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Abstract

We consider a minimalist model for the Sterile Insect Technique (SIT), assuming
that residual fertility can occur in the sterile male population. Taking into account
that we are able to get regular measurements from the biological system along the
control duration, such as the size of the wild insect population, we study different
control strategies that involve either continuous or periodic impulsive releases. We
show that a combination of open-loop control with constant large releases and closed-
loop nonlinear control, i.e. when releases are adjusted according to the wild population
size estimates, leads to the best strategy in terms both of number of releases and total
quantity of sterile males to be released.

Last but not least, we show that SIT can be successful only if the residual fertility is
less than a threshold value that depends on the wild population biological parameters.
However, even for small values, the residual fertility induces the use of such large
releases that SIT alone is not always reasonable from a practical point of view and
thus requires to be combined with other control tools. We provide applications against
a mosquito species, Aedes albopictus, and a fruit fly, Bactrocera dorsalis, and discuss
the possibility of using SIT when residual fertility among the sterile males, can occur.

Key words: pest control, vector control, sterile insect technique, residual fertility, closed-
loop nonlinear control, control failure, impulsive periodic release

1 Introduction

The Sterile Insect Technique (SIT) is a biological control technique with the advantage of
targeting the pest that needs to be controlled. The concept of SI'T was conceived in the 30s
and 40s by three key researchers in the USSR, Tanzania and the United States (see e.g. [8]
for further details about the history of SIT). The principle of SIT is very simple: it consists of
releasing males that have been sterilized using ionizing radiation; these males will mate with
wild females that will not produce viable offspring. However, while conceptually “simple”,
SIT can be rather difficult to apply in the field as many feasibility steps need to be checked
first.



Since the initial field experiments, much progress has been done under the guidance of the
TAEA (International Atomic Energy Agency), who is leading or involved in most of the SIT
programs around the world. Around thirty SIT “feasibility” programs are currently taking
place for mosquitoes. Against agricultural pests, like fruit flies, SIT programs are more
advanced, such that in some places (like Spain and Mexico) effective SIT control is being
practiced. Research efforts continue in order to improve SIT efficiency and also combination
of SIT with other control tools (like Male Annihilation Technique).

We believe that modeling can be an additional and efficient tool within ongoing programs
in order to prevent SIT failure, improve field protocols, or test assumptions that could be
difficult to verify in real conditions.

In almost all SIT models that have been studied in the last decades, the main assumption
is that sterile males are 100% sterile. However, in real applications this is not always true,
and partial sterility has been investigated by entomologists as a possible approach to control
both pests and vector populations. On one hand, the main drawback with full sterility is that
sterile males can lose their fitness, reducing their competitiveness against wild males, such
that very large, massive releases are necessary to compensate this weakness, without any
warranty of success. On the other hand, releasing partially sterile males can be problematic
as it is important to know for which level of residual fertility these releases fail to control a
wild population. This might depend on several factors, like the value of the basic offspring
number A, a threshold related to the insect population dynamics. The largest N, the more
complicated it is to efficiently control the corresponding wild population.

We build an SIT model, taking into account that the sterility induced by irradiation is not
necessarily 100%, but can be a bit lower, such that we have a residual fertility e. In general,
the irradiation process is made to reach 100% of sterility, for a given dose of irradiation
(for instance, 35-40 Gy to sterilize Aedes albopictus pupae [13]). However, for some reasons
(technical matters as lower dose of irradiation, environmental conditions, or others), full
sterility cannot be reached. So it is important to study the impact of partial sterility on the
control process. High irradiation doses might affect the competitiveness index, v € [0, 1],
of sterile males compared to wild males, such that we can wonder whether a lower dose,
inducing residual fertility, but keeping v at 1, could be an interesting strategy.

Our work stands within the framework of two SIT feasibility projects that are taking
place in La Réunion: one against Aedes albopictus, the TIS 2B project, funded by the French
Ministry of Health and the European Regional Development Fund (ERDF); the other against
a very damaging fruit fly, Bactrocera dorsalis, that first appeared in La Réunion three years
ago. Latter project, named GEMDOTIS, is funded by the French government, through the
EcoPhyto Call. La Réunion is a French tropical island, located in the Indian Ocean, East
from Madagascar and South-West from Mauritius island.

The SIT project against Aedes albopictus started in 2010 after a huge epidemic of Chikun-
gunya impacted La Réunion in 2005 and in 2006. Dengue fever is also another vector-borne
disease that occurs from time to time in that area with more or less virulence (the last huge
dengue epidemics in La Réunion occurred in 1977). The dengue vector is Aedes albopictus
as well. Thus, the regional council and the French authorities decided to foster the devel-
opment of biological control methods, like SIT. So far, after many years of laboratory and
semi-field studies, the SI'T project has started to implement local SIT releases to study the
behavior and the impact of sterile males in small places. The goal for the next years is to
develop release strategies for large and focused areas, and social acceptance of the program
by the local people. We believe that modeling can help to choose between different strategies



and also to point out difficulties that could either drive the SIT control to failure or explain
failure in field trials.

GEMDOTIS project against Bactrocera dorsalis started in 2019. The fruit fly Bactrocera
dorsalis has been known for a long time (see [20] for an overview on Bactrocera species),
but only appeared in La Réunion in 2017. Since then it has invaded all crops thanks to its
large range of host, that is approximately 560. However, it has some “favorite” hosts, like
guava, and mango in particular. This is the reason why, since the arrival of this fly species,
the mango production has collapsed. All biological control tools that were developed with
success to lower the impact of other fruit flies, like Ceratitis rosa, Ceratitis capitata, and
Bactrocera zonata, are completely inefficient against Bactrocera dorsalis. SIT is successfully
used in Spain and in South Africa against Ceratitis capitata. The objective now is to study
its feasibility against Bactrocera dorsalis, in the context of a tropical island.

In this work we consider the cases of Aedes albopictus and Bactrocera dorsalis to illustrate
our theoretical results.

The outline of the paper is as follows. In Section 2 we briefly recall the population model
developed and studied in [3], we build the partial SIT model based on continuous releases
and provide conditions to control the wild population. In Section 3 we extend the previous
results to impulsive periodic releases, deriving a long term control strategy. In Section 4 we
consider feedback from the models to build a closed-loop control both for continuous and
periodic releases; we study different cases. Section 5 is devoted to numerical simulations
that illustrate our theoretical results. Finally, in section 6, we summarize the main results
of this paper and provide future ways to improve or extend this work.

2 The continuous SIT model with residual fertility

We consider the sex-structured model developed in [3], with male M, and female F insects,
and Mg, the sterile males. First we assume a continuous release A of sterile males. Following
2], we assume residual fertility, i.e. there is a fraction € of sterile males that remain fertile.
This gives the dynamics

(dM F(M + eyM;) g

_ M+F) _ M
dF F(M + eyMy) _
P s v Lt M)
dMg
— = AN — usMs.
"t Hsiis
The description of the parameters is given in Table 1 below.
In general, sterilized insects have larger mortality so that
fis > finr- (2)

The residual fertility e, of the sterile males is assumed to satisfy 0 < e < 1: when € = 0, this
means 0 fertility, i.e. full sterility. Similarly we have 0 < v < 1: when v = 1, a sterile male
is as competitive as a wild male. In general v < 1.



Parameter Description Unit

r sex ratio —
mean number of viable (that reach the adult stage) 1

p eggs by female per day day
[ary p male and female death rates, resp. day~!
s sterile male death rate day~!

15} characteristic of the competition effect per individual —

v competitiveness index of sterile male mosquitoes —

€ proportion of sterile males that are fertile —

Table 1: Description of the parameters

Without SIT, i.e. with Mg = 0, model (1) becomes

dM

Ta =rpFe” B(MJFF)—/LMM,

dF B(M+F) ®)
dt (1_T)pF6 _MFFa

and has been studied in [3].
Let us consider the basic offspring numbers for the female and male populations,

Np =700 TP (4)
HF Har

respectively. Then, the positive equilibrium of (3) is (M}, F}¥) where

e Nu . N
M} = /\/'F—F/\/'MﬂlnNF’ Fr = NF+NMBIHNF (5)

We recall the following results (see [3, Theorem 1]):
Proposition 1 The following assertions hold.

o If N < 1, system (3) converges to the trivial equilibrium 0 = (0,0), for any non-
negative initial condition.

o If N > 1, system (3) converges to the unique positive endemic equilibrium (M}, F}¥)
given in (5), for any non-negative initial condition.

For a matter of viability of the mosquito population in the absence of SIT, it is imposed that
NF>1 and NM>1.

Let us first assume that the release A of sterile males is constant, such that, at the steady
state, the number of sterile insects is

M= —. (6)



From a practical point of view, the value M in (6) can be reached, for instance, with massive
n
constant releases of 2A during t = — days. Fixing the size of the sterile population to the

Hs
value M given in (6), leads to the following system:

dM  F(M +eyME) _sorim

= - M
ﬂ _ (1 . ’f’)pF(M + EPYM;) e—B(M—I—F)
dt M + M3

Existence and uniqueness for system (7) follow from standard results.

— prF.

2.1 Existence of a positive equilibrium of model (7)

Obviously 0 = (0,0) is a trivial equilibrium of system (7). In order to find the positive
equilibria, let us assume M > 0 and F' > 0, and solve

F(M + eyM3§) s
= uyM
M + M ‘ HALE
(M +eyMs) _
1—r e PMHAE) — 4y,
( )p M + Mz HF
We get
(M*—’_E’YM;)e_B(M*_i_F*) :L and F(M*_’_EIYM;)e—ﬁ(M*‘FF*) :E (8)
M* + v M, N M* 4y M Ny’
where N and N), were introduced in (4), so that it holds
F*
S & 9)
M+ NM

Replacing F* by the latter relation in the first equation in (8) leads to
(M* + 67M5)6—5<1+%)M* _ 1

M* 4+ ~yM Nr’
which is equivalent to
N « * * *
Npe tOrag ) - MEAaMs g oMs
M* + ~veM M* + ~veMy
So we aim at finding the roots of the function f given by
a
=1+ (1- — e 10
fla) = 1+ (1= ) = Npe ™, (10)
where N
a = yMsg, c = 1+—F>.
7 S /8 ( NM

To show the existence of a positive root of f we have to study the variation of f. The case
¢ = 0 has been investigated in [3]. Assume now € > 0. We can use a similar reasoning to the
one in [3].

Let us first observe that

€
Thus, we have three cases: f(0) =0, f(0) < 0 and f(0) > 0:

5



e When ¢ = N;', then f(0) = 0, then there is only one non negative root, and it is 0.

e When NV;' < e < 1, then f(0) < 0. In that case, whatever the value of a, f admits

1
only one positive zero. Assuming a, i.e. yM$, very large, we have f(z) =~ — — Npe™*

In(eNF) In(eNF)

n
which admits a positive root close to . It easily follows that is a lower
c
In(eN,
bound for M*, this is M* > M This means that if partial sterility is larger than
c

Nz ! then, whatever the size of the releases, the wild male population will always be
greater than the positive root M* of f, which leads to a failure of SIT control. Of
course, when € = 1, we recover the value M, of the wild equilibrium, as expected.

e When ¢ < NV', then f(0) > 0. Hence, f is first decreasing and then increasing such
that we may have none, one or two zeros. In fact, the number of roots might depend

on a: for small values of a, two zeros, and for large value of a, no zeros. There exists

a®™* such that we have only one double root x* that satisfies

f(l,crit) — f/(xcrit) =0.
That is

a“rit _epcrit
1+(1—€)WINF6 >
then
1

2
(1 —€)a™® ( ) = Npce ™"

Thus, putting together the two latter equalities leads to

't 1 2 acrit
1-— e ETEE—— = 1 1-— Eprya—va
( E)a’ (:L.cnt + eacrlt) ¢ ( + ( 6) l.cmt + Eacrlt>

which has a unique positive root ™ given by
xcrlt — . _ 6a/crlt
c|{l+4/1+ ———
a®te (1 —e)

crit

. c
Then, replacing 2 in (2.1), and setting @, = (1—6)7, implies that @, is a positive
solution of

2

. s
2 -2 o 1+4+,/1+2%
1+<I>6(1+ 1+3>:NF6 l—e€ ¢ e (11)

€

Summarizing, we get the result below.
Proposition 2 The following assertions hold.

(i) If e < N', then there exists AS,, > 0 such that system (7) admits



— two positive distinct equilibria if 0 < A < A

crit’

— one positive equilibrium if A = A§

crit?

— no positive equilibria if A > A¢

crit*

The value of A¢;, is defined by

c 2 Ihs
Acrit = 1—¢ N (1)67
By (1 + N—;)

where @, is the unique positive solution to the transcendental equation (11).

(i) Assume that Nz < € < 1, then, for any A > 0, i.e. for any M% > 0, the system (7)
admits one positive equilibrium, bounded from below (component-wise) by the point

In(eNF)

(ME*’FZ*) = B(NF+NM)

(M, NF). (12)

Clearly, if partial sterility is too large, then SIT will fail: even very large releases will
only have a limited effect on the wild population. In other words it will be impossible to
approach 0. Indeed, according to (ii) in Proposition 2, when the residual fertility is larger
than N5 ! the system will always converge to a positive equilibrium that is bounded below
by the point defined in (12), even when the size of the releases is very large. This lower
bound (12) can be big depending on the parameters’ values. For instance, if we consider
¢ = 0.05 and the values given in Table 2, we derive (M}, F) = (1408, 1220), that is a large
value.

2.2 Asymptotic analysis of the equilibria

We assume that A > AS,, such that system (7) possesses only the trivial equilibrium (as
established in Proposition 2). We compute the Jacobian related to system (7), that gives
J(M, F) equals to

1—e)yM¢
rpFA <W - B(M + EWM§)> — 1M rp(M + eyMg)(1 - BF)A
S
1—e)yM§ )
(1 —=r)pFA (W - B(M + 6’7M§)> (L=7r)p(M + eyME)(1 = BF)A — pp
S
o~ BOM+F)
where A = m Computing J at 0 gives
S
— a1 rpe
J(0,0) = :
(0.0) ( 0 (1—7")P€—MF>

Thus, if € < N', then 0 is Locally Asymptotically Stable (LAS). Otherwise it is unstable.
The condition € < N' is also necessary in order to guarantee that the population can be
controlled and become as small as desired in a finite “short” time.

To show that 0 is Globally Asymptotically Stable (GAS), like in [3], we use the Dulac
criterion with the following Dulac function:

M + ~ Mg
F(M + eyMg)

(M, F) =

7



We compute

0 M+~ Mg
_— —B(M+F) _ S _
oM (Tpe PMEOM + ey M) )
* * 2
— rpBeBOMAF) _ Heat <€7Ms(2M+7Mi) +M ) <0,
F (M + ey M)
and 0 M M
_ + Mg _
— (1= BM+F) _ TS )y = (1 — BM+F) - .
oF (( r)pe WP + ey D) (1=r)Bpe

Thus, according to Poincaré-Bendixson Theorem, since 0 is the only LAS equilibrium when
e < Nz' and the system has no closed orbits, we deduce that 0 is also GAS.

Assume now that 0 < A < Af,. Then, according to Proposition 2, there exists two

positive equilibria, that we call E] and Ej, with E] unstable and E3 LAS. Like for the case
e =0 (see [3]), we have bistability, and the basin of attraction of 0 contains the interval

0,E* [={(M,F)eR2:0< M < Mj,0< F < F}},
and the basin of attraction of Es* contains the interval

JE;, +ool:= {(M,F) € R% : M{ < M, F} < F}.

3 Impulsive periodic releases

To achieve practicable strategies, we consider impulsive periodic releases, since the releases
in the field are done instantaneously and periodically. Hence Mg follows the dynamics

dMg
dt
Ms(t. +nt) = Mg(t, +nt) + TA, neN,

= —usMs, fort=#nr, (13)

where t. is the time at which the control starts. We assume that releases are done every
7 > 0 days, such that the number of sterile males asymptotically approaches the function
M per given by (see [3]):

M, per(t) : LQ—NS(“HJT)_

T 1—ehsT
Thus we derive the following system with periodic coefficients

dM F(M + E')/Ms per) —B(M+F)

bl ’ — pu M
dt P M + PYMs,per ‘ i ,
dF F(M +eyMyper) _sorer)

F R v v,

(14)

The pest/vector free equilibrium is still an equilibrium of system (14). Like in the previous
part, the objective is to find conditions under which the equilibrium 0 is GAS for system
(14). From (14), we have

dF M + ey M per _
= (1= 7 TR Psper —B(MA4F) _ F 15
i = (0= e (15)

8



Thus,

M+€’7Ms,per€7,8(M+F) _ ( (1—eM +e) e BIM+F) (1 —ea +

€,
M + VMs,per M + fYMs,per fYMs,per
1
where a = max{ze ™ : 2 > 0} = o7 (see [3]). Then, integrating (15) between nr and
e

t > nt, we derive
¢
(1 -6
Fit)<F 1-— — - ds.
< Fumes [ (0= (S50 ) —r) i
Taking ¢t = (n + 1)7, we deduce that

P+ 7)< Plam)esp (1= o [S92 (L) - v - 9)])

y

neN

1 1 [ 1
where < > == / ————dt. Therefore, since ¢ < N', the sequence {F(n7)}
T Jo Msvper(t)

Lo <M1p> - WNp'—¢) <0,

s,per
decreases towards 0, if

~
that is 2 (cosh )1
cosh (psT) — g 1
psTiA < (1—e) (NF 6) ’ (16)
since < Miper> 2 (cosl;i;;i;) —Y (see [3]). Inequality (16) holds if
A s AP 2(cosh (pus7) —1) (1 —€)Ng (17

psT? v (1 —eNg)ef

This is sufficient to ensure that F' converges towards 0, which induces the same behavior for
M. Thus, condition (17) implies that 0 is also GAS. We derive the following result.

Theorem 1 For any given 7 > 0, assuming that A is chosen such that (17) is verified, every
solution of system (14) converges to 0.

Thus, using Theorem 1, massive releases, i.e. 7A = k x 7 (|[AX ] +1) with &£ > 1,
guarantee that the system will be driven close to zero in finite time. However, once the
control stops, the system will recover and the population will reach its initial (positive)
equilibrium. Also, for real applications, massive releases are not sustainable and can only
be conducted for a limited time. Once the system is close to zero, small releases would be
preferable in order to maintain the wild population at a low level (which can be determined
evaluating the epidemiological risk and/or an economical threshold value). We follow the

same strategy developed in [1, 19].



3.1 Long term control strategy for periodic releases
System (14) can be bounded from above by the following system
dM (M +eyMsy) _gp

= M
d =M TR (18)
dF F(M + GPYMSZ) _
= — (1= s BF F

where M; > 0 is a lower bound of M . (t) given by:

TA B
My, = ———e M7,
T T —emst

In fact it is easy to check that system (18) is a monotone cooperative system within the subset

1
S =< (F,M)€R2:F < — . Hence, once the solution of the periodic system (14), after
i B

several “massive” releases, enters S, we can use the fact that, for a given (small) release
Mg opj, the equilibria 0, Eq, and E,, of system (18), are ordered, i.e. 0 < E; < E;. In
particular, the box [0, E;] is included in the basin of attraction of 0.

This last result allows us to deduce a long term control strategy that can be split in two
phases: a first initial finite phase with massive releases (where 0 is GAS) to enter [0, Eq[;
followed by a second infinite phase, where control is insured by small releases.

The first phase is finite in time, meaning that there exists a time t* > 0, such that for
all t > t*, (M(t), F(t)) € [0,Eq[. The existence and an upper bound of ¢* can be estimated
using the same approach employed in [17].

Practically, for a given small release Mgqpj, we have to estimate E;. This is done by
finding the zeros of the function f in (10) with

r=F, a =My, c:ﬂ(l—k://\\%[).

It suffices to estimate the smallest positive root of f to derive Fi, then (analogously to system

(7)), we have M; = ANL]\;FL

4 Closed-loop control approach

In the previous control approach, for the continuous and periodic cases, we did not consider
information on the system along the control duration: the size of the releases was only related
to the initial value of the population, at the wild equilibrium. In general, several tools exist
that may provide information on the wild population size along the year and during the
control, such that it is of interest to take into account this information in order to adapt the
size of the releases. This is what is done when using a closed-loop control approach.

Here we let k: [0,+00) — R{ be a function such that Mg(t) = w(t)M(t). Then (7)
becomes

— =7
dt P 1+9k

dF 1+eyw _ _
— =(1= - v —B(M+F) _ 1 F
i = 0= (55

dM _ o+ k) _sarir) sar M,
(19)

10



Let us impose that there exists 8 > 0 such that

L+evk _gigr —1
_— — < —0 20
1+9kK ‘ Ni' <=0, (20)

which is equivalent to choosing k such that

—BM(t)+F(t)) _ —1 _
K(t) > le i Np —0) .
Y N1 = 0) —ce PMDTTQ)

(21)

Note also that (20) only makes sense if § < Nj'. In order to always have positive and finite
values in the r.h.s. term of (21), the following condition is needed

e+0 <N
dF C
Then, from (19) and (20), we deduce that o < —(1 —1r)pdF(t) which implies

F(t) < F(0)e"(tmebt, (22)
This yields that F' converges exponentially to 0 when ¢ goes to +00. Then we deduce that

dM
W(t) < rpF(0)e” PN —0) — par M.

Applying Gronwall’s Lemma to latter inequality leads to

M(t) 5;A4(0)e—“Mt+-ﬁKO)HZf€?%i_:;fle(e—“-*ﬂﬁt—-e—“Mf), (23)

so that M also converges exponentially to 0 when ¢ goes to +o0.
From the previous computations, we deduce the following result.

Proposition 3 (Continuous nonlinear feedback release) For a given nonnegative
e < N1, let 0 be a positive real number such that

0<0+e< N (24)

If Mg is chosen such that
Ms(t) > k(M(t) + F(t)) M(t),

where

le P (NG -0)
wle) = YNGT=6) —ee b

then every solution of (7) converges exponentially to 0.

(25)

Remark 1 The function k in (25) gives a nonlinear feedback law for Mg. The continuous
linear feedback control result obtained in [3] can be recovered by considering an upper bound
for K(t), obtained when M + F = 0, and setting k == N — 0, that gives

11—k

R<t>:l€<0)_§kj—e

(26)

11



Remark 2 (On the choice of 8) Note that, in view of (24), one has that § = rN;'
and € = 1N, with vy € (0,1),75 € [0,1) and r + ro < 1. Simple calculations lead to the
following alternative expression for the feedback law k :

_ le P NE =)

— — 1.
Y1 —r; —ree b

k()

So that, for a fixed value of € (i.e. of ry), the gain k increases w.r.t. to 6 (i.e. w.r.t. r1). The
same happens to the speed of convergence of F' to 0, that is proportional to 6.

In particular, when ¢ is close to N 1 ie. o close to 1, then @ is close to 0 so that the
convergence of F' to 0 is slow but, at the same time, the size of the gain k is small.

4.1 Impulsive releases - synchronized measurements and releases

In the sequel we state sufficient conditions to reach elimination, i.e. convergence towards 0,
when field measurements and releases are synchronized.

Theorem 2 (Sufficient condition for stabilization by impulsive feedback control)

For a given non negative € and a positive 6 such that 6 + ¢ < min (1, @> El, assume that
HF

for anyn € N

Y

+

PN (e g

with
Kep =

—B(Mpy1+Fny1) _ (A1 _-
l e B( —+1 +1) (NF 0) e(MS_NM)T 1 Tp(NF - 9) (e(uA{—(l—T)pe)T _ 1)
Y (Nfl — 9) — ee—B(Mpt1+Fni1) T+ (1 =1)pb ,

where
M, = M(nt)e M7 and Fop = F(nt)e #rm.

Then, every solution of system (7) converges exponentially towards 0, with a convergence
rate bounded from below by a value independent of the initial condition.
If, moreover

e ()

then the series of impulses ) A,, converges.
n=0

Proof. See Appendix A, page 23.

Remark 3 We recover the impulsive linear feedback control of [3] when we replace K., in
previous theorem with

-1
l 1 - (NF — 6) e(MS_/“VI)T <1’ rp (1 _ 9) (e(ﬂlw_(l_"')pe)T — 1)) .
YN —0) —¢ par + (1= 1)pd \Np

12



Theorem 2 above provides a release rate of sterile males that guarantees elimination. Note
also that, if the population estimate experiment (using, for instance Mark-Release-Recapture,
MRR) provides an estimate of the sterile insects in addition to the wild population, then,
the release rate can be chosen very precisely, not necessarily large, and, sometimes, if the
M (nT)

sterile population is still large enough, i.e. K., ( F(n7)

) < Mg(nT), then release is not

necessary.

4.2 Sparse measurements

It is reasonable to expect that measurements of the size of the wild female and male pop-
ulations are not done very frequently. Having this in mind, we assume in this part that
measurements are done every pr days, with p € N*.

We derive the following result.

Theorem 3 (Stabilization by impulsive control with sparse measurements) Let

p € N*, € >0 and 6 > 0 such that § + ¢ < min (1, £> N1 Assume that, for any n € N,
HE

m=0,1,...,p—1,

m—1
TNppim > —Mg(npr)e” ™M™ — 1 Z Anp_i_ie*(m*i)HST +K,, < M (npt) > 7

— F(npr)
with
ebsT e BRI FEE™) N1 =0) .
T (R =) — ee PORETHET
where
Mgﬁ’jm := M (npr)e”™HMT F:frj'm = F(npr)e ™7 (27)
and
e~ HM™mT M (npT)
Ve = Tp (/\/’;1—0)

—(1=r)pOmT __ —ppymt F
e e npt
piar — (1 —1)p0 ( ) ()
Then, every solution of system (7) converges exponentially towards 0, with a convergence
speed bounded from below by a value independent of the initial condition.

If moreover ( )
M (npt
7—Anp+m S Kp,e (F(np7)> )

then the series of impulses Z;ﬁ% A,, converges.

Proof. See Appendix B, page 24.

Theorem 3 above generalizes Theorem 2 for the case of sparse measurements. Practically,
this is the most useful result because population estimate experiments are, in general, tedious
and complicate and, thus, are usually done only from time to time. However, the drawback
is that these sparse measurements force us to use more sterile insects than the strategy in
Theorem 2. In fact, there is a balance to find between accurate estimates of the releases’
sizes and the difficulties (and also the cost) of conducting population estimates in the field.
This will depend on the targeted pest/vector species.
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4.3 Mixed impulsive control strategies

As done in [3], we can combine the open-loop and the closed-loop (feedback) controls in
order to derive strategies that will use fewer sterile males. More precisely, at each release
time, we compute the open- and closed-loop controls, and we choose the smaller one. See
[3, Section 6] for more details. In the forthcoming simulations we implement these mixed
strategies, since they perform better in terms of releases.

5 Numerical simulations

We present several numerical simulations to illustrate our results. In particular, we compare
the linear and the nonlinear feedback (closed-loop) control laws, as well as mixed control
strategies. For each release strategy we compute the total quantity of sterile insects to be
released and the number of necessary releases. These values give an indication of the cost
of each intervention. Nevertheless, in order to make a satisfactory analysis of the cost, it
would be necessary to make a comparison with other classical control strategies (as the use
of adulticide, larvicide, and implementation of mechanical control, for instance). This study,
however, is not in the scope of this paper.

5.1 Aedes Albopictus parameters

Parameters estimate is based on several publications [5, 7, 13, 10]. In particular, we estimate
the characteristic 8 of the competition effect taking into account the population estimates
obtained in [10]: around 6,000 males during the rainy season and, 600 males during the dry
season. According to Table 2, we derive N & 49.95 and Nj; ~ 43.29. The basic offspring

Par. Value Description
Number of viable eggs (that reach the adult stage)
p | 0.9%0.74%10=6.66 a female can deposit per day
r: (1 —r) expresses the primary sex ratio
r 0.5 among offsprings
Regulates the Tarvae development into adults under
o 0.05 density dependence and larval competition
K 165.21 Carrying capacity in the rainy season
I3, 1/13 Mean mortality rate of wild adult male mosquitoes
WF 1/15 Mean mortality rate of wild adult female mosquitoes
s 1/8.5 Mean mortality rate of sterile adult male mosquitoes
04 0.91 Competitiveness index of sterile male mosquitoes [11]

Table 2: Aedes albopictus parameters values (estimated from [5, 6, 7, 13, 10, 11])

number N is pretty large but realistic in tropical context. According to our previous result,
we need to impose € < N ! then individual fertility in the sterile male population has to be
lower than 2%. If not, if for instance e ~ 5% then, according to (12), M = 1,404, F; = 1,620
individuals: this value is reached only for very large releases value, i.e. A > 1010, that are
completely unrealistic. Altogether, even with very large releases, the population reduction
is only of 76.5% which is not sufficient to reduce the epidemiological risk.
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Then, assuming M* = 6,000 individuals, we deduce the global competition coefficient
B = % = 3.026 x 10~*. Thus, at equilibrium, E* = (M*, F*), the mosquito population
verifies M* = 6,000 and F* =~ 6,923 individuals per hectare.

When e = 0, for open-loop periodic impulsive releases carried out every 7 (resp. 14) days,
we consider the release value given in (17), page 9, to estimate the minimum of sterile males
to release, that is, 7 (|[AXS | + 1) =7 x 8,304 = 58,128 (resp. 14 x 9,792 = 137,088) sterile
males per hectare and per week (resp. every two weeks). Note also that for the weekly (every
14 days) release, we approximately release 10 (23) times more sterile males than wild males.
In fact, we recover the (minimal) amount of sterile males that is usually recommended by
the International Atomic Energy Agency (IAEA).

When e = 0.015 > 0, the open-loop control requires to release at least 7 (|AYS | +1) =
7 x 32,619 = 228,333 (resp. 14 x 38,469 = 538, 566) sterile males per hectare and per week
(resp. every two weeks). It is interesting to notice the rise in the release size even with a
small residual fertility: we need to release almost 4 times more sterile males. Thus, it is
preferable to reduce or avoid the residual fertility all along the experiment if we consider

only open-loop control. We will study later the impact on mixed-control strategies.

5.2 Bactrocera dorsalis parameters

To estimate the parameters we rely on several publications, like [9, 16, 15, 14, 21]. However,
Bactrocera dorsalis has a rapid dynamics depending on the type of fruits it develops, such
that its basic offspring number can vary from 100 to 500 [9, 15, 14]. From Table 3, we get
that Ny ~ 251.42 and N ~ 232.06.

Population estimate for Bactrocera dorsalis are much more difficult to find in the lit-
erature than for mosquitoes. However, in [18] the male population was estimated between
3,300 and 18,000. Like for mosquitoes, seasonal variation can also occur. Thus, assuming
the male population around 6, 000 individuals per hectare, we can deduce 3 and then, setting
o = 0.05, estimate K. We get 8 ~ 4.7210 x 10~* and K = 106.

Parameter | Value | Description
Number of viable eggs (that reach the adult stage)
p 6.0 a female can deposit per day
r 0.485 | 7 : (1 —r) expresses the primary sex ratio in offspring
Regulates the Tarvae development into adults under
o 0.05 density dependence and larval competition
K 106 | Carrying capacity
15y, 1/86.4 | Mean mortality rate of wild adult male fruit flies
Wr 1/75.1 | Mean mortality rate of wild adult female fruit flies
s 1/86.4 | Mean mortality rate of sterile adult fruit flies
v 0.6 | Competitiveness index of sterile male fruit flies

Table 3: Bactrocera dorsalis parameters values (estimated from [9]) on Mango; see also [21]
for the SIT parameters

The minimal Gamma irradiation dose such that the lifespan of irradiated/treated flies

is almost similar to untreated flies is 100 Gy [21]. Also, the 100 Gy treatment seems to be
sufficient to induce 100% sterility (see [21, Table 2 page 4]).
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Despite the fact that the lifespan of the sterile males is large, weekly massive releases are
recommended in real experiments. This is mainly due to the fact that the dynamics of B.
dorsalis is strong. Thus, for a weekly open-loop release strategy, the number of sterile males
to release could be, for instance, 2 x 7 (|AG | +1) =2 x 7 x 3,494 = 48,916. Compared
to the mosquito case, and since the basic offspring number is very large, the critical value
seems to be low. This is thanks to the lifespan of the sterile male being large, regardless of

the bad competitive index.

5.3 Simulations with full sterility, i.e. ¢ =0

We apply the long term control strategy (introduced in Subsection 3.1) which consists in
setting a desired long term release size Mg,pj, then computing the corresponding value of
the threshold E; and performing releases in two stages. A first stage with massive releases
(either open- or closed-loop/feedback control, or a combination of both) in order to enter
the box [0, Eq[ and a second long term stage of releases of constant size Mg op;.

We first start with 100% sterility and compare the results obtained with linear and
nonlinear feedback controls. We consider only periodic releases with two different periods:
7 ="T7and 7 = 14, and we assume to get estimates of the wild population every pr days, for

p = 1or p=4. We can consider several choices for # > 0 as long as 6 +¢ < min |{ 1, Z—i o

where we take € = 0 in this subsection. We consider two values for 6: 0.99N5 Land 0.2V, I L
We now provide the time needed to enter the box [0, Eq[, for each period 7, each p and each
choice of §. While the case § = 0.99N' guarantees a faster convergence of F to zero, this

does not necessarily imply the best outcome in terms of released insects necessary to enter
the box [0, Eq].

5.3.1 The Aedes albopictus case

We choose Mg oh; = 100, leading to E; = (1.45,1.67) when 7 = 7, and E; = (0.44,0.51)
when 7 = 14. We could choose a larger value for Mg,;, but this is to show the release
“effort” that is necessary even to control a very small population.

In Tables 4, 5, 6 and 7 we show some results for a 400-day mixed control. Clearly, the
choice of # has a direct influence on the cumulative number of sterile males and the number
of massive releases. When p > 1, the best results are obtained with the nonlinear mixed
control, simply because the first releases are smaller (compare (a) and (b) or (¢) and (d) in
Fig. 1, page 18). Overall, and taking into account that sparse measurements occur every 4
weeks, the 7-day release strategy seems to be the most appropriate one: the lowest number
of insects to release combined with only 21 “massive” mixed releases (see Fig. 1) to reach
the box [0, E;[. Note that the nonlinear mixed control needs 33% less sterile males than the
linear mixed control.

As expected by Remark 2, page 12, the parameter # has an impact on the duration of the
SIT treatment. However, when p = 4 and 6 = 0.2N ! the duration is almost the same for
both the linear and nonlinear mixed controls, with a certain gain on the number of sterile
males to release with nonlinear mixed control.

Fig. 1 provides a typical output of a mixed-control strategy, mixing open- and closed-loop
controls. We show the results for the linear and nonlinear mixed controls : the difference
between both approaches occurs in the beginning, where in the linear control a large amount
of sterile insects (related to the open-loop control) is released. Figs. 1 (b) and (d) show the
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times of releases: as seen, the releases do not occur every 7 days, but only if the size of the
sterile males is not sufficient to continue to drive the wild population to extinction. This
may depend on the periodicity of the releases but also on the vital parameters related to the
sterile males. However, with a high mortality rate, us = 1/8.5, even 14-day periodic releases

can work, but this requires to release a larger number of sterile males.

p | Period (days) | Cumulative number of | Number of effective
released sterile males | releases to reach [0, Eq
1 T=7 9.87560 x 10° 22
T=14 1.181635 x 10° 12
4 T=7 1.162560 x 10° 20
T=14 1.423067 x 10° 11

Table 4: Full sterility case (¢ = 0) - Aedes albopictus - Cumulative number of released sterile

males and number of releases for linear mixed control, when 6 = 0.99N"

p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
1 T=T7 9.87164 x 10° 22
T=14 1.181335 x 10° 12
4 T=T7 1.001690 x 10° 18
T=14 1.297330 x 10° 11

Table 5: Full sterility case (¢ = 0) - Aedes albopictus - Cumulative number of released sterile
males and number of releases and number of releases for nonlinear mixed control, when

0 = 0.99N;*
p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
1 T=T7 5.81934 x 10° 33
T=14 7.41805 x 10° 15
4 T=T7 9.47466 x 10° 19
T=14 1.412932 x 10° 13

Table 6: Full sterility case (¢ = 0) - Aedes albopictus - Cumulative number of released sterile
males and number of releases for linear mixed control, when 6 = 0.2\

As done in [1], we consider that another control methods should be used, like for instance
one week of adulticide can be implemented before SIT starts, as recommended by the IAEA.
Thus, taking 7 = 7 and p = 4, we obtain the outcome given in Table 8.

Clearly, comparing Tables 8 and 7, the gain is substantial in terms of sterile males to
release (almost 55% less) and also in terms of effective releases (10 less).

5.3.2 The Bactrocera dorsalis case

We choose Mg op; = 2000, leading to Eq ~ (65.31,60.28) when 7 = 7 days, and E; ~
(30.35,28.01) when 7 = 14 days. We consider § = 0.3NMz' < min (1,5—?) Slp=4or
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p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
1 T="7 5.71501 x 10° 34
T=14 7.28663 x 10° 15
4 T="17 6.91024 x 10° 21
T=14 8.98257 x 10° 10

Table 7: Full sterility case (¢ = 0) - Aedes albopictus - Cumulative number of released sterile
males and number of releases for nonlinear mixed control, when 6 = 0.2V "

Mosquito population dynamics with periodic linear control strategies: € =0, 7 =7, p =4
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Figure 1: Full sterility case (e = 0) - Aedes albopictus - Mixed periodic impulsive SIT control
of system (14) with § = 0.2N ', 7 = 7 and p = 4 - Linear control: (a) population dynamics;
(b) Field releases timing - Nonlinear control: (c) population dynamics; (d) Field releases
timing. See Tables 6 and 7, page 17.

p = 8. For the open-loop control we assume that we release 2 x 7 x A% sterile males.

The results, given in Tables 9 and 10, are not surprising: in almost all releases, open-
loop releases occur. However, in the case 7 = 14 and p = 4, the mixed-nonlinear control is
interesting, with a gain of almost 15% thanks to the mixed-linear control. For a large area,
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Cumulative Number of | Nb of effective Releases
released sterile males to reach [0, Eq|
6.07062 x 10° 13
3.12157 x 10° 11

Mixed-Control | p | Period (days)

Linear 4 T=7
Nonlinear 4 T=7

Table 8: Full sterility case (e = 0) - Aedes albopictus - Cumulative number of released

sterile males and number of releases for linear or nonlinear mixed control, after one week
of adulticide, when 6 = 0.2N;"

p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
4 T=T7 2.204530 x 10° 59
T=14 2.123689 x 10° 30
8 T=T7 2.332524 x 10° 47
T=14 2.434298 x 10° 25

Table 9: Full sterility case (e = 0) - Bactrocera dorsalis - Cumulative number of released
sterile males and number of releases for linear mixed control, when 6 = 0.3\

p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
4 T=1 1.891870 x 10° 63
T=14 1.816422 x 10° 35
8 T=1 1.969639 x 10° 48
T=14 2.388379 x 10° 25

Table 10: Full sterility case (¢ = 0) - Bactrocera dorsalis - Cumulative number of released
sterile males and number of releases for nonlinear mixed control, when 6 = 0.3\

this requires to be able to manufacture billions of sterile males.

These results confirm that control by SIT alone is almost impossible for Bactrocera dor-
salis. Additional control tools (like female trapping or combination with Methyl-Eugenol
[16]) are necessary. Here, as in [1], we consider a one-week treatment with 100% efficiency.

Mixed-Control

p

Period (days)

Cumulative Number of
released sterile males

Nb of effective releases
to reach [0, Eq|

Linear

4

T=14

1.448964 x 106

23

Nonlinear

4

T=14

1.661831 x 10°

31

Table 11: Full sterility case (e = 0) - Bactrocera dorsalis - Cumulative number of released
sterile males and number of releases for linear or nonlinear mixed control, after one week
of adulticide

According to Table 11, there is a clear improvement in the gain of the number of releases
and thus in total number of the released sterile males. Also, linear control is better, but in
fact this depends on the choice of the open-loop control release.

19



5.4 The residual fertility case

Since N is very large for Bactrocera dorsalis, the residual fertility should be not greater
than 0.0043. Assuming that € = 0.01 (i.e. only 1% of residual fertility) then, according to
our previous estimate, whatever the size of the releases, the male population can not go down

In(eNr)

under . According to the parameters values, this leads to a minimal population of

928 males Cper ha and, using relation (9), to a minimal population of 856 females per ha.
These lower bounds will not be reached even for very large but still realistic releases.
That is why we will only consider Aedes albopictus. We assume a residual fertility of 1.5%,
i.e. € =0.015. We choose § = 0.2N;" so that 6 + € < N7

In that case, for open-loop periodic impulsive releases carried out every 7 (resp. 14) days,
we estimate that we need to release 7 x 32,619 = 228,333 (14 x 38,469 = 538, 566) sterile
males per ha and per week. Compare to the ¢ = 0 case, the amount of insects to release is
4 times larger.

p | Period (days) | Cumulative Number of | Nb of effective releases
released sterile males to reach [0, Eq|
1 T=7 5.258893 x 10° 74
T=14 6.870483 x 10° 42
4 T=T7 1.2146326 x 107 54
T=14 1.5181271 x 107 32

Table 12: Residual fertility case (e > 0) - Aedes albopictus - Cumulative number of released
sterile males and number of releases for linear closed-loop control, when 6 = 0.2N ! and
e = 0.015.

Nb of effective releases

p | Period (days) | Cumulative Number of
released sterile males to reach [0, Eq|
1 T=7 3.443861 x 10° 78
T=14 6.151367 x 10° 42
4 T=T7 4.48830 x 10° o8
T=14 6.549222 x 10° 42

Table 13: Residual fertility case (e > 0) - Aedes albopictus - Cumulative number of released
sterile males and number of releases for nonlinear closed-loop control, when § = 0.2A*
and € = 0.015.

For the residual fertility case, it seems that the best option is the nonlinear control with
7 =7, with a population estimated every p = 4 weeks. The gain is almost 50% less releases,
even if we have 5 additional releases.

As expected, the induced sterility, even low, increases not only the size of the releases
but also the duration of SIT treatment, such that to stay in a realistic time experiment and
release sizes, another control methods should be used, for instance one week of adulticide
control before SIT starts (see also Fig. 2, page 21). According to Table 14, the gain is
significant: around 42% less insects to release than without adulticide treatment. Thus,
clearly, without adulticide or equivalent control treatment, releasing sterilized males, even
with small residual fertility, is problematic and the risk of failure of the program is high.
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Figure 2: Residual fertility case (¢ > 0) with adulticide treatment - Aedes albopictus -
e = 0.015 - Mixed periodic impulsive SIT control of system (14) with 6 = 0.2/\/’;1, T=7T
and p = 4 - Linear control: (a) population dynamics; (b) Field releases timing - Nonlinear
control: (c) population dynamics; (d) Field releases timing. See Tables 12 and 13, page 20

Mixed-Control | p | Period (days) | Cumulative Number of | Nb of effective Releases
released sterile males to reach [0, Eq|
Linear 4 T=7 1.1012722 x 107 49
Nonlinear 4 T=7 2.596800 x 10° 47

Table 14: Residual fertility case (€ > 0)- Aedes albopictus - - Cumulative number of released
sterile males and number of releases for linear or nonlinear mixed control, after one week
of adulticide, , when 6 = 0.2A* and € = 0.015.

Only a combination of controls to reduce the wild population before SIT treatment can be
helpful, if the residual fertility is small enough.
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6 Conclusion

In this work we have improved the linear feedback control developed in [3] and, in addition,
we studied the possibility/risk of releasing partially sterile males, i.e. sterile males with a
small, but positive fertility rate e. A control with partial sterility is possible. However,
several drawbacks occur: if the fertility is greater than N, then no control is possible; if
the fertility is below Az, then the control needs long time and (very) large releases, with
the total number of released sterile males being five times more than the quantity needed in
the case of full sterility, i.e. when € =0 (see Table 5).

Clearly, even if it is showed on a particular model, the condition ¢ < N5 is needed to
guarantee that SIT works under massive releases for almost all SIT models. However, even
under that restriction, the size of the releases (or the duration of the control) can be so
large that SIT alone becomes unreasonable from a practical point of view. That is why a
combination of control tools, including SIT and adulticide, for instance, is needed [16].

Altogether, our results highlight the importance of a very good knowledge of the pest/vector
dynamics, i.e. the biological parameters and their sexual behaviors, preferably along the
whole year, in order to determine the best period to start the SIT treatment. For pest/vector
with a large basic offspring number, when full sterility cannot be achieved, it is clearly rec-
ommended to couple SIT with other biological control methods, like mechanical control,
(pheromone, food) traps, etc.

Clearly, it seems preferable to release fully sterile males even if there is the cost in terms
of fitness. Of course, this requires a sterilization protocol that insures 100% sterility.

The fruit flies case, here Bactrocera dorsalis, shows that SI'T alone requires huge releases
since the dynamics of the pest can be really strong. However, the model we used here
does not necessarily reflects the complexity of the fruit flies dynamics, in particular their
complex mating behaviors. Thus, precise models and experiments are needed to confirm our
results. However, this first insight shows that most probably a combination of control tools
would be useful to better control this pest, like for instance, a combination of SIT with a
Male Annihilation Technique [12]. The results obtained for Bactrocera dorsalis also apply
to another fruit fly, Ceratitis capitata, that may as well have a very large basic offspring
number [4, 14].

Finally, like in [7], where an epidemiological model coupled with an SIT model was studied
for the first time within the context of La Réunion, it would be interesting to determine
whether, despite the fact that ¢ > N', the SIT approach can be helpful to reduce the
epidemiological risk, i.e. to stir Ry below 1 for vector-borne diseases, like chikungunya and
dengue fever.

Last but not least, several improvements can be made on the model, like, for instance,
taking into account other physiological states. However, it is not sure that the mathematical
tractability can be kept: see for instance the complex computations, with an exponential
function, done in [17] on a three-state model. The different type of competition (direct and
indirect) that might occur within the physiological states could also be better modeled.
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7 Appendix A: proof of Theorem 2, page 12

We consider that we release sterile insects with a period of 7. From (22) and (23) we get, for
tenr,(n+1)7),
Fw<n7_)67(177“)p€(t7n*r)7

F(t)
t M(nr)e_“M(t_"T)

<
M(t) <

+ F(HT) rp(NF ) (6—(1—7”)p9(t—n’r) . e—uM(t—nr)) )
par = (1 =1)pf

We impose the condition
Ms(t) > w(t)M(t), te€ [nt,(n+1)7). (28)
This is verified if, for ¢ € [n7, (n + 1)7),

Ms(t) > k(t) (M(nT)erut=n)

+F(nt

1
) TIO(NF — 9) (6—(1—r)p9(t—n‘r) _ e_MJVI(t_nT)) )
par — (1 —1r)pd

Since k, introduced in (25), decreases as a function of M + F, and M and F' remain larger
than M (n7)e* ") and F(n7)e!s(=m7)  respectively, we get that

k(t) = k(M) + F(t)) <k (M(nr)et =) 4 F(pr)etr =) = g2

max*

Thus, if for s € [0, 7), it holds

Mg(nt + s) = (Mg(m-) + TAn) e Hss >
rpNp' —0)
piar — (1= 7)pf

Koy (M(m')e_‘“”s + F(nr)

max

(e—(l—T’)P9S _ e—MMS> ) (29)
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then (M, F') converges asymptotically to 0. This last equation is equivalent to

TN, > —Ms(nT) + KD o (M(nT)e(#s—uM)S

Y

rp(NG' —0) (15— (1=7)p8) (s —par)
F pis r)pd)s _ (us—par)s
+ <m—),uM—(1—'r’)p6 (e e ))

Since pug > py and 6 < N, F_ L assuming the additional condition 6 < &N P 1, one has
Ur
that all the coefficients and exponents in the r.h.s. of latter expression are positive, so a

stronger inequality is obtained if we take s = 7 for the exponential expressions with positive
coefficient and s = 0 for the one with negative coefficient. This is, we impose

max

TN, > —Mg(nt) + K, (ks —tar)T (M(m')—l—

rpNE' —0)
piar — (1 —7)p0

F(n7) (elmr=(=re)r _ 1) >

This ends the proof.

8 Appendix B: proof of Theorem 3, page 13

Like in [3], we need to adapt the proof of previous Theorem 2, given in Appendix 7 above.
We have, for m =0,...,p— 1, and s € [0, 7),

Mg(s+ (np +m)7) = (AppsmT + Ms((np +m)7))e s

= <Anp+m7— + Anp+m_176—u57 4+ -4 Aine—n’LNST + Ms(in)e—musT> e HsS

We have,
/@((np—i—m)T + 8) S K}(an—i-m + an+m) —. Rnp—i—m

min min max

where M and FI'"™™ were introduced in (??). As done above in (29), we impose

min min
(Anp+mr + Npppmo17e ST 4 Ay TeT ST 4 Mg(in)e_m”sT> e Hs®

max

> nptm (M(in)e_“M(mT+s)

1

—

+ F(npr) PN =0 (i) _ ) ).
piar — (1 —r)pb

By multiplying by e#s("7+5) both sides of latter inequality, we get

AppimTe!s™ + Aanrm,lTe”S(m*l)T + o AT + Mg(npr)

> gnptm ( M (npr)es—ranmr=+s)

max

POWNE = 0) (s (mrph)mrts)  (ps—pan)(mr+s)
_I_Fnr]— eﬂs T)pv)\mTTs _e,uS M) (MT+S >
) = (= r)oh | )
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This inequality gives the strongest condition when s = 7. Thus, we enforce,

Anp+mT6l‘SmT + Anp—l—m—lTe'u‘S(mil)T + .o+ Ain + Ms(in)

> nptm (M(nm_)e(usfmu)(mﬂﬁ

max

PPWNE = 0)  us—(mrph)mt)r (as—pan)
+ F(npr plps—(=r)pd)(m+1)T _ (ps—par)mr )
) = (=) )

We get, for m =0,...,p—1,
NpppmT > €717 [ — Anp+m,1re“5(m’1)7 — oo = Ny — Mg(npr)

max

4 gnptm (M(in)e(“S_“M)(mH)T

PPWNE = 0) (s (mrph)ms)r) (as—pan)
—i—FTLT e//'S r)pv) (m T_eus KN )MT )]
Gy s )

The result follows.
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