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ABSTRACT

This thesis develops a skewing methodology for the formulation of two-piece families of distri-
butions that can be defined through their cumulative distribution functions (CDFs), probability
density functions (PDFs) or quantile functions. The advantage of this methodology is that the
families of distributions constructed have skewness-invariant measures of kurtosis, allowing for
the independent analysis of the skewness and kurtosis of a distribution.

The central contribution of this thesis is in the development of the quantile function of
the two-piece family of distributions. This quantile function is constructed through the use of
the quantile functions of half distributions developed from symmetric univariate distributions
(henceforth referred to as the parent distribution). This quantile function is the used to derive
a general formula for the r** order L-moments of the two-piece family of distributions. The
results of these L-moments will be in terms of the L-moments of both the parent distribution
and the half distribution. The parameters of this new family of distributions can be estimated
through the method of L-moments since closed form expressions exist for the L-moments and
subsequently the estimators.

The results from the skewing methodology as well as from the formula for the r** order
L-moments will be applied to well-known symmetric univariate distributions. These include
the arcsine, uniform, cosine, normal, logistic, hyperbolic secant and Student’s #(2) distributions,
which do not have a shape parameter, as well as the quantile-based Tukey lamba distribution

which has a kurtosis parameter.

KEYWORDS : Two-piece distribution, Half distribution, Quantile function, L-moment, Skewness-

invariant kurtosis measure.
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INTRODUCTION

1.1 Aims and Objectives

The aim of this thesis is to develop a methodology that can be used to formulate of two-piece
families of distributions that possess skewness-invariant measures of kurtosis. This methodol-
ogy is demonstrated in Theorem 3.2.1, where the quantile function of a two-piece distribution is
obtained by joining the quantile functions of two half distributions obtained from a univariate
symmetric distribution at the median, with an asymmetry parameter being introduced to the
quantile function left of the median. The piece-wise quantile function that is generated exhibits
asymmetry below the median, with symmetry being attained when the asymmetry parameter
has a unit value. This methodology will allow for the generalization of a distribution is either
quantile-based or classically defined through the probability density functions (PDFs) and/or
cumulative distribution functions (CDFs).

Furthermore, the results from the methodology are used to construct a general formulae
for the r** order L-moments that will be used to characterize a two-piece distribution. These
L-moments will be functions of the L-moments of the parent distribution as well as the half
distribution.

The methodology is used to develop two-piece families of distributions for the arcsine, uni-
form, cosine, normal, logistic, hyperbolic secant and Student’s #(2) distribution in Chapter 3, as

well as for the quantile-based Tukey lambda distribution in Chapter 4.



CHAPTER 1. INTRODUCTION 2

1.2 The Evolution of Quantile Splicing

Quantile splicing is a term that was conceived to better describe the methodology proposed and
developed in this thesis. Albeit splicing definitively means to join or intertwine, the integrated
term in this case implies that two quantile functions are joined together.

The methodology was necessitated from the work of Balakrishnan et al. (2017), who proposed
a skew logistic distribution as an alternative to the model proposed by van Staden and King
(2015). Balakrishnan et al. (2017) used the CDF of the half logistic distribution as the building
block to construct the CDF of the skew logistic distribution. This was achieved by joining the
CDFs of the half logistic distribution to the right and left of the median, with the CDF to the
left of the median possessing a single asymmetry parameter. In order to further characterize
the skew logistic distribution, they made use of moments of order statistics from the standard
half logistic distribution to obtain the single and product moments of order statistics. These
results were then used to compute the means, variances and covariances of order statistics from
the skew logistic distribution for any sample size, n.

The technique proposed by Balakrishnan et al. (2017) sought to introduce asymmetry to
univariate distributions with the exemption of those from the quantile statistical universe, also
referred to as quantile-based distributions. In order to alleviate this exclusion, the idea of
using the quantile functions of half distributions arose. This would ensure that the method of
introducing asymmetry would be used for distributions defined through their CDFs, PDFs or
quantile functions. The result is a piecewise quantile function, joined at the point 0 < k < 1, and
consequent emergence of the two-piece family of distributions. The thesis will begin with the
construction of the method of quantile splicing for the case k = ;, whereas future research will
consider the general form for & # 3.

Furthermore, quantile splicing led to the derivation of the general formula for the »** order
L-moments. This allows for the characterization of the two-piece families of distributions in
terms of L-moments as opposed to the moments of order statistics. The implication is on
the computational ease with which results can be obtained especially with respect to parameter
estimation, since the L-moments obtained are expressed in closed form and are simple in nature,
as well as in the exploration of the properties of the distributions. Likewise, an estimation

algorithm can be developed through the method of L-moments.
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Another added advantage of using this method arises in the nature of its measures of kurtosis.
Since asymmetry is introduced to essentially one side or piece of the distribution, the level of
kurtosis of the two-piece distribution remains the same as that of the parent distribution. This
means that the measures of kurtosis are skewness-invariant. This benefit enables the skewness

and kurtosis of distributions to be analysed and reported seperately.

1.3 Outline of the Thesis

Chapter 2 takes a comprehensive look at the methods that have been used to introduce asym-
metry in univariate distributions. These methods make use of the CDFs, PDFs or quantile
functions as the kernels in the building of new distributional models. The main focus will be
on the techniques used as well as the strengths and weaknesses of the results obtained.

Chapter 3 focuses on the development of the method of quantile splicing. This will entail
constructing the two-piece quantile function of the resulting families of distributions from the
quantile functions of the half distributions developed from their parent distributions. Emanat-
ing from this methodology will be a general formulae for the »** order L-moments as mentioned
in Section 1.1. This will comprise of the L-moments of both the parent and half distribution. In
addition, this formulae can also be presented in terms of order statistics of the half distribution.
Well-known quantile measures of distributional form are discussed, and their general forms for
two-piece distributions are derived. These measures will also prove that the distributions con-
structed through the method of quantile splicing have skewness-invariant measures of kurtosis.
An estimation algorithm is developed using the method of L-moments since we’re able to obtain
L-moments that are closed-form and simple in nature.

Chapter 4 makes use of the results in Chapter 3 to develop two-piece families of distributions
for symmetric univariate distributions that do not have a shape parameter. Specifically, the arc-
sine, uniform, cosine, normal, logistic, hyperbolic secant and Student’s #(2) will be studied.

Chapter 5 uses the method of quantile splicing to construct the two-piece Tukey lambda
distribution. This quantile-based parent distribution has a shape parameter that governs its
level of kurtosis as compared to those in Chapter 3 that do not have any shape parameter.

Chapter 6 aims to summarise the techniques developed in the thesis as well as present

possible areas for future research.
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1.4 Contributions of the Thesis

The thesis aims to introduce a new methodology that can be used to construct two-piece families
of distributions with skewness-invariant measures of kurtosis. Moreover, a general formula for
the r** order L-moments is derived. Other contributions from each chapter are hereby outlined.

Chapter 3

e An integral for calculating the »** order L-moment of distributions that are split at a

scaling point 0 < k < 1 is derived in Section 3.3.3.

e The r** order shifted scaled polynomials are derived in Section 3.3.3, with the first 4

polynomials being presented.

e In Section 3.3.4, the r** order L-moments of half distributions are derived and also pre-

sented in terms of order statistics.

e Formula for the quantile measures of distributional form for the location, spread and
shape for two-piece families of distributions are presented. As indicated, the quantile-

based kurtosis measures are skewness-invariant.

e An estimation algorithm for two-piece families of distributions is developed in Section 3.5.
Chapter 4

e The quantile splicing methodology is used to derive the quantile functions, CDFs and
PDFs of the two-piece distributions constructed from the Student’s #(2), hyperbolic secant,
logistic, normal, cosine, uniform and arcsine distributions in Sections 4.2.2, 4.3.2, 4.4.2,

4.5.2,4.6.2, 4.7.2 and 4.8.2, respectively.

e The quantile measures of distributional form for location, spread and shape for the Stu-
dent’s t(2), hyperbolic secant, logistic, normal, cosine, uniform and arcsine distributions

are derived in Sections 4.2.2, 4.3.2, 4.4.2, 4.5.2, 4.6.2, 4.7.2 and 4.8.2, respectively.

e The rt* order L-moments for the half distributions from the Student’s t(2), hyperbolic
secant, logistic, normal, cosine, uniform and arcsine distributions are presented in Sections
4.2.2,4.3.2,4.42, 452, 4.6.2,4.7.2 and 4.8.2, respectively. The results are derived in full

in Section 4.9.
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e The r*" order L-moments together with the L-skewness and L-kurtosis ratios for the two-
piece families of distributions constructed from the Student’s #(2), hyperbolic secant, lo-
gistic, normal, cosine, uniform and arcsine distributions are presented in Sections 4.2.2,
4.3.2,4.4.2, 452, 4.6.2, 4.7.2 and 4.8.2, respectively. The results are derived in full in
Section 4.9.

Chapter 5

e The quantile function for the two-piece Tukey lambda distribution is derived in Section

5.3.

e The quantile measures of distributional form for location, spread and shape for the two-

piece Tukey lambda distribution are derived in Section 5.4

e In Sections 5.5 and 5.6 the support and classes of the two-piece Tukey lambda distribution

are presented.

e The r*" order L-moments for the half Tukey lambda distribution as well as the two-piece

Tukey lambda distribution are derived in Section 5.7

e The values for the density and slope of the density curve for the two-piece Tukey lambda

distribution are presented in Section 5.8.

e An estimation algorithm for two-piece Tukey lambda distribution is developed in Section

5.9.
Chapter 6

e The quantile function, CDF and PDF for the piecewise distribution constructed using the

extended quantile splicing technique is derived.

e The general formula for the r** order shifted scaled polynomials are derived in Section

6.3.2, with the first 4 polynomials being presented.

e In Section 6.3.2, the general formula for the r** order L-moments of piecewise distributions
are derived. These are presented in terms of order statistics as well as the L-moments of

the k" and (1 — k)t"-piece distributioins.



METHODS OF SKEWING UNIVARIATE DISTRIBUTIONS

2.1 Introduction

In an effort to model asymmetric data, Pearson (1895) introduced procedures that made use of
differential equations to generate univariate distributions. Different distributions were obtained
from this Pearson system of differential equations that depended on the solutions obtained for
each probability density function. Pearson then presented the various distributions obtained
using this system.

Numerous asymmetric distributional families and skewing mechanisms have since been pro-
posed and studied since the introduction of the Pearson system. These inculde the Burr types I
- XII distributions (Burr (1942, 1968, 1973)), also studied in detail by Fry (1993) and Johnson
et al. (1994). Johnson (1949) proposed a system of distributions by transforming (translating)
the normal distribution, which yielded the lognormal family, a family of bounded distributions
and a family of unbounded distributions. Some common univariate distributions that arise from
these families are the normal, lognormal, gamma, beta and exponential distributions.

In the event a distribution is quantile-based, that is there is no closed-form expression for the
cumulative distribution function (CDF) or probability density function (PDF) resulting in a dis-
tribution being defined through its quantile function, then quantile methods are applied. These
methods were first documented on the early works on the lambda distribution (Hastings Jr et al.
(1947), Tukey (1960)). Ramberg and Schmeiser (1972) and Ramberg and Schmeiser (1974) gen-
eralized those results to create the generalized lambda family of distributions (GLDs).

There are many methods that have since arisen with the aim of generating asymmetric dis-
tributions or skewing existing distributions. Depending on the existence of the PDF, CDF or
quantile function of a distribution, these methods made use of them as the building blocks in

the methodologies. The aim would be to increase the flexibility of distributions with regards to
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its distributional form, thereby improving the fit of the models to data sets.
Some of the existing methods of skewing univariate distributions will be discussed in this
chapter, showing what has been done to introduce asymmetry, as well as the properties attained

with each method.

2.2 Combining symmetric distributions

The skew normal distribution was introduced by Azzalini (1985) with the intention of introduc-

ing skewness to distributions through the combination of two symmetric distributions.

Definition 2.2.0.1. A random variable X is said to follow a skew normal distribution, denoted

as X ~ SN(0), if its probability density function is given as
f(x;0) = 2¢(x)®(dz), —00 < & < 00, (2.1)

where ¢(z) and ®(x) are the standard normal probability density and cumulative distribution

functions, respectively, whilst 6 € R is the asymmetry parameter.

|
Let F and G be two independent standard normal random variables. X can be expressed in

terms of F and G as
6|Ul+V)
V1it62 o

2.2.1 Distributional properties of the skew normal distribution

The inclusion of a location parameter, u, and scale parameter, o, allows for X to be translated
to Y = p+0X. Some of the properties associated with the skew normal distribution are listed

below.

Property 1: When § =0, the PDF in Eq.(2.1) reduces to that of the standard normal distribu-

tion, N(0,1).

Property 2: The random variable X? with parameter § follows a x2-distribution with one degree

of freedom.

Property 3: The moment generating function of X is Mx(t) = 2exp(t?/2)¢ (kt), where t € R and

R = ]
Vi
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Property 4: The characteristic function of X is (t) = 2exp(t?/2)ir(xt), where

)= | \/2en@?/2)dy and 7(-r) = —7(r) for r > 0.
0
This distribution can be used to fit data that exhibits unimodal behaviour with the presence of

skewness.

2.2.2 Extensions on the combination of two symmetric distributions

The proposed method used to obtain the skew normal distribution was such that f(z;d) took on
the form 2h(-)H(-), where X is symmetric at 0 and H(-) is absolutely continuous, with » and H
as the PDF and CDF of X, respectively. Since this proposed method catered to distributions
with lighter tails than the normal distribution, a general form of Eq.(2.1) was introduced by
Azzalini (1986), in order to accommodate heavy-tailed distributions as well.

The probability density functions of this broader class of distributions would be defined

through the general form given as
f(z;w,6) = 2g(x;w)G(x;0), w >0, (2.2)

where ¢(-) and G(-) are the PDF and CDF of any symmetric random variable, respectively, with
w > 0 as an additional shape parameter. This means that the new generalization can be used to
obtain different skewed distributions.

Extensive studies continued on Eq.(2.2) by Azzalini (2005) and even further advanced by
Abtahi et al. (2012), whose results were used to generate the generalized skew ¢ and the gener-
alized skew Cauchy distributions.

Wang et al. (2004) also defined skew symmetric distributions as functions whose PDF takes on

the form
f(@) = 2g(x)¢(w), (2.3)

where ¢(x) is a non-constant asymmetry function, such that ¢(—z) + &(z) = 1 where ¢ : R — [0, 1].
This implies that a CDF can be chosen as the asymmetry function. The skew family of distri-
butions is symmetric when ¢ = 1.
Arnold and Beaver (2000) and Arnold et al. (2002) have made further progress on Azza-

lini’s work by suggesting the use of two non-normal symmetric densities to created a skewed

distribution.
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Definition 2.2.2.1. Suppose U and V are two random variables with pi, P, and ps, P, as their
probability density and cumulative distribution functions, respectively. Then if the conditional
distribution of U given 5y + 6,U > V is considered, the probability density function of U can be

defined as
o pl(u)P2(5o + 51’[1,)
h P(50+51U > V) ’

f(ua 603 61)
where §, € R and §; € R are shape parameters.

|
Kim (2005) introduced the two-piece skew normal as a further extension of the skew normal

distribution.

Definition 2.2.2.2. A random variable X5 is said to have a two-piece skew normal distribution
with parameter § € R, denoted by Xs ~ TPSN(5), if its probability density function is given as

2

= méb(l“)@(ﬂﬂ), SeR, zeR. (2.4)

f(x;0)

]
Eq.(2.4) reduces to the standard normal PDF when § = 0. The distribution exhibits unimodal
and bimodal behaviour, and has been shown to be a mixture of two truncated skew normal
distributions.
Through the introduction of two additional parameters, Jamalizadeh et al. (2011) pro-
posed the three parameter generalized two-piece skew normal distribution, denoted as X, s, , ~
GSTPSN (81,09, p) if the PDF is defined as

1

f(x;01,02,p) = (01,02, p)

d(x)P1 (012, 02|z|; p), 61,02 €R, |p| <1, z €R, (2.5)

where ®, (-, -; p) denotes the PDF of a standard bivariate normal random variable with correlation,

p, and
1 1 [ —(p+d1d2) o —(p—6162) )
S 5. o Ar T ——— 2t o p .
b(d1,02,p)  Am {COS <\/1+5%\/1+6§)+C0S (mm)"‘ an 2}
The PDF is unimodal when 6§, < 2, else it is bimodal when 4, > 2.
2.3 Inverse Scaling Procedures

Fernandez et al. (1995) introduced skewness to distributions by extending the work of Box and

Tiao (1973). Skewness was introduced to the exponential power distribution in their attempt to
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tackle the problem of axial symmetry while modeling a new class of multivariate distributions.
This resulted in their proposal of the so-called v-spherical distributions, which was a solution
to any impediment when it came to using them in actual modeling.

Let v # 1 be defined as the spread parameter. When ~ is split, two different density functions
for positive and negative values of the random variable are obtained, despite sharing the same
absolute values.

The PDF of a random variable from this proposed distribution would be defined as

kexp(—3(z/7)"), ifz>0,

fzsy, k) = (2.6)
kexp(—i(—vx)®), if 2 <0,

where v > 0,k > 0 and k = is an integrating constant that ensures f(x;v,x) is a

valid function. The exponential power class is obtained when v = 1, else skewness is observed
in the distribution.

Fernandez and Steel (1998) introduced a general method of transforming symmetric distri-
butions, by extending the results from Eq.(2.6). Consider a univariate random variable X that
is symmetric around 0. Furthermore, let the probability density function, f(z), be such that
f(z) = f(|z|), with f(]z]) decreasing in |z|. Then a family of skewed distributions is generated if
the PDF is given as
2

f’Y(I): 1+1
5

(1)@= saor @), v>o

where T+ and I~ are indicator functions on R+ and R~, respectively.

Distributional properties

A few of the properties of this class of skewed distributions are:
Property 1: The mode of the scaled distribution is retained at 0.
Property 2: The distribution exhibits asymmetry when ~ # 1.

Property 3: f,(z) = f(z) when v = 1, the original probability density function of the parent

distributions.

Property 4: f,(z) = fi(—=), such that a mirror image of the two scaled density functions is

obtained at 0.
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Fernandez and Steel (1998) and Castillo et al. (2011) studied the class of skew normal distribu-
tions obtained when f(z) is from a normal distribution.

The skew generalized secant hyperbolic (SGSH) distribution by Fischer and Vaughan (2002)
was proposed as a skew generalization of the generalized secant hyperbolic (GSH) distribution
of Vaughan (2002), by splitting the scale parameter. In order to introduce asymmetry into the
GSH distribution, the half moments of the GSH are first computed. The procedure introduced
by Gottschalk (1948) was used by Fischer and Vaughan (2002) to propose the half moments of
the GSH. The full proof is documented in Fischer and Vaughan (2002)(p 8-11).

Definition 2.3.0.1. Let § > 1 be defined, while IT and I~ denote the indicator functions of = on
R, and R_ respectively. The PDF of a random variable X from the SGSH distribution is defined

as

fsasu(z;t,6) =

{fSGSH(w/(S)H () + fsasu(x0)I (z) }

5+ 3
20 exp(coz/8) -1~ () exp(cadr) - 1T (x) (2.7)
© 0+ 3 | exp(2c2/6) + 2aexp(car /) + 1 exp(2e2dx) 4 2a exp(cpdr) + 1 '

whilst the CDF and quantile functions are given in closed-form as

262 _ 62 — 1+ 2F, 0
Fsasm(v;t,0) = M{FGSH(x/é)H () + 5 529”@ )}ﬁ(x)} (2.8)
and
- _ 2 +1 1 2+1 6%2-1)\;
Folsu(wit,8) = 0F 5y T ]IA(x)—b—fFGéH T — = 4 (x) (2.9)
20 1) 2 2
respectively, where
1, if z< o . 0, ifx<2
4(z) = o and  TA(z) = o (2.10)
0, ifz>gy 1, if x> 2
[ |

Vicari and Kotz (2005) suggested that a more generalized form of f,(x) can be obtained when
using v; and v,, instead of v and % This will make the density functions more flexible in terms

of their distributional shape through the inclusion of an additional shape parameter.

2.4 Beta-generated families of distributions

The beta-generated families of distributions were first introduced by the work of Eugene et al.

(2002) when they presented the beta-normal distribution and its properties. This mechanism
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was intended to extend the flexibility of the distributional shape of both symmetric and skewed
distributions. The skewness is attributed to a combination of shape parameters and not a single

parameter as seen in the other methods already discussed.

Definition 2.4.0.1. The CDF and PDF of a random variable from a beta-generated distribution

takes the general forms
G(z) :/ r(t)dt
0
and

= mf(x)f‘m_l(m)(l — F(x))" 1,

respectively.

|

G(z) and g(x) are termed the beta-generated CDF and PDF| whereas F(z) and f(z) are the CDF

and PDF of the parent distribution. The function r(¢) is the PDF of a Beta(a, 3), otherwise
known as the generator distribution.

There have been many beta-generated distributions proposed and studied since this method

was introduced. These distributions arose from their ability to model skewed, heavy-tailed as

well as bimodal data. These include but are not limited to

e The beta-normal (BN) distribution (Eugene et al. (2002), Famoye et al. (2004)) which has

both unimodal and bimodal behaviour.

e The beta generalized logistic (BGL) distribution, introduced by Morais et al. (2013),

compounds the beta distribution and the type IV generalized logistic distribution.

e The beta-Gumbel (BG) distribution (Nadarajah and Kotz (2004)) which was introduced
with the hope that it would attract greater applicability in the engineering field where
the Gumbel distribution is widely used. The hazard function of the BG distribution is an

increasing function of the random variable.

e The beta-Weibull distribution (Famoye et al. (2005), Lee et al. (2007)) which has been
applied to censored failure rate data. Famoye et al. (2005) showed that it is a unimodal
distribution and presented some of its results on the non-central moments. Cordeiro and
de Castro (2011) derive expansions for this distribution function and explicit closed form

expressions for its moments.
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e The beta-Pareto distribution (Akinsete et al. (2008)) whose hazard rate function

presents unimodal and or decreasing behaviour.

e The beta-Cauchy distribution (Alshawarbeh et al. (2012) Alshawarbeh et al. (2013)) which
has been found to model symmetric and skewed heavy-tailed distributions very well due

to its flexibility.
e The beta-Student’s ¢ distribution by Jones and Faddy (2003) is proposed as a manageable
skew t-distribution on the real line.
Distributional properties

This family of distributions displays various general properties, which are common to all of

them.

Property 1: The values of the random variable X from a beta-generated family of distributions

can be obtained from the inverse CDF, F~1(y), where Y ~ Beta(a, ).

Property 2: The PDF of g(z) exhibits symmetry when o = g8, if f(z) is symmetric. g(z) is

positively skewed when o > 8 and negatively skewed when o < 3.
Property 3: g(z) is unimodal when o = g > 1 and if f(z) is also unimodal.

Property 4: The hazard function is defined as hy(z) = £ W;ffl((l;(g(g)ﬁfl where I, (o, 8) is the in-

complete Beta function and I.(«a, 8) = B(a, 8) — I;_.(5, ).

Property 5: The Shannon entropy of the density function g(z) is obtained as
n, = —Ex(log(g(x)), which for beta-generated distributions equates to
log B(a, B) + (a — 1)i(e, B) + (B — 1)K(8, ) — Ey (log(F~*(y))), where

k(a, B) = Y(a+ B) — (), ¥(-) is the digamma function and Y ~ Beta(a, 3).

Generalizations of the beta-generated distributions

The initial results of Eugene et al. (2002) were then generalized to consider using any other
generator other than the beta distribution. This generator would be defined on [a,b] where
a,b € R, and the domain then normalized to (0,1).

The Kumaraswamy distribution (Kw-distribution), proposed for doube-bounded random
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processes (Kumaraswamy (1980)), was used as the generator distribution in Eq.(2.11), giving

rise to the Kw-generated (Kw-G) distribution.

Definition 2.4.0.2. A random variable, X, from the Kw-G distribution is defined as having a

probability density function, g(x), that takes on the form
g(z) = aBf(zx)F* () (1 — F¥(x))*"Y, a,8>0, z€(0,1), (2.11)

where f(x) = afz® (1 — 21 and F(z) = 1 — (1 — 2%)% are the PDF and CDF of the Kw-

distribution, respectively.

]

Cordeiro and de Castro (2011) and Nadarajah et al. (2012) studied distributions generated

from this generalization. These included the Kw-normal, Kw-gamma, Kw-Weibull, Kw-Pareto
and Kw-inverse gaussian distributions.

Another generalization known as the generalized beta-generated (GBG) distribution has also

been studied by Alexander et al. (2012). This family of distributions uses the generalized beta

Type I as the generator function.

Definition 2.4.0.3. The PDF of a real-valued random variable, X, from the GBG distribution
15 defined as

g(x) = %f(x)Fayil(x)(l - F’Y(x))ﬁila 0‘7577 > 07 T € (07 1)> (212)
where f(x) = grlga®’ ' (1-27)°~" and F(x) are the PDF and CDF of the beta Type I distribution,
respectively.

|

The properties of the generated distributions were studied and documented by Alexander
et al. (2012). When ~ = 1, the GBG density function reduces to the beta generated density

function, whereas the Kw-G density is obtained when a = 0.

2.5 Asymmetric families of densities

Nassiri and Loris (2013) presented a general form of obtaining asymmetric density functions

from distributions that were symmetric about zero. Two scale parameters, §; §, € RT, were
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introduced with the intention of retaining 0 as the mode to the symmetric density function as
follows:

26,6, | [x(01z), <0
01+ 0o

for,80(2) = (2.13)

fx(5g$), x> 0.

With the introduction of a location parameter u € R, and scale parameter ¢ > 0, Eq.(2.13)
can be redefined as

0oy ) Ix(0(55F), w<u
f61,62(.%'§ﬂ70') = ﬁ * ' (214)

fx (02 (55) 2>

Some of the properties from this family of distributions are:

Property 1: The PDF of f;, 5,(x; u,0) exhibits symmetry when 4; = 45, is positively skewed when
4, > &, and negatively skewed when §; < §5.

Property 2: The special case fs, 5, (z;p,0) = f(z;p,0) when 6; = ds.

Property 3: The PDF in Eq.(2.6) is a special case when 6, = £, 6, = —3- and x = 1.

01

The CDF and quantile function are obtained as

i Fx (0 (59)) ve
(61+62) X %1 o ’ Y
Fsy 50 (w3, 0) = (2.15)
62—51 251 xr—
(61+02) + (51+52)FX (52 (ij) y T>p
and
o — (614462) d2
#+5*FX1(}7?>7 p§5 5
Fyls, (p) = 1 o e (2.16)
pt LFE (W) p> 52,
respectively.

Nassiri and Loris (2013) extensively used these results to derive the asymmetric Laplace and
normal densities. Furthermore, they were able to prove that 6, and §, control the allocation of
mass to the density of the left and right tails, respectively. The r** order finite moments exist
for the asymmetric generalization if and only if the moments of the symmetric building block
exist.

Arellano-Valle et al. (2005) introduced a general family of asymmetric distributions which
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includes the model by Fernandez and Steel (1998) as a special case. The PDF and CDF are of

the form
2 T x
_ I BN 2.1
9(z|B) RN <f (a(ﬂ)) {z>0}+f (MB)) {x<0}> ( 7)
and
Glolg) = s F (i) for z <0 (2.18)
s+ aamt (aty), forezo,

respectively, where 8 is an asymmetry parameter and a(3) and b(5) are known positive asymmetry
functions. If a(8) = b(3), then the whole class of symmetric densities is a special case of Eq.(2.17).
From the PDF and CDF defined above, the following properties hold for this family of

asymmetric densities.

Property 1: The median of this family of distributions is:

o (2 - o ()<
2
a(AF L (2EF2) () = b(B).
Property 2: When z =0, then G(0|8) = %-

Property 3: If X is a random variable from the skew family of distributions, then

P(X >20[8) _ a(B)

P(X <0|B)  b(B)

2.6 Quantile modelling

2.6.1 Quantiles

Suppose X is a random variable defined by Fx(z), such that Fx(z) is right continuous. It follows

that a quantile function, Qx(p), is defined such that

Qx(p) = Fx'(p) = Inf{z : Fx(x) > p}, (2.19)

where 0 < p <1 and —cc < 2 < 0o. It can be observed that Fx(Qx(p)) =p is a composite function
if X is a continuous random variable. Various quantile-based functions can be derived from the

quantile function, and subsequently used to define a distribution.



CHAPTER 2. METHODS OF SKEWING UNIVARIATE DISTRIBUTIONS 17

e Quantile density function
The quantile-density function is also known as the sparsity function (Tukey (1965)). It is
obtained as the first derivative of the quantile function with respect to p.
It is defined as
d(Qx(p))

qx(p) = T =Q%(p), 0<p<l. (2'20)

e Density quantile function

As a result of the composite function Fx(Qx(p)) = p that arises from continuous random variables,

the density quantile function is derived by taking derivatives on both sides of the function, such

that
AP Qx(p) _db _,
dp dp
= fx(@Qx(p))ax(p) =1
= Ix(Qx) = — (2.21)

It can be denoted as fp(p) since it’s derivative was obtained in terms of p and not X.

Quantile modelling rules

Gilchrist (2000) documented quantile modeling rules that can be used to construct quantile-
based distributions. These rules include the addition, multiplication and reflection of quantile

functions, while obtaining monotone non-decreasing quantile functions.

e Addition rule
Let X and Y be two random variables defined by their non-decreasing quantile functions Qx(p)
and Qy(p), respectively. Then Qz(p) = Qx(p) + Qy(p), is also non-decreasing and hence the

quantile function of the random variable Z.

e Reflection rule
Consider X € (0,00) with quantile function Qx(p) and Y € (—o0,0) with quantile function Qy (p) =

—Qx (1 —p). Therefore, X and Y have distributions that are reflective of each other. Therefore,
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let Qz(p) be the quantile function obtained from the sum of Qx(p) and Qy (p) such that

Qz(p) = Qx(p) + Qv (p)
=Qx((p) —Qx(1-p)
=—Qv(1-p) —-Qx(1-p)
=-Qz(1—p). (2.22)
This result shows that the sum of the quantile functions of two distributions which are reflective

of each other gives rise to the quantile function of a symmetric distribution. Therefore, Z is

symmetric.

2.6.2 Quantile-based distributions

Some well-known examples of quantile-based distributions include Tukey lambda distribution
(Tukey (1960)), various types of lambda distributions (Ramberg and Schmeiser (1972); Freimer
et al. (1988); van Staden (2014)) and the Davies distribution (Hankin and Lee (2006)).

van Staden and King (2015) made use of the quantile modeling techniques and developed
the quantile-based skew logistic distribution (SLDgg) by introducing a weighting parameter to
the quantile function of the logistic distribution. They considered the quantile function of the
logistic distribution, Qx(p) = log [ﬁ], as the sum of the quantile functions of the standard

reflected exponential and the standard exponential distributions, i.e.

Qux(p) =tog | 12| ~tog(p) ~ tog(1 =), 0<p<1,

afterwhich they then introduced an skewness parameter, 0 < § < 1. The quantile function of the

standard quantile-based skew logistic distribution was then defined as

Qx(p) = (1 - 8)log(p) — log(1 —p), 0<p<1. (2.23)

With the inclusion of a location and scale parameter, —oco < u < oo and o > 0, respectively,

Eq.(2.23) was generalized.

Definition 2.6.2.1. A real-valued random variable X is said to follow the quantile-based skew

logistic distribution, denoted X ~ SLDgg(u,0,9), if its quantile function is given as

Qx(p) = p+o((1—08)log(p) —dlog(1—p)), 0<p<l. (2.24)
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The distributional properties of the SLDgp are:

Property 1: The distribution is symmetric for § = }, positively skewed for 6 > 1 and negatively

1
2

skewed for § < 1.

Property 2: The SLDgp possesses infinite support (—oo; 00) when (0 < § < 1), half-infinite support

(—o0,a] for § =0, and half-infinite support [a, o) for § = 1.

Property 3: The reflected exponential, logistic and exponential distributions are special cases

of the SLDop when 6 =0, 6 = 1 and § = 1, respectively.

Property 4: The range of values for the L-skewness, 73, is [, 1], while the L-kurtosis, 74, remains

constant at .

Balakrishnan and So (2015) presented a generalization of the SLDgp model in Eq.(2.24)
by van Staden and King (2015). This was done by introducing an additional shape parameter
x > 0, also termed the power parameter, to aid in increasing the flexibility of the distribution by
providing a wider range of L-kurtosis values. This gave rise to the generalized quantile-based

skew logistic distribution.

Definition 2.6.2.2. A real-valued random variable X is said to have the generalized quantile-
based skew logistic distribution, denoted X ~ GSLDggp(p,0,d,k), if its quantile function is given

as
Qx(p) = p+o((1—08)log(p) —dlog(1—p™), 0<p<1, (2.25)

where —oo < p < oo and o > 0 are the location and scale parameters, respectively, whereas 0 < § < 1

and > 0 are the shape parameters.

The distributional properties of the SLDgp are:

Property 1: The distribution is positively skewed as k — 0. As  increases, the skewness of the

GSLDgp decreases for § < 1 and increases then decreases for 1 <4 < 1.
Property 2: The GSLDgg is positively skewed for § > 1 and negatively skewed for § < 1.

Property 3: The GSLDgp will be reduced to the GSLDgp in Eq.(2.24) when » = 1.
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Property 4: The range of values for the L-skewness, 73, is [~1,1], which is the widest possible

range.

Property 5: The range of values for the L-kurtosis, 7, is [0.1504, 1].

2.6.3 Combining half distributions

Balakrishnan et al. (2017) introduced an alternative model to the skew logistic distribution
proposed by van Staden and King (2015). They proposed taking the PDF of the half logistic
distribution to the right of its location parameter, p, and joining it to the PDF of the half
logistic distribution to the left of u. A single asymmetry parameter, o > 0, was introduced to

obtain the skew logistic distribution.

Definition 2.6.3.1. A real-valued random variable from the skew logistic distribution, denoted

as X ~ SL(u,0,a), is defined by its PDF, CDF and quantile function as

—z—p

z mZM

fx(x) = “<1+e%ﬂ> )

z—p

e

= QZ_# 2 x S ,U:,
0u7<1+e ao )
1
17, T > 12
Fx(z)={ ' °
1
z—p z < 12
14+e ac

pu—o(log(l —p) —log(p)), p=> %
Qx(p) =

p— ao(log(l —p) —log(p)), »< 3,
respectively, while the PDF and CDF of the standard half logistic random variable, Y, is given
by Balakrishnan (1985) as

2e~"
=—— >0 2.26
fy(2) (1 —|—e‘”5)2 z ( )
and
Fy(z) = L= >0
YW = T e ’
respectively.

|
Balakrishnan et al. (2017) indicated existing relationships between X and Y, through their PDFs
and CDFs, as follows:
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Property 1: Fx(z) =1- Fx(z/a)

Property 2: fx(—z) =1 fx(z/a)

1+ Fy ()
2

Property 3: Fx(z) =

Property 4: fx(z) = fYQ(l')

The single and product moments of the order statistics of the skew logistic distribution were then
obtained for any sample size, and were used to compute the means, variances and covariances

of all the order statistics.



QUANTILE SPLICING

3.1 Introduction

This chapter presents the quantile splicing methodology. This method involves the joining of
the quantile functions of two half distributions at the median, resulting in two-piece families of
distributions. Balakrishnan et al. (2017) introduced a skew logistic distribution by taking the
half logistic distribution to the right of its location parameter and joining it to the half logistic
distribution to the left of the location parameter which has an inclusion of a single asymmetry
parameter, a > 0.

The methodology made use of the CDF and PDF of the logistic distribution, as the kernel to
obtain the skew logistic distribution. They then made use of order statistics from the half logistic
distribution and their moments to obtain the single and product moments of the proposed skew
logistic distribution. Furthermore, those results were used to obtain the means, variances and
covariances of order statistics for any sample size.

This chapter proposes a technique that generalizes the results of Balakrishnan et al. (2017).
The quantile functions of half distributions of symmetric parent distributions are used as kernels
in place of the CDFs and PDFs of parent distributions to be skewed. This mechanism results
in two-piece families of distributions that can be defined through closed-form expressions for
the CDF and PDF if they exist, or through the quantile function in the case of quantile-based
distributions. In essence, the methodology allows for either the CDF, PDF or quantile function
of a half distribution from a symmetric distribution to be used as a kernel to obtain asymmetric
distributions.

Moreover, the results from the proposition have led to the derivation of a general form for
the 7" order L-moments of two-piece distributions. These results will make use of the r** order

L-moments from both the half distribution as well as the parent distribution. The results will

22
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enable the avoidance of tedious computations in obtaining single and product moments for the
distributions.

The skewing mechanism used to obtain the two-piece family of distributions will be presented
and discussed in Section 3.2. The process will begin with the derivation of the quantile function
of the half distribution for any symmetric univariate distribution. This result is then used as
the kernel for the mechanism that generates the two-piece families of distributions.

The general formulae for the r** order L-moments of the two-piece distributions are derived
in Section 3.3. This formulae is expressed in terms of the L-moments of the half distributions as
well as the parent distributions. It will be used to obtain the first four Z-moments of a two-piece
distribution as well as the L-skewness and L-kurtosis moment ratios. In addition, the r** order
shifted scaled polynomials needed to derive the L-moments of the half distributions are also
derived.

General results for the quantile measures of distributional form for the location, spread and
shape of two-piece distributions are derived in Section 3.4. Conventional measures such as the
median for location, the spread function for spread and the y-functional for shape will be used
to summarise the properties of these distributions. Skewness-invariant measures of kurtosis will
also be derived.

In Section 3.5, the method for L-moments will be used to estimate the parameters for the
two-piece distributions. This is because the results in Section 3.3 enable the derivation of L-
moments that are simpler in form in comparison to the central moments.

The model validation procedures of these two-piece families of distributions when fitted to
data sets will be studied in Section 3.6. In Section 3.7, the investigation of the tail behaviour
of these families of distributions is presented. Finally, the conclusion of this chapter is given in

Section 3.8.
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3.2 Method of Quantile Splicing

Suppose X is a real-valued random variable from any univariate symmetric distribution, with a
defined CDF, PDF or quantile function. X is standardized such that the first two L-moments,
that is L, (Z-location) and L, (L-scale) are equal to 0 and 1, respectively. If L, and L, depend on
the location and scale parameters, then the parameters are subsequently redefined to account for
the standardizing requirements imposed. This will ensure that any symmetric distribution can
be generalized into a two-piece distribution, despite being centered at a location point other than
0. In the case of bounded distributions, the boundaries of the distribution are reparametrized

such that the condition of L; =0 and L, =1 are also achieved.

Theorem 3.2.1. Suppose Y is a folded random variable such that Y = |X|, where 0 < y < oo,

and Z = -Y. The quantile functions of Y and Z are obtained as

Qy(p)—Qx<1;rp>, 0<p<l1
and
Qz(p)=Qx(§), 0<p<l1

respectively.

Proof. The CDF of v follows from the results below as

This implies that Fx(y) = 132, where p is the depth in G, yielding the corresponding quantile
function of Y as

QY(P):FX1<1J2FP> =Qx <1J2rp), (3.1)

where 0 < p < 1. Through the use of the reflection rules of quantile functions documented by

Gilchrist (2000), the quantile function of Zis Qz(p) = —Qy (1 — p).
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Therefore,

Qz(p) = —Qy(1—p)

_ QX<1+(;—p))
-7
~ax(1-737)

~ax(Y), (3.2)

where 0 < p < 1. [ |

Remark. Fq.(3.2) and FEq.(3.1) are the quantile functions of two half distributions, from a

standard symmetric parent distribution, whose domains are both 0 <p < 1.

Since Theorem 3.2.1 makes use of the quantile functions of half distributions as the kernels,
the method can be used for any symmetric univariate distribution in the event that it has an
unknown CDF. In order for quantile splicing to be established, the domains of the quantile
functions have to be obtained for both the left side of the location parameter, —oco < u < oo, as
well as the right side.

Consider Eq.(3.2) whose range of values is 0 < p < 1. Let s = 2, hence Eq.(3.2) yields Qx(s)

where 0 < s < 1. In the same way, by replacing 42 with s, the range of values for the quantile

1
-

function in Eq.(3.1) is L <s < 1.

Definition 3.2.0.1. A real-valued random variable T, denoted as T~TP(u,0,a), follows a two-

piece distribution if its quantile function is defined as

1+ aoQx.o(s), 5<%,
Qr(s) = i ’ (3.3)

p+oQx:0(s), 5> 3,

where Qx.o s the standard quantile function of X, —co < u < oo, ¢ >0 and a > 0 are the location,

spread and asymmetry parameters, respectively.
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3.3 r" Order L-moments

L-moments, as defined by Hosking (1990), are expectations of linear combinations of order
statistics. They can be defined for any distribution that has an existing mean, even when all its
other conventional moments do not exist. Moreover, they summarize a wider range of univariate
distributions.

L-moments form the basis for general theory with regards to existing procedures, such as the
use of order statistics and the Gini’s mean difference statistic (Gini (1912)). The use of these
results range from uniquely defining and summarizing the properties of a probability distribution
in terms of location, spread and shape, to creating estimation procedures for parameters, as well
as hypothesis tests.

Since they are linear functions of data, L-moments tend to be more robust to the effects
of sampling variability in comparison to the conventional moments. Moreover, when estimated
from a sample, they tend to exhibit more robustness to outliers. L-moments sometimes yield
more efficient parameter estimates that are less subject to bias through estimation procedures
such as the method of L-moments, as compared to the conventional maximum likelihood or
method of moments estimates.

The general formulae for the r** order L-moment of a two-piece distribution will consist of
the L-moments of both the parent distribution as well as the half distribution. As a result
of the domain intervals for the quantile functions in Eq.(3.3), the conventional L-moments
developed by Hosking (1990) will have to be adapted to accomodate this new change. This will
include deriving r** order shifted scaled Legendre polynomials that will be used to obtain the
L-moments of half distributions, which in turn will be used to develop the L-moments of the

two-piece distribution.

3.3.1 Definition of L-moments

Definition 3.3.1.1. Suppose that X is a real-valued random variable with CDF, Fx(x), and
quantile function, Qx(p), where 0 < p < 1. Let X1., < Xom < Xz -+ < Xpn be given as the order
statistics of a random sample of size n. The L-moments can be defined in terms of the order

statistics as

) r—1 . r— 1



CHAPTER 3. QUANTILE SPLICING 27

|
Hosking (1990) defined the expectation of order statistics in terms of a distribution’s quantile

function as

r! ' j—1 r—j
E(X;.,) = m/o Qx(p)p’ (1 —p)"dp, 0<p<1, (3-5)

by using the definition of an expectation of an order statistic by David (1981).
The first four L-moments are obtained by combining the results obtained from substituting

the respective value of r > 0 into Eqgs.(3.4 and 3.5) to obtain

1
Ly = B(X1n) = /0 Qp)dp
1 1
Ly = §E(X2:2 —Xi0) = /0 Q(p)(2p — 1)dp
1
Ls = %E(X&B —2Xo3+ X13) = /0 Q(p)(6p* — 6p + 1)dp

1 1
Ly= ZE(X4:4 —3X3.4+3X04 — X14) = / Qp)(20p® — 30p + 12p — 1)dp. (3.6)
0

L, is referred to as the L-location and it is equivalent to the mean. L, is referred to as the
L-scale since it’s a measure of spread. It is also the expectation of the Gini’s mean difference
statistic by Gini (1912). It is related to the "totaltimetotest” statistic of Gail and Gastwirth
(1978), which they used to test for exponentiality in distributions against other alternatives
such as the sample Lorenz statistic.

Gilchrist (2000) showed that L-moments of an order r > 2 have an increased susceptibility
to large variability. For this reason, they are transformed into L-moment ratios so that they are
independent of the measurement units of the random variable.

The L-moment ratios are defined as

Tr = —, 7'23 (37)

When r = 3, 73 = & is obtained as a measure of skewness, referred to as the L-skewness
ratio. Similarly, when r = 4, 7, = f—g is defined as the L-kurtosis ratio, which is a measure
of kurtosis. Hosking (1989) and Jones (2004) showed these two L-moment ratios are bounded
by the constraints —1 < 73 <1 and (57 — 1) < 74 < 1, respectively.

By making use of (Sillitto (1951),Eq.(3.9)), 73 can be rewritten in terms of order statistics
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as
E(X3.3 —2X2.3+ X1.3)

E(X3.3 — X1.:3) (3.8)

T3 =

The L-skewness ratio has an advantage over the conventional skewness moment-ratio due to
its extreme sensitivity in the extreme tail weight of a distribution. Due to its boundaries of
(—1,1), it also yields smaller values of skewness as compared to the conventional moments which
can take on values that tend to infinity. The closer 73 is to 1, the more positively skewed the
distribution is. Similarly, the distribution will exhibit negative skewness when —1 < 73 < 0, with
extreme cases being noted when it is closest to —1. Symmetric distributions have a value of

7'3:0.

3.3.2 7! Order Shifted Legendre Polynomials

Legendre polynomials were first introduced by Legendre (1786) as a sequence of orthogonal
polynomials that are obtained as solutions to the Legendre differential equations. Rodrigues’
formula (Rodrigues (1816)) was used to redefine the Legendre polynomials such that

1 o, r—1 +
T*l)!dpr_l(p - reZT. (3.9)

Pr—l(p) = 27n_1(

The rt* order shifted Legendre polynomials are obtained by adding a scale parameter value
of 2 and a location-shifting value of —1 in order to obtain their general form from the ordinary
Legendre polynomials. As a result, the relationship between the shifted Legendre polynomials

and the Legendre polynomials is
Pry(p) = Poa(2p— ). (3.10)

Lemma 3.3.1. The r* order shifted Legendre polynomials, for r € Z*+, are defined as

1 ar _
Prtl(p):mw(lf—p)r L 0<p<l. (3.11)

The first 4 shifted Legendre polynomaials are obtained as
Fyp) =1,
Pi(p)=2p—1,
Py (p) = 6p* — 6p +1
P5(p) = 20p° — 30p” + 12p — 1, (3.12)

respectively.
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Proof. Through the use of Eq.(3.9) and P’ ,(p) = P,_1(2p — 1), the »** order shifted Legendre

polynomials are derived as

Pr_i(p)=P—1(2p—1)

1 drt 2 —1
= g Didgp Do
- 27‘*1(; —1)! 2lerdpl’“1 (4p" = dp+ 1=
- zr—l(}ﬂ —1)! 27’—d1rd_pl*‘1 (49" = 4™
- 2r—1(71« )1 2T_dlrd_plr_1 (4" o)
- 2%1(; 1) 2lerdplrl4r_1(p2 —-p)
- (7,11)!(;;.__11@2 -p)"h

In order to generate the polynomials in Eq.(3.12), the positive integer values for r are se-
quentially substituted into Eq.(3.11). These shifted Legendre polynomials in Eq.(3.12) were

used to derive the r** order L-moments as shown by Hosking (1990). [

Definition 3.3.2.1. The r** order L-moments can be defined in terms of a quantile function as

1
L, = /0 Qx(p)Pr_,(p)dp, rezr, (3.13)

where
PEy(p) = g}(—w’“ (L)) (3.14)

is the r** order shifted Legendre polynomial. The first four L-moments are subsequently obtained

as
1
L = /0 Qx (p)dp,
1
L= / Qx(p)(2p — 1)dp,
1
Ly= / Qx (p) (65 — 6p+ 1)dp,
and
1
Ly= / Qx (p)(20p* — 30p* 4 12p — 1)dp, (3.15)
0

respectively. [ ]
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Applications of the r* order shifted Legendre polynomials
Some applications of the rt" order shifted Legendre polynomials are presented.

Application 1: Multipole function expansions:
Multipole functions are mathematical expansions of functions that are defined
in terms of angles. Legendre polynomials can be used to expand functions that

are of the form:

1 oo

k
———=) 7).
V1+n?—2np kzzg

Application 2: Trigonometry:
The Chebychev polynomials, T,(cos(f)) = cos(rf) can also be expanded by the

Legendre polynomials, P,(cos(d)), for r € Z>0.

3.3.3 1" Order Shifted Scaled Polynomials

The integrals for the r** order L-moments, as can be seen from Eq.(3.15), yield the respective
results for a random variable when the boundaries are from 0 to 1. In the event that an integral
with the same structure as that of Eq.(3.13) does not have the required boundaries to be termed

an L-moment, the following results can be utilized to account for the difference in boundaries.

Lemma 3.3.2. Let X be a real valued random variable with a quantile function defined as Qx (p),

where 0 <p<1 and 0 <k < 1. It follows that:

k 1
/ Qx () Pry (p)dp = & / Qx (ku) PY_y (2ku— 1) du (3.16)
0 0

Proof. Since the integrals of L-moments are bounde on (0,1), consider the transformation u = 2,

such that du = %. Therefore it follows that
k 1
/0 Qx(p)Pr_1(p) dp = k:/o Qx (ku) Py (2ku — 1) du
1
= k:/ Qx (ku) PF_ (2ku — 1) du. (3.17)
0
[ |

Remark. The results in Lemma (3.3.2) imply that the transformation used also affects the r*
order shifted Legendre polynomials presented in Fq.(3.15). A scaling factor is introduced that
decreases the domain over which the integral is to be obtained, ultimately affecting the shifted

Legendre polynomials.
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Theorem 3.3.3. The r'* order shifted Legendre polynomials, with a scaling factor 0 <k <1, is

denoted as
1 drfl

e (3.15)

Py (ku) = Po_y (2ku—1) =
where r =1,2,3, ..., with the first 4 shifted scaled polynomials obtained as
P} (ku) = 1,
P (ku) = 2 (ku) — 1,
P; (ku) = 6 (ku)® — 6 (ku) + 1,
and
P; (ku) = 20 (ku)® — 30 (ku)® + 12 (ku) — 1, (3.19)

respectively.

Proof. Eq.(3.18) follows from Eq.(3.11) by replacing ku in place of p to obtain

Pry (ku) = (7«_11)!(1(165;;1 (tk? — (k)™
— i (=)
= e
= ﬁ d‘fj:l (ku? )" (3.20)

The shifted scaled polynomials are obtained when values of r = 1,2,3 and 4 are substituted

into Eq.(3.20) and the r** derivative obtained accordingly. The first polynomial, when » =1 is

L (h? — )

Fo (h) = G331 iy

= (}!d(zf;)o ((k)* - (k“))o
=1.

The second polynomial , when r =2, is

B k) =5 - ! d(Zi;—l (0 )™
_ id(‘]i)l (tkw)? — (k)
_ d((lj;)l ((ku)2 . (ku))l
= 0 ((hw? — (k)
= % (2k%u — k)

=2 (ku) — 1.
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The third polynomial is obtained when r =3 as

1 d3-1 3-1

B 1)l d(ku)>!
1 d? 9 2
= 2l d(ku)? ((k“) N (’““))
_ 2%2% ()
1 d 2,2 2
= W%@(k u? — ku) (2k°u — k))
_ % (@K% —5)" + (28%) (2 — ku))
_ % (4k*? — 4kPu + K + 2k*u? — 2K3u)
=6 (ku)® — 6 (ku) + 1

Py (ku) =

(0kw)? = (k)

Finally, to obtain the fourth polynomial, » = 4 is substituted into Eq.(3.20) to obtain

Py (k) = (1 —1 1)! d(lii)il ((k”)2 - (k“))4_1
_ ;!d(/i;li)s (GO (ku))g
= G%dd—;k?* (ku? —u)®
= %j—z (3 (bu? — w)® (2hu — 1))
1d

= S5du ( (ku? — u) (2ku — 1)% + (2k) (ku® — u)2)
= (2ku —1)* + 2(2k) (ku? — u) (2ku — 1) + (2k) (ku? — u) (2ku — 1)
= (2ku — 1) (10k*u® — 10ku + 1)

=20 (ku)® — 30 (ku)® + 12 (ku) — 1.

3.3.4 r'" order L-moments for Two-piece Distributions

Theorem 3.3.4. Let T be a random variable from a two-piece distribution, denoted as T ~
TP(u,0,a), and defined by the quantile function, Qr(s). The general expression for the r** order

L-moment is given as
Lry =1+ (L = 0.5(1 - a) Z (- WU) (3.21)

where p* is a location parameter that takes on the value of —oc < u < oo if r =1, and zero for all
values of r > 1. cg.T__ll) 18 the (j — 1) coefficient of the r'" order shifted Legendre polynomial, and

;. 15 the expectation of the j** order statistic from a sample of size n from a half distribution.
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Proof. The expressions for the r* order L-moments of T can be obtained by using Hosking
(1990)’s definition, where the product of the quantile function and shifted Legendre polynomials
is integrated over its piecewise domain. Therefore,

Lo = /0 Y1+ a0 Qo) P (s)ds + / (1+ 0Qx0(s) Pl_ (s)ds

2
1

3 1 3
/‘w+chXﬂw»Rfﬂ@ms+{/<u+oQXﬂ@»Rfx@wL/<u+oQX@@»Rfa$w}
0 0

0

/(u+0Qxd$) @Ms—aﬂ—a(/ Qx0(3)Py (5)ds

—/01 Pr_y(s d8+0</ Qx.0(s)P_1(s )dS*(lfa/ Qx.0(s)P_1(s)d >

=p +o <LX¢T —0.5(1 — a)/o Qz.0 (p) P71 (p) dp> ;
(3.22)

such that P, (p) is a polynomial of degree (r—1) expressed as P, (p) = ¢\ +c{" Vp+ = Vp2 4

AT Q0 (p) s the standard quantile function of the half parent distribution in Eq. (3.2)
and Ly., is the »** order L-moment of the parent distribution, X. The final step is attained by
using the results in Lemma 3.3.2, where the scaling factor for the integral k¥ = 1 and Eq.(3.2)
where s = Z.

2

In order to further simplify the results in Eq.(3.22), let ,_; be defined as

I —/ Qz (p) P, (p)dp = / Qz (p c((f 1)—i-c(r by ér D2 4 +c7(f 11)p’” 1)dp. (3.23)

The polynomial coefficients of P* , (p) are summarised in Table 3.1, for j =1,2,...,r — 1.
0 1 2 3 j
0 | ”
1 cél) cgl)
2 (162) 052) 052)
3 C(()g) C:(lB) 0(3) C:(y)g)
r—1 C(()rfl) Cgrfl) Cgrfl) cz(grfl) Clgrfl)

Table 3.1: The coefficients of a polynomial of degree (r — 1).
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Consider fol Qz(p)p"dp where r € Z*. By setting p = Fz(2), Qz(p) = z and subsequently
dp = fz(2)dz. Therefore,

[ azowran= | P2 fal2)dz
0 0
ey [ 0,

r+1
_ E(Z'r+1:r+1)
r+1

1
= + 1#r+1 1 (3-24)

where p,11.-41 is the expected value of the (r + 1) largest observation in a sample of size (r +1)
from the half distribution, Z, of the parent distribution, X.

Hence by making use of the result in Eq.(3.24) and Eq.(3.26), Eq.(3.22) can be rewritten as
1
L=+ o (Lo =050 -0) [ Q2P ()
0
1
=u +o (LX;T —0.5(1 — a)/o (QZ p)co Dy Qz (p) Upt .+ Qz(p) Crq Dpr= 1)dp>
‘Lo (LXT—OE)(l—a)
! 1 1 ! 1
{ Qz(p)cy ™ 1)dp+/ Qz(p)ey Vp dp+/ Qz(p)cs Vp?dp + .. +/ Qz(p)el 3 Vp~ 1dp}>
0 0
+

r— r—1) E(Z r—1) E(Zs: 1) E
L = 05(1 = a){ el VE(Z1a) + ¢ BZ22) | -0 EZss) |y o B )}
2 3 T
- E(Z
:u*-l—a(LX;r—()b(l—oz Z< 1 )
:u*—i—a(Lx:T—O.E)(l—a Zc(r 1)#j,j>

(3.25)

Lemma 3.3.5. Let Z,., denote the rt* order statistic in a random sample of size n from a half

distribution. Then E(Z,.,) can be expressed as

B = g f o () Q) (-3) e (320

where Qx (&) is the quantile function of Z. This result is adopted from Eq.(3.5), which was first
defined by Hosking (1990).
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Theorem 3.3.6. The expressions for the first 4 L-moments for T, a real-valued random variable

from the two-piece family of distributions, are
Lra=p+o (LX;1 —05(1 - )V Ly, 1)

(1)
LT;2—0<LX:20‘5(1(1) ( (1 )LZ +(L21+LZQ)>>

o, RORINC) @ @ 2
Lrs=0|Lx3—051—-a)x (LZ:I( 2 + 7) +Lz:2<7 +27) +LZ3 6 )
and
NORENCORNO
_ _ B @) e\ Lz2 e @ 9 o
LT:4_0<LXZ4 0.5(1 a)X(LZzl( R )+ : 2 (83 4+ ¢f 1% )

LB By D

Lys 8 & Lza
2 '3 2 20 ) (3.27)

respectively.

Proof. The values of r = 1,2,3 and 4 are substituted into Eq.(3.25), respectively. This results in
the first 4 L-moments of a two-piece distribution being defined in terms of order statistics as
Lra =+ (,—(L)(:1 — 051 —a) x Ou, 1)

LT:QZJ(LX:2—0-5(1—O‘) ><{ ()u +C(1)M22})

2
LTg—a(LX3—05(1_a)X{ ) (2)@+C;2>@})
2 3
and
i o{ina 000 P P P

respectively.
The expected values of the order statistics of the half distribution, Z, in Eq.(3.28) can be

expressed in terms of its L-moments. Thus

Ly =p+ U(LX:I — 0.5(1 — a)c(() )Nl 1)
=p+0(Lxa—05(1—a) VL), (3.29)
where Ly.;, L-location, is the first L-moment of Z.
In the case of r =2, Lr., in Eq.(3.28) can be transformed and presented in terms of Hosking’s

results. By making use of these results, the second L-moment of Z, referred to as L-scale can

be given as

1 1
Lz.o= gE(Zm —Zh2) = 5(/12:2 — [11:2). (3.30)
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To further simplify Eq.(3.30), consider Lz., to be the r** row in an infinite triangular array,
where u;.. is a point in the row, for 1 <i <r, with » > 1. The triangle rule for order statistics,
developed by Arnold and Meeden (1975), indicates that the expected values and moments of
order statistics of samples from an arbitrary distribution are known to satisfy the recursive
relationship iy 1.+ (r —i)pi.r = rpsr—1. This enables the expected values of the order statistics in
the form p,.. to be represented in terms of ., pis1.i41, - prr, ultimately resulting in the results
in Eq.(3.28) being fully represented in terms of the L-moments of X and Z.

Therefore pi.0 in Eq.(3.30) can be solved by setting i = 1 and r = 2 to give
Po:2 + pi2 = 211
= pr2 = 2010 — 22 (3.31)
From Eq.(3.31), Lz.» can be expressed as
Lz = %(M:z - p1:2)
= %(MM — 2411 + pi2:2)
= H2:2 — f1:1
=0 = Lzio+ p11 = Lzo+ Lz (3.32)
Consequently,

Lrz = 0(Lxa =051 - a) x {cfpna + ch% )

(1)
O'(LX:Q —0.5(1 —a) x {cél)Lz;l + %(qu + LZ;2)}>- (3.33)

For r = 3, the expression for Lz; from Eq.(3.28) can be given in terms of the L-moments of

Z, by using the triangle rule to evaluate

(2) (2)
(& C
Iy = & B(Z1a) + =5 B(Z22) + 5 E(Zss)

@ e )
=cy M1+ 17!@;2 + %M:’,:&

Hosking’s rules are used to present the 3"¢ L-moment of Z as
Lzs= %E(Zm —2Xo.3+ Z1:3)
= %(/%:3 — 2p2:3 + p1:3)- (3.34)
In order to represent us.; as a function of the L-moments, the triangle rule dictates, with
r =2 and n = 3, that
2p3:3 + p2:3 = 3p:2

= M2:3 = iz — 2/43:3- (3.35)
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Similarly, with » = 1 and n = 3, the triangle rule gives

p2:3 + 2p1:3 = 3p1:2

o)~ a2

- %(GMM 3z — Bz + 2;13:3)

= 3p1.1 — poi + f3.3. (3.36)
By taking both Eqs.(3.35 and 3.36) and substituting in Eq.(3.34), the 37¢ L-moment for Z

can be denoted as

Lzs= (M3:3 — 2(3p2:2 — 2p3:3) + 3p1.1 — 3p20 + #3:3)

1
3
1

3 (6M3:3 — 2.0 + 3N1:1)

=233 — p2:2 + p1a.

This implies that

1
Ha:3 = 5 (LZ:3 + 322 — u1:1)

[

== (LZ:3 +3Lz1+ 3Lz — LZ:I)

[N}

(LZ:3 +3Lz2+ 2LZ:1)- (3.37)

DO | =

Therefore Ly.5 can be rewritten as

(2) (2)
c cy 1
Ly = U{LX:3 —0.5(1 —a) x (CSQ)LZ:I + 17(132:1 +Lzo)+ 2-=(Lzs3+3Lza+ 2LZ:1))}

_ N I N
= O'{LX:3 —0.5(1 —a) x (LZ:l (Co + N + T) + Lz <7 + 7) + LZ:3?> } (3.38)

In the case of Ly, the same procedure is considered. For r =4, I is defined as

4
[ WO 2(C7))
3 = Cj,1 .
i=1 J
(3) (3) (3)

C C C
= 663)E(Z1;1) + 17E(Z2;2) + ZTE(Z&:;) + ?TE(Z4:4). (339)
The 4** L-moment of Z in terms of order statistics is given as
1
Lz4= ZE(Z4:4 — 3734+ 3Z2.4 — Z1.4)

1
= 1(#4;4 — 3p3:4 + 3p2:a — f1:4)- (3.40)
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In order to represent pu;.4, for 1 <i <4, in terms of L-moments, the triangle rule is used once
again. Hence, with » =3 and n = 4,
3pia:a + p3a = 4pss
= p3.4 = 4433 — 3pa.4. (3.41)

Next, with » =2 and n = 4, it follows that

2p3:4+2p2.4 = 4pi2:3
= fl2:4 = 20u2:3 — [3.4
= 2(3pa:2 — 2p3:3) — 4(p3:3 — 3pta:4)
= Opo:2 — 4ps:s — dpss + 34
= 62:0 — 83.3 + 344, (3'42)

Finally, with » = 1 and n = 4, we obtain

H2:4 + 3pp1a = 4p11:3
1
= 14 = 5(4111:3 — l2:4)
1
= 5(4(3M1:1 — 3pa:2 + p13:3) — 6pu2:2 + 8u3:3 — 3ptaia)
1
= 3(12u1;1 — 1812:0 + 1243:3 — 3pt4:4)
= 4p1.1 — 6o + 433 — ta:a- (3.43)

Through the substitution of Eqs.(3.41-3.43) into Eq.(3.40), Lz.4 is obtained as

1
Lz, = Z(M4;4 — 3(4pa:3 — 3praia) + 3(6p2.2 — 8z + 3ppaca) — (dp1.1 — Gpigo + dpss — 4paca))

1
= 1(20,%:4 — 40p3.3 + 244122 — 4p11.1)
= 5p14.4 — 10pu3:3 + 6pio:2 — pi1:1,

which yields p4.4 as
1
Haa = g(LZ:AL + 10p3:3 — 6p2:2 + f11:1)
= %(LZA +5(Lz3+3Lz2+2Lz1) —6(Lza1+ Lza)+ A1)
= é(LZ:AL +5Lz3+9Lz.2+5Lz1). (3.44)

In conclusion, Ly, in Eq.(3.28) is rewritten by making use of Egs.(3.32), (3.37) and (3.44)
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to give the final result as

(3) (3)

c cy’ 1
Lry = U{LX:4 —0.5(1 —a) x (C(()B)LZJ + 17(112:1 + Lz2) + 2?5([/2:3 +3Lz2+2L0z.4)

0(3) 1

+ 37 N g(LZ:4 + 5LZ:S + 9LZ:Q + 5LZ:1))}
@ B O L 9

= O'{LXA —0.5(1 —a) x (LZ:I (683) + 617 + % + %) + % <c§3) + cé?’) + 1009)

Lz Cés) Cés) Lz.4 (3)

2 438 === ) 3.45

+2(3+2+2003)} (3.45)

Considering that the expressions of the two-piece L-moments, L., are in terms of the L-
moments of the parent and half distributions, Z and X, respectively, the coefficients in Table 3.1
can then be given for » = 1,2,3 and 4, in Table 3.2. These will be equivalent to the coefficients

of the r*" order shifted Legendre polynomials in Eq.(3.12).

o 1 23
r—1

0 1

1 -1 2

2 1 -6 6

3 -1 12 -30 20

Table 3.2: The coefficients of a polynomial of degree (r — 1) for » =1,2,3 and 4.

3.4 Quantile Measures of Distributional Form

The methodology in Section3.2 is used to generate two-piece families of distributions whose
quantile functions can be expressed in closed-form. This permits the construction of quantile
measures of distributional form to explore their properties with respect to the location, scale
and shape of a two-piece distribution. The measures that will be used to explore the properties

of these distributions exist for all parameter values of a distribution.
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3.4.1 Location

The median is well-known for its ability to uphold the property of robustness. As such, it is the

chosen measure of location. It is defined as
me = Q <2> . (3.46)

3.4.2 Spread

The spread function, by MacGillivray and Balanda (1988), is the measure of choice to summarise
the spread of the two-piece families of distributions that have been generated. It is location-

invariant and a strictly increasing function. It is defined as
S5) = Q) -QU-s),  j<s<l (3.47)

It can be noted Q(s) > Q(1 — s) for all values of 1 < s < 1, therefore S(s) > 0. This implies it
meets the requirements for it to be a valid spread function. Special cases of the spread function
include the inter-quartile range, (IQR), and the inter-decile range, (IDR), for which the values

3 9 3
of s are set as 3 and %5, respectively.

3.4.3 Shape

~-functional

The ~-functional is an asymmetry functional that was defined by MacGillivray (1986) as

_ Q) +Q(1-5)-200G) _Q(s)+Q(1—5)—2me 1 __
1) = am o0 s - 50 . p<s<L (3.48)

As can be seen, the y-functional is a function of the difference between the quantile function
evaluated at s and (1 — s), and twice the median in the numerator. It is however scaled by the
spread function in Eq.(3.47) in the denominator. As the numerator increases, the functional
value increases and vice versa. The functional is bounded by —1 and 1. A special case is Bowley’s
quartile-based measure of skewness proposed by Bowley (1902), which is obtained by setting

S =

oo
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Ratio-of-spread function

MacGillivray and Balanda (1988) introduced the ratio-of-spread functions as an additional mea-
sure of kurtosis. It describes the position of the probability mass in the tails of the distribution

and is measured for any pairs of values v and v. This function is denoted as

Sw) Levcu<n (3.49)

R(u,v) = S)’ 2

Since S(u) > S(v), for § <v <wu <1, it then follows that R(u,v) > 1.

3.4.4 Skewness-invariant Measures of Kurtosis

Kurtosis, in statistical terms, is used to measure the heaviness of the tails of a probability
density curve of a random variable from an existing distribution. In most cases, it has been
summarised in terms of its conventional standardized fourth central moment, known as the

kurtosis moment-ratio. It is commonly denoted as

E(X —p)t

a4 = 1 s

a

where —co < 1 < 00 and o > 0 are the location and scale parameters, respectively, of the random
variable, X.

The normal distribution, with a4 = 3 as the theoretical kurtosis moment-ratio value, is used
as the standard against which other distributions are compared. Distributions with a4 > 3 are
called leptokurtic or heavy-tailed, oy < 3 are termed platykurtic or light-tailed, whilst those with
a4 = 3 are referred to as mesokurtic as they resemble the normal distribution. These terms were
first used by Pearson (1905).

This measure has its own drawbacks that limits its use in comparison to other measures of
kurtosis. It is a difficult measure to define in cases where any of the first 4 central moments
of a random variable do not exist. Furthermore, since the peakedness attains clarity when it
is relative to the weights of the tails in a distribution, it implies that a4 cannot be used to
accurately measure the kurtosis of leptokurtic distributions.

Pearson (1916) showed that ay > o2 + 1, where a3 is the skewness moment-ratio of a dis-
tribution. The implication of an increase in the value of a3z is that a, also increases. This
becomes progressively difficult to elaborate on the kurtosis of an asymmetric distribution. The

solution proposed by Jones et al. (2011) was to define kurtosis measures that were independent
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of skewness parameters of a random variable. The objective was to better the description of
the kurtosis of both symmetric and asymmetric distributions regardless of whether or not they
were heavy-tailed. In effect, this measure would be termed skewness-invariant.

Moreover, in order to deal with the dilemma of the inexistence of any of the first 4 central
moments of a random variable, this measure would make use of the quantile function, Q(s),
where 0 < s < 1. The measure proposed would be a ratio of linear combinations of differences
between quantile functions, of the form Q(s) — Q(1 — s), for values 0 < s < 1. The result is a

scale-invariant measure which reduces the variability of the overall kurtosis measure.

Definition 3.4.4.1. A skewness-invariant kurtosis measure will then be identified if it takes on

the general form
St 9i(Q(si) — Q1 — s7)
>0 i (Qs;) — Q(L—57)) (3.50)

where ny, ny € ZT, whereas g; = 1,2,...,ny and h; =1,2,...,ns are constants.

From Eq.(3.47), S(s) = Q(s) — Q(1 — s), culminating in Eq.(3.50) being redefined as

Soito9iS(s)) D0, 9:(Q(si) — Q1 — s4))
S hiS(s5) S hi(Q(s;) — Q1 —s))) (3.51)

Special cases of Eq.(3.51) arise for specific values of 0 < s < 1.

e The p-indexed measure was mentioned by MacGillivray and Balanda (1988) as one of the
early occuring measures of kurtosis. It is given as

5):Q<0'5+8)_Q(0'5_5) 0<s<1.

4 0(0.75) —Q(0.25) 5

e Moor’s kurtosis (Moors (1988)) which is based on octiles is defined as

QL) —Q(2)+Q(

: )~ Q(5)
Q(3) — Q( '

)

M =

=00l

e The quintile-based measure is seen to be an extension of Bowley (1902)’s measure of
skewness. It is presented by Jones et al. (2011) as

Q(3) —3Q(3) +3Q

- (
/= Q) —q(

3)-Q3)
; :
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Theorem 3.4.1. Let T be a two-piece distribution denoted by T~TP(u, o, a), where —oco < p < 00,
o >0 and a > 0 are the location, spread and skewness parameters, respectively. The median,

spread function, v-functional and ratio-of-spread functions for T are

me = Qr <;> = pu, (3.52)
St(s) = o(1 + a)Qx:0(s), (3.53)
r(s) = 8 - Z; (3.54)
and
Ro(u,v) = %, (3.55)

respectively. The skewness-invariant quantile-based measures of kurtosis, with respect the «,

takes on the general form

Doimy 9iST(wi) 302 9i(Qxo(ui)) (3.56)

Sz hySr(uy) 52 hi(Qxo(uy))

where ny, ny € Z*, whereas g; :i=1,2,..,n1 and h; : j =1,2,...,ny are constants.

Proof. Through the substitution of the quantile functions from Eq.(3.3) into Eqgs.(3.52 - 3.56),

o)
= + OQX:O (;)

=pu+0o-0

the median is attained as

=,

since the quantile function of a symmetric distribution is zero when evaluated at 1.
The spread function Sr(s) in Eq.(3.53) is obtained by replacing Eq.(3.3) into Eq.(3.54), to

give rise to

Sr(s) = Qr(s) — Qr(1 - s)
=p+0Qx.0(s) — (1 +0aQx.0(l - 3))
=0Qx.0(s) +0aQx.0(s)

= 0(1 + a)QX:O(S)a % <s <l
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The y-functional will make use of Eq.(3.48) to obtain

~Qr(s)+Qr(1—5) —2Q7(3)
B Qr(s) — Qr(l—s)
_ 1t 0Qx0(s) + (p+00Qx(1—s)) —2p
o(l4+ a)Qx.0(s)
_2p+0(l—a)Qxw(s) —2u
B o(l+a)Qx:0(s)
(1-o)

1
- h 1.
(1+a)’ 2<S<

v7(8)

The value of the y-functional tends to 1 when o approaches 0, while it tends to —1 when o tends

to co. The results of the spread function will be used to obtain the ratio-of-spread functions as

R(u,v) = :gig;

_ o1+ a)Qx:0(u)
o(1+a)Q@x.0(v)
Qx:0(w) 1
2

© Qxo(v)’
The general form of a skewness-invariant quantile-based measure of kurtosis follows directly

from Eq.(3.56) as

ity giSr(u) Y2 gi(o(1—a)Qxo(ug)) Doty 9i(Qxo(ui))

S hiSr(uy) Y02 hi(o(1— @)Qxuo(uy)) 72 hi(Qxo(uy)”

Remark. The ratio-of-spread functions is independent of the skewness parameter, o, hence
deemed skewness-invariant. This implies that the kurtosis value of the two-piece distribution is

constant for all values of a, according to van Zwet’s ordering <, (Zwet (1964)).

3.5 Parameter Estimation

Gilchrist (2000) discussed the essence of parameter estimation and its intended outcome. He
described it as the process of matching the fitted model to a data set in order to obtain param-
eter estimates that gave a good fit or a good match, before proceeding to document the most
commonly used methods.

The method of moments developed by Pafnuty Chebychev in 1887, yields estimators that
are biased, in as much as they are simple to construct. The method of likelihood estimation

yields aims to obtain estimators from the maximisation of a likelihood function. Both methods
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can be used in cases where the CDF or the PDF of a model exists.

The challenge of matching a data set to a model with no closed-form expressions for neither
the CDF or PDF presented a platform for other methods to be considered. In order to define
and generalize these methods, consider H(#) to be a set of functions that describes the popu-
lation’s properties. H(#) will depend on the quantile function, Q(s;#), of the model as well as
its parameters, . Innately, the number of functions in H(8) will correspond to the number of
sample quantities needed to be matched to it.

The advantage of using quantile functions is that they become very handy in cases where
the model is a quantile-based distribution. This has led to the development and use of methods
such as the method of percentiles or quantiles for selected percentiles (Bury (1975)), where
H(0) = median (me), interquartile range (IQR) or the quantile function (Q(s;0)) itself.

Another technique is the method of probability weighted moments (Landwehr et al. (1979)),

where the set of functions are weights,
wy,; for k=i and j=0or k=0 and j =1,

with i=the number of sample quantities.

In the case of the method of Z-moments (Hosking (1990)), the function (H(#)) to be matched
to the sample quantities will correspond to the L-moments of the model while the sample
quantities will be the sample L-moments. This method of estimation will be used to estimate
the parameters for two-piece families of distributions because of the closed-form expression for
the L-moments in Eq.(3.25). Moreover, these estimators are not susceptible to large variability
where higher orders of polynomial functions are used in the matching procedure.

The procedure will consider four sample quantities that will be used to match the population
functions that are to be estimated. These will be depicted by L;, where i = 1,2,3 and 4. The first
two, L; and L., will be matched for the location and scale functions, respectively, while L3 and
L, will be used to give matches for the L-skewness (r3) and L-kurtosis () ratios, respectively.
These quantities are defined in terms of order statistics of a sample of size n. That being
said, U-statistics (Hoeffding (1948)) will be used to estimate these quantities. U-statistics entail
defining functions as the average of the combinatorial sub-samples of size r, which are obtained

from the observed data of size n.
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Lemma 3.5.1. If X1,X5,X3,..., X, 15 a sample of size n, and Xy < Xp) < -+ < X, @5 the
ordered sample, then the r** sample t-moment as defined by Hosking (1990) is given as
-1 r—1
-1
0= <:}) 3 ZZ---ZZNZ(—W(% )x (3.57)
1<i1< i2< i3< <i, <n k=0

forr=1,2,3,--- n.

|
Lemma 3.5.2. The first four sample ¢-moments are obtained from Eq.(3.57), as
{1 = l xr; =T,
n 4
=1
/0 — 1/n\ '
2 2 2 Zz(xl x])?
1>7
1/n\ ' &
6=3(5) 2 EFwm e
i>j>k
and
1\ ' &
by = 4(4) | Z ZZZ(%*?)SCjJr:ﬁk*Il); (3.58)
i>j>k>l1
respectively.
The sample L-skewness and L-kurtosis ratios are defined as
=3 and =4, (3.59)
62 £2
respectively.
|

The sample estimates in Lemma, 3.5.2 will be matched to population quantities to give parameter

estimates for a univariate two-piece distribution in the following steps:

STEP 1:
The results in Eq.(3.58) are used to obtain the first four sample L-moments from the observed
data set. Thereafter, the sample L-moment ratios, t; and ¢4, are obtained using Eq.(3.59). In
order to determine if the proposed two-piece distribution can be fit to the data set, the values
of 3 and t, are verified if they lie in the (7.3, 7r.4)-space of the two-piece distribution.

In the case of a two-piece distribution whose symmetric parent distribution has no shape
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parameter, the (7.3, 77.4)-space will consist of a horizontal line transversing the theoretical L-
kurtosis ratio value at 4. The limits of t; will be the corresponding || of the two-piece dis-
tribution. The value of t4 should be equivalent to 7,. If the values are found to lie on the line,
then the estimation procedures can continue, else the two-piece distribution cannot be fitted to
the data.

In the event that the proposed two-piece distribution has a parent distribution with an
additional shape parameter, the (7.3, 77.4)-space will be a region covered by the possible combi-
nations obtained by the presence of the two shape parameters. Similarly, if the values of ¢; and

t, lie in this region, then the next estimation step can follow.

STEP 2:
The two-piece distributional shape exhibits the presence of skewness. However, the L-kurtosis
ratio value of the two-piece distribution is expected to remain the same as that of the parent
distribution. If the theoretical expression of 7, of the parent distribution is dependent on another
shape parameter, then set the value of ¢, to be equivalent to the theoretical result of 7, and solve
for the unknown shape parameter estimate. The solutions for the estimates should be checked

against the range of possible values they can assume to see if they are valid.

STEP 3:
Using the result from Step 2, solve for &, the asymmetry parameter estimate. Set ¢3 equal to

the theoretical expression of 7r.5.

STEP 4:
The solution for the scale parameter estimate, &, can be found by substituting the parameter
estimate results from Steps 2 and 3 into the theoretical expression of Lr.,. Equate this function

to ¢, and solving for it accordingly.

STEP 5:
The final estimate, 4, the location parameter estimate, is similarly obtained by substituting the
parameter estimates from Steps 2 — 4 into the theoretical expression of Lr.; from the two-piece

distribution, then equating that to ¢, and solving for f.

STEP 6:

The standard errors for the parameter estimates obtained in Steps 2—5 are then computed using
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the parametric bootstrap procedure. In this thesis, N = 10000 samples will be used.

3.6 Model Validation

This section presents the various methods that can be used to substantiate the fit of a model
to a data set. Though there are numerous aspects of validation that can be considered, only

those with respect to quantile modelling will be taken into consideration.

3.6.1 Graphical displays

Histograms

The primary form of visual validation that will be used to address the fit of a model are
histograms with superimposed probability density curves. The probability density curves are
obtained by plotting fp(p) against Qx(p), which are the fitted density quantile and quantile

function values, for 0 < p < 1.

Q-Q Plots

Q-Q (quantile-quantile) plots graphically illustrate the observed data points plotted against the
empirical observations. In this context, z;.,, which is the it order statistic from a sample of
size n, is plotted against Q(s;.,), the empirical quantile function. The plotting points, s;.,, are
defined as

i—c
DPin = m (360)

In this thesis, ¢ = § is used as it provides a plotting point that closely approaches the median

value. This enables the ordered statistic to be compared to any quantile value.

3.6.2 Goodness-of-fit measures

Castillo and Hadi (1997) introduced the average scaled absolute error (ASAE) as a measure

that can be used to compare the fit of various models to a data set. It is defined as

ASAE:%ZM, i=1. o, (3.61)
=1

Tnn — l‘lzn)
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where Q(S,.,) is the empirical quantile function of the fitted distribution.

This measure can either be used for models that are quantile-based or that are defined
through their CDF or PDF. The smaller the ASAE value, the better the fit of distribution to
the data. In this thesis, p;., from Eq.(3.60) will be used, as opposed to pi., = 1#1 which was
proposed by Castillo and Hadi (1997).

3.7 Tail Behaviour

The tail behaviour of the probability density curve of a continuous distribution is classically
evaluated through its probability density function, fx(z), should it exist. However, in the case
of quantile-based distributions, the tail behaviour is evaluated through the density quantile
function, fs(s), since no closed-form expression of the probability density function exists.

The tail behaviour investigation involves determining the value that the probability density
curve approaches at the endpoints. This is explored through computing 21_% fs(s) for the left tail,
and lim fs(s) for the right tail. Depending on the results obtained for the two-piece distribution,
either the two-piece PDF or two-piece density quantile functions will be used for evaluation.

Furthermore, the slope of the density curve at these two tails is also evaluated to further
determine the behaviour of this distribution. This can be done through obtaining expressions
for the slope and taking its limits for each tail respectively.

King (1999) derived a formula for obtaining the slope of the density curves for quantile-based

distributions. This measure is defined as

_ o dgs(s) 1 s
N R (3.62)

3.8 Conclusion

The method of quantile splicing was proposed in Section 3.2 with the aim of presenting tech-
niques that can be used to introduce asymmetry to univariate symmetric distributions. This
technique makes use of the quantile functions of half distributions as the kernels to generate
families of two-piece distributions. It was shown that the method can be used on univariate
distributions that are either quantile-based or defined through their CDF or PDF.

A general expression for the r** order L-moments of two-piece distributions was derived in
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Section 3.3.4. This expression results in the r** order L-moments of two-piece distributions being
expressed in terms of the L-moments of both the half distributions and the parent symmetric
distributions, Z and X, respectively. The L-moments derived proved to be closed-form and
simplistic in nature.

The results in Section 3.4.4 indicate that the level of kurtosis for the two-piece distributions
will be the same as that of the parent distribution, but extended levels of skewness are at-
tained. Through the various measures of kurtosis presented, it can be seen that they are indeed
skewness-invariant.

The method of L-moments estimation in Section 3.5 is developed for parameter estima-
tion since the r* order L-moments obtained take on closed forms. The parametric boostrap

procedure is used to obtain the asymptotic standard errors for the parameter estimates.



UNIVARIATE TWO-PIECE DISTRIBUTIONS

4.1 Introduction

Univariate symmetric distributions have been used in literature as building blocks to generate
skewed families of distributions. Various skewing techniques have been discussed in Chapter
3, where distributional differences and advantages have been highlighted. These methods have
made use of CDFs or PDFs as the building blocks of the univariate distributions to obtain the
skewed families, with the intent of increasing their flexibility with regards to distributional form.

In this chapter, the quantile splicing technique proposed in Section 3.2 is applied to univariate
symmetric distributions that do not have any shape parameter. The asymmetry parameter
introduced will increase the flexibility of the density curves with respect to distributional form.
The arcsine, uniform, cosine, logistic, normal, hyperbolic secant and Student’s #(2) distributions
are selected as the parent distributions that will be generalized to obtain two-piece families of
distributions. They have different levels of kurtosis, with the arcsine distribution exhibiting the
lowest level whilst the Student’s ¢(2) distribution has the highest level.

Since the quantile functions of the above-mentioned distributions are used as the building
blocks to obtain the two-piece distributions, they will require standardizing first. This will be
achieved when the first two L-moments, that is the L-location and L-scale are set to 0 and 1,
respectively. Subsequently, the location and scale parameters are then solved under these new
specifications. For the cosine, uniform and arcsine distributions, the reparametrization of these
distributions with respect to their lower boundaries will ensure the condition of L, = 0 and
Ly =1 are met. The proposed two-piece distributions are then derived, as well as their quantile
measures of distributional form for location, spread and shape. The results in Eq.(3.27) will be

used to derive the rt* order L-moments for the distributions.

o1
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4.2 Two-piece Student’s t(2) Distribution

The Student’s t-distribution was presented by Student (1908) as the model to be used in the
event that underlying data is not normally distributed. In such a case, the population standard
deviation has to be estimated by the sample standard deviation.

In addition to having a location and scale parameter, it has an additional parameter which
determines the shape of the distribution. This parameter, termed the degrees of freedom, is
denoted by v > 0. When v — ~, the t-distribution tends to the normal distribution which is its
limiting case. This distribution has been widely used in robust statistical modeling of data sets

(Lange et al. (1989)), where the errors have extended tails.

Definition 4.2.0.1. A random variable, X, from the Student’s t-distribution is defined by the
following probability density function, presented by Johnson et al. (1995), as

_ I($(v+1)) 1
V(m)L(3v) (14 %2)("7“) ’

—co < < oo, v>0. (4.1)

fx(x)

]

The concern that arises with this distribution is in the complexity of the general form, which
makes it difficult and less suited to depict basic calculations. Therefore, a need arises for the
use of one of its special cases. The Student’s ¢(2) distribution, first introduced by Jones (2002b),
highlights the tractability of this distribution due to its more simplistic form and nature. Its
PDF, CDF and quantile functions are simpler in structure as compared to the Student’s ¢-

distribution.

Lemma 4.2.1. The probability density function of a Student’s t(2) distribution, with u € R and

o >0, as given by Jones (2002b), is obtained by substituting v =2 into Eq.(4.1) to obtain

fx(w)=i(2+<x;u>2>g, —00 < 7 < 0. (4.2)

The CDF and quantile function attained in closed form, respectively, as

T—p
Fx(z) = ;(1 + U2>, —00 < < 00, (4.3)
2+ (52)
and
2p —1
=Flp) = 1 4.4
s =P =ure () 0sp<l, (4.4)
respectively.
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4.2.1 Distributional properties of the Student’s #(2) distribution
Shape

The probability density curve of the Student’s ¢(2) distribution exhibits a unimodal shape, with
the mode at u. Furthermore, the mean value of the distribution is p, whilst higher order moments

do not exist.

Variability

Various measures of variability such as the mean absolute deviation, the median absolute de-
viation, the interquartile range and the Gini’s mean difference can be used to summarise the

spread. Jones (2002b) was able to obtain the values of these measures as:
e Mean absolute deviation = E(|T|) = /2 ~ 1.414.
e Median absolute deviation = Qx(3) = \ﬁ ~ 0.816.

e Interquartile range = 2Qx (3) =2/ ~ 1.633.

e Gini’s mean difference = E(|T} — Tz|) = 75 = 2221

T, Ty and Ty are independent random variables from the Student’s ¢(2) distribution, whereas

(3) is the quantile function in Eq.(4.4), evaluated at p = 3.

Kurtosis

The quantile function in Eq.(4.4) is used to obtain quantile-based measures of kurtosis since
the moment-based measures cannot be obtained apart from the mean. Jones (2002b) studied
Groeneveld (1998)’s measure, Moors’ kurtosis (Moors (1988)), as well as the L-kurtosis ratio of
Hosking (1990), 74, which is obtained through the use of order statistics. These results were
found to be easier to obtain since the quantile function took on a simpler nature.

The results obtained are as follows:

Qx(D=20x(H+0x(}) _ 971

o Groeneveld’s kurtosis measure = . .
Qx(£)-Qx(3)

e Moors’ kurtosis measure = %&X(g) = 1.517.
4

e L-kurtosis ratio = r, = 2 = 0.375.
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These results were compared to similar results for the normal and logistic distributions. The
Student’s ¢(2) distribution had higher values than the normal and logistic distributions for all 3
measures. This is an indication that it is more leptokurtic (heavier-tailed) than the other two

distributions.

Student’s t(2) and other distributions

There are numerous relationships that can be drawn between the Student’s #(2) distribution and

other univariate distributions.

e Since t = —Z— where Z ~ N(0,1) and X, ~ x?(v), then #(2) ~ \/)fi/g, where Z ~ N(0,1) and
v 2

a

22 ~ exp(1).

e The standard uniform distribution is used to generate random variables from the Student’s
t(2) through the probability integral transform. A single uniform variate, denoted by
U~ UNIF(0,1), is substituted in Eq.(4.4) to generate the variables as

2U -1

= ra ot

e Let S and T be standard exponential distribution random variables. Then

t(2) ~ f/%

Order statistics and »** order L-moments

Lemma 4.2.2. Suppose X;.,, i = 1,..,n is the i'" order statistic of a Student’s t(2) random

variable from a sample of size n. Then the probability density function of X;., is defined as

1 x i+1/2 T n—i+3/2
1= g () (v 45)

Lemma 4.2.3. The rt* order L-moments function for the Student’s t(2) distribution, for r > 2,

is given by Jones (2002b) as

r—2 . 1 . 3

_ ()G + T —j—3
L = i‘% (_1)] . (T) .(J + 2) (T : J— 3 _ (46)

22 = FrG+1rG+2)T(r—j5—-1I(r—j)
with the first four corresponding L-moments as
T 3m

Lxa=0, Lyxo=—— ILx3=0, and Ly,= ——_, 4.7
X:1 X:2 22 X:3 X4 16v2 ( )
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respectively.
The subsequent L-skewness and L-kurtosis ratios are

3
x3=0 and X4 = 5

respectively.

The standard Student’s t(2) distribution is obtained when p=0 and o = 22,

s

4.2.2 Proposed two-piece Student’s ¢(2) distribution.

Definition 4.2.2.1. A real-valued random wvariable is said to have a two-piece Student’s t(2)

distribution if its quantile function is defined as

D=

2s—1
u~+ ao—==——+ s < 3,

Qr(s) = 1=’ (4.8)

M+O_ 2s5—1

1
(2s(1-s))%’ 2

where —oco < u < oo, 0 >0 and a >0 are the location, scale and shape parameters, respectively.

Its CDF and PDF are given as

é<1+2${yzf‘_“2>7 T <y
ot T

1 =t

5 1 + 2_’_(7,—;1,)2 5 x > Hy
and

_3
L+En’) . ez
fT(x) = 3 ’

Lee(52)Y) 0 asa

respectively.

]
It can be seen from the probability density curves from Fig.4.1 that the distribution ex-
hibits negative skewness when a > 1 (dotted curve), symmetry when a =1 (solid curve) and

subsequently positive skewness when 0 < o < 1 (dot-dashed).
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o'G T T T T T

fix)

Figure 4.1: The probability density curves for the two-piece Student’s #(2) distribution with

Ly =0 and L, = 1, for varying values of a > 0.

Quantile measures of distributional form

The quantile measures of distributional form for location, shape and spread for the two-piece
Student’s t(2) distribution are obtained by substituting Eq.(4.8) into Egs.(3.46-3.49), respec-
tively.

e Location

The median is obtained as

1
me = Qr(3)
B 2-4-1
B NCR

e Spread

The spread function is derived as

St(s) = Qr(s) — Qr(l —s)

| I
—
N =
© +
VA
~ |
e —
MRS
®» = ®»
= ~ |
o =
~ N
» | =
+ =
) ol
S N—
N ——
o [
W
=Y —/
R
el= 3
o Q
N—— ~ ~N
»
=
I~
w | X2
==
=
I w
=1
[
VA
=
o=
~
——
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e Shape

The ~-functional is obtained as

o7

s) + 1—35)—2me
yr(s) = Qr(s) + Qr(l—s)
St(s)
to| —21 ) 4putac| —20=9"L ) _9
K <<2s<1—s>>2> H ((2(1—s>(1—(1—s>)>2 K
o 1+a 2s—1 .
( )<(28(18))2>
_l-a PP
= 1 +—a7 2 S .

¢ Ratio-of-spread functions

The ratio-of-spread functions, for ; <v <w <1, is derived as

~ Qr(v) <(

2u(l—u)) 3

2u—1

Rer(u,v) = Qr(v) (

rth order L-moments

(20(1-v))2

2v—1

Theorem 4.2.4. The first four L-moments for the standard half Student’s t(2) distribution are

respectively.
Proof. See Section 4.9.1 for detailed proo

Theorem 4.2.5. The first four L-momen

LZ 1= _\/57
s
Lpo= ——,
Z:2 5
1
Ly. - T T =
Z:3 5
and
3m
L= 4.9
= (4.9
fs. [ ]

ts for the standard two-piece Student’s t(2) distribution
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are given as

2
LT:l = *(1 - a)v
™
Lypo = L 1
T:2 — 5( + O[),
1
LT 3 — ;(1 - Oé),
and
Lra =~ (1+a) (4.10)
S0 ’ '
respectively.
Proof. See Section 4.9.1 for detailed proofs. |

It can be noted that the results above are simplistic in nature, keeping in line with the
advantage of the Student’s #(2) L-moments functions which are simple in form. The resulting

L-skewness and L-kurtosis ratios are

Lys 2(1— 1-
= T'B—;( ) _ 636621~

T8 T r(l+a) 1+a)

respectively.
Fig.4.2(a) shows the skewness range of the two-piece Student’s ¢(2) distribution which is

—2.2y for a > 0, whereas Fig.4.2(b) shows a constant level of kurtosis for all values of o at

T
TT:4 = %
r3) (T4}
10 10,
08
05
06
00— a 04t
2 4 6 8 10
02
05
0.0 S S S N SR [
2 4 6 8 10
1.0 02r

(a) L-skewness ratio plot (b) L-kurtosis ratio plot

Figure 4.2: The L-skewness and L-kurtosis ratio plots for the two-piece Student’s ¢(2) distri-

bution.
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The space covered by the two-piece Student’s ¢(2) distribution is indicated on the L-moment
ratio diagram in Fig.4.3 by the horizontal line. The symmetric Student’s ¢(2) distribution is

obtained at (7.3, 77.4)=(0,2) when a = 1.

—
. *
\ f
o8l

" S
. v

0.6 " ; 4

s ‘ 4

04} _ ]
K Student's t(2) ! ]

ar:4}

0.2} ]

‘. . -1

‘

0.0 ~. F ]
A ;

.- .
L Som 1 =" R L

-1.0 -0.5 0.0 0.5 1.0
qr:3)

Figure 4.3: The L-moment ratio diagram for the two-piece Student’s ¢(2) distribution.

The dotted curve at 7.4 = $(577,; — 1) is the lower boundary for all probability distributions.

4.3 'Two-piece Hyperbolic Secant Distribution

The hyperbolic secant distribution (HSD) is a heavy-tailed, bell-shaped distribution that was
first studied by Baten (1934) and later on by Talacko (1956). It is a generator distribution of the
sixth natural exponential family (Morris (1982)), and it possesses a quadratic variance function
(NEF-QVF). This means that the variance is at most a quadratic function of the mean. The
HSD does not receive the same amount of attention as the other symmetric distributions due
to its lack of connectivity to other commonly known distributions.

Perks (1932) derived a family of generalized HSD which could fit the data in mortality
statistics. Talacko (1956) derived the properties of the HSD, as well as showed its role in the
theory of Wiener’s stochastic function. Since the CDF exhibits a closed-form, it can be used
extensively in the financial sector to obtain option prices quickly and precisely. Furthermore,
Vaughan (2002) presented two studies which revealed the HSD fitted data better than the

normal distribution due to its heavier tails.



CHAPTER 4. UNIVARIATE TWO-PIECE DISTRIBUTIONS

60

The solid curve in Fig.4.4 indicates that the HSD exhibits heavier tails than both the normal

(dashed curve) and logistic (dot-dashed curve) distributions.

08

05 HSD

----- - - Logistic

Figure 4.4: The probability density curves of the HSD, logistic and normal distribution.

Definition 4.3.0.1. A real-valued random variable X is said to have a standard hyperbolic secant

distribution, denoted X ~ HSD(0,1), if it’s CDF, PDF and quantile function are respectively

defined as
2
Fx(x) = — arctan(e®), x € (—00,00),
™
2 e*
fX(x)_;l_‘_eQI’ z € (—O0,00),
and

Q(p) = log (tan (?)), p e (0,1).

4.3.1 Distributional properties of the HSD

Moments
The moment generating function of the HSD is given as
™
Mx (t) = sec(t), [t] < 5
The mean and variance follow from Eq.(4.14) as

j=B(X) = Mi(0) =0 and o = E(X)? — (E(X))* = M} (0) — (M (0))* = 1,

respectively.

(4.11)

(4.12)

(4.13)

(4.14)



CHAPTER 4. UNIVARIATE TWO-PIECE DISTRIBUTIONS 61

Shape

The probability density curve of the HSD is unimodal and symmetric around 0. The skewness
moment-ratio as = 0 and kurtosis-moment ratio is ay = 5 Since a4 > 3, it indicates the HSD is

more leptokurtic than the normal distribution .

HSD and other distributions

e The HSD arises from the Cauchy distribution or the ratio of two independent Gaussian

distributions.

e Vaughan (2002) studied a symmetric family of distributions with varying levels of kurtosis
ranging from 1 to oco. They include thick and thin-tailed members, expanding the versatil-
ity of their use in modelling various data. Moreover, all the moments of these distributions

are finite.

e Esscher’s transformation, by Esscher (1932), was applied to Vaughan (2002)’s generalized
secant hyperbolic (GSH) distribution, giving rise to the skew generalized secant distribu-

tion (SGSH) which was proposed by Fischer (2006).

e The sin-arcsinh (SAS) transformation of Jones and Pewsey (2009) was used to develop
asymmetric families of distributions that have the HSD as a special case.
Order statistics and " order L-moments

Definition 4.3.1.1. Suppose X;.., i = 1,...,n is the it" order statistic of a HSD random variable

from a sample of size n. The probability density function of X;., is defined as

1 - i+1/2 - n—i+3/2
1= e () (v (4.15)
]

Lemma 4.3.1. Suppose X is characterized by the functions in Eqs.(4.11-4.13). The r*"-order
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L-moments are

Lx., =0 for odd values of r,

Lx.» = 7%3]7
and
Lo 427r2<[3]7TZ 465¢[3] (4.16)

with the L-skewness and L-kurtosis ratios as

2 p—
rxa=0 and Tg= CE?Q[;%CM

= 0.193977,

respectively.

The standard HSD is obtained when u=0 and o = ==

2
7Rl

4.3.2 Proposed two-piece hyperbolic secant distribution

Definition 4.3.2.1. A real-valued random variable is said to have a two-piece hyperbolic secant

distribution if its quantile function, CDF and PDF are defined as

w4 oalog(tan(%?)), s< 3,
Qr(s) = (4.17)
p+ologltan(%), s> 1,
2 arctan(e e ), x <
%arctan(e%), T > [y
and
)
% 5 2(ZLy? T < p
fria) = { 77 1t (4.19)
2 e(%&)
T 42T v
respectively.
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Figure 4.5: The probability density curves for the two-piece hyperbolic secant distribution

with L; =0 and L, = 1, for varying values of a > 0.

The probability density curves for the two-piece distribution with varying values of a > 0
is displayed in Fig.4.5. When « < 1, the two-piece HSD exhibits positive skewness as depicted
by the dashed-curve. In this case, the values of 7.3 and ~v7(s) are positive. The distribution is
negatively skewed when « > 1, as shown by the dot-dashed curve, with the corresponding values
for 77,3 and 7 (s) negative.

The symmetric HSD, when o = 1, is represented by the solid curve. It is obtained and its

values for the L-skewness ratio and the ~r(s) are zero.

Quantile measures of distributional form

The quantile measures of distributional form for location, spread and shape for the two-piece
HSD are obtained by substituting Eq.(4.17) into Eqgs.(3.46-3.49), respectively.
e Location

The median is obtained as

1

me =@ (3)

= p+olog (tan (2))

= p+olog(1)

:lu/.
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e Spread
The spread function is
St(s) =Qr(s) — Qr(l—s)

o obe ()] - oo (1 (52))
oo (1an (%)) + aoog ( an (22))

:cr(l—i—a)log(tan(%)), %<s<1.

e Shape
Through the substitution of Eq.(4.17) into Eq.(3.48), the y-functional is attained as

B u—l—alog(tan( )) +,u—|—aalog( (”(1275))) —2u
- o(l+ a) log(tax E))

olog (tan (%)) ~ aclog ( tan (”2))

o(l+ «) 10g<tan (%))
1-a 1< <1
= - <s<l1.
1+a’ 2

e Ratio-of-spread functions

The ratio-of-spread functions is given as

Ry (u,v) = =

S(u) o(1+ a)log (tan(%)) log (tan(%))
S(v) o(1+ «a)log (tan(%)) log (tan(%)) ’ 2

Order statistics and »** order L-moments

Theorem 4.3.2. The first four L-moments of a standard half HSD random variable are obtained

as
ba-ta
Lo = ),
Lzs= 321 5 (64G +®) ( > P ( ) - 672((3)7r>
and
Lza= % (42¢(3)m* — 465((5)) . (4.20)

respectively.
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Proof. See Section 4.9.2 for detailed proofs. [ |

Theorem 4.3.3. The first four L-moments of a two-piece HSD random variable are obtained

as
27
LT:l = T(S)G(l — O[),
1
LT:Q == 5(1 + a),
Lrs = — (64Gn? + ) - Pp® 3) - 672¢(3)7 ) (1 — a)
T3 448¢(3)m 4 4 ’
and
1
Ly = YR (42¢(3)m* — 465¢(5)) (1 + ), (4.21)
respectively.
Proof. See Section 4.9.2 for detailed proofs. [ |
Subsequently, the L-skewness and L-kurtosis ratios are
_Lrs 1 > 3 (LY e (3 (I-a) _ (1-a)
s = = <64G7r @ (1) =@ () 67203 (5 a) = 0520306
and
T = Lra 1 (42¢(3)m* — 465¢(5)) = 0.193977
' LT:Q 7((3)7’1’2 ' ’
respectively.

The graphs depicting the L-skewness and L-kurtosis ratios are represented in Fig.4.6. It can
be noted from Fig.4.6(a) that 77,3 is bounded on (-0.52;0.52) for a > 0, whilst 77,4 is constant for
a>0at 0.193977. The L-moment ratio diagram, represented by Fig 4.7, shows the extended level
of skewness that is possessed by the new distribution. The level of kurtosis remains constant at

Tr.4 = 0.193977
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(a) The L-skewness ratio diagram (b) The L-kurtosis ratio diagram

Figure 4.6: The L-skewness and L-kurtosis ratio plots for the two-piece HSD.
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Figure 4.7: The L-moment ratio diagram for the two-piece hyperbolic secant distribution.
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4.4 Two-piece Logistic Distribution

The logistic function was first proposed in population demographic modeling where Verhulst
(1838) showed that the population growth rate is a function of the transient population and a
proportion of the resources available. When those properties are incorporated into the growth
model, the population exhibits sigmoid growth patterns. The logistic function has been used in
population growth modeling (Pearl and Reed (1920)), survival data analysis (Plackett (1959))

as well as income distribution studies (Fisk (1961)).

Definition 4.4.0.1. A real-valued random variable X is said to have a logistic distribution,

denoted by X~ L(u,0), if its CDF, PDF, quantile function are given as

Fx(x) = ey —00 < T < 00, (4.22)
e
and
Qx(p) = p+olog (1pp> 0<p<l, (4.24)

respectively, where —oo < u < 0o and o >0 are the location and scale parameters, respectively.

Since Eq.(4.23) can be rewritten as f(z) = isech® (2), the logistic distribution can also be

referred to as the sech-squared distribution.

4.4.1 Distributional properties of the logistic distribution

Moments

The moment generating function of the logistic distribution is defined as
Mx(t) = e#B(1 — ot)(1 4+ ot), |t| < é (4.25)

The mean and variance can be derived from Eq.(4.25) as

oin?

p=E(X) = Mx(0) = 0 and o = B(X)* - (B(X))* = M (0) — (Mx(0))* = ——,
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Shape

The logistic distribution is symmetric about —co < p < oo, exhibiting a unimodal shape. The
skewness moment-ratio, as = 0, whilst the kurtosis moment-ratio oy = 4.2. This shows that the
logistic distribution is more leptokurtic than the normal distribution since ay > 3.

Logistic and other distributions

The logistic distribution has shown its relationship to other univariate continuous distributions.

o If X~ L(u,0), then kX +d ~ L(ku +d, ko).

o If X ~ UNIF(0,1) then i+ 025X ~ L(u, 0).
e Let X ~exp(1). Then p+olog (eXpX 71) ~ L(p,0).
o If X,V ~exp(1), then y—olog () ~ L(p, 0).

e The logistic distribution closely approximates the Student’s ¢-distribution with 9 degrees

of freedom (Mudholkar and George (1978)).

e The logistic distribution is a special case of both Tukey’s lambda distribution and the
generalised hyperbolic secant family of distributions (Perks (1932)).

rth order L-moments

Lemma 4.4.1. The r'" order L-moments, Lx.., for a standard random variable X from the

logistic distribution are presented by Hosking (1986) as

0, or odd values of r
LX:T‘ = f f (426)

2
rmyE for even values of r.

with the L-skewness and L-kurtosis ratios as
1
TX:3:O cmd TX:4:6,

respectively.

The standard logistic distribution is obtained when =0 and o = 1.
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4.4.2 Proposed two-piece logistic distribution

Definition 4.4.2.1. A real-valued random variable is said to have a two-piece logistic distribu-

tion if its quantile function, CDF and PDF are defined as

1+ aolog(1%;), s< 3,
Qr(s) = o ? (4.27)
p1+ o log(%5), s> 3,
(=)
AKTEN z <
Fr(X) = { 1+l =/ (4.28)
! (751 .
lie(;;u)’ T>H
and
eu
%: z < s
fr(X) = { ortre = (4.29)
— = x>
0'(1-"-6%)2 a
respectively.

]

Fig.4.8 displays the probability density curves for the two-piece logistic distribution with
varying values of a > 0. When «a < 1, the distribution is positively skewed as illustrated by the
dashed-curve, negatively skewed when a > 1, as shown by the dotted curve, and symmetric as

represented by the solid curve when a = 1.

0.6 - - - - -
----- a=08
05 a=1 .
....... a=2
04 N
5 03+ - .

Figure 4.8: The probability density curves for the two-piece logistic distribution with L, =0

and L, = 1, for varying values of a > 0.



CHAPTER 4. UNIVARIATE TWO-PIECE DISTRIBUTIONS 70

Quantile measures of distributional form

The quantile measures of distributional form for location, spread and shape for the two-piece
logistic distribution are obtained by substituting Eq.(4.27) into Eqs.(3.46-3.49), respectively.
e Location

The median is obtained as

=)

1
_N—i-alog(l 2 )

= p+olog(1)

e Spread

The spread function is
Sr(s) =Qr(s) — Qr(l—s)
= {uroton (25 } = v eoos (= 75)}

S 1
—o(1+a)l (4—) - 1.
o(l+ «a)log %) 2<s<

e Shape
The ~-functional is obtained by substituting Eq.(4.27) into Eq.(3.48) such that

ot = G+ @rll =) = e

)+,u+ozalog<1 - ))—2#

)

u—i—alog(

o(l+ «) 10g<

1fs) — aolog (kS)

o(l+4 a)log (1;)

_l-a ! vcu<t
T 1ta’ g SUSUS

alog(

e Ratio-of-spread functions
The ratio-of-spread functions is given as

Sp(w _ o+ alos(525) log (1)
Sr(v) a(1+ a)log (1 v) log (1 D) )

Rr(u,v) =

where 1 < v < u < 1. Note that, akin to the L-kurtosis ratio, the ratio-of-spread functions is

skewness-invariant with respect to a.
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rth order L-moments

Theorem 4.4.2. The first four L-moments of a standard half logistic random variable are given

as
Lz, = _210g(2)5
LZ:Q = 1,
1
LZ:3 = _57
and
1
LZ:4 = 6, (4.30)
respectively.
Proof. See Section 4.9.3 for detailed proofs. [ |

Theorem 4.4.3. The first four L-moments of a standard two-piece logistic random variable are

given as
Ly =log(2)(1 — a)
1
LT:2 = 5(1 + Ol)
1
Lys= 1(1 —a)
and
1
L.y = E(l + O[). (431)
respectively.
Proof. See Section 4.9.3 for detailed proofs. [ |

Therefore, the L-skewness and L-kurtosis ratio ratios are

o LT:3 _ 1
Tr:3 = LT:Q - 2

Lty
and TT.4 = —— =
Lt

(1-a)
(1+«)

1
6’
respectively. These expressions for the L-moments and L-moment ratios correspond to those
obtained by Balakrishnan et al. (2017), who made use of expectations of order statistics. The
value of 774 is equivalent to the L-kurtosis ratio of the logistic distribution. The special case of
the two-piece logistic is the logistic distribution which is obtained when o = 1.

In Fig.4.9(a), it can be seen that 0 < 77.3 < 0.5 when o < 1, and it tapers off at —0.5 as « tends

to co. Fig.4.9(b) indicates that the level of kurtosis which is depicted by 77.4 is a constant at 1.
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Figure 4.9: The L-skewness and L-kurtosis ratio plots for the two-piece logistic distribution.

The L-skewness and L-kurtosis ratio values are used to obtain an L-moment ratio diagram,
represented by Fig. 4.10, will show the increased level of skewness that is acquired by the
new distribution, as compared to the logistic distribution, for a given level of kurtosis. The
logistic distribution is obtained as a special case when (r7.3,77.4) = (0,%). The dotted curve is

the boundary for all distributions.
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Figure 4.10: The L-moment ratio diagram for the two-piece logistic distribution with a > 0.

4.5 Two-piece Normal Distribution

The discovery of the normal distribution, also referred to as the bell-curve or the Gaussian

distribution, was first attributed to De Moivre during his early studies on the coefficients of the
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binomial expansion in 1738. The distribution was introduced by Gauss (1809) whilst presenting
the concepts of the method of maximum likelihood and the method of least squares. In addition,
Laplace proved the central limit theorem in 1810 which further solidified the importance of the
normal distribution and its applications. The normal distribution has been widely used in

natural and social sciences, where the underlying distribution of data may be unknown.

Definition 4.5.0.1. Let X be a real-valued random variable from the normal distribution, de-
noted X ~ N(pu,0?), where —co < p < oo and o > 0 are the location and spread parameters,

respectively. The CDF, PDF and quantile function are defined as

L e (o .
FX(x)—2<1+erf <0\/§>>, (—o0 < 2 < 00), (4.32)
fx(@) = ! 6_(;_2} . (—oo <z < 0)
X - 0_\/% )

and

Qx(p) = p+ ov2erf '(2p— 1), 0<p<l, (4.33)
respectively.

|

4.5.1 Distributional properties of the normal distribution

Symmetry

e The normal distribution is symmetric about the location parameter, ;, which is the mean.

The mean is equivalent to the median and the mode.

e The probability density curve exhibits unimodality and has two inflection points at |z—u| =

o. It is also log-concave.

Moments

The moment generating function of the normal distribution is given as

Mx(t) = e"+37°F e R. (4.34)

All the moments for the normal distribution exist and are finite. Therefore, the mean and
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variance can be found by taking the first and second derivatives of Eq.(4.34) and setting ¢ = 0,
such that

E(X)=Mx0)=p and  Var(X)=M{(0) — (Mx(0))* = o*.

The central moments about the mean are given as

0 if k is odd
pe = E((X = p)*) = (4.35)

oF(k — )1 if k is even.
From Eq.(4.35), the skewness and kurtosis moment-ratios can be obtained as a3 =0 and a4 = 3,
respectively.

Maximum entropy

The normal distribution has maximum entropy over all probability distributions in its class with

known mean and variance. It is obtained as

H(X)= % (14 log (20%7)) .

Infinite divisibility

A random variable from the normal distribution, with mean p and variance o2, can be seen as
. . . 2 . . .
the sum of n random variables with mean £ and variance Z-, so long as n € Z*. This implies

that the normal distribution is infinitely divisible.

Central limit theorem

Suppose that X, X»,..., X,, is a sample of i.i.d. random variables from the same distribution,
with known mean, p, and variance o2. The distribution of the sample mean scaled by /n is
approximately normally distributed as the sample size becomes larger. This property allows for

other distributions to be approximated by the normal distribution, as presented in Table 4.1.
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Distribution | Parameter(s) | Normal approximation
Binomial n,p i=mnp o =np(1 —p)
Bin(n,p) n — 0o
Poisson A D) at=\

Poi()\) A— 0
Chi-Square k w==k 0% =2k
X% k— oo
Student’s ¢ v =0 o2=1

t(v) v — 00

Table 4.1: Univariate distributions approximated by the normal distribution.

Normal and other distributions

If X ~ N (p,0%), then:

e X~ LN (u,oQ).

| X| ~ Ny (p,0?). If p =0, then |X| has a half normal distribution.

| X —p| 2
- ~ X1

(%)2 ~x3 (g—i) It reduces to x? when u=0.

X has a truncated normal distribution if it bounded on the interval [a, b].
If X1, Xo ~ N(0,1), then:

o X~ Cauchy (0,1).

o X1+ X,~N(0,2).

o YL Xi~xr

If X,,....X, ~N(0,1) and Vi,....,Y, ~ N (0,1), then F = % ~ .
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rth order L-moments

Lemma 4.5.1. The first four corresponding L-moments for a standard normal random variable

are

Lx1 =0, Lxo= %, Lx3=0, and Lxy4= % (Z);? arctan(v/2) — 9) (4.36)

The L-skewness and L-kurtosis ratios are
30
73 =10 and 74 = — arctan(v/2) — 9, (4.37)
™

respectively.

The standard normal distribution is obtained when p=0 and o = /2.

4.5.2 Proposed two-piece normal distribution

Definition 4.5.2.1. A random variable is said to have a two-piece normal distribution if its

quantile function, PDF and CDF are defined as

u—l—om\/ierf (2s — 1), 5< 3,
Qr(s) = (4.38)
—1
p+ov2erf (25 — 1), s> 1,
1 €—<22—u2)2 < i
Py 2020 < u,
fr(s) =
1 —(;r/—2u,)2
ﬁe 20 xT > M,
and
Li+ef ! (22)) v < p,
Fr(s) = ’ cov?
—1 Tr—
%(1+erf (g\/li)) x>,
respectively.

]

The probability density curves for the two-piece normal distribution, with varying values of

a > 0, are illustrated in Fig.4.11. The distribution is positively skewed as shown by the dashed-
curve when « < 1, negatively skewed when a > 1 as shown by the dotted curve, and symmetric

as represented by the solid curve when o = 1.
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Figure 4.11: The probability density curves for the two-piece normal distribution with L; =0

and L, = 1, for varying values of a > 0.

Quantile measures of distributional form

The quantile measures of distributional form for of location, spread and shape for the two-piece
normal distribution are obtained by substituting Eq.(4.38) into Eqs.(3.46-3.49), respectively.
e Location

The median is obtained as

=ar(})
= p+ov2erf (2. % - 1))
= .
e Spread

The spread function is derived

Sr(s) = Qr(s) — Qr(1—s)
= {u + Uﬁerf_l(% - 1)} - {,u + aaﬁerf_l(Zs - 1)}

:ﬁa(l—a)(erffl(%—l)), % <s <1
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e Shape

The shape functional is obtained as

_ Qr(s) +Qr(1 —s) —2me

ST(S)
p+ ov2erf (25 — 1) + p+ aov/2erf (25 — 1) — 2u
a o(1—a)erf '(2s—1)

yr(s)

_1+a 1< cu<l
i g SUSUS S

e Ratio-of-spread functions

The ratio-of-spread functions, for ; <v <w <1, is derived as

Qr(u) V20(1 - a) (erf_l(QU - 1)) - erf71(2u -1
- Qr(v)  ae(1—a) (erf_l(Qv - 1)) Cerf 20 -1)

rth order L-moments

The order statistics from the half normal distribution will be derived and be used to obtain the

L-moments of the two-piece normal distribution.

Theorem 4.5.2. The first four L-moments for the standard half normal distribution are

2
Lza=—4/—
™
1
Lz.o= 7
Lz.3 =0.264252
Lz4= % <37TO arctan(v/2) — 9) , (4.39)
respectively.
Proof. See Section 4.9.4 for detailed proofs. [ |

Theorem 4.5.3. The first four L-moments of the two-piece normal distribution is given by

1
LT:1 = E(l — OL)

1
Lr.o = 5(1 + )

Lr.3 =0.2341872(1 — «)

Lyy= % (3;? arctan(v/2) — 9) (14 a), (4.40)

respectively.
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Proof. See Section 4.9.4 for detailed proofs. [ |

In effect, the L-skewness and L-kurtosis ratios are given as

(1-a)

3 =04
Tr.3 =0 68373(1+a)

30
and  7p4 = — arctan(v/2) — 9 = 0.122602,
™

respectively.
Fig.4.12(a) shows the L-skewness range of the two-piece normal distribution which is (—0.468373;0.468373)

for a > 0, whereas Fig.4.12(b) shows a constant level of L-kurtosis, for a > 0, at 0.122602.

T3 1(ra)

10 10,
08
05
\ 06
e a 047
2 ‘ 6 8 1
02}
25
o‘o.‘.lA.Al.A.i..‘lA..Ja
2 ‘ 6 8 1
-0 02}
(a) The L-skewness ratio plot (b) The L-kurtosis ratio plot

Figure 4.12: The L-skewness and L-kurtosis plots for the two-piece normal distribution

The (77.3,7r.4)-space covered by the two-piece normal distribution is indicated on Fig.4.13
below by the solid horizontal line.

The symmetric normal distribution is obtained at (7.3, 77.4)=(0,0.122602), when a = 1. When
a > 1, the distribution is less heavy-tailed, and subsequently more heavy-tailed when 0 < o < 1.

The dashed curve at 77,4 = $(57%,4 — 1) is the lower boundary for all probability distributions.
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Figure 4.13: The L-moment ratio diagram for the two-piece normal distribution with a > 0.

4.6 Two-piece Cosine Distribution

The cosine distribution is a special case of the incomplete beta distribution which was proposed

by Jones (2002a). The complementary beta distribution exhibits more tractable computational

results with respect to the expectations of order statistics and L-moments. As a result, it may

be used to model data where the order statistics may be of primary interest.

Definition 4.6.0.1. Suppose X is a real-valued random variable from the cosine distribution

denoted X ~ COS(u—o,pu+0). Its CDF, PDF and quantile functions are respectively defined as

and

0, r<pu—o

Fx(z) = { sin? (g (W)), p—o<z<p+o,

, T >+ o,

ﬁsin(ﬂ'(%)), p—o<zx<p+o,

0, elsewhere

Qx(p)Zu—i-o(iarcsill(\/ﬁ)—l), 0<p<l,

where p,o0 >0 are the location and spread parameters, respectively.

(4.41)

(4.42)

(4.43)
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4.6.1 Distributional properties of the cosine distribution

Symmetry

The cosine distribution is symmetric for = o > 0.

Shape

The proability density curve of the cosine distribution is unimodal if 4,0 < 1 and has a bath-tub
shape when p,o > 1. The density curve is J-shaped when u <1 and o > 1, whereas it is reversed

J-shaped when p > 1 and o < 1.

rth order L-moments

Lemma 4.6.1. The r** order L-moments function for the cosine distribution, forr =1,....4, are

1 1
Lx1 =0, Lxo= T Lxi3=0, and Lxa= 61’ (4.44)

respectively.

The subsequent L-moment skewness and kurtosis ratios are

1
7-X:SZO andTX:4:E7

respectively.

The standard cosine distribution is obtained when =0 and o = 4.

4.6.2 Proposed two-piece cosine distribution.
Definition 4.6.2.1. A real-valued random variable is said to have a two-piece cosine distribution
if its quantile function is defined as

+ ao %arcsin(\/g) -1), s< 1,
SO ) 2 (4.45)

p+ o (2arcsin(y/s) — 1), s> 3,
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where u, o and o > 0 are the location, scale and shape parameters, respectively, and its CDF and
PDF are given as

0, z<—ao

sin (g(%)), w—ao <z <,

Fr(z) =
sin2(g(W)), p<z<pu+o,
1, T>p+o
and
ﬁsin(w(%)), p—oao <x <[,
fr(z) = ﬁsin(w(%ﬂ)), pn<z<pu+o, )
0, elsewhere
respectively.

]
The two-piece cosine probability density curves are illustrated in Fig.4.14. The distribution
exhibits negative skewness when o > 1 as indicated by the dotted curve. The solid curve is
indicative of symmetry when o = 1. Positive skewness is obtained when 0 < a < 1 as can be seen

on the dashed curve where o = 0.8.

0.35 T T T T T

fix)

Figure 4.14: The probability density curves for the two-piece cosine distribution with L; =0

and L, = 1, for varying values of a > 0.
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Quantile measures of distributional form

83

The quantile measures of distributional form for location, shape and spread for the two-piece

cosine distribution are obtained by substituting Eq.(4.8) into Egs.(3.46-3.49), respectively.

¢ Location

The median is obtained as

e}
o (1) )
=u+a<i Z—l)

e Spread

The spread function is derived as

Sr(s) = Qr(s) — Qr(l —s)

- <M +o (i arcsin (v/s) — 1>> - <u +ao (i arcsin (V1 —s) — 1))

= éa ((arcsin (Vs) — (g — arcsin (\/g)))) —o(l-a)

™

= %a (1+ a)arcsin (vs) — o(1 + )
_a<iarcsin(\/§)—1)(1+a), %<s<1.
e Shape

The ~-functional is obtained as

ot = )+ Q=) - me

(140 (Larcsin (v/s) — 1)) + (n+ ao (£ arcsin (V1 —5) — 1)) — 2u

B o (£ arcsin(y/s) — 1) (14 )
_ 2o ((arcsin (v/s) + a (3 — arcsin (v/s)))) — (1 — a)
o (£ arcsin(y/s) — 1) (14 )
4 (arcsin (/s) + aarccos (v/s)) — (1 + «)
o (% arcsin(y/s) — 1) (1 + a)
o (% arcsin(y/s) — 1) (1 — a)
o (% arcsin(y/s) — 1) (1 + )
1-a

1
= - < v < < 1.
1+a g SV
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e Ratio-of-spread functions

The ratio-of-spread functions, for { <v <u <1, is derived as

Re(u,v) = 270 _ o (% arcsin (vu) = 1) (1 +a) _ Zarcsin(va) - 1
T\, Sr(v) o (Larcsin(yv) —1) (1+a) Zaresin(yv) —1

s

Order statistics and r** order L-moments

Theorem 4.6.2. The first four L-moments for the standard half cosine distribution are

Lz, = 2 1,
™
1
LZ:2 = Z:
1
LZ:3 = 7%5
and
[ (4.46)
. 647
respectively.
Proof. See Section 4.9.5 for detailed proofs. [ |

Theorem 4.6.3. The first four L-moments for the two-piece cosine distribution are given as

Lo = <2 _ j) (1-a).

1
LT 9 = 5(1 + O[),
2
LT 3 — 37(1 a),
and
1
Ly = @(1 +a), (4.47)
respectively.
Proof. See Section 4.9.5 for detailed proofs. [ |

The resulting L-skewness and L-kurtosis ratios are

Lo 4 (1—
g = Fr3 - A=) o

(1 - a) LT;4 1
and b= — =
Lro  31(l+a) 1+a) A P T

respectively.

Fig.4.15(a) shows the L-skewness range of the two-piece cosine distribution which is (—z&; 2

for a > 0, whereas Fig.4.15(b) shows a constant level of L-kurtosis for all values of a > 0 at

1
T4 = 7g-
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Figure 4.15: The L-skewness and L-kurtosis ratio plots for the two-piece cosine distribution.

The (77.3,7r.4)-space covered by the two-piece cosine distribution is indicated on the IL-
moment ratio diagram in Fig.4.16 by the solid horizontal line. The symmetric cosine distribution

is obtained when « =1 at (rr.3,77.4)=(0, 15).
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Figure 4.16: The L-moment ratio diagram for the two-piece cosine distribution.

The dotted curve at 74 = 1(57% — 1) is the lower boundary for all probability distributions.
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4.7 Two-piece Uniform Distribution

The uniform distribution, also referred to as the rectangular distribution (Balakrishnan and
Nevzorov (2003)), is the simplest of all continuous distributions. It arises as the limiting case
of the discrete uniform distribution (Johnson et al. (1995)). This distribution has been used in

hypothesis testing, random sampling from arbitrary distributions and also in finance.

Definition 4.7.0.1. A random variable X is said to follow the uniform distribution, denoted

X ~UNIF(u—o,pu+0), if its PDF is defined as

= p—o<zx<o+pu

20

fx(x) = (4.48)

0, elsewhere,

where >0 and o >0 are the location and scale parameters, respectively.

|
The CDF and quantile function of the uniform distribution follow from Eq.(4.48) as
0, T pu—o
Fx(z) = 79”7(2’:@, p—o<z<pu+o (4.49)
1, T > u+o.
and
respectively.

4.7.1 Distributional properties of the uniform distribution

Balakrishnan and Nevzorov (2003) documented the distributional properties for the uniform

distribution.

Moments

e The central moments about the origin are given as

(@ +m" = (n—o)"*!

" B(X™) =
fn, = E(XT) ot 1) ;

neN. (4.51)
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When w= 0 and o = 1, then E(Xn) = m

e The central moments about the mean are given as

_ o= (=)

pn = E(X — BE(X))" = I eN. (4.52)

e The mean and variance follow directly from Eqs.(4.51) and (4.52), by setting n =1 and
n = 2, respectively to obtain
2

fy=EX)=p and Var(X)=p = %

Shape

The Pearson coefficient of skewness, a3, is equal to zero, which implies that the uniform dis-
tribution is symmetric. The Pearson coefficient of kurtosis, a4, is equal to 1.8. Therefore, the
uniform distribution is platykurtic (lighter-tailed) in comparison to the normal distribution,

whose theoretical value for a4 is 3.

Probability integral transform

Suppose that F and G are the CDF and inverse CDF of any continuous distribution. Then the
transformation Y = G(X), where X ~ UNIF(0,1), yields a random variable Y whose CDF is F.
This property is used to simulate random samples from any continuous probability distribution.

Uniform and other distributions

There are numerous relationships that can be drawn between the uniform distribution and other

univariate distributions.
o If U~UNIF(0,1), then 1 —U ~UNIF(0,1).

o If X ~ UNIF(0,1), then by the probability integral transform property, ¥ = —+In(X) ~

exp(A).

o Let X ~UNIF(0,1). It follows that ¥ = X" ~ Beta (,1). When n =1, then X ~ UNIF(0,1)

is the special case of the standard Beta(1,1).
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e The distribution of the sum of » independent, identical, standard uniform random variables
is the Irwin-Hall distribution, (Irwin (1927), Hall (1927)), a name coined by Johnson et al.
(1995).

Order statistics and r** order L-moments

Definition 4.7.1.1. Suppose X;.,, i = 1,...,n, is the i'" order statistic of a standard uniform

random variable from a sample of size n. The PDF of X,., is defined as

n!

IXin(z) = mxi”(l — ) (4.53)

while the expected value of X;.., which follows from FEq.(4.53) is

n+1
|
Lemma 4.7.1. The first 4 L-moments for the uniform distribution are
Lxq1 =0, Lyxo= % Lxs=0, and Lx.=0. (4.54)
The subsequent L-skewness and L-kurtosis ratios are
x3=0 and 7x.4=0, (4.55)
respectively.
The standard uniform distribution is obtained when p=0 and o = 3.
|

4.7.2 Proposed two-piece uniform distribution

Definition 4.7.2.1. A real-valued random variable is said to have a two-piece uniform distri-

bution if its quantile function, CDF and PDF are defined as

w+ ao(2s — 1), s <
Qr(s) = (4.56)
uw+o(2s—1), 5> 3,
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Fr(z)

and

89

(4.57)

(4.58)

0, T < p—ao,
%7 p—oao <z <,
%, p<z<p—ao,
1, x> u+ o,
ﬁ7 p—ao <x<u,
i, p<z<pu+o,

where —oco < p < o0, 0 >0 and o > 0 are the location, scale and asymmetry parameters, respec-

tively.

The probability density curves for the two-piece uniform distribution are shown in Fig.4.17.

Symmetry is obtained when o =1 as indicated on Fig.4.17(b).
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Figure 4.17: The probability density curves for the two-piece uniform distribution with L, =0

and Ly, =1, for a > 0.

Quantile measures of distributional form

The quantile measures of distributional form for location, shape and spread for the two-piece

uniform distribution are obtained by substituting Eq.(4.56) into Eqs.(3.46-3.49), respectively.
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e Location

The median is obtained as

e Spread

The spread function is derived as

St(s) = Qr(s) — Qr(l —s)

=(p+o2s—1)) = (p+ao(2(1—-s)—1))

=0(2s—1—a(2—-2s—1))

=0(2s(l+a)— (1+«))

=0(2s - 1)(1+ a), —<s<l.

e Shape

The ~-functional is obtained as

vr(s) = Qr(s) + Q;“T((ls) s) — 2me

_ (H+o2s—1))+ (p+ac(2(1 —s)—1)) —2u

o(2s —1)(1+ «)
0(2s — 1+ a(l —2s))
o(2s—1)(1+4 )
_ o(2s —1)(1 — a)
o(2s—1)(1+ )
(1-a)

1
:(14—&)’ §<U<U<1.

e Ratio-of-spread functions

The ratio-of-spread functions, for { <v <u <1, is derived as

Sr(u)  oRu—-1)1+a) 2u—1

RT(U,U) = =

Sr(v) o(2v—-1)(1+a) 2v-1"

90
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rth order L-moments

Theorem 4.7.2. The first four L-moments of a standard half uniform random variable are

obtained as

Lza=—3,

Lz.o = 3

Lzs=—7%

and

Lz.4=0, (4.59)
respectively.
Proof. See Section 4.9.6 for detailed proofs. |

Theorem 4.7.3. The first four L-moments of a two-piece uniform random variable are given

by
3
LT:1 = 1(1 — OZ),
1
LT:2 - 5(1 + Oé),
3
LT:3 - E(l - O{),
and
L1y =0, (4.60)
respectively.
Proof. See Section 4.9.6 for detailed proofs. [ |
The resulting L-skewness and L-kurtosis ratios are
_Lrs _3(-0) _ Lra _
TT:3 = LT;2 — ] (1 +Oé) and TT:4 = LT:Q - 07
respectively.

Fig.4.18(a) shows the L-skewness range of the two-piece uniform distribution which is (-£; 2)

for a > 0, whereas Fig.4.18(b) shows a constant level of L-kurtosis at 774 = 0.



CHAPTER 4. UNIVARIATE TWO-PIECE DISTRIBUTIONS 92

1 1(ra)
10 0.

08r
05

\ 06+
00 - N ol

02

05
0,0 bbb

10 02}

(a) The L-skewness ratio plot (b) The L-kurtosis ratio plot

Figure 4.18: The L-skewness and L-kurtosis ratio plot for the two-piece uniform distribution.

The (77.3,7.4)-space covered by the two-piece uniform distribution is indicated on Fig.4.19

by the solid horizontal line. The uniform distribution is obtained at (7.3, 77r.4)=(0,0) when a = 1.

T T T
08} % S
o6 P
T o4l % S
~ . . J

E X K

02| ]
0.0} . . K ]
* Uniform ‘ E
-0.2 . - i

1 > 1 2% 1

-1.0 -05 0.0 0.5 1.0
nr:3)

Figure 4.19: The L-moment ratio diagram for the two-piece uniform distribution with « > 0.
The dotted curve at 7.4 = 2(57%, — 1) is the lower boundary for all probability distributions.

4.8 Two-piece Arcsine Distribution

A random variable from the arcsine distribution, introduced by Balakrishnan and Nevzorov

(2003), is a bounded distribution whose support is [, + o], where p,o0 > 0. The distribution
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has been used in Brownian motion as well as the Jeffrey’s prior in probability of success of the

Bernoulli trial.

Definition 4.8.0.1. Let X be a random variable from the arcsine distribution, denoted X ~

Aresine(p — o, p+ o). The CDF, PDF and quantile function are given as

Fx(z) = %arcsin ( JT(QMJ")) p—o<xz<p+o, (4.61)
1 1
[x(z) = p—o<z<pu+o, (4.62)

2ro
z—(p—0o) z—(p—0o)
\/(2/70) (1 - 2170)

and
Qx(p) = p+o (2sin? (5) —1) 0<p<l, (4.63)

respectively.

4.8.1 Distributional properties of the arcsine distribution

Moments

The moment generating function of the arcsine distribution is

0o k—1
2r+1\ tF
Mx(t):1+Z(H 2:i2> L teR. (4.64)
k=1 ’

r=0
From Eq.(4.64), the mean and the variance of the standard arcsine distribution are obtained as
3 and £, respectively. For the general arcsine distribution, the mean and variance are p+ $ and

2 .
2, respectively.

Shape

e The probability density curve of the arcsine distribution exhibits a bath-tub shape.

e The skewness and kurtosis moment-ratios are g = 0 and ay = 3, respectively. Since a; =0,

the distribution is symmetric, whereas a, = 3 indicates that the distribution has lighter

tails than the normal distribution (a4 = 3).
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Arcsine and other distributions

e The standard arcsine distribution, X ~ Arcsine(0,1), is a special case of the beta distribu-

tion such that X ~ Beta (3,1).

o If X ~ Arcsine(—1,1), then X2 ~ Arcsine(0,1).

e Suppose that a and b are positive values. Then if X ~ Arcsine(d, ), it follows that aX +b ~

Arcsine(ad + b,aB + b).

e If X and Y are identical and independent uniform random variables on the interval (—=,7),
then sin(X), sin(2X), —cos(2X), sin(X +Y) and sin(X —Y) all follow the Arcsine(—1,1) distri-
bution (Arnold and Groeneveld (1980)).

rth order L-moments

Lemma 4.8.1. Suppose X is a random wvariable from the arcsine distribution. The first 4

L-moments are given as

4 24 10
LX:l = 07 LX:2 = 3 LX:S = 07 and LX:4 = 72(]- - 72)7 (465>
™ ™ ™

respectively.

The L-skewness and L-kurtosis ratios are obtained as

60
73 =10 and 7'426—57

respectively.

The standard arcsine distribution is obtained when =0 and o = ”{

4.8.2 Proposed two-piece arcsine distribution

Definition 4.8.2.1. A real-valued random variable is said to be from the two-piece cosine dis-

tribution iof its CDF, PDF and quantile function are given as

iarcsin(y/gﬁ_g;_aa‘ﬂ), U—ao <z < [,
2arcsin<\/x_(”_‘7)) p<zr<pu+to
™ 20 ? ’

Fr(X) =



CHAPTER 4.

and

respectively.

UNIVARIATE TWO-PIECE DISTRIBUTIONS 95

1 1

B R )

p—oao <z <,

1 1

Sno 5 pn<x<pu+o,
e ()
20 20
u—l—cw(Zsin2 (@)—1), s< i
Qr(s) = ’ ’ (4.66)
/L—FO‘(?SinQ(%p)—l), s>%,
|

The probability density curves from Fig.4.20 are illustrated for a > 0. Symmetry is attained

when a =1 as depicted by the solid curve.

1.0 v :
H a=1
- e - a=08
'E S R a=2
0.8 ' B
i .
06l . .
_: .
g f
04 .
02", i
o.o | L L L L
-4 -2 0 2 4

Figure 4.20: The probability density curves for the two-piece arcsine distribution with L; =0

and L, = 1, for varying values of a > 0.

Quantile measures of distributional form

The quantile measures of distributional form for location, shape and spread for the two-piece

arcsine distribution are obtained by substituting Eq.(4.66) into Eqgs.(3.46-3.49), respectively.

¢ Location
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The median is obtained as

e Spread

The spread function is derived as

St(s) = Qr(s) — Qr(l —s)
_ (;Hror (251112 (g) - 1)) - (,u+ozcr (231112 (”(12_ 5)) _ 1))
=0 (25 (57) —1) —ao (2—2sin? () 1)
= o (250 (%)(1—0—&) ~(1+a)),
:0(1+a)(251n2(§)—1), %<5<1.

e Shape

The ~-functional is obtained as

ot = )+ @il =) = 3me

:(u+0(2sin (%) )) (M+w7£2 (m s>) 1))7%
)

o(l1+a) (2sin® (%) — 1)
0(2Sin2 (%) 1)+ ao (2—2sm (%)—1)
o(1+a) (2sin* (5) — 1)
0(281112 (%)(1—1— a) — l—l—a))
o(l1+a) (2sm (%) )
_ o(l—a)( 251n (7) — )
o(l+a)(2sin® (%) — 1)

1-— 1
:El+a;’ 5<v<u<1.
«

¢ Ratio-of-spread functions

The ratio-of-spread functions, for ; <v <w <1, is derived as

_ Sr(w) _ o(l+a) (2sin® (%) —1) _ (2sin® (5) 1)
Br(u,v) = Sr()  o(l+a)(2sin® (%2) —1) ™) —1)
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rth order L-moments

Theorem 4.8.2. The first four L-moments of a standard half arcsine random variable are

obtained as

Lz, = —
4
LZ:2 = ;7
1
Lz = ;(WQ — 127 + 24),
and
24
Lzy= ﬁ(# —10), (4.67)
respectively.
Proof. See Section 4.9.7 for detailed proofs. [ |

Theorem 4.8.3. The first four L-moments of a standard two-piece arcsine random variable are

given as
LT:l = %(1 - Ol),
1
LT:2 = 7(1 + Oé),
2
1
Lrs= = (r* =127+ 24) (1 — ),
and
30
Lpy = (3 - ﬂz) (1+a), (4.68)
respectively.
Proof. See Section 4.9.7 for detailed proofs. [ |

Therefore, it follows that the L-skewness and L-kurtosis ratios are

_LT:S_ 1 2 (1—0[)_ (1—04)
TS = = (7 — 12 + 24) (7a) = %80 (4.69)
and
_Lra_ 60 _
Tra =7 =65 =—0.07927, (4.70)
respectively.

Fig.4.21(a) shows the L-skewness range of the two-piece arcsine distribution which is (—0.3048; 0.3048)
for a > 0, whereas Fig.4.21(b) shows a constant level of L-kurtosis is achieved for a > 0 at

TT.4 — *007927
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(a) L-skewness ratio plot (b) L-kurtosis ratio plot

Figure 4.21: The L-skewness and L-kurtosis ratio plots for the two-piece Student’s #(2) distri-

bution.

The (7.3, 7r.4)-space covered by the two-piece arcsine distribution is indicated by the hori-
zontal line on the L-moment ratio diagram in Fig.4.22. The symmetric arcsine distribution is

obtained at (73,74)=(0,-0.07927) when o = 1.

1 I Ll
0.8 |
06l A
L SR A
~ . . B

(o

0.2+ E
0.0} ., K ]
Arcsine i
0.2} Sea o |

L - 1 Pid L

-1.0 -0.5 0.0 0.5 1.0
fqr:3j

Figure 4.22: The L-moment ratio diagram for the two-piece arcsine distribution with a > 0.

The dotted curve at (7.3, 7r.4) = $(57%.5 — 1) is the lower boundary for all probability distri-

butions.
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4.9 Appendix

This section contains the derivations of the results for the standard two-piece univariate distri-
butions generated in Sections 4.2-4.8. Foremost, the L-moments for the half univariate parent
distributions are obtained using the results in Eq.(3.17) of Lemma 3.3.2 and the r* order shifted
scaled Legendre polynomials in Eq.(3.19) of Theorem 3.3.3. The scaling factor is set to &k = 1.
Subsequently, the results for the L-moments of the two-piece distributions are obtained by sub-
stituting the results of the L-moments for the half distributions into Eq.(3.27), for the respective

values of r =1, ..., 4.

4.9.1 Two-piece Student’s ¢(2) distribution

Theorem 4.9.1. Suppose X is a real-valued Student’s t(2) random variable with u € R and o > 0
as the location and scale parameters, respectively. Let Z be a real-valued standardized random

variable from the standard half Student’s t(2) distribution. The first 4 L-moments of Z are given
by Eq.(4.9).

Proof. The depth in the standard quantile function from Eq.(4.4) is set as 2, and substituted

29

into Eq.(3.17). The first L-moment of Z, where r =1 and Py(3) = 1, is obtained as

Lzq= /01 Qx:0 (g) dp

_/1 Pl
© (=%
1 1
_ _ A
= /0(1 p)p (1 2) dp
- _B <1,2> L F (171;571>
2 2°27272
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When r =2 and P,(3) =p— 1, the second L-moment is obtained as

Lz = /on
:/O ( pp(1_15>)(p—1) dp
. ( ppul )pdp /(F)
:/ol(l—p) La-D) - (va)
~(2(2) (i;;; )-(-v2)
<f5 81%(% 4)) (_ 2)
2\/5

For the third Z-moment, r = 3 and Py(1) =6 (2)* — 6 (2) + 1. Therefore,

o= [l @a () (6(2)" -5(5) 1)

ik Jz%—lz))p?d”/:( p<1_—15>>pdp+/ol( pp<:s>)dp
(Lo ) )9
(0(32) n (13) (- (5 o) (9

6

4

( ( )
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The fourth Z-moment is obtained when r = 4 and Ps(1) =20 (2)° =30 (2)* +12 (&) — 1, as

tea= [l oxa(§) (2 (3 -0 )"+ 2(3) 1)
) @ m e @) 1) v

1 1
:§ _p-l sd_§ _p-l pzdp+6/ DAk S IR
©\yp(1-5) © \yp(1-5) © \yp(1-%)

2 fon - )3 (AE- D)oo
2(0(3) s (34)- 2l (o))
-2 (a5-0)-3 () (b )
B 12\7;5'

The final results were obtained using Gradshteyn and Ryzhik (2007, 3.197.3). [ ]

Theorem 4.9.2. Suppose T is a real-valued standardized random variable from the two-piece

Student’s t(2) distribution, denoted as T~ t(2)rp (0, 22, a), where 0 is the location parameter,

T 7

27\/5 is the scale parameter and o > 0 is the asymmetry parameter. The first 4 L-moments of T

are given in Eq.(4.10).

Proof. The results in Eq.(4.10) are obtained by substituting the L-moments of X in Eq.(4.7)
and the results of the L-moments of Z in Eq.(4.9) into Eq.(3.27), for r = 1,....4.
For r =1, the first L-moment of T is

Loa=p+o (Lx:1 —0.5(1— a)ch)LZﬂ)

_ 22 (0 0.5(1—a) (—v2))
- %(1 a).

The second L-moment of T, obtained when r =2, is

D
LT:QZU (LX;Q—O.E)(I—@) ( )L +7(LZ1+LZ 2)>>

-2 (gm0 (0 (9 -1 (e 57)

= 5(1 + ).
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When r = 3, the third L-moment of T is

Ly = (LX:S ~0.5(1 - ) ((cff) + C? - Cg; )> Lza+ (ng) + 6522 )> Lza+ C%Q)Lm))
=5 oo (305 09+ (53 (2) 75 ()

= ;(1 — ).

The fourth L-moment of T, when r = 4, is
(3) (3) (3)
3 c 3 3 9
LT:4=U<LX:4—0~5(1—04)<<()+ 9 + é +4>LZ:1+<65)+62) 10”)
n £+ Y LZ3+LZ4(3)
3 2 2 20
2\/ 12 30 20 1 9 T
51— == 2 (= -
7r<16\f 0.5( a)<< + 5 3+4>(\/§)+2<2 30+ 45 20)(2\[))
() (ym ()
2 3 2 V2 16v2

= 2 (1+a).

4.9.2 Two-piece hyperbolic secant distribution

Theorem 4.9.3. Let X be a real-valued random variable from the hyperbolic secant distribution,
with p € R and o > 0 as the location and scale parameters, respectively. Let Z be a real-valued
standardized random variable from the standard half hyperbolic secant distribution. The first 4

L-moments of Z are given by Eq.(4.20).

Proof. The depth in the standard quantile function from Eq.(4.13) is set as £, and substituted
into Eq.(3.17). For the first Z-moment of Z, r = 1 and Py(

Lzi= /01 Rx:0 (g) dp
= /Ollog (tan (%)) dp

= %/OZ log (tan (t)) dt

3) = 1. Therefore,

4
=——G.

™



CHAPTER 4. UNIVARIATE TWO-PIECE DISTRIBUTIONS 103

When r =2 and P;(3) =p— 1, the second L-moment of Z is obtained as

Lz = /01 QRx:0 (g) (p—1) dp
=[x (1an (")) 1) ap
= [ (1an (%)) v~ [ 10 (1an (1)) ap
( )2/0215 log (tan (£)) dt — (—iG)

() (0w -we)-(-2e)
E)

w2

CRES

CRES

—

The third Z-moment of Z is obtained by setting r = 3 and Py(}) = 6 (2)® — 6 (2) + 1, such that
LZ:?,:/O Qo (3 <6 2 ‘%)“)dp
[l () (2o (2) 1)
=5 s (an () = [ s e (%)) s [ (on ()
-9 (— /Olp2 tog (tan (7)) dp) -3 (16 ( (7¢(3) - 47G) >> ( ic)
g ((ia— 1”2753) + 1/’;;755))) -3 (16 (16 (7¢(3) 47TG)>> + ic;)

= s (s16m 100 (1) -0 (3) - on2copm).

For the fourth Z-moment of Z, r =4 and P3(3) =20 (g)3 (g) +12(2) — 1. Therefore,

LZ;4:/ Qxo (b (20 2) =0 ( +12 ) dp
/1og(tan(”4p)) (20( ) —30( ) +12(§) )
=20 [ (1an () ) a2 [ 10 (ton (%)) 2+ [ 1o (van () )

/log(tan(zp))dp

([ oty 2( (o 22t 20)

( ( (7¢(3) - 47rG)> (—iG)

(o)) 2 (-5

( ( (7¢(3) — 47TG>> (_jc:>

" — (42¢(3)m® — 465¢(5)) .

20
8

6

+
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The final results were obtained using Gradshteyn and Ryzhik (2007, 4.227.2) and some computed
from Wolfram Research, Inc. (2020). |

Theorem 4.9.4. Let T be a real-valued standardized random variable from the two-piece hy-
perbolic secant distribution, denoted as T~ HSDrp (0, %(23), a), where 0, 1 and o > 0 are the

location, scale and asymmetry parameters, respectively. The first J L-moments of T are given

in Eq.(4.21).

Proof. The results in Eq.(4.21) are obtained by substituting the L-moments of X in Eq.(4.16)
and the results of the L-moments of Z in Eq.(4.20) into Eq.(3.27), for r =1, ..., 4.

The first L-moment of T, for » =1, is

Lra=p+o (inl —0.5(1— a>cg°>LZ:1)

i (1000 (£ 6))

27
= 7C(3)G(1 — ).

The second L-moment of T, when r = 2, is

o
Lpo =0 (Lm —0.5(1 - a) ( VL0 + —(LZ L+ Ly 2)>>

- (58w (o) 3 (H )+ (52)

= %(1 + a).

When r = 3, the third Z-moment of T is

il 05<w><<12+2> (o590
ICRRORCRD))
vt s 7 () - (7)) )

W (64G 2 4B < ) IS < > - 672((3)7r> (1—a).

(
48
6
2
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The fourth L-moment of T is obtained when r =4 as

EQIE ORI
Lra=o0 (Lx;4 —0.5(1 - a)( ( (3) 4 2 + 2 3 + 4) Ly + ( (3 653) 190 (3)>
& N\ Ly Lga
" <3+2> 2t )
o (1 2 1230 20 4
) <7r4 (42¢(3)w* — 465¢(5)) — 0.5(1 — a)< <1 +t5 -3t 4> (7T G)
9 7¢(3 20 (1

1230+ 15 20) ( fr(Q )> +55° <7r4 (42¢(3)m* — 465((5))) )

1
(- 2) i o (3 ) o)

(42¢(3)7% — 465¢(5)) — 0.5(1 — @) i4 (42¢(3)7* — 465¢(5))
(= €

+

~CB)

1 2
= wEe (42¢(3)m® — 465¢(5)) (1 + ).

4.9.3 Two-piece logistic distribution

Theorem 4.9.5. Assume X is a real-valued logistic random variable, with p € R and o > 0 as the
location and scale parameters, respectively. Let Z be a real-valued standardized random variable

from the standard half logistic distribution. The first 4 L-moments of Z are given by Eq.(4.30).

Proof. The depth in the standard quantile function from Eq.(4.24) is set as £, and substituted

into Eq.(3.17). The first L-moment of Z, where r =1 and Py(3) = 1, is obtained as

Lz, = /01 Qx:0 (g) dp
(i) o
- (/0110g<p) dp—/ollog@—p) )
= p(log(p) — 1) — ((p — 2)log(2 — p) — p) (;
=—1+1—-2log2

= —2log(2).
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For r =2 and Py(3) = p—1, the second L-moment of Z is

LzoLza = /01 Qx:0 (g) (p—1)dp

—/0110g<22p> (p—1)dp
L) [(eE) o
z/olplog(p) dp—/olplog@—p) dp — (p — 20 log(2))

— p? (10*‘52(7”) - i) - % ((p2 +4)log(2 — p) — (p; + 2p>>

= —i + Z —2log(2) — (1 — 201og(2))

1

— (—2log(2))
0

=1

The third Z-moment of Z is obtained when r =3 and Py(}) =6 (2)* =6 (2) +1 as

b= [ xa2) (5(2)" -5(2) 1)
L) )
S A Py

6 ( / P log (p) dp— / P log (2 p) dp) 3((1 - 210g(2))) + (—2l0g(2))

4
- g <p3 <1og3(p) - ;) - % <(p3 —8)log(2 — p) — <P; 4 p? +4p>>> '

((_1 L1608 10g(2)>> —3(1 - 2log(2)) + (~2log(2))

0

9 9 3

—3((1 —2log(2)))

106
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The fourth L-moment of Z, for » =4 and P5(3) =20 (g)‘”’ —30 (§)2 +12 (&) — 1, is derived as
Lz4—/QXO < (7) —30(’2’)2“2(5)—1) dp
- /0 log (2519) <20 (2) — 30 (2) 12 (g) - 1> dp
JRNUARE YONES P A

I
|
<}
o

1 1
2;(/0 p3log (p) dp—/o p®log (2 — p) dp) —?210<—S1)+196—§10g( )>+6(1—210g(2))

1

B 2@0 <p4 <log4(p) 116) i((p —16) log(2 — p) — <44 + §P + 2 +8p>>>

_ % <15 _ 810g(2)> +6(1 —2log(2)) — (—2log(2))

0

20 <142: 410g(2)> 0 (9 2 g(2)> +6(1 — 2log(2)) — (—21og(2))

The final results were obtained using Gradshteyn and Ryzhik (2007, 2.723.1, 2.729.1-2.729.4).

Theorem 4.9.6. Assume T is a real-valued standardized random variable from the two-piece
logistic distribution, denoted as T~ Lyp (0, 1, a), where 0 is the location parameter, 1 is the scale

parameter and o > 0 is the asymmetry parameter. The first 4 L-moments of T are given in

Eq.(4.31).

Proof. The results in Eq.(4.31) are obtained by substituting the L-moments of X in Eq.(4.26)
and the results of the L-moments of Z in Eq.(4.30) into Eq.(3.27), for r =1,...,4.

For » = 1, the first L-moment of T is
Lra=p+o (Lx:1 —0.5(1 — @)V Ly, 1)
=0-0.5(1—«a)(—2log2)

= (1—a)log2.
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The second L-moment of T, when r = 2, is given as
(1) Cgl)
Lro=0(Lx2—051—-a)|cy’'Lz1+ 7(Lz;1 + Lz.2)
2
=1-051-«w) ((1) (—2log2) + 5 (—2log2 + 1)))

1
= 5(1 + ).

For r =3, the third L-moment of T is

PRI L2 2
Lrs=0|Lx3—051—a)( ¢’ + 17 + 27 Lz + 17 + 27 Lz + %Lz;z&

00~5(1a)((12+§) (210g2)+<g+§>.12.;)

1
= Z(l —a).

The fourth L-moment of T, for r =4, is

@, a) ) @, .3, 9 ®) Lz
Lra=0|Lxa—051-a)| [/ +5++2+2 | Laa+ (" +5” + —c '
i £+£ LZ:3+LZ:4C(3)
3 2 2 20 3
12 30 20 1 9 1 1/ 3 20
1— IS ) (—210g2) + = (12— Z 0] 1 (e
( a)(( +2 3—i-4)( og )+2< 30+10 0) 5 2( 3+2>
L20(1
20\ 6

1
- —(1+a)
12( + «)

| =
M| =

4.9.4 Two-piece normal distribution

Theorem 4.9.7. Let X be a real-valued random variable from the normal distribution, with p € R
and o > 0 as the location and scale parameters, respectively, and Z be a real-valued standardized
random variable from the standard half normal distribution. The first 4 L-moments of Z are

given by Eq.(4.39).

Proof. The depth in the the standard quantile function from Eq.(4.33) is set as 2, and substi-

29
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tuted into Eq.(3.17). The first L-moment of Z, where r =1 and Py(3) =1, is obtained as

Lz, = /01 Qx:0 (g) dp
- /1 V2erf l(p—1) dp
0

2

™

-2

m
For the second L-moment of Z, r =2 and Pi(1) =p—1. Hence

LzoLlz.o= /01 Qx:0 (g) (p—1) dp
— /01 V2erf {(p—1)(p—1) dp
= /01 V2 erf " (p—1)p dp - /01 V2 erf (p—1) dp

5 V2-2 2
oy U Vn

When r =3 and Py(4) =6 (2)° =6 (2) + 1, then the third L-moment of Z is
1 2
p p p
Lzs= olz)(6(5) —6(%)+1)d
zs /OQX°(2)<<2> (2) )p
e - P2 p
_/0 V2 erf (p—1)(6(2) —6(2)+1> dp
1 1 1
= g/ V2 el“f_l(pfl)p2 dp73/ V2 erf_l(p—l)p dp+/ V2 erf_l(p—l) dp
0 0 0

= 2(v2-0078938) - 3 <\/127r (‘f_2)> " (_\/z)

= 0.264252.

The fourth Z-moment is obtained when r = 4 and Ps(1) =20 (2)* =30 (2)* +12 (&) — 1, as

o= [ @xa () (0(5) -0 (5) +22(5) 1) o
_ /01 sqrizerf Y(p— 1) (20 (g)g ~ 30 (123)2 12 (g) _ 1) dp

1 ! !
=5 ), VIt o0 ap = [t - e [ Bt - p dp
0 0 0

- /1 \/iel"ffl(p— 1) dp

_ % (\/5(0.427296)) - % % 0.111635 + 6\/%(\/57 2) — ( i)
- 17r (:i? arctan(v/2) — 9> .
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Final results were computed using Wolfram Research, Inc. (2020). The results were obtained

using Wolfram Research, Inc. (2020). |

Theorem 4.9.8. Suppose T is a real-valued standardized random variable from the two-piece
normal distribution, denoted as T ~ Nrp(0,+/7, ), where 0 is the location parameter, 1 is the

scale parameter and o > 0 is the asymmetry parameter. The first 4 L-moments of T are given

in Eq.(4.40).

Proof. The results in Eq.(4.40) are obtained by substituting the L-moments of X in Eq.(4.36)
and the results of the L-moments of Z in Eq.(4.39) into Eq.(3.27), for the respective values of
r > 0.

For » =1, the first L-moment of T is

Lra=p+o (Lx:1 —0.5(1 - a)ch)LZﬂ)

(oo ()

- La-w.

V2

The second L-moment of T, for r =2, is

(1)
C
LT:2 =0 (LX:Q — 05(1 — Oé) (Cél)LZj + 1T(LZ:l + LZ:2)>>

1 2 2 2 1
(a1
= (+a)

The third Z-moment fo T is obtained when r» = 3 as

FRNCRRNC 2@ 2
Lrs=0(Lx3—051—-0a)( ¢ + 17 + 27 Lz + 17 + 27 Lz + 2?Lz:?,

=7 (0 —0.5(1 — a) ((1 — g + g) (— i) + (—g + g) (\/1%) - g : (0-264252)>>

= 0.2341872(1 — ).
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Finally, the fourth L-moment is obtained when r =4 as
Loy = a(LXA —0.5(1— a)( ( ® 4 (;) 4 Cf%:) + ?) Lya+ < ® 4 4 190 §3)> >
(es) )
= \/E(\/lE (?;Toarctan(\/%) —9) —0.5(1—04)(( 1+%— ?—i—i()) (— i)
1 ( - 30+ 190 20> (\/17?> —0.264252 (—330 + 20) +1- % (30 arctan (y/7) — 9) ))

T3
1
=3 < arctan 9) (14 ).

4.9.5 Two-piece cosine distribution

Theorem 4.9.9. Let X be a real-valued cosine random variable, with p € R and o > 0 as the
location and scale parameters, respectively, and Z be a real-valued standardized random variable

from the standard half cosine distribution. The first 4 L-moments of Z are given by Eq.(4.46).

Proof. The depth in the standard quantile function from Eq.(4.43) is set as £, and substituted
into Eq.(3.17). Using the transformation of variables, let t = arcsin (/%) be defined such that
p = 2sin®(t) and dp = 2sin(2t)dt. Then it follows that the interval will be evaluated from (0; 7).

The first Z-moment of Z, where » =1 and Fy(3) =1, is obtained as

Lzy= /01 Rx:0 (g) dp
= /01 (i arcsin <\/g> - 1) dp
= i/olarcsin(\/g) dp—/oldp

™

1 1
=— / t-sin(2t)dt — p‘
0 0
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When r =2 and P,(3) =p— 1, the second L-moment is obtained as

1

p
L:L: - Q: o pil dp
Z:2407:2 0 XO(Q)( )

_ /01 (;‘; arcsin <\/§) - 1> (-1 dpl
 Comely) o o))

Ctesin(r) sin(20)dt — 2| - ( - 1)
0 2 lo

16

T

16 /(1 1 2
=—| =8~ —-——-—|=-1
7T(64(8 W)) 2 <7T >
_1

=1

For the third Z-moment, » =3 and Py(1) = 6 (%) — 6 (2) + 1. Therefore,

o= [ axa () (6(5) -0 (5) <)

(e (8) ) o))
[/ (o (8) ) [ (o)1) | (2 y3) 1)
E ) s o)) < (4 20-2) ¢ (e (2-1))

2 ()9 -+G- ) ()

g.

3
2
3
2
3
2

The fourth Z-moment is obtained when r = 4 and Ps(1) =20 (2)° =30 (2)* +12 (&) — 1, as
1 3 2
p p p p
Ly = olz)(20(%) —=30(%) +12(%)—1]) 4
Z:4 /0 QX'O(Q) < (2) (2) (2) ) P
e P P\? P\? P
= /0 <ﬂ_ arcsin <\/g> — 1) (20 (§> - 30 (7) + 12 (5) — 1) dp
20 (M4 P 5, 30 4 p 2
=3 ; <71- arcsin (\/;> ) dp — T | (77 arcsin <\/g> — 1> p“dp
1 1
+ 6 (4 arcsin (\/E> — 1> p dp — / <4 arcsin <\/E> — 1) dp
0o \T 0o \T 2
0 64 i 5 2 3 2
8( t - sin®( 51n2tdt‘> 4(6)+6(7r4)(7r1>
il

[~}

3 \

0

64 (5 1 25+11
m \ 96 2048 4 3m 4

v}

)
i
64
Final results were obtained using Gradshteyn and Ryzhik (2007, 1.321.1, 1.321.2, 1.323.2,

1.335.1, 2.633.1). |
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Theorem 4.9.10. Suppose T is a real-valued standardized random variable from the two-piece
cosine distribution, denoted as T~ COSrp(0, 4, a), where 0 is the location parameter, 4 is the

scale parameter and o > 0 is the asymmetry parameter. The first 4 L-moments of T are given
in Eq.(4.47).

Proof. The results in Eq.(4.47) are obtained by substituting the L-moments of X in Eq.(4.44)
and the L-moments of Z in Eq.(4.46) into Eq.(3.27), for the respective values of r > 0.

For r =1, the first L-moment of T is

Lia=p+o (Lx:1 —0.5(1— a)c(()O)LZ;l)

fo-uan (2
=B

The second L-moment of T, obtained when r =2, is

(1)
Lro=0 (szz - 0.5(1 — ) ( WLz + f(Lz 1+ Lz 2)>>

(e ()2 () ()

= (+a)

When r = 3, the third Z-moment of T is

(2) (2) (2) ( (2)
Lrs=o0 (LX;;,, —0.5(1 - a) ((ch> + 62 ) Lza + (Clz 22> Lzo+ CL23>)
S (R RER TORTE))

2

37T(l—oz)

The fourth L-moment of T, when r = 4, is

o® e’ Cég) e’ (8) L 3 9 o
Lrgy=0 Lx;4—0.5(1—a) + — 2 + 3 +T Lz1+ ( + ¢y 10 )
3 (3 L,
©2 98 )|~z Z:4 (3)
+<3+2> 5 T 50 G >>
12 20\ /2 1 9 1
_4<05(1a (( 1++4> <ﬂ1)+2<1230+10 20) (4))
1 1 +7
3

1
=—(1 .
32( + )
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4.9.6 Two-piece uniform distribution

Theorem 4.9.11. Let X be a real-valued random variable from the uniform distribution, with
p € R and o > 0 as the location and scale parameters, respectively, and Z be a real-valued
standardized random variable from the standard half uniform distribution. The first J L-moments

of Z are given by Eq.(4.59).

Proof. The depth in the standard quantile function from Eq.(4.50) is set as £, and substituted

into Eq.(3.17). The first L-moment of Z, where r =1 and Py(3) = 1, is obtained as

Lz = /01 Qx0 (g) dp
= /Ol(p— 1) dp

=51l
1

5
When r =2 and Pi(}) =p— 1, the second L-moment of Z is obtained as
' p
LzoLzs= /o Rx:0 (5) (p—1) dp

:/O<p—1><p—1) dp

1 1
=/(p—1)pdp—/(p—1)dp

0 0
_il_i‘l_ 1

3lo 2 lo 2

Wl

The third Z-moment of Z is obtained by setting r = 3 and Py(1) =6 (2)* —6 () + 1, such that

/ () (6 f6<> 1)

<6 +1> dp
1/O(p—np? dp—:s/o <p_1>pdp+/01<p_1) dp

1 (el =51) =2 () - (5)

g
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For the fourth Z-moment of Z, r =4 and P3(3) =20 (g)3 —30 (g)2 +12 (%) — 1. Therefore,
_ [ L A% P\? P
baa= /O Qo <2> (20 (5) -2(5) +12(5) - 1) i
1 3 2
- _ P\" 39 (P Py _
_/0 (p—1) (20(2) 30 (%) +12(%) 1> dp

20 (! 30 ! !
=3 (pfl)p3dpfz/(p*1)p2dp+6/(pfl)pdp
0 0 0

- / 1(2J —1)dp
/0 Lophty 30/ 1 1 1
-3 <p5 - ZD 1 (‘12) 0 <_6> B <_2>
= 0.
|

Theorem 4.9.12. Suppose T is a real-valued standardized random variable from the two-piece
uniform distribution, denoted as T~ UNIFrp (0, 3, ), where 0 is the location parameter, 3 is the
scale parameter and o > 0 is the asymmetry parameter. The first 4 L-moments of T are given
in Eq.(4.60).
Proof. The results in Eq.(4.60) are obtained by substituting the L-moments of X in Eq.(4.54)
and the results of the L-moments of Z in Eq.(4.59) into Eq.(3.27), for the respective values of
r > 0.

For » =1, the first L-moment of T is

Lpa = p+o (Lle —0.5(1 - a)cf)o)Lzzl)

_3 <0 ~0.5(1 - ) (‘D)

=20-a)

The second L-moment of T, when r = 2, is given as

(1)
C
Lro=0 (LX:Z ~0.5(1 - a) (cé”Lz:l + 5 (Lza + Lz:z)))

(i-ow-a (on(4) 3 (43)

= %(1 + a).

For r =3, the third L-moment of T is

PR RN 2o 2
Lyrs=0|Lxs3—05(1-a)| (¢’ + 17 + 27 Lza+ 17 + 27 Lz.o+ %LZ::s

=s(o-vs0-0((1-5+5) (5)+ (5+8) (5) - () (%))

~3 -
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The fourth L-moment of T, for r = 4, is

O i @, .3, 9 ®) Lz
Lra=0|Lxa—05(1—-a)| g+ +—=+—=—|Lza+ |+ +—=c '

2 3 4 10 3 2

n Q—i-ﬁ LZ:3+LZ:4C(3)
3 2 2 20 3
12 30 20 1 1 9 1
= —0.5(1 — T Y (e ~ (12— = .2 =
3<0 0.5(1 — a) ( +3 3+4>< 2>+2< 30+10 0) (3)

o[ & T

4.9.7 Two-piece arcsine distribution

Theorem 4.9.13. Suppose X is a real-valued arcsine random variable, with n € R and o > 0
as the location and scale parameters, respectively. Let Z be a real-valued standardized random

variable from the standard half arcsine distribution. The first 4 L-moments of Z are given by

Eq.(4.67).

Proof. The depth in the standard quantile function from Eq.(4.63) is set as £, and substituted

into Eq.(3.17). The first L-moment of Z, where r =1 and Py(3) = 1, is obtained as

Lz = /01 Qx:0 (g) dp
1

:/0 1(251112 (%) - 1) d;z
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When r =2 and P;(3) =p— 1, the second L-moment of Z is

Lzz—/QXO —1)dp

:/O(M() )(() 1) dy
(7 [ (oo

The third Z-moment of Z is obtained when r =3 and Py(1) =6 (2)” —6 (%) +1, such that

baa= [ v (5) (0(5) -0 (5) <)
= [ () =1) (6 (2)" -0 () +1) b
_ 3/01 (251112 (%) _ 1)p2 dp—3/01 (2sin2 (%) - 1>p dp+/01 (281n2 (1—’7) - 1) dp

o

T
2 2—k !
| 2 P . (7w 7k
= k) (r/2) 2 2
2p? 8 16
(Wsin (sz) + ;Zsin (7r2p + 2) + — sin (7T2p +7r)>

_3( 2,16 4 12
2 o T w2
1
= — (n® —12r 4+ 24).

™

The fourth L-moment of Z is obtained when r = 4 and Ps(1) = 20 (2)® — 30 (2)* + 12

IMiS]
~—
—_
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Therefore,

b= [ @ (5) () - () 22(5) 1) w
_ 01 (25i0? (%) 1) (20 (g)3 ~ 30 (g)2 +12 (g) - 1) dp

1

_28/012(31112 (%) =1) 5 dp— 20 [ (o () - 1)? dp+6/01 (250 (72) <1) p dp
1

20 ! 7 2 ! 30/ 2 16 2 4 2
— 29 3"(7)(1*/3(1 e e Iy
8</Opbm 4 P Op P 4 7T+’/T3 + 7r+7r2 T
1
4

FERETRRCY
T w2 3

1 vy ™ 1\ 5 24 120
i . dp — = I
<4 /0p005(2> b 4)+7r+7r2 3
3 1
20 3\ p**  [7wp Tk 5 24 120
8( (Z <k><w/z>k+lsm(2+2 )

2 12p? 48 96 3
— %sin (%p) + 7:2) sin (W—p + z) + W—f sin (%p + 7r) + pov sin <7T2p + 27r> >

)

™
5 . /m\ L 60 120 /3 \ . 240 [ (3 5 24 120
=— ;51n(§)+p51n(ﬂ)+ﬁsm o +? sin (27) — sin o +;+ﬁf?

24
= (7* —10).
The final results were obtained using Gradshteyn and Ryzhik (2007, 1.321.1, 2.633.1). [ |

Theorem 4.9.14. Suppose T is a real-valued standardized random variable that follows the
two-piece arcsine distribution, denoted as T~ Arcsinerp (0, ’%a), where 0, %2 and a > 0 are the

location, scale and asymmetry parameters, respectively. The first 4 L-moments of T are given

in Eq.(4.68).

Proof. The results in Eq.(4.68) are obtained by substituting the L-moments of X in Eq.(4.65)
and the results of the L-moments of Z in Eq.(4.67) into Eq.(3.27), for the respective values of

r > 0. The first L-moment of T, for r =1, is

Lra=p+o (Lle —0.5(1— oe)c(()O)LZ;l)

- %2 <o —0.5(1—a) <72r>>

s

4(1 — ).
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For r = 2, the second L-moment of T is obtained as

Lro=0 (Lm —0.5(1 - a) ( DL,0+ L(Lz 1+ Lz 2>>>
(a0 (2)3(2) )

=1-05(1—a)

- %(l—l-a).

The third Z-moment of T is obtained when » = 3 as

. PP NORNC) o2
Lp.g = L — 1-— L. —— 4+ =~ | L. —~ L.
7.3 =0 | Lx.3—0.5(1—«a) + 5 + 3 za1+ 5 + 2 z:2+ ¢ Lz
7T2 6 6 4 6 /1
— 1——+ - — 4+ ) (S5 ) - (= (P —12n+24
T (o 0.5(1 a<< +3>< ) < +2> (7#) 6<7T3 (m T+ ))))

1
=05(1—a) (4 ™ —127r+24>

= iﬂ_ (r* =127+ 24) (1 — @).

Finally, the fourth Z-moment of T is obtained when r = 4 as

o T . OGN o
Lra=0 Lx;4—0.5(1—04) +7+?+T Lz +< + ¢ 10 )
3 3
Lzs Lz (3
+<3+2> 5 T
w2 60 1 12 30 20 2 1 9 4
1, ., 24 240
<7T3(7r —127r+24)>+<772 W4)>
72 ( /24 240 1 24 240
“T\ e ) el




TWO-PIECE TUKEY LAMBDA DISTRIBUTION

5.1 Introduction

The skewing methodology developed in Section 3.2 as well as the expressions for the " order
L-moments in Section 3.3.4, were applied to univariate symmetric distributions without a shape
parameter as shown in Chapter 4. The results obtained were synonymous with those derived in
Chapter 2, in that the two-piece distributions exhibit skewness-invariant measures of kurtosis.
Notably, the L-kurtosis ratio value of the proposed two-piece distributions would be the same
as that of their respective parent distributions.

In this chapter, the exploration of an extension of the results to a family of symmetric
distributions with a single shape parameter is considered. The Tukey lambda distribution,
introduced by Tukey (1960), will be used as the parent distribution in this chapter. It is a
symmetric quantile-based distribution with a single shape parameter that governs its kurtosis
levels. This distribution will be presented and discussed in detail in Section 5.2.

The results from Theorem 3.2.1 will be used to construct the two-piece Tukey lambda distri-
bution. Since this parent Tukey lambda distribution does not have closed-form expressions for
the CDF of PDF, the two-piece distribution will be characterized through its quantile function.

The quantile measures of distributional form for location, shape and spread will be derived
for the proposed two-piece family of distributions in Section 5.4. These results will highlight the
consistency governed by the methodology through the skewness-invariant measures of kurtosis
that are obtained.

The parameter space of the two-piece Tukey lambda distribution as well as the support for
the distribution is presented in Section 5.5. This is with regards to the extensive levels of flexi-
bility achieved through the different combinations of the two shape parameters that are present.

The classes and regions of the generalization are discussed in more detail in Section 5.6. The

120



CHAPTER 5. TWO-PIECE TUKEY LAMBDA DISTRIBUTION 121

probability density curves of the distribution are also presented for different combinations of
the shape parameters.

In Section 5.7, the expression for the r** order L-moments of the two-piece Tukey lambda
distribution are derived by making use of the relationships between order statistics, and essen-
tially the L-moments of the Tukey lambda distribution and its corresponding half distribution.
The L-moment ratio diagram for each class as well as the two-piece generalization as a whole
are also illustrated in this section.

Section 5.8 will present the analysis of the tail behaviour of the distribution, by investigat-
ing the density of each tail, as well as the slope of the density on both the right and left tails.
The estimation algorithm for obtaining the method of L-moments estimates for the two-piece
generalization is presented in Section 5.9.

In conclusion, Section 5.10 will illustrate the fitting of the proposed two-piece Tukey lambda
distribution to two real data sets. The results obtained will be compared to those of the GPD
Type of the generalized lambda distribution (GLDgpp) of van Staden (2014).

5.2 Tukey Lambda Distribution

Tukey (1960) proposed a family of distributions known as the lambda distributions. These are
defined as distributions of the function p* — (1 — p)*, where p is uniformly distributed on (0,1)
and A € R is a shape parameter that controls the level of kurtosis, resulting in the probability
density curves exhibiting extensive distributional shapes.

This symmetric family of distributions is defined entirely through its quantile function and
hence referred to as quantile-based, since it’s CDF and PDF do not exhibit closed forms. This

makes the use of conventional estimation procedures tedious and complicated to use.

5.2.1 Definition and special cases

Definition 5.2.1.1. The quantile function, quantile density and density quantile functions of
a real-valued random variable X, from the Tukey lambda distribution, are given as

2(pr — (1 —p)? A£0, 0 1,
Ox(p) = u+A<p ( p)) #0, 0<p< (5.1)

u+olog(1%p) A=0, 0<p<1,
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ax(p) = o (P +(1=p), 0<p<l,

and
1

o(p*‘l +(1- p)*‘l)

respectively, where —oco < p < oo, o >0 and X\ € R are the location, scale and shape parameters,

fr(p) = , O0<p<l,

respectively.

5.2.2 Distributional properties

The probability density curves from the Tukey lambda family of distributions exhibit various
distributional shapes as a result of the kurtosis parameter, X € R.

Fig.5.1(a) indicates the curves are unimodal bell-shaped with infinite support when X < 0,
and have bounded support when 0 < A < 1 as illustrated by Fig.5.1(b). The uniform distribution
is obtained when A =1 or A =2 as seen in Fig.5.1(c). When 1 < X < 2, the U-shaped or bath-tub
distributions are obtained in Fig.5.1(d), while Fig.5.1(e) shows unimodal truncated distributions

are obtained when X > 2. The logistic distribution is a special case that is obtained when \ = 0.
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Figure 5.1: The probability density curves for the Tukey lambda distribution with L; =0 and

Ly = 1, for varying values of \ € R.
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5.2.3 Generalizations of the lambda distribution

Ramberg-Schmeiser Type (GLDgs)

Ramberg and Schmeiser (1972) wished to simplify the difficulty in generating symmetric ran-
dom variables for univariate probability distributions. This was achieved through the use of the
inverse transformation method since some distributions have CDFs that did not have a closed-
form expressions or that were complicated in nature to use, such as the normal distribution.

Their proposed method would simplify this through the use of a simple form of the inverse
function that would approximate the inverse functions of many continuous distributions, even
when they do not exist in closed-form. The inverse CDF of the lambda distribution given in
Eq.(5.1), with parameters, was used to generate the values of the random variables from the
values of p, which are obtained from a uniform source of pseudo-random numbers. Ramberg and
Schmeiser (1974) subsequently created an algorithm to generate asymmetric unimodal random
variables by using the Tukey lambda distribution.

They introduced a generalized lambda distribution that included an additional shape pa-
rameter to accommodate the flexibility in distributional shape that these asymmetric random
variables would possess. This generalization, denoted as GLDggs, is defined through its quantile
function as

Qx(p)=u+§(ph —(1—19)*“’), foro<p<i, (5.2)

where —co < < 00 and o > 0 are the location and scale parameters, respectively, whereas A,
X2€ R are the shape parameters. If the random variable is symmetric, then A\, = )\, and the mean
of the GLD is equal to p. In the case of asymmetry, A\; # ..

Karian and Dudewicz (2000) and Karian (2010) presented an in-depth study on this family of
distributions, including its various functions, probabilistic properties and parameter estimation.
The doctoral theses of King (1999) and van Staden (2014) present additional results for the
GLDgs.

Some of the areas where the GLDrs has been applied to are in actuarial science (Balasooriya
and Low (2008)), biochemistry (Ramos-Fernandez et al. (2008)), computer science (Gautama
and van Gemund (2006)), economics (Pacédkova and Sipkové (2007)), queuing theory (Robinson
and Chen (2003)) and signal processing (Karvanen et al. (2002)).
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Freimer-Mudholkar-Kollia-Lin Type (GLDpry/x1)

The Freimer-Mudholkar-Kollia-Lin (FMKL) Type of the GLD was introduced by Freimer et al.
(1988) and is denoted as GLDgyrr. As with the GLDgg, this distribution is quantile-based

and defined through its quantile function given as

1 (p’\l—l_(l—p)h—1>7

Qx(p) = p+ " " <p<l1,

g

where —0 < 1 < co and o > 0 are the location and scale parameters, respectively, while \;, A,€ R
are the shape parameters.

The quantile density function and density quantile function of the GLD rj, k1. are respectively

)\1—1_|_ 1— Aa—1
qx(p)=p (U r) , 0<p<l,

and

g
P (e

The support of the distribution is bounded below by x— -3~ when A; > 0, bounded above by

fr(p) = 0<p<l.

ft+ 55; When X, > 0 and has infinite support when \; < 0 and X, < 0. Although not shown by
Freimer et al. (1988), it is noted that the quantile function of the standard generalized Pareto
distribution (GPD) is used as the building block of the quantile function of the GLD pprxr.

Generalized Pareto Distribution Type (GLD¢pp)

van Staden (2014) developed a methodology that was used to develop quantile functions of sym-
metric quantile-based distributions by making use of asymmetric quantile functions that either
has a bounded or half-infinite support. In the methodology, the quantile functions were obtained
by taking the weighted sum of the standard and reflected quantile functions of an asymmetric
distribution. In the case of the GLD¢pp type, the quantile function of the generalized Pareto

distribution is used as the kernel.

Definition 5.2.3.1. A real-valued random variable X, denoted as X ~ GLDgpp(u,0,n, k), s said

to have the GLDgpp type distribution if its quantile function is defined as
pto ((1 —1) (pngl) +1) ((1_?_1)) , K#0

p+o ((1—mn)log(p) +nlog(l —p)), w =0,

Qx(p) = (5.3)

where —co < p < o0, 0 >0,0<n<1and x € R are the location, scale and shape parameters,

respectively.
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]
The GLD¢pp is symmetric when n = 1, else it is asymmetric. The skew logistic distribution
of van Staden and King (2015) is the limiting distribution of the GLDgpp, when « = 0.

The quantile density and density quantile functions follow from Eq.(5.3) as

ax(p) =0 (1 —n)p" "t +n(1 —p)"~")

and
1

felp) = o ((L=mnp=t4n(l—p)r-1)’

respectively.

This resulting generalization is highly flexible with respect to distributional shape. Akin to
the GLDgs and GLDpyk1, it exhibits uniform, unimodal, J-shaped, U-shaped and truncated
density curves. Some special cases of this distribution are the exponential, logistic, generalized
Pareto, uniform and the Tukey lambda distributions. van Staden (2014) has presented the

parameter space and support, as well as the regions and classes of this distribution in great

depth.

Lemma 5.2.1. If X ~ GLDgpp(p,0,n,k), then the L-location, L-scale, L-skewness and L-kurtosis

ratios as derived by van Staden (2014), are

_(@n-1)
Lxa =17
Lo 1
X2 (ke 1)(k+2)
L @-n-)
X:3 k+3
and
(k= 1)(k—2)
TX:4 = (H+3)(I€+4)’ <54)
respectively.
]

Notably, the L-kurtosis ratio is only influenced by «, whilst the L-skewness ratio is governed
by both shape parameters. This indicates that the L-kurtosis ratio of the GLDgpp is skewness-
invariant. Since the L-moments take on simple closed-form expressions, and there is evidence of
a skewness-invariant measure of L-kurtosis, the method of L-moments estimation can be used

for parameter estimation.
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5.3 Two-piece Tukey Lambda Distribution

Consider the first case of the Tukey lambda distribution when A # 0 in Eq.(5.1). By employing
the results of the quantile function in Eq.(3.3), the quantile function of the two-piece Tukey

lambda distribution is defined as

)

o[

M+%(3>‘—(1—8)A>, 8= (5.5)

Qr(s) =
,U+%(S)‘*(1*S)A>, s> 3.
Lemma 5.3.1. The quantile density and density quantile functions of the two-piece Tukey

lambda distribution are defined as

ao (s (1—s) 1), s< i
qr(s) = ( ) : (5.6)
a(s)‘_l—l—(l—s)’\_l), s> 3,
and
( 1 ) ) s < %7
aoc| sA14(1—s)r 1
fs(s) = (5.7)
- , 5> 3,
o’(sA*1+(1fs)**1) 2
respectively.
Proof. The results follow directly from Eq.(5.5) since qr(s) = Q4(s) and fs(s) = gz (s). |

5.4 Quantile Measures of Distributional Form

The quantile measures of distributional form for location, spread and shape for the two-piece
Tukey lambda distribution are obtained by substituting Eq.(5.5) into Eqs.(3.52-3.56) respec-

tively.

5.4.1 Location

The median is obtained when s = 1. Therefore
mall)
3 6-))
=+ 50
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5.4.2 Spread
The spread function, for  <s <1, is
Sr(s) = Qr(s) — Qr(l - s)
S ) e o0 -0) )
=50 T ()

(- (1))

5.4.3 Shape

~-functional

Following the substitution of Eq.(5.5) into Eq.(3.48), the ~-functional is attained as

’YT(S) = QT(S) : QSqu(ls)_ 8) e

_ u+§(s>‘— (1—s)k)+,u+aff((1—s)>‘— (s)/\> -2/
%(l—l—a)(s*— (1—s)>\)
-« 1

= ) —<s<l1.
1+« 2 5

Ratio-of-spread function

The ratio-of-spread function, for § <v <u <1, is derived as

ST (u)
ST (U)

¢! Jra)(uA - (1 fu)/\)
¢! +oz)(v>‘ - (1 —v)A)

B u — (1 —u)

Rr(u,v) =

5.4.4 Skewness-Invariant Measure of Kurtosis

The skewness-invariant measure of kurtosis for the two-piece Tukey lambda distribution will

follow from Eq.(3.56) if it takes the general form of

i1 0i(@Qr(ui) 3 gi(ud — (1—ui)*)

Yt hi(Qr(uy)) 302y hyuy — (1 —uy)?)
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where ny, ny € Z*, and ¢; = 1,2,...,n; and h; = 1,2,...,n, are constants.

5.5 Parameter Space and Support

The parameter space of the two-piece Tukey lambda distribution can be divided into four distinct
regions that are based on the combinations of the two shape parameters, a > 0 and X # 0, can
take. The support of the distribution in each region is also presented. Table 5.1 indicates the

different combinations of a and ), as well as the corresponding parameter support.

Region | Shape parameter values Support
aA+D)(A+2) (A+1)(A+2)
I a>0,A>2 (f X , ) )
a(A+1)(A+2) (A+1)(A+2)
I a>0,1<A<2 (— Sp T, A )
a>0,A=12 (—3a;3)
a(A+1)(A+2) (A+1)(A+2)
111 a>0,0<A<1 (-apoen o))
v a>0,A<0 (—00,00)

Table 5.1: Parameter space and support of the two-piece Tukey lambda distribution, in terms

of Regions I, II, IIT and IV.

5.6 Classes

An alternative classification scheme can be used for the two-piece Tukey lambda distribution, in
which the (a, \)-space is divided into four classes based on the distributional shape obtained by
the probability density curve of the distribution. The four classes are presented and graphical

examples of density curves from each class are given.
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1
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Region 3 :
L
______________________ e __
Region 4

Figure 5.2: The parameter space of the two-piece Tukey lambda distribution in terms of
Regions 1, 2, 3 and 4. The dot-dashed line, o = 1, indicates symmetric distributions. The
logistic distribution (L) is attained when A = 0 whilst the uniform distribution (U, and Us,) is

obtained when A\ =1 or 2, respectively.

Figure 5.3: The parameter space of the two-piece Tukey lambda distribution in terms of
Classes I, II, IIT and IV. The dot-dashed line, a = 1, indicates symmetric distributions. The
logistic distribution (L) is attained when A = 0 whilst the uniform distribution (U; and U5) is

obtained when \ =1 or 2, respectively.
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5.6.1 Class 1

In this class, the probability density curves are unimodal truncated since A > 2. The distri-
butional shapes of the two-piece Tukey lambda distribution are illustrated in Figure 5.4. The
values of o are fixed while the values of X are changed in Fig. 5.4(a)-5.4(c). In Fig.5.4(d), the

values of a > 0 are varied and )\ = 4.
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-4 -2 ) 2 4 -4 -2 0 2 4
x x
(c) a=2and A =5. (d) A=4,a=0.25, 0.75 and 2.

Figure 5.4: The probability density curves for the two-piece Tukey lambda distribution with

Ly =0 and L, = 1, for varying values of a >0 and X > 2.

The curves in Fig.5.4(d) indicate that the distribution is negatively skewed when o« > 1 and

positively skewed when o < 1.
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5.6.2 Class I1

Class II considers probability density curves obtained when 1 < A < 2, thereby having a bounded
support.. It is characterized by distributions that exhibit probability density functions termed
as U-shaped, as well as the uniform distribution. The curves in Fig.5.5(a)-5.5(c) represent
combinations of a = 0.2 with 1 < A < 2, whereas Fig.5.5(d) illustrates the probability density

curves when X = 1.5 and a > 0 is varied.
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x x
(a) a=0.2 and X\ = 1.25. (b) @« =0.2 and XA = 1.5.
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14+ - e @=0.25
..... a=0.75
----- a=2
2L 1 1of .
1.0 ' b 0.8 ]
\ 4
‘\
_ o8| 1 1 ]
% H X 06} i
- ! - -
o6l i ]
i ]
i 04 R
04 i B . ]
i S 4
02} [ 1 %% ]
........................ !
o.o A 1 A L A 1 L I L | I L L | L I L | I o-o 1
- -2 I3 2 4 ” -2 3 2 4
x x
(c) a=0.2 and A = 1.75. (d) A=1.5,a=0.25, 0.75 and 2.

Figure 5.5: The probability density curves for the two-piece Tukey lambda distribution with

Ly =0 and L, = 1, for varying values of a >0 and 1 < X < 2.

The two-piece uniform distribution is obtained when A =1 or 2 for varying values of o > 0.

The probability density curves can be seen in Fig.(4.17) in Chapter 4.



CHAPTER 5. TWO-PIECE TUKEY LAMBDA DISTRIBUTION 133

5.6.3 Class III

The probability density curves in this class are unimodal with a bounded support, as illustrated
in Fig.5.6. This arises when 0 < A <1 and a > 0. In Fig.5.6(a)-5.6(c), o =2 while 0 < A < 1 is

varied, whereas Fig.5.6(d) the value of a > 0 is varied while A = 0.5

05 . : . . . 05
04 1 04 1
0.3 e 03 N
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0.2} 7 ~o 4 02} 4
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-4 -2 0 2 4 -4 -2 [} 2 4
x x
(a) a =2 and A =0.25. (b) =2 and A =0.5.
05 ! ! 1.0 ' ' ' I— a=0t25 1
----- a=0.75
- --- a=2
04 . 1
03} . ]
= =
- =
0.2 1 N
0.1 e .
L i
J4
0.0 \ N
-4 -2 2 4 2 4
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(c) a=2and A =0.75. (d) A=0.5,a=0.25, 0.75 and 2.

Figure 5.6: The probability density curves for the two-piece Tukey lambda distribution with

Ly =0 and L, = 1, for varying values of a >0 and 0 < A\ <.

Furthermore, the distribution is negatively skewed when « > 1 and positively skewed when

a<l1.
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5.6.4 Class IV

The distributional shapes of the probability density curves in Class IV are unimodal bell-shaped
with infinite support, occurring when A < 0 and « > 0. Examples of density curves from Class
IV are shown in Figure 5.7, for selected values of o and X < 0.

In Fig.5.7(a)-5.7(c), a = 2 while X < 0 is varied, whereas in Fig.5.6(d) the value of a > 0 is

varied while A = —0.5 The two-piece logistic distribution is obtained as a special case when \ = 0.
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Figure 5.7: The probability density curves for the two-piece Tukey lambda distribution with

Ly =0 and L, = 1, for varying values of a >0 and X < 0.
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5.7 rt" Order L-moments

In order to characterize the two-piece Tukey lambda distribution through the r** order L-
moments, the results in Section 3.3.4 will be used. These results will make use of the L-moments

from the Tukey lambda distribution and its corresponding half distribution.
Lemma 5.7.1. The first 4 L-moments of a real-valued random variable X, from the Tukey
lambda distribution exist if A > —1. They are given as

2
A+1D(A+2)

2\ —1)(A — 2)
O+ DA+ 2) (A +3)(A+4)’

Lx1 =0, Lxo= Lxs3=0 and Lx. = (5.8)

where —oo < u < oo, o >0 and X > —1 are the location, spread and shape parameters, respectively.

The L-skewness and L-kurtosis ratios are obtained as

Tx3=— =20 and TX:4 L4*()\_1)()\_2)

I, LT 00T (5.9)

respectively.

The distribution is standardized when p =0 and ¢ = FA+2)

Theorem 5.7.2. The first 4 L-moments of a standard half Tukey lambda random variable Z,

denoted as Lz, to Lz.4, respectively, are

A
Lza= %7
B 2
A+ D)(A+2)
=22 —5AF AM(1 - )
T 2NN+ DA+ 2)(A+3)

Lz

LZ:3

and

20\ — 1)(A — 2)

T DA+ A (5.10)

Lz,

Proof. The first 4 L-moments of Z are obtained by making use of the results in Lemma 3.3.2

and Theorem 3.3.3, where k = 2.
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For r =1, Py(ku) = P;(5) = 1. Therefore, Ly, is derived as

= [ 5 (8- (-8
1 1
EVAOKSE!

L
A 22+,

1
A
1 1 1
“ 5o (Bt ?)
(1-2)
T+ 1)

(5.11)

For r =2, Py(ku) = P;(5) =2(%) — 1 =p—1. Therefore, Lz is derived as

b= [ 1B - (-2)) <0110
LR -0-5) e [ (G -(-5)) @
i(/ p;+1dp / (1—2) > )\()\—1—1)(1;*211)
1 p2 |1 22_)_3 1 1—2X1
:/\(2*(A+2)0_2*()\+1)(A+2))_)\(A+1)( -1 )
B m(i +2) (1 B 2A+(11A1)_ 3) B )\()\1+ 1) (12:2:)
1 1 )

TAP(AF+)(A+2) ( XA+ 1) (2
- 1 2A4+4-2M2 — (A 42) (2-2M1)
MMM+ 1) A+2
1
T+ 1)(A+2)
2
T O+ D0 +2)

20 +4—221%) —

. ()\2/\+1)

(5.12)
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Similarly, for r = 3, Py (ku) = P5(2) =6 (2)* = 6 (2) + 1. Therefore,

11 )\
LZ:BZ/)\(( >><< ()—i—l) dp
1 2 A A
p 6 P P
. - = = = 1—-=
)\/ ( 12>d ) 2((2) ( 2))dp
1 p p
+/0 ()\ ((2 -(1-3) )) dp
1 A\+2 1,2 A 22 4_2>\+2 2_2>\+1
_6 /Ldp_/g(l_zz) ap) — s A ) ), ! )
A \Jy M2 o 4 2 AM2AA+1)(A+2) A2 (A +1)
6 i I A L S T —4XN—8+48-20 —2)-2*
S22\ (A+3), A+DA+2)(A+3) 22X A+ 1)(A +2)
6((A+1)(/\+2)—2A+4+7A+/\2+14)+_4>\—8+8-2*—2A-2A
B 22NN+ 1) (A +2)(A+3) A2 A+ 1) (A +2)
_6(2M% + 101 + 16 — 221 +—4A—8+8~2A—2,\-2A
SN+ 1) (A +2) (A +3) A2X(A+ 1) (A +2)
BN 150424 — 2420 + (A +3) (—4X\ -8 +8-2" —2)-2%)
N 220N+ DA+ 2)(A + 3)
CBAZH15A 424 — 2428 —4XT — 20X — 24 +2) -2 —2)2 .2} 424 2*
N 220N+ 1)(A +2)(A + 3)

AT =BA2X 20 — 26222
T2+ DA +2)(A+3) (5.13)

Finally, in order to obtain Lz, when r =4, P;(ku) = P;(%) =20 (g)3 -20 (5)2 +12(%) — 1. Hence
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Ly.4 1s derived as

= [ ((8) - (-)) < (08 -2 (8 +28) 1) o
LG -0 e L () -5 w
2L -0-0) o [ GG -0-9)) @
-3 </0 o /o £- 5) ) - (z@i& 0 5?;143)) o (Az(ﬁ&inz(? K 2))
(2-2+1)

2N +1)
20 PN 96-22 90 - 53— 1202 - A% 2A2 + 10X\ + 16 — 24
S22\ (A )|, A+FDOA+H2(A+3)(A+4) 22NN+ 1)(A + 2)(A + 3)

+12< (24 +4 - 227) ) (2 - 221

AN+ 1)(A+2) ) 220\ +1)

1

20 (A DAF2)(A+3) — (96 2% — 90 — 53X — 1202 — \3) 5 A2+ BA+8— 223
T 2MH3) A+ DA+2)A+3) (A +4) a <2AA(A+1)(A+2)(A+3))
(A+2-2%) (2 —27M1)
12 <A2/\+1(/\+ 1)(>\+2)> T YA+ )
B3+ ONZ 4320 +48 —48-2Y) 15N +4) (A2 +5A+8—-221F) 12N+ 3)(A+4) (A +2 - 2MT)
T2+ DA+ 2)A+3)(A+4) 200+ DA +2)AF3)A+4) A2+ DA+ 2)(A +3)(A +4)
A+2)(A+3)(A+4) (2—2*)
20N+ F2)AF3)(A+4)
1

_ A ay2oA 350
AL DL+ d) (m GA™27 4 2472 )

B 200 —1)(A —2)
A DAHF2AE3) (N4

(5.14)

The final results in Egs.(5.12), (5.13) and (5.14) were obtained using Gradshteyn and Ryzhik
(2007, 3.197.3). n

Theorem 5.7.3. The r'" order L-moments for a standard two-piece Tukey lambda random
variable, for 1 <r <4, are given as

A+2)(2* - 1)

Lo = \OAHT

(1 - Oé),

1
LT:2 = 5(1 + 05)7

A+5+22L(A-1)
LT:3 = (1
(A + 3)22+2

_a)

and

_ A=DA=2)

Lra= 200+ 3)(A + 4)

1+ a), (5.15)
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whilst the L-skewness and L-kurtosis ratios are subsequently obtained as

(I—a)A+5+22 (A —1)

S A= 1D)(A-2)
™7 M +a) (A+3)2M1

O A+E3)(N+4)’

(5.16)

and TT:4

respectively.

Proof. The first 4 L-moments in Eq.(5.15) are obtained by making use of Lx.; to Lx.,, and
L-moments Lz to Lz, from Eqgs.(5.8) and (5.10), respectively. To obtain Lz.;, Lx.; and Lz, as
well as the polynomial coefficient ¢{”in the first row of Table 3.2 are substituted into Eq.(3.29)

to obtain

LT:l =W +o <Lx;1 — 05(1 — a) X CéO)LZ:l)
A+ (A +2) (1-2%
- (oot - (o)
A+2)(2* -1
- Q22

L7, is obtained when Lx.,, Lz, and Lz.., as well as c(()l) and 6(11) from the second row of Table
3.2 are substituted into Eq.(3.33) to give

(1)
c
Lt.s = U(LX:Q —0.5(1 —a) x {Cél)LZJ + 17(LZ:1 + LZ:Z)})

A+ 1)(A+2) 2 (1-2% 2 (1-2Y
= 2 (()\+ Doy - x {(”m(“ nt 2()\2A(A+ 0

2
* ()\+1)()\+2)>}>

_ QDA+ 1)2()‘ +2) (1-050 - )

= %(1 + a).

Lt.3 is derived by using Lx.3, Lz.1, Lz» and Lz, as well as c((f), ¢? and ¢? from the third
row of Table 3.2. This yields

2 @

0 L2 2
Lps=0|Lx:s3—05(1—-a)x {LZ:l (Co + 17 + 27) + Lz;2(17 + %) + LZ:S%}

A+1DH(A+2) (1—2%) 6 6 6 6 2
—2<00.5(1Oz)><{)\2>\()\+1)>< (1+2+3>+<2+2>()\+1)(/\+2)

N A2 = BA XM N2 76
AA+ 1A+ 2)(A+3)2 \6
A+ 1A +2 —AZ = BA 4 A2ML — \2oAH
:M —0.5(1 —a) x SA+
2 AN+ 1A +2)(A +3)2*
A+5+ 22N —1)

=T Oagpe 1T
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The last L-moment derived, Ly.4, will result from the substitution of Lx., Lz.1, Lz, Lz
and Ly.4, as well as ¢, ¢, ¥ and ¥ from the fourth row of Table 3.2. Therefore

ORI KD g®

- _ _ @, 4a & 37) (17 G )
LT:4 U(LX:4 05(1 Oé) X {LZ:I (CO + 9 + 3 -+ 4 —+ LZ;Q 5 + 9 —+ 20
(3) (3) C(S)

+L2:3(C27 4 037) +LZ;437})

6 4 20
A+ DA +2) 20 =1 (A =2) (1-2%) 12 30 20
= 2 <(A+1)(>\+2)(A+3)(/\+4)_0'5(1_Q)X{A2A(A+1)x(_1+2_3+4)
2 1230 9-20y A4 BA L A1) 30 20
+(A+1)(A+2)'(?_?+ 20 )‘A(A+1)(A+2)(A+3)2AX(_E 1)

20\ — 1)(A — 2) 20
T OTDO+2)0+3) 0+ 4) (%) })

DA+ 20— 1)(A—2) s 2\ — 1)(A— 2)
= 5 ((A+1)(A+2)()\+3)()\+4) 0.5(1 )X(A+1)(A+2)(A+3)()\+4))
:w(l—i—a)

2+ 3) A+ 4) :

The subsequent L-skewness and L-kurtosis ratios are then obtained as

L3
LTQ
1-a) A-5422 (A1)

Tr.3 =

(F3)2>2F2
(I1+a) 05
C(1—a) A+5+22H(A—1)

(1+a) (A + 3)22+1

and

A—1)(A—2
(1+a) 05 G573
(1+a) 05
(A—1)(A—2)

A+3)(A+4)’

respectively. |

It can be noted that the L-kurtosis in Eq.(5.16) is skewness-invariant with respect to a,
despite being a function of A. This implies the two-piece Tukey lambda distribution will have
varying levels of kurtosis with varying levels of skewness introduced by «. The special case of
this distribution, which is the two-piece logistic distribution of Balakrishnan et al. (2017), is

obtained when A =0.
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5.7.1 L-moment ratio diagram

The L-skewness and L-kurtosis ratios in Eq.(5.16) are used to obtain an L-moment ratio dia-
gram, illustrated by Fig.5.8. It depicts the extended level of skewness that is acquired by the
new distribution, as compared to the parent Tukey lambda distribution, for varying levels of
kurtosis. Since the distribution has two shape parameters, the L-moment ratio disgram will
consist of a region as a result of the possible combinations of a >0 and A > —1.

The solid line represents the two-piece logistic distribution whose L-skewness values range
from —0.5 to 0.5, with a constant level of kurtosis at 7., = 0.1667. The dot-dashed line is represen-
tative of the two-piece uniform distribution whose L-skewness range of values is (—0.375;0.375),
with 7.4, = 0. The dashed line represents the boundary for all distributions defined as 7.4 =

0.25(57%, — 1), where —1 < 7p.3 < 1.
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Figure 5.8: The L-moment ratio diagram for the two-piece Tukey lambda distribution with
a >0 and A > —1. The dashed line represents the boundary for all distributions. Note that the
vertical dotted line, where o = 1, indicates symmetric distributions. The logistic and uniform

distributions are represented by L and U respectively.

In order to find the minimum point of A, the first derivative of .4 will be obtained, set to
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0 and solved for A as follows:

drr.a N A=D+A=-2)A+3)A+4)-A+3)+ A +HA-1D(A—-2)

A (A +3)2(A+ 4)? =0
(22 =3A+3)A+4) — A+ NA-DA=2) _
(A +3)2(A + 4)2
N 203 £ 14X2 4240 — 3X2 — 21X — 36 — 203 — 6A2 + 4\ + TA% — 21\ + 14 0
(A +3)2(\+4)2
= 102 + 20\ — 50 = 0. (5.17)

In order to solve for the minimum value of A, the quadratic formula, will be used. Therefore

b+ Vb2 —4dac
a 2a
—204+ /202 —4-10- =50
210
—20 + /2400
20

= A = —3.44195 or 1.4495. (5.18)

A

Since 74 is obtained when A > —1, then )\ = 1.4495 is chosen as the value which when substituted

gives the minimum point of 7., as —0.0102.

5.7.2 L-moment ratio diagrams for the two-piece Tukey lambda classes

The L-moment ratio diagrams for the four classes are illustrated in Fig.5.9. The L-moments

exist in Class I, II, ITI, Class IV only if A > —1.
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Figure 5.9: The L-moment ratio diagrams for Class I, II, IIT and IV for the two-piece Tukey

lambda distribution. The green, purple, blue and pink-shaded areas are the (rr.3,77.4) regions

covered by Class I, II, III and IV respectively. The logistic and uniform distributions are

indicated by L and U, respectively.

5.8 Tail Behaviour

The tail behaviour of the two-piece Tukey lambda distribution is evaluated through the density

quantile function fs(s) in Eq.(5.7), in order to determine the value that the probability density

curve as it approaches the endpoints. This is explored through computing lim f5(s) for the left

tail, and lim fs(s) for the right tail.

The slope of the probability density curve at these two tails is also evaluated by using

Eq.(3.62). In the case of the two-piece Tukey lambda distribution,

_ Qe *-1-p*?)

ac2(pr 14 (1—p)>—1)3

Q= r-1-p)*?)

o2(pr T+ (1—p)r—1)3 >

s <

s >

D=

N[

(5.19)
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The values obtained for the density and the slope of the density curve are summarized in

Table 5.2.

Class | Shape parameter | Density | Slope | Density | Slope
values (Left) | (Left) | (Right) | (Right)

I a>0,A>2 L A1 1 -2
a>0,1< <2 a—lg -00 % 00
II a>0,A=1 T 0 = 0
a>0,A=2 L 0 1 0
a>0,0<A<0.5 0 0 0 0

II1 a>0,A=05 0 00 0 -00

a>0,05<A<1 0 Tl 0 ]
IV a>0,\A<0 0 0 0 0

Table 5.2: The values approached by the density curve and the slope of the density curve of
the two-piece Tukey lambda distribution at the end-points of the tails.

5.9 Parameter Estimation

The steps outlined in Section 3.5 will be used to estimate the location, spread and two shape
parameters from a sample, while adhering to any restrictions concerning the parameter estimates

that need to be met.

STEP 1:
The first four sample L-moments from the observed data set will be derived using the results in
Eq.(3.58). The sample L-moment ratios, t; and t,, are obtained using Eq.(3.59). The two values
are then verified if they lie in the (r7.3,77.4)-space of the two-piece Tukey lambda distribution
illustrated in Fig.(5.8). Should these values be found to lie in that space, then the estimation
procedures can continue, else the two-piece Tukey lambda distribution cannot be fitted to the

data set.

STEP 2:

Since the two-piece Tukey lambda distribution results indicate it is skewness-invariant with
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respect to o > 0, then 77,4, remains unchanged. Therefore, ¢, will be used in the theoretical result
obtained for 77,4 in Eq.(5.16) to solve for A. The minimum value for A should be 1.4495, shown in
Eq.(5.18), in order for the estimate to be valid in the model fit. The Solve function in Wolfram
Research, Inc. (2020) or the quadratic formula can be used to obtain the valid solution for A by

solving

o —(Tty+3) £ \/(Tta + 3)2 — 4ty — 1)(6t4 — 1)
A= 2= T) : (5.20)

STEP 3:
An estimate for @ will be derived from the theoretical L-skewness ratio result in Eq.(5.16) as
well as the value of ¢; from the sample. Let g be the coefficient for r7.5, obtained when the value

of the valid X estimated is substituted into the equation. The estimate is then obtained when

Qs

1—

s (5.21)

o=

Qs

is solved.

STEP 4:
Similarly, the value of ¢,, the theoretical result of L, in Eq.(5.15) as well as the value of & from
Step 3 will be required to obtain an estimate for 4.
Therefore
2

o= BT TE (5.22)

STEP 5:
The final estimate, i, will be calculated when &, &, A and ¢, are substituted into the theoretical
result for Lz in Eq.(5.15) and the estimate is then solved for.

Hence,
(A +2)(2M )

fi=10—6(1—a) St (5.23)

5.10 Application to Data Sets

The Tukey lambda distribution has been widely used in fitting various data sets due to the wide
range of distributional forms the probability density curves can take. These include the fields
of biochemistry, economics, computer science, among others. This section will present two data

set fittings of the two-piece Tukey lambda distribution. The fit of the model is compared to that
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of the GLD¢pp of van Staden (2014) and the perfomance of each discussed. The first data set
consists of information on the albumin levels of cirrhosis patients from the Mayo Clinic, while

the second data set investigates the body mass index (BMI) levels of Australian athletes.

5.10.1 Albumin Levels of Cirrhosis Patients

Albumin is a protein produced by the liver that prevents the fluid in the bloodstream from
seeping into other tissues in the body. It also transports hormones, vitamins and enzymes
around the body. Low albumin levels are an indicator of possible liver or kidney failure. The
albumin (gm/dl) levels of 419 patients were obtained from the primary biliary cirrhosis data of
Mayo Clinic (Fleming and Harrington (1991)).

The first two sample L-moments, i.e. the L-location and L-scale, as well as the sample
L-skewness and L-kurtosis ratios, are calculated as ¢, = 3.4974, ¢, = 0.2365, t3 = —0.07395 and
t, = 0.1504, respectively. It can be noted that the values of t3 and ¢, lie in Class III of Region III.

Fig.5.10(a) gives a histogram of the albumin levels in the patients.

Histogram of albumin levels of patients

14}

:
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15 20 25 3.0 35

Albumin levels

Figure 5.10: A histogram of the albumin levels of patients together with the probability
density curves of the fitted two-piece Tukey lambda (solid curve) and GLDgpp (dashed curve)

distributions.

The values of t3 and ¢, fall in the (7.3, 71.4)-space of the two-piece Tukey’s lambda distribution

illustrated in Fig.5.8, and so the proposed two-piece distribution can be used to fit this data set.



CHAPTER 5. TWO-PIECE TUKEY LAMBDA DISTRIBUTION 147

Since t3 < 0, the data is negatively skewed. The data also exhibits heavy tails since ¢, > 0.122602,
the theoretical L-kurtosis ratio value of the normal distribution.

The parameter estimates of the fitted two-piece Tukey lambda distribution are obtained using
the method of L-moments. The estimates, together with their asymptotic standard errors, are

shown in Table 5.3.

it & & A

3.54743 | 0.200693 1.35678 | 0.048657

(0.02345) | (0.01155) | (0.12205) | (0.05189)

Table 5.3: Parameter estimates with asymptotic standard errors (in parentheses) for the two-

piece Tukey lambda distribution fitted to the albumin levels of patients.

Since 0 < A < 1, the distribution of the data will have a bounded support (—29.9525;22.0762).
The parameter estimates and corresponding asymptotic standard errors for the GLDgpp fit are

displayed in Table 5.4.

i & @ A

3.61226 0.508071 0.381509 0.048657

(0.0371525) | (0.0445206) | (0.035559) | (0.052089)

Table 5.4: Parameter estimates with asymptotic standard errors (in parentheses) for the

GLD¢pp fitted to the albumin levels of patients.

The standard errors for the location, scale and kurtosis parameter seem to be larger for the
GLD¢pp estimates than for those of the two-piece Tukey lambda distribution. The Q-Q plots
for the fits of the two-piece Tukey lambda distribution and GLD¢pp are illustrated in Fig.5.11.
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(a) Q-Q plot for Two-piece Tukey's lambda (b) Q-Q plot for GLDgpp fitted to albumin levels of patients
distribution fitted to albumin levels of patients
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Figure 5.11: Q-Q plots for the two-piece Tukey lambda distribution and the GLD¢gpp fitted

to the albumin levels of patients.

It is evident that the comparison between the two Q-Q plots indicates the fitted GLDgpp
provides a slightly better fit, specifically in the lower tail. The ASAE value for the GLDgpp is
0.004142, which is lower than that of the two-piece Tukey lambda distribution which is 0.0096217.

It therefore seems the GLDgpp provides a better fit to the data set.

5.10.2 Body Mass Index Levels of Australian Athletes

The data set ais consists of various measurements on 202 Australian athletes (Cook and Weis-
berg, 2009). It is available in the R-package sn (Azzalini, 2014). Here we only consider the
variable measuring the athletes’ body mass index, BMI. The sample L-location and L-scale
values from the data are ¢, = 22.9559 and ¢, = 1.54562, respectively. The L-skewness ratio and
L-kurtosis ratio values are t3 = 0.110844 and t, = 0.183603, respectively. These lie in Class IV of
Region IV as can be seen from Fig.5.9(c).

Fig.5.12 gives a histogram of the BMI, together with the probability density curves of the
two-piece Tukey lambda distribution (solid curve) and the GLD¢pp (dotted curve).



CHAPTER 5. TWO-PIECE TUKEY LAMBDA DISTRIBUTION

0.30

0.25

0.20

0.15

0.10

0.05

0.00

Histogram of BMI of Australian athletes

)
|u
l.
n

25
BMI

149

Figure 5.12: A histogram of the body mass index of Australian athletes together with the

probability density curves of the fitted two-piece Tukey lambda (solid curve) and GLDgpp

distributions.

Since t3 > 0, the data is positively skewed. The data exhibits heavy tails since t4 > 0.122602,

the theoretical L-kurtosis ratio value of the normal distribution. The parameter estimates of the

fitted two-piece Tukey lambda distribution obtained using the method of L-moments, and their

corresponding asymptotic standard errors, are summarised in Table 5.5, whilst the results for

GLD¢pp are presented in Table 5.6. Since A < 0, the distribution of the data will have infinite

support for both fits.

fi 6 & A
224953 | 1.88033 | 0.64398 | —0.04701
(0.20591) | (0.20751) | (0.10682) | (0.07365)

Table 5.5: Parameter estimates with asymptotic standard errors (in parentheses) for the two-

piece Tukey lambda distribution fitted to the BMI of Australian athletes.
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i & 5 A

22.0122 2.8767 0.6563 —0.04701

(0.33605) | (0.33333) | (0.05307) | (0.07382)

Table 5.6: Parameter estimates with asymptotic standard errors (in parentheses) for the

GLD¢pp fitted to the BMI of Australian athletes.

The two Q-Q plots are similar with the fitted GLDgpp providing a slightly better fit espe-
cially in the upper tail.

(a) Q-Q plot for two-piece Tukey lambda distribution (b) Q-Q plot for GLDgpp fitted to BMI of Australian athletes
fitted to BMI of Australian athletes

40

F
=3

35

w
o
T

w
=3
T
»N w
o =3
T T
LJ

N
=3
T

-
o
-
o
L]

Quantiles of two-piece Tukey lambda distribution
N
o
Quantiles of GLDgpp
N
o

L L L L | 10 1 1 1 1 1
15 20 25 30 35 40 10 15 20 25 30 35 40

-
-
=

BMI of Australian athletes (ordered) BMI of Australian athletes (ordered)

Figure 5.13: Q-Q plots for the two-piece Tukey lambda distribution and the GLD¢gpp fitted
to the body mass index (BMI) of Australian athletes.

The ASAE value for the GLD¢pp is 0.008346, which is lower than the two-piece Tukey lambda
distribution’s ASAE value of 0.014028. It therefore seems the GLDgpp provides a better fit to

the data set.

5.11 Conclusion

The results in Section 3.2 are applied to the two-piece Tukey lambda distribution. The quantile
function, quantile density function as well as the density quantile functions are derived. The
quantile measures of distributional form are also derived, indicating that the kurtosis measures

are skewness-invariant.
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The parameter space and support of the distribution is obtained for the classes of the dis-
tribution, based on the combinations of o > 0 and A € R. Using the results in Section 3.3.4,
the r** order L-moments of the two-piece Tukey lambda distribution are derived in terms of the
L-moments of both the parent Tukey lambda distribution and the half Tukey’s lambda distri-
bution.

The tail behaviour of the two-piece distribution is also presented, as well as the parameter
estimation procedure. Finally, two data sets are used to compare the fit of the two-piece Tukey

lambda distribution to that of the GLD¢pp.



CONCLUSION

This thesis is centered around a methodology that makes use of the quantile functions of half
distributions from symmetric univariate distributions, to develop asymmetric univariate distri-

butions.

6.1 Construction of two-piece families of distributions

Quantile splicing, as developed in Chapter 3, is aimed at generalizing symmetric distributions,
using the quantile functions of half distributions as the building blocks. The quantile functions
are spliced at the median point and an asymmetry parameter is introduced to the half of the
distribution whose domain is below the median point. This skewing mechanism can be imple-
mented for distributions defined through their CDF, PDF or quantile functions, as illustrated
in the examples in Chapters 3 and 4. Furthermore, the quantile measures of distributional form
for shape indicate that the level of kurtosis of the parent distribution remains constant. The
advantage is that the analysis of the distributional shape of the generalizations obtained, in

terms of skewness and kurtosis, can be done seperately.

6.2 Construction of the r" order L-moments

Quantile splicing is used to derive the general results for the »** order L-moments of these two-
piece families of distributions. This general form reveals a relationship between the L-moments
of the symmetric parent distribution and the half distribution. The order statistics are used to
achieve this relationship.

The results give rise to a simple relationship between the parameters of the distribution and

the L-moments. The benefit is that computational difficulty in parameter estimation is reduced

152
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when the method of L-moments estimation is used.

6.3 An Extension of the Quantile Splicing Technique

An extension of the quantile splicing technique in Section 3.3 is proposed, where a general
method of introducing asymmetry to univariate distributions through splicing the quantile func-
tions of symmetric distributions at location points other than the median is investigated. The
general forms of the CDF, PDF and quantile functions are also derived. Likewise, a general
form for the r** order L-moments could be derived in the same fashion as the results in Section

3.3.4, along with the first 4 L-moments.

6.3.1 Extended Piecewise Distributions

Suppose X is a continuous random variable from a symmetric distribution, defined on an interval
(—o0;00), with the CDF, PDF and quantile function defined accordingly. Let 0 < k& < 1 be defined.
From Eqgs.(3.1) and (3.2), the quantile functions for the piecewise distribution, for any k, can
be defined as

ao — k f k,
Onle) = p+ao(@Q@x(p) — Qx(k) for p< 6.1)

p+o(@x(p) —Qx(k)  forp>k.
where —oo < u < 00, 0 >0 and o > 0 are the location, scale and shape parameters, respectively.

It follows that for p <k, then

=z =p+a0(Qx(p) — Qx(k))

£+ Qx(k) = Qx(p)

=Fx <$ £y Qx(k)> =p.

ao

Similarly, for p > k, then

=z =p+0(Qx(p) —Qx(k))

£+ Qx(k) = x(p)
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Hence the CDF of X follows as

Fx (5F +Qx(k) for x < p,
Fr(z) = ( ) 8 (6.2)

Fx (£ +Qx(k)) for z > p.

g

The probability density function is obtained from Eq.(6.2) as

aofx (5 + Qx (k) for z <,
oty = 4 X x () (6.3)

Ly (28 4+ Qx (k) for z > p.

6.3.2 7" Order L-moments

The r** order L-moments will be derived for the piecewise families of distributions. They will
be used to further explore the features of the distributions in terms of the quantile measure of
distributional form. Moreover, estimation procedures can also be created for the parameters.
The shifted scaled polynomials to be used will first be derived, since both a scaling and shifting

factor are introduced to the quantile functions.

r'" Order Shifted Scaled Polynomials

The results of the shifted scaled polynomials in Eq.(3.18) take into account that a scaling factor
is introduced into the Legendre polynomial. The polynomials obtained indicate that their
coefficients remain the same as those in Eq.(3.12). In the case of the piecewise distributions
obtained from the extended quantile splicing technique, the shifted Legendre polynomial has
both a scaling and a shifting factor introduced. The outcome is a factor that is a polynomial of
the variable of interest, p.

In order for the L-moments to be obtained, the shifted scaled polynomials will be obtained

by making use of Eq.(3.18).

Lemma 6.3.1. The " order shifted Legendre polynomials, with constants —oo < a,b < oo, are

denoted as

1 drfl

1)l arid(p)—1 (P b ap+b— ), (6.4)

P y(ap+b)=PFP1(2(ap+b)—1)=
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where r > 1, such that the first 4 shifted scaled polynomials are obtained as
Py (ap+0b) =1
P (ap+b)=2(ap+b)—1
Pj (ap+b) =6 (ap+b)* — 6 (ap+b) + 1
P; (ap +b) = 20 (ap + b)* — 30 (ap + b)*> + 12 (ap + b) — 1. (6.5)

Proof. The results in Eq.(6.4) follows suit from Eq.(3.11) by replacing p with (ap + b). Therefore,
drfl
(r—1!d(ap+0b)r—1
1 dr—l
= G- Dl

Py (ap+b) = ((ap+b)* — (ap+ b))

(ap +b)((ap +b) = 1))" .

By recursively substituting » = 1,2,3 and 4 into Eq.(6.4) and taking the respective derivative,

the first 4 shifted scaled polynomials will be obtained. For r = 1, the first polynomial is obtained

as
Fy (ap+b) = (1 _1 1! al—ldd(_p)l—l ((ap + b)((ap + b) — 1))171
- %%(p)o ((ap + b)((ap +b) — 1))°

=1.

The second polynomial is obtained when r =2 as

1 !
(2—1)! > Td(p)

d
= i (e + )l +5) = 1)

_ é (a(ap + b — 1) + a(ap + b))

P (ap+b) = =1 ((ap +b)((ap +b) = 1))*"

=2(ap+0b) -1
By substituting r = 3 into Eq.(6.4), the third polynomial can be obtained as

1 d371
(3—1)!a3~1d(p)

— 5z (ap +D)(ap 1) = 1)

P; (ap+b) = — ((ap+b)((ap+b) — 1))° ™

= 2%2%2 ((ap + b)((ap +b) — 1)) (a (2(ap + b) — 1))
= 12 (ap+0)(ap+0) — D ap+5) - 1)
~ + al(ap+ 1) = D({ap+ 1) = 1) + alap+ D)(2ap-+ ) = 1) + 2a(ap +H)(ap +5) ~ 1)

=2(ap +b)* = 3(ap +b) + 1+ 2(ap + b)? — (ap + b) + 2(ap + b)* — 2(ap + b)

= 6(ap + b)* — 6(ap +b) + 1.
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Finally, the fourth polynomial, obtained when r is set to 4 in Eq.(6.4) is

P} (ap+0b) = U _1 0 a4*dld7p4*1 ((ap + b)((ap + b) — 1))*"
= %;TW ((ap +b)? = (ap + )’
- 2%@(%2 (((ap+ b)? — (ap +b))° (2(ap +b) — 1))

- ((<ap+ B2 = (ap+8)) (2ap +b) = 1 + ((ap + ) — (ap + b)>2>

= (2(ap +b) = 1) [(2(ap +b) = 1)* + ((ap + b)* — (ap + 1))] + (((ap +b)* — (ap + 1))
x [4(((ap +)* = (ap + b)) + (2(ap + 1) - 1))]

= (2(ap +b) = 1))° +6(2(ap + b) — 1)((ap + b)* — (ap + b))

= 8(ap + b)* — 12(ap + b)? + 6(ap + b) — 1 + 12(ap + b)* — 12(ap + b)?

— 6(ap +b)? + 6(ap + b)

= 20(ap + b)* — 30(ap + b)? + 12(ap + b) — 1.

Remark. The results in Eq.(6.5) satisfy the recursive relationship for any higher order polyno-

maal of p.

rtb Order L-moments for Piecewise Distributions

Eq.(3.25) in Section 3.3.4 makes use of the expectation of the r** largest order statistic, as
defined in Eq.(3.24), to derive the general form of r** order L-moments function for the two-
piece distribution. Similarly, the general formula for the L-moments for families of distributions
obtained using the extended quantile splicing methodology, for any point 0 < k¥ < 1, will be
derived using the same principle. The first 4 L-moments will also be derived by making use of
the triangle rule (Arnold and Meeden (1975)) and the relationship of order statistics in Eq.(3.6),
from Hosking (1990).

Theorem 6.3.2. Suppose T is a random variable from a piecewise distribution obtained from
the extended quantile splicing methodology denoted by T~TP(u,0,a), where —co < p < 0o, o > 0
and o > 0 are the location, spread and asymmetry parameters, respectively, and 0 < k < 1. The

general form of the L-moments is

] : (6.6)

r (r—1) T (r—1)
. Ch i . Ch
LT:’I‘ = ,U/* +o (LXZT - QX(k)) - ]{/‘0'(1 - a) (M - QX(k)Z]_ljl) 3
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where Qx (k) is the quantile function of X evaluated at 0 <k <1, uj.;is the expectation of the rth
largest observation in a sample of size r from the k" piece distribution obtained from the parent
distribution, X, and c(” Y forj=1,....r and r > 1, are equal to the coefficients of the shifted

scaled Legendre polynomials captured in Table (3.2).

Proof. The L-moments formula will be derived from the piecewise quantile function of T given

in Eq.(6.1) as follows:

k 1
- /0 (11 + a0 (Qx () — Qx (k) P (p)dp + / (140 (@Qx(p) — Qx (k) P71 (p)dp

1

k
:/ (4 + a0Qx (p) Py (p >dp—aa/ Qx (kP! (p)dp+/ (4 + 0Qx (0) Py (p)dp

k

—0/ Qx (k)P_(p)dp

:/ wP_ i (p dp+aa/ Qx(p)P*_(p)dp+ o
0

[ axwrewn- [ axw H<>dp}
—aa/o Qx k)P, dp—a(/ Qx(k)P_(p)dp — /QX P 1(10)d10>

— " + kao / Q) Py (u)du + o (LX;T —k / Qx<u>P:1<u>du) ~ kao / Qx (k) Py (u)du

— 0Qx (k) ( / P )k / 1 P:_l(umu)

=p" +o(Lxr—Qx (k) —ko(l —a) </01 Qx (u) Py (u)du — Qx (k) /01 P:1(U)du>

1
— W + 0 (Lxar — Qx (k) — ko(1 - o) (/ Quc(w) (™ + e Pt eV 5 ) d
0

1
_QX(k)/ (Cér—l)_i_cgr—l)u_’_cgr—l)uZ.”_~_C£r_—11)u(r,1)) du)
0

1 1
_M*—f—U(LX;T—Qx(k))—ka(l—a)</ Qx(u)cgfl)du—l—/ Qx(u)cgpl)u du+ ...
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Remark. The location parameter p* = fol wP* (p)dp is equal to p when r =1, and 0 for r > 1.

The coefficients cg."__ll), forj=1,...,4 and r > 1, are equal to those captured in Table 3.2.

Theorem 6.3.3. The first 4 L-moments of a piecewise distribution constructed using the ex-

tended quantile splicing technique are
Lra = p+ o (Lxa = Qx () = k(1L = a)ef” (Lsa — Qx (k)
Lo e R
Lra =0 | (Lxa = Qx(k) = k(1 —a) | (e + = | Lsa + =-Lsa — | & + = | Qx (k)

o P\ @\
Lrs=o0| (Lxs—Qx(k)—k(l—a)| (¢ +—=+—=|Lsa+ |+ | Lsa+ ——Lgs

2 3 2 2 6
2 @
C C
- (c((f) + 5+ 'g) Qx(k)>)

and

o D N (O e
Lry=0| Lxa—Qx(k)—kQ—-a)| ¢/ +——+—=+—=|Loa+ |+ +—=+ Lgs:o

2 3 4 2 2 20
3 (3) 3) @ @ 0
Cy C3 C3 (@, 4a Cy C3
+ (6 + -2 )Ls:3+ 5o s (co + )Qx(k))), (6.7)

respectively, where Ls., is the r*" order L-moments for the k" piece distribution.

Proof. The steps used in Section 3.3.4, where both (Arnold and Meeden (1975))’s triangle rule
and the relationship of order statistics in Eq.(3.6) are used in tandem, will be implemented to
obtain the results in Eq.(6.7) in the same manner.

For » =1, then

1 (1-1) 1 (_1—1)
Lra=p*+o ((L)m — Qx(k)) — k(1 —a) (W - Qx<k>2j‘1fl>)

= it 0 ((Lxa = Qx (k) = k(1 = ) (e 11 = Qx(W)ef” )

=+ 0 ((Lxa = Qx(k) = k(1 = @)l (L — Qx (k).
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In the case r =2, Egs.(3.31) and (3.32) are used, such that

2 (2-1)
LT:Q—O’((LXQ—QX 1—04)<Z =1 j 1 MJ]_QX(k)ijl]C]_l>>

( )
((LX 2 — Qx(k (Co H1:1 + £ ,uz 2 — ( M 4 2) Qx(k)>>
(1)
((LX2_QX 1—Oé)< 'Ls. +7 L52+L51)—<061)+612>QX(/€)>>
D oV D
—o <(LX;2 —Qx (k) — k(1 — ) (( 4 5 ) Lga + —LS <cgl> + ;) QX(k:)>> .

For r = 3, the results in Eqs.(3.35-3.37) are made use of to derive the third Z-moment as

3 (3 1) 3 C(_3—11)
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J
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2
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(2) ( ) (2)
- + 7 + = 3 Qx(k') .

Finally, the fourth Z-moment is obtained when Eqs.(3.41-3.44) are used such that
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