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Abstract

Recently, promising clinical advances have been made in the development of antimalarial drugs
that block the parasite transmission and also cures the disease and has prophylactic effects, called
transmission-blocking drugs (TBDs). The aim of this paper is to develop and analyze a population
level compartmental model of human-mosquito interactions that takes into account an intervention
using TBDs. We do this by extending the SEIRS-SEI type model to include a class of humans who
are undergoing the treatment with TBDs and a class of those who are protected because of successful
treatment. Before we proceed with an analysis of the model’s stability and bifurcation behaviours,
we start by ensuring that the model is well-posed in a biologically feasible domain. Mathematical
analysis indicates that the model exhibits a forward and backward bifurcation under certain condi-
tions. Results from our analysis shows that the effect of treatment rate on reducing reproduction
number depends on other key parameters such as the efficacy of the drug. The projections of the
validated model show the benefits of using TBDs in malaria control in preventing new cases and
reducing mortality. In particular, we find that treating 35% of the population of Sub-Saharan Africa
with a 95% efficacious TBD from 2021 will result in approximately 82% reduction on the number of
malaria deaths by 2035.

Keywords: Transmission-blocking antimalarial drug, mathematical modeling, data fitting, treatment
coverage, drug efficacy, bifurcation analysis, numeral simulation

1 Introduction and Motivation

Malaria is a vector-borne infectious disease caused by the replication of protozoan parasites of the genus
Plasmodium inside red blood cells. It can be transmitted to vertebrates, including humans of all ages,
by female mosquitoes of the genus Anopheles, when they feed on blood. Malaria is one of the most
severe public health problems worldwide, being one of the leading causes of death in many developing
countries, where young children and pregnant women are most affected [70, 69]. According to the
WHO malaria report (2019) [70], there were an estimated 228 million cases of malaria worldwide in
2018, resulting in around 405000 deaths. The WHO African Region carries a disproportionately high
share of the global malaria burden with as much as 93% of malaria cases and 94% of malaria deaths
recorded in Africa in 2018, [70].

For almost a century, several strategies and methods have been developed, at both the population
and cellular levels, in an effort to control malaria transmission and spread. These range from the
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non-therapeutic prevention and control measures (such as insecticide treated bed nets, indoor resid-
ual spraying and other vector control measures), to antimalarial drugs (for prophylaxis, treatment
and transmission blockage) [21, 48, 71]. Nonetheless, as mentioned above, despite the efforts, malaria
remains a major global health problem. One of the major challenges facing malaria control is the
continuous emergence of resistance to the first line of antimalarial drugs and insecticides. Another im-
portant problem is that most of the antimalarial drugs are not active against sexual stage P. falciparum
parasites, called gametocytes, which are responsible for the spread of malaria from person to person
via mosquitoes.

Recent studies indicate that to achieve global eradication of malaria, it will be necessary to use
interventions that block the transmission of the Plasmodium from humans to mosquitoes and back,
[21]. One way of doing this is to directly target the parasite using transmission-blocking interventions
(TBIs). These can be broadly classified as transmission-blocking drugs (TBDs) or transmission-blocking
vaccines (TBVs), [21]. Both approaches intend to stop the transmission of gametocytes from humans
to mosquitoes in one of the ways described below.

For the treatment of uncomplicated malaria, WHO recommends the use of artemisinin-based drugs
that have the capacity of acting against both asexual blood stage and the gametocyte stages of the
parasite, [4, 9, 15, 71]. However, malaria parasites have showed resistance to the artemisinins, charac-
terized by a reduced rate of parasite clearance and thus allowing for their partial transmission, hence
more sophisticated drugs should be used. We note that each antimalarial drug has different attributes,
including killing efficacy against the parasites, duration of effect, gametocytocidal activity, mosquito-
cidal activity, liver-stage activity (especially, for Plasmodium vivax), dosing schedule and toxicity, [58],
according to which they can be classified, [6, 56]. For example, gametocidal antimalarial drugs (which
form a large group of TBDs) are designed to inhibit the development of the sexual forms of the parasite
in blood and block its transmission to mosquitoes, [61]. Thus, as indicated in [58], a key to the optimal
drug design for malaria elimination and control is the integration of the results obtained from analysis
of mathematical models for the human-mosquito population level transmission dynamics of malaria
with those coming from the cellular-level pharmacokinetics and pharmacodynamic (PK/PD) models.
In particular, the population level models can suggest the deployment strategy and quantify effective
treatment coverage and endemicity-level.

Over the past century, many population level malaria models with various levels of complexity,
not considering, however, the TBDs, have been developed and analysed by many authors. The first
compartmental differential equation models of malaria as a host-vector disease were developed by Ross
in [55] and later Macdonald [42]. Their conclusions that the endemicity of malaria is most sensitive to
the changes in the mosquito survival rate and that malaria can persist in if the mosquito population is
sufficiently large, as well as the relation of the prevalence of infections to the so-called basic reproductive
number, are still fundamental in malaria research. Several authors have extended the Ross-Macdonald
model in various directions, see e.g. [3, 5, 16, 24, 46, 49, 67] and references therein. Recently, the
climate change has become an important aspect in malaria modelling, see e.g. [26, 44, 49, 74]. Some
other mathematical models include the age-structure, see e.g. [7, 25, 31], and the treatment using the
usual antimalarial drugs [20, 47].

As mentioned above, the paper considers special types of antimalarial drugs, called TBDs, that are
designed to be administered to the humans, so that they either target the parasite within the human-
host or during the parasite’s developmental stages within the mosquito after ingested during the blood
meal. In general, according to [57, 66], TBDs can be classified as follows.

(i) Drugs targeting the malaria parasite within the human-host. This category includes: (a)

drugs killing asexual stages of the parasite so that their progression to gametocytes is stopped /reduced;

(b) drugs reducing the commitment of asexual parasites to gametocytes within the human cycle;
(c) drugs directly targeting immature and mature gametocytes within the human; (d) drugs
providing chemo-prophylaxis by directly acting on sporozoites, hence halting the infection.
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(ii) Drugs targeting the parasite in the vector. This category includes drugs that target the
developmental stages (ingested gametocytes in the midgut of vector, male and female gametes,
zygote, ookinete, oocyst and the sporozoites) of the parasite.

(i) Drugs targeting the vector itself. These are special drugs, known as endectocides [57, 66],
that are administered to humans and intended to kill the mosquito when ingested at a blood
meal.

Commonly used antimalarial drugs such as primaquine and artemisinin have gametocidal activity
for Plasmodium falciparum [9, 51]. Primaquine (PQ), methylene blue (MB) and atovaquone (ATQ) are
clinically approved antimalarial that have transmission-blocking properties, [9, 21]. The gametocyto-
cidal activity of compounds is known to differ, with most current artemisinin compounds having high
efficacy against the early stages (stages I — IV) of gametocyte, however, some compounds, including
primaquine and tafenoquine, attack the later, mature, stage V', [58]. While these transmission-blocking
properties of common drugs have been known for some time, it was realized that for eradication of
malaria it was necessary to develop drugs specifically designed to completely block Plasmodium para-
sites transmission, [4].

There have been many promising clinical advances in the discovery of TBDs, see [4, 9, 21, 66], but
to the authors’ knowledge, there have been few attempts to model the impact of TBDs on the malaria
transmission rates and the spread of the disease at the population level, which depend strongly on the
macroscopic variables such as the deployment strategy, treatment coverage, efficacy of the drugs used
and the endemicity levels. We note the research by Bretscher et al. (2017), [12], where a mathematical
model was used to estimate the transmission reduction that can be achieved by using drugs of varying
chemo-prophylactic or transmission-blocking activity.

The aim of this paper is to fill this gap by investigating the impact of the treatment with TBDs on
malaria dynamics. To do so, we formulate a mathematical model for the human-mosquito population
level transmission dynamics of malaria that considers a treatment using TBDs and provide its qualita-
tive analysis. To get quantitative results, we fit the proposed model to the data from the Institute of
Health Metrics and Evaluation (IHME)-Global Burden of Disease (GBD) for Sub-Saharan Africa, [54]
by using the ”Imfit” package, which is a non-linear least-squares minimization and curve-fitting package
in Python, [45]. We believe that our model can provide important mathematical and epidemiological
insights into the effects of TBDs on the malaria transmission rates and, thanks to its flexibility, it
can help in designing and implementation of the treatment in a best way for the disease control and
elimination.

The paper is organized as follows. In Section 2, we formulate the model and in Section 3 we present
its mathematical analysis. In particular, in Subsection 3.3 we study the dependence of the control
reproduction number on the treatment coverage rate and the efficacy of the TBD and in Subsection 3.5
we carry out a rigorous study of the existence and the number of endemic equilibria and a possibility for
occurrence of the backward bifurcation. The mathematical analysis and obtained results are validated
by fitting the model into real data in Section 4.

2 Model Formulation

We use the standard deterministic malaria disease transmission model with an SEIRS structure for
humans and an SEI structure for mosquitoes, as introduced in [16, 19, 46], augmented by the com-
partments of individuals who are under treatment with TBDs and those are successfully treated and
protected.
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2.1 Model’s assumptions and variables

The total human population N}, is divided into six classes. In addition to the standard susceptible S},
exposed Fp,, infectious I, and naturally recovered with immunity Rj, classes, we introduce two more
classes, T}, for individuals who undergo the treatment with TBDs and Py, for those who were successfully
treated, cured and are protected, so that they are noninfectious. In short, the Ry class consists of those
human individuals who recovered and are immunized due to natural (innate or adaptive) immunity
but can be still infective to mosquitoes. On the other hand, the individuals in the P} class have
undergone the treatment with a TBD and are cured and protected; they do not transmit gametocytes
to mosquitoes. At any time ¢, the total human population is Np,(t) = Sp(t) + En(t) + In(t) + Tp(t) +
Ri(t) + Py(t).

People enter the susceptible class either through birth (at a constant total birth rate II;) or after
recovering from the disease, at a per capita rate pp. They are assumed to die naturally at a per capita
rate pup, or move to the exposed class if they are bitten by an infectious mosquito and the sporozoites are
passed on to them. The rate of infections in the susceptible human population is assumed to be given by
Ay = BonblySh/Np, where b is the average mosquito biting rate and (3, is the probability that a bite
by an infectious mosquito on a susceptible human leads to an infection. We assumed that the exposed
mosquitoes do not transmit malaria to humans due to the parasite extrinsic incubation period which is
temperature dependent and, e.g. for P. falciparum, ranges from 10 to 14 days. [41]. On the other hand,
though the incubation period of malaria in humans in most cases varies from 7 to 30 days, the exposed
individuals are infective to mosquitoes. As follows from [41], the gametocytes (the transmissible stage of
Plasmodium), are produced by a small fraction of merozoites that differentiate into them upon entering
the red blood cells, although gametocytes of P. vivaz, P. ovale and P. malariae can also arise from
emerging liver stage merozoites. This implies that, in the latter cases, the individuals also can transmit
to mosquitoes during the pre-erythrocyte stage. Furthermore, the P. falciparum gametocytes may linger
in peripheral blood up to several weeks after an asexual parasite infection has been cleared (whether
by natural immunity or by drugs) [41] so that after certain period of time one may get a reinfection
by other infectious mosquitoes bite, but one can still can transmit due to the previous infection. To
include this possibility in our model and give it more flexibility, we introduced a parameter ¢ € [0, 1),.

Exposed individuals either die at the rate pj or move to the infectious class at rate v,. Infectious
individuals either die at a rate up + 0, recover at a rate 7 or start treatment with a TBD and move
to the T}, class (at a rate ay). Recovered individuals are assumed to die at a rate pp or gradually
lose their immunity and move to the susceptible class at a rate p. Concerning people undergoing the
treatment, they are assumed retain some lower level of infectiveness and can be successfully treated and
move to the protected class at a rate 11 (p.) (which is assumed to be increasing with the drug’s efficacy
Pe), move back to the infectious class I, (at a rate gpa(pe), where 1o is assumed to be decreasing
with pe), recover and move to Ry at rate (1 — gp)v2(pe), or die at the rate pp. Here, g and 1 — g
are the probabilities where individuals in 7} class move back to I class and Ry class, respectively.
Individuals in the protected class P, either die at the rate pp or lose their protection and move back
to the susceptible class at a rate ¥.

The total Anopheles female mosquito population NV, is divided into three classes, susceptibles Sy,
exposed Ej, and infectious Ij,. So, at time ¢, the total mosquito population is N, (t) = S, (t) + Ey(t) +
I,,(t). Mosquitoes enter the susceptible class either through birth (at a constant total birth rate II,).
They are assumed to die naturally at a per capita rate u, or move to the exposed class, and the
gametocytes passed on to the midgut of the mosquito after biting an infected human from the exposed,
infectious, under treatment or recovered class. The rate of infection of a susceptible mosquito is assumed

b
to be given by the standard incidence force of infection Ay, = B% (CeEp + G Ry + GTh + 1Ip,), where
h
Bhy is the probability that a bite by a susceptible mosquito on an infected human leads to an infection
of the mosquito. Here we introduce the relative infectivities, 0 < (. < {, < {; < 1, that account for the

reduction in the transmission from, respectively, an exposed, recovered, treated human to susceptible



176 mosquito. Exposed mosquitoes either die at the rate p, or move to the infectious class at rate v, and
177 infectious mosquitoes die at the rate p,. A pictorial representations of the compartments and flows are
shown on Fig. 1.

Hy

Figure 1: Flow diagram showing the malaria transmission dynamics between human and mosquito
populations with a transmission-blocking drug treatment.

Variables | Description Quasi-dimension
Sh, susceptible humans H
By exposed humans H
I infected humans H
Ty, undergoing treatment humans H
P protected (successfully treated and noninfective) humans | H
Ry recovered humans H
Sy susceptible mosquitoes %4
E, exposed mosquitoes |4
I, infectious mosquitoes \%4

Table 1: State variables, their description and corresponding quasi-dimension, where the dimension H
denotes the number of human-individuals in the population, and the dimension V' the number (density)
of vectors in the female mosquito population.

178

1w 2.2 Model Equations

180 The mathematical model we study in this paper for the transmission dynamics of malaria with TBDs
181 treatment is given by the following non-linear system of ODEs.
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( dS

d—th =10y + pp Ry, + VP, — Ay Sy — 1nSh,

dE

anh = AonSp — (Vn + pn) Ep,

dly,
o = vnEnt an2(Pe)Th — (O + v + an + pn) In,

dTy,
— = andn — ¥1(pe)Th — anip2(pe)Th — (1 — qn)v2(pe)Th — unTh,
dP,

dth = 1(pe)Th — 9Py — pin P, ) (1)
dR
CT;‘ = Ydn + (1 = qn)b2(pe) Th — pnBRy — pnRn,

ds

Y :HU—A US'U_ vSva
a h 2
dE
v — A ’US’U — v v E’U?

7 h (Vo + )

dl,
E =1y Ey — o1y,

where A,, and Aj, are the forces of infections from vector to human and from human to vector,
respectively. As mentioned before, they are given by
_ ﬁhvb

RO
_ Bon I, Ay (En, Ry, Ty, In) = (CcEn + G Ry + G T + 1) (2)

The description of the parameters is given in Table 2.

Adding the rates of change for humans and mosquitoes, respectively, gives

dN, dN,

JZHh—éhIh—/LhNh and J:HU—MUNU. (3)
dt dt

Note that (1) without the fourth and fifth equations, that is, without 7}, and P, variables, is a standard

SEIRS-SEI model studied by several authors, see e.g. [16, 19, 46].

3 Mathematical Analysis

In this section we present a mathematical analysis of the model and, in particular, we study its well-
posedness, the existence of the equilibria, their stability and the bifurcation behaviour. We observe
that since 11 (pe) is the rate at which individuals successfully progress from T} to Py, it should be
an increasing function of the drug’s efficacy p.. On the other hand, 2(pe) is the rate at which in-
dividuals move back to I, from T} due to the failure of the drug and hence it should be a decreas-
ing function of p.. Thus, in this work we use the simplest functions satisfying these requirements,
(1 (pe) = rppe and 7/)2(176) = (1 - pe)eh'

3.1 Basic mathematical properties of the model

We begin by ensuring that (1) is well-posed in a biologically feasible domain. Let

m(t) - <Sh(t)7Eh(t)vjh(t)vTh(t)vPh(t)vRh(t)asv(t)va(t)vlv(t)) (4)
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Parameters Description Quasi-dimension
T per capita constant recruitment rate of susceptible humans | 77!
e per capita constant recruitment rate of susceptible | 77!
mosquitoes
11, constant total recruitment rate of susceptible humans HT!
11, constant total recruitment rate of susceptible vectors V1
Buh the probability of transmission from infectious vector | dimensionless
(mosquito) to susceptible humans during bite
Bho the probability of transmission from infectious humans to | dimnsionless
susceptible vectors during bite
b the average biting rate of mosquitoes on humans HVT)™!
Aon force of infection from infectious vectors to susceptible hu- | 77!
mans
Aon force of infection from infectious humans to susceptible vec- | 7!
tors
Vp, constant progression rate of exposed humans to infected hu- | 7!
mans
ap, constant rate of treatment of infected human with TBD 71
Oh waning rate of immunity
Yh natural recovery rate of infected humans by immune re- | 77!
sponse
Pe drug efficacy: probability that the drug eventually clears | dimensionless
parasites
Th rate of individuals treated with TBDs progressing into pro- | T~!
phylaxis protection
9 rate of losing of prophylaxis protection to become suscepti- | 77!
bles
0 rate of slackening/ineffectiveness of TBDs leading to relapse | 71
or natural recovery with a probability of g or 1 — gy, resp.
wp, = qpbh rate of slackening/ineffectiveness of TBDs leading to relapse | 71
o, = (1 — qp,)0), | rate of slackening/ineffectiveness of TBDs leading to a nat- | 771
ural recovery
Ce reduction of the infectivity of exposed humans to vectors Dimensionless
Cr reduction of the infectivity of recovered humans to vectors | Dimensionless
Gt reduction of the infectivity of under treated humans to vec- | Dimensionless
tors
Uy rate at which exposed mosquitoes become infectious T-1
Lh natural death rate of humans T-1
I natural death rate of mosquitoes -1

Table 2: Parameters, their description and corresponding quasi-dimension.

denote its forward solution when it exists. Let n € N. For @ = (x1,...,x,), we use the notation = > 0

and & > 0 if x; > 0, respectively, x; > 0 for all = 1,...,n, and hence

Rsp={z€R:2>0}=[0,00), Rsp={x €eR:2 >0} = (0,00),
So={zeR":xz >0}, Ry ={xcR": x}, (5)

R ={zeR%: 0<a1+23+ - +zpn}.

Due to biological interpretation, the solutions to (1) are expected to be nonnegative if such are the
initial conditions. However, the RHS of (1) is not defined for N, = 0 or N,, = 0 and even if we extended
the definition by setting it equal to zero in such a case, it would remain discontinuous and thus outside
the scope of standard analysis. Thus, though the case of initial conditions satisfying Nj,(0) = N,(0) =0
is obviously tractable as it gives separately evolving disease free human and vector population, we focus



197

198

199

200

201

202

203

204

205

207

208

210

211

on the interplay of nontrivial human and mosquito populations and thus assume that

(5(0). Bn(0), 1n(0), T (0), Pu(0), Bn(0) ) € BZ),  (S0(0), Eu(0),1(0)) € BRE,  (6)

Theorem 1 (Solvability, positivity and boundedness of solution) 1. System (1) with initial
condition satisfying (6) has a unique global in time solution in RGZ*O X R%*O.

2. The biologically feasible region 2 = Qp, x Q,, C Rﬁz*o X R%*O, where

il
Q) = { (Shs By In, Thy Py Ri) € RS : 0 < Sy + By + In + Ty + Py + Ry, < —h}, (7)

[ih
II
Qv:{(SU,ED,L,)€R§*0:0<SU+EU+IU§—”} (8)
v
is positively invariant and attracting with respect to system (1).
Proof : System (1) can be written as
' = f(x), =(0)= =z, (9)

where x is defined by (4) with the corresponding initial condition xy and f is the vector valued
function representing the right hand side of the system. Since xy € R%) x R¥), N,(0) # 0 and
N,(0) # 0 and the right hand side of (1) is well defined at ¢ = 0. Further, f € CY(U), where
U={xecR% 2z +...26 >0and z7 + x5 + 9 > 0} is an open set and thus, for any xo € U, (9) has a
unique solution  : [0,7) — U on some (maximum) interval of existence [0, 7), where 7 > 0 depends on
the initial condition.

Next we observe that for all 4, f;(x) > 0 whenever > 0 satisfies x; = 0 and thus the assumptions
T
of [59, Proposition A. 17] are satisfied yielding that any solution (Sh, By, Iy, Ty, Pn, Ry, Sy, Ey, L,) of

system (1) with initial conditions (6) remains non-negative in the interval of its existence [0, 7).

Further, adding the first six equations of (1) and using the nonnegativity of I, and Nj, we get

N (1)
dt

Iy, — (pn + 6p) Ny, < <IIj, — pnNp (10)

on [0,7) and the comparison theorem, [8, 32], yields

II II II II
(rnton)t (N (0) — h + h_ <Nt < 2+ (N 0 —h) Hht 11
(& e .
( (0) ,uh+5h,> pn+0n h()_ﬂh »(0) Hh 1

Similarly, adding the equations for the mosquito population and solving the resulting equation gives

II II
No(t) = =2+ (Ny(0) = =2 et (12)
o o
on [0,7). Hence, Ny(t) and N,(t) are bounded from above on [0, 7). Moreover, using Np(0) > 0 and
Ny (0) > 0, by continuity, Nj(¢) > 0 and N,(¢) > 0 on [0, 7]. Thus, there are constants 0 < ¢ < C such
that

¢ < Sp(t) + Ep(t) + In(t) + Th(t) + Pu(t) + Ru(t) + So(t) + E,(t) + L,(t) < C, te0,7),

which, together with the nonnegativity of each summand, shows that the solution is in a compact subset
of U for all t € [0,7), Thus, by [52, Corollary 2, Section 2.4], 7 = oo, that is, the solution is global in
time.
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Finally, by taking the limits as t — oo in (11) and (12), we have

II II
lim sup Nj(t) < —" and hm sup N, (t) = —U.
t—o00 h

In particular, Nj(t) < max {Nh(O) H—}h} and N,(t) < max{ } for all ¢ > 0. This establishes
the positive invariance of the set 2. On the other hand, if Ny (0 ) &
below 22 (and thus solution enters € in a finite time), or it approaches #—: as t — 00. Also, N,(t)

I,
converges to % as t — 0co. Summarizing, the set €2 is positively invariant and attracts all solutions to

then Nj(t) either decreases

system (1) emanating from Rgz*o. O

Next, we analyze the malaria model under TBDs treatment, that is, system (1). We begin with
determining its disease-free equilibrium (DFE) and the corresponding control reproduction number.

3.2 Disease-free steady equilibrium and control reproduction number

System (1) has a disease free equilibrium point given by
I1 I,
x3:<h00000 00)
12 v

Using the the next-generation matriz method based on the approach and notation used in [22, 64], see
Appendix 5, we calculate the control reproduction number, Ry for (1). It is given by

Rt = R (an) (13)

where Ry is the basic reproduction number calculated, when the treatment rate cy, is set to zero in (1)
(that is, in the model without TBDs treatment), given by

» (’YthCr + pnvn + vppn + Lapon + F4Ph)§e) LebBunve 14
. Ta(pn + vn) (i + i) (ptw + 7o) 20

and

AOéh +1
§(an) = Boy + 1
with
Ce(pn + pr)Ts + vy, ((,Uh + pr)Ce + FQCT) T
A= and B = T T (15)
(Ts +11) ((F4Ce + vn)(pn + pn) + uwhgr) 4(Ts + 1)
where
Wh = qheh’ Op = (1 - q]‘b)eha Fl = (]- _pe)Wh, FQ = (1 —pe)O'h7 Fg 1= PeTh,
L0 tn (16)

Py=0n+vn+un I's:=T2+T3+pus I's= I
hv
The condition Ry < 1 is necessary condition to prove the DFE of the system is locally asymptotically
stable, [35, 36, 38, 64]. Hence, we have the following theorem.

Theorem 2 (Local stability of DFE) The disease-free steady state x§ of system (1) is locally asymp-
totically stable if R < 1, but unstable if Rp > 1.

Proof : The proof follows the lines of [64, Theorem 2| and [65, Lemma 2], see, Appendix 5. It can also
be proved by determining condition for which all eigenvalues of the model at the DFE have negative
real parts, see for e.g. [10, 11, 14, 37].
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10
3.3 Variation of Ry with respect to «,

While one could expect Rt to be a decreasing function of the treatment rate «y, this is not always the
case. In fact, since individuals in the treated class T}, are also infectious, a rapid increase of this class
is not always beneficial. Therefore, the effect of the treatment rate ap on Ry will depend on other
characteristics of the drug, such as pe, r;, and 6y, etc. This is reflected in the following proposition.

Proposition 1 Define
C1:= (0n (1 —aqn) (pn + pn — (n + 0n) &) — (VG =+ pn =+ PR) Th) Vh,s
Cy =y, ( (k4 n 4 0n) (b + pn) Ce + (n + 0n) GOn (1 — qn)
— s (O + pn) (1 = an) = pnGorvn — pn® — thh)a (17)
Cs:= (tn + On + n) ( (n + pr+ 6n + Vn) 1nGe + (6n + Vn) Cepn
+ (pn + pn + 0Gr) Vh>~

Ry is a strictly decreasing function of ay, if and only if Cipe + Co < 0. In particular,

1. if C1 <0 and Cs <0, then Rr is a decreasing function of ay, for all values of pe,
2. if C1 < 0 and Cy > 0, then Ry is a decreasing function of ay, if and only if p. € [min{1, —%}, 1],
3. if C1 > 0 and Cy < 0, then Ry is a decreasing function of ay, for all values of pe € [0, min{1, —%}],

4. if C1 > 0 and Cy > 0, then Ry is an increasing function of ay, for all values of pe € [0, 1].

Proof : By calculating the derivative of Ry with respect to ap we obtain that Rr is a decreasing
function of «y, if and only if A — B < 0, where

Clpe + C'2
C3 (pern + pn + On(1 = pe))”

Since 0 < pe < 1 and pp > 0, perp + pip + 0n(1 —pe) > 0. Also, clearly C5 > 0. Hence the sign of A — B
is equal to the sign of Cip. + Cs. Thus, we discuss the following cases:

A—-B=

1. Let C1 < 0 and Cy < 0. Then Cip. + Co < 0 for all values of p. € [0,1]. Therefore, Ry is a
decreasing function of ay, for all values of p, € [0, 1].

2. Let C1 < 0 and C5 > 0. Then solving Cip. + C2 < 0 for p, provides pe > —0761’2 > 0. However, p.
is a probability, so Cipe + Co < 0 is satisfied only if p. € [min{1, —%}, 1].

3. Let C7 > 0 and Cy < 0. Then solving Cipe + Cy < 0 for p. provides p, < *CC;Q. Since pe € [0, 1],
then Cipe + Co <0 if pe € [O,min{—g—f, 1}].

4. If C1 > 0 and Cy > 0, then Cipe + Cy > 0 for p € [0, 1] implying that Ry is increasing with «ap,
for all values of p. in [0, 1]. O

We denote the number min{1, —%} by p¢ and define it to be the critical efficacy of the TBD. Note
that the treatment with TBDs is said to be a perfect treatment if it cures malaria 100% and blocks
the formation or maturation of gametocytes, so that the malaria parasites will not be transmitted. So,
given p, € [0, 1], the TBD is a perfect treatment if p. = 1 and totally ineffective if p, = 0.

In the following remark, we determine the sign of C; in terms of the drug’s parameters (the same
can be done for Cs).
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Remark 1 In Proposition 1, we can observe that

1. If pn + pn < (pp + On) ¢y then Cp < 0.

2. If pn + pn > (ptn + 0n) Gy and

On (1 —qn) (pn + pin — (pin + 0n) G)
YaGr + bn + Ph

On (1 — qn) (pn + pin — (pn + 0n) Gr)
Ylr + ph + ph

(a) rp, > , then C1 < 0.

(b) rp < , then C7 > 0.

To investigate graphically how R varies with «j, we used parameter values collected from previously
existing literature, which are summarized in Table 3. Using the parameter values to be the baseline
values indicated in Table 3 except that we set B,, = 0.33, By = 0.833 and b = 4.4, in Subfigure 2a we
plotted Rr(ay) as the treatment rate «y, increases, while in Subfigure 2b we plotted Ry (ap, pe) when
both the treatment rate «j, and efficacy of the TBD, p., increase in their non-negative domain. In this
case, we get approximately C; = —8.33 x 107° < 0 and Cp = —7.42 x 1075 < 0 with —C—Cf = —0.859.
Hence, we have the first case in Proposition 1. In Subfigure 2a we fixed p. = 0.97 and let «j vary
from 0 to 1. In this case, the value of Ry = Rp(«y) decreases asymptotically to RO% as qy, increases
and it approaches Ry when «y, approaches 0; in particular, R7(0) = Ro. On Subfigure 2b, Ry (ap, pe)
decreases faster since both p. and «j, are increasing simultaneously.

Plot of Rr(ap) vs. ap

5<At ap =0, we have Rg

Rr{ap, pe)
w
o

e 0.0 :
\a<<e<§§|>\a to.z 0.4 02
<o 1 reétm 0.6 o
04 . . . . . Nt rage 08 10 00 &
0.0 0.2 0.4 0.6 0.8 1.0 "
Qap
(a) Plot of Rr(ap) vs. ap, (b) Plot of Ry (an, pe) VS ap, Pe

Figure 2: A 2 — D and 3 — D plots of Ry (ap, pe) given in equation (13) when both the treatment rate,
ap, and efficiency rate of p. of TBDs increase in their non-negative domain. To plot this figure, we
used the baseline values of the parameters indicated in Table 3, except for SB,; = 0.33, Br, = 0.833 and
b = 4.4. These parameter values yield the first case in Proposition 1, that is, C7 < 0 and Cy < 0. In
Subfigure 2a, we fixed p. = 0.97 and plotted Rt as ayp ranges from 0 to 1, and in Subfigure 2b, we let

both «j and p,. to vary. In this case Rg4/ % ~ 0.598 and Ry =~ 5.01.

We have observed that the control parameters, oy, pe, rn, and 8y, play into the variations of Ryp.
So, in the next subsection, we investigate its normalized sensitivity analysis.

3.4 Sensitivity analysis

In epidemiological modelling, studying the sensitivity of the reproduction number to variations in the
model’s key parameters is important for choosing the optimal intervention, see [68]. In this section,
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Parameter Range of Possible Values | Baseline Value Used Dim Reference
Iy, 2.7 x 107°,100] 5 H x day~! assumed
11, [0.002, 200] 10 V x day~! assumed
Boh [0.01,1] 0.022 1 [17]

Bho (0.072,1] 0.24 1 [17]
b [0.1, 30] 0.33 H x V=t xday™t | [17]
vh [0.067,0.20] 0.1 day 1 [17]
S [1x1075,5 x 1072 1.8 x 1073 day~* [29, 12, 17]
J [0.0,0.1] 0.05 day1 [12, 29]
Ph [5x1074,1.1 x 1072 0.005 day~* [16]
Yh [3.5 x 107°,0.2]] 3.5 x 1073 day ™ [12, 17]
ap [0, 1] 0.75 day 1 estimated
De [0,1] 0.97 1 [12, 29]
Th [0,0.2] 0.2 day~* [12]
an [0, 1] 0.6 1 assumed
O [0.0,0.2] 0.15 day 1 estimated
on = (1—qp)bh [0.0,0.2] 0.06 day~* [12]
wp, [0.0,0.2] 0.09 day 1 estimated
Ce [0.00001, 1] 0.001 1 assumed
Cr [0.005, 1] 0.05 1 assumed
e [0.02,1] 0.08 1 assumed
vy [0.005, 0.33] 0.08 day=* [12, 17]
Lh [2.74 x 107°,0.033] 4.5 x 1077 day 1 [17, 46]
Lo [0.03302, 0.1] 0.0477 day ™ [17, 46]

Table 3: Parameters, their ranges and baseline values used for this study, dimension and references.
Several of the ranges for the parameter values are directly taken from [17], where they used data for
the high and low transmission areas. Other parameter ranges are adapted from [12, 29] and some are
estimated for the purpose of this study.

we investigate the normalized local sensitivity (or elasticity index) of the control reproduction number
Rr given in (13) to changes of the parameters of the model. Specifically, we are interested in the
parameters related to the TBD; that is oy, pe, 7h, on, wpand (¢, where o, = (1 — )0, and wp, = ¢;05.
The normalized local (forward) sensitivity index of the output Ry to a parameter p, denoted by \IIZ,QT,
is given, [62, 68, 75], by

p ORr

gRr — £

p RT 8}?'

We did not include the analytic expressions of the sensitivity indices since the expression for R involves
a square root and its derivatives with respect to the parameters are rather long.

The normalized local sensitivity coefficients given in Table 4 are dimensionless and they show the
relative changes of Rt with respect to a selected parameter p. More specifically, if \IJZ}T = z, then a 1%
increase in the parameter p results in a z% increase if z > 0 (decrease if z < 0) in Ry. For example, a
10% increase in the efficacy of the TBD p, results in a 10.3% reduction in Ry, when other parameters
are fixed as in Table 3. So, a highly efficient transmission-blocking antimalarial drug has the potential
to reduce transmission of malaria.

Among the parameters appearing in the considered model, Ry is most sensitive to r, the rate at
which treated individuals become protected. The next most influential parameter is the efficacy of the
transmission-blocking drug p. and then the treatment coverage rate ay,. R is least sensitive to wy, the
rate at which the TBD wanes, leading to reinfection.
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Para. (p) | short description Sensitivity Index

De drug efficacy: probability that the drug eventually clears —1.03
parasites

ayp, treatment rate of infected humans with TBDs —0.363

Th rate at which treated individuals with TBDs to successfully —0.135
progress into prophylaxis protection

G reduced infectivity of humans under treatment to +0.107
mosquitoes

on rate of slackening/ineffectiveness of TBDs leading recovery +0.023
due to immunity

wh rate of slackening/ineffectiveness of TBDs leading to rein- +0.0049
fection

Table 4: Forward local sensitivity indices of the reproduction number the malaria model with treatment
via TBD. We used the baseline values from Table 3 except that we set S, = 0.33, By, = 0.833 and
b = 4.4. These parameter values yield the first case in Proposition 1, that is C; < 0 and Cs < O..

3.5 Existence of endemic equilibrium points and bifurcation analysis

In this section we find the equilibria of the model, analyse their stability and, in particular, determine
whether the model (1) exhibits a backward bifurcation the existence of which has important implications
for the disease control and management.

To determine endemic equilibria, (S}, Ey, I}, Ty, Py, R}y, Sy, By, 1), we solve the algebraic equa-
tions by letting the left hand side of system (1) to zero. So, from the first six equations for human
compartments we obtain:

* Qp, * * Oéhr3 * * (/Yh(F5 + Fl) + F2ah)

T =——"1I, = ) = Iy, 18
s+ @+ pn)Ts+T)" " (o +p)(Ts5+T1) " 18)

Is(an +Ty) Us(vp + pn) (g, + Ty)
Ey=———"I; A,S; = I7, 19
I/}L(F5+F1) h vh=h yh(F5+F1) h ( )

where A}, is the force of infections of humans at the equilibrium point, given by
I*

= Bunb (20)

h

Observe that AY, = 0 if and only if I = 0. From the second equation of (19), either Ay, = 0

which implies that I; = 0, and hence we obtain the DFE, or A}, # 0, implying I; # 0. Moreover,

from the second equation of (19) and using the expression of AY, in (20), we obtain ﬁvhbﬁq’*S; =
h

. From (3) we see that the equilibria for

Us(vrtpn)(on+T4) * : _ Ts(watpn)(ant+Ta) Ny
T TerT) - dp- Thus I # 0 yields Sf = = ie oy
the total populations are
I, — 61 1T
N =P —"""h apnd NF = =2,
Hh 22y

Hence, an endemic equilibrium point exists if I, lies between 0 < I} < lg—:.

Next, from the three equations for the mosquito population in (1) at equilibrium we obtain

II A % %
S* — v : * hv S = "YEr—=____ Y  A* g% 21a
v sz"i_ﬂv v VU+MU v v Lo v MU(VU+MU) hv*~v ( )
Hence, we have
II A3
o (21b)

poo (Vo + po) A+ 10
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where A7 is the force of infections of mosquitoes at the equilibrium point, given by

CBh+ G+ Ry + T

Nh Nh

;kw = Bhvb
Iy

so that I = KoCp——"——,
v OOCI + Ny

where Ky and Cj are given in Appendix. Now, substituting (21b)
into (20), we get

NSt (Wo + p10) Nis + A5 pve (Vo + 1) Niy = BunbroTluAg, = 0 (23)
Choos N
and, after long computations, we get A} = M. Hence, (23) becomes
o1 + @Ay,
aoAz% + alAZh + a9 = 0, (24)
where
ap = poK797(Chods + podr), (25)
a1 = Chodspu K71 + 2016205 K7 + CoppllyChyds (Dot — Doo)
_ 15 K197 ( Opo@spio Kr¢1 + 2016205 K7 + ConulLuCruds Dot o
= SRy —R7), (26)
/“Lh HUK7¢1
az = pEKr % — Convall,Chuds Doz = 12K 6% (1 - R (27)
where Ky, -, K7, ¢1,---,¢g and Dgg, Dg1 Dy are positive quantities given in Appendix. Here, the
ConvoI1,C D
expression for R2 from (13) can be written as R2 = vhy 2” }wf LAette
:LL'UK7¢1

By using the properties of roots of a quadratic equation in (24), we summarize the existence and
the number of EE point(s) scenarios. We use the approach introduced in [50]. For this, we rewrite (24),
as

A2 +b(K — R3)AL, +c(1 —R%) =0, (28)

where
b w2 K3 . P2 K73
Pt K707 (Crods + podr)’ poK707(Chots + pod7)’

_ Chodsin K71 + 2019202 K7 + Cop vy 11, Chy s Dot
2K g3

Clearly, b > 0, C > 0 and K > 0. Solving this quadratic equation for A, yields

K

—b(K — R3) £ /0K — R3)? — de(1 - R3)
Avh = )
2

provided that this exists as a non-negative real number. We note that the equilibrium points in (?7)
are written in terms of I}, and thus, to obtain the endemic equilibria once we solve (24) for A%, , we
can obtain I .

Now to investigate for non negative roots of (24), let us denote its discriminant by
A(RZ) := V(K — R%)? — 4c(1 — R%) = P RE: + (4¢ — 2kb*)R2 + b?k? — 4c.

We require that A(R%) > 0, otherwise the quadratic equation (28) does not have real roots, and hence
there is no endemic equilibrium for such values of RQT
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Hence, solving A(R%) = 0 yields

VEY —2 -2/l K) 1 & - VEV — 242/l K) 1 &
- \/ib ) Ty — \/ib )

26 provided that they exist as real roots. Recalling that 0 < R% < 1if and only if 0 < Ry < 1, we have
207 the following theorem.

R (29)

20s Theorem 3 (1) If Ry > 1, then equation (28) has one positive root and thus model (1) has one EE
299 and a DFE (which always exists).

s0  (2) If K > 1, then equation (28) ezhibits a forward bifurcation, that is, it has

301 (i) no positive roots if 0 < Ry < 1, in which case, (1) has only a DFE,
302 (i) a unique positive root if Ry > 1, in which case, (1) has one EE and a DFE.

3

S

s (3) If0< K <1, then 0 < Ry, < 1 and equation (28) exhibits backward bifurcation, that is, (28) has

304 (i) no positive roots if 0 < Ry < Ry, and (1) has only a DFE,

305 (ii) one double positive root if R = Rr,, and (1) has one EE and a DFE,

306 (7ii) two positive real roots if Ry, < Ry <1, and (1) has two EEs and a DFE,
307 (iv) a unique positive root if Ry > 1 so that, (1) has one EE and a DFE.

ss Proof : The proof follows similar steps to the proof of [50, page 3| for the case b > 0, ¢ > 0 and K > 0.
We note here that the existence of positive endemic equilibrium point(s), when Ry < 1 for our model

* Bifurcation Diagram
vh
1.2 A .
. Stable EE
= 17 :
= .
ui .
W 0.8 A .
T .
c .
° .
S 0.6 :
(V)
£ A
“g 0.4 :\\
o . \ Unstable EE
I .
0.2 1 . \
. N\
Stable DFE »  Stable DFE\ Unstable DFE R
04 -+ " . D ———— T
0.7 0.8 0.9 1 1.1 1.2

Figure 3: Backward bifurcation diagram showing the cases considered in Theorem 3. We used the
baseline parameter values in Table 3 and we set p, = 0.75, (. = 0.01, {, = 0.05, { =0.08, b =b = 2.0,
and we obtained Ry = 0.971 and Rz, ~ 0.8689 so that Ry, < Rr < 1, which shows the existence of
backward bifurcation [30, 53].

309
si0 can be also shown using the method applied in [34].

311 The main reason to investigate the occurrence of backward bifurcations is that if it occurs in a model,
sz then the usual condition R < 1 is not sufficient to completely control the transmission of the disease
313 and Ry should be reduced further, below another threshold, to ensure the eradication of the disease.
si4 Thus, understanding the reasons a backward bifurcation and finding possible ways of preventing it is
sis - of utmost importance, [30, 34, 53].
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Remark 2 From the bifurcation theorem (Theorem 3), we see that a TBD is capable of eliminating
malaria infection from the population if and only if Ry < R¥, where

R# 1if K > 1 (forward bifurcation)
| Rp, if K <1 (backward bifurcation)

On the other hand, we have Ry < R¥ if and only if % < R#2, that is,
(REA — BR??)ay, < (R*2 - R2),

where A and B are defined in (15). Hence, we discuss the following cases.

1. If R3A — BR#? > 0, then Ry < R¥ if and only if ay, < _RP-RG
’ R3A — BR#2

2. If RZA — BR#? < 0, then Ry < R¥ if and only if oy, > M. Note that the sign of
’ R3A — BR#2

R#* — Ry plays a role here.

Remark 3 We have shown numerically that both the above conditions can happen (at least mathemat-
ically). However, for epidemiological interpretations (for realistic parameter values of our model), we
consider only the condition R3A — BR#2 < 0. In such a case, Rt < R* if and only if

1— 2
4 R#2 _R2 R%AROB if K > 1 (forward bifurcation)
WIS RABRE T\ Ry oRE
524 o <
R2A — BRy, if (backward bifurcation)

where A and B are given in Equations (15), and Ry, is given in Equation (29).

This equation implies that in clinical trials, for any efficacious transmission-blocking antimalarial drug
to effectively control malaria transmission, we require oy, > a#. We note that K is also a function of
ayp. So the formula above should be understood as follows. For a given «aj, we determine K and on this
basis we vary other parameters to make a# smaller than ay.

We see that Oz# is the critical treatment coverage rate, which is the minimum coverage rate value
above which the TBD is capable of eradicating malaria infection from the human population and is
able to block transmission of malaria parasites, assuming that the drug is efficacious. Note that a# is

obtained when Ry = R#.

Particularly, when K > 1, (no backward bifurcation), that is, when R#* = 1, the disease will be
eliminated if and only if
1—RE

>af = ———.
“h=Ch T RZA—B

Next we will investigate how a# changes with respect to p. when K > 1, using the parameter values
1—RE
in Table 3. Figure 4 shows the graph of the critical value af = a¢ (pe) = 0
"o R§A(pe) — Blpe)
between 0 and 1. We can see from Figure 4 that when p. = 95%, the minimum treatment coverage rate
aj is approximately 39%. However, when p. is 55%, we observe that the minimum coverage rate jumps
to 43%.

as pe ranges
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Plot of the critical treatement rate af(pe) vs. efficacy pe

0.75
— 0(f(De) VS Pe
0.70

0.65 -

0.60 -

ag(pe)

0.55 4

0.50

0.45 -

0.40

0.0 0.2 0.4 0.6 0.8 1.0
Efficacy rate, pe

Figure 4: A plot of af(p.) as a function of the efficiency rate p.. To plot this figure, we used the
parameter values to be the baseline values indicated in Table 3 except that we changed b = 4.48 = b
and p;, = 4.5 x 1074, For these set of parameter values, A9 — By < 1.

Remark 4 We note that the mathematical analysis is presented here just to illustrate basic local prop-
erties of the model. The main aim of the paper is to introduce a model providing a mathematical
framework for studying population effects of transmission-blocking drugs and providing support for cur-
rent biochemical research, [1, 9, 15, 21, 61, 57, 66]. Since mathematically the model is similar to other
epidemiological models such as discussed [2, 10, 11, 14, 13, 19, 37, 40, 65], further stability results
concerning the disease free equilibrium can be studied using methods developed in [35] or [10, 1}]. Nev-
ertheless, as we already showed the existence of an endemic equilibrium when Ry < 1, the DFE cannot
by globally asymptotically stable in this case. Similarly, the stability of endemic equilibrium which occurs
when Ry > 1 can be studied using the methods of [10, 11, 37]. However, due to the large size of the
model, the resulting conditions would be cumbersome and not that informative.

4 Data fitting and parameter values estimation

In order to calibrate mathematical models, researchers require time series data that describe changes
in one or more states of the studied system and use them to fit the model to observations so that its
solutions can be used to predict the behaviour of the real system in situations for which experimental
data are not available. Model fitting involves parameter estimation, that is, identification of the pa-
rameter values that best account for an existing set of data, and then fit the solution curves of the state
variables in the model. It also provides statistical tests for parameters [23]. In this section, we present
curve fitting and provide parameters estimations by fitting data into the model given in (1).

4.1 Data description

The World Health Organization (WHO)-Global Health Observatory (GHO) and the Institute of Health
Metrics and Evaluation (IHME)-Global Burden of Disease (GBD), estimate the number of malaria
deaths and cases every year and the corresponding sets of data can be obtained from the WHO-GHO,
[72], and the IHME-GBD, [33], web-sites. These estimated data for number of deaths and cases are
are done per country and malaria regions. As we mentioned in Introduction, some of the commonly
used antimalarial drugs block malaria transmission with certain efficacy. Thus, we fit the full model (1)
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with a TBD treatment, using the data from IHME-GBD for the estimated number of malaria caused
deaths in the years 1998 — 2017 for Sub-Saharan Africa as a region (these data are also summarized
in the website of “our world in data” [54]). Hence, we used initial data to be the population sizes of
Sub-Saharan Africa in ¢y = 1998. That is, Sy (to) = 6 x 108, [63, 73], En(to) = 3.7 x 108 assumed,
In(tg) = 2.2 x 109, [33, 54], dn1(tg) = 696652, [33, 54], Th(to) = Pn(to) = 0, Sy(te) = 5 x 10°, and
E,(to) = 2 x 10°, I,(tp) = 1 x 10°, all assumed. We assume the transmission-blocking efficacy p.
of standard drugs in this period was 0.55 and the introduction of modern TBDs is accounted for by
increasing p, after 2017.

4.2 Curve fitting and parameter values estimation

In order to fit and estimate the parameters of system (1), we used the "lmfit” which is a non-linear
least-squares minimization and curve-fitting package in Python programming language. As it is directly
mentioned in [45], initially inspired by (and named after) the Levenberg-Marquardt method, ”Imfit”
provides a high-level interface to non-linear optimization and curve fitting problems for Python. It
builds on and extends many of the optimization methods of scipy.optimize. We preferred to use ”Imfit”
since it provides a number of useful enhancements to data fitting problems such as the ease of changing
fitting algorithms without changing the objective function, improved estimation of confidence intervals,
improved curve-fitting and many pre-built models for common line shapes, [45]. We note here that for
many data fitting processes, in order to do a non-linear least-squares fit of a model to data, the main
task is to write an objective function that takes the values of the fitting variables and calculates an
array of values that are to be minimized, typically in the least-squares sense, and the objective function
should return an array of (data-model), perhaps scaled by some weighting factor, €, such as the inverse
of the uncertainty in the data. For such a problem, unlike to a traditional non-linear fit, the chi-square
x? statistic is often defined as [45]:

) n—1 [ygzeas _ yZLOdel] 2
X = 62 ’
i=0 i
where y;7°* is the set of measured data at time point #;, yg“)del is the solution of the model at time ;.

Most often ¢;, =1 foralli=1,2.--- ,n—1.

We first write (1) as
y=1r(ty0), ylt) =y, (30)
where, y = (yo,- -+ ,ys) represents the vector of the model variables , f = (fo, fa, -+, fs)" is vector of
right side functions and @ is vector of unknown of parameters of the model. The main procedure is to
estimate model parameters by searching for the vector of parameters 0 = (9}, Oy, - - - ,G;n) , where m is

the number of model parameters, that minimizes the sum of squared differences between the observed
(measured) data and the corresponding model solution [18], given as

~ 2
: meas model
6 = arg min E (Z/ti — Yy ) ,
=0

subject to system (30). To get the best fit we use the temporal variation of the residuals given by
res(ti) = f(ti v, “*", 0) — yp .

For the purpose of data analysis, we used inferential qualitative data analysis methods which show
correlations, regression and analysis of covariance to generalize results and predictions. Our algorithm
provided the "Fit Statistics” such as chi-square, reduced chi-square, bayesian info criteria, akaike info
criteria and correlations. However, we did not present the values as they are not important to our
objective here. A fitted curve is shown on Figure 5. Using the algorithm used to obtain the fitted
curve, we estimates values for the model parameters. Depending on the method of estimation they use,
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= Fitted curve (number of deaths), pe = 0.55
== = Model estimates and prediction using current drugs, pe = 0.55
== = Model prediction using TBDs, p. = 0.95

@® Number of deaths (estimated data by IHME)
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Figure 5: A fitted curve for malaria caused deaths, d1j, for the model under treatment via TBDs,
(system (1)), using data from ITHME-GBD [27, 54] in years 1998 — 2017 for Sub-Saharan Africa as
one region. While fitting the curve, we also conducted parameter values estimation using our fitting
algorithm and we got, measured per year, p, = 1.42571563, C, = 0.07183827, C} = 2.60330271, up =
1.1457 x 1072, v}, = 0.21382367, &, = 0.000695, v, = 9.7967 x 10~7, II), = 3.9714 x 10°, II, = 4.0012 x
108, v, = 0.08502137, p, = 8.87970645, (. = 0.99918687, ¢, = 0.03958800, ¢; = 0.00336839,9 =
0.23576108, wy, = 1.37089493, 7, = 1.4245x 1075, o}, = 0.0035, p. = 0.38365352 and a;, = 0.28695193.
Note that here the time unit is one year, in contrast to in Table 3 where the unit of time is one day.

there are differences in the data obtained from WHO and IHME. There is also a difference between the
number of estimated and reported confirmed cases or deaths in the WHO data system. We remark that
we did not use data from WHO since their data are limited to the years 2010 — 2017 and our model
has more parameters as compared to the number of data points in these years.

Remark 5 We observe that the fitted demographic parameters are not realistic which is due to the
simplified logistic model used to describe the demographic processes, see [43, Pages 36-37]. Our interest
18, however, in analyzing the effect of the TBD on the evolution of the disease and thus we continue with
the current model in a slightly artificial demographic scenario, for the sake of mathematical tractability
of the problem. In reality, in Sub-Saharan Africa regions, the average life-expectancy at birth of humans
as of 2018 is 61.25 years, [60], and thus approximately pup = 0.016 per year, with a rough estimate of
II;, = 30 x 10° total births per year on average, [63, 73].

Our model results fit well to the data and it reflects the transmission dynamics of malaria in Sub-
Saharan Africa as stated by the IHME-GHO and WHO. Estimated and reported numbers by both
WHO and IHME have shown that the number of malaria caused deaths in Sub-Saharan Africa has
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fallen since 2007. The fitted solid red curve is obtained by assuming that the transmission-blocking
efficacy of common drugs was 0.55. Here we see that the rate at which successfully treated infectious
humans become prophylaxis protected, 7y, is very small, with estimated value of 7, = 1.43 x 107°, see
Fig. 5.

To predict the number of malaria deaths in Sub-Saharan Africa, we projected the fitted model
by extending the time period up to the year 2035 with the same 55% blocking efficacy of the drugs
(the red dashed curve on Figure 5). Thus, using our model with a 55% transmission-blocking, there
will be approximately 349185 number of malaria caused deaths and 132.6 million number of cases in
Sub-Saharan Africa in the year 2025. These number will be reduced approximately to 214170 deaths
and 79.6 million cases in 2035.

This is compared with a scenario in which a 95% efficacious TBD becomes available from 2021, see
the dashed black curve. The model predicts that in Sub-Saharan Africa there will be an estimated
178043 malaria related deaths in 2025 and 98343 related deaths in 2035. Since, according to IHME-
GBD, [27, 54], there were approximately 543289 malaria deaths in the region in 2017. Thus our model
projects at least an 81.8% reduction in the number of malaria deaths by 2035 and, comparing drugs
with 55% and 95% efficacy, using the later will save 115827 lives in 2035 alone. This translates into the
cumulative number 2.1 million lives saved between 2020 and 2035 if we manage to improve the efficacy
of transmission-blocking from 55% to 95%.

It is important to note that this effect is obtained just by using a 95% efficacious TBD starting from
2021 and holding all other malaria control measures (that is, parameters of the model) unchanged. If,
in addition, other control measures, such the treatment coverage, are applied the number of malaria
cases and deaths will be reduced even more.

To observe how varying the treatment coverage rate and the efficacy impacts the dynamics of
malaria model (1), we simulate the system for different values of ay, and pe, as can be seen on Figures
6 and 7. For both figures we used parameter values obtained from our data fitting, which are listed in
the caption of Figure 5, except for Figure 6, where we let the treatment coverage rate to have values
ap =0, 0.001, 0.08, 0.2, 0.5, 0.75, 0.90, with p. = 0.39 fixed, whereas in Figure 7, we fixed ap, = 0.29
and let p, to take efficiency rates of 0%, 25%, 60%, 75%, 97% and 100%.

The trajectories on Figure 6 show that when «; = 0, that is, there are no individuals undergoing
the treatment, the trajectories for individuals under treatment or who are prophylaxis protected remain
zero. When «j, begins to increase, then the trajectories of Ty, and Pj continue to rise. When aj < 0.2,
the disease can not be eliminated completely in short period of time (at least it requires more than
100 years), see Subfigures 6a and 6b for a, = 0, , = 0.01, o, = 0.08 and oy, = 0.2.. However, when
the treatment coverage rate is increased to ap = 0.5, the number of infected individuals and malaria
deaths decreases radically, see Subfigures 6a and 6b for o, = 0.5, o, = 0.75 and «ayp, = 0.9. In Subfigures
Ta and 7b, we simulated the numbers of infected humans and malaria caused deaths as we vary the
efficacy rate p. of the transmission-blocking drug. The results in these subfigures show that the number
of infected individuals is highly sensitive to the p. and a 97% efficacious TBD can result in a 100%
control of transmission of malaria in a long run. From Subfigure 7c, we observe that treating a malaria
patient with a zero efficacy TBD does not have any impact on the patient and thus the trajectory for
pe = 0 stays constant for larger times. However, when the TBD is more than 25% efficacious, then
individuals will get treated and move to class Pj. In Subfigure 7d, it is shown that when p. = 0, the
solution trajectory for Pj, remains zero since no one has got successfully treated. Solution trajectories
for the total human population with 55% efficacious TBD and the treatment coverage rate of o, = 0.35
are shown on Subfigure 7e. We recall that we use the initial data introduced in Section 4.1.
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initial guess for the purpose of data fitting on Figure 5.
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5 Discussion and conclusion

One of the current topics in malaria research is to design interventions to block gametocyte trans-
mission to the vectors (female Anopheles mosquitoes) or sporozoites transmission to humans, in order
to control and eradicate the disease. The main idea is to disrupt the parasites’ reproduction and its
further development in the mosquito, thus breaking the life cycle of the parasite, [39]. In this paper, we
formulated and analyzed a mathematical model for the transmission dynamics of malaria that considers
a treatment using a transmission-blocking antimalarial drug (TBD). The formulated model consists of
nine compartments. Mathematical and epidemiological implications of the TBDs are assessed using dif-
ferent methods such as determining the effective treatment reproduction number R, critical treatment

rate a#, sensitivity analysis, backward bifurcation analysis and data fitting.

We validated our model by fitting it to real data obtained from the ITHME-GBD web-site. We
used a non-linear least-squares minimization and curve-fitting package in python known as ”lmfit”.
The fitted curves of the model well reflect the data and agree with the current dynamics of malaria
in Sub-Saharan Africa. Together with fitting the state curves, we have also estimated values of the
parameters in the malaria model. Our projected model results show that if, in addition to the existing
control strategies against malaria, other control measures such as a highly efficacious TBD with high
treatment coverage are applied, the number of malaria cases and deaths can be greatly reduced in
a few years. Thus, an ultimate goal in an effort to completely eliminate and eradicate malaria is to
design a novel transmission-blocking treatment that can cure malaria patients and completely block
the formation or maturation of gametocytes so that the malaria parasites will be not passed on.

We believe that our model can provide some insights into the effect of TBDs in terms of malaria
transmission control and thus help in the drug development and regulatory decision-making processes,
leading to a more affordable and effective drug therapy. The results obtained from our model should
be also useful for the development of improved models that can incorporate the clinical drug pharma-
cokinetics and pharmacodynamic properties.
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Appendix

Computation of control reproduction number

To calculate the control reproduction number, Ry for (1), we use the the next-generation matriz method
based on [22, 64]. For this, let us rewrite system (1) as:

(31)

where ¢4 = (Ej,, Iy, Ty, Rn, E,, I,)T are the infectious compartments and x5 = (Sy,, P, S,)T are
the disease free ones. Thus, the DFE of system (31) will be

IT IT

xy = (zy,xy) = (B, I, Tn Ry B L Sy, Pr Sy = (0, 0, 0, 0, 0, 0, —h, 0, v).

Hh v
We recall that to determine the control reproduction number, due to the Schur factorization, it is
sufficient to use only the diseased (infected) compartments, see [64, Lemma 1] and [28, Section 7.7].
So, using the system for @/, let F; be the rate of appearance of new infections in the compartment
i, V; be the rate of transfer of individuals out of the compartment 7 by all other means and V;r be
the rate of transfer of individuals into the compartment i by all other means. Set V; =V, — Vf and
F=IF], V=[], i=1,2,---,6 and hence

Ivshbﬁvh

Eyn+1n+Py+Rp+Sp+T1), Eh(ﬂh +Vh)
(Ta+ an) Iy — T1Th — Epvy
0 (Fl + FQ + P3 -+ Mh)Th _ Ihah
o V= 32
(EnCetRn¢ Z(F) Ci+1,)SubB 9Ty — Invh + Ru(pn + ph) (32)
et r+ + v v
hEh“thh—"Ph—",}z}tr‘r;h—‘rTh . Ey(py + 1)
0 Iypy — Eyiy

Then their corresponding Jacobian matrices, F' and V, respectively, evaluated at the DFE x are,

0 0 0 0 0 b8 |
0 0 O 0 0 0
OFi, | _ 0 0 0 0 0 0
Fﬂ_’[axj(woﬂ =l 0o o o o o o |
PeCe LI's T'6Gr L'eGr 00
0 0 O 0 0 0 |
[ pn 4 vn 0 0 0 0 0 ]
—p, I'y 4+ oy —I' 0 0 0
oV; 0 —Qyp, '+ T 0 0 0
V= o) =
[axj (‘”0)] 0 ~w -T2 mptpn O 0 |
0 0 0 0 fo + 1y 0
i 0 0 0 0 —Vy

where
wh = qubh, on = (1 —qn)0h, T1:= (1 —pe)wp, o= (1—pe)op, T's:=perp,

HU bﬂhv,uh

, T7:=T;+T.
Moy TR

Py=0n+vn+pn Ts=To+Ts+u, LIs:=
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Thus, the control reproduction number, Ry, which is the spectral radius of the next generation
matrix, G = FV~! is computed to be:

Rr =

\J L'sbBunvy [Vh(uh + pn) Tz + anle) + Taan + (T7)vn) vnlr + Ce <F4F7 + F5ah) (Mh + ph)}
(F4F7 + (FSOUL) (l’[’h + Vh) (,uh + ph) (Mv + Vv) Moy .

This can be written as

RE = R3¢ (o),

where Ry and & (ay,) was defined in (14). O

Proof of Theorem 2 (locally stability of DFE)

Here we show that the DFE of model (1) is locally asymptotically stable. The proof follows the lines
of [64, Theorem 2] and [65, Lemma 2]. To simplify the notation, we write:

T

S (Eh7IhyThuRh7Ev7]v7Sh7Ph7S’Ll)7i = 1727"' 797 Tq; € (Eh7 Ih7 Th7 th E’U» Iv)u 1= 1727"' 76 a‘nd

Tsi € (Sh,Ph, Sv)a i = 7a879'

(A1)

Clearly from (32), we can easily observe that if > 0, then each F;, V;*, V" >0 for each i = 1,...,9,
where the inequalities are entry-wise.

If a compartment is empty, then there is no transfer out of that compartment. Let any state
variable, x; € (Fn, In, Tn, Rn, Ey, I,, Sn, Pn, S,) be zero. Then, from (32), it is obvious that
VY, = 0. In particular, if z; € @, then ¥V, = 0. We already have showed that the system (31) has a
non negative, bounded and unique solution provided that the initial data is positive.

From (32), we can see that 7, = 0 = Fg = Fy. That is, F; = 0, for ¢ > 6. Thus, the incidence of
infection for uninfected compartments (S, Pp,S,) is zero.

We can easily observe from (32) that if x € x5, then we have F; =0 and V; =0 for i =1,--- ,6.
Furthermore, the corresponding disease-free subsystem

dsSy,
—_ = H —

p h — UnSh, (33)
dsS,

L1~ S (34)

has an equilibrium point (%, %) which is globally asymptotically stable.

For the diseased (infected) subsystem, that is, for 1 < i, j < 6, we have the matrices given
in (33) and (33). Thus, we observe that matrix F is non-negative. The determinant of V is

det(V) = puo(pio Jrl/q,)(uh+ph)(uh+uh)(F5(F4+ah) —rlah). But, Ts(T's +az) — Tyop, = DsTy + Tsap —
Tap =T50y + ap(Ty + T's + pp) > 0. Hence, the matrix V' is non-singular. We can also easily see
that V is an M-matrix. Hence, by [65, Lemma 2], all eigenvalues of F — V have negative real
parts. Therefore, by [64, Theorem 2] and [65, Theorem 1], the DFE z} of system (1) is locally
asymptotically stable if Ry < 1, but unstable if Ry > 1. O

We note that the local stability of the DFE can also be proved by determining condition for which
all eigenvalues of the model at the DFE have negative real parts, see for e.g. [10, 11, 14, 37].
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s Some coefficients determining the occurrence of backward bifurcation

es7 'To simplify notations, during the computations of the endemic equilibria and the backward bifurcation
6ss analysis, we set

Ky = T5+T, Ka=9+up, Ksg=vnp+pn, Ke=ap+T4, K5=pp+ pn,
K¢ = '}/h(F5 + Fl) +Deap, K7 =v, + /J“TMCUh = Bonb, Chv = Brob,

_ Cel's(an +Ta) G Gr(yn(Ts +T'1) + Toary)
G = ﬁvhb( vp(T's +T1) (Ts +T1) (pr + pn)T's +T) +1)

5K K
_ th(c sKi | Gon | ¢ 6“)7

VhK1 Kl KSKI
V’UH’U

Ky = ————.
fo (Vo + fy)

and
Doo = Ks Ko K3I's Ky, Do1 = KovppnKe + KsvpOopl's, Do = pun Ks Ko Ksl's Ky = pup Doo.
689 Furthermore, we set

¢1 = Kals Kyll, K5 Ko, ¢o = Us Kyll, K5 Ko, ¢3 = I, Ks KoK vy, ¢4 = aplly Ks Koy,
o5 = ap sl Ksvy, ¢ = Kol Kovy, ¢7 = ¢ + -+ + @6,
¢8 = Ce2 + ¢3 + (P4 + Crihe.
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