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Summary

The univariate and bivariate central chi-square- and F distributions have received a decent
amount of attention in the literature during the past few decades; the noncentral counter-
parts of these distributions have been much less present. This study enriches the existing
literature by proposing bivariate noncentral chi-square and F distributions via the em-
ployment of the compounding method with Poisson probabilities. This method has been
used to a limited extent in the field of distribution theory to obtain univariate noncentral
distributions; this study extends some results in literature to the corresponding bivariate
setting. The process which is followed to obtain such bivariate noncentral distributions
is systematically described and motivated. Some distributions of composites (univariate
functions of the dependent components of the bivariate distributions) are derived and
studied, in particular the product, ratio, and proportion. The benefit of introducing
these bivariate noncentral distributions and their respective composites is demonstrated
by graphical representations of their probability density functions. Furthermore, an ex-
ample of possible application is given and discussed to illustrate the versatility of the

proposed models.
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"Totally mad," he said, "utter nonsense. But we’ll do it because it’s brilliant nonsense."
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Chapter 1

Introduction

1.1 Background and motivation

Noncentral distributions have always been a subject of interest due to its inadmissible
role in hypothesis testing and construction of power of tests. Speaking in general of a
distribution, one is usually implicitly assuming referral to the central distribution — this is
the distribution that is most commonly used for testing null hypotheses. However, under
the alternative hypothesis, the pivotal quantity does not conform to a central distribution,
but rather to its noncentral counterpart, due to some shift observed in the alternative
hypothesis. This is of special importance in determining the power of the test, since it
is only under the alternative hypothesis one would like to determine the test’s ability to

pick up departures from the null hypothesis.

Furthermore, extensions from univariate distribution theory — which has been sat-
urated for some time now — to bivariate, trivariate, and in general, multivariate cases,
has been the topic of study by many authors for the past few decades. This has been
done mainly to attempt to accommodate the changing of statistical paradigms to sce-
narios where a multitude of variables and data are becoming more easily available. Of
course, should these variables be independent, the mathematics involved in constructing
joint probability density functions (pdfs) from which power of tests, critical values, and
other measures are computed, becomes greatly simplified due to the product property of
independent variables (see Bain & Engelhardt (1992), p. 150). However, in practice, it is
rare that one would observe the case of independence between variables, and construction

of correlation structures in such an environment have become eminent.

This task of constructing dependent multivariate distributions is no mean feat. Intro-
ducing correlation coefficient(s) between variables often result in cumbersome and clumsy

expressions which leaves little room for any reasonable measure of inference. Be that as it
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may, due to the past few year’s technological advances, performing analyses such as these
even with correlation structures has become much more manageable computation-wise,

and motivates sufficiently for still maintaining this branch of distribution theory.

The genesis for this study originated from the papers by Yunus & Khan (2011) and
by Van den Berg et. al. (2013), the last of which was a result from Van den Berg (2010).
The methods used in this dissertation are well-known in the statistical universe, and is

rephrased here within the following descriptions.

Description 1.1 (Kotz et. al. (2006b), p. 4880) A pdf f(x) is said to have a mixture

or compound pdf if it has the general form

f(a) = / F(x]6)h (9) df

where f(x|0) is a conditional pdf depending on the parameter 0, itself subject to chance
variation described by the pdf h(0), the mizing- or compounding probability density.
When h (0) is discrete, the integral is replaced by a sum to give a mixture- or compound
pdf of the form

fla) =" fx]0:)h(6;). (1.1)

Strictly speaking, the terms h(0;) are called the mixing proportions, subject to the con-
straint that Z h(0;) = 1. In this study, the terms h (0;) are referred to as the compound-

ing factors. In literature, the terms mizing- and compound are often used interchangeably
—in this study, an equation of the likes as (1.1) will be termed a compound pdf — the method
is termed the compounding method. Marshall € Olkin (1990) described this method in

similar fashion. A
In this study this compounding method is used to:
(i) structure existing models in forms such as in (1.1);

(ii) to derive noncentral counterparts for the considered bivariate central distributions;

(iii) derive distributions of functions of the dependent components (termed composites)

of the considered bivariate distributions.

The term composite is rephrased in the form of the following description:

Description 1.2 If X, and X5 have a bivariate distribution, then a univariate function

of the components X1 and X, is said to be a composite. A

2
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The main focus will be on bivariate chi-square models following from Van den Berg (2010),
as well as Yunus & Khan (2011). The journey is then extended to new bivariate F
distributions. It is the first time, to the knowledge of the author, that the role of
the compounding method is systematically described in these existing and new bivariate

models.

1.2 Literature review

1.2.1 From the noncentral to the bivariate chi-square and F

For the univariate universe, several known central- and noncentral distributions and com-
putation methods are available in the literature: Patnaik (1949) showed that compound-
ing a central chi-square distribution with Poisson probabilities results in its noncentral
counterpart. Fraser et. al. (1998) proposed an approximation for the noncentral chi-
square distribution using third-order asymptotic methods, which is heavily restricted in
its parametrization of the degrees of freedom being linked to the noncentrality parame-
ter. Robertson (1969) provided a formula to calculate accurate values of the cumulative
noncentral chi-square distribution over a range of parameters, but proved to be compu-

tationally inefficient.

A limited number of work is available on the bivariate noncentral chi-square distrib-
ution. Yunus & Khan (2011) extended the approach of Patnaik (1949) for only isolated
cases of the bivariate chi-square distribution. Some interesting extensions to various
bivariate distributions e.g. Poisson, negative binomial, and chi square was proposed by
Marshall & Olkin (1990) via mixtures of convolution and product methods. As men-
tioned, Marshall & Olkin (1990) provided an example of a noncentral bivariate chi-square
distribution but only considering one noncentrality parameter for the joint probability
density function. Yunus & Khan (2011) discussed the lack of available noncentral bivari-
ate chi-square distributional forms that is suitable for computation, stemming from their
proposed distribution based on a central bivariate chi-square probability density func-
tion originally proposed by Krishnaiah et. al. (1963). Nadarajah (2010) provides simple
expressions which acts as substitutes for other known results in the bivariate chi-square

literature.

The F distribution enjoys widespread use in statistical inference due to its extensive
use in, amongst others, analysis of variance. It is common knowledge that the univariate F
distribution is a ratio function of two independent chi-square distributed random variables
and their degrees of freedom. Some years ago Mudholkar et. al. (1976) provided some

approximations for the noncentral (univariate) F distribution, Tiku (1966) also provided

3
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some suggestions of approximations for a similar distribution.

Bivariate representations have been studied to some extent (see Balakrishnan & Lai
(2009) and Nadarajah (2008)), but bivariate noncentral F distributions have not been
widely available or studied. A pioneering paper in the literature regarding bivariate F
distributions is the paper by El-Bassiouny & Jones (2009), where special emphasis was
laid upon the marginal components and their respective distributions. Furthermore,
Krishnaia (1964) studied the central bivariate F distribution - however, very little has
been mentioned anywhere in the literature regarding a noncentral counterpart. It seems
evident that the literature has not been provided with sufficient studies on bivariate

noncentral F distributions.

1.2.2 Composites

The derivation and study of univariate functions from bivariate (and multivariate) dis-
tributions is not new in the literature. These composites provide distributions which
can often be used in a comparative sense: for example, the case % Such a univariate
distribution is often used in a stress-strength environment, to investigate a certain ran-
dom strength X; subject to a random stress X5 - which, jointly, follows some bivariate
distribution.  Al-Ruzaiza & El-Gohary (2008) mentions that such univariate distribu-
tions are interesting in statistics and has several important applications; ranging from
reliability- and industrial engineering, to computer systems. In that paper the authors
specifically mention the bivariate beta distribution - whose univariate distributions of
the composites have special significance in a Bayesian context, since beta distributions
provide a family of conjugate prior distributions for binomial distributions. In addition,
Nadarajah & Kotz (2006) motivates the study of univariate distributions of composites

from a reliability perspective.

Another example is the proportion < ﬁl& . This distribution has domain on (0, 1), and
has relevant applications in medicine and biostatistics due to this bounded domain feature
(Cepeda-Cuervo et. al. (2014)), and Nadarajah & Kotz (2007) studies the same ratio for
a bivariate gamma distribution, mentioning application in genetics, nuclear physics, and
meteorology. Finally, Nadarajah (2008) mentions that composites of random variables
arise naturally in many hydrological problems. It is by these motivations that the
obtained bivariate noncentral distributions’ composites are derived and studied. Specif-
ically, the distributions of the product (denoted by W), the ratio (denoted by W5), and
the proportion (denoted by W3) are of interest in this study. The composites W, and Wj

will be referred to as ratios of type /- and I respectively.
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1.3 Aims and outlay of study

The aim of this study is to sufficiently:

e Follow a systematic approach in building up bivariate noncentral distributions (specif-
ically chi-square and F) using the compounding method as presented in Description
1.1;

e [llustrate that the use of the compounding method is appropriate to obtain non-
central counterparts to the considered bivariate central distributions — by using the

moment generating function (mgf);
e Derive the distributions of the composites of the proposed bivariate models;

e Highlight the advantage of using this compounding method to obtain more elegant

representations of bivariate noncentral distributions than before in literature;
e Develop new bivariate noncentral F distributions;

e Investigate the use of these new models with specific focus on an example of possible

application.

The statistical property that will be focussed on is the moment generating function in
Chapter 2. It is shown in Chapter 2 that it sheds light on the nature of the distribu-
tions and aids in revealing the relationship of the obtained distributions to other known
distributions, as well as revealing the dependence structure and the independence of the
components of the bivariate case as special cases. It is by using the mgf that the moments
of the distributions could be determined and studied; say, to investigate the correlation
structure of the distribution — this however falls outside the scope of this dissertation and

could be ground for future work (see Chapter 5).
The outline of the study is described below, and summarized in Figure 1.1.

In Chapter 2, a brief overview of the univariate case of the noncentral chi-square dis-
tributions is presented with some corresponding properties. Subsequently the bivariate
case is considered for two versions of the bivariate chi-square distribution: a generalized
case, and a compound extended case. Both of these distributions are further generalized
to their noncentral counterparts by using the compounding method, and distributions of
composites are derived. For each of these distributions, the moment generating function
is determined. A shape analysis of the newly obtained bivariate noncentral distributions

and their corresponding composite distributions follows and concludes the chapter.
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Next, in Chapter 3, a similar approach as that of Chapter 2 is followed but for the F
distribution. A short description of the univariate noncentral case is presented after which
bivariate central F distributions follow via a transformation technique using bivariate
central densities from Chapter 2. These derived bivariate central F distributions are
then generalized to bivariate noncentral F distributions by using the same compounding
method as described earlier and employed in Chapter 2. Expressions are derived for
the product of the random variables of the F distributions. The distributions of the
composites of the new bivariate distributions are derived, and a shape analysis of these

distributions follow.

Chapter 4 sees a possible application to drought data for some of the obtained distributions

of the composites from Chapter 3.

Finally, Chapter 5 consists of a summary of obtained results, whereafter the Appendix

follows which explains the notation used in this study, along with some useful results.

As a final conclusion, the Bibliography is contained at the end of this dissertation.
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Figure 1.1 Outline of this study.
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Chapter 2

Bivariate noncentral chi-square

distributions

2.1 Introduction

As an introduction to this chapter, a brief background on univariate noncentral chi-square
distributions being considered is given to set the platform for the bivariate case. Figure
2.1 provides a schematic overview of the basic elements of these noncentral chi-square
distributions, and is followed by a discussion in sections 2.1.1 and 2.1.2 (note how the

compounding method is used to obtain the noncentral cases, as well as the compound

extended chi-square distribution).

Basic elements of the noncentral chi-

square distributions
Section 2.1

f00 = fGxlgik)

Noncentral
chi-square

Q
&%
]

Conditional chi-square Poisson

1) =———F—+—
@@ -y (z)
x x /271 2(1-v%)

1
(]

EOEDWACHINONENEPEN = FAOEDWACLING Noncentes

extended

Con cended Negative binomial o ound Poisson chi-square

Figure 2.1 The basic elements of the noncentral chi-square distributions in this study.
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2.1.1 Noncentral chi-square distribution

Patnaik (1949) showed that the noncentral chi-square distribution with n degrees of free-
dom and noncentrality parameter 6 can be represented as a weighted sum of univariate
chi-square probabilities with weights equal to the probabilities of a Poisson distribution
with expected value & (see Result C.22). In the text by Johnson et. al. (1995) (p. 433),
the noncentral chi-square distribution is presented and discussed, and it is rephrased here

in the form of the following descriptions and properties.

Description 2.1 Let X = ZUZZ, where Uy, Us, ..., U, are independent random vari-
i=1
ables and U; is normally distributed with mean p,; and unit variance. Then the pdf of

a noncentral chi-square distributed random wvariable X with n degrees of freedom, and

noncentrality parameter 0 = Z u? is gien by
i=1

I e P TP (Q)k
I[x(x) = Z ST (5 1 1) k:!2 , >0 (2.1)

k=0

where n > 0 and 0 > 0 (Patnaik (1949)). The distribution is denoted as X ~ x?(n,0).
Johnson et. al. (1995) notes that this distribution is useful since it represents the distri-
bution of a sample variance from a normal distribution with unstable expected value - in
light of this reasoning, the use of the distribution, its extensions, and its applications,

remains relevant. A
Property 2.1 If X has pdf (2.1), then the mgf of X, Mx(t), is given by

Mx(t) = (1 —2t)"20-207" >0 (2.2)

where n > 0 and # > 0 is the noncentrality parameter. A

Proof. From (2.1), consider the following:

Mx(t) = E(e*)

o 0

—x(l—t) LN 1
/6 27 )2 dx2%+kr (g n k‘) o
0

k
2)

[ SIS

+k 1 ez (
1) T (3 + k) K

by applying Result C.12. It follows then by using the series expansion of e (see Result

9
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C.8) and some algebraic simplification that

0 k
SNSRI
Mx(t) = - .

k
o 9
_n <2(1—2t))
= (-2 Eety AL
(1—2t)%e ;_0 o
= (1—2t)7%6_%6ﬁ

which leaves the desired result. ]

Remark 2.1 When 0 = 0, the mgf in (2.2) simplifies to that of a central chi-square
distribution with n degrees of freedom (see Result C.19).

Property 2.2 The pdf (2.1) is a compound pdf (see (1.1)), namely

Fx(@) = fx(@lk)gr (k)
k=0
h that fy(zlk) = S ? 0, and gi(k) = & k= 01,23 i
suc a fX(x| )_ W(%—i—k)’ r > U, an gK( ) - k! ) =Y 1,49 ..., 16
X|(K = k) ~ x*(n+2k) (see Result C.18) and K ~ Poi (%) (see Result C.22). A

2.1.2 Noncentral compound extended chi-square distribution

In this section an extended chi-square distribution as well as the compound extended chi-

square distributions, together with the corresponding noncentral counterpart, is described.

Description 2.2 A random variable X has an extended chi-square distribution with n
degrees of freedom if it has a pdf given by
51 27

1\r) = m , £>0
N CTrRly I M

where n > 0 and —1 <~y < 1. The parameter v is an additional parameter, termed the

extension parameter. A

Description 2.3 A random variable X|(I =1i) has a conditional extended chi-square

distribution if it has a pdf given by

fi(z]i) = , ©>0,i>0 (2.3)
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where n >0 and —1 <y < 1. A

Remark 2.2 When v = 0, the pdf in (2.3) reduces to that of a conditional central chi-
square distribution with n + 2i degrees of freedom:
r3ti-l 6—%96

gl = = 250,i>0
fl( | ) 25.,_21—‘ (%+Z)

thus, X| (I =) ~ x*(n + 2i) (see Result C.18). A

Description 2.4 The random variable X 1is said to have the compound extended chi-
square distribution if X| (I =1) has the conditional extended chi-square distribution (see
(2.3)), and I has the negative binomial distribution, i.e. I ~ NB(y?,n) (see Result C.21).
The pdf of X can be obtained as:

folz) = Y filali)hi(i)
i=0
o0 2 i1, 2(1257) r(z n
_ z x eﬂ—H : ' (2n ')72@(1 72)5’ >0
S -)IT(5+0) T(3)
(2.4)
where n >0 and —1 <y < 1. A

From (2.4) a conditional distribution can be defined.

Description 2.5 A random variable X| (K = k) has a conditional compound extended

chi-square distribution if it has the pdf given by

o0 D ith—1,7 2147) noy\
flly =Y —— e T TG

e S (1=9")%, 2>0,k>0
A=) (5 i k) T(3)

where n >0, —1 <~y < 1. A

The condition here has been imposed on the degrees of freedom, to arrive at a similar

unconditional expression as in (2.1) (or rather compound pdf (see (1.1))).

11
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Description 2.6 A random variable X is said to have the noncentral compound extended

chi-square distribution if it has the pdf given by

B) = 3 halalk)gxk)

2+z+k 1e 2(1—- «,2)

- 23}2 (2(1=72)* T (5 +i+ k)

bri) et @)
F (22) il /y (]‘ 72)51{:7'2? x> Oak >0 (25)
D) !

where n > 0, —1 < v < 1, 0 > 0 represents the noncentrality parameter, and g (k) the
pmf of a Poisson distribution with expected value g (see Result C.22). A

Property 2.3 If X has pdf (2.5), then the mgf, Mx(¢), is given by

I3

Mx(t) = (1= (1=2(1=+%)1)"

2

i I ot(1—2t)~1
X<L_ﬂ—2ﬂ—v%ﬂ) =2 S0 (2.6)

where n > 0, 6 > 0 is the noncentrality parameter, and —1 < v < 1 the extension

parameter. A

Proof. From (2.5), consider the following:

My(t) = E

—~
@
b
o~
~

L (5 1) 2\ 1
= i1 : '
2 Tm T Ga e
VPPN S
X~ gk:(lg) €_x(2(T1”2)_t>x%+”k’1d:c

Il
[]e
[~]e

)1
—~
I3 o
_I_
— I —~—
-2
IS4
o
-2
N7
w[3
—_

s
i

o

i

=)
—

by applying Result C.12. By reordering the expression accordingly and rearranging

constant terms:
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Mx(t) = Z > %7”(1 —9%)?

3
= (setm)
4y 2020177

k!

— (1= (1-2(1-9)1)¢

7’ R o= e
1— —35 ,2(1—2(1—72)¢
( <1—2<1—72>t>) ©e

by considering the binomial expansion, and the series expansion for e (see Result C.9

I3

and C.8). By simplifying the terms further the final result is obtained. |

Property 2.4 It is readily seen that when v = 0 in (2.6), it reduces to that of the mgf
given in (2.2). A

The focus now shifts in section 2.2 to the bivariate chi-square distribution, followed by its

noncentral counterparts in section 2.3.
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2.2 Bivariate chi-square distributions

2.2.1 Introduction

The chi-square distribution in its bivariate form is of immense importance as it is used
to construct power of hypothesis test which is applicable in almost any branch of sci-
ence (Saleh & Singh (1983), Royen (1995)). In the literature various authors used the
mgf in deriving the bivariate chi-square pdf, and in theoretical statistics, by using the
Laplace transform, the mgf uniquely determines the distribution. The focus will be
on the bivariate chi-square distributions following from Van den Berg (2010) as well as
Yunus & Khan (2011).

2.2.2 Bivariate chi-square distribution

Kibble (1941) defined the mgf of a bivariate gamma distribution with correlated gamma

marginals as

4%ty ) -

My, x,(t1,t2) = (1 —t1)""(1 — t2)™" (1 T A—t)(1-t)

The joint pdf of X; and X5, in terms of Laguerre polynomials (see Result C.13), is given
by

T (@I (+1) o o
fx1.x, (21, 72) fol(ﬂfl)fxz(@); Tlat)) Ly (1) L§™ (22)
where fx,(x,) = ﬁx‘j_le_“,xv > 0, v = 1,2.  Van den Berg (2010) investigated

this result further for the case of the bivariate chi-square distribution by considering the

following mgf:

Y

A%ty )%

M, x, (1, t2) = (1= 2t1) 72 (1 — 2tp) 2 <1 (1= 2t)(1 — 2ty)

and subsequently deriving the corresponding joint pdf of X; and X, given by

273
le,Xg (931,932) = @xl

1 /1 n_1 /(1
<§$1> sz <§$2> , T1,T9 > 0, (27)

where n > 0, =1 < § < 1, and LY () is the Laguerre polynomial as defined in Result

C.13. Here, ¢ is a component of the coefficient of correlation, but does not represent the

14
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correlation coefficient itself.

Remark 2.3 This pdf (2.7) is the pdf of a bivariate chi-square distribution with correlated
chi-square marginals - where these marginals have chi-square distributions with n equal
degrees of freedom (see Van den Berg (2010)).

2.2.3 Bivariate generalized chi-square distribution

Van den Berg (2010) defined a joint mgf of X; and X5 in which an additional parameter
(as component of the correlation) was introduced, namely r, and the corresponding pdf
was derived by using an inverse Laplace transform. The mgf and corresponding pdf is

given below.

Description 2.7 Van den Berg (2010) defined a joint mgf of X1 and X5 of the form

NS

M (t " ):(1—2t )*%l (1—2t ),222 1— 4§2t1t2 _
X1,X2 (01, 02 1 2 (1 —2t1) (1 — 2t5) '

The pdf of this distribution is given by

— %l_l 1 %2 1 —ia S (g)] j'
Frix(ona) = ot e ) )

w1 n (1
XLL_QL ! <—£C1) Lj_zz ! (éxg), X1, T > 0 (28)

where ny,ng, v >0, =1 <& <1, and L7 (-) is the Laguerre polynomial as defined in Result
C.13. The joint distribution of X, and Xy is referred to as the bivariate generalized chi-

square distribution. A

The following results were derived in Van den Berg (2010), and is stated here without

proof. Reference will be made to these results furtheron.

Result A If X, and X3 are jointly distributed according to (2.8), the pdf of Wi = X7 X5

s given by

PN e (€7 (5) (1) (1) (1)
fo(wn) = ZZZKT(MM (j!r(“—;+h)r(n—;+lz))

1 L(n1+na+2l1+212-2)
X (5) , wy >0
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where ny,np,m > 0, =1 < & <1, 7 = 27 4+ [y — Iy, and K.(-) the modified Bessel
function of the second kind (see Result C.10). [ |

Result B If X; and X5 are jointly distributed according to (2.8), the pdf of Wy =

s given by

—l+l1 1 £2j (%)4(_1)l1+l2 (])(.7)
j 11/ \l2
fiwa (w2) ZZZ —%zmm ( JB (3 +h, 5 ) ) n

=0 11=0la=0 (14wo)

2

where ny,ng, T >0, =1 <& <1, and B(-,-) is the beta function (see Result C.4). [ |

Result C If X; and X,y are jointly distributed according to (2.8), the pdf of W5 =

s given by
00 i 7 n N £2j (ﬁ) ( )ll+l2 (])(])
_ —21‘ +l1— 1 Z4l—-1 2/j 11/ \l2 O<wa<1
fws (5] z_:z::z:: ~us) ( S Y

where ny,ng,r >0, —1 <& <1, and B(-,-) is the beta function (see Result C.4). [ |

X1+Xz

2.2.4 Bivariate compound extended chi-square distribution

In this section a systematic development of the bivariate compound extended chi-square
distribution for the equal-, as well as unequal degrees of freedom cases is presented, as

this development is not covered in literature.

2.2.4.1 Equal degrees of freedom

The bivariate central chi-square pdf (i.e. the bivariate case of (2.4)) as presented by
Yunus & Khan (2011) was originally posed by Krishnaiah et. al. (1963), and is rephrased

in a compounding description next.

Description 2.8 Krishnaiah et. al. (1963) defined the bivariate compound extended chi-
square with pdf as

fx1.x (21, 72) fol (1)) foxy (w2i) P (7)

Ty __
2+1 1 2(1772)

(20— 3 (3 + )
tribution (see (2.3))), and h;(i) = ( ) Y (1 - 72)% the pmf of a negative binomial
distribution with parameters v* (—1 <~y < 1) and n > 0 (see Result C.21). Thus, the

where fx,(z,]i) = = 1,2 (the pdf of the extended chi-square dis-
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2.2. Bivariate chi-square distributions

joint pdf of X1 and X5 can be given as

> g1 ﬁ ' (2 ++ ) n
le Xo 331,5132 Z 331%2 N € D) F(2ﬂ Z') ’Y2Z (1 - 72) 2 , T1,Tg > 0
5 (- ra) DO
(2.9)

This central pdf (2.9) can be considered a compound pdf (see (1.1)) with the correlation
structure inherently incorporated via the negative binomial distribution. fx, x,1(x1, 2|7
is defined to be the joint pdf of X1 and X, conditioned on the correlation structure, which

is induced in the negative binomial pdf with index i. A

Property 2.5 The joint mgf of X; and X, with distribution in (2.9) is given by:

MX17X2 (tlat?) = (1 -7 )% ((1 -2 (1 _72) tl) (1 —2 (1 _72) t2))7%’

X<1_(1—2(1—72>t1)(1—2(1—72)t2

Proof. The proof follows similarly as in property 2.3, section 2.1.2. |

Remark 2.4 In the mgf above, if v = 0, the mgf reduces to the product of two independent
univariate central chi-square mgfs (see Result C.19) each with n degrees of freedom.
2.2.4.2 Unequal degrees of freedom

The central pdf for the unequal degrees of freedom case as presented by Yunus & Khan (2011)
(originally by Wright & Kennedy (2002)) is rephrased and structured within the following

description.
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Description 2.9 The pdf of the bivariate compound extended chi-square of Wright and
Kennedy (2002) is given by

fxix (1, m2) = ZZfX1(931|i1)fX2(932|iz)h11(il)hfz(iz)

i1 0 iz—O

— Z Z r( + )T (% + ?2)72@1%2) (1- 72)31%2

11=012=0 ( 22) Z2!

ny -1 - N2 40— ——22
o +i1 e 20-+7) ) +i2 e 20-2?)

(a—2)?r (3 +0) (QA—2)F T (% +3))
(2.10)

X

. 1 e i—1
where fx,(x,|i) = (2(1772))%‘“1“(M+¢)x”
2

chi-square distribution (see (2.3))), and hy, (i) = %7% (1—+1), v =12, are the
b) 2.

pdfs of a negative binomial distribution with parameters v* (=1 < ~v < 1) and n, > 0

(see Result C.21). A

e 209" v = 1,2 (the pdf of the extended

This pdf (2.10), as a central bivariate compound extended chi-square distribution with
unequal degrees of freedom, differs to some extent from (2.9) which is for equal degrees of
freedom to provide for the unequal degrees of freedom scenario. In (2.10), the joint pdf
Ix1.x, (@1, Talin, i2) = fx, (x1]i1) fx, (w2]ia) is compounded by two negative binomial distri-
butions — which is different compared to (2.9), where the joint pdf is only compounded
by one negative binomial distribution. In (2.10), the negative binomial pdfs hy, (i;) and

hi,(i2) have parameters 72, and n; and ny respectively, where —1 < v < 1 and ny, ny > 0.

Property 2.6 The joint mgf of X; and X, with distribution in (2.10) is given by:

njtng _n _n2
My, x, (ti,ts) = (1=72)"2% (1-2(1=9)t1) 2 (1-2(1=9%)ts) *
7 o 7 i
x (11— — t1,t2 >0
( u—zu—v%nD ( u—zu—wwﬁ) B
A
Proof. The proof follows similarly as in property 2.3, section 2.1.2. |

Remark 2.5 In the mgf above, if v = 0, the mgf reduces to the product of two independent
univariate central chi-square mgfs (see Result C.19) with ny and ny degrees of freedom

respectively.
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2.3 Bivariate noncentral chi-square distributions

2.3.1 Introduction

As mentioned in section 2.1.1, it seems evident that a noncentral chi-square distribu-
tion can be obtained for certain central chi-square counterparts when one compounds
on the degrees of freedom (i.e. parameters) with Poisson probabilities. This is the
predominant idea present in this section to obtain bivariate noncentral distributions.
Yunus & Khan (2011) mentions that there is a lack of available theory of the bivariate non-
central chi-square distribution, where a vast array of papers fails to provide suitable critical
values for applicational value (see for example, Royen (1995), Marshall & Olkin (1990)).
In Figure 2.2, an overview of the core concepts of the remainder of this chapter is illus-

trated (given below).

Bivariate noncentral chi-

square distributions
Chapter 2

/

¥

Conditional
/

¥

Unconditional
(compound)

Figure 2.2 Diagram of core concepts of Chapter 2 - section 2.3.
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The compounding method used by Yunus & Khan (2011) is phrased within the following

description.

Description 2.10 An (unconditional) bivariate noncentral chi-square pdf can be obtained

from a (conditional) bivariate central chi-square pdf in the following manner:

fX17X2<x17:C2) = Z Z fX17X2<x17x2|k17k2)gK1 (]ﬁ)ng(ng). (211)

k1=0 ko=0

2]
6,_22 (%L)kv

In this study, gk, (k,) = T

Poisson probabilities where 0, are the noncentrality parameters, and f(xy1,xa|k1, ka) being

,v = 1,2 are the compounding factors - in this case,

the pdf of some suitable bivariate central chi-square distribution for Xy and Xs. A

2.3.2 Bivariate noncentral generalized chi-square distribution

Along with the bivariate central generalized chi-square mgf that Van den Berg (2010)
defined, an mgf for a bivariate noncentral generalized chi-square distribution was also de-
fined. This distribution also contained the additional parameter r, and the corresponding
pdf was derived by using an inverse Laplace transform. The form of this distribution is

given below.

Description 2.11 Van den Berg (2010) defined the mgf of a bivariate noncentral gen-

eralized chi-square distribution as

(VIR

_
2

_m 4%ty -
(1= 26) (1 S (1=2t)(1— 2t2))

x f1t1(1=201) 7! otz (1-2t2) 1 ty,ts > 0. (2.12)

Mx, x,(t1,t2) = (1 —2t)

The pdf of this distribution is given by

P = af et tein st 5 B CO R

X (T,12) = e 2y e 22 — : — ,

X1,X2 (71, T2 1 2 j:0k1:0k2:01“(_21+j+k1)F(—22+]+k2)
X(j+k:1)!(j+k2)! £% 13- (1 )Lm_l (1

. —z 2 —x 1, To>0
lkyl gmrmarthirks itk \ 271 ) it 2)’ b

2 2
(2.13)

where ny,nq,r > 0, and L;‘() is the Laguerre polynomial as defined in Result C.13.

The parameter &, where —1 < & < 1, is a component of the product-moment correlation
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between X, and X,. The parameters 01,05 > 0 are the noncentrality parameters respec-
tively, and the marginal distribution of X; and Xs are univariate noncentral chi-square
distributions with parameters (ny,01) and (ng,02) (see Van den Berg (2010)). A

2.3.3 An alternative representation of the bivariate noncentral
generalized chi-square distribution
In this section an alternative representation of (2.13) is given. However, to make use of

the methodology as given in Description 2.10, a conditional bivariate central chi-square
distribution from (2.8) is defined first.

Description 2.12 Let (X7, Xo| (K7 = ki, Ko = k3)) have a conditional bivariate gener-
alized chi-square distribution (see (2.8)) with pdf given by

[e%S)
ﬁl+k1_1 1 22+k2_1 1
1, Tolki, ko) = x4? e 2g,? e 2%2 E
fX17X2( 1, 2| 1 2) 1 2 2%(n1+n2+2k1+2k2)

J=0

(3), 016" )

L (L) LF 7 ()

><F(%L+j+lc1)r(222+j+/7<:2)’

Ty, T9 >0 (214)

where ny,ng, v >0, and L7 (+) is the Laguerre polynomial as defined in Result C.13. As
previously, & (where —1 < & < 1) is a parameter which is a component of the product-
moment correlation between X; and Xo. The conditional values ki and ko have domain
such that k, > 0, v =1,2. A

A conditional bivariate chi-squared distribution is defined with pdf in (2.14), which now
fulfills the role of the conditional pdf as required by (2.11) in order to obtain an uncon-
ditional bivariate noncentral chi-square pdf with the compounding method. By applying
(2.11), an alternative representation to the bivariate noncentral generalized chi-square dis-
tribution is obtained (see (2.13)); originally derived by Van den Berg (2010), see section
2.3.2), and is defined next.
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Definition 1 The joint pdf of X1 and Xs, that is an alternative representation of the
bivariate noncentral generalized chi-square pdf (2.13), is proposed by substituting (2.14)
in (2.11), with the following result:

fXLXz (xlva) = fX1,X2 <x17x2|k17 k2)gK1 <k1>gK2(k2)
SID DD D DA
7=0 k1=0 k2=0
P\ o1 e2 k-1 22 1 kp—1
X (3), €7 L () L7 ()
93(mtnat2kit2ks) [ T (B 4 j 4 k) T (2 + j + ko)
¥ (5) et ()

k! ko

X

;o T, >0 (2.15)

where ny,ng, v >0, =1 < & < 1, and both noncentrality parameters 61,05 > 0.

ou v
Evidently, the Poisson probability factors, namely gx, (k,) = #, v =1, 2, isolates
the noncentrality parameters as suggested by equation (2.11) in a mathematically con-
venient way. In the following section, a discussion follows as to why this distribution
defined in (2.15) is an alternative representation of the bivariate noncentral generalized

chi-square distribution given in (2.13), i.e. (2.13) = (2.15).

Joint moment generating function
In this section, the joint mgf of X; and X, is derived for the distribution with pdf (2.15).

Property 2.7 If X; and X5 are jointly distributed with pdf (2.15), then the joint mgf
s given by

(N1

My, x, (tta) = (1—26)"2 (1—2t)" % (1- AC0 )
X1,X2 \1, 02 1 9 (1 — 2t1) (1 — 2t2)

g =1 oy y—1
Xeeltl(l 2t1) 602t2(1 2t2) t1>t2 > 0

where ny,ny >0, —1 < & < 1, and both noncentrality parameters 6,05 > 0. A
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Proof. From (2.15), consider the following:

Mx, x, (t1,1t2)

|
&5
iGN

t1X1+t2X2)

(n1+n2+2k1+2k2)

Nl

. ( (E) |€2j ) L;—2l+k171 (%xl) Lj%brkz*l (%xQ)
2 r '

M (5)" e (3)"

Fq! ko !

3=0 k1=0 k=0 )

dl’ldl'g

w nz ko1, "2 ko1 [ 1 1
x/e Pag L A (5932) dsz%(er"z*?kl”k?)
0
L @ creRere”
P(5+ki+))T (B +hke+j) ki k!
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By applying Result C.15 to both integrals above, one obtains the following:

]\4}(17)(2 (tl,tg) = ZZZ (2 1 ]) (2 14 2)

! (1 _ tl)%l+k1+g
Ttk (b —t—1)
5! (% . t2)%2+k2+j
. 1 (5),7'¢”
23 (mtnat2kit2k) T (B 4 |y + j) T (2 + ko + J)

()" e ()"

2
Y X
= io:io: o0 £2J (%)j (tth)j
=0 k120 k=0 123 (n1+n2-+2k1+2k2) (- tl)%l+k1+j (L - t2)%2+k2+j

M (5)" e (3)"

Fq! k!
ey S0, cHEt et )”
11973 (n1+n2+2k1+2k2) kq! ko!

=0 k1=0 ko=0 J

X

(t:t2)’
) 5 +k1+] (1 2t ) 1+/€1+] (%) 5 +ko+j (1 _ 2t2)72+k2+3

1
2

X
oo ( ) 1\ ~2(mt2kitne+2ke) )
- Z z z |2; (n1+n2+2k1+2k2) (5) 27

=0 k1=0 ko=0 J

(trt2)’ e (
(1 _ 2t1)ﬁl+k1+j (1 2t2)%2+/€2+j kl-

Sy S ()

7=0 k1=0 k2=0
! ()t ()"

(1—2t) 7 (1 —2t,) Tt K o)

X

X

Now, by reordering the expression accordingly and rearranging constant terms:
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My, x, (1 t2) = (1-2t1)%1(1_2t2)%2i(§?j< (4€0:t5) ))

2 \—20) (1 -2
oo ,ﬂl 9 k1 oo _% g, \ ke
«3 1 2 71) $ e 2 (%)
k
= (1 —20)" (l—2) k!
_r _n2 4£ tltg _g
= (1—-2¢ 2 (1 —2¢ 2 | 1—
(R )

k1 ko
9] 0 ] L
_ 6 2(1 2t1) _ 02 \ 2(1—2t2)
X E (& 2— e 2 —"

|
= ko)
A%t i
= (1-2t (1 — 2t,)
( 07 2) ( (1—2t) (1—2t2))
Xef%leﬂ_lflme %Zewz@

by using the binomial expansion (see Result C.9), and the series expansion for e (see

Result C.8). Finally, after some simplification, it follows from above that

[N

i _no
Mx, x, (t1,t2) = (1 —=2t;)" 2 (1 —2ty) 2 (1_(

01t1(1—2t1)71 602t2(1—2t2)71

4%ty -
1—2t)(1— 2t2))

xXe

which is the same as the mgf for the bivariate noncentral generalized chi-square distribution
as defined by Van den Berg (2010) (see (2.12)). [

Remark 2.6 This result is highly significant since it shows that by taking a bivariate
central chi-square distribution (such as (2.8)) and compounding it on the degrees of
freedom with Poisson probabilities, it results in a well-defined bivariate noncentral chi-
square distribution as if it were derived from, say, a characteristic function (such as
Van den Berg (2010)). This method intuitively seems easier to obtain noncentral bivari-
ate chi-square distributions since no transform is required to obtain a noncentral pdf from
a characteristic function or a mgf (for example), but one can simply consider a bivariate
central chi-square distribution (albeit conditional), and after compounding on the parame-
ters with the compounding factors, consider the resulting pdf as its noncentral counterpart
— even more so significant due to the elegant construction of the pdf of this bivariate

noncentral chi-square distribution.
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2.3.4 Bivariate noncentral compound extended chi-square dis-

tribution

Yunus & Khan (2011) used the compounding method for constructing bivariate noncen-
tral chi-square distributions. This approach is rephrased in this section in a compounding

sense for two cases, namely equal- and unequal degrees of freedom.

2.3.4.1 Equal degrees of freedom

First consider the bivariate central compound extended chi-square distribution as a con-
ditional distribution, with pdf given in (2.9). Thereafter, an unconditional bivariate
noncentral compound extended chi-square distribution will be proposed (see Description
2.10).

Description 2.13 Let (X1, Xs| (K = k1, Ky = ko)) have a conditional bivariate com-
pound extended chi-square distribution with equal degrees of freedom (see (2.9)) and pdf

given by
Ix.x, (21, w0l Ky, ko) = Zz: F( X 1—7)
) xf+z+k1—1€—2(1ﬁ—g2) x§+i+k2—1€—2(1ﬁ—272)
(2(L =) I (§bith) (2(1=2)F T (3 4ithy)
© noyy -1 -2 ng, %2
= ZCmf++kl ‘e 2(1*72)x22++k2 TP, gy, ae > 0 (2.16)
where
r (n ’L) . n 1
C = 2 72] 1 — 72 2 —
r(3)i ( ) (2(1=2)T T (5 +i+ k)
1
X e - (2.17)

and n > 0. As previously, v (where —1 < v < 1) is an extension parameter. The

conditional values ki and ko have domain such that k, >0, v =1, 2. A

Yunus & Khan (2011) substituted (2.16) into equation (2.11) to obtain the noncentral

case of (2.9). It is rephrased in the following description.
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Description 2.14 The unconditional distribution of (2.9) can be obtained by substituting
(2.16) into (2.11):

frixa(ri,m2) = Y j{j!ﬁxhxk(xl,xzua,ka>gK(ka>gK<k2>

k:l Okz 0
_ 2\3
- ZZZ * (1)
1=0 k1=0 ko=
n ki—1 ———xl Dyt feo—] ——22
I2+Z+ 1 e 20-77) $22 +itka e 2(1-42)
X

(2(1—2)2 M (2 it k) (2(1—92)2 TR T (2 i 4 k)
L
2

()" % (3)"
kq! ko! ’

Ty, T9 >0 (218)

where n > 0, —1 < v < 1, and noncentrality parameters 6,05 > 0. A

Again, due to the construction of the noncentrality the Poisson probability factors, namely

_ B 0y ko
gr, (ky) = %,v = 1,2, isolates the noncentrality parameters in a mathematical

convenient way.

Joint moment generating function
Next, the joint mgf of X; and X5 is derived for the distribution with pdf (2.18).

Property 2.8 If X; and Xs are jointly distributed with pdf (2.18), then the mgf is given

by
My () = (1= (1 =2(1=7)0)F (1-2(1-7) 1) F
2 —%
x 11— 7
(1-2(1-=)t)(1-2(1—~
1

)t (aan)” gann(aman) Ty

where n > 0, —1 < v < 1, and both noncentrality parameters 61,605 > 0. A
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Proof. From (2.18), consider the following:

Mx, x, (t1,t2) = E(et1X1+t2X2)

— tiz1+taw2 _2\%
< [ femen S S
0 0 =0 k1=0 ko= 2
xz-‘rH—kl e 2(1772) .T2+Z+k2 16 _2_2(1*W2)

1 2

X( ( _ ))2+i+k1r (n _'_7;_'_k1) (2 (1 _72))%+i+k2 I (% —i—i—l—kg)

01 k1
()" e (5)"
]{31 !2 ]{32!2 dl’1d$2

= i i i 1}((%74)_;')7% (1 o 72)% /xl%+i+k11€_(m_tl>xldxl
‘ 2=0 :

oo
1
A 7( i *t2>zz 1
x/x22 e \20777%) dxy
0

(2(1—~2)) T (2 i+ k)
1 et ()" e F ()"

(2(1=) (5 +ith) R bt

By applying Result C.12 to both integrals above, one obtains the following;:

My, x, (t1,ts) = ZZZ 2 _72)% P(%l"_i—Ffl)

i=0 k1 =0 ko= (m _ t1) 2
I (2 +z’+k‘1) 1
(am—t)" T GO DITEL (i k)
y ! e (3)" e ? (5)"
<2u—v%ﬁ“M%W"+i+m) & !

-y Z 1=)f (12 (1= 77) ) )

1=0 k1=0 ko=

_n 0 ki oy 0 k2
€ 2 (2(1—2(11—72):&1)) € 2 (2(1—2(12—72)1&2))
kq! k! ’
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2.3. Bivariate noncentral chi-square distributions

Now, by reordering the expression accordingly and rearranging constant terms:

Mx, x, (t1,12)

(1= (1=2(1=")h) ? (1-2(1=7")h)

,.y2

. (1‘ (1—2(1— ) t) (1 —-2(1—2)t)

01 01 0o )
xe 2 62(172(1772)151) 67762(172(1772)152)

N———
|
3

by using the binomial expansion (see Result C.9), and the series expansion for e (see

Result C.8). Finally, after some simplification, it follows that

My, x, (t,1) = (1= (1=2(1 =) 1)

w3

(L-2(1-7)1)

y
7 E
g (1_ (1—2(1—72)7&1)(1—2(1—72)@))

—1 -1
01t +—Qt) 02t (4—%)
xe 1 1((1*72) 1 e 202 (1772) 2 )

Remark 2.7 When v = 0 in above mgf, then

My, x, (1, t2) = (1 — 2t1) % =207 (1 _ 9p,)7F (fata(i-20)"

or alternatively, the product of two mgfs of independent noncentral chi-square distributions

with n degrees of freedom and noncentrality parameters 61,05 > 0 (see (2.2)). Further-

more, if 01 = 0y = 0, then this mgf further simplifies to the product of two mgfs of

independent chi-square distributions with n degrees of freedom (see Result C.19).
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2.3. Bivariate noncentral chi-square distributions

2.3.4.2 Unequal degrees of freedom

As before (see section 2.3.1), a conditional central pdf is defined from (2.10) (see Descrip-
tion 2.10).

Description 2.15 Let (X, Xo|K1 = k1, Ko = ko) have a conditional bivariate compound
extended chi-square distribution with ny and ny degrees of freedom (see (2.10)) with pdf
given by

ni+ng

+ +1 L
fX1,X2 ($1,ZL‘2|/€1, k2) = Z Z Zl ( 22) 72(’1‘”2) (1 _ "72) 2

11=0172=0 (2)7[2!

ny ky—1 ——21
le +i1t+k1 e 20-7?)

(2(1—~2) 2 PR D (B gy 4 k)

2—22+12+k2*16 2(1-77)

(2(1—~2)F 2R D (2 4y 4 k)

o Mfig ki1 2 pigphy—1 — AR
2 - R - _ A2
= E E Cz? T e 207 xy,m9 >0

11=0172=0

X

X

(2.19)

where

. —1
T2+Z2+k‘2 F (% + 7:2 ‘I‘ k2)> (220)

and ni,ne > 0. As previously, v (where —1 < v < 1) is an extension parameter. The

conditional values ki and ko have domain such that k, >0, v =1, 2. A

Yunus & Khan (2011) substituted (2.19) into equation (2.11) to obtain the noncentral
case of (2.10). It is rephrased in the following description.
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2.3. Bivariate noncentral chi-square distributions

Description 2.16 The unconditional distribution of (2.10) can be obtained by substitut-
ing (2.19) into (2.11)

[c ol o)

fX1,X2(x1>x2) = ZZfX17X2(I1ax2|k1ak2)gK1(k1)gK2(k2)
k1=0 ko=0
o0 o0 (o) (o) F

=222 2.7

11=0142=0 k1=0 ko=0 (2)2!

= k11— 2 g, ] ——2
$12 +i1+k1 e 20-77) $22 +iz+Fk2 e 201-4?)

+ Zl [ (% +i2) y2irti) (1 — 72)31;2

X

(2(1— 72))%1‘+z‘1+/l~c1 r (% i+ k‘l) (2(1— 72))%2+i2+k2 T (% Yy + k‘z)
0

()" % (9)"

X
k! ko ! ’

where ny,ny >0, —1 <~ < 1, and noncentrality parameters 61,65 > 0. A

This pdf can be regarded as a bivariate noncentral compound extended chi-square dis-
tribution with degrees of freedom ni, ny, 7, and noncentrality parameters 6,605 > 0.

Again, due to the construction of the noncentrality the Poisson probability factors, namely
iy k
7 (B)”

gr, (ky) = “Tf, v = 1,2, isolates the noncentrality parameters.
Joint moment generating function

Next, the joint mgf of X; and X, is derived for the distribution with pdf (2.21).

Property 2.9 If X; and Xs are jointly distributed with pdf (2.21), then the mgf is given
by

_nm
2

MX1,X2 (t1>t2) = (1 -2 (1 — ’72) tl) (1 -2 (1 — 72) t2)7 2 (1 _ 72) 2

X(l_(1—2(172—72)t1)> (“(1—2(172—72)1&2))

e Oltl((l 5 2t1>71602t2((17—{{2)72t2)71

where t1,to > 0, ny,ne >0, —1 <y < 1, and both noncentrality parameters 6,605 > 0.
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2.3. Bivariate noncentral chi-square distributions

Proof. From (2.21), consider the following:

.]\4X17X2 (tl,tg) — E(€t1X1+t2X2)

oo o0 0o ﬂ;L ng +
_ t1z1+t2x2§ :} : § : § : 2 (2 + ) 2(i1+i2) (1 _ 2)52—”2
11=0142=0 k1=0 k2=0
n xr
1—21+z1+k1 1e _l_z(kq) x2—22+22+k2 1e —2—2(17#)

X

(L= 2)FIT (5 i k) (21— )T (4 + o)
e~ (9" % ()"

X k1!2 ]{:22 d.flfldl‘g
_TYYTY Z + zl L%+ 22') (Rl (1 _ 2y
i1=0 i3=0 k1=0 kp=0 (2)22'
x/iﬁf_}ﬂ'ﬁkl16_(2(1—1”2)_tl>ﬁd931/932%2+i2+k216_(2’(1—1”2’)_t2)x2d:62
0 0
y 1 1
(2(1—~2)2 ™MD (2 gy k) (2(1—92) 2 2R D (22 iy k)
ey ko)
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2.3. Bivariate noncentral chi-square distributions

By applying Result C.12 to both integrals above, one obtains the following:

Mx, x, (t1,1t2)

o0 o0 o0 (

+ +i2) o nytn
Z Z Z Z u ( 22) ZZ) ’YQ(Z“LZZ) (1 _ 72)—12—2

11=0142=0 k1=0 ko=0

1“(”21+zl+k1) P(”—;+z’2+k2)
1 T +in+k 1 2 +ig+ko
(s — 1) (s —12)
1 1

2(1- 72))%1‘%1%1 r (n_21 g+ kl) (2(1— 72))%2+i2+kz T (% Fiy+ kz)

iiiir(Q jLZ'1)11(2 + 2) 2(i1+iz) (1_72)2%2
T ()i T (%))

11=0122=0 k1=0 k2=0

AN )

ky! ko!

n1tng _ny _ng
(=77 (1-20-7)t) = (1-2(1-7")t) ~
X : .
ggg;g;@JIW%)w L(g)i! \(1=2(1=+")t)

I ki ey ko

x ik v et (ratm) @ ? (aatmm)
1—2(1—2)t) ol Jeo! ‘

Now, by reordering the expression accordingly and rearranging constant terms:

Mx, x, (t1,1t2)

k‘l If2
[e'e) (—01 ) ) (0—2>
— A2 — A2
y Z e,%l. 2(1-2(1—+?)t1) Z e,%z 2(1-2(1—+2)t2)

= ky! = ko!
ni+n _n
(1=7") 7 (1=20=7)t) 7 (1-2(1=7") 1) 7
9 _n 2 _n2
(amn—mm) (o)
(1—2(1—7)t1) (1=2(1—=9%)t)
0y 09

xe~ 2 62(1 2(1-42)t1) o~ 2 e2(1-2(1-42)t2)
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2.3. Bivariate noncentral chi-square distributions

by using the binomial expansion (see Result C.9), and the series expansion for e (see

Result C.8). Finally, after some simplification:

_n _n ni+n
Myt = (1-2(1-7)0) 7% (12197 0) % (125975

: (1_ (1 —2(;2— 72)t1)) <1 - —2(;2— ’72)t2))%2

1 —1
01t | —es—2t Oato | —Los —2t )
(e e I (e

Remark 2.8 When v = 0 in above mgf, then
Mx, x, (t1,t2) = (1 — 2t1)_%l ehr1=2)! (1- 2t2)_%2 f2ta(1-212)""

or alternatively, the product of two mgfs of independent noncentral chi-square distributions
with ny and ny degrees of freedom respectively and noncentrality parameters 01,605 > 0 (see
(2.2)). Furthermore, if 61 = 03 = 0, then this mgf further simplifies to the product of two

mgfs of independent chi-square distributions with ny and nsy degrees of freedom respectively
(see Result C.19).
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2.4. Distributions of composites

2.4 Distributions of composites

In this section, the univariate distributions of the composites as discussed in Chapter 1
are systematically derived for the pdfs as proposed in (2.15) and (2.21). The focus will be

around the following composites: the product of the bivariate components W; = X; X5,

the ratio of the bivariate components (ratio of type I1) Wy = %, and the proportion of
the bivariate components (ratio of type I) W3 = Xl—l)iz

2.4.1 An alternative representation of the bivariate noncentral

generalized chi-square distribution
2.4.1.1 The probability density function of the product

In this section, the pdf of the product of the components of the bivariate distribution
proposed in (2.14) is given. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W} = X; X.

Description 2.17 If X, and Xs are jointly distributed according to equation (2.14), the
pdf of the conditional distribution of Wi| (K1 = k1, Ko = ko) is given by

© J . J TR Al Hlgtky +hy—2 (g) NS
fun(wilk ko) = YN N K (Vo) wy ? -
=0 11=012=0 J:
(D" @) (@)
D (& + 0 4k)D (% + 1+ k)
( 1) 5 (n1+n2+201+2l2+2k1 +2k2 —2)
>< —

5 : wy >0 (2.22)

where ny,ng, v >0, =1 < <1, 7= 25 4y~ +ky—k1, and K, (-) the modified Bessel
function of the second kind (see Result C.11). B(:,-) is the beta function as defined in
Result C.4 and the conditional values ki and ko have domain such that k, >0, v =1,2.

A

Proof. See Result A, section 2.2.3. |
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2.4. Distributions of composites

Description 2.18 Upon taking the pdf in equation (2.22) one can now obtain the (uncon-
ditional) noncentral distribution of W1 = X1Xy by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

S (wr) = fwl(w1|k1>kz)gKl(kl)ng(kz)

+ T2 g+t +hy—2 g ,€2j
XSS S e ()

!
7=0 k1=0 ko=01;=012=0

l1+12 (])( ) 1 1 (n1+na+2l1+2l2+2k1 +2ka—2)
X 1
I (% +l1—|—]€1) (% + 1+ ks) ( )
72)

wlf

01

o (5)" e

X >0 2.23

Jo! Jo! b (223)

where ny,ny, 7 >0, =1 << 1, 7=20 1y — Iy + kg — ki, 01,0, >0, and gk, (k) =
6,@ 0y ko

72,55) Jo=1,2. A

2.4.1.2 The probability density function of the ratio of type I/

In this section, the pdf of the ratio of type I1 of the components of the bivariate distrib-
ution proposed in (2.14) is given. Subsequently the noncentral case is proposed by using
the compounding method (see (1.1)). Let Wy = <+

Description 2.19 If X; and Xs are jointly distributed according to equation (2.14), the
pdf of the conditional distribution of Ws| (K1 = k1, Ko = k) is given by

; —l+ll+k11 (%)4523‘
Fwa(walky, k2) ZZZ (1 +ws) ( i )

7=011=012=0

0" (@)
B(%+lh+k,2+h+k)

where ny,ngy,r >0, =1 <E< 1, and 7=+ 2+ L+l + ki + koo B(-,-) is the beta
function (see Result C.4}) and the conditional values ki and ko have domain such that
k,>0,v=12. A

Proof. See Result B, section 2.2.3. |
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Description 2.20 Upon taking the pdf in equation (2.24) one can now obtain the (un-
conditional) noncentral distribution of Wy = % by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):
fwa(wa) = fu, (walk1, k2)gre, (k1) gk, (k2)

- yysyye (B

7=0 k1=0k2=011=012=0

(_1)ll+l2 (ll) (1]2)

X
BB +lh+k,%2+0b+k)
[

o (3)" e (3)"

2

S e w0 (2.25)

where ny,ng,r > 0, =1 < § < 1, 7 = B+ 2 + 11 +1lo+ ki + ko, 01,00 > 0, and
_ Oy s kv

gKU(k:U):#,vzl,Z A

2.4.1.3 The probability density function of the ratio of type /

In this section, the pdf of the ratio of type I of the components of the bivariate distribution

proposed in (2.14) is given. Subsequently the noncentral case is proposed by using the

compounding method (see (1.1)). Let W3 = +; + oL

Description 2.21 If X; and Xs are jointly distributed according to equation (2.14), the
pdf of the conditional distribution of Ws| (K1 = ki, Ko = ko) is given by

o jJ ) ) vy ¢
fu (gl ko) = 333wt T (1 gy R (%)

§=0 1;=012=0
D" (D)

B2 +h+k,2+b+k)

0<ws<1 (2.26)

where ny,ng,r > 0, and —1 < & < 1. B(-,-) is the beta function (see Result C.4) and

the conditional values ki and ks have domain such that k, > 0, v =1, 2. A

Proof. See Result C, section 2.2.3. |
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Description 2.22 Upon taking the pdf in equation (2.26) one can now obtain the (uncon-

ditional) noncentral distribution of W5 = by substituting the Poisson probabilities

X1+X
and the corresponding summation operators (stemming from (2.11)):

fws(ws) = fws(wslki, ka)gr, (k1) g, (k2)
.

oo 00 e’} 7
Sl 4k —1 22 4l +ko—1
= D200 > (1 —wg) 200"

=0 k1=0 ko=01;=0l,=0

(D) g et

Bl + Kk, 2+ Dy + ko)

M (5)" e (3)"

X 2 2 0<ws<1 2.27
ol kel s (2.27)
()"
where ny,ng, >0, =1 < <1, 01,0 >0, and gk, (k,) = — s v=12. A

2.4.2 Bivariate noncentral compound extended chi-square dis-

tribution: equal degrees of freedom
2.4.2.1 The probability density function of the product

In this section, the pdf of the product of the components of the bivariate distribution
proposed in (2.16) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W) = X X5.

Theorem 2.1 If X; and X, are jointly distributed according to equation (2.16), the pdf
of the conditional distribution of Wi| (K1 = ki, Ky = ky) is given by

'K, ((1\/_“’:12)) : wy >0 (2.28)

S (wr ke, ko) = ZQC Gt

wheren >0, =1 <~y <1, 7 = ky — k1, K,(-) the modified Bessel function of the second
kind (see Result C.10), and C' the value as given in (2.17). The conditional values k;
and ko have domain such that k, > 0, v =1, 2.

Proof. The Jacobian of the transformation is given by

d{El % l _%1_ 1

_ dw dx _ 2 T _
J(1,39 = wy,a2) = | P12 | = B s
do,  doo 0 1 2
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and thus the joint pdf of W; and X, is given by
1 w1
S xo (w1, Talkr, k) = —fx, x, | =, @2|k1, ko
i) T

24tk —1
_ 2 %2
_ _z :Ce T (2(1 )) e 2(1- 72)$2+Z+k2 1
T2 932

= Z Ce_ w3 (2(1—172)>_2(_112”T)w1%+i+k11x’§2_k1_1,
Now, since x5 > 0; the pdf of W is given by

o (wrlky, ko) = /fwl,xz(w1,932|l€1>k2)d932
w1

oo oo .
, 1 r2
2 ti+ki—1 Tz ( —2 >_ _~2 —k1—
= g Cwy /e 2 \20-9%) ) 20-9%) pha=ki=L g
i=0

0

where this last integral is evaluated using Result C.11: setting 7 = ky — k1, v = ﬁ

and 8 = —1—) one obtains

ko—kq

wlky, ky) = Cw? gy 2 K, (2 )
S (wilky, ko) ; | 1 11— 72)2
_ i20w3+i+@§—kl 1 ( VW1 )

= i

2
1=0 fy

which leaves the final result. [ |

Description 2.23 Upon taking the pdf in equation (2.28) one can now obtain the (uncon-
ditional) noncentral distribution of Wi = X1 Xo by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

fon(wr) = fW1 (w1 |k‘1> k2)gx, (k‘l)ng (k2)

R e ()

1= Okl 0 ko=
_% 49 k1 _% rg,\ke
e (9)" et (%)
X >0 2.29
eyl el w (2.29)

where n >0, =1 <~y <1, 7 =koy—ky, 01,05 >0, and gk, (k,) =
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2.4.2.2 The probability density function of the ratio of type I/

In this section, the pdf of the ratio of type II of the components of the bivariate distri-
bution proposed in (2.16) is derived. Subsequently the noncentral case is proposed by

using the compounding method (see (1.1)). Let W = %

Theorem 2.2 If X; and Xy are jointly distributed according to equation (2.16), the pdf
of the conditional distribution of Wa| (K1 = ki, Ko = kg) is given by

—T (% +i) 2i 2\ 3 U)z%Jerr1
Jw, (walky, ko) = Z F(%) il gl (1—7 )2 (1+w2)n+2i+k2+k1
i=0 :
n . n . -1
><(B<§+z+k1,§+z+k2>> L we >0 (2.30)

where n > 0, and —1 < v < 1. B(-,-) is the beta function (see Result C.4) and the

conditional values kv and ky have domain such that k, > 0, v =1, 2.

Proof. Let C be the constant as given in (2.17). The Jacobian of the transformation is

given by
dzy dx1
L Ty W
_ dw dx _ _
S, 22 —w,m) =\ 00 G5 '_ 0o 1]
dw dxo
and thus the joint pdf of W5 and X is given by
Jwo, xo (W2, T2l k1, ko) = @afx, x, (Waw2, x| k1, ko)
(o @]
_ _wamgy Mg ——®2  mip g
= X9 g Ce 2077 (wyzy)2 T e 2(1*72)3622H+ ’
i=0

o0
__woery T2 no . .
. 1 a2y, 5 Hitki—l 4 2itko+ki—1
g Ce 20-+%) 2( 'Y)'w2 Ty
=0

o0
_ 14wy .
_ E 'Ce Iz(2(1772))w%“*kl*lxn—&-?i—i—kz-l—h—l
- 2 2 .
=0

Now, since x5 > 0; the pdf of W5 is given by

o0

sz(wQ‘klakQ) = /sz,Xz(wanQ‘klakQ)de

0
0o

¢} 14w
S+itki—1 —x2 (—,22—> ; -
_ § :wa e 2(1-~2) x;t+22+k2+k1 1d$2
1=0

0

40



2. BIVARIATE NONCENTRAL CHI-SQUARE DISTRIBUTIONS
2.4. Distributions of composites

where this last integral is evaluated using Result C.12: setting a = 2(“12_?12) and g =
n + ko + k1 + 21, one obtains

[e%) _H+k;1 . 1+ W —(n+2i+ka+k1)
Fwy (walky, ky) = ; (W) T(n+2+ks+ k)
which leaves the final result. [ |

Description 2.24 Upon taking the pdf in equation (2.30) one can now obtain the (un-
conditional) noncentral distribution of Wy = % by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

Jwp(wa) = fW2 (w2|k1> kz)gKl (kl)ng (k2)
5 titki—1

- Z Z Z v (- 72)% wu212)n+2i+k2+k1

i=0 k1=0 ka—0 (1+

x (B(ﬁ+i+k1,ﬁ+z'+k2))l

2 2
)t ()
2 2
S e w0 (2.31)
()"
where n >0, —1 <y <1, 61,05 >0, and g, (k,) = v =12 A

2.4.2.3 The probability density function of the ratio of type /

Here the pdf of the ratio of type I of the components of the bivariate distribution pro-

posed in (2.16) is derived. Subsequently the noncentral case is proposed by using the

compounding method (see (1.1)). Let W3 = X1 -

Theorem 2.3 If X and Xs are jointly distributed according to equation (2.16), the pdf
of the conditional distribution of Ws| (K1 = ki, Ko = kg) is given by

T g . D oniig s
fws(wslky, ko) = ZF((QT)Z,)VZZ (1—72)2w§++k1 (1 = ) BRI
i=0 2) v

><<B(2+z+k:1, +z+k2))1, O<ws<1  (2.32)

where n > 0, and —1 < v < 1. B(:,-) is the beta function as defined in Result C.4 and

the conditional values k1 and ko have domain such that k, > 0, v =1, 2.
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Proof. By using Result C.1, letting C* = %7% (1-— 72)%
2 .

and via substitution, the following is obtained from (2.30):

- Dok 1 n+2i+k1+k2
. ws 2 1 1
Sws (ws|ke, ko) = ZC (1—w3> <1+ ) (1 —ws3)?

(B(E+ith,2+i+h))

=0 1- w3
o
2 titki—1 i ko —1
= E C*wg (1-— wg,)ZJth 2
i=0
which leaves the final result. [ |

Description 2.25 Upon taking the pdf in equation (2.32) one can now obtain the (uncon-

ditional) noncentral distribution of W3 = by substituting the Poisson probabilities

X1 +X
and the corresponding summation operators (stemming from (2.16)):

fws(ws) = fw, (wslka, k2)gre, (k1) gr, (k2)

oo oo oo " .
S 3) 30 B BRI

1=0 k1=0 k2=0

%1 s \k1 82 g\ k2
2 ( 3) ez (%)
X 0< <1 2.33
()"
where n >0, —1 <y <1, 01,05 >0, gk, (k,) = ——~—> v=1,2, and C* the value as
defined above. A

2.4.3 Bivariate noncentral compound extended chi-square dis-

tribution: unequal degrees of freedom
2.4.3.1 The probability density function of the product

In this section, the pdf of the product of the components of the bivariate distribution
proposed in (2.19) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W) = X1 X5.

Theorem 2.4 If X and X, are jointly distributed according to equation (2.19), the pdf
of the conditional distribution of Wi| (K1 = ki, Ky = ky) is given by

ni+n z+z+k+k
F (wr |k, k) = ZZz(le A IKT< v ) 0<ws<1 (2.34)

11=012=0 (1_72)

where ny,ng >0, =1 <y <1, 7="2—% +iy — iy + ko — k1, K-(-) the modified Bessel

function of the second kind (see Result C.10), and C the value defined in (2.20). The
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conditional values ki and ky have domain such that k, > 0, v =1, 2.

Proof. The Jacobian of the transformation is again given by ?127 and thus the joint pdf

of Wy and X is given by

Jwn x2 (W, walky, ko) = ile,Xz (wl $2‘]€1,/€2)
T2 T
L _
= _ZZCG EP (2(1 ))( )2+z1+k1 16_T£2'7)x§22+i2+k271
11=0122=0 T2
— iice%(2(1lw2)>2(1172)w1%l+i1+k11x2%2%l+i2i1+k2k11.
i1=0i2=0

Now, since x5 > 0; the pdf of W; is given by

le(wl‘klal{:Q) = /le,Xg(wluxQ‘klakQ)dx2

o0

_ z Z Cw itk — 1/ 2(1 2 2(117272) x?—%+i2—i1+k2—k1—ldx2
11=012=0 0
where this last integral is evaluated using Result C.11: setting 7 = Stig—i1t+ke—ky,

Y= 2(1i,y2 and 3 = —l—) one obtains

2
11=012=0 1— 72)
- 222&0”””*”“22’“”’“2 %( 1 e )
i1=0142=0 ( - )
which leaves the final result. [ |

Description 2.26 Upon taking the pdf in equation (2.34) one can now obtain the (uncon-
ditional) noncentral distribution of W1 = X1Xy by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

fwi(wi) = fw, (wilke, ko) gre, (k1) gr, (k2)

[c o lNe ol o BNe o]

n1+n2 i1+ig+ky+ko w
S ) 3D 30 DGR B ey
i1=0i3=0 k1=0 ka—0 (1=7?)
(3)" % (%)

kq! ko

x . w >0 (2.35)
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where ni,ng > 0, -1 < v < 1, T = % — % —I—ZQ —’il —Fkg —/{71, 01,92 > 0, gKU(k‘U) =

0
6*—21‘(@

T?‘), v=1,2, and C the value defined in (2.20). A

2.4.3.2 The probability density function of the ratio of type I/

Here the pdf of the ratio of type II of the components of the bivariate distribution
proposed in (2.19) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let Wy = £+

Theorem 2.5 If X; and X5 are jointly distributed according to equation (2.19), the pdf
of the conditional distribution of Wa| (K = ki, Ky = kg) is given by

z Z +zl ) ? nbma w?+i1+k1—1
f (i 1) s (1)
: 11=0142=0 Z ! F ) ‘ (1+w2)—];—2+z1+z2+k1+k2
-1
X (B (74—7:14-]{21,?24-1'2—0—]@)) , wy > 0 (236)

where ny,ne > 0, and —1 < v < 1. B(:,-) is the beta function as defined in Result C.4

and the conditional values ki and ky have domain such that k, > 0, v =1, 2.

Proof. Let C be the value as defined in (2.20). The Jacobian of the transformation is
again given by w9, and thus the joint pdf of W5 and X, is given by

sz,Xz(w2,932|k1>k‘2) = fU2fX1,X2 (w2932>552\k1,k‘2)

woxo+xT

(0.9} (0.9}
iyt —1 R Atk —1 — TSR
= Ty E E C (wyg) ® T ) e 2077

11=012=0

T2 3 1 1 itk —1 T2 4 ok ko —1
_ Ce ( v ) o 2
= E E 9 .

11=012=0

Now, since x5 > 0; the pdf of W5 is given by

[e.o]

fwy (walky, ko) = /fwz,xz(w2,932|l€1>k2)d932

0

o
—l+Z1+k1 1 _Jf?(ﬁ_)) P1E2 iy in kg ko —1
= E g Cw e Tq dxs

11=012=0 0
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where this last integral is evaluated using Result C.12: setting o = %2t and 8 =

2(1-v?)
A2 4§y + 4y + ky + k2, one obtains

0o o —(Mtr2 +i1+i2+k1+k2)
o ﬂ+i1+k171 1 + w2 ( 2
UHCLREDY OZ vy (2(1 —72)>

11=012=

ny+n . .
XF( 12 2+21+Z2+k1+/€2)

which leaves the final result. [ |

Description 2.27 Upon taking the pdf in equation (2.36) one can now obtain the (un-
conditional) noncentral distribution of Wy = % by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

Jwa(w2) = fw, (walky, k2)9K1 (kl)ng (k‘2)

oo oo o0 +Z1 n2 +1 i nj+n
- >3y > S 1y
11=012=0 k1=0 ko=0
w—21+21+/€1—1 n n 1
X . (B<—1+i1+k1,—2+i2+k2))
(1 +w2)1—2+21+22+k1+k2 2 2
_9 gl)lﬂ 0\ k2
e 2(3) € 7 (2)
X >0 2.37
! Wt (2:37)
()"
where ny,my >0, —1 <~y <1, 01,05 >0 and gk, (k,) = v =1,2 A

2.4.3.3 The probability density function of the ratio of type /

Here the pdf of the ratio of type I of the components of the bivariate distribution pro-
posed in (2.19) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W3 =

X1+X2

Theorem 2.6 If X; and Xy are jointly distributed according to equation (2.19), the pdf
of the conditional distribution of Ws| (K1 = ki, Ko = kg) is given by

fws (wslky, k2) Z Z + Zl ( - ZQ) ,Yz(ilﬂ'z) (1 _ 72)ﬂ¥2"

1= 022 0 (22)Z’2!

Sl itk —1
2
Wy (1 —ws

B(%4ip 4k, 2 4iy+ k)

) 2 22 tigtka—1
X

0<ws<1 (2.38)

where ny,ng > 0, and —1 < v < 1. B(-,-) is the beta function as defined in Result C.4

and the conditional values ki and ky have domain such that k, > 0, v =1, 2.
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L, D2 44 . nitng -
Proof. Let C* = P(( _;)1,) P<( ;Zz,)’y?(’l*”) (1—72) "7 (B (% tirtky, Btigths))

By using Result C.1 and via substitution, the following is obtained from (2.36):

- nl;nz +i1+i2+/€1+k2) 1

0o 00 n—21+i1+/€1—1 (
" W3 w3
fW3(w3‘k1ak2) = z_:z_:o (1—’&]3) (1+ ) (1—1113)2

1—w3

2 = ik —1 ng
% +i1+k1— +io+ka—1
= g E C*wg? (1 —ws3)2

11=012=0

which leaves the final result. [ |

Description 2.28 Upon taking the pdf in equation (2.38) one can now obtain the (uncon-
ditional) noncentral distribution of W5 = e +X by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (2.11)):

fws(ws) = fws(’w3|k‘17k2)9K1(/f1)gK2(7€2)

e +Z1 ( —I—’ig) i1 nytng
) Zozo;z Py A
21 22 1=0 k2 2

Sltii+ki—1 22 figtka—1
2 2 2
3 (1 —w;3)?

B (% + i1+ ki, %2 + iy + ko)

()" e (4)"

X 0< <1 2.39
()"
where ny,ny >0, =1 <y <1, 0,05 >0, and gg,(k,) = ——v=12 A
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2.5 Shape analysis

In this section, a visual representation is provided on the forms of the pdf of the alter-
native bivariate noncentral generalized chi-square distribution (see (2.15)), the bivariate
noncentral compound extended chi-square distribution for unequal degrees of freedom (see

(2.21)), and their derived univariate composites, for arbitrary parameter values.

2.5.1 An alternative bivariate noncentral generalized chi-square

distribution
2.5.1.1 The joint probability density function (2.15)

The pdf (2.15) is illustrated here for arbitrary parameter values: n; = 10, ny = 12, and
r = 2. In Figure 2.3, the value of ¢ varies, with #; = 65 = 3, and in Figure 2.4, #; = 3

remains fixed together with £ = 0.5, whilst 6, varies.

Figure 2.3 fl.t.r., (2.15) for £ = 0.2, 0.5, and 0.7.
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Figure 2.4 flt.r., (2.15) for #; = 3, and 6, = 5, 8, and 11.

It is seen that the parameter £ has very little influence on the shape of the pdf (2.15). It
is observed to marginally increase the contours near the top of the distribution, but not
other obvious effects are observed. For the change in 6, it is seen that as 65 increases,
the pdf moves away from the axis of variable X - which is to be expected, as 5 represents
the noncentrality of variable X,. It is noted here that the same effect would be observed
for changes in #;, but moving away from the axis of variable X5, because of the symmetric

nature of the noncentrality components (Poisson probabilities).

2.5.1.2 The composites

For the purposes of this study, the effect of the correlation component & will be considered,
as well as the effect of the noncentrality parameters #; and 5. In this section specifically,
the univariate distributions of the composites given in (2.23), (2.25), and (2.27), are
considered respectively. Similar as before, n; = 10, no = 12, and r = 2. In Figure
2.5, 2.6, and 2.7, the value of £ varies, with 1 = 65 = 3 (left), and 6; = 3 remains fixed
together with £ = 0.5, whilst 0y varies (right).
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Probability density function of the product

fwy) £lwy)

0.0035F
0.004[
0.0030F
0.003 1 0.0025f
0.0020F
0.002p 0.0015}
0.0010f
0.001[
0.0005 |
. . . . . - . . , -
100 200 300 400 500 600 700 200 400 600 800

Figure 2.5 (2.23) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).

Probability density function of the ratio of type /7

e £()

Wy : - w3

Figure 2.6 (2.25) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 65 = 5 (blue), 8 (purple), and 11 (green) (right).
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Probability density function of the ratio of type [

flws) £ws)

15}
0.6+

1.0}
04t

05¢ 02|

_.__.--.-'-.--_——-_-"--—_ 1 a,
L T W L L L — Wy
02 0.4 0.6 0.8 1.0 032 04 0.6 0.8 1.0

Figure 2.7 (2.27) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).

It is interesting to observe the trend in the changes of £ when considering the distributions
of the ratios of type II and type I respectively: as £ increases, the pdf of the distribu-
tion becomes more leptokurtic. As for the change in 5, it seems that as 65 increases,
the variability of the distributions of the ratios of type I/ and type I seem to decrease

marginally.
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2.5.2 Bivariate noncentral compound extended chi-square dis-

tribution: unequal degrees of freedom
2.5.2.1 The joint probability density function (2.21)

In this section, the bivariate noncentral compound extended chi-square distribution with
unequal degrees of freedom (2.21) will be considered. The distribution with equal degrees
of freedom (2.18) will not be considered, due to the similarities between these two. The
pdf (2.21) is illustrated here for arbitrary parameter values: n; = 10, ng = 12, and r = 2.
In Figure 2.8, the value of v varies, with #; = #; = 3, and in Figure 2.9, ; = 3 remains

fixed together with v = 0.5, whilst 5 varies.

40

Figure 2.8 fl.t.r., (2.21) for v = 0.2, 0.5, and 0.7.

51



2. BIVARIATE NONCENTRAL CHI-SQUARE DISTRIBUTIONS
2.5. Shape analysis
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Figure 2.9 flt.r., (2.21) for #; = 3, and 6, = 5, 8, and 11.

Here it is seen that the parameter v has a significant influence on the shape of the
pdf (2.21). When ~ increases, the density’s contour plots become stacked more closely
together. For the change in 65, a similar trend as in Figure 2.4 is observed: as 6 increases,

the pdf moves away from the axis of variable X; - which is again what is to be expected.

2.5.2.2 The composites

For the purposes of this study, the effect of the extension parameter v will be considered,
as well as the effect of the noncentrality parameters #; and 5. In this section specifically,
the univariate distributions of the composites given in (2.35), (2.37), and (2.39), are
considered respectively. Similar as before, n; = 10, ny = 12, and r = 2. In Figure 2.10,
2.11, and 2.12, the value of 7 varies, with 6; = 6 = 3 (left), and #; = 3 remains fixed
together with v = 0.5, whilst 05 varies (right).
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Probability density function of the product

flwy) fwy)
0.0025
0.004 -
0.0020
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0.0015}
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0.0005} 0.001

. . Wy
200 400 600 800

Figure 2.10 (2.35) for 7 = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).

Probability density function of the ratio of type /7

fiw,) flwy)

0.8 1.0t

08F
061

061
04r

04r
02 0.2

w3 . : — Wy
1 2 3 4 1 2 3 4

Figure 2.11 (2.37) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 05 = 5 (blue), 8 (purple), and 11 (green) (right).
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Probability density function of the ratio of type [

fiws) flws)
15+
15F

1.0F
1.0}

0.5 05l

w3 : : : w3

Figure 2.12 (2.39) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 0, = 5 (blue), 8 (purple), and 11 (green) (right).

Similar trends as the generalized case (see section 2.5.1.2) is observed in the changes of
~v when considering the distributions of the ratios of type II and type [ respectively;
however, the converse holds: as 7 increases, the pdf of the distribution becomes more
platykurtic. As for the change in s, it seems that as 6, increases, the variability of the

distributions of the ratios of type I1 and type I again seem to decrease marginally.

2.5.3 Some percentage points for the distribution of the ratio

of type I]

Certain percentage points w, of the distribution of Wy = % are obtained numerically by

solving the equation / fw,(w2)dwy = . By considering both distributions (2.25) and
0

(2.37), some lower percentage points are calculated for arbitrary parameters. Similar
tabulations can be obtained for other values of the parameters. The calculated values
are given below in Tables 2.1 and 2.2. This distribution is considered since it may
offer an alternative approach to the well-known stress-strength model in the context of
reliability, where the lifetime of a random component with strength X5 is subjected to
a random stress X;. The measure P(X; < Xs) is thus of interest, and translates to

P(% < 1) = P(W3 < 1) - thereby revealing the relevance of this specific distribution.
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2.6. Conclusion

§ | 01|02 || a=0.01]0.025 0.05 0.1
3 |5 | 0171788 | 0.221699 | 0.273741 | 0.346185
3 | 8 | 0.148046 | 0.190774 | 0.235201 | 0.296845
0513 |11 | 0.132922 | 0.171042 | 0.210582 | 0.265314

Table 2.1 Percentage points for W5 (2.25), for n; = 10, ng = 12, and r = 2

v |01 |0y || a=0.01]0.025 0.05 0.1
3 |5 | 0.181303 | 0.232991 | 0.286627 | 0.360968
3 |8 | 0166272 | 0.213473 | 0.262394 | 0.330156
053 |11 || 0.163029 | 0.209744 | 0.258485 | 0.326712

Table 2.2 Percentage points for Wy (2.37), for ny = 10, and ny = 12

2.6 Conclusion

This chapter saw a brief overview of the univariate noncentral chi-square distribution with
focus on:

(a) the well-known chi-square distribution as a conditional distribution;

(b) the compound extended chi-square distribution as a conditional distribution;
and by using the Poisson probabilities as compounding factors to achieve noncentrality
(see (1.1)). Subsequently, an alternative representation of a known bivariate noncentral
generalized chi-square distribution, introduced by Van den Berg (2010), was proposed
by employing Poisson probabilities via the compounding method. These distributions
The

proposed compounding method is very desirable since the method to obtain a noncentral

were shown to be equivalent by showing their respective mgfs to be the same.

distribution is quite straightforward and the resulting pdfs are mathematically friendly,
in the sense that the noncentrality parameters remain isolated in known form - in this
case, as Poisson probabilities.

Furthermore, a bivariate noncentral compound extended chi-square distribution was
redescribed for both cases of equal- and unequal degrees of freedom, via the same route
as that of the generalized distribution. Thereafter, univariate distributions of functions
of X; and X, having these bivariate noncentral chi-square distributions were derived.
The bivariate noncentral chi-square distributions were then visually studied for arbitrary
parameter choices, together with their corresponding univariate distributions of the com-

posites. Some percentage points were provided for a special composite case.
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Chapter 3

Bivariate noncentral F distributions

3.1 Introduction

As an introduction, some standard theory from literature is presented to introduce the
univariate case of the noncentral F distribution. Figure 3.1 provides a schematic overview

of the noncentral F distribution, given below.

Basic elements of the noncentral F
distribution

Section 3.1

f0) = f@lIOgxk)

Conditional F Poisson

(singly) noncentral F

Figure 3.1 The basic elements of the noncentral F distribution in this study.

As in the noncentral chi-square environment, the text of Johnson et. al. (1995) (p. 480)
provides a concise overview of the univariate noncentral F distribution, and it is rephrased

here in the form of the following descriptions and properties.
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Description 3.1. Let X ~ x*(n,0) and Z ~ x*(m). If X and Z are independently
distributed, then the distribution of the ratio

_
V=g

15 called the noncentral F' distribution with n and m degrees of freedom, and noncentrality

parameter 6. The pdf is given by

X, (™M 4k) n\Z+k L, no\—(25m4k) e3 (Q)k
frly) = A (=) T (1 —y —2=, y>0
;F 5+/€)F(7) (m) ( m) k!
(3.1)
where n,m >0, and 0 > 0. This distribution is denoted by Y ~ F (n,m;0). A

Property 3.1. The pdf (3.1) is a compound pdf (1.1), namely

[e.e]

@) = fy(lk)gx (k)

k=0

T n+_m+k n DAk n - n _(ntm
such that fy(ylk) = W (E)fr y2 R (14 Ly) (5 ), y > 0 and gx(k) =
()

o k=0,1,2,3..., ie. Y[(K=k) ~ F(n+ 2k,m) (see Result C.20) and K ~

Poi (%) (see Result C.22). A

The focus now shifts in section 3.2 to the bivariate F distribution, followed by its noncen-

tral counterparts in section 3.3.
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3.2 Bivariate F distributions

3.2.1 Introduction

As an introduction, the well-known standard bivariate F' distribution (as given in Balakr-
ishnan & Lai (2009), p. 367) is described below.

Description 3.2. Let X; ~ x*(n1), Xz ~ x%(na), and Z ~ x*(m). If X1, Xy, and Z

are independently distributed, then the bivariate distribution of the ratios

}/1 . Xl/nl }/2 Xz/nQ

= Z/m

15 called the bivariate F distribution with nqy,ne and m degrees of freedom. The pdf is

given by
T (77,1 +n2+m) ny '—;l o %2
fY1,Y2(y17y2> = ()T 32 T(z <_) (_)
(B)T ()L (%) \m m
o m n n ~(mtnatm
Xy* Yy (1 + Elyl i ﬁyz) 2 ’ yope =0
where ni,ng,m > 0. 4

In the following two sections (section 3.2.2 and section 3.2.3), two new bivariate F distri-
butions are prepared with the building blocks being the bivariate generalized chi-square
distribution (2.8) and the bivariate extended chi-square distribution (2.10), together with
the (independent) chi-square distribution (see Result C.18).
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3.2.2 Bivariate generalized F distribution

A bivariate generalized F distribution is derived in this section via a transformation ap-

proach, by using the bivariate generalized chi-square distribution in (2.8).

Theorem 3.1 Let X; and X5 be jointly distributed with pdf (2.8) withny and ny degrees of

freedom respectively, and let Z ~ x* (m) be an independent chi-square distributed random
X

variable with m degrees of freedom. LetY, = e and Y, = Dng The joint pdf of Y1

- Z/m - Z/

and Ys 1s given by

fri3s . 2) Zzz( 1), 1#“2(11)(12))

|
=0 1;=015=0 J:

y 1“(_1_2_” +g +m+l1+lz) (ﬂ)%l-i—h (@)%24—&
F(E+0)T (% +L)T (7)) \m m

> —(W%—lﬁ-lz)

—l-‘rll 1 —2+l2 1

n n
Xy, Yo (1+E1y1+£y2 , Y1,92 >0

(3.2)

where ny,ng,r,m >0, and —1 < & < 1.

Proof. First, from (2.8) and Result C.18, consider the joint pdf of X, X5 and Z:

le,Xg,Z(931,932>Z) = le,Xz (931>932)fz(2)
N PR U S B N (%)] J! ¢
= Ze 2Mlx? e 2 — Y
' (72 —I—j) 3 (n14n2)

Ty (nl ‘l’j)r
e

g (1 2 9 (1 Zgil —2
L 2 L 2 77L
X b <2§C1) j (2.T2) P( )2_

where ny, 1,7 > 0, and L7 (-) is the Laguerre polynomial as defined in Result C.13. Let

X1 X2 . . . .
Y, = #/"l and Y, = T/”Z, which gives the inverse transformation X; = ﬁ%ﬁ, and
m m

Xy = % The Jacobian of the transformation is given by

niz yini
m O m
_ naz n2y2
J(Y1,Y2, 2 — 11,29, 2) = 0 =
_xim  _ xom 0
n 2 2
1Y7 n2ys
2N\ 2
= (—) ning
m
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By using the obtained Jacobian and applying the transformation, the following is obtained:

N amme me (Yi72\ 2 T 1wamae (yznzZ)%z—l (5)3‘ J!
i n?) = S (M5 T () T
£

n n 2
Xﬁlz-_zlfl Lyimz L4_2271 Lganaz dE e (i) .
935 (nitn2)9% —J 2 m ’ 2 m "

By expanding the Laguerre polynomial (see Result C.13) and by further algebraic simpli-

j=0

fication, the following is obtained:

2y 224
f ( y1n1+y2n2+ ) n1+'r;2+m+ll+l2 ﬂ P} +i1 @ 2 +l2
v1,Ye,2 (Y15 Y2, 2 <
m m

7=01,=012=0

r l1+l2
y Bl -1 f240p-1 (5) l)( )
o (s +12)r(7)2%<m+m+m+2h+2lz> |

Now, since z > 0, the pdf of fy, y;(y1,92) is given by

fY17y2<y17y2) = /fY17Y2,Z (yl,yg,Z) dz

ni\ 7 th FoHe my g m2gg, g
- ZZZ( )’ (—) "y,
7=011=012=0
(5); €D () ()
2

X (j!F (22; +l1) T (_22 +l2) (3) 1 (n1+ng+m+211+2lo)

oo

_(¥1ni1tyong | 1 nitngtm
x/€ (MR ) S g
0

and by applying Result C.12 to the integral, the following form is obtained:

1l1+lzj JVe2 () nytngtm
fY1Y2 y17y2 EZZ< ) (11?(l2)§ (2)3 F( 5 —I-ll—l-lg) )

7=011=012=0 ‘7' P(%+l1)r(n_22+l2)r(%)

ni\ T g\ T mg 1t n ny N\ (B AL+
X <_) (_) Y Y2 (1 +—vy1+ —yQ)
m m m m
which completes the proof. |
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3.2.3 Bivariate compound extended F distribution
3.2.3.1 Unequal degrees of freedom

In this section, a bivariate compound extended F distribution is derived, also via a trans-
formation approach, by using the bivariate compound extended chi-square distribution
n (2.10). Note that the distribution under consideration is for the unequal degrees of

freedom case, as to provide for greater flexibility.

Theorem 3.2 Let X; and Xy be jointly distributed with pdf (2.10) with nq and ny de-

grees of freedom respectively, and let Z ~ x* (m) be an independent chi-square distributed
X X

random variable with m degrees of freedom. LetY, = e gnd Y, = ZZ—/”Z The joint

T Zm /m
pdf of Y1 and Ys is given by
—I—’Ll ( —l—ig) 2(ir-+ia) o\ Mty Ttir rng\ F 2
= ()T ()
B ) DL L e I (R

11=012=0
1
2

TIER2EM 4o TR L) g

i1 24— 1<yln1+y2n2 1)_(

><?J1 y2 om (1 — 72) 5
x ( : >M++ P (B2 4y )
=) ) T+ )T (3)
sznﬂz (1= 2y [ (fmedm gy gy)
11=012=0 F(Q)Zl!r(2)l2.r(3)
v (ﬂ)%-f—u (@)%—Hz nTl"Hl_ n72+i2—1 1 ﬂ%z+i1+i2
N
— (M ) i)
8 (1 + m(lni %)yl + m (1ni 72)3/2) ;o Yy2>0

(3.3)

(3.4)

where ny,ng,m > 0, and —1 <y < 1. As previously (see Chapter 2), v is an extension

parameter.
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Proof. First, from (2.10) and Result C.18, consider the joint pdf of X;, X5 and Z:

le,X2,Z ('Tlvx?v z) = le Xz (x17x2) fZ( )
‘I"Ll F —2+Z2 i nytng
_ ZZ ( - .')72(1+2)(1_,72) 2
11=012=0 ( 2 ) b2
2+11 le Tlele) x?ﬂ'rle—ﬁ@
( 71 . (1 . 72))%]‘-&-2‘1) (F (% + Z'2) (2 (1 _ 72))%2-&-1‘2)
z% 1 *%
T(p)2F
where ny,no > 0, and —1 < v < 1. Let Y] = Z/”l and Y5 = Z//"z, which gives the
inverse transformation X; = Ylgjz and X Y2”2Z . The Jacobian of the transformation
is given by
niz 0 yni
J<y17y27zﬁxlvx27z) = 0 %2;5 n_inﬂ
-z —am

By using the obtained Jacobian, applying the transformation, and algebraic simplification,

the following is obtained:

le Y2,Z (yl, Y2, 2 )

_ i i m + Z1 ( n2—|— 12') 72(¢1+¢2) (1 _ 72)2%2
11=012=0 ( 2 ) t2!
(w) il e*#&"ﬁf—n (1amaz) FHiat =)
X m T = T
(D3 +0) @1 =2)T") (D (% +0) (2(1—92) 7+
227 le3 /2 \2
XW (E) e

_ i f: r (% + il) I (% + Z2) 201 +2) (1 _ 72)"17”2 R i g1

11=012=0 2
n . n .
—2 (MR ) my\ B g\ TF TR Mg g T2,
xe (1-+2) o e 2 p)
m m % &

firneTm H; AT i g e ern +i1+12

(=)

XF(%+Z'1)F(1%+Z'2)F( ) (5)

JE
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Now, since z > 0, the pdf of fy, y,(y1,92) is given by
iy, y2) = /le,YQ,Z (Y1, Y2, 2) dz
_ z z ‘I‘ 'll ( + 12) 72(1‘1—&-1‘2) (1 _ VQ)MTW (ﬂ) %l+i1 (@) %2+i2
( 5 ) 1o! m m

11=012=0
iy +ip 1 MIER2 iy tin
2
((1 - ))

Mopi—1 2241 (1
XY Yo )

o0
EBEMIE
1 m+11+12 1 (2m(1 )+ )d
e z
m
2

T )T (2 + i) T (B)

ni+not+m
2

and by applying Result C.12 to the integral, the following form is obtained:

le 1/2(1/1,?12)

+Z1 (2+z'2) i mitny g\ B g E e
-2 Pl e GG

11=012=0
ni+no+m | . . nq+not+m | . 3
sy 2L, Frial yin+yeng 1 —(FEEEE i) 1 e At
a ’ 2m(1—19%) 2 2

A2 iy din

r (n1+7§2+m +i + 712)

: ((1—717)) D3 +i)D(%+)0 (%)

which completes the proof. |
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3.3 Bivariate noncentral F distributions

3.3.1 Introduction

As in the case of bivariate noncentral chi-square distributions (see Chapter 2), an im-
portant concept used in this section is that of using some conditional bivariate pdf and
compounding it with Poisson probabilities to obtain an unconditional noncentral bivariate
pdf. Before the discussion commences, Figure 3.2 provides an overview of core concepts
of this section 3.3.

Bivariate noncentral F

distributions
Chapter 3

¥

/
Conditional
/i

¥

Unconditional
(compound)

Noncentral

Figure 3.2 Diagram of core concepts of Chapter 3 - section 3.3.

It is described in the F distribution setting in the following description.
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Description 3.3 A(n) (unconditional) bivariate noncentral F' pdf can be obtained from

a (conditional) bivariate central F pdf in the following manner:

oo o0

le,Yz (y1>y2) = Z Z le,Yz (y1, y2|k1> k2)gK1(k1)gK2(k2)' (35)

k1=0 ko=0

e F ()"
2

As before in Description 2.10 (see equation (2.11)), gk, (k,) = -

the compounding factors, which is here Poisson probabilities with 6, the noncentrality

,v =12 are

parameters.  Also, fy,y,(y1, 2|k, k2) represents the (conditional) pdf of some suitable

bivariate central F distribution. A

3.3.2 Bivariate noncentral generalized F distribution

In this section a noncentral version of (3.2) will be proposed. First, a conditional bivariate

generalized F distribution from (3.2) is defined next.

Description 3.4 Let (Y1,Ys| (K1 = k1, Ko = ko)) have a conditional bivariate general-
ized F' distribution (see (3.2)) with pdf given by

le,Yz(ylay2|k71>k72)

> I L (€7 (5), ()" () () D (M2 4 ]y 4 1y + ki + k)
= ZZZ( )(r(%+zl+k1)r("—;+lz+k2)F(%)>

1]
j=01;=01=0 J:
ny\ 3tk g Ftlathe mg g m2 gy g,
X\ — — I Yo
m m
nq D) —(w+l1+l2+k1+k2)
X (1 +—u+ —?/2> s Y1,Y2>0 (3.6)

where ny,ng,r,m > 0. As previously, § (where —1 < & < 1) is a parameter which is a
component of the product-moment correlation between X1 and X,. The conditional values
ki and ko have domain such that k, > 0, v =1, 2. A

A conditional bivariate generalized F distribution is defined with pdf in (3.6), which now
fulfills the role of the conditional pdf as described by (3.5). Similar as in section 2.3.3,
a bivariate noncentral generalized F distribution is obtained by applying (3.5) together

with the respective Poisson probabilities, and is described next.
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Description 3.5 The joint pdf of Y1 and Ys, which represent the bivariate noncentral
generalized F distribution is proposed by substituting (3.6) in (3.5), with the following

result:
MMy, 12) = fyiyva (W, welky, k2)gr, (k1) g, (ko)
S DI NS
7=0 k1=0ko=011=012=0
nq N9y *(Eﬁ—ZZM+l1+l2+k1+k2)
X1+ — — )
( + myl + my2
_9% g Nkr 092 g\ k2
e 2 (F) e 2 (F
where

o (TR G), T (mnzdm g4y 4 by + k)
i (5 b+ b)) (3 b+ k)T (3)
LS "2 Llotky
x (52 e (*2) o (3.8)

m m

and ny,ng,r,m > 0, and 01,05 > 0. Again, due to the construction of the noncentral-

_ Oy
e 2

(%)™
—1 v = 1,2, isolates the

noncentrality parameters in a mathematically convenient way. A

ity, the Poisson probability factors, namely gk, (k,) =

To ensure transparency of the noncentrality components, it must be noted that since the
conditional distribution defined in (3.6) was conditioned on k; and ko (relating to the
degrees of freedom n; and ny of variables Y; and Y3) that the noncentrality parameters

0, and 6, refers to the noncentrality of the variables Y; and Y.

Remark 3.1 In this section a bivariate noncentral generalized F distribution was pro-
posed (see (3.7)) by using the compounding method (see (3.5)) after defining a conditional
bivariate generalized F' distribution in (3.6). It is noted here that the same bivariate dis-
tribution (3.7) would’ve been obtained as a joint distribution for Yy and Yo with a trans-

formation approach had the joint pdf of X1 and X5 be the bivariate noncentral genemlized

chi- square distribution as given in (2.15), together with Z ~ x*(m) and Yy = — //”1 and
Y, = 22,
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3.3.2.1 Product moments of random variables

In the following theorem, an expression for the product moments is derived.

Theorem 3.3 If Y1 and Ys are jointly distributed according to (3.7), then the product

moment, i.e. E(Y'Yy), is given by

o - £ S S (000

7!
7=0 k1=0k2=011=012=0

F(n1+g2+m —|—l1—|—l2+/{31+/{32) (ﬂ)—q
3 m

- (F(%+ll+k1)1“(%+l2+k2)l“( )

N9\ ~$ n nyL+m
x(ﬁ) B(s+§+lz+k2,1—+ll+k1—s

ny

2

m
><B(q+ —I—ll+k‘1,§—q—s)

where ny,ng,m,r >0, =1 <& <1, and 01,05 > 0. B(-,-) is the beta function as defined
in Result C.4 with values of argument such that B(-,-) is well-defined.
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Proof. From (3.7), the expected value of Y'Yy is taken (and C' is the value defined in

(3.8)):

E(YY3)

/

X (1 _yl + —312

]Oy y Z Z ZZC k-1 —2+lz+k2 1
0

Jj= =0 ko=01;=012=0

[e=]

) (W+l1+l2+kl+k2)

SN %2 (0
><€ (2) € (2) dyzdyl

k1! k!
c© oo oo j J 9 g Nk P2 g k2 O n
e3P 3 A IRy PSS
koo !
7=0 k1=0 ko2=01;=012=0 0

(e o]

512 _ — (M2 gy ke
></3/2Jr s (1 + Lyt @Zﬁ) o S dyadi
m m
0
0o oo o j i 1 0 k1 _ 0.\ k2
Sy Sy y et G T
]{?2! o)

J=0 k1=0 k2=01,=012=0

P2 R ke

wpS
—~

o0

o0 ni+ng+m
, —( ==+l +l2+kitke
g+ itk —1 s+Z2+lp+ky—1 [ T n1 ( 2 )d d
S Ya —+ =1+ Y Y20y
n2 N2
0

%l gl)lﬂ o

- = 2" % (%) +
; > Z Z ZC (5 k:2!2 B (8+%+l2—|—]€2, n12m+ll+k1— )

1=0 k2=011=01>=0

wpS

dy,

OB SELET A S A Y3 — (B Ry s
m 2 g+l +ki -1 (M Ny (= )
X\ — h -
U N2

which follows by applying Result C.16: setting ov = s + 22 + Iy + ky, p = M2 4 ] 4
lo + k14 ko, and z = 2 + My;. The remaining integral is solved by applying the same
Result C.16: setting then a=q+3+lhi+k,p= "1+m +0li+ ki —s,and z =2 - and
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then, after some algebraic manipulation:

o 4 22;) -2 (%z)kz m\ Rk ke
CIREIID 35 55 95 9 SIcE B
5=0 k1=0 k=0 1;=0 l=0 k! i
Mo ny+m
x B 8+7+l2+k2;T+l1+k1—8
o9} nit+m ni+m
k- itk
gt bkl (N2 T ’ m (B ) d
X Y + Y1
nq T
0
o %L 9_21)k1 e,%z (972)162 m ﬂ+—7;2H+l1+l2+k1+k2
DI o
k‘g! To

7=0 k1=0ko=011=012=0

MIE Ll ki —s
n ny+m n
XB(s+—=4l+ky———+h+k—s) (=2
2 2 Tq

o0

n — (M ke —s)
+5 itk —1 [T
X/y‘f 2 (n—1+y1) dy,

0

D 55 5 35 3) SR A K

j=0 k1: kz 0l1 0l2 0

DI L ot o

MIET Ly k1 —s
n ny+m n
XB(SWZ”W% S ”1”“1‘8)(_2)

m\ 2 n m
X\ — B(Q+—1+ll+k‘1;——q—5)
s 2 2

where nq,ngo,m,r >0, —1 < ¢ <1, and 0,05 > 0. After further simplification, the proof

is complete. |

Remark 3.2 The moments of the random variables can be calculated with above expres-
sion with the aim to investigate the correlation structure for this bivariate noncentral

generalized F' distribution (see Chapter 5).
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3.3.3 Bivariate noncentral compound extended F distribution

By using the pdf in (3.4) and from it define a conditional pdf, a bivariate noncentral
compound extended F distribution can subsequently be obtained using (3.5). To provide
more flexibility, only the case of unequal degrees of freedom will be considered. Similar

as before (see section 2.2.3.1), a conditional central pdf is defined from (3.4).

Description 3.6 Let (Y1, Ys| (K = ki, Ko = ko)) have a conditional bivariate compound
extended F distribution (see (3.4)) with pdf given by

le Yz(y17y2|k17k2)
5t +1 i nytny
ZE:Z: 1(“ﬁ3¢m»“_¢)2
11=012=0 2
y T (W +11+ 129 + kl + kg) (nl)%l""il""kl (@) %2+i2+k2
(% +ii+ k)T (B +ia+ k) T () m

L SR R ST Sy »
< 1 2 PR Hbiitki—1 Z24io+ko—1
(1—1?)

m
hn Yo

X |14+ i + 12
m(1—-)" T I =)

and ny,ng,m > 0, and —1 <~ < 1. The conditional values ki and ko have domain such
that k, > 0, v=1,2. A

*(ﬂ%z+i1+i2+k1+k2>
) , yLy2>0 (3.9)

By substituting (3.9) into (3.5) together with the corresponding Poisson probabilities, an
(unconditional) bivariate noncentral compound extended F distribution can be obtained.

This is described next.

Description 3.7 The joint pdf of Y, and Ys, which represent the bivariate noncen-
tral compound extended F' distribution is proposed by substituting (3.9) in (3.5), with the

following result:

le,Yz(ybyQ)
= (Y1, y2|k1,k2)gK1(k1)9K2(k2)

[ o BENe olNe o]

ST I W

31=012=0 k1=0 ko=0

2

Y1, Y2>0
(3.10)

" (P2 ke fhytintin) - (01)’“1 ~% (92)k2
x | 1+ ( Y1+

m(L =) m (=)
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where

D (% 4+i) T (B +i2) 560 1\t
C = RN YRR YZEE
F(?) 171! F(7) 19: (1—’)/ )
r (n1+7;2+m + i1+ i+ k1 + ]{;2) ny itk N9 2 +ig+ka
x , , ( ) (—) (3.11)
P +atk)D (5 +i+k)I(3)

m m

and ny,ng,m > 0. Again, due to the construction of the noncentrality the Poisson proba-
6w

bility factors, namely gr,(k,) = % v = 1,2, isolates the noncentrality parameters.

A
Remark 3.3 In this section a bivariate noncentral compound extended F distribution
was proposed (see (3.10)) by using the compounding method (see (3.5)) after defining a
conditional bivariate compound extended F distribution in (3.9). It is noted here that
the same bivariate distribution (3.10) would™ve been obtained as a joint distribution for
Y1 and Yy with a transformation approach had the joint pdf of X1 and X5 be the bivariate
noncentral compound extended chi-square distribution as given in (2.21), together with

Z ~ x?(m) and}/l:le/: and Yy = 21

o Z/m

3.3.3.1 Product moments of random variables

In the following theorem, the product moments of the distribution in (3.10) is derived.

Theorem 3.4 If Y] and Ys are jointly distributed according to (3.10), then the product
moment, i.e. E(Y'Y3), is given by

oo o o0

—|— 7 +1 L nitng s
Y(IYS Z Z Z Z 1 (( 22) Z;') 72(21-&-22) (1 _ 72) 12 2 +q+

11=0122=0 k1=0 ko=0

m

ny+ng+m Lo 4k _ s
F( 5 +11 + i+ k + 2)( )<E> fI(%)

X
D (% 4y + k)T (%2 4 ip+ ko) T (2
ny+m

n2 .
x B — ka:
(S+ 9 +Z2+ 2 9

. n . m
+ 11 + k‘l — S) B <(]+71+Z1+k‘1; a—q—s)

where ny,ng,m >0, —1 <y <1, and 61,05, > 0. B(-,-) is the beta function as defined
in Result C.4 with values of argument such that B(-,-) is well-defined.
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Proof. From (3.10), the expected value of Y}?Yy is taken (and C' is the value defined in
(3.11)):

[c o lENe Ol o)

/yfyé Z Z Z Z C itk —1 —2+12+k2 1
0

11=0142=0 k1=0 ko=0

E (YY)

o\

% (1 s y N9 y
1 2
m(1—72) m(1—72)
€ %l (921)k1 € %2 (92)k2

)—<—]—2—" H; +m+i1+i2+k1+k2)

2
TR Rl v
0 00 o0 ﬁl ki _ 02 ko ©9
_ ZZ ZC 3 %1) Ye 7 (9—22) ? yq+%l+i1+k171
ko! !
i1=0142=0 k1=0 ko=0 0
iy — (PR i g R kg )
s+ 2 +ig+ko—1 N9y
X / A ZyUt U2 dyady
m ( m (1 —~?)
0
c© oo o0 oo —1+—2— i1+io+ki+k
-3y zo(m ) I [
- 1
i1=0142=0 k1=0 ko=0 0
00 _(_]_2_” +2 +m+i1+i2+/€1+/€2)
s+72 +ig+ka—1 [ TN
X/Z/Q e < + y1+y2 dy,dy,
0
[
E )" e ()"
k1! k!
00 oo oo _0 9 ki 092 g, k2 ritnotm e bk 4k
_ ZZZZC : -21) < (%) (m(l—%) S
|
11=0142=0 k1=0 k2=0 k2' n2
it —(E? G4k —s)
ny _ m (1 — ~2 n ( 75— Ttk
x/yf+2+1+k1 1( (1—7°)+ 1y1> dys
N2
0
+
x B (5‘|— 9 +Z2—|—]€2, 5 +i1+k1—s )

which follows by applying Result C.16: setting o = s+ %2 4iy+ ko, p = BFH2EM g 4o+

m(1—~? C e . .
ki + ko, and z = m(1i=?) + 29;. The remaining integral is solved by applying the same
ng no

m(l—'y2)
n—1 -

Result C.16: setting then a = g+ % +i1 + ki, p = "1;”” +11+k —s,and z =
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and then, after some algebraic manipulation:

nitno+m
2

. o X X -5 Ql)kl o2 (Qz)’“? m(1—~2) it tia ko
E (YY) ZZZZC & k; ( )

n
11=0142=0 k1=0 k2=0 2

x B (8+72+i2+k2;w

2
o0 ni+m . _(n +m . _
+i1+k1— B 4k
g+ +ir+ki—1 [ T2 R m(1_72) ( 2o S)
X [ Y 71_1 —nl +
0
o0 o0 o0 21. 01 kl 22 02 k‘ 2 m+il+i2+kl+k2
) 3D D) preas 7) 7 (3)" (m(l—v)) 2
|
= ks!

12 kl Okg 0
E1;—m+i1+klfs
m . N9
+ 1 + k‘l — S —
ny

+i1+k71—5>

dy,

na

=0

WB s+ ™ byt by T
2 2

o0 ni+m .

L B 1—~2 7(—12—+11+k175)
i [yarrith <m( 7?) +y1)

ni

0

diy

- yyyy e Gl

i1=0142=0 k1=0 ko=0

e 221" el)kl e,%z (92)k2 m(1—72) ﬁl%zm-l-il-&-iz-&-h—&-kz
( n2 )

B s

=0
ne . ni+m . N2
x B 8+?+12+/€2;T+11+/{31—S —

ny
m(1—~2) 72 n. . m
X m =) B<q+—1+zl+k1;——q—s>
nq 2 2

where ny,n9,m >0, —1 <y < 1, and 0,05 > 0. After further simplification, the proof
is completed. |

Remark 3.4 The moments of the random variables can be calculated with above expres-
sion with the aim to investigate the correlation structure for this bivariate noncentral

compound extended F distribution (see Chapter 5).
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3.4 Distributions of composites

3.4.1 Bivariate noncentral generalized F distribution
3.4.1.1 The probability density function of the product

In this section, the pdf of the product of the components of the bivariate distribution
proposed in (3.6) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W; = Y1Y5.

Theorem 3.5 If Y] and Yy are jointly distributed according to equation (3.6), the pdf of
the conditional distribution of Wi| (K = k1, Ky = k) is given by

fwl(w1|k‘1,k2)

_ iiicwl—(%ﬂ) <%)—(%+%+ll+’“) (%

§=0 1;=015=0

)—(%2+%+l2+k2>

Nog M ny m
Fi | =+—4+ly+ke, —+—+1;+kq; i +lo+ki+ko; 11—
X 9 1<2+4+2+272+4+1+ 13 2 +i1+la+R1+Ka; Ly

where ny,ng,m > 0, —1 < & < 1, and oFy (+,-;+; ) is the Gauss hypergeometric function
(see Result C.7) with ’1 — 4w?:in2‘ < 1. The conditional values ki and ke have domain

such that k, > 0, v = 1,2, and C is the value as given in (3.8).

74

ni1+ns+m+1 m?
nitnytm+1 ) >0



3. BIVARIATE NONCENTRAL F DISTRIBUTIONS
3.4. Distributions of composites

Proof. The Jacobian of the transformation is given by y—12, and thus from (3.6) the joint
pdf of W7 and Y5 is given by

fW1,Y2 (wlu y2‘k17 k2)
1 w

= _le,Yg ( 17y2|k17k2)
Y2 Yy

ny — w
_ 1 Zz ZC’ ( ) 5 Hlitk1 1y;72+l2+k2_1 (1 N nlgj -+ n2y2>
m

— (P2 ke s )

7=0 l1= Olz 0
o ZZZC 2Ly +ky —1 —2+lz+k2 1— (G +h+ki—1)-1
7=0 13=012=0
1 nqwy +n2y§ —(31+—22ﬂ+11+12+k1+k2)
X — — + Y2
Y2 m

o0 J

ZZZC +l1+k1 1 —2—l+l2 li+ko—k1— 1+wﬂ+l1+12+k1+k2

7=0 13=012=0

niwy + noy2
><<11 23/2+y2

— (B g ko )
m )

e ¢) J J n n2+%+2l2+2k2—1

o : : : : : :Cw—zl+l1+k171 Yo

- 1 ni1+no+m
: na, 2 npwy \ 5= Hi+Ha+ki+ka
=0 11=015=0 (222 4 gy 4 2L1) "2

Now, since y, > 0; the pdf of W is given by

fw (w1 kq, k2)

/fwl,Yz (wlv y2‘k17 k‘2)d312

no+3 +2l2+2ke—1

I L P g | Y.
1 1—
= E E E Cw,? 2 — dys
2T 4y otk o

5=0 1=01=0 5 (2203 + g + )
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where this last integral is evaluated using Result C.14: setting p = W—I—ll +lo+ki1+ko,

a:n2+%+212+2k2,a:%,b:%,andc:mﬁl,oneobtains

le (wl‘kh k2)

[ele] J J n m n m
%l+l1+k1—1 Ny —(—22+7+12+k2) niw; —<—21+7+l1+k1)
= E E E Cw, —
m

m
7=013=012=0

2
ni+ngt+m+1 1
i < 2 iy _HQ_H{:Q’ + +l1+k1’ L+ll+12+k’1+k‘2, 1- (-w(1n2n2-)>

2 L
= w —_— —
: ! m m
7=013=012=0
ny+ng+m+1 m?
oy (2 gy, L + g ey A g Ry kg 1 — —
2 4 4 2 WM N2
which completes the proof. |

Description 3.8 Upon taking the pdf in equation (3.12) one can now obtain the (uncon-
ditional) noncentral distribution of W1 = Y1Ys by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (3.5)):

fW1 (wl)
= fw (wik1, k2)gre, (k1) 9K, (k2)

ST ey e ey e

- m
7=0 k1=0 k2=01;=012=0

ni+ng+m-+1 m?
X ol —I— +l2+k2, —I— +l1—|—k‘1, L—l—ll—l—lg—l—k‘l—l-kg; -
2 2 4w1n1n2
% e \kr %2 9o\ ke
e (3) e (3)
X >0 3.13
oy Bl (3.13)
()"
where ny,ng,m >0, =1 <& <1, 01,05 >0, and gk, (k,) = T‘z for v=1,2, and
- mZ] <1 A
wining
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3.4.1.2 The probability density function of the ratio of type I/

Here the pdf of the ratio of type II of the components of the bivariate distribution
proposed in (3.6) is derived. Subsequently the noncentral case is proposed by using the

compounding method (see (1.1)). Let Wy = %

Theorem 3.6 If Y] and Yy are jointly distributed according to equation (3.6), the pdf of
the conditional distribution of Wa| (K1 = k1, Ky = ko) is given by

R 22 L otk 4k
Z Z Z Motk -1 (Wang +mp\ T 2 TR
fW2<w2|k17 k2) == CwQ

m
7=011=012=0

xB (%-Fll—'—lg—'—kl—'—kg,%), wy >0 (314)

where ny,ng,m > 0, and —1 < & < 1. The conditional values ki and ky have domain such
that k, > 0, v = 1,2, C is the value as given in (3.8), and B(-,-) is the beta function as
defined in Result C.4.

Proof. The Jacobian of the transformation is again given by y,, and thus from (3.6) the

joint pdf of W5 and Y5 is given by

Jwova (o, y2lk1, k2) = Yafvive (Waya, y2| k1, k2)

o] J J
Py k1) “F ka1
= ?/25 § E C (ways) 2 Yo

=0 1;=0 Io=0

y (1 n N1WaY2 + N2l
m

)—(W—i—h-&-lz—&-m—i—kz)

e ‘7 ] n ni+n
. C Shtlitki—1 524 otk 4ka—1
= 2.2 > Cu v

§=0 13 =0 l5=0

_ ni+not+m l l k k‘
nyws + Na (72 +litl2+ki+ 2)
X |14+ —7

Y2
m

Now, since y, > 0; the pdf of Wj is given by
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3. BIVARIATE NONCENTRAL F DISTRIBUTIONS
3.4. Distributions of composites

sz(w2\k1,k2) = /sz,Yz(w2>y2‘k1>k2)dy2
0

_l+ 1+k1—

7=011=0102=0
T 1+n2 nytnatm
- i+l +ky +k
= ;n ++lo+ki+ko—1 niwg + No ( 2 1+l2+k1 2)
K b .

0
oo

A2 bk he—1 — (Rt g ok ke - .
Let I = / Yy > (1 + %m*"zyz) (55 ) dys. This integral is

0
simplified by applying Result C.17: setting § = ™M®2E02 -y — Mt 4 [y [y 4+ ky + ko,
)= MR 4 [ 4 ]y + ky + ko, and by substituting the result back, one obtains

o0 ¥ J N
RGN §j§j§jcw§HﬁMI(ﬁﬂziﬁg

m
7=011=010>=0

ny+n m
><B( 12 2+ll+l2+k1+k2,§)

) *(ﬂ¥2‘+11+12+k1+k2)

which completes the proof. |

Description 3.9 Upon taking the pdf in equation (3.14) one can now obtain the (uncon-
ditional) noncentral distribution of Wo = % by substituting the Poisson probabilities and

the corresponding summation operators (stemming from (8.5)):
Swa(w2) = fuw,(walkn, k2)gr, (k1) gre, (k2)

[e%e} e’} [e'e} J J
Moilitk-1 [ MW2 + N
= 2.2 2. 0.0 Cum AL
m

7=0 k1=0ko=011=012=0

xB(m;n2+ll+lz+k1+k2,%)

) —(2%2+l1+12+k1+k2)

o (5)" e (4)"

2 2
k1 ko! ’

x ws > 0 (3.15)

e,iﬂ Oy kv
where ny,ng,m >0, =1 < <1, 01,05 >0, and gk, (k,) = % forv=12. A
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3.4.1.3 The probability density function of the ratio of type /

Here the pdf of the ratio of type I of the components of the bivariate distribution pro-

posed in (3.6) is derived. Subsequently the noncentral case is proposed by using the

Yy
Yi+Ye©

compounding method (see (1.1)). Let W3 =

Theorem 3.7 If Y and Yy are jointly distributed according to equation (3.6), the pdf of
the conditional distribution of Ws| (K1 = k1, Ky = k) is given by

fW3(w3|k1a k‘2)

J

) J , _w3
Z Mgk -1 (g k1) (U Ton T T2
— E § Cw32 1T (1 o w3> ( 5 Hit+ki+ ) w3

) BIER2 11y otk ko
m
=0 11=015=0

XB(nI;n2+l1+l2+k1+k2,%), O<wy <1 (316)

where ny,ng,m > 0, and —1 < & < 1. C is the value as given in (3.8), B(-,-) is the beta
function as defined in Result C.4, and the conditional values ki and ko have domain such
that k, > 0, v=1,2.

Proof. By using Result C.1 and via substitution, the following is obtained:

fW3(w3|k1a k‘2)

[e%) J J ws %l+l1+k171 N1 11_1;3)3 + no ﬂ%z+l1+12+k1+k2 1
=55 5) Sl s L= -RaL i
5=0 1,=0 I=0 3 3
nL+n m
><B< 12 2+ll+l2+k‘1+/{72,§)
o j J " . wy P1E2 L1y otk ke
_ Z Z Z Cw3—21+l1+k1—1 (1- wg)—(%+h+k1+1) (nll—wa ™ n2> ’
: m
7=0 11=012=0
ny + no m
xB +Uh+ o+ ky + ko —
2 2
which completes the proof. |

Description 3.10 Upon taking the pdf in equation (3.16) one can now obtain the (uncon-

Yi
Y1+Ys

ditional) noncentral distribution of W3 = by substitution the Poisson probabilities
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and the corresponding summation operators (stemming from (8.5)):

fws (w3)
= fws(wslky, k2)gx, (k1) g, (k2)

- i i i i i(]w?“”kll (1— ws)*(%l+l1+k1+1) <7”L11MT3+TL2

=0 k1=0 ka=0 11 =0 l2=0

) LI 1y o+

XB(nl_gn2+l1+l2+k1+k2,%) , O<wy<1 (317)

—2 forv=1,2. A

v

E()"
k

where ny,ng,m >0, =1 < <1, 01,0, >0, and gg, (k,) =

3.4.2 Bivariate noncentral compound extended F distribution:

unequal degrees of freedom
3.4.2.1 The probability density function of the product

In this section, the pdf of the product of the components of the bivariate distribution
proposed in (3.9) is derived. Subsequently the noncentral case is proposed by using the
compounding method (see (1.1)). Let W; = Y;Y5.

Theorem 3.8 If Y] and Yy are jointly distributed according to equation (3.9), the pdf of
the conditional distribution of W1| (K = k1, Ky = k) is given by

fwl(w1|k‘1,k‘2)

Z Z + i) T (g + Z2) 2 intiz) (1-+?) bt

11=012=0 (22)7[2!
. I‘(m%zﬂ-'-kl—'—kg—'—il‘f"lé) o) <ﬂ>—% <@>—%
F(%+k1+z’1)1“(%+k2+i2)1“(%) ! m m
+ngtm+l 1—?
X 2F1 + —|—Zg+l€2, —|— +1 1—|—]€1, u"—ll—i‘lg—'—kl—'—/@; 1—M , w1>0
2 4 4 2 4’LU1’I’L1’I’L2
(3.18)
where ny,ng,m >0, —1 <y <1, and oF1 (-, +;-;-) is the Gauss hypergeometric function
_2))?
(see Result C.7) where |1 — % < 1.  The conditional values ki and ko have

domain such that k, > 0, v =1, 2.
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Proof. The Jacobian of the transformation is given by y—12, and thus from ((3.9), with C'
the value defined in (3.11)) the joint pdf of WW; and Y3 is given by

Jwn v (W1, yalki, k)
1 w

= _le,Yg < 1,y2|k:1,k2)
Y2 Yy

_ 1 Z Z o 2 S tinthr—1 y%2+i2+k271 711% + N2Yo + 1
? m(1—72)

,(_1_2_" +7; tm +i1+i2+k1+k2)

Zl 022 0
_ ZZC kg i —1 —2+k2+22 1— (G kiti—1)—1
11=019=0
_ n+n+m+A+.+k+k
<(1)(n1w1+n2y§+ )) (R i ia e ko)
X — T o\ T Y2
Y2 m (1 —~?)
O X ng— n1 nytnotm
. EZC itk — 1y +ig—i1+ke—k1 —1+——52—+i1 +ia+k1 +k2
- 2
11=012=0
niwy + nay; — (R i tia th )
2
(m(l—v?) “’2)
oo 00 n ) n2+%+2i2+2k271
- EZC’le+Zl+kl_l Yo
e 1 " fTneTm +7; 4y io ke ko
11=U 122= imi
( 1 )y2+y2+m(1 ))

Now, since yo > 0; the pdf of W is given by

le ('lU1|k1, k2)

= /fW1,Yz (wh Z/2|k1, k‘z)dyz

[e’e] [e'e] " n2+%+2i2+2k271
. C,w—2l+i1+k1*1 Ya dy
Z . Z . 1 o Hram H; iy oo 2
11=U 19= 1W1
0 (m(l )y2 + Y2 + m(1—~2)
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where this last integral is evaluated using Result C.14: setting p = W+Z’1 +ig+k1+ko,

a:n2+%+2i2+2k2,a:m—({?v—2),b:%,andc— one obtains

—mw
m(1-+2)”

le (wl‘kh k2)
— (4T +i1+h)
)

_ ZZC Mgk — 1( ng >_(n_22+%+i2+k2)( nywi
(1—=72) m (1 —~?

11=012=0
2
ntngtmAl 3
X o Fy ——|— +12—|—]€2, + +1 1+]{31,L+Z1+Z2+/{21+/{32;1——(2)
2 4 4 2 ( winny )
(m(1—42))?
iic (%H)( n )—(%+%+i1+k1)< - )—(%+%+i2+kz)
= w - e R—
P e S m (1 —7?) m (1 —7?)

nitnotmAl m (1-9%))°
x o Py | 24D iy, + TP NN S LA N SR I U ot
2 4 4 2 dwining

P +Z1 ( na _|_7;2) 2(i1+is) 9 njtnotm
_ et i1+ 1— v 2
IR TR
r (7711—&—7;2—&-771 + i1+ 19 + /{31 + kg) ny -1 Uy -1 —(%-‘rl)
X —— ; o ; ( ) (_) Wy
D(%4ip+ k)T (%2 +is+ k) I (%)

m m

ny m nom . ni+ne+m—+1 m (1-~2))
)Py (T2 iy, T Ty L kg 1= A)
2 4 2 4 2 dwining
which completes the proof. |

Description 3.11 Upon taking the pdf in equation (3.18) one can now obtain the (un-
conditional) noncentral distribution of W1 = Y1Ys, by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (3.5)):

fWI (wl)
- fwl(wl\klak2)9K1(k1)ng(k2)

oo o o0

_ Z Z Z Z + 21 (( ;)L;?') 72(:‘1+z‘2) (1 _ 72)

31=012=0 k1=0 ko=0

ni+not+m

m
4

F(WﬂLll-l-Zz‘l'klek?) mTE (2T ()
X o B n : ( ) (_) “1
D(%+iv+ k)T (% i+ k)T (%)

. 2F1< mtnatm+l

o m (1-72))?
ik, ST iyt gy 1A=
2 4 4 2 4w1n1n2

m m

. wp >0 (3.19)
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where ny,ng,m > 0, =1 < v < 1, 01,05 > 0, gk, (ky,) =

'1 ()

4wining

< 1. A

3.4.2.2 The probability density function of the ratio of type I/

Here the pdf of the ratio of type II of the components of the bivariate distribution
proposed in (3.9) is given. Subsequently the noncentral case is proposed by using the

compounding method (see (1.1)). Let Wy = %

Theorem 3.9 If Y] and Yy are jointly distributed according to equation (3.9), the pdf of
the conditional distribution of Wy| (K1 = k1, Ky = k) is given by

fWQ(w2|l€1> k‘2)

_ f: i C,w%ﬂﬁqu NaWz + Ny
: m (1 =)

) PER2 iy tigh o
11=0172=0

x B <n1;—n2+’i1+i2+k‘1+k‘2,%), we > 0 (320)

where ny,ng,m > 0, and —1 < v < 1. C is the value as given in (3.11), B(-,-) is the
beta function as defined in Result C.4, and the conditional values ki and ko have domain
such that k, >0, v =1, 2.

Proof. The Jacobian of the transformation is again given by ¥, and thus from ((3.9),
with C' the value defined in (3.11)) the joint pdf of W5 and Y5 is given by

Jwoyva (W2, y2lk1, k2) = vafviyve (Way2, ol k1, k2)
- ™4 1 2 +ipthe—1
— 30 O (wgyy) L

11=012=0

NaWaY2 + N1Y2
x |14+ 3
m (1 —~2)
o o0
Tk tiy+ky—1 nl;n2+i1+i2+k1+k2—1
= E E Cwy Yo

11=012=0

NoWsg + Ny
X |14+ ———
( m (1 —19?)

)—(—1—2—" +Z tm +i1+i2+k1+k2>

) —(w-l—h-&-iz-&-h-&-kz)

Now, since y, > 0; the pdf of Wj is given by
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sz (w2‘k17 k2)

= /fWZ,Yz <w27 y2|k:1, k2)dy2
0

o0

[ee] [ele] _(nitnotm i i
_ ZZCw%l+i1+k11/ MR Ly tig ki Ak —1 14 nowg + 1y (PP i ia ka2 p
= 2 Y2 m(1_72)92 Ya-
11 =0 i9=
T nping i _ — (a2 G otk
Let [ = /y2 z itttk (1 + %f(ﬂl{%jlyg) (55 rirthith) dys. This integral
0
is simplified by applying Result C.17: setting 8 = %, po= 1302 gy 4y + ky 4 ko,

K= W + 11 + 22 + k1 + ko, and by substituting the result back, one obtains

o oo — (2572 4y +ig+h +ho )
Stirtki—1 (MW + Ty (=3 '
fows (walkn, o) - = Zsz; (m(1—72))

11=012=0

ny+n ) ) m
xB( L 5 2+21+12+k1+k‘2,5>

which completes the proof. |

Description 3.12 Upon taking the pdf in equation (3.20) one can now obtain the (un-
conditional) noncentral distribution of Wy = % by substituting the Poisson probabilities

and the corresponding summation operators (stemming from (3.5)):
Jwe(w2) = fw, (walky, k2) g, (k1) g, (k2)

— Z Z Z Z wa* 1 +h1—1 (:lzzziz_;l)

11=022=0 k1 =0 k2=0

ny+n } . m
x B L 2+Z1+Zz+/€1+k27—
2 2

o1

()" e (4)"

2 2
k1 ko! ’

) *(3%2+i1+i2+k1+k2)

X wy >0 (3.21)

e,i’m 0y kv
where ny,na,m >0, =1 <y <1, 61,0, >0 and gk, (k,) = % for v=1,2. A

3.4.2.3 The probability density function of the ratio of type [

Here the pdf of the proportion of the components of the bivariate distribution proposed in

(3.9) is derived. Subsequently the noncentral case is proposed by using the compounding
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method (see (1.1)). Let W3 =

Y1 +Y2

Theorem 3.10 If Y; and Y, are jointly distributed according to equation (3.9), the pdf
of the conditional distribution of Ws| (K1 = ki, Ko = kg) is given by

1512 iy +igtha +k2)

oo oo ny . - o 5 4 (
11=0122=0

XB(n1;n2+i1+i2+k1+k2,%), O<wy <1 (3.22)

where ny,ne,m > 0, and —1 < v < 1. C is the value as given in (3.11), B(-,-) is the
beta function as defined in Result C.4, and the conditional values ki and ks have domain
such that k, > 0, v =1, 2.

Proof. By using Result C.1 and via substitution, the following is obtained:

R NPT I s R R R 1
k: k _ C 1—ws [
it = 33T (R =

11=012=0 KY)

ny+n ) ) m
><B( 12 2+11+22+k‘1+k2,5)

) ( 1J2rn2 +i1+i2+k1+k2)

_ Z Z C,w:le+i1+k1*1 (1 _ ws)f(%l+i1+k1+1) (n21 w3 +m
11=0172=0 <1 - )

ny+n ) . m
xB( ! : 2+z1+z2+k1+k2,5)

which completes the proof. |

Description 3.13 Upon taking the pdf in equation (8.22) one can now obtain the (uncon-

ditional) noncentral distribution of W3 = by substituting the Poisson probabilities

Y+Y
and the corresponding summation operators (stemming from (3.5)):

fW3 (’LU3)
= fws(wslk1, k2) gk, (k1) gx, (k2)

[ o BENe olNe o]

_ Z Z Z Z Cu, S tig k-1 (1- w3)7(%l+i1+k1+1) (n21<1wi_,:n)l

i1=0142=0 k1=0 ko=0

_% g \k1 %2 g, \k2
nit+ng . . my e 2 (71) €z (?2)
x B ki + ko, —
( 9 + 11 + 12 + K1 + Ko, 2) k‘l' k’g' 5

) *(ﬁl%z+i1+i2+k1+k2)

O<wz<1l (3.23)

where ny,may,m >0, =1 <y <1, 0,05 >0, and g, (k,) = % forv=1,2. A
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3.5 Shape analysis

In this section, a visual representation is given on the forms of the pdfs of the bivariate
noncentral generalized F distribution (see (3.7)), and the bivariate noncentral compound
extended F distribution for unequal degrees of freedom (see (3.10)), and their derived

univariate composites, for arbitrary parameter values.

3.5.1 Bivariate noncentral generalized F distribution
3.5.1.1 The joint probability density function (3.7)

The pdf (3.7) is illustrated here for arbitrary parameter values: n; = 10, ny = 12, and
r = 2. In Figure 3.3, the value of ¢ varies, with #; = 6, = 3, and in Figure 3.4, 6; = 3

remains fixed together with £ = 0.5, whilst 6, varies.

Figure 3.3 fl.t.r., (3.7) for £ = 0.2, 0.5, and 0.7.
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Figure 3.4 flt.r., (3.7) for §; =8, and 0 = 10, 15, and 20.

It is seen that the parameter ¢ has very little influence on the shape of the pdf. It is
observed to marginally result in more spread out contours near the top right of the pdf,
but not other obvious effects are observed. For the change in 65, it is seen that as 65
increases, the pdf becomes more attracted to the axis of the corresponding variable Xo.
Similar as the shape analysis of the analogous bivariate chi-square distribution in Chapter

2, this is to be expected.

3.5.1.2 The composites

For the purposes of this study, the effect of the correlation component ¢ will be considered,
as well as the effect of the noncentrality parameters 6; and 5. In this section specifically,
the univariate distributions of the composites given in (3.13), (3.15), and (3.17), are
considered respectively. Similar as before, n; = 10, ny = 12, and r = 2. In Figure
3.5, 3.6, and 3.7, the value of ¢ varies, with 6; = 0 = 3 (left), and 6; = 3 remains fixed
together with £ = 0.5, whilst 0y varies (right).
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Probability density function of the product
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Figure 3.5 (3.13) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for 0, = 3, and 65 = 5 (blue), 8 (purple), and 11 (green) (right).

Probability density function of the ratio of type I/
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Figure 3.6 (3.15) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).
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Probability density function of the ratio of type [

f(w3) f(ws3)

10+
30+

20+

10+

— | | —ws

1.0~ 0.2 04 0.6 0.8 1.0

Figure 3.7 (3.17) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).

As in the case of the bivariate noncentral generalized chi-square distribution’s composites,
the trend of the changes of £ when considering the distributions of the ratios of type I1
and type I respectively, is observed: as ¢ increases, the pdf of the distribution becomes
more leptokurtic. Again, for the change in 05, it seems that as 65 increases, the variability

of the distributions of the ratios of type /I and type I seem to decrease marginally.
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3.5.2 Bivariate noncentral compound extended F distribution:

unequal degrees of freedom
3.5.2.1 The joint probability density function (3.10)

In this section, the bivariate noncentral compound extended F distribution with unequal
degrees of freedom as given in (3.10) will be considered. The pdf (3.10) is illustrated here
for arbitrary parameter values: n; = 10, ny = 12, and r = 2. In Figure 3.8, the value of
v varies, with #; = f, = 3, and in Figure 3.9, ; = 3 remains fixed together with v = 0.5,

whilst 6, varies.

0

Figure 3.9 flt.r., (3.10) for #; = 3, and 6, = 5, 8, and 11.
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Here it is seen that the parameter v greatly affects the contours of this bivariate distri-
bution, with larger values resulting in these contours being more spread out. For the
change in #,, a similar trend as in Figure 3.4 is observed: as 6, increases, the density

moves away from the axis of variable X; - which is again what is to be expected.

3.5.2.2 The composites

For the purposes of this study, the effect of the extension parameter v will be considered,
as well as the effect of the noncentrality parameters #; and 5. In this section specifically,
the univariate distributions of the composites given in (3.19), (3.21), and (3.23), are
considered respectively. Similar as before, n; = 10, ny = 12, and r = 2. In Figure 3.10,
3.11, and 3.12, the value of ~ varies, with 6, = 0, = 3 (left), and #; = 3 remains fixed
together with £ = 0.5, whilst 0, varies (right).

Probability density function of the product
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100 200 300 400 500 600 700 200 400 600 800

Figure 3.10 (3.19) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 6, = 5 (blue), 8 (purple), and 11 (green) (right).
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Probability density function of the ratio of type I/
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Figure 3.11 (3.21) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 5 = 5 (blue), 8 (purple), and 11 (green) (right).

Probability density function of the ratio of type [

f(ws) fws)
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Figure 3.12 (3.23) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 05 = 5 (blue), 8 (purple), and 11 (green) (right).

Similar trends as the generalized case (see section 3.5.1.2) is observed in the changes of
~ when considering the distributions of the ratios of type II and type I respectively;

however, the converse holds: as 7 increases, the pdf of the distribution becomes more
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platykurtic (similar to the compound extended case for the corresponding distributions
in Chapter 2). Also, for the change in 65, it seems that as 0, increases the variability of

the distributions of the ratios of type I1 and type I again seem to decrease marginally.
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3.6 Conclusion

In this chapter, fresh contributions to the bivariate noncentral distribution literature were
made in the form of bivariate noncentral F distributions. The approach was similar as
that of Chapter 2, as illustrated in the roadmap of Chapter 3 in section 3.3. A brief dis-
cussion was given of the existing univariate noncentral F distribution and was observed
to be similar as that of the chi-square distribution (see section 2.1.1, property 2.3 and
section 3.1.1, property 3.1). In light of these similarities, two bivariate central F distri-
butions were derived first via a transformation approached, the bivariate generalized F
distribution, and the bivariate compound extended F distribution from their respective
chi-square counterparts (from Chapter 2). Subsequently, conditional versions of these
bivariate F distributions were defined, from where it was proceeded to obtain their cor-
responding unconditional distributions — which is equivalent to their bivariate noncentral
F distributions (see Remark 3.2 and Remark 3.3). See Figure 3.13 which displays the
mathematical construction of the new bivariate F distributions. Finally, distributions of
composites were derived as discussed in Chapter 1, and the shape analysis of both newly

obtained bivariate noncentral F distributions and their respective composite distributions
followed.

Mathematical construction of the bivariate
noncentral F distributions

a. (Xq,X;) ~ bivariate -
generalized x * (section a.(Y4,Y;) ~ bivariate
.3) generalized F (section

a. (Y1, Y2|ky, ky) ~ conditional
bivariate generalized F

- 322) b. (Y4, Y2|ky, kz) ~ conditional
b. (X1, X;) ~ bivariate o bivariate compound extended
compound extended y b.(¥4,Y3) ~ bivariate Iy
(section 2.2.4) = compound extended
F (section3.2.3) with K~ Poi(%),i=1,2
with Z ~ x2(m) .

a. (X1, X,) ~ bivariate
noncentral generalized x * -
(Remark3.1) a. (Y4,Y;) ~ bivariate noncentral

generalized F (section3.3.2)
b. (X1, X3) ~ bivariate
noncentral compound extended b. (Y4,Y;) ~ bivariate noncentral
X % (Remark3.3) compound extended F (section 3.3.3)

with Z ~ y?(m)

Figure 3.13 Summary of the mathematical construction of the bivariate

noncentral F distributions in this study.
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Chapter 4

Application

4.1 Introduction

In this chapter, a possible application of some results from Chapter 3 is presented and
discussed.  As mentioned in Chapter 1, the bivariate F distribution has known ap-
plications in meteorology and hydrological processes (see Nadarajah (2008)), and an
application is demonstrated here for some results obtained in this study. The data
used is drought data from the state of Nebraska, USA, obtained freely from the web-
site http://lwf.nede.noaa.gov.oa/climate/onlineprod /drought /rmgrg3.html, which consists
of drought- and nondrought duration (in months) for eight climate divisions of Nebraska
from January 1895 to December 2004. Nadarajah (2008) showed that a bivariate F distri-
bution is suitable for modeling this data - in this dissertation, the analysis is extended to
allow for the more flexible bivariate F distributions such as the bivariate noncentral gen-
eralized F distribution; and the bivariate noncentral compound extended F distribution.
Specifically, some composite distributions will be fitted to the data and subsequently be

compared to each other.
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4.1.1 Description of the data
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Figure 4.1 Climate divisions of Nebraska, USA.

Nebraska is one of the fifty states of the United States of America (USA), and is a member
state of the Midwestern United States (as defined by the United States Census Bureau)
— which is one of the four main US geographic regions. The state itself is divided into
eight climate divisions - as depicted by Figure 4.1 (there is no defined fourth division).
Considering the state as a whole, Nebraska is considered to have two major climate
divisions: the eastern half of the state has a humid, continental climate (i.e. divisions 3,
6, and 9), and the western half of state which has a semi-arid climate (i.e. divisions 1, 2,
and 7). Overall, it is known that the entire state encounters wide seasonal changes in

temperature and precipitation throughout the year.

Due to these known differences between the climate divisions from the eastern- and
western half of the state, one would expect the number of dry months between, say,
division 1 and division 9, to be independent from each other. This is mainly attributed
to the fact that these divisions fall within different climate regions, each with their own
climatic structure. This is under the assumption that Y; = number of dry months
for division 1, and Y5 = number of dry months for division 9, is jointly distributed
according to either of the bivariate noncentral F distributions under consideration. It is
intended to show that the correlation component in the bivariate noncentral generalized
F distribution’s considered composite (see (3.15)), as well as the extension parameter in
the bivariate noncentral compound extended F distribution’s corresponding considered

composite (see (3.21)) will exhibit this independence in the estimation of the parameters,
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by being negligibly small. The divisions that will be considered for this purpose are
regions 1 and 7, and 1 and 9.

Furthermore, letting ¥Y; = number of dry months of division ¢, and Y; = number of
nondry months of division ¢, the distribution of W5 would give an indication of the degree
of dryness experienced by the division in question — if W5 > 1, it inherently implies that
Y > Y5, or rather, that the division seems to statistically exhibit more dry months than

otherwise. This is investigated for divisions 1, 2, and 8.

4.1.2 Model description and parameter estimation

The distributions of particular interest here are the following cases:

1. the ratio of drought duration of division ¢ to drought duration of division s (13)
= drought duration of division ¢ / drought duration of division s <E %) (t =1,
s=17,9).

2. the ratio of drought duration of division ¢ to nondrought duration of division %
(W3) = drought duration of division ¢ / nondrought duration of division ¢ <E %)
(t=1,2,8).

By using the method of maximum likelihood for estimation of the parameters, the para-
meters of the distributions of W5 was calculated for the described cases 1 and 2. Thus,
the log-likelihood function is required - due to the nature of the pdfs whose parameters are
to be estimated, the log-likelihood function does not simplify to a convenient optimizable

function; see (3.15). For instance:
L(ma r, ga 017 62)

= Zln(fm(wm))
—l+11+k1 1 [ Nowsg,+N1
SDID N NN TS C

)(—1—2” T2l otk +h2 )
= 7=0 k1=0 ko=011=012=0

() ()"

kq! ko

x B (n1;n2+ll+lz+k1+k2, %) c

Regardless, the required log-likelihood functions were optimized by using the SAS/IML
call nlpnra - this call finds the maximum value of the provided function via a Newton-
Rhapson algorithm. All parameters except £ and -y needed to be positive (where —1 < ¢ <

1 and —1 < v < 1), and this nlpnra call provides for user-defined parameter constraints.
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Finally, the fitted distributions were compared according to the different distributions for
W, fitted per climate division, according the the AIC' (Akaike Information Criterion) of

the fitted distribution. This criterion is computed as
AIC = 2d — 21n(likelihood)

where d is the number of estimated parameters, and (likelihood) is the value of the
log-likelihood function evaluated at the maximized parameters. When two models are

compared with this criterion, the model with the smaller AIC is said to be preferable.

4.2 Fitted distributions: results

For the ratio of drought duration of division 1 to drought duration of division 7 and 9, the
data was fitted to the distributions given in (3.15) and (3.21) respectively by using the
above mentioned call in SAS/IML (code in the Appendix). Afterwards, the corresponding
pdfs were drawn by substituting the parameter estimates into (3.15) and (3.21). These
pdfs are given in Figures 4.1 and 4.2. Note that the parameters n; and ny was assumed

to be known as it corresponds to the respective sample sizes, and was not estimated.

Climate division

Parameter estimates || 1, 7 1,9

nq 82 74

N9 82 74

m 19.548878 20.004631

7 7.8525326 7.2786409

3 1.271 x 1078 | —8.42 x 1078
6, 1.997 x 10717 || 1.642 x 1077
0, 0.2914278 3.8882968
AIC 2361.257 2352.4459

Table 4.1 Parameter estimates of W5, (3.15) for case 1
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Climate division
Parameter estimates || 1, 7 1,9
ny 82 74
No 82 74
m 19.989758 19.134776
o —0.000178 2.466 x 1078
0, 3.375 x 1077 || 6.91 x 10717
02 0.2911099 3.0481582
AIC 2358.9257 2345.5089

Table 4.2 Parameter estimates of Ws, (3.21) for case 1

By considering the parameters, one immediately picks up that both the correlation com-
ponent in (3.15) and the extension parameter in (3.21) is negligibly small. The expected
independence mentioned in section 4.1.1 seems to be confirmed by these results. When
considering at the AIC as criterion to compare models, it is seen in both cases that the
distribution of W5 under (3.21) yields a marginally better fit than that of the distribution
of W5 under (3.15). The estimated pdfs of these distributions are given below. The
graph of the distribution of ((3.21) - blue) neglects to sufficiently highlight the long tails
of this distribution.

f(wy)
100 +

80
60t
40t

20+

= Wy
0.5 1.0 1.5 2.0

Figure 4.2 Estimated distribution of climate division 1 and 7 for W5 - (3.21) (blue)
and (3.15) (purple).
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Figure 4.3 Estimated distribution of climate division 1 and 9 for W5 - (3.21) (blue)
and (3.15) (purple).

It is observed that the main difference between these two figures is the peakedness of the
pdfs for both the generalized- and compound extended cases. In both cases, the model
fit under the compound extended distribution is preferred (blue line), as a result from

the AIC comparison.

Consider now, under the compound extended model (i.e. the preferred model, (3.21))
and for the comparison between division 1 and division 9, the value of P (W) > 1) =
1-P(Wy<1)=1-P (% < 1). This value is calculated, using the package Mathematica,
as P(Wy>1) =1—-P(Wy < 1) =1—0.468634 = 0.531366. This translates to the
probability that division 1’s drought duration will be more / longer, than that of division
9 - which seems reasonable considering that division 1 falls within the arid climate of the
state, whereas division 9 does not. This corresponds with the geographical outlay of the

divisions as described in section 4.1.1.

In the second considered case (drought versus nondrought duration), the parameter es-
timates are given below in Tables 4.3 and 4.4. By substituting these estimates into
equations (3.15) and (3.21) respectively, the corresponding pdfs were drawn and is given
(Figures 4.4 to 4.6). Note again that the parameters n; and ns is assumed known as it
corresponds to the respective sample sizes, and was not estimated. In addition, it is noted
that Nadarajah (2008) used a pooled sample of the data after a test of homogeneity of the
estimated parameters across all climate divisions - whilst such a test could be conducted
here, it falls outside the scope of this dissertation, and the data will be considered within

its respective climate divisions, and examined as such.
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4.2. Fitted distributions: results

Climate division
Parameter estimates | 1 2 8
ny 84 67 76
No 84 67 76
m 20.00713 20.057935 19.999673
7 2.880700 4.0048911 9.2246327
¢ —8.314 x 1078 | 1.7786 x 1078 | —2.44 x 108
0, 3.518 x 10717 | 4.73 x 10717 | 2.949 x 10~17
0, 2.7391218 2.2691616 4.4891381
AIC 3562.96 2317.6171 3071.0484

Table 4.3 Parameter estimates of W5, (3.15) for case 2

Climate division
Parameter estimates | 1 2 8
ny 84 67 76
No 84 67 76
m 19.75478 20.023679 19.995659
o —9.095 x 1078 | —1.924 x 1078 | —1.336 x 1077
0, 1.681 x 10718 | —6.66 x 10717 | 4.304 x 10717
0, 3.581955 2.856712 5.6915757
AIC 3561.63 2315.9189 3054.5989

Table 4.4 Parameter estimates of W5, (3.21) for case 2
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noncentral compound extended F distribution is suitable for modelling the data.

It is seen that when W is fitted to this data, the distribution under the bivariate noncen-
tral compound extended F distribution yields a marginal better fit in terms of the AIC.
Since these values of the AIC are so similar one might be tempted to infer that either dis-

tribution of W5, under bivariate noncentral generalized F distribution or under bivariate

This,

in essence, is true - but when considering a parsimonious approach, the model with less
parameters is preferable. In this case, it is W5 under the bivariate noncentral compound
extended F distribution - also having a lower AIC. The estimated pdfs of these distribu-
tions are given below. Again, the graph of the distribution of ((3.21) - blue) neglects to
sufficiently highlight the long tails of this distribution.
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Figure 4.4 Estimated distribution of climate division 1 for W5 - (3.21) (blue)
and (3.15) (purple).
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Figure 4.5 Estimated distribution of climate division 2 for W5 - (3.21) (blue)
and (3.15) (purple).
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Figure 4.6 Estimated distribution of climate division 8 for W5 - (3.21) (blue)
and (3.15) (purple).

As before, the most notable change in the form of the distributions for these different
climate divisions, is the peakedness of the distributions. As illustrated in section 3.5.1.2
and section 3.5.2.2, the observed distributions of this composite in both the generalized-

and compound extended case is skew.

Again, consider the compound extended model (i.e. the preferred model, (3.21)) for
division 8, the value of P(Wy >1) =1 —-PWy < 1) =1—-P (% < 1>. This value
is calculated, using the package Mathematica, as P(Wy >1) =1 - P(Wy < 1) =1 —
0.508195 = 0.491805. By considering the construction of the variables for case 2, this
translates to the probability that division 8’s drought duration will be less / shorter, than
that of its nondrought duration. This seems to be a reasonable finding since division 8
lies more to the east of the state - i.e. lies more toward the humid / continental climatic

side of the state, therefore resulting in less drought-ridden months than otherwise.
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Chapter 5

Conclusions

5.1 Overview

In this dissertation, a well-known method was used to obtain bivariate noncentral dis-
tributions, namely the compounding method. This method has been used to a limited
extent in literature to achieve a noncentral distributional goal, but to the author’s knowl-
edge, this study is the first to structure the literature in a compounding way (thus, by
defining some conditional distribution which is subsequently unconditioned) which pro-
vides valuable insight to the construction of bivariate noncentral distributions. Thereby
great value has been added to the distribution theory literature by not only presenting
some alternative representations of existing bivariate noncentral distributions (such as
the bivariate noncentral generalized chi-square distribution), but also with the addition
of some new bivariate noncentral distributions (such as the bivariate noncentral com-
pound extended chi-square distribution and their corresponding bivariate noncentral F
distributions). Furthermore, important distributions of composites have been derived

and graphically presented.

Chapter 1 presented a motivation for this study where a gap in the literature was
identified in terms of identifying elegant constructions of bivariate noncentral distributions
via the compounding method. A brief overview was given of currently relevant literature

in terms of bivariate- and noncentral distributions.

In Chapter 2, the bivariate noncentral distribution took form by introducing noncen-
trality in Poisson probability form. An overview of two univariate noncentral chi-square
distributions was presented, where the systematic structuring initially identified as an
aim was achieved by rephrasing known distributions in terms of conditional (compound)
central distributions, and thereafter unconditioning with Poisson probabilities as the com-

pounding factors to obtain the corresponding noncentral distribution (see (1.1)). This

104



5. CONCLUSIONS

5.2. Future directions

was extended to each of the respective chi-square distributions’ bivariate cases, by first
identifying the central cases, then defining the central case as a conditional distribution,
and finally unconditioning this distribution to obtain the bivariate noncentral distribution
with Poisson probabilities as the compounding factors (see Description 2.10). Each of
the considered bivariate noncentral distributions’ mgf was determined which can be used
in future to obtain the moments required to investigate the correlation structure. Sub-
sequently the univariate distributions of the composites as described in Chapter 1 were
derived for each of the two bivariate noncentral chi-square distributions. The obtained
bivariate noncentral pdfs, together with their respective composite pdfs were visually

illustrated for different parameter values.

Next, in Chapter 3, a brief reminder was given of the univariate noncentral F distri-
bution, and also showed that its construction is of a compounding nature. Subsequently
corresponding bivariate F distributions were derived from their bivariate chi-square coun-
terparts in Chapter 2. A similar approach as in Chapter 2 followed where these newly
obtained bivariate central F distributions were defined as conditional distributions, and
then the corresponding unconditional distribution was obtained with Poisson probabili-
ties as compounding factors which is equivalent to its bivariate noncentral F distribution
(see Description 3.3). Expressions for the product moments for both obtained bivariate
noncentral distributions were derived, and can be used in future to obtain the required
moments to investigate the correlation structure. Again, the univariate distributions of
the composites as described in Chapter 1 were derived for both bivariate noncentral F dis-
tributions and the pdfs of the bivariate noncentral F distributions and its corresponding

composites were visually illustrated for different parameter values.

To highlight the use of some the newly obtained results, Chapter 4 saw the application

of certain composite distributions from Chapter 3 to real data.

In final conclusion, this study contributed to the field of bivariate noncentral distrib-

utions using the compounding method.

5.2 Future directions

Future research in this field can be undertaken in a variety of ways. One of these
is to possibly extend the bivariate noncentral distributions to multivariate noncentral
distributions via the compounding method. Other bivariate models (such as the bivariate
F distribution as considered by Nadarajah (2008), or other bivariate gamma models) could
also be investigated and extended to their noncentral counterparts via this compounding

method. Futhermore, the statistical properties (expected values, variances, regression
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equations, correlation structures, information criteria such as Rényi and Shannon entropy)

of the obtained results in this study could also be investigated.
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Figures

Figure 1.1
Figure 2.1
Figure 2.2
Figure 2.3
Figure 2.4
Figure 2.5
Figure 2.6
Figure 2.7
Figure 2.8
Figure 2.9
Figure 2.10

Figure 2.11

Figure 2.12

Outline of this study.

The basic elements of the noncentral chi-square distributions in this study.

Diagram of core concepts of Chapter 2 - section 2.3.

flt.r., (2.15) for £ =0.2, 0.5, and 0.7.

flt.r., (2.15) for §; = 3, and 0, = 5, 8, and 11.

(2.23) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

(2.25) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

)
and for #; = 3, and 03 = 5 (blue), 8 (purple), and 11 (green) (right).
(

and for #; = 3, and 65 = 5 (blue), 8 (purple), and 11 (green) (right).

)
(2.27) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

and for #; = 3, and 03 = 5 (blue), 8 (purple), and 11 (green) (right).

flt.r., (2.21) for v = 0.2, 0.5, and 0.7.
flt.r., (2.21) for 6; = 3, and 0y =5, 8, and 11.
(2.35) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

and for 6; = 3, and 0, = 5 (blue), 8 (purple), and 11 (green) (right).

(2.37) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green

)

( (

) ) (left),

and for #; = 3, and 03 = 5 (blue), 8 (purple), and 11 (
) )

( (

(2.39) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

and for #; = 3, and 65 = 5 (blue), 8 (purple), and 11 (green) (right).
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Figure 3.1
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Figure 3.5
Figure 3.6
Figure 3.7
Figure 3.8
Figure 3.9
Figure 3.10
Figure 3.11
Figure 3.12
Figure 3.13
Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4

Figure 4.5

Figure 4.6

The basic elements of the noncentral F distribution in this study.
Diagram of core concepts of Chapter 3 - section 3.3.
flt.r., (3.7) for £ = 0.2, 0.5, and 0.7.
flt.r., (3.7) for #; = 8, and 5 = 10, 15, and 20.
(3.13) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 05 = 5 (blue), 8 (
(3.15) for £ = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 65 = 5 (blue), 8 (
(3.17) for £ = 0.2 (blue), 0.5 (purple),
and for #; = 3, and 03 = 5 (blue), 8
fl.t.r., (3.10) for v = 0.2, 0.5, and 0.7.
flt.r., (3.10) for §; = 3, and 0, = 5, 8, and 11.
(3.19) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
and for #; = 3, and 65 = 5 (blue), 8 ( (
(3.21) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),
( (
); )

and 0.7 (green) (left),

and for #; = 3, and 03 = 5 (blue), 8

(3.23) for v = 0.2 (blue), 0.5 (purple), and 0.7 (green) (left),

and for #; = 3, and 65 = 5 (blue), 8 (purple), and 11 (green) (right).

Summary of the mathematical construction of the bivariate

noncentral F distributions in this study.

Climate divisions of Nebraska, USA.
Estimated distribution of climate division 1 and 7 for W5 - (3.21) (blue)
and (3.15) (purple).
Estimated distribution of climate division 1 and 9 for W5 - (3.21) (blue)
and (3.15) (purple).
Estimated distribution of climate division 1 for W5 - (3.21) (blue)
and (3.15) (purple).
Estimated distribution of climate division 2 for W5 - (3.21) (blue)
and (3.15) (purple).
Estimated distribution of climate division 8 for W5 - (3.21) (blue)
and (3.15) (purple).
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B. Abbreviations and notation

pmf probability mass function

pdf probability density function

mgf moment generating function

T; observation from random variable X;
n; size of sample ¢

0; noncentrality parameter of variable X;
L mean of variable U;

r additional parameter

13 correlation component

¥ extension parameter

identical distributions

gk (k); hy (i)  pmf of random variables K and I respectively
fx(z) pdf of random variable X
Mx(t) mgf of random variable X

Ix,.x,(21,22) joint pdf of random variables X; and X,

Myx, x,(t1,t2) joint mgf of random variables X; and X,

I'(v) Gamma function

B(-,) Beta function

(); Pochhammer coefficient

+Fs Hypergeometric function with parameters r and s
K. (+) Modified Bessel function of the second kind

Ly () Laguerre polynomial of degree j
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C. Special functions and results

Result 1 Transformation result for composite W3 = Xl)ile

It Wy = ﬁ, and Wy = %, then Wy = 1TWV%3 Furthermore, the Jacobian of the
transformation is given by Z—g; = (1_31)3)2, and it follows that
ws dU)Q

ws) = —. C.1

o () = fn, (2 ) G2 ()

Result 2 (Bain & Engelhardt (1992), p. 206)

For a transformation of k variables y = u(x) with a unique solution =z = (z1, xs, ..., 1),
the Jacobian is the determinant of the k x & matrix of partial derivatives:

Oy1  Oyo Oy

% . .
J=| 9n

Oz Oz

dyr 7 Oy

Result 3 (Gradshteyn & Ryzhik (2007), p.892; p.897, eq. 8.810.1)

The gamma function, denoted I" () , is defined as

(e o]

IN'a)= /e‘x:va_ldx, (C.2)
0
where Re () > 0.

Result 4 (Gradshteyn & Ryzhik (2007), p.908; p.909, eq. 8.380.1)

The beta function, denoted B («, 3), is defined as

where Re (a) > 0, Re (8) > 0.
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Result 5 (Mathai (1993), p.96)

The Pochhammer coefficient is defined as

T'(a+7)

(@), =ala+1)...(a+j—1)=

where j =1,2,..., (o) =1, « # 0, Re (o) > 0, Re(av+j) > 0 and I' (-) is the gamma
function (see Result C.2).

Result 6 (Mathai (1993), p.96)

The hypergeometric series with r upper parameters and s lower parameters is defined as

o0

a); xl
Fo(ag, ... a0, .. , (C.6)
! JZ 5) J!

where (a); is the Pochhammer symbol (and where B(-, -) is the beta function (see Result

C.5).
The following holds for the series:

(i) if any «y, © = 1,...7, is a negative integer or zero the series terminates and , F}
becomes a polynomial in = provided none of 5,, k = 1,...,s, is zero or a negative
integer;

(i) if any 8, k = 1,...s, is zero or a negative integer then the series is not defined
unless there is an «;, ¢ = 1, ... r, such that (o) i becomes zero first. That is, suppose
a; and 3, are two negative integers such that («;), =0 for £ > j and (), = 0 for
¢ >n. Then in order for ,.F§ to be defined j must be less than n;

(iii) the series converges for all z if r < s and for |z| < 1if r=s+1;
(iv) the series diverges for all z, x # 0 for r > s + 1;

(v)ifr=s+1 and |z| = 1, the series is absolutely convergent if Re () < 0 where

v = Za] Zﬁj, divergent if Re () > 1; and if r = s+ 1 and |z| =1, = # 1, the
=1
serles is conditionally convergent if 0 < Re () < 1.

e A special case of this function used in this dissertation is the Gauss hypergeometric

function: . ‘
2F1 ,6,§Zlf Z Jg . 9 |l"<1 (07)
7=0
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e The series expansion of e, as well as the binomial series, can be written as a special

case of Result C.6:
OFO(,x):ZFZG, (C.8)
=0
and -
Fo(Gx) = Z (a)j:cj =1-2)", |z|<1 (C.9)
1o Go) = Fi ) : .
=0
Result 7 (Gradshteyn € Ryzhik (2007), p. 917, eq. 8.432.3)
The modified Bessel function of the second kind is defined by
(z l ¥
K.(z)= :) 12 /ez"” 2 —1) 3y (C.10)
T(7+3)
1
for Re(T + 3) > 0, |arg z| < Z; or Re(z) = 0 & Re (1) = 0.
Result 8 (Gradshteyn & Ryzhik (2007), p. 368, eq. 3.471)
o] e B %
/:UT ey = 2 (;) K, (2\/57) (C.11)
0
for Re(8) > 0,Re(y) > 0.
Result 9 (Gradshteyn & Ryzhik (2007), p. 346, eq. 3.381.4)
8—-1 o i
/ d:c_aﬁl“(ﬁ) (C.12)
0
for o, B > 0.
Result 10 (Kotz et. al. (2006a))
The j* generalized Laguerre polynomial is given by
Z m ! (C.13)
Lj — gl F'(n+1+ 1) '

such that n > —1.
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Result 11 (Prudnikov et. al. (1986a), p. 309, eq. 2.2.9.7)

o0

« o o) & 1 b?
dv =a"2c27" 3F) -1 —-— C.14
/ax2+2bx+0) rearer e <2,,0 PR ac) (C.14)
0

where a > 0, b? < ac, and 0 < Re(a) < 2Re(p).

Result 12 (Prudnikov et. al. (1986b), p. 462, eq. 2.19.3.3)

- TA+n+1)(p—0)"
/:c’\e PEIA (cx) do = PR (C.15)

0
where Re(p) > 0 and Re(\) > —1.

Result 13 (1. Prudnikov et. al. (1986a), p. 298, eq. 2.2.4.24; 2. Gradshteyn & Ryzhik (2007),
p. 315, eq. 3.194.8)

(1) provides the following integral relation:

/ - sdr = 27" B(a, p — ) (C.16)

where |argz| < m and Re(p) > Re(«) > 0, and where B(-,-) is the beta function (see
Result C.4). A similar result is found in (2):

/1+5 =dr = [7"B(u, k — 1) (C.17)
0

where |arg 8| < 7 and Re (1) > Re (k) > 0.
Result 14 (Bain & Engelhardt (1992), p. 268)

A random variable X is said to follow a chi—square distribution with n degrees of freedom,
denoted by X ~ x?(n), if X has pdf

Feo) =2 a0 19
= m s > .
RSN ON
where n > 0, and where B(-,-) is the beta function (see Result C.4). The mgf of X is
given by .
Mx(t)=(1-2t)"2. (C.19)
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Result 15 (Bain & Engelhardt (1992), p. 276)

A random variable Y is said to follow an F' distribution, denoted by Y ~ F'(ny,ng), if Y’
has pdf

) R )
fy(y) = W <n_2) Y2 <1 + n—2y) , y>0 (C.20)

where ny,n2 > 0, and where B(+, ) is the beta function (see Result C.4).
Result 16 (Bain & Engelhardt (1992), p. 101)

A random variable [ is said to follow a negative binomial distribution, denoted by I ~
NB (y2,n), if I has pmf

imo:——rfwfyu—f),izaLzau (C.21)

where 42 > 0,n > 0.
Result 17 (Bain & Engelhardt (1992), p. 104)

A random variable K is said to follow a Poisson distribution, denoted by K ~ Poi (0), if
K has pmf

e~ 00"
where 6 > 0. The expected value of this distribution is such that E(K) = 6, and the
terms "expected value" and "parameter" are used interchangeably.

k=0,1,2,3.. (C.22)
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D. Computer programs

Maximum likelihood estimation in SAS/IML
For ratio of type /] (eq. 3.15)

options nodate pageno=1 ps=5000 1s=96; footnote; title;
title ’MLE Estimation for W2 - Generalized F composite - Div. 1 & 9’;
proc iml; **EQUATION 3.13;
use sasuser.divil;
read all into datal;
datal = datal[3:nrow(datal) ,ncol(datal)-2:ncol(datal)];
use sasuser.div7;
read all into data2;
data2 = data2[3:nrow(data2) ,ncol(data2)-2:ncol(data2)];
x1 = datall,3]; * drought for first division;
x2 = data2[,3]; * drought for second division;

w2 = x1/x2;

nl = nrow(w2);
n2 = nil;

thres = 30;

*Define likelihood function;

start logl(par) global(w2,thres,nl,n2);
eksi = par[1];

thetal = par[2];

theta2 = par[3];

T = par[4];
m = par[5];
dens = j(n1,1,0);

poissl = exp(-thetal/2) * exp(-theta2/2) ;
do index = 1 to nil;
val = 0;
w2val = w2[index,1];
do i = 0 to thres;
do k1 = 0 to thres;
do k2 = 0 to thres;
do 11 = 0 to 1i;
do 12 = 0 to i;
const = eksi**(2%i) * comb(i,11) * comb(i,12) * (-1)**x(11 + 12)
*x gamma(r/2 + i)/gamma(r/2) / fact(i)
xgamma( (nl1 + n2 + m)/2 + k1 + k2 + 11 + 12)
/ (gamma(nl/2 + k1 + 11)* gamma(n2/2 + k2 + 12) * gamma(m/2))
*(n1)**x(n1/2 + k1 + 11) * (n2)**x(n2/2 + k2 + 12);

poiss2 = (thetal/2)**kl / fact(kl) * (theta2/2)*xk2 / fact(k2);
betav = beta(nl/2 + n2/2 + 11 + 12 + k1 + k2,m/2);
variab = w2val*x(ni1/2 + k1 + 11 - 1)
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* (w2val*nl + n2)**x(-1x(nl/2 + n2/2 + k1 + k2 + 11 + 12));
val = val + const*betav*variab*poissl*poiss2;
end; *12;
end; *11;
end; *k2;
end; *ki;
end; *i;
dens[index,1] = val;
end; *index;
lg = log(dens);
v = 1gl[+];
return(v) ;
finish logl;
*Calculate ML estimates;
par = {0.1 2 2 4 20}; *initial values;
optn = {1 1}; *options for optimization procedure;
{-1 0000,
1. . . .}
call nlpnra(rc,xr,"logl",par,optn,con);
xr =nl// n2 // xr;
row = {"n1" "n2" "eksi hat" "thetal hat" "theta2 hat" "r hat" "m hat"};
if rc>0 then print xr[r=row label=’ML Estimates for model:’];
else print ’Algorithm does not converge’;
akaike = 2x(nrow(xr)-2) - 2*nllg;
print akaike[label=’AIC for this model, given this data:’];
run;
quit;

con

For ratio of type I1 (eq. 3.21)

options nodate pageno=1 ps=5000 1s=96; footnote; title;
title ’MLE Estimation for W2 - Compound Ext F composite - Div. 1 & 7’;
proc iml;
use sasuser.divil;
read all into datal;
datal = datal[3:nrow(datal) ,ncol(datal)-2:ncol(datal)];
use sasuser.div7;
read all into data2;
data2 = data2[3:nrow(data2) ,ncol(data2)-2:ncol(data2)];
x1 = datal[,3]; * drought for first division;
x2 = data2[,3]; * drought for second division;

w2 = x1/x2;

nl = nrow(w2);
n2 = nil;

thres = 30;
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*Define likelihood function;

start logl(par) global(w2,thres,nl,n2);
gam = par[1];

thetal = par[2];

theta2 = par[3];

m = par[4];

dens = j(n1,1,0);

gamsq = gamx*2;

poissl = exp(-thetal/2) * exp(-theta2/2) ;

do index = 1 to nil;
val = 0;
w2val = w2[index,1];
do il = O to thres;
do i2 = 0 to thres;
do k1 = 0 to thres;
do k2 = 0 to thres;
const = gamma(nl/2 + il) * gamma(n2/2 + i2)
/ (gamma(nl/2) * fact(il) * gamma(n2/2) * fact(i2))
*x gamsq** (11+i2) * (1-gamsq)**(-1*(i1+i2+k1+k2))
xgamma( (nl1 + n2 + m)/2 + k1 + k2 + il + i2)
/ (gamma(nl/2 + k1 + il) * gamma(n2/2 + k2 + i2)*gamma(m/2))
*(nD)*x(n1/2 + k1 + i1) * (n2)**x(n2/2 + k2 + i2);

poiss2 = (thetal/2)**kl / fact(kl) * (theta2/2)*xk2 / fact(k2);
betav = beta(nl/2 + n2/2 + il + i2 + k1 + k2,m/2);
variab = w2val**(nl1/2 + k1 + il - 1)

* ((w2val#*n2 + nl)/(1-gamsq))**(-1*%(nl1/2+n2/2+k1+k2+i1+i2)) ;
val = val + const*betav*variab*poissl*poiss2;
end; *k2;
end; *ki;
end; *i2;
end; *il;
dens[index,1] = val;
end; *index;

lg = log(dens);
v = 1lg[+];
return(v) ;

finish logl;
*Calculate ML estimates;
par = {0.1 1 2 20}; =*initial values;
optn = {1 1}; *options for optimization procedure;
con ={-1000,
1. . .}
call nlpnra(rc,xr,"logl",par,optn,con);
XT nl // n2 // xr‘;
{"n1" "n2" "gamma hat" "thetal hat" "theta2 hat" "m hat"};

row
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if rc>0 then print xr[r=row label=’ML Estimates for model:’];
else print ’Algorithm does not converge’;

akaike = 2x(nrow(xr)-2) - 2*nllg;

print akaike[label=’AIC for this model, given this data:’];

run;

quit;
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