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Abstract

In this thesis, we study the representation of dynamic risk measures based
on backward stochastic differential equations (BSDEs) and ergodic-BSDEs,
and capital allocation. We consider the equations driven by the Brownian

motion and the compensated Poisson process. We obtain four results.

Firstly, we consider the representation of dynamic risk measures defined
under BSDE, with generators that have quadratic-exponential growth in the
control variables. Under this setting, the dynamic capital allocation of the
risk measure is obtained via the differentiability of BSDEs with jumps. In
this case, we introduce the Malliavin directional derivative that generalises
the classical Gateaux-derivative. Using the capital allocation results and the
full allocation property of the Aumann-Shapley, we obtain the representation
of the dynamic convex and coherent risk measures. The results are illustrated

for the dynamic entropic risk and static coherent risk measures.

Secondly, we consider the representation of dynamic convex risk mea-
sure based on the ergodic-BSDESs in the diffusion framework. The maturity-
independent risk measure is defined as the first component to the solution of
a BSDE whose generator depends on the second component of the solution
to the ergodic-BSDE. Using the differentiability results of BSDEs, we deter-
mine the capital allocation. Furthermore, we give an example in the form of

the forward entropic risk measure and the capital allocation.

Thirdly, we investigate the representation of capital allocation for dy-
namic risk measures based on BSVIEs from Kromer and Overbeck 2017 and
extend it to risk measures based on BSVIEs with jumps. The extension of
dynamic risk measure based on BSVIEs with jumps is studied by Agram
2019. In our case, we study capital allocation for dynamic risk measures
based on BSVIEs with jumps. In particular, we determine the capital allo-

cation of the dynamic risk measures based on BSVIEs with jumps.



Finally, we study the representation for a forward entropic risk measure
using ergodic BSDEs under the jump-diffusion framework. In this case, we
notice that when the ergodic BSDE includes jump term the forward entropic

risk measure does not satisfy the translation property.

Keywords— Dynamic risk measure, Dynamic entropic risk measure,

Capital allocation, Quadratic-exponential BSDE, Ergodic BSDE, Jump-diffusion
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Glossary
We introduce the notation of the spaces of random variables or processes:

Let p > 2.

L°(F;) is the space of all finite valued F;-measurable random variables.
LY (Q, F, P) is the space of real valued random variable X such that

[1XT]x = E[X]] < oo

L?(Fr) is the space of Fp-measurable, square integrable random vari-
able €.

Let LP(F;) be the space of all real-valued F;-measurable, p-integrable

random variables.

SP(R) is the space of R-valued adapted processes Y :  x [0, T] with
cadlag paths such that

sup |Y (£)[F] < 0.
t€[0,T]

S*(R) is the space of R-valued essentially bounded cadlag processes Y
such that
[IY]ls == [I sup [Y(#)][|oc < o0.
t€[0,T]

HZ,(R) is the space of predictable processes Z : Q x [0,7] — R such
that

E[/O |Z(s)|?ds] < oo.

H% (R) denotes the space of predictable processes T : Q x [0, T] x Ry —
R, satisfying

E[/OT /RO 1T (¢, ¢)[Pv(d¢)dt] < oco.

L?(Ry) is the space of R-valued measurable functions satisfying v(d()-
almost everywhere (a.e.), which is equipped with the topology of con-

vergence measure (Morlais (2009b)).

v



Let P denote the F-predictable o-algebra on Q x [0, T7.

Let D! and D;C be the Malliavin derivatives with respect to W;(t) and

N;(dt,dC) respectively fori=1,...,d,j=1,...,kand 0 < s <t <T.

We denote by D'? the Banach space which is the closure of smooth

random variables with norm
d T k T )

1P, =[P+ Y [ 1Dirpast S [ [ 1Dl prcn o).
i=1 70 j=170 JRo

The space L[QB moy [0, 1] is given by

L[23 o0, t] == {ms, s € [0,¢] : wis F; — progressively measurable
t
and esssup Ep (/ |7T8|2ds|}"T> < oo for any F — stopping time

T € [0,t]}.

Consider L to be the space of all bounded random variables with finite

maturity, i.e.

L = UtZQLOO<.Ft>.



Chapter 1

Introduction

1.1 Overview

The quantification of financial risk is a crucial task for both researchers and
practitioners, as it provides a comprehensive description of the riskiness of a
financial position. It is a tool that determines the minimum capital required
to be held by a company in order to be financially stable. At the same time,
capital allocation is an essential application of risk measures. More so if one
is interested in decomposing the overall portfolio risk capital into a sum of

the risk contributions by the respective sub-portfolios.

The method of quantifying risk is obtained by assigning a functional to
the future payoffs, which are first modelled as a random variable. This func-
tional is called a risk measure. Different types of risk measures are pro-
posed and used in the literature and the finance industry, with Value-at-Risk
(VaR) being the most popular. VaR quantifies the maximum possible finan-
cial losses over a given time horizon and confidence level. However, Artzner
et al. (1999) identified the shortcomings of VaR. It fails to recognise diver-
sification and it is not time consistent. To counter the weaknesses of VaR,
Artzner et al. (1999), proposed coherent risk measure and described it as a

function that satisfies four properties: translation invariance, monotonicity,



sub-additivity and positive homogeneity. (See also Delbaen (2002) for coher-
ent risk measures in the general probability space). Corehent risk measures
promote diversification because the risk of a portfolio of assets is less than
the risk of holding individual assets. Later, Féllmer and Schied (2002) and
independently Frittelli and Gianin (2002) showed that the risk of a portfo-
lio increases nonlinearly with the size of the position because of additional
liquidity. As a result, they extended the work of Artzner et al. (1999) by
relaxing the properties of positive homogeneity and subadditivity to intro-
duce the concept of convex risk measures. A convex risk measure takes into
consideration that the risk of a position may increase in a nonlinear way as

a position multiplies by a large factor.

In the abovementioned papers, the authors consider risk measure in a
single-period setting. The ideal situation is to measure the risk of a financial
position continuously throughout the investment period. Consequently, there
is a need for the concept of dynamic risk measures. In a dynamic setting,
the risk measure is updated over time according to available information.
An important property of dynamic risk measure is time consistency, which
describes how risk quantifications at different times are interrelated. Various
authors have extended the concept of static risk measure to dynamic risk

measure. Peng (1997) introduced g-expectations as nonlinear expectations
based on a BSDE

dY () = —g(t.Y (), Z(t))dt + Z(t)dW (¢),
Y(T) = ¢ (1.1.1)

where the solution is a pair of Fi-adapted processes (Y (t),Z(t)). Gianin
(2006) showed that conditional g-expectations represents dynamic risk mea-
sures under the diffusion BSDE (see also Barrieu and Karoui (2007), Frittelli
and Gianin (2002), Peng (2004)). Jiang (2008) proved that g-expectation sat-
isfies the translation invariance property if and only if the generator g(t, v, 2)
is independent of y and is convex with respect to z for all £. Quenez and

Sulem (2013) studied properties of dynamic risk measures based on BSDEs
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with jumps (see also Oksendal and Sulem (2015) for applications). An ex-
tension of quadratic BSDE to jumps was studied by Karoui et al. (2016) and
they include an application to entropic risk measures. Part of the thesis con-
siders dynamic risk measures that arise as the solution of quadratic BSDE

with jumps.

Further, Zariphopoulou and Zitkovi¢ (2010) argue that in practice, the
maturity associated with a risky position might not be fixed. They intro-
duced maturity-independent risk measure, where the risk measurement of
the financial position does not depend on any given time horizon. They
incorporate maturity independence and replace its domain by a general do-
main. As a result, the axioms of the maturity-independent risk measures
are the same to the axioms of a replication-invariant convex risk measure.
Furthermore, the formulation uses the notion of the forward-performance
process. Musiela and Zariphopoulou (2006) was the first to propose the con-
cept of forward-performance (see for instance Musiela and Zariphopoulou
(2007), Musiela, Zariphopoulou, et al. (2008), Musiela and Zariphopoulou
(2010Db)). Zariphopoulou and Zitkovié¢ (2010) showed that every exponential
forward-performance process can be used to construct a dynamic maturity-
independent risk measure as the market unfolds over an arbitrary time hori-
zon. Chong et al. (2019) provided a general representation maturity-independent
risk measure that satisfies the solution of a BSDE with a generator that de-
pends on the solution of the ergodic BSDE. Liang and Zariphopoulou (2017)

proposed the ergodic BSDEs to construct the forward-performance processes.

Fuhrman et al. 2009 introduced the notion of ergodic BSDE and devel-
oped further by Debussche et al. 2011. The ergodic BSDEs are an asymptotic
limit of the infinite horizon BSDEs (as shown by Fuhrman et al. 2009 and

Debussche et al. 2011) and are represented as follows
dY; = (=g(Vi, Zi) + N)dt + Z,dWy,

where A € R is part of the solution. Cohen and Fedyashov 2014 and

3



Fedyashov 2016 extended the ergodic BSDE to a jump-diffusion framework
and is represented as follows
dY, = (—g(Vi, Zy, W) + N)dt + Z,dW, + / U, N(dt,dC),
R\0
where 0 <t < T < oo. We adapt this jump model with a different generator.
In our analysis, we extend and study with a quadratic growth in the control
variable. We further study the behaviour of a forward entropic risk measure

as the terminal time of the investment period goes to infinity.

Risk measures are used to determine the amount required to hold as
a buffer against unexpected losses for a portfolio. Risk measures can be
further used to measure the risk contribution of a subportfolio in a overall
portfolio (see for example Cherny (2009), Buch and Dorfleitner (2008), De-
nault (2001), Kalkbrener (2005) and Tasche (2004)). Capital allocation is
the problem of measuring the risk contribution of sub-portfolio in the overall
portfolio risk. The methods that are mostly used and studied are the full
allocation property of the Aumann-Shapley and Gradient allocation method.
Denault (2001) provided the properties of coherent capital allocation. These
are the symmetry and riskless allocation, which together justify the gradient
allocation principal. The gradient allocation is the Gateaux derivative of
the risk measure of a portfolio in the direction of the subportfolio. Tasche
(2004) showed that if the risk measure is smooth, then the partial derivative
of the risk measure with respect to the underlying asset is the unique gradi-
ent allocation principle. As a result, the risk measure needs to be Gateaux-
differentiable for the gradient allocation to exist. Denault (2001) showed that
the Aumman Shapley value is coherent and a practical approach to capital
allocation. Kalkbrener (2005) further provided the properties for gradient
allocation principle, and shows that the properties are satisfied if and only
if the risk measure is positive homogeneous and sub-additive. The gradient
allocation properties provided by Denault (2001) are shown to be equivalent
to the risk measure axioms of positive homogeneity, sub-additivity and trans-

lation invariance respectively (see Buch and Dorfleitner (2008)). For more
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analysis on the gradient allocation method, see e.g., Tasche (2007).

1.2 Aims and Objectives

The aim of this thesis is to provide and analyse the representation of risk
measures and capital allocation. We consider capital allocation because most
companies have several subdivisions and would like to allocate their aggre-
gate capital to the underlying subdivisions. There are several motivations
for allocate capital. For example, a company would want to redistribute the
cost of holding capital equitably across different subdivisions. Moreover, the
allocation of capital provides a tool for assessing and comparing subdivisions
by determining the return of allocated capital for each division. See Dhaene
et al. (2012) for further motivation for studying capital allocation. We further
extend the capital allocation to include jumps. The reason for this extension
is that jump-diffusion model is essential to capture the extreme movements
in a risky asset, for example, caused by the announcement of an important
decision made by a company or change in economic policy to the financial
market (Rong (2006)).

We first analyse and derive the representation of risk measures and capi-
tal allocation constructed using BSDEs under the jump-diffusion setting and
apply the results to the entropic risk measure. For the diffusion case, Kromer
and Overbeck (2014) derived and analysed the dynamic capital allocation of
BSDE based dynamic risk measure. Dynamic risk measures for BSDE with
jumps are studied and analysed by Quenez and Sulem (2013) and Oksendal
and Sulem (2015). However, the authors did not consider the capital alloca-

tion of the risk measure under the jumps framework.

Second, we study the representation of a dynamic maturity-independent

risk measure and derive its capital allocation under the diffusion framework.



Maturity-independent risk measures are constructed using BSDEs whose gen-
erator depends on the solution of the ergodic-BSDEs. In this case, we extend
the works of Chong et al. (2019) to derive the representation of the capital

allocation.

We further provided the representation of dynamic capital allocation us-
ing dynamic risk measures that occur as a solution to backward stochastic
Volterra integral equations (BSVIEs) under the jump setting. These dynamic
risk measures allow for the terminal value to be position processes and not
only Fr-measurable random variables. The study of dynamic risk measures
constructed using BSVIEs with jumps is done by Agram (2019). Further-
more, Kromer and Overbeck (2017) derived the capital allocation of these

dynamic risk measures under the diffusion case.

Lastly, we study risk measure representation for the forward entropic risk
measure in the jump-diffusion setting. We investigate the behaviour of the
forward entropic risk measure when the underlying stock price process is
driven by an independent Brownian motion and the Poisson processes. This
risk measure is in a category of maturity-independent risk measures intro-
duced by Zariphopoulou and Zitkovi¢ 2010. The weakness of the classical
coherent or dynamic risk measures is that of the fixed time horizon, which is
determined at the beginning of the investment period. If not, this presents
a challenge to determine whether the risk measure is still the same after the
fixed time horizon. This was the focus of the discussion by Chong et al. 2019,

and we want to revisit and discuss it in a jump-diffusion framework.

1.3 Structure of the thesis

This thesis constitutes six chapters described as follows:

In this chapter, we outline the introduction and objective of the thesis.



Chapter 2 provides the notations and definitions that we use throughout the
thesis. We give a review on concepts of stochastic calculus such as proba-
bility spaces, Martingales and Leévy processes. The chapter also covers the

theoretical concepts on BSDESs, risk measures and capital allocation.

Chapter 3, we study the representation of dynamic risk measures under
the jump-diffusion process. Moreover, we derive the dynamic risk measure
using BSDEs with jumps. By employing Malliavin derivatives of the BSDEs
and Gateaux-derivative, we obtain the capital allocation. We apply the re-

sults to derive the representation of the entropic risk measure.

In Chapter 4, we examine the representation of maturity-independent
risk measures. We derive the representation from BSDEs whose generator
depends on the solution of ergodic BSDEs. We also cover the capital alloca-
tion of the maturity-independent risk measures from the Gateaux-derivative

of the underlying risk measure.

Chapter 5 is devoted to the representation of maturity-independent risk
measures under the jump-diffusion setting. We use [t6-Ventzell formula to
determine the stochastic partial differential equation of the forward perfor-
mance process to decide the form of the generator of our ergodic BSDE.
Hence, we construct the maturity-independent risk measures representation
as a solution to the BSDE with a generator that depends on the solution of
the ergodic BSDE. We also study the behaviour of a forward entropic risk

measure under jumps when we hold a financial position for a longer maturity.

Chapter 6 is another representation of risk measure using BSVIE with
jumps. We derive the representation of the capital allocation by differenti-
ating underlying risk measure.

Finally, in Chapter 7, we conclude by providing a summary of our findings.



1.4 Published papers and preprints

The thesis constitutes of four papers on the representation of risk measure

and capital allocation listed as follows:

1)

Lesedi Mabitsela, Calisto Guambe, and Rodwell Kufakunesu. “A note
on representation of BSDE-based dynamic risk measures and dynamic

capital allocations”. Published in Communications in Statistics-Theory
and Methods (2020): pp 1-20, doi: 10.1080,/03610926.2020.1768405.

Lesedi Mabitsela, Rodwell Kufakunesu and Calisto Guambe. “An er-
godic BSDE risk representation in a jump-diffusion framework”. Sub-
matted.

Lesedi Mabitsela, Rodwell Kufakunesu and Calisto Guambe. “A note
on the ergodic BSDE-based risk representation and dynamic capital

allocation”. Submitted.

Lesedi Mabitsela and Rodwell Kufakunesu. “A note on BSVIE-based

dynamic capital allocations in a jump framework.” Submitted.



Chapter 2

Stochastic Calculus and Jump

Diffusion Processes

2.1 Introduction

In this chapter, we introduce the concepts and notations that we will use
throughout this thesis. We start by giving a review on some of the stochastic
calculus concepts that we require for our study. There are great books on
Stochastic calculus for example, see Oksendal (2010), Yong and Zhou (1999),
Karatzas and Shreve (1998), Cohen and Elliott (2015) and Evans (2012). We
consider a filtered probability space (2, F, {F;}i>0, P), satisfying the usual

conditions whenever:

(i) (2, F,P) is complete. A probability space (§2, F, P) is complete when
A, B € F and A is a P-measure zero event, then B C A.

(ii) Fo contains all P-measure zero events in F. A P-measure zero event
is defined as an event A € F with P(A) = 0; and

(iii) {F}i>o is right continuous, that is Fi+ = F;.

The set of all events is denoted by €2, and F is called a o-algebra on €2. It is

a family of all subsets of €2, having the following properties:



(i) 0 e F;
(i) A, A° € F, where A is the complement of A in €
(iii) If A; € Ffori=1,2,... then U A; € F.

The filtration {F;}>0 is an increasing collection of sub o—algebra of F, that
is for s < t, Fy C F;. We denote by B, to be the smallest o—algebra
of subsets of R” containing all open set. The probability measure P on a

measure space (€, F') is a function P : F — [0, 1] such that
(i) P(0) =0 and P(Q) = 1.
(ii) If A; € F and A; N A; for i # j then U2, P(A4;) = 2, P(A;).

The mapping t — X (¢, w) is called a sample path of the stochastic process
for any w € Q. A stochastic process X (t) is said to be adapted if it is
Fi—measurable for all t > 0. F;—measurable implies the values of the process
X(t) will be revealed at time ¢. Furthermore, a stochastic process X () is
progressively measurable with respect to {F;}i>o, if for all 0 < s < ¢ the
mapping w — X (s,w) belongs to the product of o—algebra B([0,t]) @ F;.
All available information on an event X (¢) up to time ¢ is contained in F :=
{F}i>0. That is FX C F; for all ¢, where F* = (X (t)|0 < s < 1) is the
natural filtration of X (¢). For the rest of the thesis, we consider stochastic

processes that are driven by the Brownian motion and Jump process.

2.2 Brownian Motion and Jump Processes

In this section, we present basic concepts relating to the Brownian motion
and Jump process. The definitions in this Section are from Protter (2003),
Oksendal and Sulem (2005), Applebaum (2009), Tankov 2003 and Delong
2013.

We proceed to define a Lévy process.

10



Definition 2.2.1. Let (€2, F,F, P) be a filtrated probability space. An F;
adapted process X (t) with X (0) =0 a.s. is a Lévy process if

(i) X(t) has increments independent of the past, i.e., X (t) — X (s) is inde-
pendent of F for all 0 < s <t < 0.

(ii) X(¢) has stationary increments, i.e., X(t) — X(s) has the same distri-
bution as X;_, for all 0 < s <t < 0.

(iii) X (¢) is continuous in probability, i.e., Ve > 0,

lim P(| X (t) — X(s)| > ¢€) =0,

t—s

forall 0 <s <t < o0.

Important example of Lévy process includes the Brownian motion and

the Poisson process, which are both defined below.

Example 2.2.1. The Brownian motion. Let (2, F,F, P) be a filtrated
probability space. Then an F; adapted R-valued process W(t) is called a

one-dimensional F—Brownian motion over [0, oo] if
(i) W(0) =0 a.s.,
(ii) W(t) has continuous sample paths, for any w € €,

(iii) for all 0 < s <t < oo, the increments of W (t) are independent of the
past i.e., W(t) — W(s) is independent of Fy,

(iv) for all 0 < s <t < oo, W(t) — W (s) is normally distributed with mean
0 and covariance (t — s), i.e., ~ N(0, (t — s)).

Example 2.2.2. The Poisson process. The Poisson process N(t) of in-
tensity A > 0 is a Lévy process taking values in NU {0} and so that

P(N(t)=n)= ():')n e M

Y

for each n =0,1,2,...,.

11



Assume the Lévy process X(t) is cadlag i.e., rights continuous with left
limits. We define the jump of a Lévy process X(t) at t > 0 as AX(t) =
X(t) — X(t7). Our interest is on the number of jumps of a specific size.

Hence, we define a random measure by taking A € B(R\{0}), then

N(t, A) = N(t,A,w) = Y 14(AX(1)).
0<s<t
Here, N(t, A) is a Poisson random measure of X (¢). It counts the number of
jumps of size AX (t) € A that occur before or at time t. Therefore, N(t, A) is
a Poisson process of intensity v(A) = E[N(1, A)], i.e., the intensity gives an
average value of the Poison random measure N. The Lévy measure satisfies

the following condition:
[ aalepmao <o,
Ro

and it is positive. The function v(A) is also called the Lévy measure of X (),
it is a o-finite measure on Ry := R\{0}. The derivative of N(t, A) is given by
N(dt,d¢). We denote by N(dt,d¢) :== N(dt,d¢) — v(d¢)dt the compensated
Poisson measure of N(dt,d¢). A process N(dt,d¢) is a martingale, that is
E[Ny| F,] = N, for all t > s.

We now, recall from Applebaum (2009) and Oksendal and Sulem (2005)

an essential result in stochastic calculus, that is 1t6’s formula.

Theorem 2.2.1 (Ito formula). If X is an Ito-Levy process of the form

AX (1) = p(t,w)dt + o (t,w)dW (1) + / Y(t, C)N(dt, dC) (2.2.1)

Ro

where 112 [0,T] x Q2 =R, 0:[0,T] xQ = Rand T :[0,7] x 2 x Ry —» R
are predictable processes with respect to the filtration F such that the solution
X (t) exists. Then for f € C*R), t > 0 and define Y (t) = f(t, X(t)). Then

Y (t) is again an Ito-Lévy process and

dY (t) = %(t,)((t))dHg—i(t,X(t))[u(t,w)dt+a(t,w)dW(t)}

12



82
+%<72(t,w)a—;;(t,X(t))dt+/

Ro

(f<t, X() £ T(1.0)) - F(t. X(0))

- X000 e
+/R (f(t,X(t‘) +Y(t,0)) — f(t,X(t‘)))N(dt,dC). (2.2.2)
Proof. See Oksendal and Sulem (2005) (Theorem 1.14). O

Remark: The It6 formula for the diffusion is a particular case of Equa-
tion (2.2.2), i.e., by removing the jumps from the It6-Lévy process (2.2.1),

we obtain the diffusion case.

We now state the [to-Ventzell formula for jump-diffusion process. The
It6-Ventzel for diffusion is studied by Ocone and Pardoux (1989) (Theorem
3.1 page 50) and jump process is stated and proved by Oksendal, Zhang, et al.
(2007). We apply the Ito-Ventzell formula in Chapter 5 to a forward process
U to determine the form of the generator to our ergodic BSDE. Suppose we

have two forward processes

dX (t) :u(t,w)dt+a(t,w)dW(t)+/ T(t,)N(dt,dC)
and

dU(t,z) = b(t,w, z)dt + a(t,w,z)dW (t) + | H(t,¢, x)N(dt,dC),

Ro

where b : [0,7] x Q xR = R, a: [0,7] x 2 x R — R are progressively-
measurable processes and H : [0,7T] x Ry x R — R is a stochastic process
such that the solution U(t, x) exists.

Theorem 2.2.2 (Ito-Ventzell Formula). We assume that U(t,x) is C' with
respect to the space variable x € R. Then

dU(t, X(1) = b(t, X(2)dt + a(t, X (£))dW (¢)

*aa_g(t’ X (1) [p(t)dt + o (£)dW (1)]
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%0—2@)32_[]@, X(t))dt + a(t)%a(t, X (t))dt

Ox?
+/R [U(t, X(t) + Y(t,€))
UL X (1) ~ S X)X (o)

n /R [H (1, X () + Y(t,C)) — H(t, X(£))]w(dC)

. /R [U(t X () + T(t,0)) — Ut, X (1))

+H(t, X (t) + Y(t,0))] N(dt, d¢).
(2.2.3)

Proof. See Ocone and Pardoux (1989) (Theorem 3.1) and Oksendal, Zhang,
et al. (2007) (Theorem 3.1). O

2.3 BMO martingales and Change of mea-

sure

The theory of change of measures and Girsanov transformation are important
concept in the application of stochastic process in finance. We recall the
concept of uniformly integrability from Cohen and Elliott (2015) (Section
2.5).

Definition 2.3.1. Let D C LY(Q,F,P). Then D is said to be uniformly
integrable subset of L!'(Q, F, P) if

/ X (@)|dP(w) (2.3.1)
{IX[>c}

converges to zero uniformly in X € D as ¢ — oc.

The concept of uniformly integrable martingales refers to all martingales
such that the collection of random variables is uniformly integrable. We re-

call that a random variable T : Q — [0, 00) is called a stopping time when
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an event (T' < t) € F; for each t > 0 (Applebaum (2009)).

The Girsanov Theorem illustrates what happens to a stochastic process
when the probability measure is replaced by a new equivalent probability
measure. We first, recall the Girsanov Theorem for an Itd process from

Oksendal and Sulem (2005).
Theorem 2.3.1. Let X(t) € R be an Ité process of the form
dX(t) = p(t,w)dt + o(t,w)dW(t), 0<t<T (2.3.2)
Assume there exists a process 0(t,w) € R such that
o(t,w)0(t,w) = p(t,w) fora.a. (t,w) € [0,T] x Q (2.3.3)

such that the process M(t) defined for 0 <t <T by

M(t) := exp{— /te(s,w)dW(s) - %/t 0*(t,w)ds} (2.3.4)
0 0
exists. Define a measure () on Fr by
dQ(w) = M(T)dP(w) on Fr. (2.3.5)

Assume that

E[M(T)] = 1.

Then @ is a probability measure on Fr, Q is equivalent to P and X (t) is a

local martingale with respect to Q.

Proof. See Oksendal and Sulem (2005) (Theorem 1.30). O

We now recall the Girsanov Theorem for Lévy process following from Di
Nunno et al. (2009) (Theorem 12.21) (see also Oksendal and Sulem (2005)
Section 1.4).

Theorem 2.3.2 (Girsanov’s Theorem). Let 0(t,() < 1, t € [0,T], ( € R
and p(t) € R be F— predictable processes such that

/0 s {IIn(1 +0(s,0))| + 6%(s, ) }r(d¢)ds < oo, P—a.s., (2.3.6)
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T
/ p?(s)ds < oo, P —a.s. (2.3.7)
0

M(t) = 5(/0 //R 1)N(ds, dg)T
:wﬂ /<ww>AM@w

//{lnl— ) + 0%(s, O)}w(dC)ds

[ [ m- s o) e ess

where £ denotes the stochastic exponential or Doléans-Dade exponential. De-

Let

fine a measure QQ on Fr by
dQ(w) = M (w, T)dP(w). (2.3.9)

Assume that M(T) satisfies the Novikov’s Criterion, that is

E[exp (;/ ds+/ RO{ (1—0(s,¢)) In(1 — 6(s,C))
+«9(5,§)}y(d§)ds)} < . (2.3.10)

Then E[M(T)] = 1 and hence Q is a probability measure on Fr. Define
N@(dt, d¢) = 0(t, ¢)v(dC)dt + N(dt, d)

and

dWQ(t) = p(t)dt + dW ().

Then N9(-,-) and W®(-) are compensated Poisson random measure of N(-, -)

and Brownian motion under @), respectively.
Proof. see Oksendal and Sulem (2005) (Section 1.4). O

Under the Novikov’s Criterion, the stochastic exponential Z(t) is a pos-

itive uniformly integrable martingale (Cohen and Elliott (2015) Theorem
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15.4.20). This ensures that probability laws applied to the stochastic process
still hold under the new probability measure. Next, we introduce the notion
of Bounded Mean Oscillation (BMO) martingales. A local martingale M is
in the class of BMO-martingales if there exists a constant K, K > 0, such
that, for all F-stopping times T,

e85 SUp E[(M(T)) — (M(T)) | Fr] < K* and |AM(T)]* < K*.

We say a process { M (t)|t > 0} is a local martingale if there exists a sequence
of stopping times {7, }nen such that as 7, — oo, M(7,) is a martingale.
For the diffusion case, the BMO-martingale property follows from the first
condition, whilst in a jump-diffusion case, we need to ensure the boundedness
of the jumps of the local martingale M. Now we recall the Kazamaki’s
Criterion from Morlais (2009b) (also see Kazamaki (2006) Theorem 2.3 for

the continuous case) in the next lemma.

Lemma 2.3.3. Let 0 be such that: 0 < d < oo and M a BMO martingale
satisfying AM(t) > —1+ 6, P-a.s. and for all t, then the Doléans-Dade
exponential of M denoted by E(M) is a uniformly integrable martingale.

Proof. See Kazamaki (1979). O

2.4 Malliavin Calculus

In this section we provide properties of Malliavin calculus (see Di Nunno et al.
(2009), Nualart (2006), Delong and Imkeller (2010) and Fujii and Takahashi
(2018) and reference therein on more properties and theory on Malliavin cal-
culus). Malliavin calculus (also known as stochastic calculus of variations)
was first introduced by Paul Malliavin (1978) as an infinite dimensional dif-
ferential calculus on the Wiener space. It uses the theory of integration by
parts to study the derivatives of functions on this space. (For an extension
of Malliavin calculus to jump process see Bichteler et al. (1987), Carlen and
Pardoux (1990) and Di Nunno et al. (2009)). Using Malliavin derivative, we
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can obtain the representation of the BSDE-based capital allocation of the
underlying risk measure under the jump-diffusion framework (this is done in
Chapter 3).

We note that a smooth random variable F' is Malliavin differentiable if
and only if FF € D"? C L?(P) (Fujii and Takahashi (2018)). The respective

norm is defined as follows

IFI2, :E|F|2+Z/ |D’F|2ds+2/ / D3 FIC20,(dC)ds]

We first recall the Ito representation property, for which the diffusion case
is provided by @ksendal (2003) (Theorem 4.3.3).

Theorem 2.4.1 (The Itd representation Theorem). Suppose F € L*(Fr),

then I has the following representation

Z(s)dW (s s,2)N(ds,d¢) 0<t<T, (24.1)
i+ [z [

where Z(+) and KC(+, ) are predictable processes, integrable with respect to W
and N.

Proof. See Applebaum (2009) (Theorem 5.3.5). O

By the Ito representation Theorem, we can represent a random variable

in terms of stochastic integrals with respect to W and N.

We recall from Di Nunno et al. 2009 the Clark-Ocone formula and the
chain rule on the Brownian and Poisson probability space (2, F, P).

Theorem 2.4.2 (The Clark-Ocone Formula). Let F' € D%? be Fr—measurable.
Then

T
F:E[F]+/ E[D,F|F]dW (t / / D, (F|F]N(ds,dC).
0
Proof. See Di Nunno et al. (2009) (Theorem 4.1 and Theorem 12.16). O
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The Clark-Ocone Formula (2.4.2) provides an explicit representation of
the processes in the It6 representation theorem (2.4.1), Z and K in terms of

the Malliavin derivatives as follows

Z(s) = E[D,F|F],
K(s,() = E[D,.F|F). (2.4.2)

The next theorem states the chain rule for evaluating Malliavin derivatives
(see Di Nunno et al. (2009) Section 12.2 and Qksendal (1997)).

Theorem 2.4.3 (Chain Rule). Let F' = F,..., F,, € D1, and let ¢ be a real
continuous function on R. Suppose p(F) € L*(P x dt) and ¢(F + D, ,F) €
L*(P x dt x v). Then o(F) € Dy,

LN
_;m ©(F)D,F,

and
D,co(F)=@(F + Dy cF)—(F) t>0 a.s.

Proof. See Nualart (2006) (Proposition 1.2.3) and Di Nunno et al. (2009)
(Theorem 12.8). O

The following examples are generic and can be found in @ksendal (1997)
and Di Nunno et al. (2009).

Example 2.4.1. Let ¢; € [0,7]. The derivative of o(W (t;)) = e"®) is
Dsp(W(t1)) = exp(W (t1)) Xjo,1,] (1)-
Example 2.4.2. The derivative of K = exp <f0 Jag (t)CN(dt, dC))

D,cK = exp (/ /RO H)CN(dt, d¢) + h(t )Q)

= Kexp(h
(2.4.3)
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The following definition from Di Nunno et al. (2009) (Definition A.9), we
will use in Chapter 3 to determine the representation of the capital allocation

under the jump-diffusion framework.

Definition 2.4.1. Let F : Q2 — R be random, choose h € L?*([0,T]), and
consider .
n(t) = /0 h(s)ds € . (2.4.4)
Then we define the directional derivative of F' at the point w € §2 in direction
n € Q by
DyF(w) = TP+ en)]co

if the derivative exists.

Note that the set of n € Q formulated in the form (2.4.4) for some
h € L*([0,T)), is called the Cameron-Martin space and is denoted by H.

2.5 Backward Stochastic Differential Equa-
tions (BSDEs)

In this section we recall BSDEs driven by two independent stochastic pro-
cesses - the Brownian motion and Poisson random measure. We consider
BSDEs where the generator has a quadratic growth in the Brownian motion

component and exponential growth in the jump component.

The BSDE driven by the Brownian motion is an equation of the form

Y(t)=¢ +/t g(s,w,Y(s), Z(s))ds — /t Z(s)dWi(s), 0<t<T
(2.5.1)

where (W (t))o<t<r is a standard Brownian motion on a probability space
(Q, F,F, P). The function g : [0, T]xQxRXxR — R is called the generator or
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drive and terminal value, &, is a real-valued Fr—measurable random variable.

The BSDE is expressed in the differential form as

AY (1) = —g(t,w,Y (1), Z(t))dt + Z()dW (1),
Y(T) = ¢ (2.5.2)

In this thesis, we will consider BSDEs studied by Kobylanski et al. (2000)
(see also Tevzadze (2008) and Barrieu, Karoui, et al. (2013)) that have a
quadratic growth generator, that is, |g(t,y, 2)| < K(1+ |y|+|z|*). Quadratic
growth refers to the quadratic feature of the control term, z, which appears

in the generator.

The next definition, recalls (from Cohen and Elliott (2015) and Delong
(2013)) the BSDE under a jump-diffusion process.

Definition 2.5.1. Given an Fr—measurable R—valued random variable £
and function g : [0,7] x 2 x R x R x L?(Ry) — R, a backward stochastic
differentiable equation (BSDE) with jumps is an equation of the form

AY (1) = —g(t,w,Y(t), Z(t), Y(t,0))dt + Z(£)dW () + / Y(t, Q)N (dt, dC),

Ro

Y(T) = ¢ (2.5.3)

for t € [0, T] and g(t,w,Y, Z, 1) := g(t,Y, Z,Y). The integral form on [¢t, T

Y(t) = §+/t g(s,w,Y(s),Z(s),T(s,())ds—/t Z(s)dW (s)
—/t /RT(S,Q)N(ds,dC). (2.5.4)

The function g is the generator and the pair (¢, g) are the data of the BSDE.
The solution to the BSDE (2.5.4) with data (£, g) is the triple of processes
(Y, Z,Y), with an adapted and cadlag Y, predictable R-valued process Z and
a predictable process T taking values from L2(RRy).
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The data (£, g) of the BSDE (2.5.4) is said to be standard if the following

standard conditions hold:
(i) E[I¢]]7] < oo,
(ii) E[f) [lg(t,w,0,0,0)|[2dt] < oo,
(iii) There exists a constant K such that dP x dt — a.s.

lg(t,w,y, 2,0) = g(t,w, ¢/, 20| < K(lly = o|I> + ||z = 2'[]?
+[ v —'[]?) (2.5.5)

for all y,y/ € R, 2,2’ € R and v, v’ € L%(Ry).

This type of model is introduced by Becherer et al. (2006) and Morlais
(2009b) in the context of utility maximization. Other existing results on
BSDEs with jumps can be found in Delong (2013), Cohen and Elliott (2015)
and Karoui et al. (2016). Becherer et al. (2006) (in Lemma 3.4) showed that
the martingale components of the BSDE (2.5.4) are BMO-martingales. The
BMO property of the martingale components will be useful later when we
apply the Girsanov Theorem. The quadratic-exponential BSDE with jumps
that we will be working with in Chapter 3 is from Karoui et al. (2016),
Antonelli and Mancini (2016) and Fujii and Takahashi (2018), where the
data (&, g) of the BSDE in addition to the standard conditions satisfy the

following conditions:

(i) The map (t,w) — g(t,w, -, -, -) is F-progressively measurable. For every
(y,2,v) € R x R x L%(Ry), there exist two constants ¥ > 0 and v > 0
and a positive F-progressively measurable process (¢, ¢ € [0,T]) such
that

Y .
~tr= ] = 31 = [ (ot ) < gty z10)
R

0

<t oyl + 21+ [ o), (250
Ro

dt @ dP-a.e. (w,t) € Q x [0,T], where j,(v) := %(ew —1—~v).
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(ii) |£], (4, t € [0,T]) are essentially bounded i.e., |[£]|oo, ||€||s= < 0.

The existence and uniqueness of the solution to the quadratic-exponential
BSDE (2.5.4), is proved in Fujii and Takahashi (2018), Antonelli and Mancini
(2016) and Morlais (2009b). The exponential refers to the exponential ex-
pression appearing in the generator because of the jump coefficient (Karoui
et al. (2016)).

A valuable tool in BSDEs is the comparison theorem, which we state here
from Cohen and Elliott (2015) and Delong (2013). It lets us compare the
solutions of two BSDEs. For example, if the data of two BSDEs satisfy an

inequality, then also will their solutions.

Theorem 2.5.1 (The Comparison Theorem). Let (£, g) and (£, g’) be stan-
dard Lipschitz data for two BSDEs, with solutions (Y, Z,Y) and (Y', Z',Y")

respectively. Suppose
(1) &> ¢ Pas.
(2) glw,t,y,z,v) > g(w,t,y, 2,0 dt x dP— a.s.
(3) g(t,y, z,0) = g(t,y, 2,0") < o ©¥=0 (£, O)[v(t, ¢) — ' (t, Q)]w(dC) a.s.,
a.e., (w,t) € A x[0,T], for ally € R,z € R,v,v" € L2(Ry) and there

exists a predictable process OV*VY : Q x [0,T] x R — (—1,00) such
that t — [, 0¥ (t,¢)[Pv(dC) is uniformly bounded in (y,z,v,v").

Then Y (t) > Y'(t) fort € [0,T]. Furthermore, if for some A € F; we also
have (Y (t) =Y'(t))x, =0, then Y =Y on Ax [t,T], i.e., if Y and Y' meet,

they remain the same from then onwards.

Proof. See Cohen and Elliott (2015) (Theorem 19.3.4) and Delong (2013)
(Theorem 3.2.2). O

2.5.1 Ergodic BSDEs

In this section, we consider ergodic BSDEs, which we use to study forward

entropic risk measures. Ergodic BSDEs are an extension to BSDEs, which
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takes the form

Y(t) = Y(T)+/T(g(X(s), Z(s))—)\)ds—/T Z(s)dW(s), 0<t<T < oo

t t (2.5.7)
The solution to the ergodic BSDE (2.5.7) is a triple (Y, Z, \), where Y and
7 are adapted real valued processes and A is a real number. The process, X,
is the stock price process (or the forward process) (this will be explained in
Chapter 4). The ergodic BSDE’s solution is derived as a limit of solutions to
the infinite horizon BSDE. In ergodic BSDEs, there is no terminal condition
given at some determined terminal time 7". Also, the ergodic BSDE system
solves for the backward component by first valuing the forward process over
a long enough time instead of a finite deterministic time (Fedyashov (2016)).
This long running behaviour is captured in the component A, which is part

of the solution.

The ergodic BSDEs (2.5.7) was first introduced by Fuhrman et al. (2009),
where they applied the ergodic BSDE to an optimal control problem. Further
research on ergodic BSDE is by Fedyashov (2016), Allan and Cohen (2016)
and Debussche et al. (2011).

The ergodic BSDEs are extended to jumps by Cohen and Fedyashov
(2014). Given the function g the ergodic BSDE with jumps is given by

Y(t,z) = Y(T,x) +/ [g(X (s,2),Y(s,x), Z(s,x), Y(s,2,()) — Ads

_/tTZs;L’dW //R (s, 2, ()N (ds,dC),  (2.5.8)

where 0 < t < T < oo, Y is a real valued cadlag process, Z and T are
predictable processes. Cohen and Fedyashov (2014) have shown that there

exists a Markovian solution to the ergodic BSDE with jumps.

Theorem 2.5.2. Define
Y(t,z) = o(t, X(1)),
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there exist processes Z(x) and Y (z) such that the quadruple (Y (x), Z(x), T(x), \)
solves the ergodic BSDE

Y(t,z) = Y(T,x) +/ g(X(s,2),Y(s,x), Z(s,x), Y(s,x,()) — Ads

_/tTZ(sxdW //R (5,2, CO)N(ds,d¢),  (2.5.9)

for0 <t <T < oo Moreover, if there ezists any other solution (Y', Z', X', \')
that satisfies
Y'()] < (1 + [1X (8, 2)]]%), (2.5.10)

for some constant ¢ that may depend on x, then A = .

Proof. See Cohen and Fedyashov (2014) (Theorem 10). O

Cohen and Fedyashov (2014), further proved that there exist a unique
Markovian solutions for the ergodic BSDE (2.5.8) with jumps.

Theorem 2.5.3. Let (Y, Z, T, \) and (Y', Z', X', \) be two Markovian solu-
tions to the ergodic BSDE. If Y, Y’ satisfy the growth condition (2.5.10), v, v’
satisfies

v(t,x) =v({t+T"x), Vt>0

and v'(0,0) = v(0,0), then v =" a.e., for some T* > 0.

Proof. See Cohen and Fedyashov (2014) (Theorem 11). O

2.6 Risk Measures

In this section, we define and discuss the properties a risk measure. We also
study the connection between risk measures and BSDEs. Risk measures are
tools to quantify the riskiness of a financial position held by an investor.
We utilise the quantification to decide if the risk is acceptable or not. Risk
measures are tools to quantify the riskiness of a financial position held by
an investor. We utilise the quantification to decide if the risk is acceptable

or not. The risk measure aids the investor to manage the capital required
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to cushion the risk in unfavourable market conditions. Once, we decide on
the required capital, and this then leads us to allocate it to the varies sub-

divisions or sub-portfolios.

2.6.1 Definition and properties
We define by X C L?(Fr) the space of financial positions &.

Definition 2.6.1. (see Artzner et al. (1999), Gianin (2006)) A mapping
p: X — R is a static risk measure if, for any & and & in X, it satisfies the

following axioms:

A1) Monotonicity: p(&1) < p(&2), V & < &5

A2) Translation invariance: p(&; +m) = p(&1) —m, m € R;

A3) Subadditivity: p(&1 4+ &2) < p(&1) + p(&2);

A4) Positive homogeneity p(k&) = kp(&1), k > 0;

A5) Convexity: p(A& + (1 —N)&) < Ap(&) + (1 — N)p(&), A € (0,1).

The functional p(§) quantifies the risk of a financial position £ € X. The
position £ is acceptable when p(§) < 0, and unacceptable otherwise (Artzner
et al. (1999)). The functional p(§) represents the capital amount that an in-
vestor can withdraw without changing the acceptability of £&. Monotonicity
implies that p is non-increasing with respect to £ € X. The financial meaning
is that if a position &; is always higher than &, then the capital required to
support & should be less than capital required for &. Subadditivity allows
for risk to be reduced by diversification since the risk of a portfolio & + &
is bounded by the sum of individual risk of position & and &. Translation
invariance states that if you add a certain amount m to the initial investment
position, then the risk of that investment will decrease by that amount m.
Note that, if a position £ is not acceptable, then adding an amount p(§) to it
will make the position acceptable, i.e. p(&+p(§)) = p(&) —p(§) = 0. Positive
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homogeneity tells us that the capital required to support £ identical posi-
tions is equal to k times the capital required for one position. The convexity
property illustrates how the risk of a position might increase in a nonlinear
way as the position is multiplied by a factor, due to liquidity risk of a large

financial position.

A convex risk measure p whose domain includes X such that p(§) < oo
where § € X, satisfies property 5) see Follmer and Schied (2002) and Frittelli
and Gianin (2002), while a coherent risk measure satisfies properties 1) to 4)
see Artzner et al. (1999) and Delbaen (2002).

2.6.2 Dynamic Risk Measures

In this subsection, we define a dynamic risk measure, which measures risk at
an intermediate time ¢ € [0, 7] while considering all information available up

to time ¢. Firstly, we recall the time-consistent property from Delong (2013)
A6) Time-consistency p,(&) = ps(—ps(£)) 0< s <t < T, & € L*(Fr).

Put simple, time-consistence means a risk measure is consistent at different
times. Measuring risk at time s should be the same as first measuring risk at
an intermediate time ¢ > s and then quantify it at time ¢ to time s. We state

from (Gianin (2006)) the following definition of a dynamic risk measure:

Definition 2.6.2. A mapping (p¢)cjo,r] is @ dynamic risk measure for all

£ € X and t € [0,T], if the following properties are satisfied:
(a) pr: X — LY(F).
(b) po is a static risk measure.

(c) pr(€) =—¢ forall £ € X.

The risk measure p;(£) provides us with the value that is at risk at time
t for holding a financial position &, which will be liquidated at time 7. A

dynamic risk measure is called coherent if it satisfies, positive homogeneity,
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monotonicity, translation invariance and subadditivity. A dynamic convex
risk measure satisfies the convexity property and assume p;(0) = 0 for any
t € [0, 7] (Gianin (2006)).

The following from Delong (2013) defines dynamic risk measures con-

structed as a solution of BSDEs.

Theorem 2.6.1. Let pf(&) == Y=5(t), t € [0,T]. Then p is monotone,

time-consistent dynamic risk measure. In addition,

(a) if g is sublinear in (z,v) and independent of y, then p is a coherent

dynamic risk measure.
(b) If g is convex in (y, z,v), then p is a convexr dynamic risk measure
Proof. See Delong (2013) (Theorem 6.2.1 and Proposition 6.2.3). O

The component Y*¢ is the solution of the BSDE (2.5.4). The driver g
plays an essential role in the construction of risk measures by BSDE. The

dynamic entropic risk measure defined by
1
(€)= ;lnE[e_“@ | ]—"t] . v >0,te0,7]

is a classic example of a time-consistent dynamic risk measure that can

be constructed using quadratic BSDE
T T
Y(t) =—¢ +/ §\Z\st - / Z(s)dW(s), 0<t<T.
t t

See Barrieu and Karoui (2007) (Proposition 6.4).

In the jump-diffusion framework the dynamic entropic risk measure is
defined as
pl(E) =Y (t) forallte0,T), (2.6.1)

with Y (¢) as the first component to the solution (Y (), Z(t), Y(t,()) of
the BSDE

v = e+ [ (308 [ (epame.0) - 1160 - 1m0 )ds
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—/tTZ(s)dW(s)—/tT/ROT(s,C)N(ds,dC).
The generator
o020 = [ (26004 L [ (exp006:6) = 77060 = 1)ota) s
(2.6.2)

and the terminal value £ satisfying the standard condition and condition

(2.5.6).

Theorem 2.6.2. Suppose p and g are defined as in (2.6.1) and (2.6.2) re-

spectively then p is a conver dynamic risk measure, this means the following

axioms hold:
(a) Convexity If g is convez, i.e.,
g(t, Az1 + (1= N)z9, Avg + (1 — Nvg) < Ag(t, z1,v1) + (1 — N)g(t, 22, v2),

A€ (0,1) and (t, 21,v1), (t, 22,v9) € [0,T] x R x L%(Ry)

then p is convex, i.e.,
pl( A&+ (1= N)&) < Apf (&) + (1 = A)pi (&), t€[0,T].

(b) Translation invariance If generator g is independent of y, then

pi (&) is translation invariant, i.e.,

pf(ﬁ%—ﬂﬂ :pf(£> -—m tle [OvT]v m € R.

(c) Monotonicity If & < &, then pi(§) < pi(61), t € [0,T] and &,& €
L*(Fr).

(d) Time-consistency If & € L*(Fr), then ps(&) = ps(—pi(€)) for all
0<s<t<T.

Proof. (See Delong (2013) (Chapter 6), Agram (2019) and Barrieu and Karoui
(2007) (Section 6)). We provide the sketch of the proof for completeness.
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(a) Convexity: To prove that
pL(AG + (1= N)&) < Apf (&) + (1= N)pi (&), t€]0,T],
we have to show that
YAV (1) < AV (1) + (1 =AY 82(1), t€[0,T).

We fix A € (0,1) and consider the BSDE

VOGN =~ + (1= &)+ [ (5,200, V(s O)ds

o [ [ s

with the solution (Y, Z,T) € R x R x L?(R,). We define

Y(t) = AY 7))+ (1= NY ()
Z(t) = MZ79() + (1 =N Z7%2(1)
T(t) = AY5@0) + (1 - )T 2(1).
(2.6.3)

Then, we look at the following BSDE
T
Y(t) = —(A\a+(1-N&) +/ Ag(s, 275 (s), T4 (5, ¢))ds
t

+/t (1= N)g(s, Z7%(s), T7%(s,())ds

—/tT //R ¢)N(ds,d¢)

> (& (1 V&) + / 9(s, Z(s), T (5, 0))ds

- 2= [ [ 1080

The last inequality is a result of the convexity of ¢ in Z and Y. Then
by the Comparison Theorem (2.5.1) we conclude that

}A/*()\&Jr(l*)\)éz)( )

IN

Y(t),
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for each ¢ € [0,T]. Thus
Pl (A& + (1= N)&) < Apf (&) + (1= N)pf (&), te[0,T]
(b) Translation invariance: We take two BSDEs
T
Yyt = —£—i—m+/ g(s, Z75tm(s), Y= (s,())ds
T T
— [ Z75™(s)dW (s) — T+ (s, ()N (ds, d
| zem@awts) = [ [ e, fas. o
and
T
V) = e [ g2, s
T T
— [ Z%(s)dW (s) — T¢(s, ()N (ds,dC).
| z@aws - [ [ rée ot ac)

We note that
Y () = Y () + m.

Consequently

plE+m) = Y (1)
= Yt +m
= pl(§) —m foreacht € [0, T]. (2.6.4)

(¢) Monotonicity: If & < &, then by the Comparison Theorem (2.5.1)
we have Y751 (¢) > Y ~%2(¢). Hence,

pi(E2) =Y (1) < pf(&1) =Y (1).
(d) Time-consistency: We want to prove that

ps(g) = ps(_pt(g))a

i.e.,

Y=E(s) = YV O(s),
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for three bounded stopping times 0 < s < t < T'. a.s., We note that
V) = v+ [ gt 2. T O

—/STZ(u)dW(u)—/ST/RO Y (u, Q)N (du, d¢)

= ¢+ [ gl 2, (0.
—/tTZ(u)dW(u)—/tT/RO T (u, ¢) N (du, dC)
[ ot 200, 70
—/STZ(u)dW(u)—/ST/RO Y (u, Q)N (du, d¢)

= ¢t [ gtu 2@, 0~ [ Zaw)

- / / T (u, ()N (du, dC)
= Y (), (2.6.5)

the process defined by Y *®(u) on [0,#] and by Y ¢(u) on [t,T] is the
solution of the BSDE (£, ¢9,T). Therefore, the uniqueness of the solution
implies the time-consistency property (Barrieu and Karoui (2007) Theorem
6.7). Hence,

ps(&) = ps<_pt (f))

2.6.3 Capital Allocation

In this subsection we discuss the capital allocation properties. Let X;, X5, ...,
X,, € X be the financial positions, with the corresponding risk contribution
to the overall portfolio denoted by p(X;|X), i =1,2,...,n. Consider a port-
folio X € X, consisting of X;, subportfolios, that is

X = zn:X
i=1
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The portfolio risk is given by p(X). The capital allocation problem is allo-
cating the overall risk p(X) of the portfolio X to the individual subportfolios

in the portfolio. That is, we require a mapping such that
p(X) = 3" p(Xil X). (2:6.6)
i=1

Such a relation is called the full allocation property, since the overall portfolio
risk is fully allocated to the individual subportfolios in the portfolio (Tasche
(2007)).

Let p be a risk measure that is Gateaux differentiable at X in its domain,

then the gradient allocation p(X;|X) is determined by

p(Xi|X) = Vxp(X)
p(X + eXi) — p(X)

= lim

e—0 €
= 4 oxtexy) (2.6.7)
= P ) 6.

Equation (2.6.7) defines the static gradient allocation principle, which is
the Gateaux-derivative of X in the direction of Xj, for i = 1,2,...,n (see
Kromer and Overbeck (2014) and Kromer and Overbeck (2017)). The static

Aumann-Shapley allocation is represented by:

1
Ve = [ VxpBX)ds =12 (269

where § € [0,1] is taken to be portfolio weights. If the risk measure p
is positive homogeneous, then the Aumann-Shapley allocation reduces to
the gradient allocation principle (2.6.7) (Denault (2001)). For the Aumann-
Shapley, we do not require the risk measure to be positively homogeneous to
satisfy full allocation property. However, the gradient allocation does need
the risk measure to be positive homogeneous to satisfy the full allocation
property. According to Kromer and Overbeck (2014), the Aumann-Shapley

and Gateaux-derivative can be jointly used to risk measures that do not
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satisfy the positive homogeneity property. Hence, the combination can be

used for convex risk measures that do not satisfy the positive homogeneity

property.
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Chapter 3

Representation of BSDE-based
dynamic risk measures and

dynamic capital allocations

3.1 Introduction

In this section, we derive a representation for dynamic capital allocation
when the underlying price process includes extreme random price movements.
Moreover, we consider the representation of dynamic risk measures defined
under BSDEs with generators that grow quadratic-exponentially in the con-
trol variables. Dynamic capital allocation is derived from the differentiability
of BSDEs with jumps. The results are illustrated by deriving a capital allo-
cation representation for dynamic entropic risk measure and static coherent

risk measure.

The remainder of the chapter is organised as follows. In Section 3.2,
we present the notations and define concepts that will be used throughout
the chapter. Section 3.3, we derive the representation of dynamic risk capital
allocation based on the BSDE with jumps. From dynamic risk capital alloca-

tion results we derive the representation of the BSDE based dynamic convex
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and coherent risk measures. We conclude in Section 3.4 with applications of

our results to the entropic risk measures.

3.2 BSDE-based dynamic risk representation

In this chapter, we let our source of randomness be modelled by two inde-
pendent processes: the one-dimensional standard Brownian motion, W =
{W(t), F(t);0 < t < T}, defined on a probability space (QV, FWV, PW),
and the independent compensated Poisson random measure, N(dt,d() =
N(dt,d¢) — v(d¢)dt defined on the probability space (QN, FN PN), with v
on Ry = R\{0} as the Lévy measure of N(-,-). If we let B(Ry) denote the
family of Borel sets A C R. Then the Poisson random measure N(A,1),
counts the number of jumps of size AX € A that occur on or before time ¢
and its derivative is given by N(d(, dt) (Oksendal and Sulem (2005)).

Let (€2, F, P) be the product of the canonical filtered probability spaces
QY x QN,]:W ® .FN, PV ® PN) and the filtration F := (F)ico,r is the
canonical filtration. Let X be the space of financial positions with maturity
T, i.e., X is consider to be the space L*(Q2, Fr, P) with essentially bounded
random variables with norm || X||. = esssup | X]|, or the space LP(2, Fr, P),
for 1 < p < oo of p-integrable random variables. The components of X
represent the terminal value or net worth at maturity 7" of an investment
portfolio. The goal is to summaries the financial riskiness of a position £ € X

in a single number at any time ¢t € [0, T}, i.e., a dynamic risk measure denoted
by pi(€)-

Definition 3.2.1. We call a mapping p; : X — L°(F;), where p,(§) = —¢€, a
dynamic convex risk measure if the properties of monotonicity, translation in-

variance, convexity and time-consistency are satisfied (see Sub-section 2.6.2).

The quantity p;(£) provides us with a single value that summaries the

riskiness at time ¢ € [0, T of the financial position {. The position ¢ is said
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to be acceptable whenever p;(§) < 0, and unacceptable otherwise.

In this work, the dynamic risk measures are constructed using BSDEs. We
consider a quadratic-exponential BSDE, (defined as in Karoui et al. (2016))
for t € [0, 7] of the form

Y(t) = —£—i—/t g(s,Y(s),Z(s),T(s,C))ds—/t Z(s)dW (s)

_/T/ Y(s,()N(ds,d(), 0<t<T, (3.2.1)

where £ : 2 - Rand g : Q x [0,7] x R x R x L?(Ry) — R. The solu-
tion to Equation (3.2.1) is given by the triple (Y'(¢), Z(t),T(t)) € S*(R) x
HZ,(R) x H3 (R), where the adapted process Y (¢) is controlled by the con-
trol processes Z(t) and Y(¢), such that Y (7') = &. For the existence and
uniqueness of such BSDEs, the driver and terminal condition are subject to
the standard condition stated in Chapter 2 and the following assumptions.
We adapt the assumptions from Fujii and Takahashi (2018) (see also Briand
and Hu (2006), Karoui et al. (2016), Royer (2006), Delong (2013)).

Assumption 1. For m > 0 and (y, z,v), (v/,2/,v') € R x R x L%(RRy) satis-
fying
|y|7 |y,|a ||U||L37 ||'U,||L12, S m,

there exists some positive constant K, depending on m such that
l9(t,y, 2,0) —g(t 9, 2, )| < Kol — o' + [lv = v']2z)
i (141 + 1+ el + e o - 21 (322
dt ® dP a.e. (w,t) € Q x [0,T].

Assumption 2. For all ¢t € [0,7], m >0 and y € R,z € R,v,v" € R with
yl, ]2z, |[V'| |2 < m, there exists a P ® B(R)-measurable process OV

satisfying dt @ dP-a.e.

ot 9, 20) — gty 2,0") < / QU= (1, () [u(t, ¢) — v (t, O)J(dC)(3.2.3)

Ro
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and CL(1AC]) < OV*"(¢) < C2(1 A [C]). Here CL and C2 are two
constants satisfying the following conditions C!' > —1 and C? > 0 and are

dependent on m.

Fujii and Takahashi (2018) (in Theorem 3.1) proved the existence of a
unique bounded solution (Y, Z,T) € S* x H3, x H% of the BSDE (3.2.1).
Moreover, Z belongs to the set of progressively measurable real valued func-

tions denoted by H7, MOW) satisfying

|

and T belongs to the set of predictable processes, denoted by H?, Mo(n) Sat-

2

T
:esssupE[/ |Z(s)|2ds’]-}] <K? P-—as.

BMO(W)

isfying the following

i TN s, )

2

= esssupE[/ . |T(57§)|2V(dC)d5}ft}

+AM(T)| < K*.

BMO(N)

We consider dynamic risk measures constructed using BSDEs with jumps,

where the generator g is independent of Y. That is, we define:
pl(&) =Y (), forte[0,T), (3.2.4)

where Y ~¢(¢) is the first component of the solution (Y (), Z(t), Y(¢,¢)) to
the BSDE

Yt = 6+ / 95 Z(s), X(s, €))ds — / Z(s)dW (s)
—/T/ T(s,()N(ds,d¢), 0<t<T, (3.2.5)

where £ : Q — Rand g: Qx [0, 7] x Rx L2(Ry) — R satisfying the standard

conditions and Assumptions 1 - 2, such that

g(t,z,Y(t,¢)) == L(t,z,T) + %7|z|2 + %/ (T —1—9")v(dz) (3.2.6)

Ro
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and is a special case of the generator in the standard condition (Equation
(2.5.6)), because it is independent of the process Y (). For the risk measure
to satisfy the translation invariance property, the BSDE generator should be
independent of Y'(+) (Quenez and Sulem (2013)). Similar to Subsection 2.6.2,
pi defined in (3.2.4) with generator in (3.2.6) is a dynamic convex risk mea-
sure satisfies the properties of convexity, translation invariance, monotonicity

and time-consistency defined in Chapter 2.

3.3 BSDE differentiability

To define the gradient allocation, we need the differentiability for BSDE with
jumps. In the Brownian case, Kromer and Overbeck (2014) used classical
differentiability results for BSDEs adopted from Ankirchner et al. (2007).
In our case, we use Malliavin’s differentiability of the quadratic-exponential
BSDE with jumps (see Ankirchner et al. (2007), Fujii and Takahashi (2018)).

As in Fujii and Takahashi (2018), we consider the following quadratic-
exponential BSDE:

vty = e~ [ Z(s)aw(s)— / / T(s, )N (ds, d)

T
t
T
v g(s,ws),Z(s), / p<<>G<s,T<s,<>>u<d<>)ds (33.1)
0
for t € [0,7] where £ : @ - R, g : Q@ x [0,T] x Rx R xR — R, and
pP R - R, G : [0,T] x R — R for each i = 1,..., k. The driver
g(t, Y(t), Z(t), fRo p(Q)G(t, Y (t, C))y(dC)), satisfies the standard conditions
and Assumption (2), where the last arguments denotes a k-dimensional vec-
tor whose d-th element is given by [, p'(¢)G'(s, Y'(s,¢))v*(d¢). Fujii and
Takahashi (2018) assume that for every i € {1,...,k}, the functions p* and
G'(t,Y) are continuous, with p’ satisfying fRo Ip"(¢)|*v'd(¢) < oo. The func-
tion G'(t,v) is continuous in both arguments and one-time continuously dif-

ferentiable with respect to v.
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Assumption 3. (Fujii and Takahashi (2018)) Let v, = [, p(Q)G(t, Y(t, ¢))v(d()
and vy = [o p(Q)G(t, T'(t, ))v(dC).

(i) The terminal value is Malliavin differentiable; £ € D2

(i) Foreach m > 0and for every (y, z, T) € RxRxR satisfying |y|, || Y]] o) <
m, the driver g(t,y, z, T;), t € [0, T] belongs to D*? and its Malliavin deriva-
tives are denoted by Dyg(t,y, z,v) and Dscg(t,y, z,v;). Furthermore, the
driver g is continuously differentiable with respect to its state variables.

(iii) For every m >0 and (y,2,Y), (v, 2/, Y) € R x R x R, satisfying |y|, |v/|,
[[T][zz2, [|T'||z2 < m, the Malliavin derivative of the driver satisfies the fol-

lowing local Lipschitz conditions;
1DLg(t,y, 2, 0) = Diglt,y, 2 o)l < K (ly — o'+ [oe — il + (1 + [2]
2+ ol + Vi) = )
for ds-a.e. s € [0,T] withi € 1,...,d, and

Dicyty' 2 o)l < KUy — 'L+ oo —vil + (1 + 2]
H2| 4 o] + [vi)]z = ')

|Ds Cg<t Y, z, Ut)

for ds-a.e. s € [0, T)withi € 1,..., k. Foreverm > 0 and (s,(), (K™(t),t €
[0,T])ic1,...a and (Kgéi(t),t € [0,7))ie1,...a are R -valued F;-progressively

measurable processes.

(iv) There exists some positive constant r > 2 such that

T
[ (BlDuer+ ([ 1ot 0la + 5] ) Sat,ae) < o0
[0,T]xRF 0

hold for Vg > 1 and Vm > 0.

Q=

Fujii and Takahashi (2018) (in Theorem 5.1), proved that under the above
assumptions the solution (Y, Z,T) € S? x ]HIZBMO(W) X HQBMO(N) of the BSDE
(3.3.1) is Malliavin differentiable with respect to W and N. i.e.
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(i) There exists a unique solution (D,Y, D,Z, D,T) € S? x H? x H? to the
BSDE

DY (t) = Dy — /DZ )dW (u //DTug (du, d¢)
N / [Dsgm, ©) + 0,9(u, ©) DY (u) + D.g(u, ©)D,Z ()
10,9(u,0) / P(C)x G, X (1, €) Dal(T(ut, O))(dC) | du

(3.3.2)

for 0 < s <t < T where O := (Y(t),Z(t),fROp(C)G(u,T(u,C))l/(dC)).
The solution satisfies fOT |DsY, DsZ, Ds (Y||*ds < .

(ii) There exists a unique solution (Ds Y, Ds¢Z, DsY) € S* x H* x H? to
the BSDE

D, Y(t) = Ds,gf—/ Dy Z(u)dW (u)
/ [ DY) N (. )

% { / Y, (u Y () + (Do cY (), Z(u) + Dy Z (),

[ #0606 + DT <>)u<d<>)
—9g(u, @)] du,
(3.3.3)

where 0 < s <t < T, (+# 0 and for (*v(¢)ds — a.e. (s,) € [0.T] x Ry.
The solution satisfies fOT Jo, IDSY, Dy Z, Dy (Y| [PCr(C)ds < oo,

3.4 Capital allocation

For this chapter, we consider the terminal condition £ of the form {(¢) =

£+ en, where &, n € L*°(Fr). We will also focus on Malliavin derivative with
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respect to the Brownian motion W. Hence, there exists a constant ¢ € R

such that

sup [|£(€)[|o0 < [|€]loc + |[n[0 sup €] < ¢,
ecU ecU

for every compact set U C R. In addition, the functional € — &(e) is dif-
ferentiable and the derivative is given by Ds{(€) = n. The BSDE version of
the dynamic gradient allocation is defined as the directional derivative of the
risk measure p; at the point £ in the direction of n;, that is:

lim pe(& 4 €eni) — pe(§)

e—0 €

=D,p(§) 1=1,2,...,n. (3.4.1)
and from Definition 3.2.4 we have that
Dypi(€) =D, Y1) i=1,2,...,n.
The Malliavin derivative given in Di Nunno et al. (2009) (in Definition A.10)
is as follows
T
D, Y(t) = (DY (t),h) = / DY hi(s)ds
0

for all

t
m:/ hi(s)ds,
0

is a Malliavin directional derivative in the direction of 7; with respect to the
Brownian motion, with h; € D C L?([0,T]), i = 1,...,n. See the Appendix
Section for the meaning of ). We observe that the Malliavin directional

derivative generalizes the classical Gateaux-derivative. The inner product
(D,Y,h)g! is given by

(DY (1),h) = (D& h)— / (DsZ(u), h)dW (u)
- / /R (D,Y(u, ¢), ) N(du, dC)

!Note that H is the Cameron-Martin space defined in Chapter 2.
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+0ug(u, @)/ p(Q)0rG(u, T (u, Q) (DT (u, ¢), h)r(dC) | du

Ro

(3.4.2)

for 0 < t < T where © := (Z(t), Jg, P(O)G(u, Y (u,())v(d()). Equation
(3.4.1) is the directional derivative of the risk measure p; at the point £ (the
portfolio) in the direction of 7; (subportfolio 7). It generalizes the concept
given in (2.6.7). We also suppose that & = > | n;, that is the total sum
of the subportfolio should equal to the overall portfolio. Now we are in a
position to provide the main result on the representation of the dynamic risk

capital allocations as a dynamic gradient allocation.

3.5 Representation of dynamic risk capital

allocations

In this section, we derive the dynamic risk capital allocation induced from
BSDEs with jumps. We also obtain the representation of BSDE based dy-
namic convex and dynamic coherent risk measures. We follow the approach
of Kromer and Overbeck (2014) in deriving the representation of capital al-

location, BSDE based dynamic convex and coherent risk measures.

Theorem 3.5.1. Let &,1m; € L™(Fr), such that & = > | n; for each i =
1,2,...,n and D,,Y (t) exists. Suppose that 9.g(t,©) and
dyg(t,0)p(C)OrG(t, Y (t,¢)) belong to BMO(P). Then the dynamic gradient

allocations can be represented by:
DY (t) = Dypi(€) =E¥[—n, | Fi], n=1,2,...,n,
where Q¢ is given by
@ —5(/ @gu@dW+// )dyg(u, ©)3rG(u, Y (u, ¢))N (dud())()
" (3.5.1)
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Proof. Since belong to BMO(P), then the stochastic integrals in (3.5.1) are
said to be BMO(P)-martingales and the stochastic exponential is a true mar-
tingale (Morlais (2009b)). From (Di Nunno et al. (2009) Theorem 12.21,) a
new equivalent probability measure Q¢ is defined by equation (3.5.1). Fur-

thermore, the processes
AW (1) = dW (t) — D.g(t, ©)dt
and
N (dt, d¢) = N(dt,d¢) — p(¢)dug(t, ©)0xG(t, Y (1, ))w(dC)dt

are the Q%-Brownian motion and Qf-compensated random measure respec-
tively. We define a function ®;(t) by ®;(t) = E®[—n; | F] for each
i=1,...,nandt € [0,T]. Then from the martingale representation property
there exists predictable processes Z" (t) and Y7 (t, () integrable with respect
to W2 and N& respectively such that

®;(t) = O(T)— /t Z% (w)dW (u)®
—/T/ Y (u, YN (du,d¢) 0<t<T

— o [ s [ 20wy

/ / Y (u, C)N (du, dC)
/ /R )0 (1, ©)0r G (u, T (u, ()Y (u, Q)v(d¢)du 0<t<T.

Comparing the above equation with the BSDE representing the gradient
allocation (3.4.2) and we know that under the Assumptions 1 to 4 that (3.4.2)
has a unique solution, we can conclude that the dynamic gradient allocation

has the representation
D, Y(t) = Dyp(&) =E®[—n; | 7], i=1,2,....n. (3.5.2)
O
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Remark: This result generalizes Theorem 3.1 in Kromer and Overbeck
(2014).

From the above theorem, we can immediately obtain the representation
result for BSDE based dynamic convex and dynamic coherent risk measures.
The results of the representation of BSDE based dynamic convex and co-
herent risk measures are established from the full allocation property of
the Aumann-Shapley allocation (the static case given in Equation (2.6.8))
(Kromer and Overbeck (2014)).

Corollary 3.5.2. Let & € L™ (Fr). Suppose that { is convez in z and Y and
Dyaeg(s,0), ug(t,0)p(C)BrscG(t, TFE(E, C)) belong to the class of BMO(P),
for any B € [0,1], where ZPE(t), YP(t,-) are the controls to the quadratic-
exponential BSDE (3.3.1), with terminal condition p; (&) = —BE. Then, the
corresponding quadratic-exponential BSDE-based dynamic convex risk mea-

sure can be represented by

pi(§) = E[-AS(T, )¢ | F],
where

1 BE
Af(T,t):/O %dﬁ, vt € (0,77, (3.5.3)

for MP¢ defined by

MPE(t) = / Opsegs, ©)dW (s)+ / / Doy (5, O)p(C)DracG(s, TP(s, () N(ds, dC)

Proof. Following Kromer and Overbeck (2014), we consider the following

p©) = w18 =p(09) = [ Lp(se)ap
_ / : im m<<6+e>i> —nlB9) 4
~ [ Denteeras.

From the previous theorem, we have
1
pi(§) = / EY(—¢ | FldB. (3.5.4)
0
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Then since ¢ € L>(Fr), Q% is an equivalent probability measure, V3 € [0, 1].
Hence ¢ is Q%¢-a.s. bounded. This implies that fol EQ*[—¢ | Fldf < .
Define AS(t) = £(MP4(t)). Then, (3.5.4) can be written by

ple) = [ B (el s = [ B oA | Rl

([ g
— E[-A(T, )¢ | F)

which completes the proof. O

Corollary 3.5.3. Let & € L*°(Fr). Suppose that g is of the form g(t,z, ) =
U(t,z,T) is convex and positively homogeneous in both z and Y. More-
over, suppose that 0,0(t, ZP(t), YPe(t,-)), OvL(t, ZPE(t), YH4(t, ) belong to
the class of BMO(P), for any € [0,1], which represent the portfolio
weights. Then, the corresponding BSDFE-based dynamic coherent risk mea-

sure can be represented by

5
pl€) =E¥[=¢ | 7
where the Q% -measure is given by

dQP
dpP

= exp{ —/Otazﬁ(t, Z5(s), Y¢(s,¢))dW

| - /Otazas,z€<t>,rﬁ<s,<>>2ds
N / t / 0 (m (1= rl(s, Z5(s), T5(5,.C))
F0nl(s, 2505). Y405, ) ) v(dC)s
+ [ [ - ortts 20,150, N s a0

(3.5.5)

Proof. From Corollary 3.5.2, we have the following representation
pe(§) = E[_A£<T7 ¢ | Fil,
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with A defined in (3.5.3). Given that g(t,2,Y) = (¢,2,T) and ¢ is convex
and positively homogeneuos, this implies that the corresponding BSDE-based

dynamic risk measure p(-) satisfies

YP(t) = pi(BE) = Bpu(€) = BY(1) dt @ dP —as.

for ¢ > 0 and 0 <t <T. We show this by considering two BSDEs given by
YA(t) = —B¢E— / 7P (s)dW (s / / T5(s, )N (ds, d¢)
R
. 0
+ [ (2%, 1%, ) s,
t

and

Yi(t) = —g—/t Zé‘(s)dW(s)—/t /Rrﬁ(s,g)N(ds,dg)
+/t g(s,Zg(s),Tg(s,C)))ds.

Then, from the proof of Proposition 6.2.3(b) in Delong Delong (2013) we
conclude that YP(t) = BYS(t), Z%(t) = BZ5(t) and YP(t, () = BYE(t, Q).

The above results imply that for the representation of the BSDE coherent
risk measure, the process &(MP(t))() appearing in (3.5.3) becomes

e /Otazgw,Z&(s),Tﬁﬁ(s,g))dW / [ orate. (6 1% s, 0) )0

— exp{ - /Ot D.9(s, BZE(t), BYE(t,C))dW — %/Ot .9(s, BZ4(s), BYE(s,¢))2ds
+/Ot /R (m (1= drg(s, BZ%(s), BT(5,C))) + &rg(s,ﬁZg(s),ﬁTﬁ(S’C)))V(dods
+/0t /RO In (1 —8Tg(s7ﬁZ£<5),5T£<8,C)))N(d&dC)}7

- exp{ - /Ot 0-9(s, Z*(s), T¥(5, ) AW — %/Ot 0.g(s. Z%(s), T¥(5,¢))%ds
*/Ot /RO (m (1= rg(s, Z(s), T5(s,C))) + Drg(s, Z°(1), Tf(s,g))> (dC)ds
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# [ [ et 20 1400, ) Va0 }

-~ 5(/0 azg<s,25<s),?f5<s,<>>ciVV<s)+/Ot/]R 0rg(s,Z£(s),T5(S,C))N(ds,dg“))(t)
= E(M@),

because of the positive homogeneity of g in z and T. In the case of dynamic

coherent risk measure, AS(Tt) is given by

PE(MP(T)) E(M(T))
Af(T,t):/O £O0E(0) dp = SO0 (3.5.6)

Hence, the BSDE-based coherent risk measure is given by

p(€) =E¥°[—¢ | ),

where the Q-measure is defined in (3.5.5).
U

We obtain similar results as Kromer and Overbeck (2014), where the ex-
ponential martingale of the BSDE based convex risk measure is dependent
on all portfolio weights # € [0,1]. The representation of coherent risk mea-
sure is dependent only on 5 = 1. The difference between these two risk

representations is emphasized in Equation (3.5.6).

3.6 Example

In this section we apply the results presented early to dynamic entropic risk
measure and static coherent entropic risk measures to obtain the gradient

capital allocation for each risk measure under the jump framework.

Example 3.6.1. We consider the well known dynamic entropic risk measure
given by |
(€)= ;mﬂz[e% | ]—"t] .y >0,te0,T].
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This example was also considered in Kromer and Overbeck (2014). It has
been proved that the above entropic measure is a unique solution of the so
called canonical quadratic-exponential BSDE (g, &) of the form (See Karoui
et al. (2016))

e = €+ [( @ [ (expmf( 0) = 7X(5,0) — 1) (dC) ) ds

—/tT / / (s, )N (ds,dC). (3.6.1)

Note that the generator is given by
¥ 1
o0 2.0(0) = 312 + = [ (exp0(0,0) =240 ~ 1)(dd),
Ro
From the partial derivatives

Q:9(t, Z,T(C)) =%

and

e (t. 27(,) = [ (esp(0(6,0) = 1)l

Suppose that £ is from a class of smooth functions such that Di(€),
D (§), for 0 < s <t < T, belong to BMO(P) and |||, exists and is
finite for 4« = 1,...,d and t € [0,7]. We define a function ¢(§) = e %.
Then from the boundedness of £ and of any 5 € [0, 1], we have that ¢(§) is
Malliavin differentiable and the generalized Clark-Ocone formula (Di Nunno
et al. (2009), Theorem 12.20)

T
B¢ _ —vB¢ —vﬁf —vﬁf
’ Ele ]+/0 E[D,(e=1¢) | FJdW (1) //R )| FIN(dt, dc) .

Define I'%(t) := E[e™7%¢ | F}] is a positive bounded martingale for ¢ € Fr.
Then

D) = 150+ [ Bl D0 | EJWG)
# [ [ Blpe D) | RIS 0
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= Fﬁf(O)+7/tfﬁ5(s)Zﬁf(s)dW(s)+7/0t/R % ()Y (s, ()N (ds, d¢),

0
where

~BE[e %D, (€) | F)
Bl | 7|

—BE[e%D; () | Fi]
E[e—vﬁé | ﬂ] ’
(3.6.2)

are the predictable control processes for the entropic risk measure defined by
the BSDE (3.6.1). Furthermore, Z%¢(-) and T%(-, () belong to the class of
BMO(P), hence I'%(t) satisfies the following

% (t) = T%(0)exp { /t 75 (s)d / 25 (s)2ds
/ /R hl 1+’YT6§ C))_,y’rﬁﬁ(s’c)]y(dg)ds

+/0 /R ln(l+7T65(5,C))N(ds,d(’)}.

As aresult, the process N(t) := I'(¢) /T#¢(0) corresponds to the stochas-
tic exponential € to the process MP¢(¢) in (3.5.1) defined by

Z%(t) = and  Y%(s,¢) =

MP(t) / 0:9(s, Z%(s), T7(s, C))dW(SH/t Org(s, Z7(s), T%(s, ()N (ds. dz) ,

Ro

for t € [0,T7].

Now we define the equivalent probability measure under Q% as

dQP¢
“ap ln =N

Under the new probability measure Q% the processes

AW () = dW (t) — 725 ()dW (1)

and
Nt dg) = N(atdQ) — [ T(e, vl
Ro

are the Q- Brownian motion and Q-compensated random measure respec-
tively. Define a function ®;(t) by ®;(t) := EQ[—n, | F] foreachi=1,...,n

50



Let Z"(t) and Y™ (t,() be predictable processes, then from the martingale

representation theorem we have,

;(t) = —m— /t sz( AW (s) / /R (s, ()N (ds, d¢)

= — -—/sz( )W (s) + /th< 2% (s ds—/ / T (s

/ /RT T (s, u(d)ds

Moreover,
By(t) = B =i | Fi] = ﬁm DN (T) | Fi
L'0) p I(T)
- 10 |- rr

1 P
EOR [0 (T F4]

E” [—mie "% | F]
EP[e—5¢| F]
B
Y
- -k [m EP[e—7€]

Therefore, the gradient capital allocation of the entropic risk measure un-

J—}] . (3.6.3)

der the jump framework is given by (3.6.3). If £ is the portfolio and 7; is
the subportfolio. Then Equation (3.6.3) describes the dynamic capital risk
contribution of the subportfolio 7; to the risk of portfolio £ at time ¢, i.e.,

-8B
e 7 } '

— _mWmPly =
Dnzpt(ﬁg) - E |:7h Ep[ei,yﬁg]
In addition, based on the full allocation property of the Aumann-Shapely

allocation introduced in Section 2.6.3 holds and applying the results of Corol-

lary 3.5.2, we can represent the BSDE-based dynamic entropic risk measure

by

1 1 e~ B¢
§) = /0 Dmpt(ﬁﬁ)dﬁ =E” [—/0 (m) dp m;
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Example 3.6.2. In the second example we consider the static entropic co-
herent risk measure at level ¢ defined by (Fo6llmer and Knispel (2011) in
Definition 3.1) as follows

p(&) = g%(% + % lnE[e’%D (3.6.4)

for ¢ > 0 and the risk aversion constant v > 0. From Proposition 3.1 by
Follmer and Knispel (2011) there exists a unique 7, > 0 such that ¢ =
EQ[[ %g ln(%g)] and the infimum of Equation (3.6.4) is attained, i.e.

pE) ="+ % B[],

The Gateaux-differentiable of p is given by

e eBE
Vp(BE) = Bk (3.6.5)

Since the entropic coherent risk measure satisfies the property of positive
homogeneity (Follmer and Knispel (2011)), then the full allocation property
of Aumann-Shapley holds. Hence, Vp(B3¢) will reduce to Vp(¢) and A% for

this case will be given by

1 1 —7c€
A% :/0 Vp(§)dB = —/0 mdﬁ,

and applying the results of Corollary 3.5.2, we have that p form Equation
(3.6.4) can be represented by

) =E[-( [ grqas)e].

3.7 Conclusion

We studied the capital allocation of risk measures constructed from solu-
tions of BSDE with jumps. From the differentiability results of BSDE with
jumps and the martingale representation property, we were able to provide

the capital allocation representation of the risk measures. We applied the
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representation obtained in Theorem 3.5.1 to entropic risk measure to achieve
the allocation in terms of conditional expectation under the equivalent Q
measure. The current results are based on a fixed time horizon, future work
can study capital allocation representation of maturity independent risk mea-

sures.
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Chapter 4

Ergodic BSDE risk
representation and capital

allocation

4.1 Introduction

In this chapter, we study the ergodic BSDE-based risk representation and
dynamic capital allocation, where we consider the maturity-independent risk
measure. We use the differentiability results of BSDEs to determine capital
allocation. Moreover, we give an example in the form of a forward entropic
risk measure. Chong et al. (2019) applied the ergodic BSDEs to risk mea-
sure. In their work, Chong et al. (2019) provided a general representation of

maturity independent risk measures using ergodic BSDE.

In this Chapter, we extend the work of Chong et al. (2019) to obtain cap-
ital allocation for maturity-independent risk measure. The dynamic capital
allocation problems studied in literature are on a fixed time horizon. See, for
example, Kromer and Overbeck (2014). They provided a representation of
dynamic capital allocation using dynamic risk measures that arise as a solu-
tion to BSDEs. Later, Kromer and Overbeck (2017), considered dynamic risk
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measures that occur as a solution to backward stochastic Volterra integral
equations, which allows for position processes and not only Fr-measurable
random variables. In both these papers, Kromer and Overbeck extended the
capital allocation problem from static to the continuous-time dynamic case.
(See, Cherny (2009) for dynamic allocation in discrete-time and Mabitsela

et al. (2018) for extension of dynamic allocation to jumps).

We organise this chapter as follows: in Section 4.2, we provide the tools
that we will use throughout. We state the market conditions and under-
lying assumptions we working under, and provide definitions of a forward
performance process, maturity-independent risk measure and capital alloca-
tion method. In Section 4.3 and 4.4 we give a brief review of ergodic BSDEs
and forward entropic risk measures. We present the representation of capital
allocation based on maturity-independent risk measures. Finally, apply the
maturity-independent capital allocation results to the forward-entropic risk

measure and draw up with concluding note.

4.2 Preliminaries

In this section, we state the definitions and notations we use throughout the
chapter. We consider a filtered probability space (§2, F, {F; }>0, P) satisfying
the usual conditions (completeness and right-continuity). The filtration F;, is
generated by a d-dimensional Brownian motion denoted by W = (W (t));>o,
that is F; :== o(W(s) : 0 < s < t). We assume the financial market consists
of a risk-free bond earning a zero interest rate and n risky assets. The price

process of the n risky assets solves for each 1 = 1,...,n, with n <d,
dS'(t) = S"(t)u(V (t)dt + S (t)o(V (t))dW (), S*(0) >0, (4.2.1)

where p(V(t)) and o(V(t)) are continuous functions on the interval ¢ >
0, representing the price appreciation rate (or the drift) and the volatility
respectively. Both the appreciation rate and the volatility are affected by a
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stochastic factor, which is modelled by the d-dimensional process V' satisfying
the following

dV(t) = v(V(t))dt + kdW (t). (4.2.2)
We make the following model assumptions on the coefficients of the assets

and factor processes.

Assumption 4. (i) The drift and volatility coefficients, p'(v) € R and

oi(v) € R™4 respectively, are uniformly bounded for v € R? .

(ii) Let o(v) := (a(v),...,0™(v))", be the volatility matrix with a full row

rank n.
(iii) Define the market price of risk as
0(v) = (o) [0 () (1)) u(v), (12.3)

for v € R%, is uniformly bounded and Lipschitz continuous (Chong et

al. (2019)).

Assumption 5. (i) The coefficients, v(v) € R% of the drift term satisfy
a dissipative condition, that is, there exists a large enough constant
C, > 0, for vy,v, € R? such that the drift coefficient v(v) € R? of the

factor model satisfies:
(v(v1) — v(v9)) (7 — v2) < =Cluy — 02\2.

(i) The volatility matrix x € R?*? is positive definite and normalized to

|k| = 1.

According to Chong et al. (2019), Assumption 5 allows for the stochastic
factor process V' to have a unique invariant measure. Hence, making the
stochastic factor process to be ergodic and hence, any two paths will con-
verge to each other exponentially fast.

Next, we consider 7 = (7!, 72, ..., 7")" to represent the amount of wealth

invested in the stocks, where 7 is self-financing and represent the amount
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of wealth invested into asset 7. Consider an investor with initial wealth

Xo =z € R and current wealth process X (t), satisfying

= dSi(t
ax(t) = > 7 Sl-é)) = R (VO)OV (£)dt + Foo (V)W (1), (4.2.4)
i=1
Similar to Liang and Zariphopoulou (2017) and Chong et al. (2019), we
rescale the investment strategy by the volatility throughout this chapter,

m = mo(V(1)). (4.2.5)
Consequently, the wealth process satisfies
dX (t) = [0(V(t))dt + dW (t)]. (4.2.6)
We define the set of admissible investment strategies for any ¢ > 0 by
Aoy = {m € L}),0[0,t] : w5 € L for s € [0,¢]},

where II is a closed and convex set in R%. Denote by A = Urs0Ajo,q the
set of admissible investment strategies for all ¢ > 0. In the next subsection
we recall the definition and properties of maturity-independent risk measure

introduced by Zariphopoulou and Zitkovié (2010).

4.2.1 Maturity-independent risk measures

At time t € [0, T], the dynamic risk measure evaluates the risk of a financial
position that expires at time 7" (Delong (2013)). Hence, the investment time
horizon is fixed for ¢ € [0,7]. Furthermore, at time ¢ = 0, the financial
positions considered are both introduced and mature within the pre-defined
investment horizon. However, Chong et al. (2019) point out that we fre-
quently have to assess the risk of different financial position without complete
knowledge of when they will be introduced, when will they mature, and their
sizes. Zariphopoulou and Zitkovié (2010), introduce the dynamic risk mea-

sures which are maturity-independent to accommodate arbitrary upcoming
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risk positions.

We start with defining the natural domain of the maturity-independent
risk measures, that is the space that contains all risk positions that are
JF; measurable and bounded for all times ¢ > 0. We recall the definition
of maturity-independent convex risk measures from Chong et al. (2019).
These properties of maturity-independent risk measures are proven by Za-
riphopoulou and Zitkovi¢ (2010) (in Theorem 4.14).

Definition 4.2.1. A functional p : £ — R is a maturity-independent convex
risk measure if it satisfies the following properties, for all £, € £ and w €
0,1]:

(i) Anti-positivity: p(¢) <0, V€ > 0.

(i) Convesity: p(eé + (1 — m)&) < @pl€) + (1 — @)p(&).
(iii) Translation invariance: p(§ —m) = p(§) +m, Vm € R.

(iv) Replication and maturity independence: For all ¢ > 0 and admissible

investment strategies m € A,

p(&)zp(€+/0t7rsd§§)).

The convexity property takes into account the nonlinearity of a risk mea-

sure associated with the liquidity of a large financial position. Suppose the
standard normalization p(0) = 0, then together with the translation invari-
ance property mean that p(§) is the minimum capital required to the position
in ¢ acceptable. As asserted in Zariphopoulou and Zitkovié 2010, the differ-
ence between maturity independent and standard risk measure is the choice
of the domain £ and the case that Property 4.2.1(iv) is valid for all maturi-
ties t > 0.

Maturity-independent risk measures are constructed using forward perfor-

mance processes, developed by Musiela and Zariphopoulou (2006), Musiela
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and Zariphopoulou (2007), Musiela, Zariphopoulou, et al. (2008). Consid-
ering that, the forward performance processes are defined for all ¢ € [0, 0o].

Thus, maturity-independent risk measures are computed for all times.

We recall the definition of the forward performance process found in Za-
riphopoulou and Zitkovi¢ (2010) (see also Chong et al. (2019), Musiela and
Zariphopoulou (2010b), Musiela and Zariphopoulou (2006), Musiela and Za-
riphopoulou (2007) and Musiela, Zariphopoulou, et al. (2008)).

Definition 4.2.2. A process U(t,z), (t,z) € [0,00) x R, is a forward per-
formance process if:
(i) for each x € R, U(t,x) is Fy—progressively measurable,

(ii) for each ¢ > 0, the mapping = +— U(t,x) is strictly increasing, strictly
concave, continuously differentiable and satisfies the Imada conditions, i.e.,

lim, o, U'(x) = 0 and lim, , o, U'(z) = +oc0.

(iii) forallme Aand 0 <t <s,
U(t, XT) = Ep[U(s, XT)|F],
and there exists an optimal 7 € A such that,
U(t, X7) = Ep[U(s, X7)|F),

with X™ X7 solving Equation (4.2.4).

Unlike the traditional utility function, the forward performance processes
are not bound down to a specific time horizon. One can define them at the
initial time and generate them throughout the time horizon ¢ € [0, 00). These
forward performance processes permit one to be able to measure investment

positions over ¢ € [0, 00).
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4.2.2 Capital allocation

In this subsection we recall the capital allocation method and property.
Consider a portfolio & with the risk of p(§) and sub-portfolios & € L,
i =1,2,...,nsuch that £ = """ | &. Then the capital allocation problem
is to determine the risk contribution of each sub-portfolio &; to the overall

portfolio risk. That is we require the following
p(&) =D pl&). (4.2.7)
i=1

Equation (4.2.7) is known as the capital allocation property, where the port-
folio risk is fully distributed to each sub-portfolio (described in Chapter 3 of
this thesis). The frequently used method for capital allocation is the gradient
allocation. This method is given by the Gateaux derivative of p at £ in the
direction of &; (see also Kromer and Overbeck (2014) and Tsanakas (2009)),
that is

p(& + u&) — p(§)

u

d
= Tperug)| - (428)

u=0

V&'p(g; &) = 1111_{%

4.3 The Ergodic BSDE

This section, provide a brief review of ergodic BSDE and the assumptions im-
posed on its generator. Consider the following ergodic BSDE also considered
in Chong et al. (2019)

dY; = (—g(Vi, Z) + Ndt + ZdW (t), 0<t<T < oo, (4.3.1)

where A € R is part of the solution and the generator function g : RY x R? —
R is defined as

1 1 1
g(v,2) == 572(%3752{1_[, %9(1})} - §|Z +0(v)]* + §|Z|2 (4.3.2)

The notation dist{Il, z} represents the distance function from z € R? to II.

The generator g satisfies the following assumption.
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Assumption 6. There exist constants K >0 C, > 0 and C, > 0 such that

lg(v, 2)| < K (14 [o] + |2]*), (4.3.3)
9(t,0,0)| < K, (4.3.4)
|9(v1,2) — g(v2, 2)| < Co(1+ [2])|or — vaf, (4.3.5)
and
19(v, 21) — g(v, 22)| < Co(1+ 1] + |22])[21 — 22 (4.3.6)

for any v1, va, 21, 22 € R%

Let the Assumptions 4 and 5 hold. Liang and Zariphopoulou (2017)
showed in Proposition 10 that Equation (4.3.1) has a unique Markovian so-
lution (Y3, Z;, A), t > 0. More specifically, there exists a unique A\ € R, and
functions y : R ++ R and z : R? — RY such that

(Yi, Z2) = (y(V2), 2(V2)). (4.3.7)

The function y(-) has at most linear growth and is unique up to a constant,

while the function z(-) is bounded with |z(:)| < CVC_“CU, where C, and C,

appear in Assumption 5 and Assumption 6 respectively.

4.4 Forward entropic risk measures

We recall the definition of forward entropic risk measures introduced by Za-

riphopoulou and Zitkovié¢ (2010), Chong et al. (2019).

Definition 4.4.1. Let (Y}, Z;, A) be a solution of ergodic BSDE (4.3.1) and

consider the forward exponential performance process given by
Uz, t) = —e 1o (4.4.1)

with (¢, 2) € [0,00)xR and v > 0 is a given constant. In addition, we consider

a risk position & € L®(Fr), where T' > 0 is arbitrary and the risk position
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is entered into at the initial time ¢ = 0. Then, the forward entropic risk
measure p(&p,T),t € [0,T], is the unique F;-measurable random variable

that satisfies the indifference condition:

T
ess sup EP[U<x+pu<sT;T>+ | woia+ aw ) +n.7)

ﬂEA[t,T]

;

= ess sup Ep {U(er/tTﬁt(Q(%)dt+dW(t)),T)

ﬂEA[t,T]

]—}} , (4.4.2)
for all (t,z) € [0,T] x R.

If we take £ € £ and let T := inf{T > 0 : & € Fr}, then the forward

entropic risk measure of ¢ is defined, for t € [0, T¢], as

(&) = pr(& Te).
Consequently, for & € L>(Fr), we have py(€) = pi(§r; T).

We emphasise that the forward performance process, U is constructed us-
ing the ergodic BSDE (4.3.1). In addition, the forward performance process
is defined for all ¢ € [0,00). As a result, the entropic risk measure defined
above can be used to measure risk for investment position with arbitrary
maturities (Chong et al. (2019)).

Chong et al. (2019) (in Theorem 6), studied the representation of forward
entropic risk measures based on BSDE. They showed that if we suppose that
Assumptions 4 and 5 hold and the process Z in the ergodic BSDE (4.3.1)
is uniformly bounded. Then the forward entropic risk measure of a risk
position {r € L*(Fr), with an arbitrary maturity 7" > 0, is defined as the
first component to the solution of the following BSDE:

T T
VI — g [ G220~ [ 2w (@4s)
t t

The generator G : R x R x R? = R is defined as G(v, 2, 2) := > (g(v, 2 +
v2Z)—g(v, 2)), where g(-, -) given by Equation (4.3.2). The BSDE (4.4.3) has a
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unique solution (YtT’g, zr ’5), t €10, 7], where V"¢ is uniformly bounded and
zlt e L%,010,T). Hence, the forward entropic risk measure of a position
in &7 is given by

p(ér) =Y/, (4.4.4)

for t € [0, 7.

4.5 Capital Allocation of maturity-independent

risk measure

In this Section, we provide our main results. We derive the capital allocation
of a maturity-independent risk measure by first considering an exponential

forward performance process of the form
Uz, t) = —e 7etv)=2 (4.5.1)

where (Y, Z;,\) = (y(Vi),2(V4), ) is the solution to the ergodic BSDE
(4.3.1), with the generator g defined in (4.3.2) and the associated optimal
portfolio 7* € A is given by

(4.5.2)

1 V) + 2"
TEA 2 T '

77 = min =~?
~
Consider the following BSDE

T T
G(VS,ZS,ZST’f)ds—/ Z8aw (s),  (4.5.3)

t

Y = —(&r + umy) +/

t

with a unique solution (YtT’g, zl ’5), where t € [0, 7], YtT’5 is uniformly bounded
and Z* € L%,,0[0,t]. From the definition of the gradient allocation we need
the differentiability results to the BSDE (4.5.3).

We use the classical differentiability results of BSDEs from Ankirchner
et al. (2007). In their article, Ankirchner et al. (2007), they showed that

under the following conditions on the terminal value and the generator.

63



(C1) Suppose G : Q x [0,T] x R* x R? x R? x R? — R is an adapted mea-
surable function so that G(u,v,z,2) = l(w,t,u,v, 2, 2) + ¥*|2|*> where
l(w,t,u,v,2,2) + v*|z|* is Lipschitz continuous in (u,v, 2, 2) and con-
tinuously differentiable in (u, v, z, 2). For all » > 1 and (u,v, z, Z), the

mapping R"” — L", u — l(u,v, z, Z) is differentiable for all u € R™,

u'—u

T T

lim EPK/ (I, V¥, 2%, 2" — I(u, I/;“,Z;L,Z;L))ds) ] =0
0

and

T/ SO . r
lim E Sy T VA /A /A Ry w247 )d =0.
11 Pl(/o <8u (qusa s s) ou (qusa s s)) 5) :| 0

u' —u

(C2) the random variables &(u) are Fr—adapted and for every compact set
K C R™ there exists a constant ¢ € R such that sup,x ||{(u)||« < c.
For all p > 1 the mapping R" — LP, u — &u is differentiable with
derivative given by V&.

With these assumptions and the differentiability of the solution of the
ergodic BSDE (Fuhrman et al. (2009)), we have that

T
vyt = —m+/ [%G(Vq,zs,ZZ’ﬁ)+8UG<stZsaZ?’£WVs
t
+0,G(Va, Ze, ZTN Zy + 0:G(Vs, Zo, ZTE)V ZT4 | ds
T
- / VZEEaw (s). (4.5.4)
t

Let £ = ", mi. Then from the above results, the definition of the forward

gradient allocation will be

d .
@pt(§+unl)}u:0 = VU;'Y;T7§ L= 17"'7”'

Inspired by the steps in Kromer and Overbeck (2014), we derive the next the-
orem, which is an extension of their results to dynamic maturity independent

case.
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Theorem 4.5.1. Suppose Assumption 6 holds and let & € L®(Fr) be the

risk position with an arbitrary maturity T > 0 and n; € L>°(Fr) for each i =
1,2,...,n. We assume the processes (0,G(Vs, Zs, Z1%)) >0, (0.G(Vi, Zs, ZEE)V VL) >0,
(0.G (Vi Zg, ZTN Z,) 150 and

(0:G(Vs, Zs, ZI)N ZT€) 50 are from BMO(P) and consider &€ = > i n; and

the process Z is part of the solution to the ergodic BSDE (4.3.1). Then, the
gradient capital allocation exists as a unique solution to (4.5.4) and can be

represented by

VY =V, ol = Bo[-milF] i=1,...,n, (4.5.5)

with the equivalent martingale measure Q is given by

Q| [D(Vs, Zs, ZT%) T
L - 5< / [ e 0.6V 20 25 () ) 0
(4.5.6)
where
D(Vi, Z, Z1%) = 0.G(Vy, Zy, Z1%) + 0,G(Vi, Zy, ZLF)VV,

1+0.G(Vy, Zy, ZTV Z,.

Proof. Since we assume that the processes (0,G(Vs, Zs, ZI%)) >0,

(0,G(Vy, Zgy ZFE)V V)50 and (0.G(Vy, Zy, ZI)V Z,) 150 are from BMO(P),
we are able to define a probability measure Q as in (4.5.6) (see Barrieu and
Karoui (2007), Theorem, 7.2 and the Kazamaki’s criterion Lemma 2.1). Then

if W, is the Brownian motion under P, we define

YDV, Zg, 275
dWR(t) = dw(t) — / { Ve, T ) +0:G(Vi, Zo, 21 | ds,
0 VZS7
(4.5.7)
to be a Brownian motion under Q, for t > 0. For each i = 1,...,n we define

N} = Eq[n;|F:]. Using the martingale representation theorem, there exists a

predictable process ZtT " g0 that

T
N} = Ni. —/ ZTmqwQ(s).
t
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Therefore, under the P measure we get

4 T DV, Zy, Z1¢ T
N = —m+/ z;%{ Ve 2y, Z, )+85G(v;,ZS,ZZ’€>}ds—/ Z3mdW (s).
t t

vzIe

(4.5.8)

Hence, comparing equation (4.5.8) to the gradient allocation BSDE (4.5.4),
we can conclude that equation (4.5.8) has unique solution under the assump-
tions of this theorem. The gradient capital allocation is therefore represented
as in (4.5.5).

!

In the next example, we study the capital allocation representation of a

forward entropic risk measure.

Example 4.5.1. We consider the explicit expression of the forward entropic

risk measure derived by Chong et al. (2019) as

1 2T
p(Ep) = e InEq[e?77 | F,]. (4.5.9)

In this case, the financial market is considered to have a single stock whose
coefficients depend on a stochastic factor driven by 2-dimensional Brownian

motion, that is

dVi = v(Vy)dt + kidW (t) + kodW?(t), (4.5.10)

where k1 and ko are positive constants. The generator of the ergodic BSDE
(4.3.1) is given by

1 2 1 1
g(v,zl,zz):—i‘ﬁ(v)jtzl‘ —|—§|z1|2_|_§|z2|2’
while the generator of the BSDE (4.5.3) is given by

- 1 - N
G<v7217227zl7z2) = ?(9<U7Z1 +721,22+’722> _g<U7Z1722>)

= —O0()E + 2+ %@P. (4.5.11)
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If we define Y/ = &r = h(Vr) and let Z{, = k1 Z] and Z], = Ky Z}, for
some predictable process Z!. Then, p;(ér) for t > 0 is the first component
of the solution to the BSDE

T 2
pler) = —nter)+ [ ((Cro)+ maze) 2+ 2R 27 )t

— /T Z (k1 dW () + kodW?(5)). (4.5.12)

Note that the process Z! is the second component of the solution to the
BSDE (4.5.12). The processes Z; and Zs appear in the ergodic BSDE (4.3.1)

representation of the forward performance process (4.5.1).

The generator of the BSDE (4.5.12) satisfies the differentiability condition
(C1). Additionally, the terminal condition {r = h(Vr) satisfy condition (C2),
we can apply Theorem 4.5.2. Consequently, the derivative of the generator

with respect to each variable will be

&,G(v,zl,zQ,%l,ég) = —/-ithT&,H(v)VV,
822G(U,Zl,2’2,21,22) - KJQZtTv
85G(v,zl,zz,21,22) = —Kq@(%) +/€2Z27t‘|>’7|l‘€2|2ZtT.

(4.5.13)

Therefore, the forward gradient allocation with respect the forward en-

tropic risk measure is defined as
d - T7§
S (V) +um)| g = VY7,
u
where the component VnYtT’g is the first part of the solution to the BSDE
T
v, Y5 = —(0,h(Vi)V(Vr) + 1) + / {— k1 ZX0,0(0)VV + ko ZT
t
—k10(Vs) + Ko Za s + 7|/{2|2Z;‘F} ds
T
—/ ZL (k1 dW?(s) + kadW?(s)).
t
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(4.5.14)

Let (&) = ¢1%2I¢ and under the assumption that ¢ is a smooth func-
tional and is bounded, such that the gradient Dyip(€) = ¢/'(§)Dy(§) =
V| ko] 252 D€ is from BMO(P). We can use the Clark Ocone formula (see
Ocone and Karatzas (1991) and Di Nunno et al. (2009)) and for 5 € (0, 1),
so that we have

T
elmasE _ Rerinal®se] | / E[D, e 5| F ) (W (5) + ad W(5)),
0

In turn, by taking the conditional expectation of the above equation and

applying the chain rule we have
Aﬁﬁ(t) — E[e'”””?‘%ﬂ]—"t]

T
— E[GW2255]+/ (B2 |27121°5 D €| F) (11 d W (5) + kadW2(5)),
0

(4.5.15)
where D,(-) is the Malliavin derivative. We note, that the process A is a
positive martingale and can be represented as

R

; APE(s) (1 dW(5) +rad W2 (s))

t
AJS = APE(0) + | ko / AP () Z5 (ki dW ! + KodW?)
0
with ,
BE[e"21"5¢ D ¢| F
E[ev\m?ﬁqft]
Furthermore, the process A% () satisfies

zZ* =

(4.5.16)

t
NE@E) = AE(0)exp ( [ (=800 + w4 5122
0
X (k1 dW?(s) + kodW?(s))
1 t
35 /0 ( — k10(Vy) + KoZoy + ’7|/{2|2ZtT)2dS). (4.5.17)

Hence, the process (A% (¢)/AP(0)) corresponds to the stochastic exponential

t
& (/ 85G(’U, 214292, 21, 22)d$) .
0
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4.6 Conclusion

We have shown the representation of the ergodic BSDE-based dynamic risk
and capital allocation of a maturity-independent risk measure. We studied
maturity-independent risk measures, which generalises the classical dynamic
risk measures. We applied our results to the case of the forward entropic risk
measure. Our results may be considered as a generalisation of Chong et al.
(2019), Kromer and Overbeck (2014), Kromer and Overbeck (2017). In the
next chapter, we continue with the maturity-independent risk measure by

constructing them using BSDEs with jumps.
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Chapter 5

An Ergodic BSDE risk
representation in a

jump-diffusion framework.

5.1 Introduction

We consider the representation of forward entropic risk measures using the
theory of ergodic backward stochastic differential equations in a jump-diffusion
framework. Our work can be viewed as an extension of the work considered
by Chong et al. 2019 in the diffusion case. We also study the behaviour of a
forward entropic risk measure under jumps when a financial position is held

for a longer maturity.

Zariphopoulou and Zitkovi¢ 2010 proposed maturity-independent risk
measures to help address how to assess risk positions when the time hori-
zon is not fixed. They formulated the forward entropic risk measures using
the forward exponential performance processes. These forward performance
processes are introduced and developed by Musiela and Zariphopoulou 2007
(see also Musiela, Zariphopoulou, et al. 2008, Musiela and Zariphopoulou

2009, Musiela and Zariphopoulou 2010a for further improvements) to mea-
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sure investment performance across all times ¢ € [0,00), which makes the
forward entropic risk measures to be defined for all times. Recently, Liang
and Zariphopoulou 2017 proposed the use of the ergodic backward stochastic
differential equation (ergodic BSDE) to construct the forward performance

processes.

Kobylanski et al. 2000 introduced BSDEs with the quadratic growth and
random terminal time in and her work was developed by Briand and Con-
fortola 2008. Later, Morlais 2009b proved existence and uniqueness results
for the BSDEs with quadratic growth in a jump framework (see also Morlais

2009a, Morlais 2010 for further contributions).

The rest of the chapter is organized as follows. In Section 5.2, we in-
troduce the jump-diffusion model and all the notations that will be using
in the rest of the chapter. Section 5.3, we provide the representation of the
forward entropic risk measure using the classic BSDE and the ergodic BSDE
in a jump model setting. Section 5.4 analyzes the behaviour of a forward
entropic risk measure over a long-term horizon. Finally, we conclude the

chapter.

5.2 Problem Formulation

Suppose that (2, F,{F:}i>0, P) is the filtered probability space satisfying the
usual conditions !. The filtration is generated by two independent processes,
d-dimensional standard Brownian motion {W;,¢ > 0} defined on Q x [0, c0)
and the compensated Poisson random measure N(dt,d¢) = N(dt,d¢) —
v(d¢)dt defined on 2 x [0,00) x Ry. Here, N(dt,d() counts the number of

jumps that occur on or before ¢, and v is a positive Lévy measure satisfying

!The usual conditions are completeness and right-continuous ( Yong and Zhou 1999).

71



the conditions

/ ICl(de) < oo
[¢I<1

/C21 v(d¢) < oo.

The last condition implies that the stock process has finite number of jumps

and

with absolute value greater than one (Tankov 2003). Maturity-independent
convex risk measure is defined in Chapter 4, Definition 4.2.1. The only
difference is on the dynamics of the stock price S(t). We consider a financial
market with n risky investments, with price processes, S! for i = 1,...,n,
satisfying the following stochastic differential equation (SDE)
dS(t)
Si(t)

— W e+ (VAW (o) + [ TN, S0) >0
- (5.2.1)
The coefficients of the stock price S® are affected by a stochastic factor,
which is modelled by a d-dimensional stochastic process V, with n < d,
satisfying:
AV = n(Vi)dt + kdW (t). Vo = v > 0. (5.2.2)
We impose the following assumptions to the coefficients so that Equations
(5.2.1) and (5.2.2) have solutions.
Assumption 7. The drift pi(v) € R, volatility o'(v) € R™? and jump
rate Y¥(v,¢) > —1 are Fs;-predictable and bounded processes for v € RY,

satisfying the following condition

[ el + [ (00w <oo. s

Assumption 8. There exists a large enough constant C,, > 0, for vy, vy € R?
such that the drift coefficient n(v) € R? of the factor model satisfies:

(n(v1) — n(v2))(v1 = va) < —=Cylvy —va].

Furthermore, the volatility matrix x € R is positive definite and normal-

ized to |k| = 1.
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Let 7} be a self-financing portfolio representing the amount of wealth
invested in stock 7. The wealth process X solves
" midSi(t)

2

= (uVder (VAW (O [ TLONA),  Xo>0,

i=1 Ro

(5.2.3)
where the initial wealth is given by Xy = x € R. An investment strategy
m € R” is said to be admissible if it is R™ valued JF;-progressively measurable
satisfying E(fot |7?|ds < o0). The process X; is a unique solution of Equation
(5.2.3) using 7, such that X; > 0 for all t > 0, a.s. The set of all admissible
strategies is denoted by A.

We now recall from Chong et al. 2019 the notion of forward performance

process.

Definition 5.2.1. A process U(t,z), (t,z) € [0,00) x R, is a forward per-
formance process if:

(i) for each x € R, U(t,x) is F—progressively measurable,

(ii) for each ¢t > 0, the mapping = — U(t,z) is strictly increasing, strictly
concave, continuously differentiable and satisfies the Inada conditions, i.e.

lim, o U'(x) =0 and lim,_, ., U'(x) = +oc.

(ili) forall m € Aand 0 <t <,
U(t, X77) > Ep[U(s, X])|F,
and there exists an optimal 7 € A such that,
U(t, X7) = Ep[U(s, X])|F,

with X™ X7 solving Equation (5.2.3).

We derive the associated stochastic partial differential equation (SPDE)
for the performance process by applying the It6-Ventzell formula to U(¢, x)
for any strategy m € A (see Musiela and Zariphopoulou 2010b on deriving
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the SPDE and Oksendal, Zhang, et al. 2007 for the Ito-Ventzell formula for a

jump process). We first assume that U(t, z) admits the Lévy decomposition

dU(t, ) = b(t, z)dt + a(t,z)dW (t) + / O(t, 2, O)N(d™t,dC),

Ro

where the processes b(t, x), a(t,z) and ®(t,z,() are F,—progressively mea-
surable processes and N (d~t,d() represents a forward integral. Then we

obtain
dU(t, X))
1

+%@XM@uXﬁ+/fU@Xﬁwm@@»—U@XQ

Ro

—U,(t, Xy)mYX(t, () ]v(dC)dt + / [D(t, Xy + 7Y (¢, ()

Ro

—d(t, Xt)]V(dC)dt+/ (U, X- + 7Y, ) = Ut , Xi-)

Ro

+O(t7, Xp- +7Y(t, )] N(dt, dC)

— {b(t, X)) + mu(V)Us(t, Xy) + mo(Vi)ag(t, X;) + %W%z(%)Um(t, X;)
# [ (16X T(0.0) - U X0~ U0 X )
+@@XiHﬂ@£D—©@XMWMﬂﬁ
+ (a(t, X)) + 7o (V) U,(t, Xt)) dW (t) + / [U(t, X~ +7Y(t,Q))
~Ut, Xp-) + (™, Xp- +7Y(t, Q)| N(d ¢, dC). (5.2.4)

The volatility a(t,z) and the process ®(t,x,() for ¢ > 0 are model inputs

determined by the investor’s preference.

From Definition 5.2.1, we know that the process U(t, X[) is a super-

martingale for any admissible investment strategy m, that is
U(t,X™) > E[U(t,z)].

74



Hence, there exists an optimal strategy 7 when the process U(t, X[) is a true
martingale. The process U(t, X[) is a true martingale when the drift term

in Equation (5.2.4) is zero. Therefore the optimal strategy is given by

o= {MMQ%@XQ+mﬂ@%@ﬁ3+%ﬂﬁﬂ@%ﬁm&)

2
+/R ([U(t, Xy +7Y(t,Q) —U(t, X)) — Uy(t, Xy)w Y (¢, Q)]

0
+[P(t, Xy + 7Y (t,Q)) — P(t, Xt)]) y(dg)} .
We consider an exponential forward performance process given by
Ult,z) = —e @H G (¢ 1) € [0,00) x R (5.2.5)

where v > 0 and a function f : [0,00) x R? — R. By application of Itd to
U(t,z) and setting the resulting drift term to zero, we see that the function

f solves a semi-linear partial differential equation of the form
0 1 5 p
0= o f + (VY] + 5KV2F + g0, K9 £, ),

with g defined as

oonVET) = Stor(o) |- I L))~ Lo0)ev)

1 2 2

Ro

[ewm0—1+wr@0%uo.@zm

We consider the following ergodic backward stochastic differential equa-
tion
Vi = (~g(Vis 20, W) + Nt + ZdW(e) + [ Wi, QN (e do), - (527)
Ro

for 0 <t < T < oo and a given function ¢ : R? x R x R? — R and
Z; € H,(R), ¥(V;, ¢) € H (R). To ensure the solution to (5.2.7) exists and

it is unique we have to impose certain assumptions on g.

75



Assumption 9. There exist constants K > 0, K >0 C,>0and C, >0
such that the generator g satisfy

19(¢,0,0,0)| < K. (5.2.8)
|g(’l}1,2’,’l7/)) - 9(027 Zﬂ/’)| < Cv(l + |Z|)|'U1 — U2, (529)

and
19(v, 21,9) = g(v, 22, )| < Co(1 + 21| + |22]) 21 — 22 (5.2.10)

for any vy, vs, 21, 20 € R.

Furthermore, there exists —1 < K; < 0 and K5 > 0 such that
9(v,z,91) = g(v, 2,9) < / (%1 — 1) "= *102 () (dC) (5.2.11)
Ro
where U#%1%2 1 ) x [0,T] x R? x R x Ry — [~1,00) is P ® B-measurable
and satisfies K1(1A|C]) < ¢(C) < Ko(1A|C]) (Royer 2006). With P denoting
the predictable o-field and B the Borel o-field on R.

Theorem 5.2.1. Suppose Assumption (7), (8) and (9) hold. Then, the
ergodic BSDE (5.2.7) with generator given by

P o) = 2]
o020, (0, )) = T [mol0) L
1

5 () /o(0) = 2(v))” + %ZQ(W)

+/ |:€fy7rT(Ut,C)+\Ij(vt’<) —1 = ’YWT<IU7 C)
Ro

2

+\If<v,o}u<d<>,

(5.2.12)
has a unique Markovian solution
for 0 <t <T < oo, with
K Cy 2K
‘}/;g‘ S E’ ‘Zt‘ S CZ = Cn — CU and |‘I’('Ut,€)‘ S 7 (5213)
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Proof. For the proof, we adapted the method in Liang and Zariphopoulou
2017 to jump framework. We start by establishing that the driver g satisfies

Assumptions (9). We consider truncation functions G : R? — R¢, defined as

min(|z|,C,)

||

q(z) =

2lgz0y, and  G(¢Y) = Ly<1-
and define a truncated ergodic BSDE

4Y; = (—g(Vir q(Z), d(T0)) + N)dt + ZedW (1) + / Y(V;, Q)N (dt, dC),
’ (5.2.14)

for ¢ > 0. We verify that the generator g(v,q(z),q(¢)) satisfies Assumption
(9), i.e.

l9(v1,4(2), G(¥)) = g(v2,q(2), ()] < Co(1+ C2)fvr —waf,  (5.2.15)

l9(v, 4(21), 4(¥)) = 9(v,4(22), 4(¥))] < Co(1 4+ 2C,)[z1 — 2] (5.2.16)

and

l9(v,q(2), (1)) — g(v,q(2), 4(¢2))] < / (%1 — )" =172 (C)w(dC).
h (5.2.17)
We now, have to prove that there exists a Markovian solution (Y;, Z;, Uy, \) to
the truncated ergodic BSDE (5.2.14) that satisfies |Z;| < C, and |¥(vy, ()] <
2K for t > 0, then ¢(Z;) = Z; and §(¥;) = ¥,. As a result, this solution
(Y, Zy, Wy, A), will also solve the ergodic BSDE (5.2.7). For this part of the
proof, we consider a strictly monotonic BSDE with a constant of monotonic-

ity a > 0, on a finite horizon [0, n], i.e.
e = [z qwpen) —axzenans [ zenaw
t t

+/t /RO vV, )N (du, dC).
(5.2.18)

We deduce from Cohen and Fedyashov Cohen and Fedyashov 2014, The-
orem 8, (see also Briand and Hu 1998 for the diffusion case), that BSDE
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(5.2.18) has a unique solution (Y,"*", Zuen When) satisfying |V;] < £ with
Zven ¢ H2,(R) and U2 € L2(N). Moreover, we conclude that (Y;"“",
Zpen puen) s a unique adapted square integrable solution to the BSDE
(5.2.18) for ¢ > 0. Hence, there exists an adapted square integrable limiting

processes (Y%, Z0* W) such that

lim (Y;U’mnv Z;:’amv \Iﬂzi’am) - (}/tma? Z;}ﬂv \Iﬂzi’a)v

n—o0
with |Y;] < % Furthermore, the solution is Markovian, that is, there exist
functions y“(+), z*(-) and ¥*(+) such that

(Y;fmav Z?av \D;)’a) = (ya(%)a Za(‘/t% wa(%))a
is a solution to the infinite horizon BSDE

dY;™ = (—g(V',q(Z7), 4(¥7)) +aY," ") + Z7dW (1) +/ W N (dt, dC).

- (5.2.19)

The next part of the proof is to demonstrate that the Lipschitz continuity
property

(Vi) =y (Vi) < CLV™ = Vi),

for all vy, v, € R? with the Lipschitz constant C,. Let §Y; = Y, —Y,%"2,
0Zy = 7" — Z and 0¥, = U — W for ¢ > 0. Subsequently

doY, = —(g(Vi", q(Z"™), qU (V™)) = g(Vi, q(Z5), @@ (V™)) di
+adYdt +6Z,dW(t) + [ 6, N(dt,dC)

Ro

= =gV a(Z77), qu (V™)) — g(Vi?, a(Z™), qU (V,2™)))dt
+adY;dt + 6 Z,(dW (t) — Bydt)
+ [ TN (dt,dC) — = r2p(dC)dt), (5.2.20)

Ro
where

gV a(Z"), gV (V™)) — g(Vi™, a(Z7), a9 (V™))
|0 2|

By = 021157, 0
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By Inequality (5.2.15), 8 is bounded. From the Girsanov’s theorem we define
WH(t) = W(t) — [y Budu and N¥?(dt,d¢) = N(dt,dC) — [y pP*¥1¥20(dC)du,
for 0 <t < T, where p»#¥1%2 is defined in Assumption (5.2.11). Therefore
taking conditional expectation with respect to Q on F; for 0 <t < T < o0,

we get
T
§Y, = e TR [§Yy|F) + Eg| / e " 5g,du| F,].
t

From condition (5.2.13), we note that the first expectation is bounded by
2K /a, and therefore will converges to zero as T — oo. We deduce from

(5.2.15) that the second expectation is bounded by

T T
EQ[/ e—a(u*t)égudu|fu} < C,(1+ Cz)EQ[/ e*a(u—t)‘vuvl _ V52|du‘]_—u}
t t

eat(ef(aJrCn)t _ a+Cy)T

67(
a+C,

S Cv(1+0z> ‘Ul_v2|-
(5.2.21)

The last inequality is based on the Grownwall Inequality. Hence, as T" — oo

yields
[y (Vi) —y*(Vi2)] < GV = V2l (5.2.22)

To obtain the third inequality in Condition (5.2.15), we consider a stochas-

tic factor with a jump term 2, this yields
dV; = n(Vy)dt + kdW (t) + / (N (dt,dC),
Ro

where the coefficients satisfy Assumptions (7) and (8). Suppose that y*(-) €
C?*(RY). By Ito’s formula to y*(V;?) we get

1
dy* (V) = Yy (VOn(V)dt + Vy* (V)rdW (1) + 5V (V)s*dt

2Note that for this work we consider a stochastic factor in the diffusion case throughout
the paper. If we include a jump term in the stochastic factor then our generator will be
dependent on the Y variable. Hence, the stochastic factor with jumps will not be ideal
for risk representation using BSDE, because the translation invariance property will not
hold.
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/R WPV +C) — g™ (V2) — Vi (V) )w(dC)dt

+ / (VP 4 0) — g (V) N (dt, d).
(5.2.23)

Comparing terms in the infinite horizon BSDE (5.2.19) and Equation (5.2.23),

we deduce that

zZ" = Vy*(V})r, (5.2.24)

v, «a v 1 ac/v A A
Y = VY (VIn(V) + 5V VR [V ) =t (1)

LIS + gV (207, GUE) (5.2.25)
and
UV, ) = 5 (V7 + O) — 5 (V). (5.2.26)

for v € RY Equation (5.2.25) is a Partial Integro-Differential Equation
(PIDE) with a unique bounded solution, y(-) € C*(R?). We conclude that
ly*(v)] < £. Furthermore, using Assumption (8) and Equation (5.2.24) and
from condition (5.2.22), we conclude that for t <0, [Z;"| < C,. From Equa-
tion (5.2.26), we have that |U(V;, ()| < 2£.

To show that A is a constant, the proof follows similarly as in Liang and
Zariphopoulou 2017. U

In the following theorem, we connect the solution of the ergodic BSDE
with jumps (5.2.7) to the exponential forward performance process (5.2.5).
To do this, we adopt the procedure by Liang and Zariphopoulou 2017 in

Theorem 3, where they made the same connection under the diffusion case.

Theorem 5.2.2. Suppose that Assumptions 7 and 8 hold, and let (Yy, Z;, Wy, \),
t >0 be a unique Markovian solution to Equation (5.2.7). Then,

80



(1) the process U(t,x), (t,x) € [0,00) X R, is an exponential forward per-

formance process defined as
Ult,x) = —e 1oV (5.2.27)

with volatility
a(t,r) = —e YN g
and jump rate

d(t,x, () = —e M (e 1),

(i1) The optimal investment strategy is given by

# o= int (3 o) - T ZH T 2wy o) )

TeA y

1
3200+ | [ewnw,@wm,@ 1= (0,Q)
Ro

+U(0,0)]v(a0) )
(5.2.28)

Proof. We start by first showing that U(¢,x) satisfies the super-martingale
property for any admissible investment strategy m € A for all 0 < ¢ < s, that

1S
EP[—G_,W-FYS_)\SLFI&] S _e—'yaﬁ—f—Yt—)\t’

and for an optimal investment strategy 7, U(t, x) is a martingale, that is,

EP[_G—VX"“+YS—AS|E] e XY

Based on the wealth process (5.2.3), e77% can be written as

e = e_VX“exp{—/ ku(Vu)du—/ o (Va)dW (u)
t t

_/:/ROWT(u,g)N(du,dC)}-
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On the other hand, the ergodic BSDE (5.2.7) is given by

s

Yi—As = Y, — )\t—/ g(Vu,Zu,\Ifu)du+/ Z,dW (u)
t t
+ / / U (u, O)N(du, dC). (5.2.30)
t Ro
Combining the above expressions yields
e eXp{ - / (v (Vi) + g(Viy Zuy, W) ) du
t

_/:(Wg(vu)_zu)dW(u)—/ts /RO(WT(U,C)

—\If(v,())N(du,dC)}.
(5.2.31)

Then we take expectation under the probability measure P, given F;, i.e.,
Bele N 7] = g e { - [ i
t
+9(Vis 2 W))du = [ (ro(Vi) = Zu)aW (u)
t

_ /t /]R()(’V?TT(U,C) - ‘1’<”v<>>mdu’do} Ft}'
(5.2.32)

We define a new probability measure Q, for s > 0 and 7 € A using the
process Mu, u € [0, s] defined as the Radon-Nikodym derivative of Q with
respect to P, therefore

a7, — 4Q

M, = P =E(M)y,

Fi

where
M, = { = [(Omatv-zoawi- [ [ (Y (0.0 =¥(0. )N @)},

Since the processes Z,, 7, and ¥, belong to BMO(P), the process M, is a
BMO-martingale, and consequently the stochastic exponential £(M), is a

82



true martingale (Morlais 2009b). Hence

. M,
Ep[exp (/ (9" (Vi Zy, 0, —g(Vu,Zu,\Ifu))du)?
t

M,

;

=Eg {exp (/t (9" (Vi Zu, 0, —g(Vu,Zu,\Ifu))du) ft], (5.2.33)

with

(v 2(v v — st _M(Ut)/o'@t)—z(vt) ’
020,60, 0) = L [roto) =)
() fon) = 2()’ + 52(w)
+/ |:6_7”T(Ut7<)+w(vt7<)_]__/yﬂ-T(U’C)
(0. 6)|1(d0),
(5.2.34)

Since g7 (v, 2(Vi), ¥ (v, () < g(v, 2(Vy), ¥ (v, ()), we can conclude that

EP[_ef'errJrst)\s‘Ft] < _e*’YXwLth)\t.
Further, for 7 = 7 defined in (5.2.28), we have

g™ (v, 2(Ve), 1 (wr)) = g(v, 2(Ve), ¥ (wr))

and hence
_ 7 _ _ T _
EP[ e Y X" 4+Ys As‘r_‘t] e X" +Y: )\t.

To show the second part of the theorem, we apply [t0’s formula to Equa-
tion (5.2.27) that yields,

dU(t,x) = (- )dt+U(Zy—ymo (V) dW (t)+U / (e ™Y@+ _1 YN (dt, d¢).
Ro

We then, compare the above equation to Equation (5.2.4) and obtain the

following

a(t,z) = —eT VA 7
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and
d(t,x,() = —e M (e 1),

It is not difficult to see that the infimum function in Equation (5.2.28)
is convex with respect to 7 that is the second derivative respect to 7w of the
infimum function is positive. Therefore the minimum in Equation (5.2.28)

exists. ]

5.3 Forward entropic risk measure and er-

godic BSDE with jumps

In this section, we recall the definition of forward entropic risk measure. We
then provide the representation of a forward entropic risk measure as the
solution of a BSDE and ergodic BSDE.

Definition 5.3.1. Consider the forward exponential performance process
Uz, t) = —e @M with (t,2) € [0,00) x R. Consider a risk position
&r € L®(Fr), where T > 0 is arbitrary and the risk position is entered
into at the initial time ¢ = 0. Then, the forward entropic risk measure
pi(&r,T),t € [0,T1], is the unique F;-measurable random variable that satis-
fies the indifference condition

ess sup Ex U<X3+pu<§T;T>+£T,T>\ft] — EP{U(XJ,T)‘E]

WEA[t’T] WeA[t,T]

(5.3.1)
for all (¢,x) € [0,7] x R.

If we let £ € £ and consider T¢ := inf{T" > 0 : £ € Fr}, then the forward

entropic risk measure of ¢ is defined, for t € [0, T¢], as

pi(&) = pe(&; Te).

Therefore, for & € L®(Fr), we have pi(§) 1= pe(ér; T).
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The next theorem gives a representation of the forward entropic risk mea-
sure as a solution of an associated BSDE, with a generator that depends on

a solution of the ergodic BSDE.

Theorem 5.3.1. Let & € L®°(Fr) be a risk position with an arbitrary ma-
turity T' > 0. Supposes that Assumptions 7, 8 and 9 hold, and the processes
Z and VU in the ergodic BSDE (5.2.7) are uniformly bounded. Consider, the
BSDE

T T
}/tT,g - _gT + / G(Vu7 Zua Z37£a \Ilua \I/Z7£)du - / ZE’ﬁdW(u)
t

t

= /tT /R TSN (du, dC), (5.3.2)

with g(+,-, ) given by (5.2.34). Then the following statements hold:
(i) The BSDE (5.3.2) has a unique solution (Y;"*, Z1%, W]*) € S®(R) x

H2,(R) x L2(N), fort € [0,T].

(ii) The forward entropic risk measure of a position in & is given by

pelér) =V,
fort e [0,T].

Proof. Since the associated parameters are bounded and Lipschitz continuous
(Assumption (7) and (8)), and the generator g in (5.2.34) satisfies Assump-
tion (9). These assumptions imply that ¢ is Lipschitz continuous in z and
v, a.s.. Therefore, we know from Morlais 2009b (see also Royer 2006 and
Guambe and Kufakunesu 2018) that there exists a unique solution to the
BSDE (5.3.2) with a generator given by ¢ in (5.2.34) and the risk position
&r € L2 (Fr).
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(i) For t € [0,T7], the generator G(v, Z, %, ¥,4)) is Lipschitz continuous in
z and v, that is,

G (v, Zi, 21, 01, ) =G (v, Zy, Za, Uy, )| < CL(142Z4| 21|47 22]) |21 — 22|
and

|G(U, Zta 27 \IIta Q;1) - G(”) Zt7 27 \IIta Q752)| S |r&1 - ¢2|¢U’Z’wl’w2y(d§)
Ro

where Z; and W, are uniformly bounded in HZ,(R) x L?(N). Consid-
ering that GG is a linear combination of g, we deduce that G has the
same form as g in (5.2.34). Therefore, using the fact that & € L (F),
we conclude (following Morlais 2009b, Royer 2006 and Guambe and
Kufakunesu 2018) that Equation (5.3.2) has a unique solution for ¢ €

[0,7].
(ii)) We consider the forward performance process in (5.2.27) and that
pi(&r) € Fy, t €[0,T]. Then we have

ess sup EIP’|:U(X5+pu(£T§T)+£T7T)‘Ft:|

TEA,T)

T
= ¢ l)ess sup Fp l — exp { - ’y(x + / (Ve )di
t

WEA[t’T]
T T 3
+ / o (V)W (u) + / / quuN(du,dC)>+YT
t t Ro

=T — VST}

7]
(5.3.3)

In order to prove the second part of the theorem, we define for s € [t, T,

the process
Pr o= —exp{ —fy(ﬂ:—i—/ ﬂsu(Vs)dth/ wo(Vs)dW (s)
t t
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+/ / WSTSN(dS,dC)) +Y,—As +’yYST}. (5.3.4)
t Ro

As in Chong et al. 2019, we will show that the process P is a super-

S

martingale for all 7 € A7) and that there exists @ € Ay ) such that

PT is a martingale.

For 0 <t <r <s<T, the exponent of PI satisfies
— (:c + / Tuft(Vy)du + / 7o (Vy,)dW (u)
t t
- / / 7. YN (du, dC)) +Y, = As +YT
t Ro
= —y (:p + / Tupt(Vy)du + / w0 (V) dW (u)
t t
T / / 7 (du, do) T A
t Ro

fy(:c—l—/sm/i(V)du—l—/s o(V)dW (u)

//ROWUTNdudC)) (Yo —Y,)

—(As = Ar) + (Y =Y.
(5.3.5)

Furthermore, from the ergodic BSDE (5.2.7) and BSDE (5.3.2), we
have that

Yi—=Y.)—ANs—r) = — /Sg(Vu, Zuy Vo )du + /S Z,dW (u)

+ / /R U, N (du, dC),

and
1 S

VT = 0 [V 2t a2 W)~ Ve 2 )
Y

+ / ZEdW (u / / ULIN (du, dC).
Ro



Combining the above three equations and applying the conditional ex-

pectation, yields

Ep [ — exp { — 5 (x + /t mup(Vy)du + /t ro(V,)dW (u)
- /t S /R 0 T YoV (du, dC)) +Y, - As+ Wf} ]—2}
= —exp { — fy(x + /t Tupt(Va)du + /t 7,0 (V) dW ()

+/ / 7. YN (du, dg)) +Y, = A\ + nyTT}
t Ro

x Ep {exp { / ( — Tupt(Vi) = gV, Zo + v 25, 0, + 7‘1’5))‘%

7.

We consider a process M, := exp{ [7 (= ym,0(V,) + Zy, + 7ZL)dW (u) +
I Jay (= m Y + Wy + WD) N(du, d¢) }, with —ym, Xy + W, + 400 > 1
for a.s. (w,t,¢). From Assumptions (7)-(8) and the fact that (Z°, ¥]*) e
H2,(R) x L2(N,), we conclude that the process M, is a BMO-martingale.
Define a probability measure Q™ by
Q"
dP

/S( V10 (Vi) + Zy + 7 Z))dW (u)

//R — T T + Uy + 7 U)N (du,dg)}

(5.3.6)

=EM)r,
on Fr, where
E(M)r

= exp { /OT (= muo(Va) + Zu +~Zy ) dW (u) — !

T
B / ( —ymuo (V) + Zy + yZ;‘f)zdu
0

T
+ / / [erm Tt Vuta Vi) 1 4 (— g, Ty, + U, + 40 T) ] w(dC)du
0
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T - - }
—|—/0 /Ro ( Yoy + Wy + V\Ilu)N<du’ dC) )
(5.3.7)

provided that [ fRO(e(_W“T“*‘I’“”‘I’g) — 1)?v(d¢)du < oo {for more on ex-
ponential martingale see Applebaum 2009, @ksendal and Sulem 2005 and
Papapantoleon 2008}. Therefore, 42|z = £(M)7 is uniformly integrable,

given that the process M, is a BMO-martingale. Now, we have that
exp { / ( —ymuo (V) + Zy, + ng)dW(u)

+ / / (e 4w, +7@5)N(du,d§)}
r Ro

1

= exp {5 / ( — ymuo (V) + Z, + ng)Qdu

_ /S/ [e(*'YWuTuJF\I’uJF'Y\PZ) —1 + ( _ f)/fn'uTu
r Ro

EM)s
EM),

+0, + 7)) y(dg)du}
(5.3.8)

Hence, from (5.3.6),
Ep { — exp { — (3: + / Tuft(Vy)du + / 7o (Vy,)dW (u)
t t

+/ / muN(du,dg)) + Y, — As +ny5}’£}

t Ro

= —exp { — 7(:10 + / Tupt(Vy)du + / w0 (V) dW (u)
¢ t

n / / 7 N (du, do) Y- A wf}

t Ro
XE]P’ [exp { / ( - /77Tu1u<vu) - g<vm Zu + /7217;7 \Ilu + /7\1117;))du

1 S S
+3 / (=m0 (V) + Zy +~427) 2 du — / / [e(rmTutbutyly)
T T Ro

E(N)s
E(N),

-1+ ( —ym Ly + ¥, + 7\115)} V(dg)du}

’)
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= —exp { - (:c + /tr Tuft(Va)du + /tr ™0 (Vi)dW (u)

4 / / 7 XN (du dc‘)) YAt wYTT}
t Ro

X Egr {exp { / ( — Tt (Vi) — gV, Zu + 7 ZE 0, + 7\115))du

1 S
+—/ (=m0 (Vo) + Zo +~Z7) du

/ / (—rmu Tt Wuty W) _ 1 4 ( — Yy + U, + 7\1/5)}y(d§)du} ]—}} .

(5.3.9)

Following the same procedure as in Chong et al. 2019, we show that for any

u € [r,s],

1 S
A ms(Vi) + 5 (= 1m0 (Vo) + Zut o 2E) = [ [ felm e
T Ro

+( =y Yy + Uy + V) (dC) > g(Vi, Zu + v 2L, 0, +90]),  (5.3.10)
then

Eg~ [exp { /s (= ymup(Ve) = g(Vi, Zu + vZE W, + V\I'Z))du

+1/s( 1o (V) + Zy +~425) 2 du

/ / ( ’\/7ruTu+‘I’u+'Y‘II ) 1 _'_ ( — fyﬂ-uTu + \I/u —|— 7@5)}U(d€)du} ‘Fr:| Z 1

(5.3.11)

As a result the super-martingale property

o { — exp { - 7<x + /t mupt(Vi)du + /t 7o (V,)dW (u)

+/ / 7. YN (du, dg)) +Y, — As + wf} ‘f]
t Ro

< —exp { - 7(:}0 + /t (Vi) du + /t a0 (Vi) dW (u)
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+ / / 7. Yo N (du, dC)) +Y, = Ar+ nyrT}
t Ro

will hold. Note that the left hand side of the equation (5.3.10) can be

written as
1 s
— Yt (Va) + 5( —ymuo (Vi) + Zy, + 7Z§)2 B / / [e(—ququ\Ifmw‘IfZ)
r Ro
~1+ (= ym Lo+ Ty +7TT) ] 0(dC)

= ?’ﬂ'd —(Z" + 5 )}

+1|Zu + 7Z§|2 _ /S/ |:6(_’YW1LT1L+\IITL+’Y\IIZ) _ 1
2 r Ro

(= ym T + Uy + 705 ) [ (dC).

2_ %}Zu + 20+ w(Va) fo (V)|

(5.3.12)

In particular, for any 7, € Ay r),

2 Zu+p(V) oV 2 1 2 1
Tiro — (g7 4 23 PQOQdy e Y770 4wV fo ) + 512,
y 2 2
2L - / / el ettt i) g 4 (= g, Ty + Uy, + 98] Ju(dC)
r Ro

)|*

v

° Zy, Vi) /o(Va
inf {l’ﬂg_(ZT+ + (Vi) /o (Vi)
7Tu€.A[t7T] 2 Y

1 1
5|20+ Z0 - p(V) Jo (V' + 512, + 2]
- / / [eComdut Pt ) — 1 (=, Lo+ Uy 0] v(dd}’
r Ro

and using g(Vy, Z, + vZL, U, + y¥T) as in (5.2.6), we conclude that the

super-martingale property holds true.

The martingale property of the process P, holds true if @ € Ay 7 and
° Zy, Vi) /o (Vy
(Lo - a7 1 Lt 10l
2 gl
1 1
~5|Zu 412+ w(V fo (V) + 512+ 2

- / / [eComdut Pt ) — 1 (=, Lo+ Uy 0] v(dd}'
r Ro

T = inf
T G.A[t’T]

)|
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Combining the results from above, we obtain that Ep[PF|F;] < PF, and
hence, for any m € Ay 1y,
7

(5.3.13)

EP [ e ($+ftT mu(Vu)du—i—ftT ﬂO(Vu)qu-i-ftT fRo ﬂuTuN(du,dC)) +Y7 AT —~ép

—yz+Y; —At+~Y, L
S —€ ¢ ¢ )

and for 7 = 7 € Ay 1), we obtain

E, [ (o T Vi dut [ o (VW [ o TN (du,d)) +Yr AT e

7|

—yz+Y =AY,

= —e
(5.3.14)
Subsequently,
—y (x-}-ftT 7ruu(‘/u)dt+ftT ﬂa(Vu)qu-i-ftT fRO ﬂ'uTuN(du,dC)) +Ypr—AT—~&r
ess sup Ep l —e ]:t} .
ﬂEA[t’T]
— o HYim Aty
(5.3.15)

and using condition (5.3.1), we obtain

—ypt (7)) —ym+Ye—At+y YT —yz+ Y-\t
b

—e = —¢

and hence,
Pt (ST) = YtT7
which concludes the proof. O
Similar to Chong et al. 2019, the above representation also satisfies the
time-consistent property, which means any risk position defined at time T’

can be evaluated indifferently at any intermediary time u for any 0 < ¢ <

u < T < 00. See also Bion Bion-Nadal 2008 for construction of risk measures
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using BSDE with jumps. Chong Chong et al. 2019, highlights the difference
between the traditional entropic risk measure and the forward entropic risk
measure. The first difference is that the forward entropic risk measure is
defined for all time ¢ < 0, while the traditional entropic risk measure is
determined for a finite time ¢ € [0,7]. The second difference is that the
generator of the BSDE (5.3.2), depends on the process Z, which is part of
the solution of the ergodic BSDE (5.2.7) that gives the forward exponential
process in (5.2.27).

5.4 Long-term maturity behaviour of the for-

ward entropic risk measure

We consider a contingent claim written on the stochastic factor, this position

is represented as follow

&r = —h(Vr), (5.4.1)

where h : R — R is uniformly bounded and is Lipschitz continuous function
with a Lipschitz constant C. From Theorem 5.3.1, we know that the risk
of the position is represented as the solution for the BSDE (5.3.2), that is
p(ér) = Y,"*, where V;"* satisfies

T
Y = h(Vr)+ / GV, Zy, ZE" W, UM du — / Zy " dW (u)

t

/ / UERN (du, d¢). (5.4.2)

To analyse the long term behaviour of the forward risk measure, we associate
the above BSDE to the ergodic BSDE given as

~ ~

T’ T
Y, = Yp+ / (G(Vu,zu,zu,\pu,\ifu)—A)du—/ Z,dW (u)
t

/T/ /R\I/ N(du, d¢), (5.4.3)
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for 0 <t < T’ < oco. We analyze the approximation of YOT’h by Yo 4+ AT for
large T'. In Chong et al. Chong et al. 2019 the driver of the ergodic BSDE
(5.4.3) depends only on the solution Z; of the ergodic BSDE (5.2.7) of the
forward performance process. In our case, the driver of the ergodic BSDE
(5.4.3) will depend on the solution Z and ¥ of the ergodic BSDE (5.2.7).
As was pointed by Chong et al. Chong et al. 2019, this creates technical is-
sues, which results in examining the Markovian and non-Markovian forward
processes separately. Following a similar route, we analyze the long-term
maturity behaviour in the Markovian case. The non-Markovian case follows

closely as in Chong et al. Chong et al. 2019.

5.4.1 Markovian forward performance process

Let us consider the case
Ult,z) = —e ety (5.4.4)

where (Y (V,), Z(Vy), ¥(V2)) = (y(Vy), 2(V2),¥(V;), A), is the solution of the
ergodic BSDE (5.2.7). The driver G(V,, Z,, Zu, U, \ifu) of the ergodic BSDE
(5.4.3) depends on z(V;) and ¥ (V;). The functions z(-) and ¢(-) are bounded
and hence the driver G is Lipschitz continuous in 2 and ¢ as in (5.2.10)
and (5.2.11). However, the generator G may not be Lipschitz continuous in
v, which affects the existence and uniqueness of the solution to the ergodic

BSDE (5.4.3). To overcome this problem, we consider an auxiliary quadratic
BSDE defined by,

A Yp—AT [T1 A . T,

Y = (V) = / —g(Vay 200 A ") du / Zy"dW (u)

Y t t
T
- / / GLhN (du, d¢), (5.4.5)
t Ro

: SToh STh G Thy
with (V2" ZI" Ul given as

. . - Y, — Mt Z v
2wy = (v X2 g 2 B,
v v v
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and ¢ is given in (5.2.34).

We now recall from Chong et al. 2019 the following proposition with some

results for the stochastic factor model.

Proposition 5.4.1. (Chong et al. 2019) If Assumption 8 holds, then for all
>0,

(i) the stochastic factor process satisfies |V, — V2|2 < e 20t vy — vy)?

where vy, vy € R?.

(i1) If we assume that the process V'V satisfies the following SDE
vy = (n(Vy') + H(Vy")dt + kdW" (2),

where H : R + R is a measurable bounded function, Q% and P are

equivalent probability measures, and W is a Q-Brownian motion.
Then, for some constant C' > 0, Equ[|V;]?] < C(1+ |v]?).

(iii) For any measurable function ¢ : RY — R with polynomial growth rate

Y >0, and vy, vy € RY,
EanlI6(V) — G < O(1+ [+ + [u5 )0,

where the constants C' and én depend on the function H only through
supyera|H (v)].

The proof of (i) and (ii) follows from the Gronwall’s inequality and ap-
plication of the Lyapunov argument respectively (see Chong et al. 2019 and
Fleming and McEneaney 1995 Lemma 3.1). For the proof to the third part
of the proposition (basic coupling estimate) is given in Lemma 3.4 of Hu,
Madec, et al. 2015 and also see Theorem 2.4 from Debussche et al. 2011 and
Theorem 5 from Cohen and Fedyashov 2014.

Theorem 5.4.2. Let Assumption 7 and 8 hold, and assume that the forward
performance process U(t,x) is given by (5.2.27). Then
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(i) there exists a unique solution (Y,"", ZI'" WMy = (gT1(V,), 200(V,), T (V,))
of the quadratic BSDE (5.4.5) fort € [0,T].

(ii) For (t,v) € [0,00) x RY, we have that
9"t 0)] < Cr(1 + Jvl)

and 27", &T’g are uniformly bounded such that,
2K

|2T7h(vat)| < Cza W(Ut, )| < 7

Proof. The existence and uniqueness of the solution to the quadratic BSDE

(5.4.5) follows from Morlais 2009b (Section 3.2, Theorem 1 and 2). Analogous

to Chong et al. 2019, the linear growth condition of the function §79(¢,v)

follows from the boundedness of ¥;"" and the linear growth condition of y(-).

Note that (Y1, ZL' WT) = (yItv ZTtv gltvy = (yT(VEv ), 2T(VEY ), BT (VY u))
for u € [t,T] with V;"" = v and some measurable functions y7(-,-), 27(-,)

and W7 (- -). We consider a truncated BSDE version of (5.4.5)

. Yy — AT T . .
Yy = h(VT)+7+/ —g(Va, 7(ZI"), 7G(T 1)) du

- /t ZIhaw (u / /R TN (du, d), (5.4.6)

where the truncation functions ¢(+) : R? — R? and ¢ : RY — R? are defined
h in(|z[, C2)
min(|z|, C.

Now, it then follows that the generator g of the truncated BSDE (5.4.6) is

21{27&0}, and (j(’gb) = 1|¢|§1.

Lipschitz i.e.

l9(v1,7q(2), vG(¥)) — g(va2,7q(2),7q())| < Cylvr — 2, (5.4.7)

19(v,7q(21),74(¥)) — g(v,7q(22), (V)| < C.lz1 — 2 (5.4.8)

and

19(v,7q(2),7q(¢1)) — g(v,v4(2), v4(¥2))| < i |th1 — o] "> Y120 (dC),
i (5.4.9)

96



for any vy, va, 21, 22, U1, Yo € R? Consequently, we have

ST t,01 ATt 09
}/;77 _}/;77

1
= B(VE") = RV} +

§(Yzé’v1 - Y;")
g 1 t 5Tt T, Tt t 5T t T, Tt

+/ §[g(Vu’”1,W(Zu"”1),761(%’ ) = g(Vier vq(Z0072), vq(B ) | du
t

T
o / (Zg,t,vl ZTtvg dW / / \I,Ttvl \I]Ttvg) N7 (du, dC)
t Ro

= B(VE") = hVE) £ 0 = (V™)

T
1 A N A A
[ a0 A ZE) W) (Vi a2, (V)
t

)

T
= [ @ - ZEe ) - )
t

T
[ ) (V) — o
t Ro
(5.4.10)

and denote

(Vb yq(ZT) g (BTE)) — g (V2 yg(ZT002), yq(BT402))]
By = X
t — "}/‘ZAZ-"t’UI - Z/\g,t,'UQ |2

ATvtvvl _ ATvtv’UQ R R
X |Zu Zu |1{Zz,t,v1¢23,t,v2}

Using the Girsanov’s theorem we can define W#(t) := W (t) — fg Bdu and
N#(dt,d¢) == N(dt,d¢) — fot U1y (d¢)du for 0 <t < T, where @v=¥1:¥2
is defined in Assumption (5.2.11). For all t we define 07, := Z """ — z"h*

ST STt :
and 00, := U, """ — ¥,"""* and introduce

Mtz/(szdwﬁ //MIN (du, d¢),
0 Ro

which is a local martingale under the measure Q, equivalent to P, defined
on Fr. Thus, taking conditional expectation under the Q measure on JF;
and using the Lipschitz condition of h(v), in (5.4.1), y(v) in (5.2.13) and
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g(v,vq(2),v4(¢¥)) in (5.4.7) to (5.4.9), we obtain the following results

L I habe i

v (% K v (%
< GhEo[lVy"™ — Vy™ || F] + ;E@HV%’ L VE|F
C T
+7”IE@[/ |Vior — Vj”llﬂ]. (5.4.11)
t

Furthermore, using the results from Proposition 5.4.1 we conclude that

e, K G
|}/tT,t7 1 _Y;Tﬂf, 2| S (Ch+ 7 —+ 7>|Ul _UZ|.

0

The proof of the asymptotic behaviour of the forward entropic risk mea-
sure is the same as the diffusion case in Theorem 10 from Chong et al. 2019,
where they show that the forward entropic risk measure converges to a con-

stant as the time horizon increases.

5.5 Conclusion

In this chapter, we introduced jumps into the ergodic BSDE with quadratic
growth in the control variable. We proved, under certain conditions, that
there exists a unique Markovian for a quadratic-exponential ergodic BSDE
with bounded jumps. Afterwards, we derived the representation of forward
entropic risk measure, which depends on the results from the ergodic BSDE.
We derived the connection between the ergodic BSDEs with jumps and the
PIDE. We noticed that when the stochastic factor includes jumps, the cor-
responding generator of the ergodic BSDE contains Y; and consequently the

translation invariance property is not satisfied.
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Chapter 6

BSVIE-based dynamic capital
allocations in a jump

framework

6.1 Introduction

In this chapter, we study the notion of capital allocation derived from dy-
namic risk measures constructed using Backward Stochastic Volterra Inte-
gral Equations (BSVIEs) with jumps. We prove the differentiability of the
BSVIEs with jumps. The capital allocation of the dynamic risk measure is

derived and an example is given.

Yong 2007 extended the work of risk measures of BSDEs to a specific type
of BSDE called backward stochastic volterra integral equations (BSVIEs).
BSVIEs are more general as compared to BSDEs because they consider po-
sition processes instead of Fr—measurable random variables (see Section 6.2
for notation). Agram 2019, studied dynamic risk measures based on BSVIEs
with jumps. For more theory and applications of BSVIEs see amongst other
Yong 2013 and Kromer and Overbeck 2017, and BSVIEs with jumps see
Agram, Oksendal, et al. 2016, Agram, Oksendal, et al. 2018.
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This chapter is arranged as follows: in Section 6.2, we outline all the
relevant notations and concepts that we use throughout the Chapter. In
Section 6.3, we provide the main results. Finally, we apply the results from

Section 6.3 to an example and conclude. In Section 6.4, we conclude.

6.2 Preliminaries

Let T" < oo be a finite time horizon. The source of randomness is mod-
elled through a probability space (2, F, P) with the filtration F = (F;)i>0
generated by the one-dimensional Brownian motion W, and an independent
Poisson random measure N(dt,d¢). Let the compensated Poisson random
measure of N be defined by N(dt,d¢) = N(dt,d¢) — v(d¢)dt, with v(d¢)dt
denoting the Lévy measure of N on R, := R\{0} so that

/R min{1, |¢]*}v(d¢) < oo.

Taking A := {(¢,s) € [0,T)? : t < s}. We define the following spaces of

variables or processes.

e [*(Fr) is the space of Fpr-measurable processes ¢ : [0, 7] x 2 — R for
all t € [0, 7], with norm

T
2, —E t Zdt] :
1B o = E| [ P <oc

e Denote by H; the space of F-measurable cddlag processes Y : [0, 7] x
) — R, with the norm

T
Y ||% ::E[/ |Y(t)|2dt} < o0.
Y 0
e Let H? be the space of F-predictable processes Z : A x  — R such
that
T T
1213 = E[ || iz s>|2dsdt],
0o Jt
where s — Z(t, s) is F-predictable on [t, T]].
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e 2 is the space of all Borel functions T : Ry — R equipped with the

norm

7|2, = / T(t,5,C)?(dC) < 0.

e Let H? denote the space of F-predictable processes T : AxRyxQ — R,
such that

E[/O /t 5 1T (t,s,Q)| y(dC)dsdt} < 00,

where s — T(t,s,-) is F-predictable on [t,T]. The space H? has the

norm

2 . g g 2 :|
It =5 [ [ ] s opsacasar]

We consider the following BSVIE with unknowns Y, Z and T
T T
YO = =00+ [ gl V(). 2009 X (05, 0)ds = [ 29w (s
t t
T
[ [ At oN@s . e (6.2.1)
t Ro

where ¢ € L*(Fr) is a position (wealth) process instead of a random variable
and g : A X R xR xR x  — R is the generator. From Yong 2007, we know
that ¢(-) can represent the total wealth process of a portfolio consisting of a
combination of contingency claims, some current cash flows (dividends), some
positions of shares and bonds at time t. Here v(+) is a stochastic processes
that is Fpr-measurable. We also consider the following Backward Stochastic
Differential Equation (BSDE)

Y(t) = —§+/t g(s,Y(s),Z(s),T(s,-))ds—/t Z(s)dW(s)
—/tT/R T(s,¢)N(ds,d¢), tel0,T], (6.2.2)

where the terminal condition, £, is a square integrable random variable. The
difference between BSDE (6.2.2) and BSVIE (6.2.1) as stated in Yong 2007

(see page 4) are as follows:
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(i) The generator, g is dependent on both s and ¢.

(ii) The generator does depend on Z(t,s) and also on Z(s,t). Under the
jump BSVIE, the generator will depend on both Y(¢,s,-) and Y(s,t, )
(see Agram 2019).

(iii) The process v (-) is allowed to just B[0,T] ® Fr-measurable (not nec-
essarily F-adapted), where B[0, T is the Borel o-field on [0,T].

Next, we state the conditions that the generator and the position process

must satisfy in order for the solution of the BSVIE (6.2.1) to exist.

(H.1) (i) The function g : A x R x R x R x 2 — R satisfies the following

integrability condition

E[/OT </tTg(t, S,0,0,0)dS)th] < .

(ii) The function g satisfies the following Lipschitz condition. There
exists a constant C' > 0 such that, for all ¢, s € [0,T]

9t 5,9, 0()) — glt, 5,4/, 2, ()] < c(|y—y'|+|z—z'|

1/2
+( [ |v<o—v'<o|2u<do) )
for all (t,s) € A, y,v/, 2,2 € R, v(-),v'(-) € L.

(H.2) The terminal condition ¢(-) € L*(Fr).

Under the assumptions (H.1) and (H.2), Agram, OQksendal, et al. 2016
showed that there exists a unique solution (Y, Z,Y) € H, x H, x H, of the
BSVIE (6.2.1) and the following estimate holds

T 2
0 2l < B[l + ([ ate.5.0.0.00a5) |

We refer to Hu and Oksendal 2019 for an explicit solution formula for a

special case of linear BSVIEs with jumps.
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The concept of dynamic risk measures constructed using BSVIE with

jumps is introduced by Agram 2019. Define
p(t, () =Y O(t),  forall te[0,T], (6.2.3)

where Y is the first component to the solution of the BSVIE given by:
T T
V() = 00+ [ olts 209 X0 Nds— [ 20 saw ()
. t ) t
[ [t oN@s . e (6.2.9)
t Ro

with the terminal condition ¢ (-) € L*(Fr) and generator g : A x R x R x
) — R satisfying assumptions (H.1) and (H.2) respectively. The approach
of Agram, Oksendal, et al. 2018 is motivated by the work of Yong 2007
who studied dynamic risk measures induced by BSVIE in the continuous
framework. Agram 2019 (in Theorem 4.1 page 11) (also see Yong 2007 for
the diffusion case), they define a dynamic risk measure p : L?(Fr) — L*(FF)
of the return process 9 (-) induced by BSVIE with jumps if the following
holds:

(i) Convexity: For any (-), ¥s(-) € L*(Fr) and A € [0, 1]

p(t, A1 (-) + (1= M)a(t)) < Ap(t, 1 (-)) + (1 = A)p(t, iha (1))

(ii) Momnotonicity: If ¢ (-) < (), then p(t, ¢1(-)) = p(t, ¥2(-)).
(iii) Translation invariance: If ¢(-) € L2(Fy) and for any ¢ € R, then
p(t, () +c) =p(t, () —c, as. te[0,T]
(iv) Past independence: If 1;(-), 1y(-) € L2(Fr) and ¢y (s) = 1by(s) for
all s € [t,T] then p(t,1(-)) = p(t,12()).

Convexity demonstrates that the dynamic risk measure can increases in a
nonlinear way as the position process is multiplied by a factor, due to liquid-

ity risk of the large position. Monotonicity states that the capital required
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to support a large position process is smaller than the capital required to
support a small position. Translation invariance means that if you increase
a position by some constant then the capital required to maintain the new
position will decrease by that constant. Lastly, Past independence means
that the dynamic risk measure is only dependent on the current and future

information of the position process.

Now consider ¢ (t) to be a portfolio process with the risk p(¢(t)) and ¢(t)
the sub-portfolio process such that » . | ¢;(t) = ¢(¢). Then the capital allo-
cation problem is to determine the risk contribution of sub-portfolio process
¢i(t) to risk of ¥ (t). If the risk measure, p is Gateaux-differentiable, then

the gradient allocation is given by

L pftio) +uatt))| = tim 200D

du u=0 u—0 u

—VY (),  (6.2.5)

The above expression represents the risk capital that the sub-portfolio process
¢(+) contributes to the portfolio process ¥(-). It describes the continuous-
time dynamic capital that should be allocated to the sub-portfolio process
o(+) (see Kromer and Overbeck 2017).

In the next section we study dynamic capital allocation where the risk

measure is constructed using BSVIE with jumps.

6.3 Representation of dynamic risk capital

allocations

For the capital allocation, we need the differentiability results of the BSVIE
with jumps. The differentiability of the BSVIE with jumps will allow us to
define the gradient allocation. We consider the following BSVIE

YU(t) = —(w(t)+u¢(t))+/t g(t,s,u,Y"(s), Z"(t,s), T"(t,s,())ds
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_/tTZutde / /ROTutSC (ds.d0).  (63.1)

for any u € R.

6.3.1 Differentiability of BSVIEs with jumps

To derive the differentiability results of BSVIE (6.3.1) we impose the follow-

ing set of assumptions.

(D1)

(D2)

The terminal process ¢ : [0,7] x R x Q — R is continuous, 1(t,u) €
L*(Fr), the map u — (¢, u) is differentiable for all ¢ € [0, 7] and the
derivative is given by Vi (t,z) € L*(Fr).

The generator g : A X RXRXRXRXxQ —Ris B(AXxRxRxR X
R) ® Fr measurable such that s — g(t, s, u,y, z,v) is F-progressively
measurable for all (¢, u,z,v) € [0,T] x Rx R xR xR with the following
integrability condition holds

T T 2
E[/ (/ |g(t,s,u,0,0,0)|ds) dt} < oo Yu € R.
0 t

Furthermore, the generator ¢ is such that the map (¢, s,u,y, z,v)
g(t, s, u,y, z,v) is continuously differentiable. In addition ¢ is Lipschitz
continuous that is there exists a deterministic function L : A — [0, c0)
satisfying
T
sup / L(t,s)*™ds < oo
]

telo, T

for some € > 0 such that
\g(t,s,u,y,z,v)—g(t, Svuvylv zlvv/)‘ < L<t7 S)(|y—y/‘—|—"Z—/Z||—|—|U—UID,

for all (t,s) € A, (y,z,v),(y,7,0v") € R xR x R. Moreover, the map
u— g(t,s,u,y, z,v) is differentiable and for all (u,u’) € R

T T
el (]
u—u’ 0 ¢

gt 5,0, Y Z%(5), T(5,0))

0 / u’ u’ u’
%g<t,S,U,Y 7Z (S>7T (S7C))

ds)zdt] = 0. (6.3.2)
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(D3) Let § : A x 2 x Ry — R be a measurable process satisfying

/R 16(t, 5, O)P(dC) < 00
for any (t,s) € A.

The results of the differentiability of BSVIE (6.3.1) under the above assump-
tions is given by the following corollary. Our approach to the proof of the
corollary closely follows that of Overbeck and Roder 2018, (Theorem 3 page
21), differentiability results of the path-dependent BSVIEs with jumps.

Proposition 6.3.1. Let (D1) and (D2) hold, then the function
2 2 2 u u u
R_>Hy XHZ XHV’ U)—)(Y ()7Z ('7')7T ('7'7'))7

1s differentiable and the derivative is a unique adapted solution to the

BSVIE
VYU(l) = vw(t)—/Tvzwde / / VT (L, 5, )N (ds, dC)
. t Ro
+ / 8ug<t,s,Y“(s),Z“(t,s), / T“(t,s,g)(m,s,g)y<dg))vw<s)ds
+ /t az,g(t,s,Y“(s),Z”(t,s),/R T“(t,s,()cS(t,s,Q)l/(dg))VZ“(t,s)ds

o[ [ oty 220, [ T e s vtac) )
xtVT“O(t, s, O)u(dC)ds. 0 (6.3.3)

Proof. We define for all (¢,s) € A, u € R and h € R the following
1 1
V) = (YO =Y(@), 2Nt s) = (27Tt s) = 20 (),

U'(t,s, ¢) = (T“+h(t 5,0)=_"(t,5,¢)) and W'(t) = %(w“+h(t)—¢“(t))-
We then have

Yh(t) /Zh )W (s //Ruhtsg (ds, d¢)



T
—l—/t %(g(t,s,ujLh,Y”+h(S),Zu+h(t75)’/ T (¢, 5,0)d(t, s, Or(dC))

Ro

—g(t, s,u, Y'(s), Z"(t, s),/

Ro

T“(t,s,C)d(t, s, g)y(dg))) ds.
(6.3.4)

Define a mapping l,,5 : [0,1] > R X R xR x R x R by

lan(0) = (u + 0h, Y (t) + 0hY" (1), Z*(t,s) + OhZ"(t, s),

[ (.0 + 00,5000, 00(d0) ) (639)
Ro
From the above notation if follows that

3 atua® = (10,205, [

Ro

U (1,5, )1, s,<>u<d<>)

Equation (6.3.4) can be rewritten as
V) = \I/h(t)—/t Zh(t)dW(s)—/t /Ruh(t,s,g)zif(ds,dg)
# [ (6. 200 [ X a5, o)

Ro

+Aun(t, 5)) ds,
(6.3.6)

where mzli1 R xR xR — Ris a linear function defined by
mffﬁ = Bun(t, s)y + Cun(t,s)z + Dyn(t, s)v,

with -
Au,h<t7 8) :/0 %g<lu,h<9))d97

1
0
Bun(t.s) = | —g(l.n(6))d6,
o6:5) = [ Sal1,(0)

1
0

Cunl(t, s)—/o gg(lu,h(ﬁ))dﬁ7
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Du,h(tv S):A a_avg(lu,h(e))de

From Hu and Oksendal 2019, there exists a unique solution (), Z,U) to
the linear BSVIEs (6.3.6). It then follows that

E[/OTWh(t)—yh/(t)\th] < C(E[/OTW’L(t)—\I!h/(t)\th]

HE{ /0 ' ( /t : (Aun(t,s) — Ayp(t, s))zds) dtD.

(6.3.7)

Consequently, for h, ' € Ry and (D1), we have

lim E[/OT |T" (1) — \I/h’(t)|2dt] =0,

h—h’

and (D2) yields

f}LIThlIE|: /O : ( /t ' (Aun(t,s) = Aup(t, S))st) dt] — 0.

Hence, if follows

lim EUOT |Vh(t) — yh/(t)|2dt} =0,

h—h'

From the same argument, it follows that

T T
lim E{/ / |ZM(t,s) — 2" (t, s)|2dsdt] =0,
o Ji

h—h'

and

lim E[/OT /tT/RWh(t,s,Q) —uh’(t,s,g)ﬁ(dg)dsdt] = 0.

h—h'

Therefore, we conclude that
Jim (|, 2" U — V27U gz = 0.
N Y z v

Considering that H 5, H? and H? are Banach spaces the sequences " con-
verges to B%Y“ (t), Z" converges to B%Z“ (t, s) and F" converges to %T“(t, s,().
Under the above term by term convergence, (Y (t), & Z"(t,s), Z=T"(t,s,())
is a solution to the BSVIE with jumps (6.3.3). O
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6.3.2 Gradient capital allocation

In this section we derive the dynamic capital allocation and it is given as the

first component of solution to the BSVIE with jumps.

Corollary 6.3.2. The dynamic capital allocation corresponding the dynamic
risk measure p(t, ¥ (t)) in (6.2.3) exists and is given VY (t), which is a unique
solution to Equation (6.3.3).

Proof. We can deduce that p(t;9(t) + u¢(t)) is the dynamic risk measure
for the position process 1(t) + u¢p(t). It follows from Equations (6.2.3) and
(6.2.4) that

p(t;(t) +up(t)) =Y"(t) forall t>0

where the process Y () is the first component of the unique solution of fol-
lowing BSVIE

Vi) = =) +ue(t) + / g(t,s,u,Y"(s), Z%(t, 5), T*(t, 5, C))ds

_/tTZ“tde / /Rorwsg (ds,d¢),  (6.3.8)

for any u € R. It then follows from Corollary (6.3.1) that the dynamic

gradient allocation defined as

L p(t0) + ug()

u=0

exists, with VY'(¢) being the first component of the unique solution to Equa-
tion (6.3.3). O

If the jump term is removed the results of the Corollary (6.3.2) will be

the same as Kromer and Overbeck 2017.

Example 6.3.1. We consider the following BSVIE

Y(t) = —w(t)—/tTZtde //R (t,s,C)N(ds, dC) + /tT<Y(s)r(s)
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- go(t,s)\/1+|2(t,s)\2+ i }T(t,s,{)}Qé(t,s,C)y(dC))ds, (6.3.9)

where the generator is given by

g(t, 5,9, 2,0) = Y (s)r(s)+00(t, s>\/ LHIZ@ )+ [T O))8(t, 5, Qr(do) .

According to Yong 2007, the choice of the generator depends on the
agent’s appetite towards risk, the greater the generator the more conser-
vative the agent is towards the risk (see also Delong 2013 page 240 on the
economic interpretation of the generator). The generator satisfies condition
(H.1) and also condition (D2). By taking r(¢) = 0, then the generator is in-
dependent of the Y process. Hence, the dynamic risk measure p(-), is given
by the first component of the solution to the BSVIE (6.3.9). We apply Corol-
lary (6.3.1) to obtain the corresponding dynamic gradient allocation of (+),
which is given by VY, the first component of the solution to the following
BSVIE

VYu(l) — Vw(t)—/tTVZ“tde / / VTt 5, )N (ds, dC)

+ /tT r(s)VY"(s)ds

T Z(s,t)
I olt, ) VZ4(t, s)ds
I ST 9)P + fy, (X5, 0Pt 5, O(dC) o

[ e Y(t,5,0)5(t, 5, Ov(d)
R Vl +1Z(t )P+ Ji, 1Tt 5, OPA(E 5, )r(dC)
xVY(t,s,()v
(6.3.10)
In general, the explicit solution of BSVIEs is hard to get. We would have

to use numerical methods to find the solution of the above BSVIE (6.3.10),

this is a subject of further research.
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6.4 Conclusion

In this chapter, we studied the capital allocation problem for dynamic risk
measures constructed using the solution of BSVIEs with jumps. We derived
the differentiability results of BSVIEs with jumps. Hence, the dynamic cap-
ital allocation is determined as the first component of the solution to the
BSVIE derivative. To obtain an approximation of solution to the BSVIE
derivative, we would need to employ numerical methods. This can be con-

sidered as a further research topic.
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Chapter 7

Conclusion

Summary and future research

In this research, we established the representation of dynamic risk measures
and capital allocation defined using BSDEs and their generalization (BSVIEs
and ergodic-BSDEs). Our framework was under the diffusion and jump-

diffusion case.

In addressing the main research question, we were able to determine the

representation of the capital allocation where the underlying risk measure is:

e represented using BSDE(s) with quadratic-exponential growth in the
control processes, that allowed us to determine the risk associated with
a final random variable investment outcome at any time during the

investment period;

e represented using ergodic-BSDE(s) that allowed us to determine the
risk associated with the final investment outcome where the final in-

vestment payout date is flexible;

e determine from the BSVIE with a generator that depends on (s,t) and

the control processes rely on both s and ¢ for s € [¢,T], the represen-
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tation of a dynamic risk measure when the terminal value is a position

(wealth) process.

The capital allocation was determined using the gradient allocation method,
(i.e. Gateaux Derivative and Malliavin directional derivative), as it allows
one to differentiate the risk measure of the portfolio in the direction of the
sub-portfolio. This is critical in ensuring that the overall portfolio risk has

been fully allocated to each sub-portfolio.

Our work determined the representation of capital allocation under the
full-allocation property, and we did not consider sub-allocation property (in-
troduced by Centrone and Rosazza (2018)). For further research work, we
will consider sub-allocation. Another area of interest is in determining an
optimal BSDE-based capital allocation where we formulate and solve an opti-
mization problem. (Dhaene et al. (2012) investigated optimal capital alloca-
tion based on well-known risk measures (such as conditional tail expectation)
but not on BSDE-based risk measures). The practical implementation of the

results herein is a possible future interest.
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Appendix A
Axioms of Capital Allocation

We provide the reader with some of the capital allocation axioms in literature
(see Kalkbrener (2005), Denault (2001) and Centrone and Rosazza (2018)).

We recall the three axioms for capital allocation proposed by Kalkbrener
(2005) and we will use similar notation from therein. Let A : X x X — R
denote the capital allocation, then A(X;, X) defines the risk capital allocation
of X; whenever X; is considered a subportfolio of portfolio X. We say that
A is a capital allocation associated with the risk measure p if it satisfies
A(X, X) = p(X) this means the capital allocated to X, is its risk p(X),

whenever X is a portfolio that contains itself.

Definition A.1. Let p: X — R. A capital allocation (with respect to p) is
a function A : X x X — R such that for every X € X

A(X, X) = p(X).
The capital allocation A is called
(1) linear: AN(aX+bY,Z) = aA(X,Z)+bA(Y,Z) Va,beR, X,Y,Z € X.
(i1) diversifying: A(X,Y) < A(X,X) VXY e X.

(111) continuous at Y : lim.,o A(X,Y +eX) =A(X,X) VX Y elX.
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The linear axiom states that the risk capital allocated to the subportfolios

should add up to the overall portfolio risk, that is, if Z = aX + bY, then
p(Z)=MNZ,7Z)=alN(X,Z)+ bA(Y, Z).

Diversifying axiom says that the risk capital of a portfolio allocated to the
sub-portfolio should not exceed the risk capital of a portfolio allocated to it-
self. The last axiom, says that a small change to the portfolio has a minimal

effect on the risk capital allocated to the subportfolio.

The next theorem we recall from Kalkbrener (2005). The risk capital
allocated is uniquely determined by the directional derivative of the underly-

ing risk measure at the portfolio in the direction of sub-portfolio Kalkbrener

(2005).

Theorem A.1. Let A be a linear, diversifying capital allocation with respect
to p. If A is continuous at Y € X then for all X € X

pY +eX) = p(Y)

A(X,Y) = lim
e—0 €
Proof. See Kalkbrener (2005) (Theorem 3.1). O

We recall the definition of Aumann-Shapley capital allocation method

proposed by Tsanakas (2009) for convex risk measures.

Definition A.2. For a aggregate portfolio X € &X and a risk measure p
that is Gateaux differentiable at 5X, 8 € [0, 1], the Aumann-Shapley capital

allocation A4 is define by

A (Y, X) = /1A(Y, BX)dp.
0
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Appendix B

Malliavin Calculus

In this section, we recall the two definition of the derivatives of F' presented
in Di Nunno et al. (2009). The first definition is the stochastic derivative
DtF of F € DLQ.

Definition B.1. Assume that I’ : 2 — R has a directional derivative in all

directions of n of the form n € H in the strong sense, that is

D, F(w) := lim Flwten) - F(w)’

e—0 €

exists in L?(P). Assume in addition that there exists ¢(t,w) € L*(P x dt)
such that

T
D,F(w) = / Y(t,w)(t)dt foralln e H.
0
Then we say that F' is differentiable and we set
DiF(w) :=¥(t,w).

We call D.F € L?(P x dt) the stochastic derivative of F. The set of all

differentiable random variables is denoted by D ».

The set of n € €2, that is written in the above form for some h € L*([0,T),
is called the Cameron — Martin space and it is denoted by H (Di Nunno
et al. (2009)).

The second definition provides the Malliavin derivative D, F" of F' € D1 5.
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Definition B.1. Let F' € D, so that there exists {F},}7>,; C PP such that
F, = F  in L*(P)
and {D,F,}2, is convergent in L*(P x dt). Then we define

D,F = lim D,F,  in L*(P xdt)

n— o0

and .
D,F = / Dy F - h(t)dt
0

for all 5(t) = [) h(s)ds € H, with h € L*([0,7]). We call D,F the Malliavin

derivative of F'.

Di Nunno et al. (2009) shows in Lemma A.18 page 358 that if ' €
D;5 N Dy, then the two derivatives coincide. In view of this, we use the
same symbol D,F' for the derivative and D, F' for the directional derivative

of all elements F' € D5 N D 5.
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