not even order bounded in L∞([0, 1]) . Using 

�[(k−1)2−n,k2−n] for n ≥ 1 and k = 1,… , 2n , one easily finds a sequence that is conver-
gent to zero in measure, but that is not convergent in any point of [0, 1].

We now start with uniform and strong order convergence for nets of orthomor-
phisms. For this, we need a few preparatory results. The first one is on general 
order continuous operators.

Lemma 9.1 Let E be a Dedekind complete vector lattice, let (T�)�∈A be a decreas-
ing net in Loc(E)

+, and let F be an order dense vector sublattice of E. The following 
are equivalent: 

1. T�x
o
�����→ 0 in E for all x ∈ F;

2. T�x
o
�����→ 0 in E for all x ∈ E.

Proof We need to show only that part 1 implies part 2. Let T ∈ Lob(E) be such that 
T� ↓ T  in Lob(E) . Then T ∈ Loc(E)

+ . The hypothesis under part  1 and [3, Theo-
rem  1.18] imply that Tx = 0 for all x ∈ F+ . Since F is order dense in E and T is 
order continuous, it now follows from [3, Theorem 1.34] that T = 0 . Using [3, Theo-
rem 1.18] once more, we conclude that T�x ↓ 0 in E for all x ∈ E+ , and the statement 
in part 2 follows.   ◻

Proposition 9.2 Let E be a Dedekind complete vector lattice, let (T�)�∈A be a 
decreasing net in Orth (E)+, and let S be a non-empty subset of E. The following are 
equivalent: 

1. T�s
o
�����→ 0 in E for all s ∈ S;
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2. T�x
o
�����→ 0 in E for all x ∈ BS.

In particular, if E has a positive weak order unit e,   then T�x
o
�����→ 0 in E for all 

x ∈ E if and only if T�e ↓ 0 in E.

Proof We need to show only that part  1 implies part  2. Take y ∈ I+
S
 . There 

exist s1,… , sn ∈ S and �1,… , �n ≥ 0 such that 0 ≤ y ≤ ∑n

i=1
�i�si� . Hence 

0 ≤ T�y ≤ ∑n

i=1
�iT��si� =

∑n

i=1
�i�T�si� for � ∈ A , and the assumption then implies 

that T�y ↓ 0 in E. Since orthomorphisms preserve bands, we have T�y ∈ BS for all 
� ∈ A , and the fact that BS is an ideal of E now shows that T�y ↓ 0 in BS . It follows 
that T�y

o
�����→ 0 in BS for all y ∈ IS . Since the restriction of each T� to the regular vec-

tor sublattice BS of E is again order continuous, and since IS is an order dense vec-
tor sublattice of the vector lattice BS , Lemma 9.1 implies that T�y

o
�����→ 0 in BS for all 

y ∈ BS . The fact that BS is a regular vector sublattice of E then yields that T�y
o
�����→ 0 in 

E for all y ∈ BS .   ◻

Lemma 9.3 Let E be a Dedekind complete vector lattice, and let S  be a subset of 
Orth (E) that is bounded above in Lob(E) . Then, for x ∈ E+,

Proof Using [2, Theorem 1.67.(b)] in the second step, we see that, for x ∈ E+,

By (6.1), this equals

  ◻

We can now establish our main result regarding uniform and strong order conver-
gence for nets of orthomorphisms.

Theorem 9.4 Let E be a Dedekind complete vector lattice, and let (T�)�∈A be a net 
in Orth (E) that is order bounded in Lob(E) . Let S be a non-empty subset of E with 
BS = E . The following are equivalent: 

1. T�
o
�����→ 0 in Orth (E);

2. T�
o
�����→ 0 in Lob(E);

3. T�s
o
�����→ 0 in E for all s ∈ S;

4. T�x
o
�����→ 0 in E for all x ∈ E.

(
⋁

T∈S

T

)
x =

⋁

T∈S

Tx

(
⋁

T∈S

T

)
x =

(
⋁

T∨∈S∨

T∨

)
x =

⋁

T∨∈S∨

T∨x.

⋁

y∨∈(Sx)∨

y∨ =
⋁

y∈Sx

y =
⋁

T∈S

Tx.
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In particular, when E has a weak order unit e, then T�
o
�����→ 0 in Lob(E) if and only if 

T�e
o
�����→ 0 in E.

As for Proposition 6.6, the order boundedness of the net could equivalently have 
been required in Orth (E).

Proof Since (T�)�∈A is supposed to be order bounded in the regular vector sublat-
tice Orth (E) , the equivalence of the parts 1 and 2 follows from [14, Corollary 2.12]. 
Lemma  4.1 shows that part  2 implies part  4, and evidently part  4 implies part  3. 
The proof will be completed by showing that part  3 implies part  1. Suppose that 
T�s

o
�����→ 0 in E for all s ∈ S or, equivalently, that |T�||s| = |T�s|

o
�����→ 0 in E for all 

s ∈ S . For � ∈ A , set T̃�∶=
⋁

�≥� �T�� in Lob(E) . Since Lemma  9.3 shows that 
T̃��s� =

⋁
�≥� �T���s� for � ∈ A and s ∈ S , we see that T̃�|s| ↓ 0 in E for all s ∈ S . 

Proposition  9.2 then yields that T̃�x
o
�����→ 0 for all x ∈ B|S| = E . Using that T̃� ↓ , it 

follows that T̃� ↓ 0 in Lob(E) . Since |T�| ≤ T̃� for � ∈ A , we see that |T�|
o
�����→ 0 in 

Lob(E) , as required.   ◻

In view of Lemma  4.1, the most substantial part of Theorem  9.4 is the fact 
that the parts  3 and  4 imply the parts  1 and  2. For this to hold in general, the 
assumption that (T�)�∈A be order bounded is actually necessary. To see this, let 
Γ be an uncountable set that is supplied with the counting measure, and consider 
E∶=�p(Γ) for 1 ≤ p < ∞ . Set

and, for (n1, S1), (n2, S2) ∈ A , say that (n1, S2) ≤ (n2, S2) when n1 ≤ n2 and S1 ⊆ S2 . 
For (n, S) ∈ A , define T(n,S) ∈ Z(E) = Orth (E) by setting

for all x ∶ Γ → ℝ in E. Take an x ∈ E . Then the net (T(n,S)x)(n,S)∈A has a tail 
(T(n,S)x)(n,S)≥(1,supp x) that is identically zero. Hence T(n,S)x

o
�����→ 0 in E for all x ∈ E . We 

claim that (T(n,S))(n,S)∈A is not order convergent in Orth (E) , and not even in Lob(E) . 
For this, it is sufficient to show that it does not have any tail that is order bounded 
in Lob(E) . Suppose, to the contrary, that there exist an n0 ≥ 1 , an at most count-
ably infinite subset S0 of Γ , and a T ∈ Lob(E) such that T(n,A) ≤ T  for all (n,A) ∈ A 
with n ≥ n0 and A ⊇ A0 . As Γ is uncountable, we can choose an x0 ∈ Γ ⧵ A0 ; we let 
ex0 denote the corresponding atom in E. Then, in particular, T(n,A0)

ex0 ≤ Tex0 for all 
n ≥ n0 . Hence, Tex0 ≥ nex0 for all n ≥ n0 , which is impossible.

Using Theorem 9.4 and Corollary 6.8, the following is easily established. In 
contrast to Theorem 9.4, there is no order boundedness in the hypotheses because 
this is taken care of by Corollary 6.8.

Theorem  9.5 Let E be a Dedekind complete vector lattice, and let (Tn)∞n=1 be a 
sequence in Orth (E) . Let S be a non-empty subset of E such that IS = E . The follow-
ing are equivalent: 

A∶={(n, S) ∶ n ≥ 1, S ⊂ Γ is at most countably infinite}

T(n,S)x∶=n�Γ⧵Sx



Convergence structures and locally solid topologies on vector lattices... Page 29 of 33 57

1. Tn
o
�����→ 0 in Orth (E);

2. Tn
o
�����→ 0 in Lob(E);

3. Tns
o
�����→ 0 in E for all s ∈ S;

4. Tnx
o
�����→ 0 in E for all x ∈ E.

In particular, when E has a strong order unit e,   then Tn
o
�����→ 0 in Orth (E) if and 

only if Tne
o
�����→ 0 in E.

Remark 9.6 Even for Banach lattices with order continuous norms, the condition 
that IS = E in Theorem 9.5, cannot be relaxed to BS = E as in Theorem 9.4. To see 
this, we choose E∶=c0 and set e∶=

⋁
n≥1 ei∕i2 , where (ei)∞i=1 is the standard unit basis 

of E. It is clear that Be = E . For n ≥ 1 , there exists a unique Tn ∈ Orth (E) such that, 
for i ≥ 1 , Tnei = nei when i = n , and Tnei = 0 when i ≠ n . It is clear that Tne

o
�����→ 0 in 

E. However, a consideration of Tn
�⋁

i≥1 ei∕i
�
 for n ≥ 1 shows that (Tn)∞n=1 fails to be 

order bounded in Orth (E) , hence cannot be order convergent in Orth (E).

We continue our comparison of uniform and strong convergence structures on 
the orthomorphisms by considering unbounded order convergence. In that case, 
the result is as follows.

Theorem 9.7 Let E be a Dedekind complete vector lattice, and let (T�)�∈A be a net 
in Orth (E) . Let S be a non-empty subset of E such that BS = E . The following are 
equivalent: 

1. T�
uo
���������→ 0 in OrthE;

2. T�
uo
���������→ 0 in Lob(E);

3. T�s
uo
���������→ 0 in E for all s ∈ S;

4. T�x
uo
���������→ 0 in E for all x ∈ E.

In particular, when E has a weak order unit e,   then T�
uo
���������→ 0 in Orth (E) if and 

only if T�e
uo
���������→ 0 in E.

Proof Since Orth (E) is a regular vector sublattice of Lob(E) , the equivalence of the 
parts 1 and 2 is clear from [14, Theorem 3.2]

We prove that part 2 implies part 4. Suppose that T�
uo
���������→ 0 in Lob(E) , so that, in 

particular, |T�| ∧ I
o
�����→ 0 in Lob(E) . Take x ∈ E . Using (6.1) in the second step, and 

Lemma 4.1 in the third, we have

Since the net (|T�||x|)�∈A is contained in the band B|x| , it now follows from [11, 
Proposition  7.4] that |T�||x|

uo
���������→ 0 in E. As |T�||x| = |T�x| , we conclude that 

T�x
uo
���������→ 0 in E.

It is clear that part 4 implies part 3.

(|T�||x|) ∧ |x| = (|T�||x|) ∧ (I|x|) = (|T�| ∧ I)|x|
o
�����→ 0.
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We prove that part 3 implies part 2. Suppose that T�s
uo
���������→ 0 in E for all s ∈ S , so 

that also |T�||s| = |T�s|
uo
���������→ 0 in E for s ∈ S . Using (6.1) again, we have

in E for all x ∈ S . In view of the order boundedness of (|T�| ∧ I)�∈A , Theorem 9.4 
then yields that |T�| ∧ I

o
�����→ 0 in Lob(E) . As I is a weak order unit of Orth (E) , [15, 

Lemma 3.2] (or the more general [11, Proposition  7.4]) shows that T�
uo
���������→ 0 in 

Lob(E) .   ◻

We now consider uniform and strong convergence of nets of orthomorphisms 
for the Hausdorff uo-Lebesgue topology. Let E be a Dedekind complete vector 
lattice. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue 
topology �̂E . We recall from Theorem 8.3 that Orth (E) then also admits a (nec-
essarily unique) Hausdorff uo-Lebesgue topology �̂Orth (E) , and that this topology 
equals uOrth (E)ASOTE �̂E . Furthermore, for a net (T�)�∈A in Orth (E) , we have that 
T�

�̂Orth (E)
������������������������→ 0 if and only if |T�x| ∧ |Tx|

�̂E
���������→ 0 for all T ∈ Orth (E) and x ∈ E.

We need two preparatory results.

Lemma 9.8 Let E be a vector lattice that admits a (necessarily unique) Hausdorff 
uo-Lebesgue topology �̂E . Suppose that E has a positive weak order unit e. Let 
(x�)�∈A be a net in E. Then x�

�̂E
���������→ 0 in E if and only if |x�| ∧ e

�̂E
���������→ 0 in E.

Proof We need to show only the “if”-part. Suppose that |x�| ∧ e
�̂E
���������→ 0 in E. For each 

x ∈ E , there exists a net (y�)�∈B in Ie such that y�
o
�����→ x , and then certainly y�

�̂E
���������→ x . 

Hence Ie
�̂E

= E . An appeal to [24, Proposition 9.8] then shows that x�
uE �̂E
����������������→ 0 . Since 

uE �̂E = �̂E , we are done.   ◻

Our second preparatory result is in the same vein as Proposition 7.2.

Lemma 9.9 Let E be a vector lattice with the principal projection property that 
admits a (not necessarily Hausdorff) o-Lebesgue topology �E, and let (T�)�∈A be a 
net in Orth (E) . Let S be a non-empty subset of E such that BS = E . Suppose that 
T�s

�E
���������→ 0 for all s ∈ S . Then T�x

uE�E
����������������→ 0 for all x ∈ E.

Proof Using (6.2), it follows easily that T�x
�E
���������→ 0 for all x ∈ IS . Take an x ∈ E , and 

let U be a solid �E-neighbourhood U of 0. Choose a �E-neighbourhood V of 0 such 
that V + V ⊆ U . There exists a net (x�)�∈B in IS such that x�

o
�����→ x in E, and then we 

can choose a �0 ∈ B such that |x − x�0 | ∈ V  . As |T�||x�0 | = |T�x�0 |
�E
���������→ 0 , there exists 

an �0 ∈ A such that |T�||x�0 | ∈ V  for all � ≥ �0 . For all � ≥ �0 , we then have

(|T�| ∧ I)|s| = (|T�||s|) ∧ |s|
o
�����→ 0
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As U is solid, we see that (|T�x|) ∧ |x| ∈ U for � ≥ �0 , and we conclude that 
(|T�x|) ∧ |x|

�E
���������→ 0 . Since |T�x| ∈ B|x| for � ∈ A , it then follows from [24, Proposi-

tion 9.8] that |T�x| ∧ |y|
�E
���������→ 0 in E for all y ∈ B|x| . As B|x| is a projection band in E, 

this holds, in fact, for all y ∈ E .   ◻

Theorem 9.10 Let E be a Dedekind complete vector lattice. Suppose that E admits 
a (necessarily unique) Hausdorff uo-Lebesgue topology �̂E, so that Orth (E) and 
Lob(E) also admit (necessarily unique) Hausdorff uo-Lebesgue topologies �̂Orth (E) 
and �̂Lob(E)

, respectively. Let (T�)�∈A be a net in Orth (E) . Let S be a non-empty sub-
set S of E such that BS = E . The following are equivalent: 

1. T�

�̂Orth (E)
������������������������→ 0 in Orth (E);

2. T�

�̂Lob (E)

�����������������������→ 0 in Lob(E);

3. T�s
�̂E
���������→ 0 in E for all s ∈ S;

4. T�x
�̂E
���������→ 0 in E for all x ∈ E.

In particular, when E has a weak order unit e,  then T�
�̂Orth (E)
������������������������→ 0 in Orth (E) if and 

only if T�e
�̂E
���������→ 0 in E.

Proof The equivalence of the parts (1) and  (2) follows from the final part of 
Theorem 4.3.

We prove that part  (1) implies part  (4). Suppose that T�
�̂Orth (E)
������������������������→ 0 in Orth (E) . 

Take an x ∈ E . Then certainly |T�x| ∧ |x| = |T�x| ∧ |Ix|
�̂E
���������→ 0 . The net (T�x)�∈A is 

contained in the band B|x| . Since, by [24, Proposition 5.12], the regular vector sub-
lattice B|x| of E also admits a (necessarily unique) Hausdorff uo-Lebesgue topology 
(namely, the restriction of �̂E to B|x| ), it then follows from Lemma 9.8 that T�x

�̂E
���������→ 0 

in E.
We prove that part  (4) implies part  (1). Suppose that T�x

�̂E
���������→ 0 for all x ∈ E . 

Since �̂E is locally solid, we then also have |T�x| ∧ |Tx|
�̂E
���������→ 0 for all T ∈ Orth (E) 

and x ∈ E . Hence T�
�̂Orth (E)
������������������������→ 0 in Orth (E).

It is clear that part (4) implies part (3).
Since uE �̂E = �̂E , Lemma 9.9 shows that part (3) implies part (4).   ◻

0 ≤ (|T𝛼x|) ∧ |x|
= (|T𝛼| ∧ I)|x|
≤ (|T𝛼| ∧ I)|x𝛽0 | + (|T𝛼| ∧ I)|x − x𝛽0 |
≤ |T𝛼||x𝛽0 | + |x − x𝛽0 |
∈ V + V ⊆ U.



 Y. Deng, M. de Jeu 57 Page 32 of 33

Acknowledgements During this research, the first author was supported by a PhD grant of China Schol-
arship Council (CSC). The authors thank the anonymous referees for their careful reading of the manu-
script and their constructive suggestions. These have led, amongst others, to Proposition 6.6 now being 
established for general vector lattices rather than for Banach lattices as in the original manuscript, and 
with an easier proof.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article 
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is 
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission 
directly from the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen 
ses/ by/4. 0/.

References

 1. Aliprantis, C.D., Border, K.C.: Infinite Dimensional Analysis. A Hitchhiker’s Guide, 3rd edn. 
Springer, Berlin (2006)

 2. Aliprantis, C.D., Burkinshaw, O.: Locally Solid Riesz Spaces with Applications to Economics. 
Mathematical Surveys and Monographs, vol. 105, 2nd edn. American Mathematical Society, 
Providence (2003)

 3. Aliprantis, C.D., Burkinshaw, O.: Positive Operators. Springer, Dordrecht (2006). Reprint of the 
1985 original

 4. Beattie, R., Butzmann, H.-P.: Convergence Structures and Applications to Functional Analysis. 
Kluwer Academic Publishers, Dordrecht (2002)

 5. Bogachev, V.I.: Measure Theory, vol. II. Springer, Berlin (2007)
 6. Conradie, J.: The coarsest Hausdorff Lebesgue topology. Quaest. Math. 28(3), 287–304 (2005)
 7. Conway, J.B.: A Course in Functional Analysis. Graduate Texts in Mathematics, vol. 96, 2nd 

edn. Springer, New York (1990)
 8. Dabboorasad, Y.A., Emelyanov, E.Y., Marabeh, M.A.A.: Order convergence in inifinite-dimen-

sional vector lattices is not topological. Preprint (2017). Online at https:// arxiv. org/ pdf/ 1705. 
09883. pdf

 9. de Jeu, M., Wortel, M.: Compact groups of positive operators on Banach lattices. Indag. Math. 
(N.S.) 25(2), 186–205 (2014)

 10. Deng, Y., de Jeu, M.: Convergence structures and Hausdorff uo-Lebesgue topologies on vector lat-
tice algebras of operators. Preprint (2020). Online at https:// arxiv. org/ pdf/ 2011. 03768. pdf

 11. Deng, Y., de Jeu, M.: Vector lattices with a Hausdorff uo-Lebesgue topology. Preprint (2020). 
Online at https:// arxiv. org/ pdf/ 2005. 14636. pdf

 12. Dudley, R.M.: On sequential convergence. Trans. Am. Math. Soc. 112, 483–507 (1964)
 13. Folland, G.B.: Real Analysis. Modern Techniques and Their Applications. Pure and Applied Math-

ematics, 2nd edn. Wiley, New York (1999)
 14. Gao, N., Troitsky, V.G., Xanthos, F.: Uo-convergence and its applications to Cesàro means in 

Banach lattices. Isr. J. Math. 220(2), 649–689 (2017)
 15. Gao, N., Xanthos, F.: Unbounded order convergence and application to martingales without prob-

ability. J. Math. Anal. Appl. 415(2), 931–947 (2014)
 16. Hackenbroch, W.: Representation of vector lattices by spaces of real functions. In: Functional Anal-

ysis: Surveys and Recent Results (Proceedings Conference, Paderborn, 1976). North–Holland Math-
ematics Studies, vol. 27. Notas de Mat., No. 63, pp. 51–72. North-Holland, Amsterdam (1977)

 17. Husain, T.: Introduction to Topological Groups. W. B. Saunders Co., Philadelphia (1966)
 18. Kandić, M., Taylor, M.A.: Metrizability of minimal and unbounded topologies. J. Math. Anal. Appl. 

466(1), 144–159 (2018)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://arxiv.org/pdf/1705.09883.pdf
https://arxiv.org/pdf/1705.09883.pdf
https://arxiv.org/pdf/2011.03768.pdf
https://arxiv.org/pdf/2005.14636.pdf


Convergence structures and locally solid topologies on vector lattices... Page 33 of 33 57

 19. Li, H., Chen, Z.: Some loose ends on unbounded order convergence. Positivity 22(1), 83–90 (2018)
 20. Luxemburg, W.A.J., Zaanen, A.C.: Riesz Spaces, vol. I. North-Holland Publishing Co., Amsterdam 

(1971)
 21. Meyer-Nieberg, P.: Banach Lattices. Universitext. Springer, Berlin (1991)
 22. Schaefer, H.H., Wolff, M., Arendt, W.: On lattice isomorphisms with positive real spectrum and 

groups of positive operators. Math. Z. 164(2), 115–123 (1978)
 23. Taylor, M.A.: Unbounded convergences in vector lattices. Master’s thesis, University of Alberta, 

Edmonton (2018). Online at https:// era. libra ry. ualbe rta. ca/ items/ 2cc15 102- 1119- 421c- 8228- 1ad1f 
b96d3 57

 24. Taylor, M.A.: Unbounded topologies and uo-convergence in locally solid vector lattices. J. Math. 
Anal. Appl. 472(1), 981–1000 (2019)

 25. Wickstead, A.W.: Representation and duality of multiplication operators on Archimedean Riesz 
spaces. Compos. Math. 35(3), 225–238 (1977)

 26. Zaanen, A.C.: Introduction to Operator Theory in Riesz Spaces. Springer, Berlin (1997)

https://era.library.ualberta.ca/items/2cc15102-1119-421c-8228-1ad1fb96d357
https://era.library.ualberta.ca/items/2cc15102-1119-421c-8228-1ad1fb96d357

	Convergence structures and locally solid topologies on vector lattices of operators
	Abstract
	1 Introduction and overview
	2 Preliminaries
	3 Absolute strong operator topologies on 
	4 o-Lebesgue topologies and uo-Lebesgue topologies on vector lattices of operators
	5 Comparing uniform and strong convergence structures on 
	6 Orthomorphisms
	7 Continuity properties of orthomorphisms
	8 Topologies on 
	9 Comparing uniform and strong convergence structures on 
	Acknowledgements 
	References




