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We investigate the impact of the dipole-active modes formed via the mode-mixing of the dipole mode with higher-order
surface plasmon modes of a nanoegg on the radiative decay rate and quantum yield of an excited molecule near the
nanoegg. The Purcell factor, rate of power dissipation by the emitter, antenna efficiency of the nanoegg, as well as
quantum yield enhancement of the emitter, were studied using the quasistatic approximation and the semiclassical the-
ory of radiation, following the Gersten-Nitzan and Ford-Weber approaches. Compared to the concentric nanoshell, we
show that the dielectric core-metallic shell nanoegg is a more efficient plasmonic nanoantenna for radiative decay rate
enhancement of single emitters. The quantum yield of the emitter was found to be more enhanced near the nanoshell,

while its emission rate was found to be more enhanced near the nanoegg.
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near a metal is known as the Purcell effect>Z, It has been stud-

Theoretical models describing the modifications of the de-
cay rate of an excited molecule near a metal layer can be
traced back to Chance et al'l. Similar models were then
proposed by Gersten and Nitzan®, Ruppin®, and Ford and
Weber, for metallic nanospheroids and nanospheres respec-
tively. These models predict that the decay rate of an ex-
cited molecule near a metal-dielectric interface increases with
decreasing metal-molecule separation and oscillates with in-
creasing metal-molecule distance'™. The former is due to the
increased rate of non-radiative energy transfer from the ex-
cited molecule to the metal, while the latter is due to inter-
ference between the incident field on the molecule and the
induced field on the molecule as a result of the reflected field
at the metal-dielectric boundary.

The enhancement of the radiative decay rate of a molecule
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ied both theoretically and experimentally in the emission stage
of the phenomenon of plasmon-enhanced fluorescence (PEF).
PEEF, the effect of increase in the emission rate of the molecule,
is characterized by an increase in both the quantum yield®"
and excitation rate of the molecule® 2, PEF reaches its
maximum at a wavelength red-shifted from the dipolar local-
ized surface plasmon resonance (LSPR) of the metal nanopar-
ticle (MNP)Y“L3. It depends on the excitation wavelength, the
optical properties of the molecule, the molecule’s dipole ori-
entation, the molecule’s position from the MNP, the MNP-
molecule distance, the MNP geometry, the material compo-
sition of the MNP, polarization of the incident electric field,
and the dielectric embedding medium. However, molecule-
dependent, plasmon-induced quenching of fluorescence can
also occur at short distances between the MNP surface and

the molecule?.

The dependence of PEF on MNP geometry has been

investigated in molecules near metal layers!2HA1)
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metallic sphereéﬂm, metallic  nanorods and
nanospheroid@'m@, metallic nanoshell@m@,
nanoparticle dimers*?35 and with MNPs of irregular
geometriem. The molecule-dependence of PEF has been
studied with different molecules, including photosynthetic
pigment, where PEF has been shown to be
more pronounced in weakly-emitting moleculesS LT while
the material-dependence of PEF has been mostly reported us-
ing goldﬂm, silver21921 and aluminumP® nanoparticles.
The modification of the radiative decay rate of fluorophores
near MNPs has several promising applications such as in the
design of optical devices for fluorescence microscopy@', pho-
tocurrent enhancement in biosolar cell, enhancement
of Raman signals in analyte-MNP systemémﬂ, and increased

signal detection in biosensors*¥.

Nanoeggs belong to a group of tunable asymmetric nanos-
tructures capable of supporting multiple LSPR#0. Their
plasmonic behaviour is attributed to the plasmon hybridiza-
tion of solid and cavity plasmons with different angular mo-
mentum numbers, which is symmetry-forbidden in concentric
nanoshells®46, A similar description suggests that off-setting
the core of a concentric nanoshell causes the dipolar surface
plasmon mode to couple to higher-order multipolem, lead-
ing to the formation of dipole-active modes. The excitation
stage of PEF, which is characterized by local field enhance-
ments, has been investigated for nanoeggm, and it was
found that their field enhancement factors increase with in-
creasing core-offset. On the other hand, single-particle spec-
troscopy studies have shown that the LSPR of nanoeggs un-
dergoes a redshift as the core-offset increases®3 4749,

The emission stage of PEF, which is characterized by en-
hancement of the intrinsic quantum yield of a molecule, has
not been reported previously, for an excited molecule near a
nanoegg. The present study focuses on the emission stage
of an excited molecule near a dielectric core-metallic shell
(DCMS) nanoegg, surrounded by a dielectric medium. The
aim of this study is to investigate the impact of the dipole-
active modes on the radiative decay rate and quantum yield of

the molecule.

FIG. 1. Model geometry of the molecule-nanoegg system. The sys-
tem is surrounded by a homogeneous dielectric medium of dielectric
constant &,. The nanoegg consists of a metallic shell of dielectric
constant & (), an off-centre core of dielectric constant &, and a
core-offset . The molecule, modelled as an electric point dipole
with a dipole moment p, is at a distance d = dZ from the shell sur-

face, and oriented at a polar angle 6, from the z axis.

Il. THEORY

We will use the theoretical method proposed by Gersten
and Nitzan? and Ford and Weber?. Their method is based on
the electrostatic approximation and the semiclassical theory
of radiation. It involves the following: the excited molecule
is treated as an oscillating point dipole which provides the
source field, both the MNP-molecule distance and the MNP
size have to be small compared to the wavelength of light in
the medium, the local, wavevector-independent, complex di-
electric function of the metal is used, the electric potentials
are solutions of Laplace equation in each region of interest,
the decay rates are obtained from the modified classical power
of the molecular dipole via the correspondence principle, and
only the dipolar surface plasmon mode contributes to Purcell

effect.

In addition to the aforementioned method, the solid-
harmonic addition theorem (SHATiEIﬂl will be used to ex-
press the shell coordinates in terms of the core coordinates

at the core-shell interface of the nanoegg. We will also as-
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sume that the molecule is positioned near the surface of the
nanoegg in the direction of the core-offset as shown in Fig.
[[ Two different orientations of the molecular dipole with
respect to the nanoegg surface will be considered. The per-
pendicular orientation, which constitutes the maximum con-
tribution to enhancement factors, is often compared to exper-

1011

imental values , and the parallel orientation, which gives

the minimum contribution®222!

We will consider a nanoegg with a gold shell and a silica
core. In the local response approximation (LRA), a Drude-
Lorentz dielectric function for gold, which agrees with exper-
imental data in the wavelength region 500 nm to 1000 nm, has

been proposed as follows>>:

2
Oy foy

E ) = € — . - N ’
(@) o(o+iy) o(o+ip)—o?

6]

with €. = 5.9673,wy = 8.7411 eV, ¥y = 0.0658 eV, @, =
2.6885 eV, 7, = 0.4337 eV, and f = 1.09. & is the high-
frequency dielectric constant of gold, which accounts for the
polarization of the positive ion core, @y and ¥y are the plasma
frequency and damping rate of the free electrons respectively,
), and Y, are the resonance frequency and damping rate of the
bound electrons respectively, f is the oscillator strength, and

o is the frequency of the incident light.

In the calculation of Purcell factors, we will correct the
quasistatic dipole polarizability of the nanoegg for radiation
damping. Radiation damping is due to a radiation reaction
field produced by the induced dipole moment on the MNP©=2,
Some authors have prescribed a method that takes into ac-
count the first-order correction to the quasi-static polarizabil-
ity due to radiation reaction. Without this correction, the op-
tical theorem is violated®®®8. However, in the calculation of
the non-radiative energy transfer rate, we shall only correct
the dipole term of the quasistatic multipole polarizability of
the nanoegg for radiation damping. This approach is appro-

priate for MNPs less than 80 nm®=2,

A. Perpendicular Dipole

When the molecular dipole is normal to the surface of the
MNP, both the dipole potential and the electric potentials in
the core, shell, and medium regions of the MNP, are inde-
pendent of the azimuth angle ¢ of the dipole*2¥. For the

molecule-nanoegg system, these potentials can therefore be

written as*“?
®(re,6,) = ZAH(E)"P,,(COS 8.), (2
n=1 a
> ro\ 7 b\ nt+l
@,(ry, 0,) = ¥ {B,,(i) +c,,<7) }Pn(coses), 3)
n=1 s
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dip\"p>"p EnT Enl
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n=1
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Here, r, and r; have been normalized with their respective val-
ues at the boundaries, and P,(u) is the Legendre function of
the first kind, obtained for m = 0, which corresponds to the
perpendicular dipole orientation. m is the azimuthal number.
Ay, By, and C,,, and D,, are the complex amplitudes of the elec-
trostatic potential in the core, shell, medium regions of the
nanoegg-emitter system respectively, for the normal dipole.
E, is the amplitude of the source normal dipole potential.
Both the potential and the normal component of the dis-
placement field are continuous at the boundaries**”. By ap-
plying the boundary conditions at the core-shell and shell-
medium interfaces, the SHAT for m = 02! at the core-shell
interface, the orthogonality property of the Legendre polyno-
mial of the first kind, and by eliminating A,, B, and D,, from

the resulting equations (see Appendix [A)), we obtain

N N
- ZKlnEnZn = Z KinCoyn +x ZMlnCnv = L,2,...,N,

N
=1 n=1
(®)

n=1 n
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where we have truncated the summation to some finite number
N. Kj,, and M, are the coupling constants of solid and cavity
plasmons with both the same (! = n) and different (I # n)
angular momentum numbers / and n. Eq. forms a sys-
tem of N x N simultaneous linear equations with N unknowns,
where the C,, terms are the unknowns, since E,, is given by Eq.
(6). Given the necessary input parameters, we have written a
python code that solves Eq. (8) for N = 15, which was nu-
merically sufficient to accurately demonstrate the multipolar
contributions based on the MNP size we considered.

Finding the C, terms allows us to obtain the D, terms.

Hence, the induced potential is obtained as

d n+1) /1 \n+l
Pa(r,0) = ¥ (@)L (1) eose). (1)

n=1 Ts
where

(2l +1)g(o) [_%J —H[es(w) - 8,,,}

b2n+l
leg(w)+ (14 1)egy,

(@) =

12)
is the static multipole polarizability of the nanoegg. From Eq.

(TT), we obtain the induced dipole potential as

Py ind €08 6,
D (rs, 05)| = (13)

n=1 Emrg

so that the induced dipole moment in the case of a perpendic-

ular dipole orientation is

2
Pina = 001 (@) 5P (14)

The induced multipolar field at the dipole position 7y = r and
6; — 0 is obtained through
Ez,ind(”sv 95) = _Vq)ZJﬂd(rSv 9&) as

c p(n+1)*,
Ez,ind(rs =r,0; _>0) = Z an(w)%z
m

n=1

5)

We can now derive expressions for parameters that define
the optical response of the molecular dipole at the emission
stage. The radiative decay rate of the molecular dipole in
the presence of the MNP and the embedding medium, nor-
malized by the radiative decay rate of the molecule in the
same medium in the absence of the MNP is known as Purcell

factor™ 2 1¢ is defined as’

2
P = |P‘|‘Pmd‘ ) (16)

p[?
Hence, for the perpendicular dipole orientation, we substitute

Eq. (T4) into Eq. (16) to obtain the Purcell factor as

2
o (o) 1 2 ’ (17

P = — = 1=
‘ [1—21’051((0)’33 r3

where the static dipole polarizability has been corrected for
radiation damping following the prescription in Refs 8, k =
27\/€, /A is the wavenumber of light in the medium, and A
is the emission wavelength.

The rate of power dissipation by the molecular dipole near
the MNP surrounded by a dielectric medium, normalized by
the radiative decay rate of the dipole in the same medium in

the absence of the MNP is given by+>2

YdiSS _ 3&‘Cj[l) 'Emd} . (18)

Yt 26 b

Substituting Eq. (I3) into Eq. (I8), we obtain the normal-

ized rate of power dissipation by the molecule in the case of a

perpendicular dipole as

Yaiss,. 3 4 o (o) No(n4 1)
Vraa - 2kr)? [}’33 LZZ'(X]((D)]{;‘| +n§’2 r2ntl 3o (@)
19)

Energy conservation requires that the rate of power dissipation

by the excited molecule must be equal to the non-radiative en-
ergy transfer rate from the molecule to the MNP. This energy
is then absorbed by the MNP where it is dissipated as heat due
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to Ohmic heating in the metal®*12. Also, if we consider the
two-way antenna model described in RefZ where the molecu-
lar dipole acts as a transmitter of radiation while the MNP acts
as a receiver or vice-versa, then the Purcell factor can also be
regarded as the normalized rate of radiative energy transfer

from the MNP to the molecular dipole. In all, we have

Yaiss _ Yabs

(Bmitter) = T2 (MNP) (20)
p = Jrad @1)

%(’)ad

The antenna efficiency (quantum yield of the antenna) when

the dipole is normal to the MNP surface, is calculated using2

(22)

Yrad, L l:’yrad,L ’}/abs,L:| !
n.= .

0 0
rad rad

rad
Next, we obtain an expression for the quantum yield of the
molecule in the presence of the MNP. This is done by writing
the modified quantum yield Y, in terms of the Purcell fac-
tor, the antenna efficiency, and the normalized intrinsic non-
radiative decay rate of the molecule. Since the coupling of
the dipole field of the excited molecule to plasmonic modes
of the MNP does not affect the intrinsic non-radiative decay

rate“o 12

, this term is eliminated from Y by expressing it in
terms of the intrinsic quantum yield Y,, of the molecule, to

finally obtain (see Appendix

Y, 1-v,]°!
} ) (23)

Y:n[n+ P

where 1 =1, and P = P, for the normal dipole.

B. Parallel Dipole

When the molecular dipole is tangential to the surface of
the MNP, both the dipole potential and the electric potentials
in the core, shell, and medium regions of the MNP, are de-
pendent on the azimuth angle ¢ of the dipole*?>. For the

molecule-nanoegg system, these potentials can therefore be

written as®23

®.(r,0:) = ZA,,(rC)nP,} (cos 6,)cos @, (24)

-2

b\ n+l
C, (r—s) } cos ;) cos @, (25)
q>n1(VS7es) :(pdip(rpa6p)+¢i11d(7576s)7 (26)

where*23
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E, = r=b+d, (28)

Here, r. and ry have been normalized with their respective
values at the boundaries, and P! (u) is the associated Leg-
endre function of the first kind, obtained for m = 1, which
corresponds to the parallel orientation of the dipole. m is
the azimuthal number. A,,B, and C,, and D,, are the com-
plex amplitudes of the electrostatic potential in the core, shell,
medium regions of the nanoegg-emitter system respectively,
for the tangential dipole. E, is the amplitude of the source
tangential dipole potential.

Since the static polarizability of a spherical MNP re-
mains the same for both the perpendicular and parallel dipole

orientations*23

, we assume that the expression for the polar-
izability of the nanoegg (Eq. (I2)) remains the same. Hence,
Eqgs. (8}{I0) are retained. However, the coefficients E; in Eq.
(8) and Eq. are now given by Eq. (28), and the induced
potential in the case of a parallel dipole becomes (see Ap-

pendix
1

s

n+1 1
) P, (cos 6;)cos ¢.
(30)
From Eq. (30), we obtain the induced dipole potential as

- P
@mmwz—;%wkﬁﬂ(

. sin 6 cos
:_M7 (31)

n=1 Enr?

q)ind(rS; es)

so that the induced dipole moment in the case of parallel
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dipole orientation is

1
Py,ind = — 1 (w)ﬁpx (32)

We substitute Eq. (32) into Eq. (I6) to obtain the Purcell

factor for the parallel dipole as

1 o (@) 1
1-2ioy (@)% |

Again, we have corrected the dipole polarizability for radia-

2

P = (33)

tion reaction. The induced multipolar field at the dipole po-
sition 7y = r and 6; — 0 is obtained through E, ;4(7s, 6s) =
_Vq)x,ind(rS7 es) as

1
Z (@) ey

Ex,ind(rs =r0;— 0 28 r2n+4

Substituting Eq. (34) into Eq. (I8), we obtain the normalized

rate of power dissipation by the parallel dipole as

Tais) _ 3 {23[ o (@) ]+

yfad a 4(](}’)3 r 1—2i061((1))§

N nn
¥ "t Dso@)].  65)

n=2
For the parallel dipole, Egs. @-@) also hold, but with P = P,
andn = n-

I1l. RESULTS AND DISCUSSION

We consider a DCMS nanoegg with dimensions a = 15 nm,
b =20 nm, a silica core of dielectric constant €. = 2.132, for
the following core-offsets ¢ = 0.0,0.5,1.0,1.5, and 2.0 nm,
and a gold shell with the local dielectric function given in Eq.
(). The MNP size we have chosen allows us to discuss the
enhancement factors of a weak emitter such as crystal vio-
let (CV) near the nanoegg. CV molecules have an intrinsic
quantum yield of ¥, = 2%, an intrinsic radiative decay rate
Y2, = 1.9x 107 s7!, and a peak emission wavelength of 640
nm when excited at 633 nmt'!

PEF or emission rate enhancement is calculated
vig 212024139

'}/em '}/eXL Y
Wexcy Wem) = Wexe Wepm ) (36)
" - ( ) . o (@exc) o 7 (@em)

where Y, /Y% IS excitation rate enhancement of the molecule
evaluated at the excitation frequency, @, and Y is the
quantum yield enhancement of the molecule evaluated at
the peak emission frequency, @.,. As mentioned earlier,
we will consider the emission stage of PEF in detail, and
mention the overall stage i.e excitation and emission, to-
wards the end of this section. The optimal range of MNP-
molecule distance for PEF has been reported as ~ 3 —5 nm for

10111

nanorods , ~ 2 —73 nm for nanospheres6‘8‘38, and ~2—7

nm for nanoshells'#225% We have chosen to use a fixed MNP-
molecule distance of d =5 nm. The MNP-molecule sys-
tem is surrounded by water which has a dielectric constant

gn ~ 1.78.
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FIG. 2. Dependence of the normalized rate of power dissipation by
the molecular dipole on the core-offset of the nanoegg in the case
of (a) perpendicular dipole and (b) parallel dipole orientations of the

molecule near the nanoegg, respectively.

Figs. |Zka) and (b) present the normalized rate of non-
radiative energy transfer from an excited molecule at d =5 nm
for the normal and tangential dipole orientations, respectively.
In both plots, the dipolar LSPR undergoes a redshift from 616

nm at ¢ = 0.0 nm to 626 nm at ¢ = 2.0 nm. For the nor-
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mal dipole, Fig. [J(a), at ¢ > 0.0 nm, the non-radiative energy
transfer rate reaches a maximum at the dipolar LSPR of the
nanoegg, while this occurs for the tangential dipole at ¢ > 1.0
nm, Fig. [2(b). This is because the dipolar near-field of the ex-
cited molecule is most strongly coupled to the dipolar surface
plasmon mode of the nanoegg. A similar behaviour has been
reported for spheres® and nanorods'!. However, the energy
transfer rate of the normal dipole is more than twice that of
the tangential dipole, for the same emission wavelength. The
dissipative, blue-shifted peaks in Figs. [2(a) and (b) are due
to the coupling of the dipole field of the excited molecule to
higher-order (I > 2) surface plasmon modes of the nanoegg.
The impact of the dipole-active modes on the energy transfer
rate can be seen in the dramatic increase in the peaks as the
core is off-set from o = 0.0 nm to 6 = 2.0 nm. For a CV
molecule at d = 5 nm from the nanoegg, the non-radiative en-
ergy transfer rate will therefore increase from ~ 400 x 7, , at
6 = 0.0 nm to nearly 1500 x 2,
mal dipole (Fig. @) at A = 640 nm), and from ~ 100 x %2,
at 6 = 0.0 nm to nearly 400 x yfad at 0 = 2.0 nm, for the
tangential dipole (Fig. 2(b) at A = 640 nm).

4 at 0 = 2.0 nm, for the nor-

In Figs. Eka) and Eka), the Purcell factors of an excited
molecular dipole at d = 5 nm from the nanoegg are shown
for the normal and tangential dipole respectively. As the core-
offset increases from o = 0.0 nm to o = 2.0 nm, both plots
show a redshift in the peak emission wavelength at which
radiative decay rate enhancement occurs. In comparison to
Figs. 2[a) and (b), the peak emission wavelengths for the nor-
mal dipole are redshifted from the dipolar LSPR, while the
peak emission wavelengths for the tangential dipole are blue-
shifted from the dipolar LSPR. The intrinsic radiative decay
rate of the molecule is more enhanced for the normal dipole
because the induced dipole moment is stronger in the normal
orientation of the dipole. For a CV molecule at d = 5 nm
from the nanoegg, the radiative decay rate will therefore in-
crease from ~ 40 x y7 , at 6 = 0.0 nm to nearly 130 x ¥y, ,
at 0 = 2.0 nm, for the normal dipole (Fig. a) at A = 640
nm), and from ~ 4 x y7 , at 6 = 0.0 nm to nearly 25 x ¥, at
o = 2.0 nm, for the parallel dipole (Fig. Eka) at A = 640 nm).
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FIG. 3. Dependence of the (a) Purcell factor, (b) antenna efficiency,
and (¢) quantum yield of the molecular dipole on the core-offset of

the nanoegg, in the case of a perpendicular dipole orientation.

When embedded in water, the silica core-gold nanoshell is
a passive antenna below 550 nm and an active antenna above
550 nm. This is due to the dependence of the radiative power
on the bright mode of the nanoshell, only. The antenna is

more efficient in the normal dipole orientation (Fig. [b))
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Parallel dipole
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FIG. 4. Dependence of the (a) Purcell factor, (b) antenna efficiency,
and (¢) quantum yield of the molecular dipole on the core-offset of

the nanoegg, in the case of a parallel dipole orientation.

than in the tangential dipole orientation (Fig. f{b)). This is
because a stronger incident dipole field reaches the nanoegg
in the normal orientation, causing the antenna to radiate more
power. Due to a much higher increase in the absorbed power
compared to the increase in radiative power of the nanoegg,

as the core-offset increases, the antenna efficiency decreases

with increasing core-offset, regardless of the dipole orienta-
tion. Beyond the peak emission wavelength, the antenna ef-
ficiency plateaus for the normal dipole, because both the ra-
diative and absorptive powers tend towards constant values,
while for the tangential dipole, the absorptive power contin-

ues to dominate the radiative power.

For the normal dipole, the peak values of the modified
quantum yield of the molecule occur at emission wavelengths
red-shifted from the dipolar LSPR of the nanoegg (Fig. [3|(c)),
while those of the tangential dipole occur at emission wave-
lengths blue-shifted from the dipolar LSPR (Fig. [] (c)), due
to the different contributions from the Purcell factor. For a
given emission wavelength and MNP-molecule distance, the
modified quantum yield of the molecule is always less than
the antenna efficiency due to the contribution of the intrinsic
non-radiative decay rate of the molecule to the total decay rate

of the MNP-molecule system.

Although the intrinsic radiative decay rate of the excited
molecule is more enhanced near the nanoegg, its intrinsic
quantum yield is less enhanced when compared to those of
the same molecule near a concentric nanoshell. This is due to
the high rate of non-radiative energy transfer from the excited
molecule to the nanoegg compared to the nanoshell. The in-
trinsic quantum yield of the CV molecule emitting at 640 nm
increases from 2% to ~ 10% at o = 0 nm and from 2% to
~ 8% at ¢ = 2.0 nm for the normal dipole, and from 2% to
~ 3.3% at 6 = 0 nm and from 2% to 3% at o = 2.0 nm for

the tangential dipole.

Fig. [5] shows that for the CV molecule, the quenching of
the intrinsic quantum yield which occurs when Y <Y, is very
unlikely, even at short distances (d — 0) where the dissipa-
tion rate is very high. This is due to the low value of ¥,, so
that 1 is always greater than or equal to Y, at the peak emis-
sion wavelength. At large distances, the strength of the dipolar
near-field of the molecule decreases in an inverse power law
fashion, causing both the Purcell factor and the dissipation
rate to decrease accordingly. As a result, the antenna effect
weakens, so that Y — Y,,. Likewise, in Fig. |§]at d > 15 nm,

Y approaches the same value regardless of the core-offset. For
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the core-offsets and MNP size we studied, the optimal range
of CV molecule-nanoegg distance for quantum yield enhance-

ment is ~ 3 — 15 nm.

0.12
—_— 0=0.0nm
— o=0.5nm
0.10 — 0=10nm
g=15nm
0.08 1 — g=2.0nm
-------- Yo =0.02
740,06 ] ‘

0.04

0.02 J-ee

0.00+ T ; : r
0 10 20 30 40 50
d (nm)

FIG. 5. Quantum yield enhancement of a CV molecule at the peak
emission wavelength A = 640 nm, for the core-offsets studied, as
a function of its distance from the nanoegg, for a perpendicularly-

oriented molecular dipole.

We can predict the dependence of the emission rate of the
molecule on the core-offset of the nanoegg by using a method
proposed in Ref”. It makes use of the optical reciprocity
theorem, which gives that the Purcell factor and the exci-
tation rate enhancement are identical for the perpendicular
dipole”#, Thus, if the molecule is excited at its peak emis-
sion wavelength’, the Purcell factor is the same as the excita-
tion rate enhancement. The result of this approach is shown in
Fig. [6] using Eq. (36). Fig. [f] shows that with increasing core-
offset, the increase in excitation rate enhancement dominates
the decrease in quantum yield enhancement. Hence, the emis-
sion spectrum of the molecule shows an increase in emission
rate with increasing core-offset.

Khatua et al'l reported an emission rate enhancement of
~ 1000 for a CV molecule at a distance of 5 nm from the tip of
a gold nanorod. In Fig. [6(a), our theoretical approach shows
that at this distance, ~ 50% of this enhancement factor can
be achieved in a CV molecule-DCMS nanoegg system, via
small core-offsets in a nanoshell with a radius comparable to
the equivalent sphere-volume radius of the nanorod. However,

Fig. [6[b) shows that an emission rate enhancement of ~ 900

can be achieved in the CV molecule-DCMS nanoegg system
at shorter distances via a core-offset of 0 =2 nm. At short
distances (d — 0), the emission rate enhancement does not
decrease to zero because the excitation rate enhancement is
maximum at d = 0 and Y does not decrease to zero (Fig. [3)),
while at large distances, the emission rate enhancement tends
to zero because the excitation rate enhancement approaches
zero as ¥ — Y,. A similar behaviour has been reported in

the nanorod-CV molecule system of Ref!.
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FIG. 6. Emission rate enhancement of a perpendicularly-oriented
CV molecule for the core-offsets studied. (a) At d = 5 nm from the
nanoegg as a function of wavelength assuming that the excitation and
emission wavelengths are the same. (b) At the peak emission wave-

length A = 640 nm as a function of its distance from the nanoegg.

The dependence of the dielectric function of a MNP on the
longitudinal propagation wavevector of the incident electric
field causes gold nanoparticles to exhibit a size-dependent re-
sponse, which differs from the bulk response given by Eq. (I).
This non-local hehaviour places an upper bound on enhance-
ment factors>*. However, the trends in enhancement factors

predicted by both the local and the non-local response remain
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the same. A major difference exists only in the lower values
of enhancement factors and optimal MNP-molecule distances,
as well as size-dependent spectral shifts, predicted by the non-

local responsel >4,

IV. CONCLUSION

Off-setting the core of a DCMS nanoshell, embedded in
a dielectric medium and placed near an excited molecule,
causes both the dipolar near-field of the molecule and the
dipolar surface plasmon mode to couple to all surface plas-
mon modes of the nanoshell. This process leads to the forma-
tion of dipole-active modes in the nanoshell, which increases
the induced dipole moment on the molecule. As a result, the
Purcell factor of the molecule increases with increasing core-
offset. Likewise, the non-radiative energy transfer rate from
the molecule to the nanoegg also increases, reaching a maxi-
mum at the dipolar LSPR of the nanoegg.

Within the quasistatic limit, we have investigated the impact
of these dipole-active modes on the radiative decay rate and
quantum yield of a CV molecule placed near the nanoegg. The
theoretical model we adopted shows that the nanoegg (o > 0
nm) is a more efficient antenna for enhancement of the radia-
tive decay rate compared to the concentric nanoshell (o = 0
nm), while the concentric nanoshell is a more efficient an-
tenna for enhancement of quantum yield. However, a method
based on optical reciprocity, has shown that the emission rate
of the molecule is more enhanced near the nanoegg due to the
dominant contribution from the excitation rate enhancement.

We have considered both the normal and tangential orien-
tations of the dipole moment of the CV molecule with respect
to the nanoegg surface. We found that the tangential dipole
is less enhanced. In addition, the peak wavelengths of the
optimal enhancement factors are redshifted from the dipolar
LSPR of the nanoegg. This result is consistent with PEF cal-
culations in other plasmonic nanostructures within the LRA.
Compared to a nanorod-emitter system, our theoretical model
also shows that by using a nanoegg whose size is comparable
to the nanorod, it is possible to achieve similar enhancement

factors, via large core-offsets in a nanoegg-emitter system.
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SUPPLEMENTARY MATERIAL

A zip file containing some python codes, used in solving the equa-
tions described in the Theory section, and in producing the plots in
the Results and Discussion section, is available in the supplementary

information.
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Appendix A: Perpendicular dipole

At the boundaries, both the potential and the normal component of

the displacement field must be continuous, leading to the following

boundary conditions*>

&aqgi,ec) r‘ya—ss(w)aq%(g:es) e @A)
QQDS(rS,GS) OB, rs,9s>
85((0)T b T o ri=b (Ad)

Setting u, = cos 0, and u; = cos 65, and combining Eqs. (2}{7) and
Egs. (AI{{A4), we obtain:

5.3 () e

[Bn + Cn]Pn(us) =

s

» (A5)

re=a

Z AnPn(uc) =
n=1

Il
—

n

s
s

[En + DulPy(us), (A6)
1

3
Il

n
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=

ZnAP ) =ag(® iai[ (E)n_._

n=1 n=1

Cn <7g) (n+l)]Pn(MS)

Z [nB), — (n-+1)Cp] By (us)

—SmZ[nE —

Multiplying both sides of Egs. (A6|& each by P;(u.) and Egs.
(A5 & each by P;(uy), and integrating each one respectively via

) (A7)

re=a

)Dp Py (us). (A8)

1 1
B [ RGP )du= 8 fr=1+5, (49)
we obtain
=Y KyBu+ Y, M;,Cy, (A10)
n=1 n=1
B;+C; =E;+ Dy, (A1)
eclr = &() | ¥ LinB,+ Zchn} (A12)
n=1 n=
&(0)[IB; — (1+ 1)C)) = en[lE; — (I1+1)Dy], (A13)
where
Kk, =P [ p P Al4
In = b rs n(us) B l(uc)dum ( )
re=a
I p
i / ”,,(fi) Py(uc)due,  (Al5)
-1 ry re=a
ﬁla 8
Lin = / o [ep, (us)]r(_:aP,(uc)duc, (A16)
L 9 [P,(u
Nip :ﬁlaanrl/lﬁ |: nn(Jri)] Py(uc)duc. (A7)
- c re=a

In order to evaluate Eqs. (AT4{AT7), we need to make use of the
SHAT in spherical coordinates. This theorem allows us to express
the integrands in Eqs. (AT4{AT7) in terms of the core coordinates
(re,uc) and the core-offset 6. The SHAT theorem states that given
two off-centre spherical harmonic coordinates r and r’, then for m =

051

Rar+t) =Y [ " | Re@R, ), (A18)
=0 \ k
nd k

Sp(r+r') =Y (—1)f Sk(OR_(r)),  (A19)
k=n n

where R, (r) and S, (r) are the interior and exterior solutions of the

Laplace equation in spherical coordinates, given as*>1
Ry (r) =r"P,(u), (A20)
1
Su(r) = oy Palu), (A21)

where r = (r,u) and u = cos 0. From Fig. [I] we have ry = R+r,

where ry = (ry,us),re = (re,uc), and R = (0, 1), since the core-offset
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lies along the vertical. Then, setting r = r¢, and ' = R in Eqs. (A1§]

& [AT9), respectively, and making use of Egs. (A20] & [AZT) and
P,(1) = 1, we obtain

7 n
P P(us) = Y *P ()", (A22)
k=0 \ k
P, (u; > _ k 1 _
"n<+;> — Y (1) ) ok (A23)
. k=n n

Substituting Eq. (A22) in Egs. (AT4] & [AT6) respectively, and sub-
stituting Eq. (A23) in Eqs. (AT5]&[AT7) respectively, leads to

In = lKlna (A24)

N = _(l+ I)Mlnv (A25)

where Kj, and My, are given in Eq. (T0). Substituting Eq. (A24) into
Eq. (AT12), and Eq. (A23) into Eq.(A12), Eqs. (ATOJAT3) can be

re-written as:

N N
=Y KinBu+ Y MyCp,  (A26)

n=1 n=1

B/ +C=E +Dy, (A27)
N N

el = &(@) [ Y KinBu—(1+1) Y MuGa].  (A28)
n=1 n=1

&(0)[IB;— (I+ 1)) =en[lE;— (I+1)Dy],  (A29)

where we have truncated the summation to some finite number N.
To obtain the static multipole polarizability of the nanoegg, we
need to express the amplitude of the induced potential D; in terms of

the amplitude of the incident potential E;. Eliminating B; using Eq.

(A27) and Eq. (A29), we obtain

(2l+1)&(o) [%} +l[£s(w) —sm]

D= —E
! ! les(@) + (1+1)&y

(A30)

Next, we eliminate A; using Eq. (A26)) and Eq. (AZ8), to obtain

N [lec+ (I+ 1)ss(w)] N
0=Y KB+ Y MG (A31)
n=1 l[sc —ss(a))} n=1

Then we eliminate D; using Eq. (A27) and Eq. (A29), to find

(20 + DenEr +Ci(1+1) () — )]
B = leg(@)+ (14 ey ' (A32)

Now we substitute B; for B, (by changing [ to n) in Eq. (A31), and
rearrange terms to finally obtain Eq. (8). Substituting Eq. (A30) in
Eq. (@), and making use of Eq. (€), we obtain Eqs. (1] &[12).



The induced multipolar field is calculated through
Ez.,ind(rsv 6;) = 7vq)z,ind(r57 6;) as follows

0Py . 10D
EZ,ind(rsv 93) = a;nd s — 7 aemd 6
s N )

— i 0 () p;(n+1)

W[( +]) (COSQV) Fs —

% {P,,(cos QY)} év] » o (A33)

and using the properties of the Legendre function of the first kind:

6,—0

I

P, (cos 65) B d
cosO; lo—0 ' do [ n(c0s B )}

we obtain the induced field at the dipole position 7y = r and 6; — 0

as
p.(n+1 . .
E. ina(rs =16, —0) = Z o (@ .‘Z;‘mrz"*‘)‘ Z, Z = cos ;7.

(A34)

Let ¥, denote the intrinsic quantum yield of the molecule, defined
as’

Vrad
Yo = 14—, (A35)
y;)ad + ygrad
where ¥, ; and ¥, . are the intrinsic radiative and non-radiative de-

cay rates of the excited molecule. The modified quantum yield is
defined as’'ll

-1
Ydiss ’}/:l)md ] ] (A36)

Y=P {P+ +
rad y;)ad

After eliminating ¥, ,/vo,, from Eq. (A36) using Eq. (A35), as
well as Yyiss/ Yo,y Using Eq. , making use of Egs. and ,

with some re-arrangement, we obtain the well-known formula for

quantum yield enhancement!%%# a5 given in Eq. (23).

Appendix B: Parallel dipole

Setting u, = cos 0, and uy = cos 6, and combining Eqs. 24)29)
and Egs. (AIHA4)), we obtain:

=

Eartoo= £ [m(2) +(2) i

,(B1)

=

Bu+ColP) (us) = Y [En + Dy P
1 n=1

MR'

) (us), (B2)

3
I

oo

o ()

cn(f)‘"“)]ai ()

Is

& ZnA P1 (ue) = ags(@
n=1

,(B3)
“=a

ZnB —(n+1)Cy]P, (3)
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Multiplying both sides of Egs. & each by P/ (u.) and Egs.
& each by PZ1 (us), and integrating each one respectively via

2[+1

o [ PR =8 = s @9)
we obtain
A=Y KpBu+ Y, MGy, (B6)
n=1 n=1
B;+C,=E; +Dy, B7)
eldi =&(0) | ¥ LB+ Y NG, (B8)
n=1 n=1
&(0)[IB; — (1+ 1)C)] = en[lE; — (1+1)Dy], (B9)
where
1
Ki= B0 [ apl)|  Plwdu,  ®10)
-1 re=a
L P (us)
M=b"+1/ nAzs P (u.)du, Bl1
In = P1 O I‘ghLl ri—a [(”c) Uc, ( )
pia d 1
=2 [ T lppw)]_ Aeode @12
19 [P
N,n:p,ab"“/ . { n&l)} P (uo)du..  (B13)
-1 07¢ Ts re=a

Here, we assume that the interior and exterior solutions of the
Laplace equation for the parallel dipole also obey the SHAT in a sim-
ilar manner as that of the perpendicular dipole (although for m =1,
the SHAT is slightly different, see Ref1), so that the polarizability
of the nanoegg remains the same. Hence, the values of Eqs.
[BT3) are the same as those of the perpendicular case, so that Eqgs.
(A30[{A32) and Eqs. (BWIO[T2) are retained. However, the coeffi-
cients E; are now given by Eq. (Z8).

Substituting Eq. (A30) into Eq. (29), making use of Eq. (28),
we obtain Eq. (30). The induced multipolar field in this case is

calculated via Ey j, (75, 65) = —V®y jnq (75, 65) as follows

09; 1 0P,y A 1 0P
E.. _ ind n % ind y ind 7
x,md('&: 9&) E Is T 05 rysinb; 99 05
Z T,JH»Z[ (n+1) (COSG;)COS¢I’Y
d ~ P, (cos6
Sy [P,} (cos 95)] cos ¢ — % nods|, (B4

and using the properties of the associated Legendre function of the

first kind:

1 d n(n+1)
P! (cos 6 =0,———[pl(cosey)]| = :
i (003 0) 6,50 cos O, dO; i (005 05) 6,50 2
P} (cos 6;) _n(n+1)
sin; g0 2
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we obtain the induced field at the dipole position 7y = r and 6; — 0
as

n+1)

Ex,ind(rs =16 — O 28 }’2”+4

Y oo

X =cos Qscosqbes —sing¢.
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