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Abstract

In this thesis, numerical solution procedures are developed for simulating chemical
phenomena. Mathematical models for phenomena involving flow, transport and reaction
of chemical species are computationally challenging to simulate due to stiffness, high de-
grees of freedom and spatial dependence. Such challenges are resolved (in this thesis)
by combining model decoupling techniques with compatible efficient numerical schemes.
Chemical phenomena is decomposed into well-mixed chemical systems, poorly-mixed sys-
tems (or spatial dependent kinetics) and flow with reactive transport systems. Mathe-
matical models for the systems are Ordinary Differential Equations (ODEs), parabolic
Partial Differential Equations (PDEs) and hyperbolic PDEs, respectively. In the ODE
model, stiffness is resolved by positivity-preserving implicit schemes while the large de-
grees of freedom is reduced by stoichiometric and continuous-time iteration methods. In
the parabolic model, model decoupling techniques are employed to reduce the degrees of
freedom while Implicit-Explicit numerical schemes are presented for resolving stiffness.
Further, numerical schemes that have dispersion-dissipation-preserving properties have
also been discussed. In the hyperbolic model, model decoupling techniques have been pre-
sented for reducing the degrees of freedom while shock-capturing, well-balanced numerical
schemes have been presented for resolving nonlinear hyperbolic effects. The results from
experiments show that the proposed numerical solution procedures can efficiently resolve

the challenges in simulating chemical phenomena.
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Chapter 1

Background to chemical reaction

phenomena

Chemical equilibrium and chemical kinetics are the two main interesting research themes
in chemical reaction phenomena and have received considerable attention over many
decades. Chemical kinetics is a research discipline that tries to quantify the time-
dependent dynamics of a chemical system before equilibrium is established [37]. Chemical
reaction processes can be found in several scientific disciplines (including Environmental
Science, Pharmacology, Biology, Biomedical Sciences and Medical Science [81] ), thus,
chemical kinetic problems have received considerable attention from scientists with dif-
ferent backgrounds.

Mathematical modelling has been a corner stone in the development of chemical ki-
netic theory, for more than two centuries. In 1850, a German scientist published an
article on hydrolysis of sucrose, in which a mathematical model was used to adequately
establish a link between thermodynamics and chemical reactions [37]. Differential models
have been employed to accurately describe the dynamics of simple chemical systems such
as bimolecular reactions. Exponential and polynomial models have aided in the develop-
ment of collision theory, transition state theory, Arrhenius equation, mass action law and
many more significant theories in chemical reactions [37].

Over the past two centuries, the chemical systems that have been considered in kinetic
studies have been relatively simple, thus, accurate models were simple and could easily

be analysed without computers. However, the systems in modern times are complex and



large (e.g. refinement of petroleum involves thousands of molecules engaged in thousands
of reactions [37, 95]). Consequently, mathematical modelling of modern chemical systems
is challenging. Research questions can still be answered by means of computer simulation,
however, the approach is constrained by scarcity of resources (e.g. memory). Thus, it is
necessary to develop efficient computer simulation approaches for chemical phenomena.
Generally, kinetic studies can be classified into detailed and reduction kinetic approaches
(that encompass decomposition and lumping approaches).

Decomposition approaches include the Quasi-Steady-State (QSS) approximation [37,
125, 149], Partial Equilibrium approximation (PEA) [149, 46, 124, 70, 68], rate-determining
[37], Computational Singular Perturbation (CSP) [125, 91, 93] and others can be found
in [172, 47, 55, 131, 92, 69, 80, 152]. Decomposition approaches are developed based on
a fact that intermediate reactions proceed faster than overall reactions, thus, resulting in
a wide time-scale variation within the system [37, 125, 124]. Consequently, the system
is decomposed into fast, medium and slow sub-systems where further assumptions are
employed to obtain smaller models. Sensitivity analysis has been employed to distinguish
the fast groups from the slow ones, some research [125, 27, 136, 51] have reported success
while others reported short falls [125, 1, 22, 40]. With decomposition approaches, only
few parameters are needed to build models and simulation is less expensive. However,
the approaches oversimplify the kinetics to an extent that accuracy is lost and the models
are not consistent with the reality. Other properties of the decomposition methods have
been discussed in [125, 104, 165, 58, 59].

Lumping approaches are developed based on the fact that there are several species
or reactions (within the large chemical system) that have a common property. Those
individual reactions/species that have the common property are grouped together and
studied as one component called a lump [37]. All model reduction techniques (including
lumping techniques) are not exact since the resulting models do not describe the detailed
kinetics.

The detailed kinetic approaches are developed to study the time-dependent behaviour
of the entire chemical system. Resulting models are non-linear differential equations that
characteristically lack analytical solutions, except for a few simple chemical systems.

As a result, numerical schemes are employed to approximate or simulate the solution.



The detailed kinetic approaches are consistent and accurate but are however, expensive
(sometimes infeasible) to implement.

The focus of this thesis is on simulating the kinetics of chemical reactions (i.e. simula-
tion of the transient aspect of chemical reaction phenomena). The law of mass action and
other physical laws are applied to derive differential equations that model the kinetics of
chemical reactions. The resulting differential equations are nonlinear, stiff and have high
degrees of freedom [119, 188, 120, 146]. Due to lack of exact solutions in the general case,
numerical schemes are developed as alternative methods of solution. However, combining
accurate numerical schemes with the already high degrees of freedom yields an expensive
simulation. This thesis combines model decoupling methods with compatible accurate
numerical schemes, for the purpose of efficiently simulating chemical kinetic phenomena.

Numerical simulation of the kinetics of three groups of chemical reaction systems will
be considered in this study. The first group consists of chemical reactions that occur
in well-stirred (also known as well-mixed) environments. Time is the only independent
variable of such systems. The second group (called reactive transport systems or poorly-
mixed systems) consists of chemical reactions that occur alongside physical processes such
as diffusion and advection. The third group (called flow and reactive systems) consists of
chemical systems that occur in a fluid flow environment (specifically, shallow water flow
environment). The second and third groups are spatially-dependent in addition to the
time-dependence.

The rest of the thesis is organised into six chapters. In Chapter 2, modelling of
reactive flow systems is presented and analysed. In Chapter 3, modelling and simulation
of well-stirred chemical systems is discussed. In Chapter 4, modelling and simulation
of reactive transport systems is discussed. Dispersion preserving schemes for reactive
transport systems are discussed in Chapter 5. Numerical simulation of flow and reactive

systems is discussed in Chapter 6, followed by the conclusion in Chapter 7.



Chapter 2

Preliminary: reactive flow modelling

In this chapter, the kinetics of flow and reactive transport processes are modelled and
analysed, using physical conservation laws and the shallow water principle. Properties
such as hyperbolicity and nonlinear effects of the derived shallow water model are pre-
sented. Riemann problems and elementary wave solutions have also been discussed.
Riemann problems of Euler’s models (in gas dynamics) and shallow water model (in hy-
drodynamics) have been discussed in literature. The discussion here, on the Riemann

problem is an application of known results in [100, 161}, thus, the results are not novel.

2.1 Shallow water flow model

In this section, a mathematical model is derived using physico-chemical laws and shallow
water principle. A rectangular reference frame is considered, where the x and y axes frame

the horizontal plane and z axis is vertical. The three dimensional spatial differential

0 9 0

operator is denoted by V = (%, By 5) and the velocity vector is denoted by v, =

(Ue, Ve, We).

The governing equations for fluid flow and associated phenomena are derived from a
physical principle, which says that the rate of change of an extensive property of a fluid
occupying a volume, is the balance between fluxes and the rate of creation or destruction

of the property in the volume [168, 43, 76]. In a smooth domain, the principle is a



differential equation that can be written as follows:

0P
N 2.1
5 TV d = Sa=0, (2.1)

where @ is density of the extensive property, J is a flux vector and Sg is the source/sink
term for the extensive property. If the mass of the carrier fluid (with density p. and fluxes
J = peve flowing without sources or sinks) is considered as the extensive property, the

conservation principle (2.1) yields [76]:

Ope

: e — 9 22

known as the continuity equation. If momentum is the extensive property of the fluid,
the density ® = p.v. quantifies momentum density, the flux is a balance of convective
processes, fluid pressure (denoted p.) and stresses (7) (i.e. J = peveVe + ped — T
where § is a unit tensor) and the source terms are body forces such as gravity (i.e.
Se = pg, & = (0,0,—g) and g is the acceleration due to gravity) [168, 43]. Thus,

balancing momentum in an elementary volume (i.e. applying principle (2.1)) yields:

+ V- peveVe = —Vp.+V T + peg. (2.3)

The discussion here is limited to a Newtonian fluid that is inviscid, incompressible
and has constant density. Under such flow conditions, the continuity and momentum

equations (2.2) and (2.3) reduce in terms, to the incompressible Euler model [168, 76]:

ou. Ov. Ow,
+

or oy T Y .
aazf N aazf 815;% G@gezue _ (2.5)
ow,  Quewe  duaw.  Owe _ (2.7)

ot ox Jy
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If the fluid is carrying chemical species with concentrations denoted by U, and dif-
fusivities in the z,y, z directions, respectively denoted by I'*, 'Y, I'?, then, the extensive
property has density ® = U, and the flux J is a balance of diffusion and advection. Thus,
balancing species concentration in an elementary volume (i.e. applying principle (2.1))

yields:

ou, N ou. U, N ov. U, N ow. U,
ot ox dy 0z
8Fx%+ 0 y8Ue+2Fz8Ue

T 01 Oz dy Oy 0z 0z

+ Su, (2.8)

where S;; denotes chemical reactions.

In the system (2.4)-(2.8) there are as many equations as unknowns, thus, a solution
may be obtained if appropriate boundary and initial conditions are specified. However,
analytical solutions are not always feasible and numerical solutions are challenging and
expensive due to the high space dimension and degrees of freedom of the concentration
vector. Consequently, the incompressible Euler model is approximated (using approprite
assumptions) to make it more tractable. Moreover, some flow problems have negligible
vertical scales compared to horizontal scales, such problems are classified as shallow water
flow problems [76, 153, 100, 161, 160]. It is assumed in this section, that the reactive flow
problem under consideration obeys the shallow water principle.

Further, the underlying principle that vertical scales are negligible (as compared to
the horizontal scales) imply that vertical acceleration (i.e the left hand side of (2.7)) is
negligible [76, 153, 100, 161, 160]. Thus, the Right Hand Side (RHS) of (2.7) is zero.
That is:

1 Ip.

pe 0z

—g=0. (2.9)

Integrating (2.9) from the reference water depth h(z,y,t), to any water depth z yields

the hydrostatic pressure function:

Pe = peg(h — 2). (2.10)

Further, from the hydrostatic pressure function (2.10), one can obtain the following pres-

sure gradients across x and y directions:



Ope oh

o = peg%- (211)
and
Ope oh
= Deg—. 2.12
oy 9, (2.12)

The pressure gradients (2.11) and (2.12) are independent of z, which imply that the
x,y velocity components u, and v, are independent of the z coordinate. Applying the

pressure derivatives (2.11) and (2.12) in the Euler model (2.4)-(2.8) can be restated as

follows:
ou, Ov. Ow,
= 2.1
ox * oy * 0z 0 (2.13)
Oou, Ou?  Ovou, Owp, oh
= = —qg— 2.14
o " or oy | os 99z (2.14)
o, Ou.v, OV  Ov.w, oh
c = —g— 2.1
o " or Toy T o: - Yoy (2.15)
and

U, N oJ* N 0JY N 0J?
ot ox dy 0z

— Sy, (2.16)

where J* = u U, — " %=, J¥ = 0, U, — % and J* = w,U, — 5=,

The system (2.13)-(2.16) has one equation less than system (2.4)-(2.8) and therefore,
is less expensive to solve. However, there are more unknowns than equations in system
(2.13)-(2.16). This is due to the presence of w, the z velocity component (that is assumed
insignificant under the shallow water assumption). To eliminate the redundant unknown,
the system is averaged over depth and boundary conditions are employed to simplify the
resulting averaged equations.

There are two relevant boundaries (located at z, and z; along the vertical axis ) in

the three dimensional domain where conditions necessary for deriving the shallow water
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model must be specified. The bottom topography of the channel denoted by 7(z, x,y),
is assumed fixed in time and impermeable, and the free-surface denoted by H(zs, x,y,t)
that is under the influence of gravity and atmospheric pressure. This variable quantifies
the total depth (i.e. H = h +n) and is also known as water surface [187].

The following no-normal flow and diffusion conditions are imposed at the bottom

boundary denoted 7(z, z,y) :

on on B on _ on
u88x+veﬁy+w6_0’ anx—Fyay—O and
on on
7 = —0. 2.1
Jm(n)gx + Jy(n)ay +J.(n) =0 (2.17)

Further, no-normal flow and diffusion conditions are also imposed at the free boundary

denoted H(x,y,t) :

OH OH OH OH OH
BN + Ue o7 + v, ay we = 0, "5 "3y 0 an
OH 0H 0H
—_— z _ Y _— z g
U.(H) 5 + J*(H) B + JY(H) 3y J*(H) = 0. (2.18)

Moreover, the depth-averaged unknown variables are defined as follows:

1A I
u_e:u:—/ Uedz, v_e:v:—/ vedz,
hJy hJy

e / Pudz, Ty=Ty=; / T,dz, (2.19)
n n

H H
Sh:/ Sydz and U:/ U.dz.
7 7

Further, the original parameters/variables u.,v.,I';,I', and U, are related to the

averaged quantities by the following expressions:

r,=T,+T! and (2.20)

(2.21)

where uy, v, I, T", and Uj are mean deviations from the quantities w.,ve, 'z, I', and

U, respectively. Employing the depth-averaged quantities given by (2.19) and their



relations given by (2.20), the unknown quantity w, in the system (2.13)-(2.16) can easily
be eliminated.

Firstly, integrate the continuity equation (2.13) over the depth as follows:

H H H
Qe gy [7 Qe g [7 0%y, g, (2.22)
, 0T S , 0z
Apply Leibniz rule of integration to the integrals in (2.22) to obtain:
o (" o [ oH oOH
ed a. ed - e H)— e H)— — e H
ax/n“”ay/n“"’ <“()ax+”()ay w.(H))
on on
— (u(n) =L + v.(n) = . = 0. 2.23
(e gy + el + wela) (2:23)
Apply boundary conditions (2.17) and (2.18) in Equation (2.23) to obtain:
H H
oh
edz + == edz + o =0. 2.24
8xnuz+8ynvz+8t (2.24)
Use definition (2.19) in (2.24) to obtain:
Ohu  Ohv  Oh
—+ —+ = =0. 2.25
ox oy ot (2.25)

Secondly, integrate the x—momentum equation (2.14) over the water column and
apply Leibniz rule of integration to obtain:

H H H
%/ uedz + % / uldz + (% / UVedz — u(H) (8H (H) oH
1 1 7

E
OH on an
FoelH) - we(H)) =) (weln) ]+ e+ )
oh
—gh—. 2.26
T ox (2.26)
Apply boundary conditions (2.17) and (2.18) in Equation (2.26) to obtain:
) /H ) /H ) ) /H oh
— Uedz + — uzdz + — UVedz = —gh—. (2.27)
ot /, oz J, oy Jy or
Apply definitions (2.19) and (2.20) in the integral equation (2.27) to obtain:
H H
% + %/ﬁ (e + ue) (T + ug)dz + (%/n (e + ue) (Ve + v)dz
oh
= —gh—. 2.28
M ox (2.28)



Simplify (2.28) to obtain:

ohu N Jhuu N Jhuwv
ot ox oy

on o (", o (7,
——gh%—%/n ueuealz—a—y[7 u,v,dz. (2.29)

Using arguments similar to those used to obtain (2.29), the depth-averaged y—momentum

equation (2.15) can be written as follows:

Ohv n Jhuv n Ohvv
ot ox dy

H "
= _gh?)_]; — %/ ulvldz — (%/ vivldz. (2.30)
n

Thirdly, integrate the species transport equation (2.16) over the water column and

apply Leibniz rule of integration to obtain:

0 0H 0H
('%/ Udz+ax/ sz+—/ 3z — (UL(H) S+ 3a(H) 5
L350 - 3.00) - (L 3+ 3,03 +Jz<n>)
:Sh-

(2.31)

Apply boundary conditions (2.17) and (2.18) in Equation (2.31) to obtain:

/Udz—l——/ sz+—/ J,dz =S, (2.32)

Use definitions (2.19) in (2.32) to obtain:

onu o (M o (7
7 + a_gj / UEU dz -+ 0_3/ / UeUedZ
0 U, 8 (9U

Apply definitions (2.19) and (2.20), the zero-diffusion boundary conditions (2.17) and
(2.18) in (2.33) and simplify to obtain:

ohU n OhuU n ohou 0 _ 0hU 0 _ 0OhU

_Yp 9y 9 9N

o T Tor oy ox ™oz oy " oy

o [ U, o [ U,
_ 9 U -1~ 2 v -1 g
o AL S Uy KU
+ S

(2.34)

10



The integrals in (2.29), (2.30) and (2.34) are corrections for the averaged terms. These
integrals may be approximated or determined through experimental data. A popular pro-
cedure is to replace the correction terms by empirical expressions that represent Coriolis
force, wind forces, bottom friction etc [182, 114, 111]. In this discussion, an empirical
expression that quantifies bottom friction is used to close the momentum equations and
the correction terms in (2.34) are considered negligible. Consequently, a one dimensional

form of the closed reactive-shallow model states that:

oh  Ohu
5+t =0, (2.35)
Ohu 0, o, 1 ., on  gC?lulu
5 + 8x(hu + 29h ) = _ghﬁx ~ T an (2.36)
ohnu 0 0 _0hU
W + %hUU = %F o + Sh, (237)

where C' is the manning coefficient.

2.2 Hyperbolicity and non-linear effects

In this section, properties such as hyperbolicity and consequence of the non-linearity of
the reactive-shallow water model are presented. The one dimensional form of the model
is a balanced law and the homogeneous part is a conservation law. The model is analysed
in both primitive and conservative formulations. Definitions relevant to the presentation

are presented first, followed by the main results.

Definition 2.1 (Balanced laws). Balanced laws are partial differential equations that can

be expressed as follows (in one space dimension) [100, 161, 160, 55]:

0Q 0
S+ Q) =S(Q), (2:38)
where o ] ) ] )
q1 fl(Q) Sl(Q)
Q= q:2 ’ f(Q) _ fz(:Q) . and S(Q) _ 82(‘Q)
| 40 | _fM(Q)_ _SM(Q)_




Q denotes the vector of M conserved variables, £f(Q) denotes the vector of fluxes and
S(Q) denotes a vector of sources for the conserved variables. The Jacobian of the flux

vector function £(Q) is a matriz defined as follows:

oq 0q2 Oqm
Of2  8f2 .. Of2
d d d
N O (239
Ofm  Ofm .. Ofm
| 01 9q2 Oqm |

Definition 2.2 (Eigenvalues and Eigenvectors). The eigenvalues \; of a matriz A are

the zeros of the characteristic polynomial [100, 161, 160):
A — M| = det(A — Al (2.40)

where I is the identity matriz. A right eigenvector of a matriz A corresponding to an

eigenvalue \; of A is a vector KO = [ky, ko, ... ky T satisfying
AK® = \ KO, (2.41)

Similarly, a left eigenvector of a matriz A corresponding to an eigenvalue \; of A is a

vector LY = [I1, 1o, ..., 5] such that
LOA = \LO. (2.42)

Definition 2.3 (Hyperbolic system [100, 161, 53]). The balanced law (2.38) is said to be
hyperbolic if A has M real eigenvalues My, ..., Ay and a corresponding set of M linearly
independent right eigenvectors KM, ... KM) | The system is said to be strictly hyperbolic

if the eigenvalues \; are all distinct.

Proposition 2.1. The Shallow water model (2.35)-(2.36) with chemical transport (2.37)

15 hyperbolic with eigenvalues given by:
M=u—c, d=u A3=u-+c

where ¢ = \/hg is called celerity, and corresponding linearly independent eigenvectors are

12



given by:

1 0 1
U 1 U

where U 1s any element of vector U and oy, as, ag are real numbers. The model is strictly

hyperbolic for a wet bed problem.

Proof. The shallow water model with reactive transport given by Equations (2.35)-(2.37)

can be written in the form:

h hu 0
0 0 2 1 2 on g7C?|ulu
a hu | + 8_:15 hu® + 5gh = —ghm — T has (2'43)
hU huU 2rau 1S,

Thus, the vectors for conserved quantities, fluxes and sources are respectively given

by:

h hu 0
Q= |hu|, f(Q) = |hu?®+ %gh2 , and S(Q) = —ghg—z = ‘”&# . (2.44)
hU huU Fro +8,

For any component U of the unknown vector U, the Jacobian of the flux vector f(Q)

is given by:

0 1 0
AQ) = |2 —u® 2u 0. (2.45)
—uU U wu

The characteristic polynomial of A(Q) is given by:

det(A — M) = (A — u)(\? — 2u\ — (¢ —u?)) (2.46)
=A—uw)A—=(u+c)A—(u—c)). (2.47)

13



Thus, by definition the eigenvalues of A(Q) are A\ = u—c¢, Ay = u, and A3 = u+ c. The

linearly independent vectors

1 0 1
KV =0 [u—c|, K =0, 0|, and K® =03 |u+c|,

U 1 U

and eigenvalues Aj, Ao and A3 satisfy definition (2.2), that is,

0 1 0 aq 1
Z—u? 2u 0| |ag(u—c)| =ar(u—c) |u—c| implying AKY =\ KW, (2.48)
—uwU U u a U U
0 1 0 0 0
A—u? 2u 0 0| =uas [0 implying AK® = \,K® (2.49)
—uU U u| |ag 1
and
0 1 0 Qs 1
—u? 2u 0| |as(u+c)| =(@w+c)as |u+c| implying AK® = \K® . (2.50)
—ulU U u asU U

Thus KM, K® and K® are right eigenvectors corresponding to the eigenvalues Aq, A
and A3 respectively. For a wet bed problem the water depth is positive (i.e. h > 0)
implying a positive celerity (i.e. ¢ > 0) and completely distinct eigenvalues. Hence, the

system is strictly hyperbolic. ]

Moreover, model (2.35)-(2.37) can also be formulated using primitive or physical vari-
ables h,u, and U. Simple expansion of the derivatives and algebraic manipulations yield

the following quasi-linear system [161, 160]:

— S(W), (2.51)

where

14



h u h 0 0

W=|u|l, BW)=|g u 0| and S(W)= |2 _ 0l
U 00 u +21% + 18,

Proposition 2.2. The quasi-linear system (2.51) is hyperbolic with eigenvalues given by:
M=u—c, A=u A3=u-+c

where ¢ = \/hg and corresponding linearly independent eigenvectors are given by:

h 0 h
RY =8 |—c|, R® =5, 0], and R® =35 ||,
0 1 0

where U 1s a component of U and (1, B2 and B3 are real numbers. The system is strictly

hyperbolic for a wet bed problem.

Proof. For any component U of the concentration vector U the characteristic equation

of the Jacobian matrix B(W) is given by:

det(B — AI) = (A — ) (A — u)* — gh) (2.52)
=A—u) A= (u+c))(A— (u—rc)). (2.53)

Thus, by definition the eigenvalues of A(W) are Ay =u—c¢, Ay =u, and A\3 = u+c.

The linearly independent vectors

h 0 h
RY =5 |—¢|, R®=05,10|, and R® =55 |¢]|,
0 1 0

and eigenvalues A1, Ao and A3 satisfy definition (2.2), that is,

u h 0| | h3 h
g u 0| |=cBi| =@w—c)p1 |—c| implying BRY = \RW, (2.54)
00 ul]| 0 0

15



w h 0] |0 0]
g u 0] 0| =uB|0| implying BR® =)\R® (2.55)
0 u| |Ps ﬁ2_
and
w o] [hs b
g u 0| |eBs| =@+c)Bs|c| implying BR® = \R®). (2.56)
00 u|l|O0 0

Thus RM, R® and R® are right eigenvectors corresponding to the eigenvalues Ai, Ay
and A3 respectively. For a wet bed problem the water depth is positive (i.e. h > 0)
implying a positive celerity (i.e. ¢ > 0) and completely distinct eigenvalues. Hence, the

system is strictly hyperbolic. O]

Furthermore, small-amplitude waves such as gravity waves can be investigated using
a linearised form of the shallow water model. Suppose the fluid is flowing at a constant
velocity ug and has a constant depth hg, then the gravity waves propagate at speeds
Al = ug — ¢y, Ao = Ug, and A3 = uy + co with celerity c¢g = +/ghy. Note that A\; and ),
families of waves propagate with speeds +c¢y relative to the fluid velocity and can assume
any sign (i.e. positive or negative) depending on a dimensionless critical number called

Froude number defined by:

F= % (2.57)

The depth of a fluid varies across a wave as the depth of a trough is shallow compared
with the depth of a crest [100, 161, 53]. Since the celerity (which measures speed relative
to the fluid velocity) depends on depth, the speed varies across a particular wave as
the crest propagates faster than the trough. If the depth of the fluid is exceedingly
greater than the amplitude of the wave (i.e. flows involving small amplitude waves), then
variations in speed across the wave are negligible and the linearised model can adequately
capture the physics of the flow phenomenon. However, the speed variations across the
wave are not negligible if the amplitude is larger, the non-linear model is employed in
such flow cases. The consequence of non-linearity is expansion and compression of the
wave, that can lead to the development of nearly discontinuous parts (known in literature

as shocks or hydraulic jumps), discontinuities and rarefactions [100, 161].
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2.3 Characteristic fields

Each eigenvalue \;(Q) or eigenvector K((Q) defines a characteristic field called \;—field
or K —field [100]. The characteristic fields are either linearly degenerate or genuinely
nonlinear. Given an M dimensional vector Q = (q1,¢2,---,qn), the gradient of each

eigenvalue \;(Q) in the M dimensional vector space is given by [100, 161, 160, 53]:

0 0 0

VA(Q) = (5MQ) M@ M) (2.5%)

Definition 2.4 (Genuinely non-linear and linearly degenerate fields). Characteristic
fields (corresponding to the eigenvalue-eigenvector pair \; — K@) that satisfy [100, 161,
53]:

VA(Q) - KP(Q) =0, (2.59)

(where'-" denotes dot product in phase space) are said to be linearly degenerate, otherwise,

are said to be genuinely non-linear.

Proposition 2.3 (Fields in conservative formulation). For the conservation law (i.e.

homogeneous part of the balanced law):

0Q 0 B
5 E(Q) =0 (2.60)

where vector Q and flux function £(Q) are defined as in (2.43), the characteristic field

corresponding to Ay 1s linearly degenerate while Ay and \s—fields are genuinely non-linear.
Proof. The gradient of the eigenvalue \y(Q) is given by:
u 1 T

A(Q) = (——,—,0) . 2.61

V(@ = (— 17 (2.61)

Thus, the dot product in phase space of the gradient VA2(Q) and corresponding eigen-
vector K®(Q) is given by:

>

VA (Q) - K?(Q) = 0l =0. (2.62)

S ==
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Moreover, the gradient of the eigenvalue A\;(Q) is given by:

VAQ) = (— 7~ 5valh30) (2.63)

Thus the dot product in phase space of the gradient VA;(Q) and corresponding eigen-
vector KM(Q) is given by:

-5 % g/h Qg .
VA(Q)-KW(Q) = 1 Na(u—o)| = al(f — 5\/g/h) £0. (2.64)
0 OélU
Further,
1 1 T
VAs(Q) = (— % +5V9/h, 5,0> : (2.65)

Thus, the dot product in phase space of the gradient VA3(Q) and corresponding eigen-
vector K®(Q) is given by:

—+3va/h s .
. c
VA(Q) - KW(Q) = Lo | st o) =as(5 + 5Ve/R) £0. (2:66)
0 Oé3U
Hence, A\; and A\3—fields are genuinely non-linear.
[
Proposition 2.4 (Fields in primitive formulation). Given the quasi-linear system:
oW oW
— +B(W)— =0 2.67
- T BW)S =0, (267)

with vector W and Jacobian matrix B(W) defined as in (2.51), the characteristic field

corresponding to Ao is linearly degenerate while Ay and A\3—fields are genuinely non-linear.

Proof. Using the eigenvalues (i.e. A\ (W), A2(W) and A\3(W)) and right eigenvectors
(ie. RD(W),R®(W) and R®(W)) of the Jacobian matrix B(W), the proof follows

analogously as in the conservative formulation (2.60) presented above. [
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2.4 Riemann problem and wave solutions

Existence and uniqueness of solutions to partial differential equations depend on initial
and boundary conditions. In this section, a well-posed reactive-shallow water model is
presented and general solutions are constructed. As shown in Section 2.2 above, waves
that are initially smooth soon develop discontinuities, it is therefore, appropriate to anal-
yse the model with discontinuous initial data. For the purpose of the analysis here, the
conservative formulation of the reactive-shallow water model is considered on a bound-
less flow domain and discontinuous initial data set is assumed. The resulting initial-value
problem (IVP) is generally known as Riemann problem [100, 161, 160, 53].

Using the conservative formulation, the reactive-shallow water Riemann problem

states that, find Q such that:

E—i_@_xf(Q):O’ in —oo <z < o0,
(2.68)
Q. forx <0
Qr,0) = Q) ={
Qr forx>0

where vector Q and flux function f(Q) are defined as in (2.43). Symbols Q; and Qg
respectively denote left and right data states which are written explicitly as follows (for

each UL in UL and UR in UR)Z

h,L hR
QL: hL’LLL and QR: hRuR . (269)
hLUL hRUR

The general solution of the Riemann problem (2.69) consists of four states (i.e.
Qr, Q.r, Q.r, Qr) separated by three waves that include contact and shock or rarefaction
waves, see illustration in Figure 2.1. Consequently, there are four possible wave patterns
in the general solution, as depicted in Figure 2.2. The main task of the Riemann problem

is to find the intermediate states using the left and right data states available. However,
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connections between data states are established using wave relations such as Riemann

invariants, Rankine Hugoniot jump conditions and entropy conditions [100, 161, 160, 53].

Left data
Right data

state
state

Qr

\

Figure 2.1: Structure of the general solution of the Riemann problem

Rarefaction wave

X

Xz

Rarefaction wave

Shock wave

X

Figure 2.2: Possible wave patterns of the Riemann problem

Definition 2.5 (General Riemann invariants). Given a general hyperbolic system of the
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quasi-linear form [100, 161, 160, 55]:

oW OW
- TBW)—— =0, (2.70)

with W = (Wi, Wa, ..., W)L and an eigenvector corresponding to the eigenvalue \;
denoted by RYW = (Rgi),Rg), e ,RE\?)T, then general Riemann invariants are relations

that satisfy the following M — 1 ordinary differential equations:

AW,  dW. dw.
Rg“l _ RS? — = RE(;' (2.71)

Definition 2.6 (Rankine Hugoniot jump condition). Given a general hyperbolic system

of the conservative form [100, 161, 160, 53]:

0Q 9.
= o f(Q) =0, (2.72)

where Q is the vector of unknowns and £(Q) is a vector of fluzes, the Rankine Hugoniot

Jump condition states that at a discontinuity:

fr — £ = S(Qr — Q1) (2.73)

where S denotes speed of the discontinuity, fr = f(Qr), fr = £(Qgr) and subscripts R

and L denote right and left states of the discontinuity, respectively.

2.4.1 Rarefaction waves

Across a rarefaction wave, the left and right data states are connected through a smooth
region in a genuinely non-linear field where characteristics diverge and Riemann invariants
apply [100, 161, 160, 53]. Since the A\; and A3 characteristic fields of the hyperbolic
system under consideration are genuinely non-linear, waves associated with them include
rarefactions. A rarefaction wave associated with the \; characteristic field is called a left
rarefaction (depicted in Figure 2.4) while a rarefaction associated with A3 is called a right

rarefaction (see Figure 2.3) [160].

Proposition 2.5 (Right rarefaction wave relations). Given the left and right data states

of a right rarefaction in primitive variables, i.e.,

h*R hR
W*R = | UsR and WR = |upr (2.74)
Usr Ur
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respectively, then:

U*R—QC*R:UR—QCR and U*R: UR, (275)

where cygr = \/gh«r and cg = \/ghg.

UxR — CxR UR — CR

\

Figure 2.3: Right rarefaction wave

Proof. The right eigenvector of the A3 characteristic field in the primitive formulation is

given by:
R® = ag(h,c,0)7, (2.76)

where ¢ = /gh. Thus, the generalised Riemann invariants associated with the A3 eigen-
value satisfy:

dh U

= = 2.
ash  asc 0’ (2.77)
Firstly, by solving the differential equation:
dh du
- = 2.
ash  asc’ (2.78)

22



the following expression is obtained:

u — 2c = constant.
Thus, by applying initial data (2.74) in (2.79) yields:
UxR — QC*R = UR — QCR.

Secondly, solving the differential equation:

du _dU

Qa3C 0 ’
yields:
U = constant.

Thus, applying initial data (2.74) in (2.82) yields:

U*R == UR.

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

]

Proposition 2.6 (Left rarefaction wave relations). Given the left and right data states

of a left rarefaction in primitive variables, i.e.,

hL h*L
WL = |ur and W*L = | UxL
UL U*L

respectively, then:
ur, + 2c;, = uyp, + 2¢4;, and Up = U,p,

where c;, = \/ghy and c.p, = /ghsyp.

(2.84)

(2.85)

Proof. The right eigenvector of the \; characteristic field in the primitive formulation is

given by:

R® = oy (h, —c,0)7,

23
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ur — €L Usr, — CsL

WL W*L

v

Figure 2.4: Left rarefaction wave

where ¢ = /gh. Thus, the generalised Riemann invariants associated with the \; eigen-

value satisfy:

dh du  dU

ok a0 (2.87)
Thus, algebraic manipulations of the differential equations (2.87) yield:
u+ 2¢ = constant and U = constant. (2.88)
Furthermore, by applying initial data (2.84) in (2.88) yields:
ur, + 2¢r, = Uyp, + 2¢,;, and Up = U,y. (2.89)
0

2.4.2 Contact waves

Across a contact wave, characteristics are parallel, Rankine Hugoniot condition and Rie-
mann invariants hold and the data states are connected by a single jump discontinuity in

a linearly degenerate field [100, 161, 160, 53]. Since the Ay characteristic of the hyperbolic
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system under consideration is linearly degenerate, the wave associated with it is a contact

wave (depicted in Figure 2.5).

Proposition 2.7 (Contact wave relations). Given the left and right data states of a

contact wave in primitive variables, i.e.,

h*L h*R
W*L = | Usl, and W*L = | UxR (290)
Ui Usr
respectively, then:
h*L = h*R and Uxl, — UxR- (291)

Figure 2.5: Middle contact wave

Proof. The right eigenvector of the Ay characteristic field in the primitive formulation is
given by:
R® = a,(0,0,1)7, (2.92)
Generalised Riemann invariants associated with the A\, eigenvalue satisfy:
dh  du dU

- . 2.93
0 0 (6] ( )
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Thus, algebraic manipulations of the differential equations (2.93) yield:
h = constant and u = constant. (2.94)
Moreover, applying initial data (2.84) in (2.94) yields:

h*L = h*R and Uy], = UxR- (295)

2.4.3 Shock waves

Across a shock wave, the data states are connected by a single jump discontinuity in
a genuinely non-linear field where the Rankine Hugoniot and entropy conditions apply
[100, 161, 160, 53]. Solutions of hyperbolic systems involving shocks are not unique, thus,
the entropy inequality:

Ai(Qr) > Si > Ni(Qr) (2.96)

where S; is the shock speed, determines a physically relevant solution. Since shock waves
are associated with genuinely non-linear characteristic fields, shocks can be associated
with the A; and A3 characteristics of the hyperbolic system under consideration. A shock
wave associated with the A\; characteristic field is called a left shock (shown in Figure

2.6) while the one associated with A3 is called a right shock (depicted in Figure 2.7).

Proposition 2.8 (Left shock wave relations). Given the left and right data states in

primitive variables:

hL h*L
WL = |uyr, and W*L = | Uyl (297)
UL U*L

respectively, separated by a left shock wave of speed Sy, the following relations hold across

the shock:

—hp + hp\/1+8(Fp — Fg)?
2

h
; U*L:UL_CL(l_ hL>(FL_FS)7
*L

(2.98)

U*L = UL7 h*L -

where c;, = ~/ghy, 1s the celerity and Fy = Z_fv Fg = f—f are Froude numbers.

26



v
8

Figure 2.6: Left shock wave
Proof. Given the shock speed Sy, velocities at the left and right side of the shock can be
expressed in terms of the shock speed as follows:
UL:ZALL+SL and U], :ﬂ*L‘i“SL, (299)

where 4y and 1,7 are variables in a frame of reference where the shock speed is zero.
Thus, by using (2.99) variables in the conservative formulation can be transformed into

conservative variables in the frame of reference where the shock speed is zero, as follows:

hL h*L
WL = hL@L and W*L = h*Lﬁ/*L . (2100)
hpUr harUsr

Applying the transformed left and right data states (2.100) and the flux function f(Q)

defined in (2.43), the Rankine Hugoniot jump condition states that:

hertyg, = hpur, (2.101)
1 1

h*LﬁfL + §gth = hLﬁ2L + §9h%a (2'102)

h*Lﬁ*LU*L = hLﬁ,LUL. (2103)

It follows immediately by the mass flux Equations (2.101) and (2.103) that:
U, = Uy (2.104)

Further, denoting the mass flux across the left shock by ¢, it follows from Equation

(2.101) that the mass flux is constant across the shock, i.e.:
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h*Lﬂ*L = thLL = qu. (2105)

Thus,

fp, = IfLL and 4, = Z—i (2.106)

Expressing the momentum flux equality (2.102) in terms of the mass flux ¢, yields:
S L 2
Gr(lr — Gur) = §g(h*L — hi). (2.107)

Applying the velocity expressions (2.106) in the momentum flux equality (2.107) and

manipulating algebraically yields:

1
o1 = \/§9h*LhL(h*L + hp). (2.108)

From the transformation (2.99), @, — 4y, = u., — ur, thus, applying original velocity
variables with the mass flux expression (2.108) in the momentum flux equality (2.107),

and manipulating algebraically yields:

1 (h*L + hL)

Uk, = UL, — (h*L—hL) -3 ho h . (2109)
*LIVL

2

Moreover, the velocity transformation (2.99) can also be expressed in terms of the

mass flux using (2.106) as follows:

hr

Applying the mass flux expression (2.108) in (2.110) and manipulating algebraically yields

the following expression for the shock speed:

1 her, + h
SL = ur, — Cy, —h*L#, (2111)
where ¢, = v/ghr. Writing the shock expression (2.111) in terms of Froude numbers
yields:
1. (ha+hp)
Fi—Fs =) sha—t 2 (2.112)
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Equation (2.112) is quadratic in h,r, and has roots given by:

_ —hp£hp\/1+8(F, —Fg)?

h*L 92

(2.113)

However, h,;, > hp for a left shock, thus, expression (2.112) implies F;, — Fg > 1.

Therefore, the relevant root of the quadratic (2.112) is given by:

_ —hy+hp\/1+8(F, —Fg)?

h'*L 92

(2.114)

Furthermore, applying the shock expression (2.111) and using (2.112) in the velocity
expression (2.109) yields:
hr

* L

Uer = UL — CL (1 - )(FL ~Fg). (2.115)
O

Proposition 2.9 (Right shock wave relations). Given the left and right data states in

primitive variables:

h*R hR
W*R = | UsR and WR = |ugr (2.116)
U*R UR

respectively, separated by a right shock wave of speed Sg, the following relations hold

across the shock:

—hgr + hry/1+8(F — Fg)?
2

h
s U*R:UR+CR<1— R)(FL—FS),
h*R

U*R = UR7 h*R =
(2.117)

where cgr = \/ghg is the celerity and Fr = Z—g, Fg = f—g are Froude numbers.

Proof. Given the shock speed Sg, velocities at the left and right side of the shock can be

expressed in terms of the shock speed as follows:
UR:fLR—i-SR and U*R:ﬁ*R—FSR, (2118)

where ur and 4.g are variables in a frame of reference where the shock speed is zero.
Thus, by using (2.118) variables in the conservative formulation can be transformed into

conservative variables in the frame of reference where the shock speed is zero, as follows:
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Figure 2.7: Right shock wave

hR h*R
WR: hRaR and W*R: h*Rﬂ*R . (2119)
hrUR hrU.r

Applying the transformed left and right data states (2.119) and the flux function f(Q)

defined in (2.43), the Rankine Hugoniot jump condition states that:

hurlisg = hRiig, (2.120)
1 1

hopil?p + 5ghiR = hriy + igh?%, (2.121)

h*Rﬂ*RU*R = hRﬁRUR. (2122)

It follows immediately by the mass flux Equations (2.120) and (2.122) that:
U.g = Up. (2.123)

Further, denoting the mass flux across the left shock by ¢g, it follows from Equation

(2.120) that the mass flux is constant across the shock, i.e.,:

—h*Rﬁ*R = —hRﬂR = ¢R- (2124)
Thus,
flap = — ¢R, and Qg = o (2.125)
h*R hR



Expressing the momentum flux equality (2.121) in terms of the mass flux ¢ yields:
. . 1
¢r(lr — UR) = ég(hiR — ig). (2.126)

Applying velocity expressions (2.125) in the momentum flux equality (2.126) and

manipulating algebraically yields:

1
PR = \/ 59rhr(har + hr). (2.127)

From the transformation (2.118), ti.g —Ur = u.g —ur, thus, applying original velocity
variables with the mass flux expression (2.127) in the momentum flux equality (2.127),

and manipulating algebraically yields:

1 (h«g+h
Usg = Ug + (hur — hR)\/gg%- (2.128)

Moreover, the velocity transformation (2.118) can also be expressed in terms of the

mass flux using (2.125) as follows:
UR = ——+SR. (2129)

Applying the mass flux expression (2.127) in (2.129) and manipulating algebraically

yields the following expression for the shock speed:

1 s h
SR:UR—|—CR —h*R@, (2130)
where cp = \/ghg. Writing the shock expression (2.130) in terms of Froude numbers
yields:
1 D h
S A OELY) 2101
2 h%,

Equation (2.131) is quadratic in h.g, and has roots given by:

_ —hrEhgy/1+8(Fr —Fg)?
— 5 ,

her (2.132)

However, h.r > hgr for a right shock, thus, expression (2.131) implies Fr — Fg > 1.

Therefore, the relevant root of the quadratic (2.132) is given by:

_ —hg+hgy/1+8(Fg — Fg)?

h*R 9

(2.133)
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Furthermore, applying the shock expression (2.130) and using (2.131) in the velocity
expression (2.128) yields:

h
Uik = UR + CR (1 - )(FR ~Fg). (2.134)
*R

2.5 Summary: reactive flow modelling

Reactive flow refers to fluid flow that involves chemical reactions. Mathematical models
for reactive flow processes are differential equations that are derived by the application
of physical laws such as conservation of mass, momentum and energy.

In Section 2.1, a continuity equation, species transport and momentum equations were
derived by applying a physical principle that governs mass and momentum transport in
an elementary volume. Simplifying assumptions were applied to the flow model to derive
Euler’s model that is coupled with chemical transport equations. Further, the shallow
water principle was applied to the Euler model and averaged over depth to yield reactive-
shallow water flow model.

In Section 2.2, the hyperbolicity of the shallow water flow with chemical transport has
been discussed. Due to non-linearity and hyperbolicity of the model, the solution of the
model admits shocks (also known as hydraulic jumps), discontinuities and rarefactions,
which are not usually present in linear flow problems.

In Section 2.3, characteristic fields were discussed where two of the three eigenvalues
and corresponding eigenvectors have been shown to be linearly degenerate and one was
shown to be genuinely non-linear.

In Section 2.4, a Riemann problem and its solution structure have been discussed.
The general solution of the Riemann problem was constructed using wave relations such
as the Rankine Hugoniot condition, entropy inequality and Riemann invariants. Shock-
capturing numerical schemes will be presented in subsequent chapters for the efficient

simulation of reactive flow processes.
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Chapter 3

Modelling and simulating chemical

kinetics

The kinetics of well-stirred chemical reactions are modelled and simulated in this chapter.
Existence of nonnegative and conservative solutions of the resulting model have been
discussed. A stoichiometric method for reducing the high degrees of freedom (of the
model) and other model decoupling methods have been discussed. Stiffness-resolving
numerical schemes that preserve nonnegativity and conservativity, and are compatible
with the decoupling methods have been presented. The goal here, is to develop an
efficient modelling and simulation procedure for simulating the kinetics of well-stirred
chemical reaction systems. Numerical experiments have been performed to validate the
model decoupling methods and to verify the numerical schemes.

Remark: The discussion in this chapter has been published, see [3].

3.1 Chemical kinetic modelling

Spatially independent chemical phenomena (referred to as chemical kinetic processes)
characteristically occur in several steps called elementary reactions. A collection of all the
elementary steps in a chemical process is called a mechanism. In general, chemical kinetics
studies mechanisms and speed with which a particular chemical phenomenon proceeds
[6, 7, 72, 81]. Balanced stoichiometric equations are used to represent mechanisms and

polynomials called rate laws are used to quantify the speed with which the reaction
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occurs. In some chemical processes, some elementary steps are reversible (thus involve
forward and backward directions) while others are irreversible (involve only a forward
direction). Since the irreversible steps are reversible steps where the backward direction
vanishes, the reversible approach is adapted here to simplify the presentation, without
loss of generality.

If there are N chemical species participating in M elementary steps of a particular
chemical process, where Ny, species participate in the forward direction and N, , species
participate in the backward direction of the 7" elementary step, then the mechanism can

be expressed as follows [37, 3]:

Nf,r Nb,'r
Zar,iAr,i = Zbr,jBr,j7 r= 17"'7M7 (31)
i=1 j=1

where a,; and b, ; are stoichiometric coefficients for the species A,; and B, ; in the rth
elementary reaction. In general, Zfil(l\f £+ Np,) # N due to the presence of networking
species (i.e. species engaged in more than one elementary reaction).

Denote the global set (i.e. set of all the species in the chemical process) whose
cardinality is N by C and the vector of species concentrations by U € RY (where R
denotes non-negative real numbers). Denote the set of species in the r'* elementary step
whose cardinality is N, = N¢, + Ny, by C,. This set C, C C is defined by putting the
species in the forward direction in the first Ny, positions of C,, followed by the species

in the backward direction. Thus, by the stoichiometric equation (3.1),

C, = {A1, Ay, AN, Bra, B, oo, By, )

and corresponding vector of concentrations U, € RT, is given by:
U, = (A1, [Alr2, - [Alrng,, [Bleg, [Blrz, -5 [Blen,, ), 7=1,2,..., M,

where [A],; denotes concentration of species A, ;. Moreover, if @, = (1,052, ..., an,)
is the set of orders for reactants and o, = (0,1, 0,2, ...,0,n,) is the set of stoichiometric
numbers for the chemical species in C,, then the rate law for the 7" elementary step

(3.1) is defined by [37, 3]:

va”' Nr
R,(U) =R, (U,) = K, [[US" - Koo [ U r=1,.... M (3.2)
i=1 j=Ng,+1
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where K¢,, K, are the forward and backward reaction constants, respectively. With

rate law (3.2), the expression that governs the evolution of any species in the global set
C, is given by [37, 3]:

M

% = ;akTRT(U), k=1,...,N, (3.3)

where ¢ is the time variable, o, is the stoichiometric number of the k* species in the

r'" elementary step. Thus, system (3.3) is a coupled system of N ordinary differential

equations (ODEs) that must be solved to obtain species concentration profiles over time.

A complete initial value problem (IVP) can be stated that, find U : Ry — RY such
that:

dU
—- =oR(U@),1), te0.7),
Ut = 0) = Uy, (3:4)

where T is final time, 0 € RV*M is the stoichiometric matrix and R : RN x R — RM
is a vector of the M rate laws. The rest of the discussion in this section will assume that
the stoichiometric matrix is non-trivial (i.e. each row or column contains at least one
non-zero entry), is conservative (i.e. the vector e = (1,1,...,1)T" (where Tr indicates
transpose) is orthogonal to range(o)) and has full rank (i.e. rank(c) = M). The following

conditions are imposed on the rate laws R :

1. U = 0 implies R, (U,t) = 0 and U > 0 implies R,.(U,t) > 0, for t > 0 and
r=12,....,M.

2. There exist Z,(U,t) € C°(RY,Ry) if oy, < 0, such that Z,.(U,¢) = 0 if U = 0,
Z.(U,t) > 0if U > 0, and R,.(U,t) = Z.(U,t)Uy, for k=1,2,...,N.
3. R.(U,t) € CO(RY,Ry), R.(-,1t) is locally Lipschitz continuous in R”, uniformly in
t, and finally R,(U,-) € L*(Ry) for U € RY.
Furthermore, with the conditions imposed on the stoichiometric matrix and reaction
rate law, the existence, uniqueness and non-negativity of the solution of the IVP (3.4) can

now be discussed as in [45, 71, 129]. The discussion here will make use of the following

Lemma that presents a classical global existence result (given in [61]):
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Lemma 3.1. Assume that a function G(x,t) is defined in a closed evtended domain Y
where Y = Q x (t1,ts) and Q € RYN. If G is continuous in an open subset D C Y, and
that G is uniformly continuous in t and locally Lipschitz continuous with respect to x

contained in D, further, if there are constants Ky, Ko € R such that:
IGG, Ol < Ky + Kallx], for all (x,1) €V,

then for all initial conditions (Vo,ty) € Y, there exist at least one solution to the IVP:

dv(t)
— o =GV(0).1), & (hh),
V(to) = VO-

Furthermore, in the following discussion, the p—norm of a vector V.€ R will be

denoted by:
N

VI, = (S IVil)?,

k=1

and for any matrix A € RV*M  the p—norm will be denoted by:

A, = sup  [JAV]],.
[V[p=1,VeRM

Moreover, let a slope function be defined as F(U,t) = cR(U(¢), ) and a constant be
defined as A = ||Ugl|; such that a convex set Q C RY is defined as:

Q={VeRY V] <AL

Trivially, the initial data U(t = 0) = Uy = 0 if A = 0, thus by the first condition
imposed on the rate law, U(t) = 0 for all ¢. Therefore, we focus on the non-trivial case

where A > 0. Consequently, the slope function is modified as follows:

F(U, 1) = FH(U),¢), (3.5)
where H(U) is a unique projector of U on € defined as:

U, if U e Q,
H(U) = (3.6)

A .
WU, OtherWlSG.

The uniqueness of H(U) is due to the convexity of .
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Proposition 3.1. If the conditions imposed on the stoichiometric matrix and rate laws
are satisfied, the projector H in (3.6) is Lipschitz continuous while the modified slope

function (3.5) is bounded, Lipschitz continuous in the first argument and uniformly in t.
Proof. Firstly, if Uy, Uy € €) then
H(U,) - H(U,) = U; — Uy,

which implies

[H(U;) — H(Uy)||; = |U; — Uylfs.

And if Uy, Uy & Q then ||Uq]j; > A and ||Uslj; > A, thus,

U, U,
H(U,)—H(U,) = A —
(U1 =50 = A5~ o)
< U; — U,.

Hence for any U;, Uy € RY,
IH(U:1) — H(Uy)[[1 < [[Ur — Usly
Secondly, for any U € RY, we have:

sup  |[F(UO[i = sup  [[F(U, 0]

teR4+,UeRN teR4+, UeRN
<lolly  sup [[R(U(t),1)[|y < oc.
teR4, UeRN
Further, for any Uy, U, € RY,
F(U,, 1) — F(Uy, t) = a(R(H(Ul), t) — R(H(U,), t)).
Since R(U, t) is Lipschitz continuous there exists a Lipschitz constant g, such that:
IR(U1, ¢) = R(Uz,t)[[1 < 0]|Ur = Us.|y

Therefore, we have :

IF (U, 1) = F(Us, )| < o]l [|IR(H(UL),¢) = RH(Us),1)]|s
< ollofly [[H(U1) — H(Uy)[:.

Hence

IF(Uy,t) — F(Uy, )|y < ollo]li Uy — Ualfs.
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Proposition 3.2 (Existence, uniqueness and positivity of solution). If the conditions
imposed on the stoichiometric matriz o and rate laws R in (3.4) are satisfied, then for

any initial condition U(0) = Uy, the IVP:

du(t) =
- =F(U0).1), te(0.7)
U(0) = Uy,

has a unique non-negative solution U € [CY(R,)|N, where F is the modified slope function

defined in (3.5). Moreover, for all t > 0, U(t) > 0 if Uy > 0.

Proof. Firstly, the modified slope function F is continuous in the open domain RY x R,
thus, setting D = R™ x R, satisfies the first condition in Lemma 3.1. By Proposi-
tion 3.1, F is Lipschitz continuous with respect to U and uniformly in ¢, in the domain
RN x R, thus satisfies the second condition of Lemma 3.1. Further, the bounded-
ness of F (shown in Proposition 3.1) shows that there exists constants K; = 0 and
lolli super, very [R(U(#),%)[]1 < oo, thus, the third condition is satisfied.

Secondly, it can be shown that the solution remains non-negative for all non-negative
initial conditions. Trivially, if U(0) = O the concentration profiles for all the species
remain U(t) = 0 for all t > 0, since the first condition on the rate law R in (3.4) is
satisfied. To prove the non-trivial case, let J,_ be the set of indices r for which o, < 0
and J,j be the set of indices r for which ok, > 0. Since the second condition on R is
satisfied, there exist Z,(U,t) € C°(RY, R, ) such that the governing evolution equations
for the species can be reformulated as:

U (t)
dt

=Y onZ(Ut),OUs+ > o Re(U(1), 1), k=12,... N. (3.7)

reJ, reJ;t

Further, by setting () = — ZTEJ}; o Zp(U(), 1) and ¢x(t) = ZTEJ; ok R (U(2), 1),

the reformulation (3.7) becomes:

U, (¢)
dt

= — o (O)Us(t) + (1), k=1,2,...,N. (3.8)

Since the conditions imposed on the rate laws R, are satisfied, the parameters ()

and ¢k (t) in (3.8) (that are continuous function of ¢ ) are non-negative whenever U is
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non-negative. Moreover, from (3.8), a further reformulation can be obtained as:

t t
/ %( Js @k(T)dTUk(9)> df = / €f09 @k(r)dr(bk(g)dg’ k=1,2,...,N. (3_9)
0

0
By setting
Wi(t) = eloee@dr ) k=1,2,...,N. (3.10)

we obtain from (3.9) that:

Wi(t) = Wi(0) + /t eld ey 0Vdh, t>0, k=1,2,... N. (3.11)

0

Due to the non-negativity of the parameters (i.e. ¢, > 0 and ¢, > 0 for k =1,2,...,N)
in expressions (3.10) and (3.11), the solution remains non-negative (i.e. U(t) > 0 fort¢ €
[0,7)). Otherwise, there exist some species with index k, such that the concentration
Uk(0) > 0 while Uy (T) < 0. If U(0) > 0 it follows from expression (3.10) that Wy (T") < 0,
however, from expression (3.11) it follows that Wy (T") > 0, which is a contradiction. Fur-
ther, all components whose initial concentrations were positive remain positive. Other-
wise, there exist some component k, such that Ug(0) > 0 while Ui(T) = 0. If U(0) > 0
it follows from expression (3.10) that Wy (T) = 0, while from expression (3.11) it follows
that W (T') > 0, which is a contradiction.

Finally, since F(U,¢) = F(H(U),t) we have 4H(U(t)) = oR(H(U), ), thus, due to
the conservation property of the stoichiometric matrix, eT”%H(U(t)) = 0. Consequently,
it follows that e H(U(t)) = A, where A = e”"H(U(0)) > 0. The non-negativity property
implies that for all t > 0, |[H(U(t))||; = A. Further, it follows that F = F and H(U(t)) =

U(t) along the solution curve. The solution is unique since it is contained in a compact

set of RY. O

Proposition 3.3 (Conservativity of solution). The solution U of the IVP (3.4) conserves
mass (i.e. €U = constant) if the stoichiometric matriz is conservative (i.e. e €
Ker(c™™)). Conversely, if the rate law conditions (i.e. three conditions state under

(3.4)) are satisfied, e'"U is constant and rank(c) = M, then e € Ker(o™T).

Proof. If the stoichiometric matrix is conservative (i.e. e € Ker(o?")) we have e’"o = 0.
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Thus, from the IVP (3.4), we obtain:

eTr dU

i e’"oR(U(1),1),

=0.

It then follows that the total mass e’"U = constant is preserved in all time ¢ > 0.
Conversely, if the solution preserves mass, then we have e’"U(t) = A, for all t > 0,
where A is a constant. Thus, we have eTT%U = 0, which implies from the IVP (3.4) that
e’"oR(U(t),t) = 0. Since the stoichiometric matrix has full rank (i.e. rank(c) = M) and

all the conditions imposed on the rate law are satisfied R # 0, it follows that e’"o = 0.

Hence, we have e € Ker(o™"). O

3.2 Model decoupling methods

The total number of chemical species N that participate in a particular chemical kinetic
process is usually very large, thus, the rate law (3.3) is an N—dimensional polynomial
where N is very large. Further, in many chemical processes several elementary processes
are involved, thus, the total number of elementary reactions (i.e M) is also very large.
The large number of species coupled with the large number of elementary processes
result in models with large degrees of freedom and subsequently, result in complicated
numerical algorithms. Moreover, the large degrees of freedom is due to coupling of the
N species. Thus, although very few (chemical species) profiles are usually of interest
in laboratory experiments and numerical simulation studies, the governing IVP for the
species of interest can not be solved without applying decoupling methods. In this section,
some decoupling methods (that are more appropriate for chemical kinetic processes) are

presented.

3.2.1 Stoichiometric decoupling method

During chemical kinetic processes, mass (concentration) of a particular species increases
when the species is formed from other species, and decreases when it is converted into
other species. The mass increment or loss of a particular species is referred to as mass

(or concentration) transformed, and an expression that balances the mass of a particular
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chemical species at any given time is referred to as mass balanced expression [45, 171]. Let
U, represent a vector of initial concentrations, Ur represent the vector of transformed
species concentrations and Ug quantify mass added or removed from the system. Mass

balance expression for a chemical system can be written as follows:
U=U,+Ug+ Ur. (3.12)

If mass of a species increase, the transformed concentrations has a positive value
for that particular species, but has a negative value for all species that contributed to
the mass increment of that particular species. A species transformed concentration is
the product of the its stoichiometric number and the extent of reaction [7]. Denote the
extent of reaction by y, then the mass balance expression for any species 7, in a single

reaction can be written as follows:

Uz:UO1+O-ZX+USN 221,2,7N (313)

If a constant concentration of the species is introduced or removed during the reaction
process, Ug, is constant. Thus, applying the mass balance expression (3.13) in the ODE
(3.4) and manipulating algebraically yields:

Ny N

dx @ @

=K I (Vo +ox+Us) =K ] (U, +ax+Us,) . (3.14)
i=1 j=Nj+1

Observe in ODE (3.14) that the extent of reaction Y, is the only variable that must be
solved for. Once the extent of reaction is known, the mass balance expression (3.13) is
employed to compute concentration profiles for all the species. It is sometimes feasible to
solve ODE (3.14) analytically, however, numerical procedures are employed in the general
case due to model non-linearity issues.

Most natural systems are not closed, thus, chemical systems are able to exchange
materials with their surroundings at any time. Due to the exchange of materials Ug,
is time-dependent, thus, ODE (3.14) does not hold in the general case. In such time

dependent case, an expression for the extent of reaction can be obtained from the mass
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balance expression (3.13) as follows [37, 3]:

X = ——(ng +Us,) + = Uk, ke{l,...,N} (3.15)

Ok
Applying the extent of reaction (3.15) in the mass balance expression (3.13), the
following holds:

Ui=di+ 22Uy, i=1,2,...,N, ke {l,....N}, k#1, (3.16)
O

where

d; = Uy, + Us, = 2 Uy, + Us,).
Ok

Using expression (3.16) in ODE (3.3) yields a decoupled set of ODEs that govern
the evolution of chemical species in a mechanism that involves one elementary step.
The decoupled ODEs have slope functions that are polynomials in one variable (i.e.

concentration Uy of the k™ chemical species) that are written explicitly as follows:

N
1dUk o; o o @
K ( 7 _K ( i) 1,...,N}. (3.1
e f” di+7-U;) 3 N| |+1 4+ Z0)" ke 1 (3.17)

=iNf

Moreover, it is an easy task to extend the reformulation to multi-step reactions. Since
the reaction proceeds in multi-steps, species mass balances are obtained for each species

i, in the r** step as follows:

Uri U +0rz X’I"+US

)

i=1,2... N,r=1...M (3.18)

47

where y, is extent of the r*" reaction, Ub,., denotes initial concentration and Ug, ; denotes
sources/sinks. If n denotes the index of the species of interest in the subset U,. of chemical
species in the 7 reaction, then it follows from mass balance expression (3.18), that the

extent of the 7" reaction is given by:

1

1
U, n€{1,...,N,}. (3.19)

rn

Xr - - <U0r,n + UST,TL) +

r,n

Applying the extent of reaction (3.19) in the mass balance expression (3.18) yields:

Uy =dpi+ 22U, i=1,..., Ny, r=1,...,M, ne {1,...,N,} (3.20)

b
Ormn
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where
Ur,i

dryi = UOT,Z' + UST,Z' - <U0'r,n _I_ UST,TL) ‘

rn

Consequently, it follows from the rate law (3.2) and expression (3.20) that the stoi-
chiometrically decoupled set of ODEs is given by:

dU, M Ny Ori Qi s Orj Qr,j
W = Z Okr (Kf,r H (dr,i + ’ Uk) - Kb,r H (dT,' + 7 Uk) >7
r=1 i=1 Tkr J=14+Ny,r Thr

ke{l,...,N}. (321

3.2.2 Other decoupling methods

Mathematical formulations of most dynamical systems often lead to ODEs (whether linear

or non-linear) in the generalized form [176]:

% _F(UL,  te[0,T), U0) =U,, (3.22)
where U € RY and F : RY x R.. Several research efforts have been made to deter-
mine how the generalized time dependent ODE (3.22) can be solved efficiently [176].
Solution procedures for (3.22) can be classified into two, namely, direct and decompo-
sition/iterative methods [176, 115, 109]. With the direct approach, all the differential
equations in the system are discretized identically with the same integration method and
simulated within common constraints [176]. However large systems usually introduce fur-
ther constraints such as stiffness, where some components propagate faster than others.
Thus, the direct approach is inefficient for large systems [176, 115, 109]. Instead, the sys-
tem can be decomposed (decoupled) into subsystems where appropriate techniques are
employed for each subsystem [96]. According to the authors in [96] decomposition can
be achieved by tearing or through relazation. With the tearing method, decomposition
takes advantage of the structure (e.g. block diagonal, sparsity etc.) of the Jacobian of
the slope function F, thus, computational complexity largely depends on the structure of
the Jacobian [96]. Relaxation approaches on the other hand, reduce complexity without
regards to the structure of the Jacobian [96].

With the relaxation approach, the ODEs are decoupled from each other before numer-

ical schemes are applied. This approach (also known as Waveform relaxation) has been
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applied extensively to decouple models in circuit theory and wave propagation problems
[176, 115, 109]. In this section, the waveform relaxation methods are employed to de-
couple the system (3.22), that models chemical processes. Since the approach decouples
the individual ODEs in the system, it is convenient to express ODE system (3.22) in

component form as follows:

%%:FMUﬁ, Le[0,T), UW0)=U, k=12 .. N (3.23)

Observe in (3.23) that concentrations U of all the species must be available in order
to evaluate the slope function Fj. Thus, ODE (3.23) is still coupled with the other ODEs
in the system (3.22). Among several techniques developed to decouple (3.23), Picard-
Lindelov methods that include Successive-Over-Relaxation, Gauss-Jacobi and Gauss-
Seidel techniques, will be considered here. Applying Gauss-Jacobi relaxation approach
to (3.23) yields the following continuous-time iteration [14]:

%U:H = Fk(U{, ey Uli—l’ U;i+1> Uli+17 RIS U]Z'Vvt% (324)

U 0)=Uy;, k=1,2,...,N, te[0,T), i=0,1,....
Similarly, by employing the Gauss-Seidel waveform relaxation to decouple, ODE (3.23)
yields the following continuous-time iteration [14]:

%UZ;JFI = Fk(UliJrl, ey U,:J_ri, U]iJrla Uli—‘rlv R U]i\/vt)7 (325)

Uli—‘rl(o):UO,ia k::]-727"'aN7 t€[07T)7 Z:O’l’

Finally, by employing Successive-Over-Relaxation (SOR) to decouple, ODE (3.23)
yields the following continuous-time iteration [14]:

(
drri+l __ i+1 i+1 7741 1 7
Al = FUT, UL U UL Ul ),

U(0) = Uo, (3.26)

Uﬁl:in‘f‘(l—w)Uéﬂa k:1727"'aN7 te[()?T)’ izo’l’”'7

(
where w is a real parameter. If the parameter w = 0 the Successive-Over-Relaxation

(SOR) approach reverts to the Gauss-Seidel waveform relaxation.
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3.3 Application: acid mine generation and neutral-
ization

Among many other chemical systems acidic mine generation and neutralization will be

presented here and used as application problems throughout this thesis.

3.3.1 Acid generation (pyrite oxidation)

During mining of minerals, pyrite is exposed in large quantities to air and water. This
exposure leads to oxidation and subsequent acidification of water bodies. Further, the
acidic water has high solubility which enables it to dissociate other minerals that contain
metal ions. The final result is an environmental pollutant that has severe adverse effects
on ecological systems. The balanced stoichiometric equations for the pollutant generation

are as follows [94, 50, 147]:

FeSy +3.50, + H,O = Fe*t + 2507 +4H™, (3.27)
Fe*t + HT +0.250, = Fe*™ + 0.5H,0, (3.28)
FeSy 4+ 14Fe* + 8H,0 = 15Fe*t 42507 + 16H ™. (3.29)

Thus, the respective rate laws for the balanced stoichiometric equations (3.27)-(3.29)

can be written out as follows:

Ro, = K1[FeSy)[0s] — Kp[Fe*T|[HT][SOT7], (3.30)
Rpest = K o[ FeSy|[Fe?t] — Ky [Fe* | [HT)[SOT ], (3.31)
Rpexr = K3[05][Fe*T]. (3.32)

It follows from stoichiometric equations (3.27)-(3.29) and rate laws (3.30)-(3.32) that
the governing equations for the species that are participating in the acid generation, are

given by the following autonomous system of ODEs:

— =F(U), (3.33)
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where U = ([H"], [FeS,], [0.], [Fe*], [SOT ], [F63+])T’" and F(U) = (2Ro, + 16Rpes+ —
Rpe2+, — Ro, — Rpes+, — 3.5Ro, — 0.25Rpe2+, Ro, + 1DRpes+ — Rpe2+, 2Ro, +
2Rpest, — 14Rpes + Rpes)' .

The amount of acidity of the water is determined by the amount of hydrogen ion
generated, thus, the species of interest here is the hydrogen ion H*. However, the ODE
for the hydrogen ion in system (3.33) cannot be isolated and solved alone, due to coupling
(with other species concentrations) through the slope function F(U). Even if the waveform
decoupling methods are employed the entire system (3.33) (with six degrees of freedom)
must be solved in each time step (this has computational cost implications). This problem
can be avoided if the stoichiometric method is applied to decouple (3.33) instead of the
waveform approach. If the stoichiometric method is applied to system (3.33), the ODE

for the hydrogen ion becomes:
d[H]
dt

where Uy = ([H*o, [FeSalo, [Os)o, [Fe*Ho, [SOZ o, [Fe¥t]o)"" is initial data, Ug =
([H*]S, [FeSss, [Os]s, [Fe*t]s, [SOi s, [Fe:”]g)Tr is secondary sources,

Coos = [FeSolo + [FeSo)s + 0.5([H o + [HT]s), Csos = [Oa]o + [Oa]s + L([H o +
[HH)s), Cios = [Fe?t)o + [Fe*t]s — 0.5([HT]o + [HY]s), Csos = [SO3 Jo + [SOT |5 —
([H"]o + [H*]s), Conzs = [FeSalo + [FeSals + 75([H o + [HY]s), Cius = [Fe*T]o +
[Fe*)s — 1 ([H]o + [HT]s), Csoss = [SOT o + [SOT]s — 5 ([H o + [H]s), Cooss =
[Fe**]o+[[Fe** s+ 15 ([H o+ [H]s), Cozs = [Oa]o+[0o]s—0.25([H o +[H]s), Coas =
[Fe* o+ [Fe**]s — ([H]o + [H7]s),

= D1+ Do[HY] + D3[HT)? + Dy[HT)?, (3.34)

Dy = 29K 71 C5C305 + 23.2K $2C2025C6065 — 1.45K £3C045C03s
7
Dy =—-Kpn <§Czos + C3os> — 2K31Cy05Cs05 — K2 (1402023 + C@oes:;)

— Ky <20404s + 1505055) — Ky (0-250045 + Co3s>

7 14
D; = A_LKfl — K1 (2C10s + Csos) + efr - Ky (204045 + 1505055) —0.25K 3
30
D4 — _Kbl - EKbQ

It can be observed that ODE (3.34) is completely decoupled and thus, can be solved

independently to obtain the hydrogen ion profile at all times. Thus, instead of solving
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six ODEs in each time step, only one ODE will be solved if the stoichiometric method is

applied to decouple.

3.3.2 Acid neutralization: limestone

Due to the abundance of limestone, several neutralization techniques have been developed
for remediating acidic mines. The calcite in limestone neutralizes the hydrogen ions if
the limestone comes into contact with the acidic water. The balanced stoichiometric

equations for the calcite neutralization are as follows [130, 126]:

CaCO3 + HY = Ca*t + HCOy , (3.35)
CaCOs + HyCO3 = Ca*t +2HCO;, (3.36)
CaCOs + H,O = Ca®t + HCOF + OH ™. (3.37)

Let K+ denote forward reaction constant in (3.35), Kp,c0, denotes forward reaction
constant in (3.36) and Kp,o denotes forward reaction constant in (3.36). If Kgu2+ is the
backward reaction rate constant then the experimentally determined rate law for the

entire calcite neutralization is given by [130, 126]:

Reoacos = Kp+[H|* + Kiyc0,[HoCOs|* + Kpr,0[H20]*

— Kggot [Ca® ] [Hy,COZ T, (3.38)

where symbol [J* indicates ion activity. Since the earlier presentation involved concen-
tration (but not activities), it is appropriate to convert the activities into concentration.
Further, data available in [126] shows that Kp,co,[H2COs|* + Kpu,o[H20]* is negligi-
ble, thus will be neglected here. Thus, by neglecting the terms [HoCO3]* + Kpy,o[H20]*
in (3.38) and following discussion in [156, 155, 94] on activity-concentration conversion

yields:

Reaco, = F([H'],[Ca®T],[HCOSZ]) = K;[H] — K[Ca*T][HCO;], (3.39)

where Ky = Kying+, K = KCa2+77Hco3— Neg2+ and Nucoy » Nca N+ are activity coeffi-

clents.
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Therefore, the relevant balanced stoichiometric equation for the calcite neutralization
is (3.35) and the rate at which the neutralization occurs is given by (3.39). The following

information can be extracted from (3.35) and (3.39):

C = (CaCO3, H", Ca*", HCOy), U = ([CaCOs), [H*], [Ca®t], [HCOZ)),
Nf = 2, N = 4, U() == ([CCLCOg]O, [H+]0, [CCL2+]0, [HCO;]()), Us == ([CCLCOg]S,
[H*]s, [Ca®]s, [HCO3)s),a=(0, 1, 1, 1), and B= (=1, —1, 1, 1).  (3.40)

Applying data (3.40) in the generalized species reaction ODE system (3.3) with rate
law (3.3), yields the governing equations for the species CaCOs3, H', Ca**, HCOj,

given by:
_W = K [H"] — K,[Ca®"|[HCO3], (3.41)
_d[gjﬂ — K [HY] — K,[Ca®|[HCO; ), (3.42)
d[i“:ﬂ _ K [HY] — K,[Ca][HCO), (3.43)
% _ K [H] = K,)[Ca®"|[HCO; ). (3.44)

The goal in the neutralization process is to reduce to acceptable levels the high con-
centration of hydrogen ions in the water. Thus, the species of interest in the calcite
neutralization, is the hydrogen ion which is governed by ODE (3.42) in the system (3.41)
-(3.44). However, ODE (3.42) cannot be isolated and solved due to coupling in the slope
function. Instead of solving ODE system (3.41) -(3.44) (with four degrees of freedom) in
each time step, the stoichiometric method can be applied to significantly reduce compu-
tational cost.

If it is assumed (just for simplification) that there is no secondary source for any
species (i.e. [CaCOs]ls = 0, [HT]s =0, [Ca*T]s =0 and [HCO;z]s = 0 ), then
applying the stoichiometric method (3.21) using data (3.40) yields the following decoupled
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set of ODEs governing the time evolution of species:

_% = —K[CaCO3)? + M [CaCOs] — A, (3.45)
_% = K [HY2 4+ N[HY] — Ay, (3.46)
d[c;c;“] ~ Ny — Ag[Ca?t] — Ky[Ca? T, (3.47)

% = \r — M[HCO; ] — K, [HCO; 2. (3.48)

where

[CaCOs|y = [HT]g — [CaCO3]y, [CaCOs)c = [HT]o + [CaCOs)o,
(CaCOxlc = [HH]o+ [CaCOo, M = K + Ky ([CaCOso + [CaCOslnc).
N = K;[CaCOy — K ([CaCOs] +[CaC O3l ) N = Ky + Ko ([H*]o + [HOOF )y ) +
Kb<[H+]0+[C’a2+]o>,/\4 - K,,([H+]O+[H005]O) ([Hﬂo, +[ca2+]0), As = Kf([H+]O+
[ca2+]o), Ao = (Kf + Ky [H o — Kp[Ca?to, ) Ay = K <[H+]0 + [HCO;]O),
A = (Kf + Ky[H o — Kb[HCOg]0>.

It can be observed that all ODEs (3.45)-(3.48) are completely uncoupled and thus,
each ODE can be solved independently to obtain profiles for all species at all times.
Instead of solving four ODEs in each time step, only one ODE will be solved if the
stoichiometric method is applied to decouple (3.41)-(3.44).

3.3.3 Analytical results: calcite system

Eventually, the forward (i.e. dissolution) and backward (i.e. precipitation) reactions of
the calcite system (3.35) reaches equilibrium, where the rate of precipitation balances
with the rate of dissolution. The ratio of a forward and backward reaction of a system in
equilibrium is a constant called equilibrium constant. Let K., be the equilibrium constant

of (3.35), then from rate law (3.41):

Keq = [CQQELE]CJ Ol _ % (3.49)

The analytical expression (3.49) is very useful for analysing the system that is in equilib-
rium.

Moreover,, with data (3.40), an exact solution for the calcite system (3.45)-(3.30) can
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easily be derived. Define some constants p; and o as follows:
H1 = Kf[H+]0 - Kb[0a2+]0[HC’O§]O and Mo = —(Kf + Kb[C'a2+]0 + Kb[HCO?)_]O)

The exact solution of system (3.45)-(3.30) is given by:

@1@2 <1 — eXp_K”(el_GQ)t >

[CaCO3] = [CaCOs)p — O, — O exp-Ko@1-02)t (3.50)
P Ul i) (351)
Oy — O expKp(O1-02)t 7 :
9 0,0, (1 — exp K(©1-02)t )
[Ca®t] = [Ca*M]o + 0, — O, exp-Ko(©1-02)t (3.52)
_ 3 ©,0, (1 — eXp*Kb(@r@z)t)
HCO;] = [HCOR )y + )

Oy — O exp Ke(©1-62)t 7

where

ity — /12 ¥ 4K iy + /12 + 4K,
0, — o s + ARy and O, — Mo + /5 + bk

_2Kb —2Kb

Furthermore, in pure water the calcite rate law (3.39) can be approximated by poly-

nomials in two variables. In pure water, the calcite precipitation rate has second order

dependence on the species Ca?** and HCOy , thus [4]:
K,[Ca®*|[HCO;] ~ 2K, ([Ca®t))?, (3.54)
or
K,[Ca**][HCO;] ~ 2K, ([HCO5])*. (3.55)

Consequently, applying approximations (3.54) and (3.55) in the rate law (3.38) of the
calcite dissolution-precipitation reaction (3.35) yields the following two variable polyno-

mials:

Reaco, = K [HY] — 2K, ([Ca*])?, (3.56)
and

Reaco, = K;[HY] = 2K,([HCO5))*. (3.57)
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Figure 3.1: Rate profiles for the three-variable rate law (3.38), two-variable rate laws (3.56)
-(3.57) and one variable rate law (3.45)-(3.48). These profiles were computed with the aid of
the analytical solution (3.50)-(3.53).

In Figure 3.1, the original calcite rate law (3.39) that is a three-variable polynomial
is compared with approximations (3.56) - (3.57) (that are two-variable polynomials) and
rate laws (3.45)-(3.48) (that are one-variable polynomials obtianed with the stoichiomet-
ric method). It is clear from Figure 3.1 that, the one-variable rate law that has been
obtained using the stoichiometric decoupling method, is more accurate than the other
approximations. Moreover, the pure water case where the two-variable rate law applies,
rarely occurs and since the acid mine drainage problem occurs in the natural environ-
ment, approximations (3.55) - (3.56) are not always useful. Further, apart from accuracy
issues it is computationally expensive to employ the pure water approximations in simu-
lation studies, due to the fact that models resulting from such approximations have more

degrees of freedom.

3.4 Numerical schemes

In general, analytical solution to the IVP (3.4) are not possible due to complications (e.g.
non-linearity and stiffness [95, 28, 174, 35]) associated with the rate laws. Numerical
schemes serve as alternatives to exact solutions, however, only numerical schemes with im-

plicit [110] features are able to resolve stiffness efficiently [135]. Suitable implicit schemes
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for IVP (3.4) must preserve the non-negativity and conservation properties as well as
bound the model reduction errors introduced by model reduction methods [135, 133, 64].
In this section, fully implicit schemes are considered and presented as efficient schemes
for simulating the reduced model.

Even after the application of model reduction methods to (3.3), the equations gov-

erning the evolution of species with time, can be written in the general form:

dU

o= F(U,t), te|0,7), (3.58)
If N, is the total number of time grid points, then the time step size At = %, the nt"

time in the discrete time interval is " = nAt, and t"*! = ¢* + At. Thus, the first fully
implicit class of schemes (called theta schemes) for (3.58) states that for 6 € [0,1] :

U™ — AtF (U™ ") = U™ + At(1 — §)F (U™, ") (3.59)

where Ut = U(t" + At) and U™ = U(t").

If & = 0 theta scheme (3.59) is the first order consistent and conditionally stable
explicit Euler scheme also known as forward Euler scheme. If § = 1, the theta scheme
(3.59) is the first order consistent and unconditionally stable implicit Euler scheme also
know as backward Euler scheme. If § = % the theta scheme (3.59) is the second order
consistent and unconditionally stable Crank-Nicholson scheme. Convergence of these
schemes have been discussed extensively in [71].

Furthermore, another robust class of scheme for problem (3.58) is the diagonally
implicit Runge Kutta (DIRK) class of schemes. A second order diagonally implicit Runge-
Kutta (named DIRK2) that is parametrized by « states that:

U* = U" + AtF(U*, 1),
2 — 1 1-
U™ — aAtF(U™H gty = 22— —— 2 (3.60)

(0% (6]

Among other values the parameter « = 1+ \/75 will be considered in this discussion. The
following lemma will be useful in the positivity discussions (involving theta and DIRK2

schemes) to proceed.
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Proposition 3.4. If the conditions imposed on the stoiciometric matriz o and rate laws
R in (3.4) are satisfied and cR(U,t) = Z(U,t)U, where Z(U,t) is an N x N matriz
that satisfies

N
Zin S0, Zip 20f k# v, and ) Zy =0,
k=1
then the matriz B =1 — k,Z (where K, > 0) is an invertible M-matriz.

Proof. Since all the non-diagonal elements are non-positive, matrix B is a Z-matrix.
Further, all the diagonal elements are positive. Also, Matrix B is diagonally dominant
implying that, the real parts of its eigenvalues are positive (strictly). Hence B is an

invertible M-matrix. O

Proposition 3.5 (Convervativity of schemes). If the conditions imposed on the stoicio-
metric matriz o and rate laws R in (3.4) are satisfied then the theta scheme (3.59) and

DIRK?2 (3.60) are conservative.

Proof. Firstly, since F(U,t) = cR(U,t) in the IVP (3.4), the theta scheme states that

in one time step:
U™ — AtfoR(U™ ") = U™ + At(1 — 0)oR(U™, "), forn=0,1,.... (3.61)

Since the conservative condition imposed on the stoichiometric matrix o is satisfied,
e’"o = 0, thus, we obtain from the theta scheme (3.60) that e’"U"™! = eT"U" for n =
0,1,.... Implying that e"U" = e’"Uj for any n > 0. Hence, the theta class of schemes
for the IVP (3.4) are conservative for any value of 6.

Secondly, DIRK2 scheme for IVP (3.4) states that in one time step:

U* = U" + AtoR(U*, t),

20 — 1 1—
U™ — aAtoR(U™ L gy = 247 Jgn p 27 @
(6]

U, (3.62)
By conservativity of the stoichiometric matrix, we obtain from (3.62) that:
eTTU* — eTrUn’
1

20 — 1 -
mLPN A4 § LRGP 1 § (3.63)
(8% (6%

eTr Un+1 —

It follows that e’"U" = e’"U,, for n > 0. Hence, DIRK2 conserves the total mass in

all time. O
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Proposition 3.6 (Positivity of theta schemes). Assume the conditions imposed on the
stoiciometric matriz o and rate laws R in (3.4) are satisfied and that there exist an N x N
matriz Z(U, t) satisfying the properties in proposition 3.4, such that F(U,t) = Z(U,t)U.
If the minimum component of the slope function F evaluated at time t" is given by F; =

> LU = miny<gp<n Y, Ziy U such that some threshold time step is defined by:

;

|ng| 0=0and F; <0
At. = < o 0=1o0rkF; >0
U. .
__Yi th
| o otherwise

then the theta scheme (3.59) preserves non-negative solution if At < At.,.

Proof. Firstly, if the N x N matrix Z(U,t) exists F(U,t) = Z(U,t)U, thus, the theta
class of schemes for IVP (3.4) state that:

(11 — AZ(U, t”“))Un+1 — U™ + At(1 — 9)Z(U" ) U, forn=0,1,.... (3.64)

A scheme is non-negativity preserving if U™ > 0 whenever U™ > 0. Consider a case

when 6 = 0 (called explicit Euler or forward Euler scheme), scheme (3.64) reduces to:
U™t = U" + AtZ(U™, t")U", forn=0,1,.... (3.65)

Consequently, if U™ > 0 and F(U",¢") = Z(U™,t")U" > 0 it follows from the right hand
side of (3.65) that U™ > 0 for any time step At < At. = oo. However, if U™ > 0 and
F(U",¢") = Z(U",t")U™ # 0 then there exist F; = Z;.U" < 0 which is the minimun

component of F. Expressing (3.65) with regards to the minimum component yields:

UMt = UM + AtF;, forn=0,1,.... (3.66)
Therefore, for non-negativity of (3.66) the time step must satisfy the constraint At < ‘%".

Secondly, the case where 6 # 0 yields a scheme where a positive solution is sought
for the non-linear problem (3.64). Let Ay = ||U"||; be a constant such that a convex

compact set is defined by:
Qo ={VeRY: V| <Ay, V >0}
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Further, let By(V) = I — 0AtZ(V,¢"*1) matrix that is defined on €. Due to convexity
and compactness of €, matrix By(V) is well-defined. Moreover, by Proposition (3.4)
By(V) is a non-singular M-matrix. Since By(V) is well-defined, the following fixed point

function is well-defined in € :
By(V) = B, (V) (U" N 9)Z(U”,t”)U”>, VeQ, forn=01.... (3.67)

Any fixed point of (3.67) is also a solution to the non-linear problem (3.64). Moreover,
the constructed fixed point function (3.67) satisfies:

Dy(V) — OZ(V, 17)By(V) = U" + A1 — O)Z(U", ")U™. (3.68)

By exploiting the properties of matrix Z, it follows from (3.68) that e!"®y(V) =
e’"U" = Ay, thus, |®¢(V)||; = Ag. Furthermore, if U™ > 0 and # = 0 (i.e. the implicit or
backward Euler scheme) from (3.67) it follows that ®4(V) > 0 for any time step At < oo,
since By(V) is well-defined. If U" > 0, § # 0 and F = Z(U",t")U" > 0 then U™ +
At(1—-0)Z(U™,t")U™ > 0 for any time step At < co. Otherwise, if F = Z(U™,t")U" < 0
then there exist a negative minimum component of F (i.e. F; = Z; U" < 0). Thus, the
corresponding expression U'+At(1—6)Z;, U is non-negative if U” > 0 and At < %
It follows from (3.67) that ®y(V) > 0 for any time step At < %, whenever 6 # 0
and U™ > 0.

Therefore, it is clear that ®y : y — €y, thus, employing Brouwer’s fixed point
theorem it can be concluded that there exist a fixed point V € )y that is a non-negative

solution to the non-linear problem (3.64). Hence, the theta class of schemes (3.59) pre-

serve non-negativity if At < At.. O

Proposition 3.7 (Positivity of DIRK2 schemes). If there exist an N x N matriz Z(U, t)
satisfying the properties in proposition 3.4 such that F(U,t) = Z(U,t)U then the DIRK2

scheme (3.60) preserves non-negativity for any time step At < oc.

Proof. Since the N x N matrix Z(U,t) exists and F(U,t) = Z(U, t)U, the DIRK2 class

of schemes for IVP (3.4) can be written as follows:

U* — AtZ(U* ¢t*)U* = U",
200 — 1 11—«

U™t — aAtz(U™H rrhuntt = U" + U forn=0,1,.... (3.69)
(e (6]
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By proposition 3.4, the matrix [— AtZ(U*, t*) is a non-singular M-matrix. As a result
U* > 0 whenever U™ > 0. Further, I—aAtZ(U™ ¢"1) is also a non-singular M-matrix,
thus, U™ > 0 for any time step At < oo and for any value of the parameter o whenever
U™ > 0. Hence the DIRK2 scheme (3.60) preserves non-negativity without constraints

on the time step size. O

3.5 Numerical experiments

Numerical experiments are conducted in this section to verify the numerical schemes
and model decoupling techniques that have been presented in the chapter. Accuracy
tests are performed on the numerical schemes to check convergence and then followed by

simulation cost experiments to check the robustness of the decoupling schemes.

3.5.1 Convergence test

All the decoupling schemes (i.e. stoichiometric, Gauss-Jacobi, Successive-Over-Relaxation
(SOR) and Gauss-Seidel decoupling methods) were applied to decouple the acid genera-
tion model (3.33) and calcite model (3.41)-(3.44), and then followed by an application of
the theta schemes (3.59) and DIRK2 schemes (3.60). Since the calcite model has an exact
solution, results are presented for the calcite model only. If the schemes are compatible
with the decoupling methods, the schemes must converge with grid refinement. An excel-
lent combination of the numerical schemes and decoupling methods must converge with
the appropriate order of the numerical scheme.

Since the Successive-Over-Relaxation (SOR) has a parameter w, an experiment has
been conducted to determine suitable values for the SOR method. Table (3.1) shows the
results of the experiments, it can be observed that any value of w < 0.09 yields accurate
results for the SOR method. In the rest of the experiments the parameter is fixed at
w = 0.09. Theoretical results for w € [0,1] have been discussed in [176], therefore, the
experimental behaviour here is not surprising.

Firstly, convergence tests were performed on a combination of Crank-Nicholson scheme

1

(ie. 6 = 5) and all the decoupling schemes. Figures 3.2a and 3.2a shows the results of

the experiments. The results indicate a decreasing hydrogen ion concentration across all
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the decoupling schemes. However, compared with the exact solution it is observed that
the stoichiometric method is more accurate than the other methods. This observation is
confirmed by the L., and Ly error profiles displayed by Figures 3.3a and 3.3b.

Secondly, convergence tests were performed on a combination of Backward Euler
scheme (i.e. # = 1) and all the decoupling schemes. Figures 3.2c and 3.2d display the
results of the experiments. The results indicate a decreasing hydrogen ion concentration
across all the decoupling schemes. However, it can be observed that the stoichiometric
method is more accurate than the other methods. This observation is confirmed by the
L., and Ly error profiles displayed by Figures 3.3c¢ and 3.3d.

Thirdly, convergence tests were performed on a combination of DIRK2 scheme (with
a=1+ 0.5\/5) and all the decoupling schemes. Results of the experiments are displayed
in Figures 3.2e and 3.2f. The results indicate a decreasing hydrogen ion concentration
across all the decoupling schemes. However, it can be observed that the stoichiometric
method is more accurate than the other methods. This observation is confirmed by the
L., and L error profiles displayed by Figures 3.3e and 3.3f.

Furthermore, orders of convergence have been computed for the schemes as applied
across the decoupling methods. Taylor expansion shows that the Crank-Nicholson scheme
and DIRK?2 schemes are second order consistent while the Backward Euler scheme is first
order. Table 3.2 shows the results for the combination of each numerical scheme and the
stoichiometric method. It can be observed that all the schemes converge according to their
appropriate orders when combined with the stoichiometric method. However, Tables 3.3
-3.5 show that the schemes do not converge according to their appropriate orders when

combined with the other decoupling methods (i.e. Gauss-Jacobi, Gauss-Seidel and SOR).

3.5.2 Cost of simulation

Experiments were conducted to check cost of simulating the calcite model with all com-
binations of the numerical schemes and the decoupling methods. CPU time, CPU time
differences and relative CPU time were used to measure cost of simulations across differ-
ent grid resolutions. The CPU time differences and relative CPU time were computed

using the expressions:
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w 0.9 0.7 0.5 0.09 0.001 | 0.005 | 0.0001
DIRK?2 5.0999 | 2.7917 | 1.6003 | 0.6807 | 0.6562 | 0.6563 | 0.6562
Backward Euler | 5.1278 | 2.8275 | 1.6120 | 0.5877 | 0.5345 | 0.5357 | 0.5342

Crank-Nicholson | 5.010 | 2.7917 | 1.6001 | 0.6824 | 0.6582 | 0.6583 | 0.6582
Table 3.1: Errors (|| - ||2) of the backward Euler, DIRK2, and Crank-Nicholson schemes applied

to SOR decoupled calcite model (3.41)-(3.44). The errors where measured across varying values
of the parameter w, Ny = 20, T = 25 with all other model parameters held constant. The actual

values in the table are 7 orders of magnitude smaller.

CPU time difference = CPUs — CPUg (3.70)

and

CPU- - CPUg
CPUx

where C' PUg is CPU time for the stoichiometric method and C PU¢ is CPU time for any

Relative CPU time =

(3.71)

of the other methods. The final time was fixed at (7" = 20) and a very fine grid (8000
time steps) were used to conduct the experiments. Note that the fine grid resolution was
selected on purpose to reduce the effect of discretization errors on the final simulated
results.

Crank-Nicholson scheme was applied to discretize after all the decoupling methods
(i.e. Gauss-Seidel, SOR, stoichiometric and Gauss-Jacobi methods) have been applied
to decoupled the calcite model (3.41) -(3.44). CPU time and CPU time differences were
computed using (3.70) and (3.71). Figures 3.4e and 3.4f display CPU time for all the
decoupling schemes against time steps. The general observation is that CPU time for all
the decoupling methods increased across increasing time steps. However, the CPU time
of the stoichiometric decoupling method is far smaller than the other methods. Further,
the observed increasing profile of the CPU difference in Figure 3.4f indicates that the cost
incurred by the stoichiometric—-Crank-Nicholson approach reduces with grid refinement,
relative to the other methods.

Secondly, the Backward Euler scheme was applied to discretize after all the decoupling

methods (i.e. Gauss-Seidel, SOR, stoichiometric and Gauss-Jacobi methods) have been
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Stoichiometric method

I lloo - 1l2

Numerical scheme N,
Error Order | Error Order
10 | 0.0452 - 0.0809 -
20 | 0.0110 2.0388 | 0.0273 1.5674
DIRK?2 40 | 0.0027 2.0265 | 0.0095 1.5229

80 | 0.0007 1.9475 | 0.0033 1.5255
160 | 0.0002 2.0418 | 0.0012 1.4594

10 | 1.1901 - 2.2598 -
20 | 0.6448 0.8841 | 1.6520 0.6182
Backward Euler 40 | 0.3331 0.9533 | 1.1892 0.4743

80 | 0.1694 0.9756 | 0.8487 0.4867
160 | 0.0854 0.9881 | 0.6030 0.4931

10 | 0.0830 - 0.1213 -
20 | 0.0206 2.0100 | 0.0425 1.5130
Crank-Nicholson 40 | 0.0052 2.0141 | 0.0150 1.5025

80 | 0.0013 2.0000 | 0.0053 1.5009
160 | 0.0003 2.1155 | 0.0019 1.4800
Table 3.2: Errors and Orders of DIRK?2, backward Euler and Crank-Nicholson schemes applied

to stoichiometrically decoupled model (3.46), computed across norms and time steps. The

actual error values in the table are 7 orders of magnitude smaller

applied to decoupled the calcite model (3.41) -(3.44). CPU time and CPU time differences
were computed using (3.70). Results of the experiments are displayed in Figures 3.4c and
3.4d. The observations are similar to those obtained with the Crank-Nicholson scheme.

Thirdly, Figures 3.4a and 3.4b display the CPU times and CPU time differences mea-
sured in the simulation involving combinations of DIRK2 scheme and all the decoupling
methods. The observations are very different from those obtained in the Crank-Nicholson
and Backward Euler cases.

Finally, relative CPU times were computed with expression (3.71) for all the combina-
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Gauss-Jacobi method

||OO

- 1l2

Numerical scheme N,
Error Order | Error Order
10 | 3.2968 - 8.6763 -
20 | 1.6860 0.9675 | 6.1866 0.4879
DIRK? 40 | 0.8528 0.9833 | 4.3950 0.4932
80 | 0.4289 0.9915 | 3.1154 0.4964
160 | 0.2151 0.9957 | 2.2057 0.4981
10 | 3.8491 - 9.4241 -
20 | 2.0191 0.9308 | 6.9436 0.6182
Backward Euler 40 | 0.6742 1.5825 | 5.0227 0.4743
80 | 0.5246 0.3620 | 3.5942 0.4867
160 | 0.2641 0.3432 | 2.5571 0.4931
10 | 3.2776 - 8.6408 -
20 | 1.6809 0.9996 | 6.1728 0.4852
Crank-Nicholson 40 | 0.8515 0.9811 | 4.3898 0.4918
80 | 0.4286 0.9904 | 3.1135 0.4972
160 | 0.2150 0.9967 | 2.2050 0.4977

Table 3.3: Errors and Orders of DIRK?2, backward Euler and Crank-Nicholson schemes applied

to Gauss-Jacobi decoupled calcite model (3.41)-(3.44), computed across norms and time steps.

The actual error values in the table are 7 orders of magnitude smaller.

tions of numerical schemes and decoupling methods. Figure 3.5 displays the results of the
experiments. It can be observed in Figures 3.5a and 3.5b that more than 76 percent CPU
time will be saved if stoichiometric decoupling method is applied with DIRK2 scheme to
solve the calcite model. Over 73 percent of CPU time will be saved if the stoichiometric
method is combined with Crank-Nicholson scheme. Figures 3.5¢ and 3.5d show that over

69 percent of CPU time will be saved if the stoichiometric method is combined with the

Backward Fuler scheme.
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Gauss-Seidel method

[RRIS - 112

Numerical scheme N,
Error Order | Error Order
10 | 3.6351 - 9.7662 -
20 | 1.7694 1.0387 | 6.5624 0.5736
DIRK?2 40 | 0.8736 1.0182 | 4.5266 0.5358

80 | 0.4341 1.0089 | 3.1618 0.5177
160 | 0.2164 1.0043 | 2.2228 0.5083

10 | 2.6798 - 7.6458 -
20 | 1.3459 0.9936 | 5.3422 0.5172
Backward Euler 40 | 0.6742 0.9973 | 3.7529 0.5094

80 | 0.3374 0.9987 | 2.6448 0.5049
160 | 0.1688 0.9991 | 1.8670 0.5024

10 | 3.6661 - 9.8386 -
20 | 1.7759 1.0457 | 6.5824 0.5827
Crank-Nicholson 40 | 0.8751 1.0211 | 4.5329 0.5381

80 | 0.4964 0.8180 | 3.1639 0.5187
160 | 0.2165 1.1971 | 2.2280 0.5060
Table 3.4: Errors and Orders of DIRK?2, backward Euler and Crank-Nicholson schemes applied

to Gauss-Seidel decoupled calcite model (3.41)-(3.44), computed across norms and time steps.

The actual error values in the table are 7 orders of magnitude smaller.

3.6 Chapter summary

Numerical simulation of chemical kinetic processes is complicated by large numbers of
chemical species participating in several elementary reactions. The large number of chem-
ical species result in models with high degrees of freedom that are expensive to simulate.
Further, large numbers also result in stiffness that pose a severe constraint to some nu-
merical schemes. Concentrations of chemical species are non-negative thus, governing
models and solution procedures must ensure non-negativity. Solution procedures should

be constructed to reduce cost of simulation significantly without lost of accuracy. This is
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Successive-Over-Relaxation method

(KNI (P

Numerical scheme N,
Error Order | Error Order
10 | 3.2090 - 9.1567 -
20 | 1.6931 1.7483 | 6.8069 0.4278
DIRK?2 40 | 1.1076 0.6122 | 5.6656 0.2647

80 | 0.8807 0.3307 | 5.4667 0.0519
160 | 0.7847 0.1665 | 5.1357 0.0902

10 | 2.6576 — 7.3989 —
20 | 1.6142 0.7193 | 5.8768 0.3323
Backward Euler 40 | 1.1254 0.5203 | 5.1733 0.1840

80 | 0.9020 0.3193 | 5.0287 0.0410
160 | 0.7977 0.1773 | 5.0267 0.0006

10 | 3.2370 - 9.2198 -
20 | 1.6958 0.9327 | 6.8237 0.4341
Crank-Nicholson 40 | 1.1078 0.6143 | 5.6704 0.2671

80 | 0.8807 0.3310 | 5.4680 0.0524
160 | 0.7848 0.1663 | 5.1360 0.0903

Table 3.5: Errors and Orders of DIRK?2, backward Euler and Crank-Nicholson schemes applied
to Successive-Over-Relaxation decoupled calcite model (3.41)-(3.44), computed across norms

and time steps. The actual error values in the table are 7 orders of magnitude smaller.

achieved by combining numerical schemes with model reduction/decoupling techniques.
In Section 3.1, mathematical modelling of chemical kinetics has been provided. A
system of Ordinary Differential Equations (ODEs) have been derived to describe the
evolution of chemical species with time. Further, with the conditions provided in the
section, discussion on existence, uniqueness and non-negativity of solution for the ODE
system have been provided.
In Section 3.2, Model reduction/decoupling techniques have been presented for the

ODE system derived in Section 3.1. The stoichiometric method has been developed based
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on stoichiometry and mass balances. This method is most suitable when few of the many
species profiles are of interest. Other decoupling techniques such as the Successive-Over-
Relaxation (SOR), Gauss-Seidel and Gauss-Jacobi methods have also been presented.

In Section 3.3, chemical kinetic systems called acid mine generation and neutralization
have been presented as application problems. The stoichiometric method was applied
to both kinetic systems to significantly reduce their degrees of freedom. Further, the
accuracy of the method has been tested (using the calcite rate law). Results showed that
the stoichiometric method is very accurate.

In Section 3.4, numerical schemes for simulating the ODE system presented in Sec-
tion 3.3 has been discussed. Due to the stiffness constraint, only implicit schemes are
considered. Theta class of schemes and a second order diagonally implicit Runge Kutta
class of schemes (DIRK2) have been shown to be non-negativity preserving and satisfy
the conservation principle of the ODE system in Section 3.1.

In Section 3.5, numerical experiments have been conducted to verify the numerical
schemes, validate the decoupling methods and to check efficiency of the decoupling meth-
ods. One notable observation is that, the solution procedures do not converge to their
theoretical orders in the || - || norm. We suspect that the || - ||2 norm is incompatible
with the solution procedures (i.e. schemes coupled with decoupling methods), however,
further studies will be conducted in future to confirm. However, the results showed that
all the schemes are compatible with the stoichiometric decoupling method and that the
stoichiometric method can significantly reduce simulation cost and maintain high accu-
racy.

Therefore, a combination of the non-negativity preserving schemes (i.e. implicit theta
and DIRK2 schemes) with the stoichiometric decoupling method provides an efficient

alternative tool for modelling and simulating chemical kinetic processes.
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Concentration vrs time using C. Nicholson scheme, w=0.09

Concentration vrs time using C. Nicholson scheme, w=0.09
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Figure 3.2: Numerical and analytical solutions for ODE (3.41), where Uy, = [HT],T =
25,[HT]o = 107°, and Fi(t,[H']) = —Kp[H"]? + A3[H'] — A\g. The analytical solution is

Equation (3.51).
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L,-error vrs time steps using C. Nicholsen scheme, w=0.09

Max error vrs time steps using C. Nicholsen scheme, «=0.09
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Figure 3.3: Errors (Lo and L) of the numerical schemes, measured across decoupled models

and time steps. The actual error values in the figures are 7 orders of magnitude smaller.
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CPU time vrs time steps using DIRK2 scheme, w=0.09

CPU time difference vrs time steps using DIRK2 scheme, «w=0.09
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Figure 3.4: CPU time and CPU time differences for Gauss Jacobi, Gauss Seidel and SOR,
using backward Euler, DIRK2 and Crank-Nicholson, measured across time steps (in the calcite

model).
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Figure 3.5: Relative CPU time for Gauss-Jacobi, Gauss-Seidel and SOR methods using DIRK2,

Backward Euler and Crank-Nicholson schemes, measured across time steps in the calcite model.
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Chapter 4

Reactive transport modelling and

simulation

Models for chemical reactions that occur in transport processes (such as advection and
diffusion), are characteristically nonlinear and challenging to simulate due to stiffness,
high degrees of freedom and spatial heterogeneity. In this chapter, the stoichiometric
procedure is extended to non-linear reactive transport models to reduce their high de-
grees of freedom. Second order accurate numerical schemes that are compatible with the
stoichiometric method have been presented.

Remark: Simulation studies on linear reactive transport modelling has been published

in [2], however, the results presented here are under review.

4.1 Introduction

Over the past five decades, there has been a growing interest in spatio-temporal reactions
due to the ability of such reactions to produce fascinating patterns [62, 78]. The first
reported chemical oscillatory system was in the 1950s [15, 44]. In 1952, Turing [164]
showed that spatio-temporal patterns can form from a coupled set of non-linear reactions
and diffusion. The origin of chemical instability has been studied by [116]. Stability of
first-order exothermic reactions in a continuous stirred tank reactor has been discussed
in [5], and advance dynamics that are due to chemical reactions in industrial processes

have been discussed in [42].
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Furthermore, in 1978 it was shown (theoretically in [84] and experimentally in [29])
that diffusive transport could induce instability in isothermal chemical systems. The
authors in [52; 33], have discussed chemical instabilities in the non-isothermal systems.
Further, in [122, 121, 159] several chemical reactors have been designed to study insta-
bilities in both temporal and spatio-temporal chemical systems. Instabilities (pattern
formation) can also occur in convecting fluids that involve chemical reactions and have
been discussed in [106, 108, 134]. For Convection-diffusion-reaction systems, instabilities
have been reported by [62].

Over the years, research (both theoretical and experimental) has been conducted
on relatively smaller systems where analytical results are available. However, modern
chemical systems are large, thus, require other approaches for analyses. The focus of
this study is numerical simulation of spatio-temporal systems that involve non-linear
convection, diffusion and reactions. The models for such systems are nonlinear, stiff and
have high degrees of freedom, thus, are computationally expensive to simulate. The goal
is to reduce simulation cost using model reduction methods and compatible high order
numerical schemes that can resolve stiffness and non-linearities.

In Section 4.2, a nonlinear reactive transport model is presented and the stoichimetric
method is applied to reduce the degrees of freedom to any degree of interest. In Section
4.3, a fully nonlinear model that describes neutralization of acidic effluent water is pre-
sented, and the stoichiometric method is applied to reduce the degrees of freedom. In
Section 4.4, semi-implicit numerical schemes are proposed for the fully nonlinear models.
In Section 4.5, numerical experiments are conducted to verify the numerical schemes and
to validate the stoichiometric decoupling method, and the chapter is concluded in Section

4.6.

4.2 Modeling reactive transport systems

General fully nonlinear models for reactive transport processes are presented here. The
models are composed of nonlinear terms that describe convection, diffusion and reactions
that occur simultaneously in spatially varying chemical processes. The models are derived

by applying the law of Mass action (discussed in Chapter 3) to close the general transport
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equation that was presented in Chapter 2.

Firstly, a two-dimensional non-porous rectangular domain €2; (with boundaries lo-
cated at L, and L, units in the z,y directions, respectively) is considered, in which a
fluid flows uniformly with hydraulic conductivity denoted K}, in a time period T Further,
denote the fluid velocities in the z,y directions, respectively by v = (u,v). If the fluid
(here taken as water) carries a chemical species whose concentration is denoted by Uy,
and that, the Darcy flow approximation holds, then by conserving species mass across
an elementary volume yields a generalised non-linear convection-diffusion-reaction model

written as follows:

v =—K,Vp (4.1)
U, 0 o, 0, .0 9,0

B — = —(I'"— (Y= 4.
5 ! (Uk,v)+ayf (Ur,v) = 5 axUk)+ay( ayUk)+S,€, (4.2)

kE=1,...,Ns, ((z,y),t) € Qyx[0,7T)

where p is the fluid pressure, f*(Uy,v), f¥(Uy,v) denote advective fluxes in the x,y
directions, I'*, 'Y denote nonlinear diffusivities of the species in the fluid and S is a
real-valued function that quantifies the rate of addition/reduction of species k.

The source term S; in the reactive transport model 4.2 must be defined, in order
to complete the modelling. For the spatio-temporal chemical systems (under considera-
tion here) where the mass action law applies, the kinetic model for well-mixed chemical

systems (i.e. Equation (3.3)) is used for the closure. Thus, closure of the model yields:

v=—-K;Vp (4.3)
U, . o .0 9.0
Pk | 9 po g S rv
e + f (Uk, v )+0yf (Ug, v) B ( axUk) 3y —( ayUk)

Ny.»
+Zak,«<KﬂHUﬁ;1 Ky, H Ua”>7

Jj=Ny +1

(4.4)

k=1,...,N,, ((z,y),t) € Qux[0,T).

However, the Partial Differential Equations (PDEs) in the closed model (4.3)-(4.4) are

coupled through the source terms. A standard simulation procedure includes the use of
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waveform relaxation methods discussed in Chapter 3. However, the standard procedure
is computationally expensive especially if concentration profiles of few species are of
interest. Thus, stoichiometric decoupling is proposed here for closure of the Equation

(4.2). Consequently, the stoichiometric closure (i.e. using Equation (3.21)) yields:

v=—-K,Vp (4.5)
ou, 0 ., 9 ., 0,0 0
M Nir O o Nr O s Q. j
Y o (Kpp [T (doi + =2200) 7 — Ko, doj+—2U) ), (46)
; ( :zl;[ < Ofr ) j:ll;][\ffw < J Okr ) >

k=1,....Ns, ((z,y),t) € Qs x[0,T).

In subsequent sections of this chapter, the large model (4.3)-(4.4) will be simulated
using Gauss-Jacobi decoupling, thus, we refer to the model as Gauss-Jacobi decoupled
model or large model, and the model resulting from stoichiometric closure is referred to

as stoichiometric model or reduced model.

4.3 Modelling acid mine drainage

The closed transport equations above are general models, however, specific models can be
obtained by using kinetic data that are specific to a particular chemical kinetic system.
The particular system considered here is from Environmental Chemical Engineering and
the motivation for this choice follows the work in [48], where the processes that occur
in laboratory experiments involving neutralization of acidic efluents in cartridges have
been accurately analysed using a reactive transport model. Here, the efficiency of the
two modelling/closure procedures are validated using the acid drainage problem.

As mentioned in Chapter 3, experimental data in [126] shows that reactions (3.36)
and (3.37) contribute insignificantly compared with reaction (3.35), thus reaction (3.35)

is considered in the spatio-temporal case. Consequently, the chemical species present are:
C= (oaco?,, H*,Ca?*, HCO;) ,
corresponding concentration and source/sink vectors are given respectively, by:
U= (U1, 05,Us,Us) and S = (81,5, 9, 84).
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Except for calcite CaCOs(k = 1) that has a zero reaction order, the reaction orders for
all the other species are ones (these orders have been obtained from the rate law provided
n [126]). Thus, by the law of mass action the rate of reaction is a polynomial in four

variables, which can be expressed as follows:

R(Uy, Uy, Us, Uy) = KUy — K,UsUy. (4.7)

Hydrogen ions (k = 2) are responsible for acidity of the effluent water, therefore,
treatment of the efluent water implies neutralization of the hydrogen ions. Thus, hy-
drogen ion (H™) is the species of interest in the investigation. Using stoichiometry and

equation (4.7), the reactive transport equation for hydrogen ions is given by:

U, . " 0 0 0
E+_f (U2>+ f (Us) = 8_(F %Uﬂ ay — (I

0

gyU2) — iUz + Ko, (43)

The solution of PDE (4.8) can provide sufficient information about the limestone
method of neutralizing the acid (hydrogen ions). However, current concentrations of
calcium ions (Us;) and hydrocarbonate ions (U;) must be available to enable solution of

PDE (4.8). Two transport equations must be solved simultaneously with PDE (4.8) after

applying Gauss-Jacobi decoupling. The extra two transport equations are as follows:

ouU. N o 0 o 0

£+ fﬁm-fm@ Kwafgéﬁwaw+m%—m%%(M)
and

Ui 0 v v Oy O e 0y, 0 0y 0 .

ol f@m+ fw@ mwaf@+@@af@+@% K,UsU,.

(4.10)

However the high degrees of freedom of PDE system (4.8)-(4.10) will increase com-
putational cost especially for stiff problems. A remedy is to apply the stoichiometric
method to reduce the system’s degrees of freedom. Firstly, define the initial data of the

species by the vector:

Uo = (Uso, Uso, Uso, Uno ).
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and assume that there are no sources or sinks (a closed reactor) so that the source/sink
vector is given by:

Ug = (o, 0, 0, 0).

There is only one stoichiometric equation in the limestone neutralization process, thus
M =r = 1. In this case, the global variables (i.e. «, C, o, K;) for species information are
the same as the local variables (i.e. aq,Cy,01, Kp1). Given the neutralization reaction

(3.35), we have the following input data for the stoichiometric decoupling procedure:

C,=C= (anog,H+, 0a2+,HCO;>, a=a= (o, 1,1, 1),

o =0 = (— 1,-1.1, 1) Npp=2 Ny=4, K, =K; K=K, (4.11)

The species of interest is H™ which corresponds to the index k& = 2 in the global
vector C, and index n = 2 in the local vector C;. Thus using input data (4.11) in (3.2)
and manipulating algebraically yields a single-variable polynomial rate law in U, only,

given by:

oU.
8_t2 = SQ(UQ) = &H1U22 + OéHQUQ + amgs, (412)
where g1 = Kb, Qo = —Kf —|—Kb(2U20 + U40 + U30) and a3 = Kb<U10 + U40> (UQO +
U30>.

Thus, by replacing the source/sink term —K ;Us + KUsUy in PDE (4.8) with (4.12),

we obtain a decoupled transport equation for the limestone neutralization method, as

follows:

oU, 0 0 0

0 0 0
e T = oy - 2L i
5 + 8:Uf (Usz) + 6yf (Us) (%( 8xU2) + ay( ayUz)

+aH1U22+aH2U2+aH3. (413)

Observe that PDE (4.13) is free from the current concentrations of the other species
except in the coefficients a1, ago and ags, that have been calculated from the initial

and source data for all the species.
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4.4 Numerical schemes

The simultaneous occurrence of advection, diffusion and reaction in reactive transport
models poses an interesting stiffness challenge in numerical simulation [73, 169]. In such
models, stiffness result from/across the three processes unlike the well-mixed models
where stiffness occurs among reaction terms only. Similar to the well-mixed models,
stiffness may be resolved by implicit numerical schemes, however, high degrees of freedom
and dependence on space variables make fully implicit schemes expensive [73]. An efficient
numerical procedure is to apply explicit discretizations to non-stiff terms and implicit
discretizations to stiff terms, without explicitly splitting the PDE. Such an approach is
generally known as additive splitting. Another approach is to first apply operator splitting
techniques to the PDEs, thus, explicitly splitting the advection, diffusion and reactions
terms. In both approaches, the resulting numerical schemes are called IMplicit-EXplicit
(IMEX) schemes. However, explicit splitting techniques have accuracy issues and do not
preserve transient balances [169]. Therefore, the IMEX schemes that result from additive
splitting are considered here.

The goal here is to present second order low cost numerical schemes that are suitable
for stiff spatio-temporal chemical systems and are compatible with the stoichiometric
decoupling method. The method of lines (MOL) discretization procedure where the

spatial derivatives are discretized first, will be employed here.

4.4.1 Spatial discretization

The stoichiometrically decoupled model will be compared with the original large model
in order to establish efficacy, thus, we find it appropriate to reduce the spatial dimension
to one, to enable visual comparison of numerical solutions. Thus, using vector notations,
the 1-D version of the non-linear convection-diffusion-reaction model (4.1)-(4.2) is written

as follows:

dp

= K, —
(4 hdl”

(4.14)

ou 9, 0,0
5 Pt =5 T3 0)+S,  €[0,L]x[0,7) (4.15)
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where f(U,u) is the species advective flux that could be linear or non-linear and I' is
the diffusivity tensor (assumed diagonal) that depends on the concentration vector U.
For the purposes of numerical investigations, we denote diffusivity of the k%" chemical
species by I'yr, and define Buckley-Leverett, Burgers and linear advective fluxes for the

k' species respectively as follows:

U2
4 k
-1 -Uy

u
Je(Uk,u) = Je(Uk,u) = §U13 and  fi(Ug,u) = uUy,

where U}, is k' components of the vector U. Diffusivity functions (i.e. [kx) will be defined
later in the discussion.

Furthermore, we apply the method of lines (MOL) discretization procedure. Spurious
oscillations could develop near reaction fronts and boundaries if suitable techniques are
not employed to discretize the advection term. These oscillations could result in nega-
tive concentration values that have no physical and chemical meaning. Thus we apply
finite difference WENO (third order) procedure with Lax-Friedrichs flux splitting to dis-
cretize the advection term. Applying a conservative finite difference approximation to

the advection term in (4.15) at the i'" node x;, yields:

(%f e ﬁ (f—f2). (4.16)

where Az is the spatial step size and f}H is a numerical flux. A third order WENO

reconstruction/approximation of the numerical flux is considered, thus:

- 1 1 1 3
where
ar dr 0,1
Wy = y Qp = 75, T"=VU1,
a1+ Qo (e + B,.)?

the linear weights are dy = %, d, = %, the smoothness indicators are 8, = [f (Uiq) —

2 2
f(Ui)] , B = [f(Ui) —f(Ui_l)} and € = 1072 is a parameter taken to ensure a non-zero
denominator. Further, a Lax-Friedrich splitting of the flux is performed to incorporate

upwinding in the final numerical schemes, thus:

f*(U) = -(f(U) + aU), £ (U)==(f(U) - aU), (4.18)

DN | —
DN | =

1)



where a = maxy |[f'(U)|, £7(U) is the positive wind part and f~(U) is the negative part.
The derivative corresponding to diffusion is discretized using the second order central

differencing approximation as follows:

R N G L) | r(>5)

a: U Ol ™ =&y Ui = ( B2 (Ba) Ju
F(Ui"rUi—l)
N2 /7T,
t —aa U, (4.19)

Applying approximations (4.16) and (4.19) in equation (4.15), the semi-discrete form
of the reactive transport model states that, find U such that:

%_? = Fy(U) + F,(U)+8(0), €][0,7) (4.20)

where U = (U, U,,...,Uy,), F4(U) is the discretized diffusion term, F,(U) is the
discretized advection term and N, is the total number of grid points. Further, discretized

diffusion derivative can be linearised as follows:

Fy(U) = Fy(U") +C, (T - U"), (4.21)

where U™ = U(t,,) and C, = C(U") is the Jacobian of F4(U) evaluated at U”. Applying
the linearised discrete diffusion function (4.21) in the semi-discrete transport equation

(4.20) yields:

O R0 46,0 - 0" 4 F,(0) + 8(0), 1€ 0.7) (1.22)

A complete discretization will be obtained in the following subsections using different
time integrators. The resulting complete discretizations are all IMEX schemes for fully

nonlinear reactive transport models.

4.4.2 Implicit integration factor scheme

The terms in the semi-discrete transport equation (4.22) can be grouped into stiff and
non-stiff terms. The stiff group (that consists of reaction and diffusion terms) pose
severe time step restrictions on some time integrators. Implicit integration factor class

of schemes use exact integration procedures to remove time step restrictions posed by
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the linear part of the discretized diffusion derivative [18, 34, 105, 79, 73]. Denote the

combined discrete diffusion and advection flux functions by:
F(U(t, + 7)) = Fg(U(t, + 7)) = C.U(t, +7) + Fo (U(t, + 7)), (4.23)

where 7 is the time step. Further, let » > 0 be an integer and denote the time inter-
polation points by t,.;, =t, + 7, ¢ = 1,0,—1,...,1 —r, where ; = At,,, 70 =0, 7, =
— Z;:ll Atyy, for i = —1,—2,-3,...,1 — r. Then by multiplying (4.22) by an appro-
priate integration factor and manipulating algebraically, yields the generalized r** order

implicit integration factor scheme:

where the coefficients are defined as follows:

7‘,
j=2-r, j#i "

1 Aty 1 o
a”“:A_tn/o [] ——Zdr, i=1,0-1,....2-n

1 Aty 0 o
ﬂn-ﬁ-izg/ H T T]dT, 1=0,-1,...,1—r.
n Jo i

T — T
j=1-r j#i "

Only the second order implicit integration factor scheme with r = 2 (here named
IMEX-ITF2) scheme will be included in further discussions. For r = 2, the IMEX-IIF2

scheme is expression (4.24) with coefficients given by:

(%+Atn71> Qs At,
e Pt = ToNE

Ant1 = 5, oy = = Bn — (425)

2’ Aty,_q ’

Furthermore, linear analyses of numerical schemes reveal convergence properties of
the numerical schemes and has been used to analyse several schemes (see for example
[132, 151, 185, 117]). Thus, issues relating to convergence (i.e. consistency and stabil-
ity) of the IMEX-IIF2 will be studied next, using linear analysis. Since second order

central differencing and third order WENO reconstruction have been used to discretize
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the diffusion and advection terms, respectively, the overall spatial discretization is second
order consistent. Thus, the focus is now on consistency of the temporal discretization.

To proceed further, a linear transport equation is spatially discretized to obtain:

ou
ot

where D, A and R are constant coefficient matrices corresponding to diffusion, advection

=DU+AU+RU, teo,7). (4.26)

and reaction terms, respectively.

Proposition 4.1. Given the semi-discrete problem (4.26), the integration factor scheme

(4.24) with coefficients given by (4.25), is second order consistent.

Proof. Applying Scheme (4.24) with coefficients (4.25) to discretize (4.26) yields:

~ R -1 3A At -1 -
n+l __ _ DAt o = _ - 2DAtyTR—1
o = (1 2At> e (11+ SAt+ At)U 5 (1 At) e2DAn-1,
(4.27)
However,
R\ pa, 3A N\ 3A
(1- EAt) e (11+ At+—At> =T+ <R+]D>+—)At
N <R2 . D? n RD n 3RA n DR n 3]D)A>At2
2 2 2 2 2 2
(4.28)
and
Atg R N gpmems (A RA A2 AD AR ., -
(4.29)
Expressions (4.28) and (4.29) imply that:
A+D+R)? ~
Ut = <]1+ (A +D+R)At + %Aﬂ + O(At3)> U™ (4.30)

Thus, since the exact solution of ODE (4.26) is U(t, + At) = eAPHRIAMT (¢ ) it
follows from (4.30) that the IMEX-ITF2 scheme (i.e Scheme (4.24) with coefficients (4.25))

is second order consistent.
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Moreover, the stability of the IMEX-IIF2 can easily be established following the linear
stability procedures in [117, 185, 73]. To proceed with the analysis, the following scalar

linear problem is considered:
U = —dU +aU +1U, €10,7). (4.31)

where 0; denotes derivative with respect to t, d is a positive real coefficient corresponding
to diffusion, a is a real coefficient corresponding to advection and r is complex coefficient
corresponding to chemical reactions.

Applying Scheme (4.24) with coefficients (4.25) to discretize (4.31) yields:

(1 - gAt> Ul = e*d&(1 + %'rAt + %At) U — %AteMNU"l. (4.32)

Let A\, = rAt, then substituting U" = ¢™? in (4.32) and rearranging yields:

e—dAt < — e (2 + 3aAt) + aAte‘dAt>

Ay = (4.33)

cif <6i0 + e—dAt)

Figure 4.1 shows stability regions for different values of aAt and dAt. Clearly, it can
be observed in Figures 4.1a - 4.1d that, for fixed values of aAt the region of instability
shrinks with increasing values of dAt. Moreover, for a fixed value of dAt, the region
of instability grows larger for increasing values of |a|At. This observation is due to the
explicit discretization of the advection term, thus, the time step is constrained by the
explicit part of the scheme. However, the IMEX-IIF2 scheme is stable and has larger
time step size when compared to fully explicit schemes (of the same order) for reactive

transport equations.

4.4.3 Other schemes

For comparison, other standard implicit-explicit schemes that are of the Runge-Kutta
and multistep types are presented here. Diffusion and reaction terms are considered stiff,
thus, from the semi-discrete equation (4.22), the discretized stiff parts together form a

slope function that is given by:

F;(U) = Fy(U") + ¢, U — €, U" 4+ S(0).
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Thus, a generalized linear multistep (k-step) implicit-explicit numerical scheme for

(4.22) states that [71]:
k B k _ k—1 _
D ;UM = ALY BF(TMH) + ALY BiF, (T, (4.34)
=0 =0 7=0

where «j, 8, and ] are coefficients that determine a particular method in this class.
One particular multistep scheme of interest is derived from implicit and explicit two-step
backward differentiation formulas (BDF) (henceforth, this scheme will be referred to as
IMEX-BDF). It is second order convergent, the implicit part is A-stable and it is stated
as follows [71]:

~ ~ 1~ ~ ~ ~
gU”“ —2U" + §U“*1 = AtF (U™ 4+ 2AtF,(U") — AtF, (U™ ). (4.35)

Another particular multistep scheme involves two steps, is second order consistent
and is A-stable in the implicit part. The scheme uses Adams-Bashforth’s discretization
for the nonstiff part and Crank-Nicholson’s discretization for the stiff part. The scheme

states that [71]:
rTn+1 rn 3 1 1 rn—1 1 rTn+1 1 rn
U =U"+ §AtFa(U ) — §AtFa(U )+ iAtF[(U )+ §AtF1(U ). (4.36)

Furthermore, for second order consistent schemes of the Runge-Kutta type, we con-
sider a scheme that involves a combination of both implicit and explicit discretizations.
It has two stages where the first stage is explicit Euler and the second stage is IMEX.
The scheme (henceforth referred to as IMEX-RK1) can be written as follows:

U* = U" + AtF(U")
- - 1 ~ 1 ~ 1 =
Un+1 — U’ﬂ + ZA{;F(U”) —+ ZAtFa(U*) —+ §AtF](Un+1). (437)

The last second order consistent scheme of the Runge-Kutta type to be considered in
this discussion, also have two-stages where the first stage is explicit and the second stage

is IMEX, we refer to this scheme as IMEX-RK2 and state it as follows:
U* = U" + 0.5ALF,(U")
~ ~ 1 ~ 1 ~ 1 ~
Uttt =U" + 5Aﬂ?,(U”) + §AtFa(U*) + §AtFI(U”“). (4.38)

In the following section, all the schemes presented in this section will be verified with

a stiff chemical transport model.
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4.5 Numerical experiments

In this section, numerical results on suitability of the numerical schemes, efficiency (i.e.
accuracy, compatibility and cost of simulation) of the stoichiometric decoupling method
are presented. The numerical schemes will be applied to solve a stiff transport model, L.,
errors and orders will be measured in order to check convergence. Three best-performing
schemes will be selected and applied to discretize the Gauss-Jacobi and stoichiometric
models for the acid drainage problem. Accuracy of the stoichiometric procedure will be
determined by computing differences between numerical solutions of the stoichiometric
and Gauss-Jacobi models. Results on simulation cost of the stoichiometric method will

be presented finally.

4.5.1 Convergence test: numerical schemes

Here, grid independent tests to check convergence of the numerical schemes are performed.
A system of advection-diffusion transport with stiffness (presented in [73]) is discretized

by all the schemes. The one dimensional form of the stiff model in [73] is given by:

ou  ouU 0*U
E+W_F@_KUU+‘/’ 0<z<2m, (4.39)

ov. ouvV 1“82—‘/

— +— = — : 4.4
8t+ax 92 K,V, 0<z<2rm (4.40)

Using periodic boundary conditions, the exact solution for the system (4.39)-(4.40)

1s:

Uz, t) = (e_(K“+F)t + e_(K”+F)t> cos(z — ut), (4.41)

Viz,t) = (K, — K,)e T cos(z — ut). (4.42)

The input data are as follows:

I'=0.001, u=0.001, K,=1, K,=100, (4.43)
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and the initial data are as follows:

U(z,0) = 2cos(z), (4.44)

V(z,0) = (K, — K,) cos(x). (4.45)

Furthermore, we define Peclet number as follows:

uAzx

P, = T
When Peclet number is high (P, > 0) advection dominates the transport process and
when Peclet number is low (P, < 0) diffusion dominates. In critical Peclet number
(P. = 0) transport both advection and diffusion processes occur simultaneously, we refer
to the critical Peclet number case as a normal transport process. Convergence of the
numerical schemes will be investigated in the three transport cases (i.e. advection domi-
nated, diffusion dominated and normal transport cases) while maintaining stiffness in the
reaction.

Figures 4.2 and 4.3 compare the numerical solutions (i.e. IMEX-IIF2, IMEX-CNAB,
IMEX-RK1 and IMEX-RK2 solutions) with the analytical solution for the PDE system
(4.39)-(4.40). One can observe that the numerical solutions mimic the analytical solution
very well without oscillations for all the transport cases, across space and time. Figures
4.4 and 4.5 compare IMEX-BDF solution with the analytical solution. One can observe
that the IMEX-BDF solutions are very inaccurate for all the transport cases and across
space and time. Further investigations reveal that the IMEX-RK2 scheme performed
better than IMEX-RK1 scheme, thus, we only consider IMEX-RK2, IMEX-IIF2 and
IMEX-CNAB schemes in further investigations to follow. Moreover, errors and orders
(measured with the L norm) for the IMEX-RK2, IMEX-IIF2 and IMEX-CNAB schemes
are provided in Table 4.1. One can observe that the IMEX-RK2, IMEX-ITF2 and IMEX-
CNAB solutions converged to the analytical solution with second order in all the flow

cases (i.e. low, high and critical Peclet number cases).

4.5.2 Accuracy test: stoichiometric method

In this section, we present results on accuracy of the stoichiometric decoupling proce-

dure, that were obtained using IMEX-RK2, IMEX-ITF2 and IMEX-CNAB to discretize
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the Gauss-Jacobi model (4.8)-(4.10) and stoichiometric model (4.13) for hydrogen ions.
Accuracy is measured by the error (called model reduction error) between the numerical
solution of a PDE in the stoichiometric model and the numerical solution of a PDE in the
the Gauss-Jacobi model. The PDEs in both models are evolution equations for hydrogen

ions (the chemical species of interest). We define the model reduction error as follows:

Model reduction error = |[SOLg — SOLg || (4.46)

and where SOLg is a numerical solution of the stoichiometric model and SOL¢g is numer-
ical solution of the Gauss-Jacobi model. Some input data used in the experiments are

given by:

d
Ly =2, T =1,—-p=—0004 K; =013, K, =0.0025, K = 1,
x

Usp = 0.01 cos(x), Usg = 0.0001 cos(z), Uy = 0.0001 cos(x).

Figures 4.6 and 4.7 show profiles of hydrogen concentrations in the stoichiometric and
Gauss-Jacobi models, across numerical schemes, space and time. One can observe that the
concentration of hydrogen ions reduces in space (relative to the initial concentration) and
time. This observation is expected in an AMD remediation reactor. One can also observe
that the solution from the stoichiometric model mimic the solution from the Gauss-Jacobi
model very well without oscillations (across numerical schemes, space and time) for all
the transport cases. Clearly, it can be observed that the transport cases (advection,
diffusion and advection-diffusion) have no effect on the accuracy of the solution of the
stoichiometric model.

Figures 4.8 and 4.9 show model reduction error profiles and Tables 4.2, 4.3 and 4.4
contain model reduction errors across numerical schemes and transport cases. For all the
transport cases the model reduction errors measured with IMEX-IIF2 and IMEX-CNAB
solutions, oscillated in a very small neighbourhood of 9 x 10~7. Thus the stoichiometric
method is accurate since the model reduction error is negligible. However, the model re-
duction errors computed with IMEX-RK2 solutions behaved slightly different in the fully
nonlinear and advection transport cases. The reduction errors decreased monotonically

into the neighbourhood of 9 x 10~7 and then oscillated in a small neighbourhood. This
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observation can be seen clearly in Figures 4.9b, 4.9c and 4.9d, where Buckley-Leverett

and linear fluxes are used in the advection and fully nonlinear transport cases.

4.5.3 Simulation cost: stoichiometric method

In this Section, we present and discuss results on cost of simulating the stoichiometric
and Gauss-Jacobi models. We measure cost by the CPU time, CPU time differences and
relative CPU time that the numerical schemes require to solve the Gauss-Jacobi model
and the stoichiometric model. We consider a fully nonlinear flow case where Buckley-
Leverett flux and nonlinear diffusivity (I'yx = 1E — 4 cos(Uy)) are used. The CPU time

differences and relative CPU time are defined as follows:

CPU time difference = CPU;, — CPUg (4.47)

and

CPU, — CPUg

Relative CPU time = CPU,

(4.48)

where CPUg is CPU time for the stoichiometric model and CPU;, is CPU time for the
Gauss-Jacobi model. In the experiments, we fixed the final time at ten (7" = 1) and used
a fine spatial resolution (600-900 spatial steps with At = 0.5Ax) to ensure that results
are not affected much by numerical discretization errors.

The final time was set at 7' = 1, IMEX-IIF2, IMEX-CNAB and IMEX-RK2 dis-
cretizations were applied to the fully nonlinear flow cases in both models presented in
Section 4.3 and the CPU times for both models were measured. Figures 4.10a, 4.10c
and 4.10e show plots of CPU time against time steps. For all the schemes and for both
models, the CPU time generally increased with increasing number of time steps, how-
ever, the CPU time for the stoichiometric model recorded the least CPU time. Another
observation is that, the CPU time difference between the stoichiometric model and the
Gauss-Jacobi model increased with increasing time steps. This observation can be seen
clearly in Figures 4.10b, 4.10d and 4.10f.

Furthermore, to determine the CPU time saved by solving the stoichiometric model

instead of the Gauss-Jacobi model, the CPU time differences for both models (measured
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across all discretizations) were normalized by the CPU time for the Gauss-Jacobi model,
(i.e using Equation (4.48)). Figure 4.11 shows the results of the investigation. About 67
percent of CPU time will be saved if IMEX-ITF2 discretization is used, 71 percent will be
saved if IMEX-CNAB or IMEX-RK2 is used to solve the stoichiometric model instead of

the Gauss-Jacobi model.

4.6 Chapter summary

Numerical simulation of chemical transport phenomena is expensive and challenging due
to nonlinearity, high degrees of freedom, heterogeneity and stiffness. Model reduction
methods can be employed to make simulation possible or reduce the high degrees of
freedom and simulation cost.

In Section 4.1, the importance of spatio-temporal reactions and some interesting
research on such reactions have been highlighted. Most of the studies linearised the
processes to enable analytical studies on them, however, most spatio-temporal reaction
systems that occur in nature are nonlinear.

In Section 4.2, we presented a nonlinear reactive transport model (that is composed
of N partial differential equations) and applied the stoichiometric method to reduce the
degrees of freedom to any degree less or equal to N;.

Further, a spatio-temporal nonlinear model for acid neutralization has been discussed
as an application problem in Section 4.3. The original full nonlinear model that has
three degrees of freedom was reduced to one degree of freedom, using the stoichiometric
method.

In Section 4.4, numerical schemes for discretizing the nonlinear reactive transport
models have been presented. Second order central differencing was used to discretize the
diffusion operator and conservative differencing with third order WENO reconstruction
was used to discretize the advection operator. Five second order time integrators (namely,
IMEX-ITF2, IMEX-CNAB, IMEX-RK1 and IMEX-RK2 schemes) that have stiffness-
resolving properties have been presented.

In Section 4.5, numerical experiments were conducted to verify the suitability of the

numerical schemes and to validate the efficiency /efficacy of the stoichiometric method for
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reactive transport systems. Results indicated that IMEX-ITF2, IMEX-CNAB and IMEX-
RK2 were most suitable for stiff problems. Results also show that the model reduction
errors induced by the stoichiometric method were negligible across space, time, schemes
and flow cases. Further, CPU time, differences and relative CPU time showed that
the stoichiometric method coupled with the numerical schemes can significantly reduce
simulation cost.

Therefore, by coupling the stoichiometric method with the numerical schemes pro-
vided, simulation cost of reactive transport models (both linear and nonlinear models)

can significantly be reduced without compromising accuracy.
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Numerical schemes

IMEX-IIF2 IMEX-CNAB IMEX-RK2

Transport N,
Error  Order | Error Order | Error Order
10 | 0.3315 - 0.3325 - 0.3325 -
Diffusion (P, = 0) 20 | 0.0817 2.0206 | 0.0819 2.0214 | 0.0819 2.0214
with 40 | 0.0195 2.0595 | 0.0196 2.0630 | 0.0196 2.0630
reaction 80 | 0.0048 2.0297 | 0.0048 2.0297 | 0.0048 2.0297

160 | 0.0012 2.0000 | 0.0012 2.0000 | 0.0012 2.0000

10 | 0.3389 - 0.3390 - 0.3399 -
Advection (P, = o0) 20 | 0.0829 2.0314 | 0.0829 2.0318 | 0.0825 2.0426
with 40 1 0.0198 2.0659 | 0.0198 2.0659 | 0.0199 2.0516
reaction 80 | 0.0050 1.9855 | 0.0050 1.9855 | 0.0050 1.9928

160 | 0.0012 2.0589 | 0.0012 2.0589 | 0.0012 2.0589

10 | 0.3374 - 0.3384 - 0.3393 -
Normal flow (P. = Az) 20 | 0.0825 2.0320 | 0.0828 2.0310 | 0.0823 2.0436
(advection-diffusion) 40 | 0.0197 2.0662 | 0.0197 2.0714 | 0.0196 2.070
with reaction 80 | 0.0048 2.0371 | 0.0048 2.0371 | 0.0048 2.0297

160 | 0.0012 2.0000 | 0.0012 2.0000 | 0.0012 2.0000

Table 4.1: Errors and orders (Lo ) of the numerical schemes applied to solve system (4.39)-
(4.40), errors were computed using analytical solution (4.42). The solutions and errors were
computed for diffusion dominated, advection dominated and fully nonlinear transport cases

using At = 0.5Az.
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Figure 4.2: Numerical and analytical solutions for system (4.39)-(4.40). The solutions were

computed in diffusion dominated, advection dominated and normal transport cases
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Figure 4.3: Numerical and analytical solutions for system (4.39)-(4.40). The solutions were

computed for diffusion, advection dominated and normal transport cases
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Numerical solution versus analytical solution. Numerical solution versus analytical solution.
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Figure 4.4: IMEX-BDF solution and analytical solutions for system (4.39)-(4.40). The solutions

were computed for diffusion, advection, and normal transport cases.
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are obtained for diffusion dominated, advection dominated and normal transport cases.
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IMEX-CNAB solution of diffusion-reaction case

IMEX-IIF2 solution of diffusion-reaction case
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Figure 4.6: Hydrogen concentration (across both time and space) in the Gauss-Jacobi model

(4.8)-(4.10) and stoichiometric model (4.13). Solutions were computed for diffusion dominated,

advection dominated and fully nonlinear transport cases with reaction.
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IMEX_IIF2 solutions of the Stoichiometric and Gauss-Jacobi models. IMEX_IIF2 solutions of the Stoichiometric and Gauss-Jacobi models.
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Figure 4.7: Hydrogen concentration (across time or space) in the Gauss-Jacobi model (4.8)-
(4.10) and stoichiometric model (4.13). Solutions were computed for diffusion dominated, ad-

vection dominated and fully nonlinear transport cases with reaction.
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Diffusion dominated transport

Diffusivity (i) N, Numerical schemes
IMEX-ITF2 IMEX-CNAB IMEX-RK2
20 9.045526 9.045521 9.045521
30 8.972541 8.972537 8.972537
[y = 0.001U% 40 8.926316 8.926316 8.926316
80 9.167396 9.167396 9.167396
90 9.121991 9.121991 9.121991
100 | 9.085575 9.085575 9.085575
20 9.044596 9.044597 9.044598
30 8.971614 8.971615 8.971615
[ex = 0.0001 cos(Uy) 40 8.925498 8.925498 8.925498
80 9.166528 9.166528 9.166528
90 9.121132 9.121132 9.121132
100 | 9.084723 9.084723 9.084723
20 9.045416 9.045416 9.045416
30 8.972428 8.972428 8.972428
['x = 0.00001U7 40 8.926305 8.926305 8.926305
80 9.167384 9.167384 9.167384
90 9.121979 9.121979 9.121979
100 | 9.085563 9.085563 9.085563

Table 4.2: Model reduction errors (L) computed using the Gauss-Jacobi model (4.8)-(4.10) and
stoichiometric model (4.13), using IMEX-ITF2, IMEX-CNAB and IMEX-RK2 discretizations.

Solutions and errors were computed for a diffusion dominated nonlinear transport case. The

actual values in this table are 7 orders of magnitude smaller.
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Advection dominated transport

Numerical schemes
Flux N,
IMEX-ITF2 IMEX-CNAB IMEX-RK2
20 9.046959 9.046959 10.119124
30 8.973472 8.973472 9.456461
Buckley-Leverett 40 8.927083 8.927083 9.068835
80 9.167792 9.167792 9.233987
90 9.122338 9.122338 9.174521
100 | 9.085883 9.085883 9.128068
20 9.051138 9.051138 32.822316
30 8.976056 8.976056 22.545088
Linear 40 8.928938 8.928938 17.822199
80 9.168702 9.168702 11.804073
90 9.123127 9.123127 11.245699
100 | 9.086579 9.086579 10.829188
20 9.045613 9.045613 9.180696
30 8.972561 8.972561 9.033514
Burgers 40 8.926404 8.926404 8.960603
80 9.167436 9.167436 9.175810
90 9.122025 9.122025 9.128628
100 | 9.085604 9.085604 9.090944

Table 4.3: Model reduction errors (L) computed using the Gauss-Jacobi model (4.8)-(4.10) and
stoichiometric model (4.13), using IMEX-ITF2, IMEX-CNAB and IMEX-RK2 discretizations.
Solutions and errors were computed for advection dominated nonlinear transport cases. The

actual values in this table are 7 orders of magnitude smaller.
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Fully nonlinear transport

Numerical schemes
Parameters N,
IMEX-ITF2 IMEX-CNAB IMEX-RK2

20 9.046969 9.046969 10.119138
Buckley-Leverett flux 30 8.973483 8.973482 9.456473
( FolUy) = %) 10 | 8.927094 8.927005 0.197874
with 80 9.167804 9.167804 9.233999
[kx = 0.0001 cos(Uy,) 90 9.122349 9.122349 9.174533

100 | 9.085894 9.085894 9.128079

20 9.045624 9.045623 9.180769
Burgers flux 30 8.972572 8.972572 9.033525
(fk(Uk) = 0.002U,§> 40 8.926416 8.926415 8.960614
with 80 9.167448 9.167448 9.175822
[ = 0.0001U; 90 9.122026 9.122026 9.128629

100 | 9.085605 9.085605 9.090945

20 9.044792 9.044794 9.179845
Burgers flux 30 8.971747 8.971748 9.032685
<fk(Uk) = 0.002U,§> 40 8.925597 8.925597 8.959787
with 80 9.166580 9.166580 9.174952
['ex = 0.0001 cos(Uy) 90 9.121178 9.121178 9.127779

100 | 9.084764 9.084764 9.090102

Table 4.4: Model reduction errors (L« ) computed using the Gauss-Jacobi model (4.8)-(4.10) and
stoichiometric model (4.13), using IMEX-ITF2, IMEX-CNAB and IMEX-RK2 discretizations.
Solutions and errors were computed for fully nonlinear transport cases. The actual values in

the table are 7 orders of magnitude smaller.
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Figure 4.8: Model reduction errors (Ly,) computed using the Gauss-Jacobi model (4.8)-(4.10)
and stoichiometric model (4.13), using IMEX-IIF2 and IMEX-CNAB discretizations. Solutions
and errors were computed for a diffusion, advection and fully nonlinear transport cases. The

actual values in this figure are 7 orders of magnitude smaller.
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IMEX_RK2 errors in diffusion dominated flow. IMEX_RK2 errors in Fully nonlinear flow.
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Figure 4.9: Model reduction errors (Lo,) computed using the Gauss-Jacobi model (4.8)-(4.10)
and stoichiometric model (4.13), using IMEX-RK2 discretization. Solutions and errors were
computed for diffusion, advection and fully nonlinear transport cases. The actual values in this

figure are 7 orders of magnitude smaller.
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Figure 4.10: CPU time and differences for the Gauss-Jacobi model (4.8)-(4.10) and stoichiomet-
ric model (4.13), using IMEX-IIF2, IMEX-CNAB and IMEX-RK2 discretizations. The solutions
were computed for a fully nonlinear flow case, using Burgers flux, I'yx, = 0.0001 cos(Uy), N, =

600, and At = 0.5Ax.
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Figure 4.11: Relative CPU time for the Gauss-Jacobi model (4.8)-(4.10) and stoichiometric

model (4.13), using IMEX-IIF2, IMEX-CNAB and IMEX-RK2 discretizations. The solutions

were computed for a fully nonlinear flow case, using Burgers flux, I'y;, = 0.0001 cos(Uy),

600, or 900, and At = 0.5Ax.
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Chapter 5

Dispersion preserving schemes for

reactive transport processes

In this chapter, global spectral analysis of reactive transport is discussed. Dispersion re-
lations are used to analyse the dispersion-preserving abilities of some temporal numerical
schemes, in order to establish their suitability for simulating reactive transport processes.

Remark: The results presented here are under review for possible publication.

5.1 Introduction

Numerical schemes are alternative approaches to analytical approaches in simulating
complicated phenomena. However, numerical schemes are approximations to exact so-
lutions, thus, the level of accuracy of numerical schemes depend on the ability of the
scheme to closely mimic properties of governing equations [39, 32, 157]. Inaccurate nu-
merical schemes introduce non-physical behaviours in the solution, thus, it is necessary
to develop accurate numerical schemes as alternatives to the exact solutions [157]. This
requires rigorous error analysis of numerical schemes for a particular model.

However, the non-availability of exact solutions for most complex phenomena (espe-
cially non-linear problems) makes error analysis of numerical schemes a difficult task and
sometimes impossible without simplifying assumptions. Models are often linearised and

then followed by analyses to obtain analytical relations (e.g. exact solutions, dissipation

and dispersion expressions), which are relevant for analysing numerical schemes [157].

102



There are many techniques for analysing numerical schemes, the popular techniques in-
clude Taylor expansions, Von Neumann stability analysis [157, 163, 154], GKS stability
theory [157, 60] and time-stability analysis [26, 186].

Further, each technique has merits and limitations depending on the problem under
consideration. Spectral analysis has been shown in [157, 137] to be efficient for analysing
parabolic and hyperbolic problems. Spectral analysis of parabolic or hyperbolic problems
result in dispersion/dissipation relations which can be used to analyse the numerical
schemes for corresponding problems. Numerical schemes that satisfy dispersion relations
for a particular propagation problem are said to be dispersion preserving (DP) schemes
for that problem.

Global spectral analysis has recently gained popularity in research involving propaga-
tion problems [137, 143, 145, 144]. The authors in [141] have analysed numerical schemes
for linear advection equation, by adapting the spectral analysis presented in [170]. By
performing spectral analysis on the linear advection equation, the authors in [140] have
shown that numerical methods have different error and signal dynamics. Finite difference
schemes for linear diffusion equation have been analysed in [138]. One notable observation
in the linear advection and diffusion cases is that, numerical phase speed and numerical
diffusion are not constant. Positivity preserving Galerkin method for advection-diffusion-
reaction have also been analysed in [77] using the spectral approach. In [139] spectral
analysis of Galerkin finite element method for the advection equation have been discussed.
One observation with the finite element methods is good error dispersion behaviour.

Furthermore, compact finite difference and finite volume methods for Euler equations
have been discussed in [142]. The compact finite difference methods proved superior in the
case of Riemann problems (for the Euler equations). Finite difference methods for Navier-
Stokes equations have been analysed by traditional techniques in [150, 89, 31, 175]. In
[157], the authors extended the spectral approach to compact finite difference methods
for linear advection-diffusion equation in order to ascertain accurate schemes for the
Navier-Stokes equations.

In this discussion, time integrators for the linear advection-diffusion-reaction equation
are analysed in order to ascertain accurate integrators for chemical transport models.

As stated in previous chapters (and discussed in [19, 169, 132, 21, 39, 107, 184]), not
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all numerical schemes are suitable for chemical models, due to high degrees of freedom,
stiffness and positivity constraints. Theta integrators and second order diagonally implicit
Runge-Kutta (DIRK2) integrators have been shown to be robust in well-mixed chemical
problems (discussed in Chapter 3), and IMEX schemes have been shown to be robust
in chemical transport problems (discussed in Chapter 4). In this chapter, dispersion
properties of the Theta, DIRK2 and some IMEX schemes will be discussed.

In Section 5.2, the unknown concentration variable and linear transport equation are
transformed to spectral variable and equation respectively, and exact dispersion relations
and solutions are derived. In Section 5.3, general numerical dispersion relations for the
linear transport equation are derived. In Section 5.4, dispersion analysis of the Theta,
DIRK2, and some IMEX integrators are discussed. In Section 5.5, numerical experiments

are conducted to confirm the analyses. Finally, the chapter is concluded in Section 5.6.

5.2 Spectral analysis of reactive transport equation

Chemical transport phenomena involves physical processes (such as advection and dif-
fusion) and chemical reactions. A simple model for such phenomena is the linear 1D

advection-diffusion-reaction equation given by:

2
aa—lt] + ug—g = FgTZ + K, U, (5.1)
where U denotes concentration of a chemical species, x is a space variable, t is a time
variable, u denotes constant transport velocity, K, is chemical reactivity and I' denotes
constant diffusivity. Three special cases of the linear equation (5.1) occur when the
reactivity K, assumes zero, positive or negative values. Equation (5.1) models pure
diffusive, diffusive-destructive and diffusive-productive physico-chemical problems when
the reactivity K, assumes zero, negative or positive values respectively.
The exact dispersion relations for the linear transport equation are firstly, determined

by applying global spectral analysis. Thus, by transforming the concentration function

U(z,t), from the z — ¢ plane to the hybrid spectral plane [157, 137, 141], we obtain:

Uz, t) = /U(/{, t)e" drk, (5.2)
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where U(k,t) is the Fourier amplitude and k is the wave number. Using the spectral
transform (5.2), the linear chemical transport model (5.1) can be represented in the

spectral plane as follows:

)
8—? +iukld = —Tr*U + K, U, (5.3)

Given a general initial condition U(z,0) = [Uy(k)e"*dk, the exact solution of (5.3)

can be obtained as follows:
Uk, t) = Uy(r)e irutn*T=Knt (5.4)

Moreover, the concentration of the chemical species can also be represented in the

bi-dimensional Fourier-Laplace transform [157]:

U(z,t) = / / U(k, w)e 7D died, (5.5)

where w denotes circular frequencies. Applying the Fourier-Laplace transform (5.5)
directly in the linear convection-diffusion-reaction equation (5.1), yields the physico-

chemical dispersion relation:
w=uk —i(k’T — K,.). (5.6)

Wave propagation problems are characterised by dispersion relations, that yield in-
formation about the phase and group velocities of propagating signals [157]. Dispersion
relation (5.6) is different from the one obtained in [157] for advection-diffusion equation,
as it indicates that chemical reactions also affect signal propagation. Any numerical
algorithm for solving a wave propagation problem can only be suitable/accurate if it sat-
isfies the dispersion relation for the problem [157, 137, 140]. In [144], multiple time level
schemes have been analysed based on correct dispersion relations for convection prob-
lems and in [157], the idea has been adapted for convection-diffusion problems. In this
discussion, the same idea will be used to analyse the linear chemical transport problem.

From the dispersion relation (5.6), one can obtain the complex physico-chemical phase

speed for the linear chemical transport equation as follows:

w K,
=2 = — (kD = 20, 5.7
U p u—i(k H) (5.7)
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And from the same relation (i.e. Equation (5.6)) the physical group velocity is given
by [157]:

_dw

‘/ex__
dr

=u —i2kxI. (5.8)

Denoting the real and complex parts of the physical group velocities by Re(V,,) and
Im(V,,) respectively, and using the relation (5.8) the diffusivity can be expressed as
follows:

l

I'=—[Re(Vey) —u] — Im(Ves)

5.9
o (5.9)
Since diffusivity is a real quantity for physical systems, the imaginary part of (5.9) must

vanish, thus:
Re(V.,) = u. (5.10)

Furthermore, the diffusivity in the linear transport equation (5.1) is positive, the real

part of the complex quantity (5.9) must be positive, implying:

Im(Vey) < 0. (5.11)

Denote the time step size by At, spatial step size by Az, Peclet number by P, = 2—%7

Courant-Friedrich-Lewis (CFL) number by Cf = Z—A;, A, = K,At, and the physico-
chemical amplification factor by G.,. The amplification factor of a numerical method or

the exact solution is defined as follows [157]:

Uk, t+ At)

Gex =
U(k,t)

(5.12)

Using the analytical solution (5.4) in definition (5.12) yields the following physico-

chemical amplification factor:

Gem = ei(iKUJFRQFiKT)At; (513)

Using Peclet and CFL number relations, the amplification factor (5.13) can be re-

expressed as follows:

G o efiwAt
ex —

_ e—Pe(nAx)QJr)\re*icf(”Ax). (514)
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The magnitude of the physico-chemical amplification factor G, given by (5.12) will

always be less than one (i.e. the usual stability criterion for numerical methods) if:
—P.(kAz)? + ), < 0. (5.15)

One can observe that condition (5.15) is always satisfied by pure diffusive problems
(where A\, = 0) and diffusive-destructive problems (where A\, < 0) for the entire range of

xkAz. However, diffusive-productive problems (where A, > 0) will satisfy condition (5.15)

[ Ar
KAz > B (5.16)

Thus (kAz). = ,/f‘.ﬁ: is a critical dimensionless number that determines the constraint

only if:

|Gex| < 1 for diffusive-productive problems.

The absolute part of G, in (5.14) is the amplification factor of the exact solution.
Contours (in kAz — Cy plane) of the absolute part of G, are shown in figure 5.1 for the
pure diffusive case using Peclet numbers; P, = 0.01,0.05,0.25 and 0.5. The amplification
factor decreases across increasing wave numbers but does not depend on CFL numbers.
Figures 5.2b-5.2f show contours of |G.,| in the diffusive-destructive case. Figures 5.2a-5.2¢
show contours of |G.,| in the diffusive-productive case. The observations in the productive
and destructive cases are not very different from the pure diffusive case. Numerical

integrator for the linear problem are therefore, required to closely mimic this behaviour.

5.3 Numerical dispersion relations

In the spectral analysis of the 1D equation, exact derivatives of (5.2) were used, however,
numerical approximations can be applied instead. If the spectral representation (5.2) is
substituted into the advection-diffusion reaction equation and the advection and diffusion

derivatives are numerically approximated, a semi-discrete equation is obtained as follows:

0
a_i{ + Ugppild = —T e ®U + KU, (5.17)

where uq,, and I'yp, result from the numerical approximations of the advection and
diffusion terms, respectively. The quantities uq,, and I'sp, represent numerical phase

speed and numerical diffusion, respectively.
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Figure 5.1: Contour for the physico-chemical amplification factor |G.;| of the analytical solution
for 1D linear convection-diffusion-reaction equation. The contours display the behaviour of |G|

for varying Peclet numbers in a pure diffusive problem.

The analytical solution of the semi-discrete equation (5.17) with initial data U(z,0) =
[ Up(r)e™*dk is given by:

U(k, ) = Uy ()™ (arertTaper® =Kt (5.18)

Further, applying the Fourier-Laplace transform (5.5) to the linear convection-diffusion-
reaction equation (5.1) and numerically approximating the space-time derivatives yields

the following numerical physical-chemical dispersion relation:
Wapz = Uapzk — i(/i2Fapm - K,). (5.19)
Analogously, numerical approximations of the linear problem (5.1) possess amplifica-
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tion factors that control the behaviour of numerical solutions as time evolves. To achieve
acceptable accuracy it is necessary for the numerical schemes to preserve some vital prop-
erties of the linear problem [157]. Thus, the amplification factor of the numerical schemes
should closely mimic the behaviour of the analytical amplification factor. Applying the
numerical solution (5.18) in definition (5.12) yields the following numerical amplification

factor:
Gapx — 6_(’§2Fapz_KT')Ate_iHuapl'At. (520)

In general, the numerical phase speed 4,, and numerical diffusion Iy, vary across
numerical schemes. According to the numerical amplification factor (5.20), the shift in

phase for each time step is given by:
¢ = /iuaprt (521)

and is related to the amplification factor by the expression:

Im(Gapz)).

Re(Gape) (5.22)

tan(9) = —(

Thus, a normalized numerical phase velocity gy, relating the amplification factor

can be obtained from (5.21) and (5.22) as follows:

Uaps _ 1 Im(Gaps)
v kAT arctan <—R€(Gapx) ) (5.23)

The numerical group velocity Vg, is the derivative of the numerical dispersion re-

lation (5.19) with respect to wave number, i.e. V,,, = d“;% [157]. Normalizing and
simplifying the resulting expression yields:

Vape 1 d Im(Gaps)
V= _C_fd(k:Ax) (arctan <m>) (5.24)

An expression relating numerical diffusion I',,,, with the magnitude of the amplifica-

tion factor can be obtained from (5.20) as follows:

Tope A — 10 [Gapel
I'  P.(kAx)?

(5.25)

The normalized numerical diffusion relation (5.25) of a particular scheme is unity if

the scheme has the same diffusion as the exact solution. If the relation is greater than one,
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then the scheme is highly diffusive and if the relation is less than one, then the method
has low diffusion. If the diffusion relation is negative then the numerical scheme is anti-
diffusive for a diffusive problem, thus the scheme is unstable. Similar interpretations
are given to the normalized relations for the phase speed, group velocity and amplifica-
tion factors. Thus, to achieve high accurate numerical simulation of the time-dependent
advection-diffusion-reaction problem, it is important that numerical integrators preserve
most of the physical and chemical dispersion properties including amplification factor,
numerical diffusion, phase speed and group velocity. The Theta and DIRK2 schemes that
have been discussed earlier, will be analysed using the normalized relations (to determine
their dispersion-preserving abilities), in order to establish their suitability for reactive

transport problems.

Proposition 5.1 (Theta scheme). The amplification factor of the theta scheme (with 6
in the range 0 < 0 < 1) for the 1D advection-diffusion reaction equation (5.1) is given
by:

(1-6P)(1+(1—-0)P)+6(1—0)(CrrAx)? _; CrelAx

GG(Q) = 2 2 )
(1 — 9P) + (GCfHA)Q (1 — 9P) + (90f/€A)2

where P = —P.(kAz)* + ..

Proof. Applying Fourier-spectral method to the space derivatives of the 1D problem (5.1)
yields the ODE (5.3), implying:

FU) = —iwld. (5.26)

Therefore, the theta-Fourier spectral scheme states that:

(1 + GiwAz)U™ = (1 — GiwAz)U". (5.27)
Thus using (5.27), the theta amplification factor Gy = L%:l, can be derived as follows:
1 —fiwAx
=~ 5.28
T 1+ biwAx (5.28)
Substituting,
—iwAr = —iC(kAx) — P.(kAz)* + N, (5.29)

110



and manipulating algebraically yields:

1-60P)(1+(1—-0)P)+0(1—0)(CrrAx)? . CrrAx
Gy = ! — / (5.30)
’ (1—0P)” + (0C;50)? (1-0P) + (0C;s0)2
where P = —P,(kAz)? + \,. O

Proposition 5.2 (DIRK2 scheme). The second order diagonally implicit Runge-Kutta
scheme (DIRK?2) with o =1 £ %ﬁ, that states:

U =U" + AtF(UY),

20 —1, 1-
Ut = O‘Tu" + To‘u* +aAtFU™Y), (5.31)

has amplification function given by:

201 (1 aP)P + (CynAzP(1 - aP)) + 552(1 - aP) — (aCyrAr)?

Gprria(Q) = ((1 — aP)? + (Cf/iA$>2>2

(200 — 1)CfHAI<(1 —aP)? + (CfliAl‘)z) +2(1 — o)CrrAz(1l — aP)

—1

((1 —aP)? + (CffiAx)Q)Q

Proof. Apply the slope function given by Expression (5.26) in the ODE (5.31) and ma-
nipulate the result algebraically to yield :

23 (1 - aP)? + (Cyrd)(1 = aP)) + 521 — aP) = (aCprda)

GDIRKQ(Oé) ==

((1 —aP)? + (CffiAacP)2
(5.32)
(20 — 1)C’ff£Ax<(1 —aP)? + (C'f/iA:c)Q) +2(1 — a)CyrAz(1 — aP)

—1

2

((1 —aP)?+ (C’f/an:)2>
]

Furthermore, as shown earlier in Chapter 4, IMEX schemes admit larger time step
sizes and are less expensive for simulating advection-diffusion reaction problems, thus,

IMEX schemes that are composed of Backward Euler and Forward Euler schemes will be
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analysed to establish their dispersion preserving abilities. Let H(U) denote a non-stiff
function and G(U) denote a stiff function such that the following ODE holds:

ou
The non-stiff function is the discretized diffusion and reaction terms while the dis-
cretized advection term is the nonstiff function in the 1D reactive transport problem

(5.1).
Proposition 5.3. Given the 1D reactive transport problem (5.1), one IMEX combination
of Euler schemes (named IMEX-FBE1) given by:

U = U + At <G(L{”+1) + H(U”)) (5.34)

has amplification function given by:

1 B CrrAx
1—p ‘1-p

GFBEl =

Proof. Using Fourier-spectral method for the space derivatives yields the following func-

tions:
HU) = —iurld, GU) = (—+rT + K, )U. (5.35)

Using expression (5.35) in expression (5.34), the IMEX-FBE1-Fourier spectral scheme
for the 1D linear problem states that:

(1—PU™ = (1 —iCrrAx)U". (5.36)
Thus, the amplification factor for IMEX-FBEL1 is given by:

1 CrrAz
—1
1-P 1-P

GFBEl = . (537)

]

Proposition 5.4. Given the 1D reactive transport problem (5.1), another IMEX combi-
nation of Euler schemes (named IMEX-FBE2) that states:

U =u"+ At(G(u*) + H(U”))

Ut =y At(G(L{*) + H(u*)) (5.38)
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has amplification function given by:

1 — (CyrAr)®  CrrAx(l+ P)

Grem=—""p TP

Proof. The slope function for the 1D reactive transport problem is given by expression
(5.35), thus, substituting into IMEX-FBE2 scheme (5.38) yields the IMEX-FBE2-Fourier
spectral scheme:
(1—-P)U" = (1 —iCrrAx)U"
U =UY" + (P — iCprAx)U* (5.39)

It follows from (5.39) that, the amplification function for IMEX-FBE2 is given by:

1 - (CrAx)®  CrrAx(l+ P)

TP i T p (5.40)

GFBE2 =

5.4 Analysis of the time integrators

Given the amplification functions for the Theta, DIRK2 and IMEX schemes, it is a trivial
task to compute the normalized dispersion relations (5.23) - (5.25), for each of the schemes
and for each of the transport conditions (pure diffusive, diffusive-destructive and diffusive
productive transport cases). Among the theta schemes, only results for Crank-Nicholson
are presented here. However, results for the first order theta schemes indicate that,
backward Euler (also known as implicit Euler) scheme has better dispersion-preserving
abilities than the forward Euler (also known as explicit Euler) scheme.

Contours of all the normalized dispersion relations for all the schemes (and for all
the three transport cases of the 1D linear advection-diffusion reaction problem) have
been displayed in Figures 5.3-5.8. The results will be analysed according to schemes and
transport cases.

However, before the analysis, a preamble is introduced to simplify the presentation of
results. When a normalized relation assumes a value of one, the corresponding integrator

is consistent with regards to that relation, while negative values indicate instability. To
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proceed with the analysis, a closed interval containing the range of values (for a particular
normalized relation) is defined. If the interval contain one then the scheme is consistent,
and if the interval contains negative values then the scheme is conditionally stable. The

region of instability is the area between the minimum value and zero.

5.4.1 Pure diffusive transport

Pure diffusive transport problems are those that do not involve reactions or any form of
sources or sinks. Thus, dispersion properties of the numerical schemes are analysed here,
for such transport problems. Contours of all the normalized relations for the schemes
(applied to the pure diffusive problem) have been displayed in Figures 5.3 and 5.4.

The normalized amplification factor for Crank-Nicholson integrator decreased in the
closed interval [0.31,1], across CFL and wave numbers (see Figure 5.3a), while the nor-
malized amplification factor for DIRK2 increased in the closed interval [0.21,4.62] across
CFL and wave numbers (see Figure 5.3b). Further, the normalized amplification factor for
IMEX-FBEL1 integrator decreased in the closed interval [1,9.98], across CFL and wave
numbers (see Figure 5.4a), while the normalized amplification factor for IMEX-FBE2
increased in the closed interval [0.87,97.87] across CFL and wave numbers (see Figure
5.4b). Since all the intervals contain one, then all the schemes are consistent with regards
to amplification factor. However, Crank-Nicholson has the most accurate amplification
factor, followed by DIRK2 scheme (since DIRK2 and Crank-Nicholson are second order
schemes, the observation here is not surprising). Among the first order IMEX schemes,
the amplification factor for IMEX-FBE1 is more accurate than the amplification factor
of IMEX-FBE2 scheme. Since all the intervals do not contain negative numbers, then all
the schemes are stable with regards to amplification factor.

The normalized phase speed for Crank-Nicholson integrator decreased in the closed
interval [0.04, 1], across CFL and wave numbers (see Figure 5.3¢), while the normalized
phase speed for DIRK2 decreased in the closed interval [—1.91, 2] across CFL and wave
numbers (see Figure 5.3d). Further, the normalized phase speed for IMEX-FBE]1 inte-
grator decreased in the closed interval [0.15, 1], across CFL and wave numbers (see Figure

5.4¢), while the normalized phase speed for IMEX-FBE2 decreased in the closed interval
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[—1.57,1.57] across CFL and wave numbers (see Figure 5.4d). Since all the intervals
contain one, then all the schemes are consistent with regards to phase speed. However,
IMEX-FBE1 has the most accurate phase speed, followed by Crank-Nicholson scheme.
IMEX-FBE1 and Crank-Nicholson schemes are unconditionally stable with regards to
phase speed (since their intervals do not contain negative values), while IMEX-FBE2 and
DIRK2 are conditionally stable.

The normalized group velocity for Crank-Nicholson integrator decreased in the closed
interval [0.1,1], across CFL and wave numbers (see Figure 5.3¢), while the normalized
group velocity for DIRK2 decreased in the closed interval [—2.53,4] across CFL and
wave numbers (see Figure 5.3f). Further, the normalized group velocity for IMEX-FBE1
integrator decreased in the closed interval [0.01, 1], across CFL and wave numbers (see
Figure 5.4¢e), while the normalized group velocity for IMEX-FBE2 increased in the closed
interval [0, 1.33] across CFL and wave numbers (see Figure 5.4f). Since all the intervals
contain one, then all the schemes are consistent with regards to group velocity. However,
Crank-Nicholson has the most accurate group velocity, followed by IMEX-FBE1 scheme.
All except DIRK2 scheme, are unconditionally stable with regards to group velocity, since

their intervals do not contain negative values.

5.4.2 Diffusive-productive transport

Diffusive-productive transport problems are those that chemical reactions produce con-
centration sources. Thus, dispersion properties of the numerical schemes are analysed
here, for such transport problems. Contours of all the normalized relations for the schemes
(applied to the pure diffusive-productive problem) have been displayed in Figures 5.5 and
5.6.

The normalized amplification factor for Crank-Nicholson integrator decreased in the
closed interval [0.25,1], across CFL and wave numbers (see Figure 5.5a), while the nor-
malized amplification factor for DIRK2 increased in the closed interval [0.11,5.89] across
CFL and wave numbers (see Figure 5.5b). Further, the normalized amplification factor
for IMEX-FBEL1 integrator decreased in the closed interval [1,9.96], across CFL and wave

numbers (see Figure 5.6a), while the normalized amplification factor for
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IMEX-FBE2 increased in the closed interval [0.75,97.18] across CFL and wave numbers
(see Figure 5.6b). Since all the intervals contain one, all the schemes are consistent
with regards to amplification factor. However, Crank-Nicholson has the most accurate
amplification factor, followed by DIRK2 scheme. Among the first order IMEX schemes,
the amplification factor for IMEX-FBE1 is more accurate than that for IMEX-FBE2
scheme. Since all the intervals do not contain negative numbers, all the schemes are
stable with regards to amplification factor, in diffusive-productive transport problems.

The normalized phase speed for Crank-Nicholson integrator decreased in the closed
interval [0.04, 1] across CFL and wave numbers (see Figure 5.5¢), while the normalized
phase speed for DIRK2 decreased in the closed interval [—1.91, 2] across CFL and wave
numbers (see Figure 5.5d). Further, the normalized phase speed for IMEX-FBE1 inte-
grator decreased in the closed interval [0.15, 1], across CFL and wave numbers (see Figure
5.6¢), while the normalized phase speed for IMEX-FBE2 decreased in the closed interval
[—1.57,1.57] across CFL and wave numbers (see Figure 5.6d). Since all the intervals
contain one, then all the schemes are consistent with regards to phase speed. However,
IMEX-FBE1 has the most accurate phase speed, followed by Crank-Nicholson scheme.
IMEX-FBE1 and Crank-Nicholson schemes are unconditionally stable with regards to
phase speed (since their intervals do not contain negative values), while IMEX-FBE2 and
DIRK2 are conditionally stable, if diffusive-productive problems are considered.

The normalized group velocity for Crank-Nicholson integrator decreased in the closed
interval [0.1,1.01], across CFL and wave numbers (see Figure 5.5¢), while the normalized
group velocity for DIRK2 decreased in the closed interval [—10.49,12.34] across CFL
and wave numbers (see Figure 5.5f). Further, the normalized group velocity for IMEX-
FBEI integrator decreased in the closed interval [0.01, 1], across CFL and wave numbers
(see Figure 5.6e), while the normalized group velocity for IMEX-FBE2 increased in the
closed interval [—0.03, 2.49] across CFL and wave numbers (see Figure 5.6f). Since all the
intervals contain one, then all the schemes are consistent with regards to group velocity.
However, Crank-Nicholson has the most accurate group velocity, followed by IMEX-FBE1
scheme. DIRK2 and IMEX-FBE2 are conditionally stable with regards to group velocity
since their intervals contain negative values, while Crank-Nicholson and IMEX-FBE1 are

unconditionally stable.
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5.4.3 Diffusive-destructive case

Diffusive-destructive transport problems are those that chemical reactions produce con-
centration sinks. Thus, dispersion properties of the numerical schemes are analysed here,
for such transport problems. Contours of all the normalized relations for the schemes
(applied to the pure diffusive-destructive problem) have been displayed in Figures 5.7
and 5.8.

The normalized amplification factor for Crank-Nicholson integrator decreased in the
closed interval [0.38,1] across CFL and wave numbers (see Figure 5.7a), while the nor-
malized amplification factor for DIRK2 increased in the closed interval [0.31, 4.23] across
CFL and wave numbers (see Figure 5.7b). Further, the normalized amplification factor
for IMEX-FBELI integrator decreased in the closed interval [1.02,10.35], across CFL and
wave numbers (see Figure 5.8a), while the normalized amplification factor for IMEX-
FBE2 increased in the closed interval [0.98,101.46] across CFL and wave numbers (see
Figure 5.8b). Since all the intervals contain one, then all the schemes are consistent
with regards to amplification factor. However, Crank-Nicholson has the most accurate
amplification factor followed by DIRK2 scheme. Among the first order IMEX schemes,
the amplification factor for IMEX-FBEL is more accurate than the amplification factor
of IMEX-FBE2 scheme. Since all the intervals do not contain negative numbers, then
all the schemes are stable with regards to amplification factor, if diffusive-destructive
transport problems are considered.

The normalized phase speed for Crank-Nicholson integrator decreased in the closed
interval [0.04, 1.03] across CFL and wave numbers (see Figure 5.7c), while the normalized
phase speed for DIRK2 decreased in the closed interval [—0.95, 1.26] across CFL and wave
numbers (see Figure 5.7d). Further, the normalized phase speed for IMEX-FBEL1 inte-
grator decreased in the closed interval [0.15, 1], across CFL and wave numbers (see Figure
5.8¢), while the normalized phase speed for IMEX-FBE2 decreased in the closed interval
[—1.57,1.57] across CFL and wave numbers (see Figure 5.8d). Since all the intervals
contain one, then all the schemes are consistent with regards to phase speed. However,
IMEX-FBE1 has the most accurate phase speed, followed by Crank-Nicholson scheme.
IMEX-FBE1 and Crank-Nicholson schemes are unconditionally stable with regards to
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phase speed (since their intervals do not contain negative values), while IMEX-FBE2 and
DIRK2 are conditionally stable, if diffusive-destructive problems are considered.

The normalized group velocity for Crank-Nicholson integrator decreased in the closed
interval [0.1,1.01], across CFL and wave numbers (see Figure 5.7¢), while the normalized
group velocity for DIRK2 decreased in the closed interval [—1,2.51] across CFL and
wave numbers (see Figure 5.7f). Further, the normalized group velocity for IMEX-FBE1
integrator decreased in the closed interval [0.01, 1], across CFL and wave numbers (see
Figure 5.8¢), while the normalized group velocity for IMEX-FBE2 increased in the closed
interval [—0.01,0.61] across CFL and wave numbers (see Figure 5.8f). Since all the
intervals contain one, then all the schemes are consistent with regards to group velocity.
However, Crank-Nicholson has the most accurate group velocity, followed by IMEX-
FBE1 scheme. All except DIRK2 scheme, are unconditionally stable with regards to

group velocity, if diffusive-destructive problems are considered.

5.5 Numerical experiments

The exact solution for the ODE (5.3) can be expressed in terms of Peclet and wave

numbers as follows:
Z/{(KZ, tn) _ Z/{O(H)efn(inIiAQH»Pe(nAz)2f)\r), (541)

where the n'" time point is given by t" = nAt. The solutions of the recurrence relations

(5.34) and (5.38) can be written as:

U™ = Uy (1) G™

apx)

(5.42)

where Gy, is given by Gppp; in (5.37) for IMEX-FBEL or Gppgs in (5.40) for IMEX-
FBE2.

Figures 5.9 and 5.10 compare (in a spectral plane) the analytical solution and numer-
ical solutions for the 1D linear advection-diffusion reaction problem. It can be observed
from 5.9 that the Crank-Nicholson solution is more accurate than DIRK2 solution, for all

the three transport cases. Similarly, it can be observed in Figure 5.10 that IMEX-FBE1
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is more accurate than IMEX-FBEZ2, in all the three transport cases. Although numerical
schemes do not have exact dispersion-dissipation properties, the observation here shows
that Crank-Nicholson and IMEX-FBE1 schemes are more suitable for the reactive trans-

port model. These observations validate the dispersion analyses presented above.

5.5.1 Accuracy tests with 1D system

Numerical simulation of a 1D transport problem that consists of two PDEs with stiff
source terms is discussed here. Since, numerical results for the theta and DIRK2 schemes
were discussed extensively in Chapter 2, only results for the IMEX schemes are presented

here. The test example states that find U(x,t) and V(z,t) such that:

ou  ouU 0*U

ov. ouV F32_V

— +—= - K 2. 44
8t+ g 52 WV, 0<z<2rm (5.44)

Using periodic boundary conditions, the exact solution for the system (5.43)-(5.44)

is:

Uz, t) = (6_(K“+F)t + 6_(K”+F)t> cos(z — ut), (5.45)

V(z,t) = (K, — K,)e” Bt cos(z — ut). (5.46)

The input data are as follows:

=001, u=001, K,=1, K,=100, (5.47)
and the initial data are as follows:

U(z,0) = 2cos(z), (5.48)
V(z,0) = (K, — K,) cos(x). (5.49)

Figure 5.11 shows the solution and error profiles for IMEX-FBE1 and IMEX-FBE2

applied to the stiff system. It is clear that both numerical schemes are accurate and
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convergent for the stiff system. Table 5.1 shows that both schemes have the same order
of convergence. Two finite difference schemes (that are order one and have been dis-
cussed in [157]) have also been applied to solve this system. The first finite difference
scheme is derived by applying forward-differencing to the time derivatives and central
differencing to all spatial derivatives (the resulting scheme is named Euler-CD2-CD2)
and the second finite difference scheme is obtained by applying forward differencing to
the time derivatives, forward differencing to advection terms and central differencing to
diffusion terms (the resulting scheme is named Euler-UP1-CD2). Figure 5.12, shows that
the IMEX schemes are superior in accuracy to both finite difference schemes. Although,
the dispersion analysis have been performed using a single transport equation, the re-
sults in this test problem shows that the results of the analysis are not limited to single

transport equations.

5.5.2 Accuracy tests with 1D nonlinear problem

Numerical simulation of a 1D nonlinear reactive transport equation (where all the pro-
cesses including diffusion and reaction are nonlinear) is discussed here. Again, only results

for the IMEX schemes are presented here. The nonlinear transport problem states that,

find U(x,t) such that [73]:

ou  oUu 9 _oU
B + e %U% —1-0.25c0o8(2(x — t)) + U, 0<x<2m. (5.50)

With initial condition U(z,0) = 1 + 0.5sin(z) and periodic boundary conditions, the

analytical solution is:
U(xz,t) =1+ 0.5sin(z — t). (5.51)

Some computed solutions for this 1D fully nonlinear problem are displayed in Figure
5.13. The results show that the IMEX schemes (especially IMEX-FBE1) are accurate and
have better stiffness resolution capabilities than the finite difference schemes. Results for
this test problem indicate that the observations in the dispersion analysis are not limited

to only linear transport problems.
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5.5.3 Accuracy tests with 2D problems

Numerical simulation of a 2D reactive transport problem is discussed here. The goal
is to show that the observations of the dispersion analysis also apply in 2D transport
problems. The first 2D test example is a 2D version of system (5.43)-(5.44) given by [73]:

oU u<8U 8U) F(@QU 0?U

OU L w0l [OUN LU OUN p iy 0<ay<2r (552
A 8x2+8y2> N <my<om (552

T2

oV u<8V OV) _ F<82V 0*V

at\ar ) T 2\em ) TR 2. ,
ot “2\ar Tay) T2 8I2+8y2> JV, o O<zy<on (5.53)

With periodic boundary conditions, the exact solution is:
Ulz,y,t) = (e_(K“+F)t + 6_(KU+F)t> cos(x +y — ut), (5.54)

Viz,y,t) = (K, — K,)e” 5D cos(z 4+ y — ut). (5.55)

The second 2D problem is fully nonlinear and it is given by [73]:

oU U U 9 _oU o U
o H0S gy T05 = UG+ 5. Ug —U

+1.125 — 0.625cos(2(x +y — t)) + 0.25sin(2(z +y — t))

+0.5cos(x+y—1t)+2sin(x +y — 1), 0<z,y<2m. (5.56)
With periodic boundaries, the analytical solution is:
U(z,y,t) =1+ 0.5sin(x +y —1). (5.57)

The results are displayed in Figure 5.14. Both IMEX schemes are efficient in resolving
stiffness in the problem involving a system, while IMEX-FBE1 is better in the fully
nonlinear case. The results here indicate that the findings in the dispersion analysis are

not limited to 1D problems.

5.5.4 Application: environmental chemical engineering system

Numerical simulation of acidic mine eflluents are discussed here. One method for attenu-

ating the acidity in efluents is limestone neutralization. As discussed in earlier chapters,
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the stoichiometry of the acid-calcite reaction (following the discussions in [155, 11, 126,

130]) is given by:

CaCOs+ H" = Ca*" + HCO; . (5.58)
CCLCOg + HQCOg — C’a2+ + 2HCOS_, (559)
CaCO3 + HyO = Ca®" + HCOF + OH~ (5.60)

Experimental data shows that reactions (5.59) and (5.60) contribute insignificantly
compared with reaction (5.58), thus, the system reduces to reaction (5.58) which contains

the chemical species [2]:
C- (C’aCOg, H*,Ca?*, HCOg) ,

whose corresponding concentrations (i.e. current and initial) and source/sink vectors are

denoted respectively by [2]:
U= (U1,U2,U37U4>7 Uy = <U10,U207U30,U40>

and

S = (o, — KUy + KyUsUs, KUy — KyUsUs, KU — KbU3U4),

where Ky and K, denote reaction constants.
Hydrogen ions (k = 2) are responsible for acidity of the effluent water, therefore,
neutralization of the hydrogen ions implies attenuation of the pollutant. The relevant

system of semi-linear transport equations to solve for hydrogen ions is given by:

8_U N ouU F82U
ot or  Ox2

+8. (5.61)

System (5.61) has four (i.e. high) degrees of freedom thus, is computationally expen-
sive to solve since only hydrogen concentration (i.e. one degree of freedom) is required.
A reduced semi-linear equation for hydrogen ions transport (using the stoichiometric

method discussed in [3] and in Chapter 3) is given by:
8U2 3uU2 B F82U2

81,‘ + afﬁ 812 + O{H1U22 + O{HQUQ 4+ apgs, (562)
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where a1 = Ky, ags = —K;+ K, (2U20 + Uy + U30) and apz = Kb<U10 + U40> <U20 +
Ugo).

Input data used in the numerical experiments are:

Ly=2m, T=1,u=001T=001K; =013, K, =0.0025, K, =1,

Usp = 0.01 cos(x), Usg = 0.0001 cos(z), Uy = 0.0001 cos(x).

Figure 5.15 shows the solutions of IMEX-FBE1 and IMEX-FBE2 (applied to solve
both large and reduced models) in all the transport cases (i.e. advection, diffusion and
advection-diffusion cases). It can be observed that the solution of both schemes are
decreasing with time thus, reproducing the chemistry of neutralization. Moreover, Fig-
ure 5.16, shows decreasing error profile for IMEX-FBE1 and increasing error profile for
IMEX-FBE2, thus IMEX-FBEL1 is more compatible with the model reduction procedure.
Furthermore, CPU time given by Figure 5.17 shows that IMEX-FBE] is less expensive

to implement.

5.6 Chapter summary

Numerical schemes are approximations to exact solutions and can exhibit non-physical
behaviours. Analysis of numerical schemes is therefore, necessary to eliminate inaccu-
rate schemes. Global spectral analysis on theta, DIRK2 and IMEX schemes has been
performed to ascertain accurate schemes for reactive transport problems.

Global spectral analysis of linear reactive transport equation has been discussed in
Section 5.2. The spectral analysis yielded a physico-chemical dispersion relation (5.6),
from which other dispersion relations (i.e. phase speed (5.7) and group velocity (5.8))
and a well-posedness constraint (5.11) have been derived.

In Section 5.3, numerical dispersion relations (including normalized amplification fac-
tor, phase speed and group velocity) have been derived. Amplification functions for theta,
DIRK2 and IMEX schemes have been presented.

In Section 5.4, the normalized dispersion relations were used to analyse the numerical

schemes for all the three transport problems (i.e. pure diffusive, diffusive-productive and
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diffusive-destructive problems). The analyses showed that all the schemes are dispersion-
preserving, however, Crank-Nicholson and IMEX-FBE1 schemes have the best properties.

In Section 5.5, numerical experiments were conducted to validate the dispersion anal-
ysis. The results showed that the implicit and IMEX schemes are more accurate for
simulating stiff problems than some finite differencing schemes of the same order. The
numerical experiments also showed that, observations from the dispersion analysis are
not limited to single linear reactive transport problems.

Therefore, the theta, DIRK2 and IMEX schemes are dispersion preserving schemes,
but Crank-Nicholson and IMEX-FBE1 schemes have better properties and are more suit-

able for reactive transport problems.
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Figure 5.2: Contour for the physico-chemical amplification factor |G.;| of the analytical solution

for 1D linear convection-diffusion-reaction equation. The contours display the behaviour of |G|

for varying Peclet numbers in diffusive-destructive (right column) and diffusive-productive (left

column) problems.
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Figure 5.3: Contours for Crank-Nicholson and DIRK2 schemes applied in a pure diffusive 1D

linear convection-diffusion-reaction problem.
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Figure 5.4: Contours for implicit-explicit Euler schemes applied in a pure diffusive 1D linear

convection-diffusion-reaction problem.
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Figure 5.9: Crank-Nicholson and DIRK?2 solutions of the 1D linear convection-diffusion-reaction

problem, computered with P, = 0.25.
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reaction problem computed with P, = 0.25.
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Convergence test

Transport Spatial steps (N,.) IMEX-FBEL PMEXABE
Error Order | Error Order

10 4.9012 - 4.9012 -
20 2.8100 0.8026 | 2.8100 0.8026
Diffusion 40 1.4371 0.9674 | 1.4371 0.9674
80 0.7190 0.9991 | 0.7190 0.9991
160 0.3660 0.9742 | 0.3660 0.9742

10 4.8363 - 4.8757 -
20 2.7788 0.7994 | 2.7886 0.8060
Advection 40 1.4103 0.9785 | 1.4129 0.9807
80 0.7119 0.9862 | 0.7119 0.9889
160 0.3568 0.9965 | 0.3568 0.9965

10 4.9040 - 4.9436 -
20 2.8065 0.8052 | 2.8166 0.8116
Advection-diffusion 40 1.4375 0.9652 | 1.4355 0.9724
80 0.7192 0.9991 | 0.7192 0.9971
160 0.3681 0.9663 | 0.3669 0.9710

Table 5.1: Errors and orders (Lo,) of the numerical schemes applied to solve system (5.43)-
(5.44), errors were computed using analytical solution (5.46). The solutions and errors were
computed for diffusion dominated, advection dominated and semi-linear transport cases using

At = 0.5Ax.
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L. errors of the numerical schemes for diffusion transport.
Numerical solution versus analytical solution, u= 0.0, = 0.01
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Figure 5.11: Errors (Lo) and numerical solutions of the 1D stiff system (5.43)-(5.44), errors

were computed using analytical solution (5.46), computed with At = 0.5Ax.
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Numerical solution versus analytical solution.

(e) Time/all schemes

Numerical solution versus analytical solution.
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Figure 5.12: Numerical and analytical solutions for the stiff system of semi-linear transport
problem (5.43)-(5.44), computed with time step size At = 0.5Az. The IMEX schemes are

compared (in space and time) with finite difference schemes of the same order.
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Numerical solution versus analytical solution. Numerical solution versus analytical solution.
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Figure 5.13: Numerical and analytical solutions for the 1D stiff nonlinear transport problem
(5.50)-(5.51), computed with time step size At = 0.3Az. The IMEX schemes are compared (in

space and time) with finite difference schemes of the same order.

137



Analytical solution

14

12

1.0

0.8

0.6

(a) Exact solution/nonlinear 2D

problem

IMEX-FBEL solution

A@\r

14

15 12

10

-2.0 0.8

0.6

(¢) IMEX-FBE1 /nonlinear 2D prob-

lem

IMEX-FBEZ2 solution

(e) IMEX-FBE2/nonlinear 2D prob-

lem

Analytical solution 80

(b) Exact solution/stiff 2D linear
system
IMEX-FBE1 solution 80

60
40

20

(d) IMEX-FBE1 /stiff 2D linear

system
IMEX-FBEZ2 solution 80

60

40

(f) IMEX-FBE2/stiff 2D linear

system

Figure 5.14: Numerical and analytical solutions for the 2D system (5.52)-(5.53) and nonlinear

transport problem (5.56), computed with At = 0.2Ax.
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Figure 5.15: IMEX-FBE1 and IMEX-FBE2 solutions of the acid drainage system
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L. model reduction errors in diffusion transport.
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Figure 5.16: IMEX-FBE1 and IMEX-FBE2 solutions of the acid drainage system using 80

spatial steps.
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Figure 5.17: CPU time for IMEX-FBE1 and IMEX-FBE2 computed with 80 spatial steps in

the acid drainage system
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Chapter 6

Numerical simulation of reactive

Aows

6.1 Introduction

Generally, numerical simulation of reacting flows is challenging due to the presence of
stiff nonlinear reaction terms present in the models [173, 166, 158, 90, 97, 183]. Research
in the area of reacting flow simulation is not extensive, however, some progress has
been made. It has been shown in [90, 97], that numerical schemes that are unsuitable
for reacting flows show spurious oscillations due to their inability to resolve the stiff
nonlinear terms. Some numerical simulation studies of reactive flows involving scalar
advection have been discussed in [10, 30, 12], those involving advection and diffusion can
be found in [16, 24, 113] and those involving advection-diffusion-reaction can be found
in [148, 102]. In this chapter, the focus is on numerical simulation of shallow water flows
with reactive transport.

Shallow-water equations have been employed to model water flows in lakes, reser-
voirs, oceans and many other flow processes where vertical length scales are insignificant,
compared with horizontal length scales [85, 103]. Consequently, shallow water equations
have contributed significantly to understanding dangerous phenomena such as hurricanes,
dam breaks and tsunamis in the fields of oceanography, hydraulic engineering and climate

studies [85, 103].
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The homogeneous set of shallow water equations (i.e. shallow water equations with
a flat bottom topography) form a nonlinear hyperbolic system of PDEs that admit non-
smooth solutions (rarefactions, contact discontinuities and shocks) even when initial data
is smooth [85, 162] (also see discussion in Chapter 2). In general, exact solutions do not
exist for this non-linear hyperbolic problem and numerical simulation is non-trivial due
to the non-smoothness of the solution. However, several numerical schemes have been
developed and successfully used to simulate shallow water equations. Some finite volume
schemes include Godunov schemes, Lax-Wendroff, Lax-Friedrichs, and Richtmyer schemes
discussed in [100, 161, 162]. The authors in [86, 88] developed central-upwind schemes for
conservation laws with application to shallow water equations. The central-upwind and
higher orders schemes however, show oscillations near discontinuities. In general, it has
been established theoretically in [54], that linear second order schemes show oscillations
near discontinuities. However, very accurate schemes have been designed and successfully
applied to simulate the homogeneous shallow water model.

Further, the homogeneous shallow water equations are not accurate for modelling flow
processes that occur in a domain that has a non-flat bottom topography [101]. Thus, a
source term is introduced to account for the non-flat bottom topography. The resulting
non-homogeneous model is a non-linear system of PDEs called balanced laws [85, 8,
101]. A special property (called C-property) associated with balanced laws is a balance
between convective momentum fluxes and geometric source terms when the flow becomes
steady [17]. The C-property poses a constraint for some numerical schemes, however,
other numerical schemes called well-balanced schemes [8, 85, 101], satisfy the C-property.
Numerical schemes for balanced laws that are not well-balanced are highly inaccurate,
thus, efforts have been made to construct well-balanced schemes [8, 87, 99, 167, 75].
Notably, pioneering research on well balanced schemes include the works of [57, 56].
Among several techniques used to construct well balanced schemes include the quasi-
steady wave propagation technique in [99], surface gradient reconstruction in [187], source
term decomposition with Weighted Essential Non-oscillatory (WENO) reconstruction in
[177, 178, 179, 180], hydrostatic reconstruction in [8, 9] and quadrature with WENO
reconstruction in [118]. Well balanced Hermite WENO schemes have been constructed by

~

25, 128] and well balanced cell-centered schemes have been constructed in [65]. Schemes

143



that are not well balanced but are convergent can in some cases be used to simulate
(using very fine grids) however, such an approach has cost implications [85]. Further,
well-balanced schemes have been shown to resolve small perturbations at steady state
better than the non-well-balanced schemes [127, 181].

Furthermore, the water depth in shallow water model is a non-negative quantity and
must remain non-negative in time and space. However, not all schemes can guarantee the
non-negativity of the water depth, especially in problems that involve dry/wet areas in the
flow domain [8, 85, 103]. Numerical schemes for shallow water models that satisfy the non-
negativity constraint are known as positivity preserving schemes [85]. Some well balanced
positivity preserving schemes can be found in [13, 20, 23, 49]. If the non-negativity
constraint is not satisfied by a particular numerical scheme, spurious oscillations appear
in the solution.

In this chapter, shallow water equations are coupled with reactive transport equations
for modelling flow processes that involve chemical/sediment transport with reactions, in
rivers, lakes, channels and other physico-chemical systems (that satisfy the shallow water
assumption) with complex topographies in the flow domain. The resulting model is a
nonlinear set of parabolic Partial Differential Equations (PDEs) that is stiff (i.e. the
PDEs govern advective, diffusive and reactive processes where there is a wide time scale
difference in information propagation) [173, 166, 106] and have high degrees of freedom
due to many chemical species participating in several reactions. Since IMEX constructions
are efficient for resolving stiffness (as discussed in Chapters 4 and 5), conservative well-
balanced constructions can resolve complex topographies and non-smoothness issues (see
discussions in [8, 85, 101)), the stoichiometric decoupling method can reduce the degrees of
freedom (discussed in Chapters 3 and 4), second (or higher) order consistent schemes can
reduce simulation cost (as discussed in [73, 85, 63]) and finally, strong stability-preserving
schemes can significantly reduce spurious oscillations (as discussed in [63, 82]), the goal

here is to present a scheme that possesses almost all the properties listed.
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6.2 Modelling reactive flow processes

Following the discussion in Chapter 2, if a flow with reactive transport through a hor-
izontal rectangular domain €, (with non-flat bottom topography) satisfies the shallow
water assumption, then the governing equations for momentum and mass transport in

1D are given by the balance law:

0 0
5Q+ Q) =S(Q. €0.7)x (61)
Q(0.2) = Qo)

where T is final time, Q = (h, hu, hU)T", Qo = (hg, houg, Up)T", £(Q) = (hu, hu® +

Tr
Lgh?, huU)™" and S(Q) = (0, —gh2n — okl 0pou g,

For closure of the governing equations (6.1), the term S;(Q) (that quantifies sources
or sinks of the species being transported) must be defined. In sediment transport studies,
S, is a sink known as isotherm. For reactive flow problems that satisfy the law of mass
action, Sy, is a polynomial that measures either a sink or source. If the fluid is transporting
N chemical species that are engaged in M reactions, the term S;, is defined by the mass

action rate law (3.4) [173], thus:
Si(Q) = cR(Q), (6.2)

where o is a stoichiometric matrix, R(Q) = (Rl(Q), Ry(Q), ... ,RM(Q)>TT and R, (Q),
is given by (3.2) for all » = 1,2,..., M. However, the standard procedure of closure (i.e.
closure with Expressions (3.2) and (3.4)) is expensive. Thus, the stoichiometric method
(i.e. Equation (3.21)) is proposed here for closure of (6.1). Hence, S, is defined by (6.2)
with R,(Q) given by (3.21), for any index r.

A classical solution of PDE system (6.1), is any set of C'' functions Q, that satisfies
the system. Following discussions in Chapter 2 and [161, 53, 100], it is clear that the non-
linear PDE system (6.1) admits non-smooth solutions ( also known as weak solutions)
even if the initial data is smooth, thus, classical solutions do not exist for all time.

A challenge faced in simulation studies is that, weak solutions are not unique for
general nonlinear conservation laws [53, 98]. Due to the non-uniqueness, additional con-

straints known as entropy conditions must be imposed on the weak solutions to yield
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physically correct solutions [53, 98]. The entropy conditions can be imposed explicitly or
implicitly, the explicit procedures are known as shock tracking methods while the implicit
ones are known as shock capturing methods [98].

Another interesting challenge is encountered when simulating steady flows (equilib-
rium flows with asymptotic solutions have been discussed in [66]). When the flow achieves

equilibrium, the momentum and continuity equations assume the form:

0

—uh = .
a:Eu 0, (6.3)
0 /1

Thus, from ODEs (6.3) and (6.4), it is clear that the mass flux and mechanical energy
of the fluid are constant. One particular flow equilibrium of interest is the lake at rest,
where the fluid velocity vanishes. For such an equilibrium, it can be deduced from the
momentum equation (6.4) that the total depth of the fluid is constant (i.e. h+n =
constant). The challenge, therefore, is to find asymptotic solutions or shock-capturing

numerical schemes that can preserve the invariants in the steady flows.

6.3 Numerical schemes

In Section 6.3, some of the simulation challenges of the reactive flow model were high-
lighted. In this section, numerical schemes that are shock capturing, stable, at least
second order consistent in smooth regions, monotone and computationally less expensive
are presented here. Numerical schemes for conservation laws that possess the above listed
properties are known as high resolution schemes [100, 98]. Since the model under con-
sideration is a balance law, the schemes presented here must also satisfy the C-property,
thus, the challenge here is to construct well-balanced high resolution schemes that are
compatible with the stoichiometric decoupling method. Construction of the well-balanced

suitable schemes are elaborated in the following subsections.

6.3.1 Spatial discretization

Firstly, a uniform discretization of the domain into control volumes is considered, where

the i control volume has left and right interfaces denoted by z; 1, L1 respectively,
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X, “+x,
a center located at z; = # and a size denoted by Ax = Tipl = T 1. The time
interval is also discretized uniformly with step size At (i.e. t"™1 = ¢" + At where "
denotes the n' time step). Further, the averages of the unknowns Q(t,z) and source

terms S(Q), over the control volume are respectively denoted by:

Q)= [ P Qt.a)dr, and S — /x+ S(Q)da. (6.5)

Thus, integrating (6.1) over the control volume and applying (6.5) yields:

d
AﬂfaQi(t) = _(fi+ —fi_ ) +5Si, (6.6)

N

3
where f;, 1 is the value of the flux at the ¢ + § interface of the control volume. The
value of the flux is not known at the interfaces in advance, thus, must be approximated
using consistent numerical fluxes and cell center values (e.g. f; 41 = £ (Qirr, Q;) where
f"um denotes a numerical flux function). Instead of the cell center values, reconstructed
interface values can also be used (and will be used here) to approximate the flux (i.e.
fip1 = f"“m(Qﬁ L Qf+ . ), where in%, Qz'L+ L are reconstructed cell interface values). It
is an established fact that linear and piecewise constant reconstructions yield second
order and first order schemes, respectively, [161, 100, 187]. Thus, linear reconstruction is

employed to obtain slope limited values at the right and left side of the 7 + % interface,

le.:
Qﬁ% = Qit1 — 0.5A26Q,,; and QZ.L+% = Q, +0.5Az6Q;, (6.7)

where 6Q; is a gradient of the unknown that is computed from a slope limiter function.

Among many limiter functions, the minmod limiter function of [187] is considered here,

l.e.:
0Q; = max(0, min(a;, b;)), (6.8)
where
0 = Qi1 —Q; and b — Qi —Qix
! Az ! Axr

It is clear from (6.7) that if the gradients 6Q; and 0Q;; assume zero values, the recon-

struction becomes piecewise constant and the values of Qﬁ , and QiL—i- , are simply the cell
2 2
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center values. Henceforth, schemes that result from linear reconstruction will be referred
to as minmod schemes and those that result from piecewise constant reconstruction will
be referred to as upwind schemes.

Furthermore, motivated by the work in [8], hydrostatic reconstruction is applied and
non-negativity constraints are imposed on the water depth after the limiter reconstruction
(6.7). Consequently, the interface values for the fluid velocity and species concentration
are given by (6.7), however, the water depth is given by:

+ R R - L L
h+l—max(0h 1+77¢+%_77z‘+§) and hi+%—maX(O,hH%-I—nH%—nH%), (6.9)

where 7, 1= maX(nﬁr 1, nfJr ;). Thus, the interface values of the conserved variables (for
2 2
evaluating the numerical flux) are given by:
+ + ot + 1R T - _(p— - L \Tr
Qi+2 (R 1,h+%u 1,h UH%) and Qi+%_(hi+%’hi+§ Z+1,h UZ+2) .

(6.10)

6.3.2 Numerical fluxes and wave speed estimates

Given the reconstructed interface values Q:r 1 and Q;L 1 in (6.7), another task in the
spatial discretization is to find consistent numerical fluxes. In this section, Godunov’s
procedure (that involves solving a local Riemann problem and applying the solution to
compute the fluxes) is used to derive the fluxes for the reactive shallow water flow problem
under consideration.

Firstly, consider a Riemann problem of the homogeneous part of the reactive flow

model (6.1) given by:

0 9,
a_? +B(Q) =0, in [on,2,] x [0,7),
(6.11)
f 0,
Q. 0) = Qz) — Q, forz<
Qr forxz > 0.

It was shown in Chapter 2, that the similarity solution to the Riemann problem

consists of three states (denoted by Qr, Q.r, Q«r and Qg) that are separated by three
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waves (with speeds denoted by S, S, and Sg ), i.e.:

(

QL lf z S SL7

Q(I) _ Q.r ?f Sp <7 <8, (6.12)

Thus, applying (6.12) to evaluate the natural flux f, (defined in (6.1)) yields the

Godunov’s flux:

f(Qr) if 0< 5y,

f(Q. if S Sk,
fhzzc<Q<§ _ O)) _ (Q.r) if Sp <0< (6.13)

\f(QR) it 0> Sg.
However, application of the Godunov’s procedure using an exact Riemann solver is ex-
pensive. Thus, we present an approximate Godunov flux (known as HLLC flux [161]) for
the reactive shallow water flow model, that is less expensive.

The wave speeds can be estimated directly or indirectly by a depth average approach
[161, 100]. In [36], direct estimates for the fastest and slowest signal speeds are provided
for the purpose of simulating the Euler equations in gas dynamics. For the shallow water

flow problem under consideration, similar estimates are given by [161]:
SL:UL—CL, SRZUR+CR, (614)

and

S, = min(ug — cp,ug — cr), Sr = max(ug + cp,ug + cgr), (6.15)

where ¢y, and cp are the left and right celerities defined in Chapter 2. We refer to estimates
(6.14) and (6.15) as Davis estimates. Further, in [36, 41] Roe averaged quantities are
proposed for the purpose of computing the fastest and slowest signals (in the Euler

Equations). A similar estimate for the model under consideration is given by:

SL:ﬁ—é and SR:'&—FE (616)

149



where
AV hLuL + v hRuR
Vhr ++vVhg

We refer to estimates (6.16) and (6.17) as Roe estimates. In [67], the depth estimate

i= and ¢ = g(hL + hp). (6.17)

approach has been used to estimate the wave speeds. If the intermediate fluid depth h,,

is known, the fastest and slowest signal speeds are computed using:
Si, =ur —cqr, SR = UR + CRQR, (6.18)

where for index k = L, R :

1 (h*+hk) 1
Shy=5E0 if hy > hy,
G = 2T N (6.19)

1 if h, < hy.
In addition to the estimates for the fastest and slowest wave speeds, the speed of the
middle contact wave must also be estimated. The intermediate depth and contact wave

speed are taken as follows [67]:

1 cr +c
S, = §(uL +ug) — (hg — hz) hi - hf; (6.20)
and
1 1 hr +h
hy = =(hg + hg) — ~(ug — up) ——2 (6.21)

2 4
We refer to estimates (6.20) and (6.21) as depth estimates. Given the estimates for the

CL—|—CR

wave speeds, we can then reformulate the Riemann problem (6.11) into a form, suitable

for further discussions.

Proposition 6.1 (Consistency formulation). Assuming that the wave speed S, < Sy <
Sk are defined and that the intermediate state variables are defined by the integral aver-
ages:
1 TS. 1 TSk
Q= T(S. = S1) Jrs, Qe T)dz,  Que = T(Sr — S.) Jrs.
then the integral formulation of the Riemann problem (6.11) yields:

S, —Sp Sk — S _ SrQr —S:Qr + L —fr

where £, = £(Qr) and fr = f(Qr).

Q(z,T)dx  (6.22)

(6.23)
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Proof. Firstly the integral formulation of the Riemann problem (6.11) is given by:

T

/%m%nmszm%wm+ﬂf@@mmw- £(Q(x,,1))dt

0

=2,Qr — 1,Qr + T(fr, — fr), (6.24)

where f;, = £(Qr) and fp = £f(Qg). However, at any chosen final time 7', the distances

covered by the waves satisfy the following inequalities:

Thus, by using (6.25), the integral of the function Q(x,t) evaluated at the final time

T, is given by:

Ty TSy, TS« TSgr Ty
/ Q(x, T)dx = Q(x, T)dx + Q(z, T)dx + Q(z, T)dx + Q(z, T)dx,
Ty Ty TSL TS* TSR
TS« TSk
— [ Q@D+ [ QT
TSy, TSk«
+ (TSL — $1)QL + (il?r — TSR)QR (626)

Applying integral expression (6.24) in (6.26) and simplifying the result yields:

TS« TSk
Q(iB, T)d$ -+ Q(ﬂ?, T)dl' = T(SRQR — SLQL + fL — fR) (627)
TSy, TS«

Dividing through by the distance T'(Sr — S1) between the fastest and slowest signals
yields [161]:

1 TS 1 Ton SrQr —S5.Qr + L —fg

e r,T)dr + ———— x,T)dx = :
T(r =50 Jrs, ¥ TG =5, Jrs, K0T S~ 5

(6.28)

Applying the integral averages (6.22) in (6.28) yields the desired results. O

Proposition 6.2 (Sufficient condition for consistency). Given the wave speeds S <
S, < Sg, Rankine-Hugoniot jump conditions are sufficient for consistency ( i.e. satisfy

Proposition 6.1) and the intermediate state variables are given by (for index k = L, R):

hi(ug, — Sk) hi(ugp — Sk) Sk P (g, — Sk)Uk
h* = T 5 A h* xk — y h* U* - .
L S A Rtk S, — S Rk S, — S

(6.29)
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Proof. By applying Rankine-Hugoniot jump conditions across the three waves moving

with speeds Sp, S, and Sg yields [100, 161]:

for —fL = 50(Qu — Qr), (6.30)
f*R - f*L - S*(Q*R - Q*L)7 (631)
f*R - fR = SR(Q*R - QR)a (632)

where f,; and f,g are fluxes corresponding to the intermediate state variables f,;, and f,g
respectively.
Rearranging terms in (6.30) and (6.32) yield expressions for the left and right inter-

mediate fluxes:

for = £ + S0(Q.r — Qr), (6.33)
f*R - fR + SR(Q*R - QR) (634)

Substituting the flux expressions (6.33) and (6.34) in the jump condition (6.31) and

manipulating algebraically yields :

(Sy —S)Qur + (Sr — S4)Qur = SrRQr — SLQr + fL — {5, (6.35)

which is identical to the consistency condition (6.23). Furthermore, expressions for the
intermediate states Q. and Q. can be determined from the intermediate flux expres-
sions (6.33)-(6.34). For the index k = L, R, the intermediate fluxes can be expressed as

follows:
f.=1. + Sk:(Q*k: — Qk), k=1L,R. (636)

Thus, from the general flux expressions (6.36), the intermediate fluxes for the reactive

shallow water model under consideration become:

kU, = hpuy + Sk(h*k - hk), (637)
1 1
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Since the middle wave is a contact wave, the fluid velocity must be equal to speed of the
contact wave. Consequently, substituting u.; = S, into (6.37) - (6.39) and manipulating

algebraically yields (6.29). O

Therefore, by employing Proposition 6.2, a consistent approximate HLLC flux is ob-
tained as follows:
f, if 05,
f.p it S, <0<S,,

fhile — (6.40)
f*R if S* S 0 S SRa

frif 0> Sk

where f; = f(QL>, fp = f<QR> and f,p, f,g are defined as in (6.33) and (6.34).

Furthermore, if the middle contact wave S, is ignored and arguments similar to those
used to obtain the HLLC flux (6.40) are made, another approximate Godunov flux known
as HLL flux (denoted ") is obtained. Given the wave speeds S; < Sg, then the HLL
flux states that:

;

fL it 0 S SL7

hll __ SrfL—SLfr+SLSR|QR—Q .

o § stsinsn(an@) g, <o <, an
£ it 0> S

\
However, the presence of positive wave speeds in a Riemann problem can further simplify
the fluxes. Let S, be a positive wave in the Riemann problem, then by setting S;, = —95,

and Sp = S,, the HLL flux (6.41) simplifies to:

frus — %(fL + fR) - %sa (QR . QL> (6.42)

known as Rusanov flux [161]. Among several estimates for the positive wave speed, we

consider:
Sa = max(|uL| +cr, |UR| + CR) (643)

(named RuDa estimate) in subsequent discussions. The relationship between wave speed

estimates and numerical fluxes will also be discussed in subsequent sections.
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6.3.3 Source term discretization and well-balancing

In a frictionless steady flow the advective flux balances the topography term in the mo-
mentum equation. Specifically, under frictionless quiescent flow conditions (i.e. u = 0

and h 4+ n = H = constant) the momentum equation states that:
d 1 0
_<_gh2> — _gnl (6.44)

Thus, integrating (6.44) over the control volume (z;_ 1Ty %) yields the discretized

topography term, i.e.:

Iﬁr% 877 1 B 9 )
/ —ghggde = g9(0,) = (0,)7). (6.45)

Moreover, the integral of the friction term is approximated as follows [85]:

Tivd ng|u’u 9 2h; 3
~ gC2A ( ) . 6.46
/z s I A hax (k2 0) i (6.46)

=3

The chemical diffusion derivatives at the control volume interfaces are discretized using
forward differencing, thus:
ou U, — U, ou U, -U,,
— ~——— and | — N ——. 6.47
<8x>.+1 Az o (83:).1 Ax (6.47)

Therefore, from (6.45), (6.46) and (6.47) the discretized source term in (6.6) is given by:

0
7
_ N2 2 o, 3
S, = 39 <(hz'+é) —(h2y) ) —gcmx(mm(hio)) sl (6.48)
iy By | Ty Fivh
| & Uit — (W + as >Uz‘ + 3 Uin + 828, (Ui) |

Proposition 6.3 (C-property preservation). The semi-discrete scheme (6.6) (with nu-

merical flux defined as £, 1 = fms(Q;;;,Q;L;) or fi1 = fh”C(Q;;l,Qf ) and with
2 2 2

i+

D=

interface values Q:;l, Qz‘_+l defined in (6.10)) preserves the C-property.
2 2

Proof. A well-balanced or a C-property preserving scheme is one that preserves the flux-
topography balance under frictionless quiescent flow conditions. Let Li(Qi(t)) denote

the right hand side of the momentum component of the semi-discrete scheme (6.6), then:

Li(Qi(t)) = — (fi+% - f‘_%> + %9((}1;1)2 - (h:__l)2>

hi + max(h?, 0)

- gC’QAx( |wi|u, (6.49)
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where fi+% = frs( L%,Q;%) or fi1 = fh”C(Q;;%,Q;F%) and the natural flux of

momentum is given by:

f(Q) = hu® + %ghQ- (6.50)

The manning coefficient C' in (6.49) vanishes in a frictionless flow, thus, the last term in

(6.49) vanishes, yielding:

1 N 2
Li( Qi) == (firy = fios) + 59((0)" = (0,)"). (6.51)
Thus, to prove Proposition 6.3 we show that (6.51) vanishes under quiescent flow condi-
tions. However, under the quiescent conditions, uﬁr 1 = Uﬁ; = uiL_l = uﬁ , =u; =0,
2 2 2 2

evaluating and exploiting the continuity/consistency properties of the numerical fluxes

yields:
TUS - 1 - 2 C — 1 - 2
fi-i—% =f (Q;:_%»QH_%) = ég(hz#%) and fz—i—% = fh” (Q;:_%:QH_%) = §g(hi+%) .
(6.52)
Similarly,
1 2 1 2
__ grus + + _ - + __ rhllc + — _ - +
(6.53)
Hence, substituting (6.52) and (6.53) into (6.51) completes the proof. O

6.3.4 Temporal discretization

Strong stability preserving (SSP) time marching schemes (also known as Total Varia-
tion Diminishing or monotonicity preserving schemes have been shown to be robust in
simulating stiff problems in Astrophysics [83, 123, 63]. Since the current model has char-
acteristics similar to the Astrophysical models, we present strong stability preserving
schemes here, to march the semi-discrete scheme (6.6).

Further, due to the presence of stiff terms (e.g. chemical reactions and diffusion) in
the current model, the semi-discrete scheme (6.6) is first split into the flow part (non-stiff

part) and the chemical transport/reaction part (the stiff part). Let W = (h,uh)’", then
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the semi-discrete scheme (6.6) is split as follows:

SWi(0) = L (Wi(0) (6:54)
SUL(1) = L(U(0) + Li(U4(1), (6:55)

where Q = (W, U)". The slope functions L;(Q;(t)), Lg(Q;(t)) are respectively the stiff
and non-stiff parts of the chemical transport components and Ly (Q;(t)) is the flow

components of the slope function:

L(Qi(1) =~ (£

Furthermore, since the flow component of the reactive shallow water model is non-

_ fi_%> +S,. (6.56)

1
2

stiff, we apply the third order, two-stage strong stability preserving scheme of [74] to the

semi-discrete scheme (6.54). Consequently, the scheme is stated as follows:

W! = W? + AtLy (W?)

1 1
W? = EW? + ZW} ot AtLy (W)
1 2 1
W = SW 4 SWE o+ AlLy (W) (6.57)

where At is the time step, WI' = W, ("), W't = W,(#" + At) and t" denotes the
nt" time. Moreover, since the chemical transport components of the model contain stiff
and non-stiff terms, we apply the Implicit-Explicit (IMEX) Runge-Kutta scheme of [63,
83, 123] (that is second order consistent, A(7)-stable and strong stability preserving)
on the semi-discrete scheme (6.55). Consequently, with the parameter v = 1 — \/Li’ the
SSP-IMEX scheme is expressed as follows:

U} = U + AtL;(U})
U? = U + AtLg(U}) + (1 — 29)AtL;(U}) + yAtL(U?)
UMt =107 + %At(LE(U}) + Lp(U?) + L;(U}) + LI(U§)>. (6.58)
Since Scheme (6.58) is second order and Scheme (6.57) is third order, the final time-
marching scheme is second order. However, the complete scheme (including both spatial
and temporal parts) is second order if the Minmod limiter is used in the spatial discretiza-

tion, but reduces to first order if piecewise constants are used instead. The accuracy of

the numerical schemes will be verified in Section 6.4.
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6.4 Numerical experiments

Numerical experiments are conducted in this Section 6.4 to verify the numerical scheme
that has been presented in previous sections. The nonlinear equations that involve root-

finding are solved using Newton-Raphson’s method. Experiments are conducted under

the CFL condition:

A

<1. .
X < (6.59)

max(sup |Sg|, sup |SL|)

The accuracy of the scheme will be verified with two benchmark problems that involve
flat and non-flat bottom topographies (specifically, dam break and tidal flow problems).
Compatibility with the stoichiometric decoupling method will be assessed using the acid

drainage and neutralization problem.

6.4.1 Shallow water flow experiments

Firstly, the accuracy of the scheme is assessed using a flat bottom topography dam break
problem. The bench mark is composed of two water columns of different depths that are
separated by a dam. Denoting the water depths of the two water columns by h; and hg
(with h; > hg), if the dam is positioned at the origin, the initial dam break problem
states that [38]:

hy for z <0,
hu(xz,0) =0 and h(z,0)= : (6.60)

hr for z > 0.
where hy > hr > 0. If the right column depth hg is vanishes, the benchmark is referred to
as Dry bed dam break problem, otherwise, it is referred to as Wet bed dam break problem
[38, 112]. Initially (i.e. at time ¢ = 0), the dam is broken and the water upstream flows
downstream. The analytical profile of the dry dam problem is given by [112]:

(
hr, for 7 <0,
hiw,t) = 4 & (Vghy — £)° for —/ghy < ¢ < 2/ghr, (6.61)
0 for £ > 2v/ghr.
\
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o

for 7 <0,
u(x,t) = %(\/ghL + %) for —+/ghr < < 2+/ghy, (6.62)
for ¥ > 2v/ghr.

e}

0
The numerical challenge associated with the dry bed dam break problem is how to capture
(without oscillations) the singularity that occurs at the transition point between the wet
and dry zone [38]. The current Scheme (6.57) was applied to the dry bed dam break
problem, using hy, =2, T'=0.1, C' =0, g = 9.8 and cells N, = 750 cells in the domain
[—5,5]. Figures 6.1a and 6.1b show results for the upwind and Minmod schemes. It is
clear from the results that the current schemes are non-oscillatory even at the points of
transition.

Secondly, the solution to the wet bed dam break problem consists of a shock wave
propagating downstream and a rarefaction propagating upstream [38, 112]. The challenge
for numerical schemes therefore, is to capture the shocks and transition points without
oscillations. Scheme (6.57) was applied to the dry bed dam break problem, using h; =
2, hg =0.7, T=10.51, C =0 and N, = 750 in the same domain. The reference solution
(representing the analytical solution) was computed with a fine grid (7000 cells using the
upwind scheme). Figures 6.1c and 6.1d show results for the upwind and Minmod schemes
in the wet bed dam break problem. It can be observed that the rarefaction and shock
have been accurately captured without oscillations at the points of transition.

Thirdly, the schemes are tested on a tidal wave flow problem that involves a non-flat

bottom topography. The initial condition is given by [101]:

uh(z,t) =0 and h(x,t) =60.5 —n(x), (6.63)

T Lo

where n(x) = 10+ 2% + 10sin (71'(40—:6 - %)) and L, = 14000. With boundary conditions
given by:

i1
36,400 T 5)) and hu(Le,t) =0, (6.64)

h(0,t) = 64.5 — 4sin <7r<
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the asymptotic solution is given by [101]:

h(z,t) = 64.5 —n(z) — 4sin <7T<86,44tl()0 + %)) (6.65)
uh(@;1) = % cos (W(86,44tl00 * %)) (6.66)

Simulation studies were conducted on the tidal wave problem using Scheme (6.57) in the
domain [0, 14000] using N, = 150 grid cells for a period T' = 7552.13. Figures 6.1e and
6.1f show results for the upwind and Minmod discretizations. The depth profiles are free
from oscillations and mimic the analytical solution well.

Furthermore, the accuracy of the schemes did not vary significantly across numerical
fluxes, if chosen wave speed estimates are appropriate for the chosen numerical flux.
Figure 6.2 shows that Davies’ estimates (i.e. (6.14) and (6.15)), Roe’s estimates (i.e.
(6.16) and (6.17)) and RuDa estimates (i.e. (6.43)) are compatible with the Rusanov
flux while depth estimates (i.e. (6.20) and (6.21)) are compatible with the HLLC flux.
Further, the error profiles of the schemes have been computed using the dry bed dam
break problem, Figures 6.3e and 6.3f depict the results. The error profiles are decreasing
monotonically with increasing grid cells. Further, Table 6.1 shows that the schemes

converge in the expected orders.

6.4.2 Chemical reaction experiments

In this section, experiments are conducted to verify the suitability of the schemes for
simulating reactions that occur within shallow water flow problems. The efficiency of
the schemes are verified based on stiffness-resolving ability and compatibility with the
stoichiometric decoupling method.

In Section 5.5 of Chapter 5, stiff problems (involving Darcy flow and reactive trans-
port) have been used to assess the accuracy of the schemes presented in that chapter.
Here, the strong stability preserving IMEX Scheme (6.58) is tested using the stiff Sys-
tem (5.43) and the 1D nonlinear transport bench mark (5.50) of that section. Figure
6.3 shows the concentration profiles in both Darcy and shallow water flow environments.
It clear that the results are accurate and non-oscillatory. Particularly, Figures 6.3a and

6.3c show that the SSP-IMEX Scheme (6.58) can resolve stiffness very well. Figures 6.3b
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Convergence test

Benchmark Spatial steps (V) Upwind Minmod

Error Order | Error Order

80 0.3472 - 0.3057 -
Dam 160 0.1640 1.0823 | 0.0719 2.0885
break 320 0.0860 0.9315 | 0.0185 1.9589
640 0.0354 1.2809 | 0.0046 2.0082
1280 0.0176 1.0083 | 0.0011 2.0646

50 0.2299 - 0.1472 -
Tidal 100 0.0994 1.2100 | 0.0306 2.2667
wave 200 0.0464 1.0993 | 0.0075 2.0290
flow 400 0.0231 1.0065 | 0.0019 1.9813
800 0.0114 1.0191 | 0.0005 1.9264

Table 6.1: Errors (L) and orders of the Upwind and Minmod schemes, computed using the

tidal wave flow and dry bed dam break problem.

and 6.3d display shocks that developed as a consequence of the nonlinear hyperbolicity
of the reactive shallow water model. Although, the initial concentration profiles were
smooth, the final concentration profiles involved shocks and transition points that have
been captured by the proposed scheme.

In Sections 4.5 and 5.5, the acid drainage and neutralization (in a Darcy flow environ-
ment) bench mark has been used to test numerical schemes on their compatibility with
the stoichiometric decoupling method. Here, we couple the shallow water flow model with
the original large chemical transport model (5.61) (resulting model has seven degrees of
freedom) and with the stoichiometrically reduced model 5.62 (resulting model has three
degrees of freedom) and use to assess the schemes proposed. The large model that uses
Gauss-Jacobi decoupling is the reference model for measuring the accuracy of the stoi-
chiometrically reduced model. Figure 6.4 shows some results when Schemes (6.57) and
(6.58) were applied to the resulting models (i.e. reduced model with three degrees of

freedom and large model with seven degrees of freedom). The velocity profiles 6.4a and
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6.4b show that the proposed scheme is accurate. The concentration profiles in Figures
6.4c-6.4f show that the stoichiometrically reduced model is accurate in time and space.
Further, the model reduction (decoupling) error profiles are given in Table 6.2 and in
Figures 6.5a-6.5b. The error (values are 10™® smaller than shown) oscillates in the L,
norm but has an upper bound of 9.7F — 8. However, the model reduction error diverges

in the Ly norm (the error values are 10~7 smaller).

Decoupling errors

Grid cells (N,) Minmod scheme Upwind scheme
RS -1z ] Il -1l

100 9.5109 5.0283 | 9.5473 5.0475

200 9.2742 6.9393 | 9.2926 6.9538

300 9.5180 8.7279 | 9.5270 8.7386

400 9.3815 9.9360 | 9.3847 9.9430

500 9.5026 11.2557 | 9.5026 11.2607

600 9.5826 12.4368 | 9.5807 12.4404

700 9.4939 13.3100 | 9.4908 13.3122

800 9.5545 14.3221 | 9.5505 14.3234

900 9.6015 15.2676 | 9.5969 15.2682

1000 9.5372 15.9862 | 9.5371 16.1558

Table 6.2: Model decoupling errors of Scheme (6.57), computed across norms and spatial steps.

The error values in this table are 10~ smaller than shown.

Further, experiments on simulation cost have also been conducted using the large
and reduced shallow water model. The CPU time and CPU time differences have been
measured for both models and the results are displayed in Figures 6.5¢-6.5f. It is clear
from the results that it is less expensive to simulate the stoichiometrically reduced model
with three degrees of freedom than to simulate the original large model with seven degrees
of freedom. Since the errors in Table 6.2 and in Figures 6.5a-6.5b are negligible, it can
be concluded that, the combined stoichiometric decoupling method and the proposed

schemes are efficient for simulating reactive shallow water flows.
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6.5 Chapter summary

The presence of shocks, high degrees of freedom, stiffness and non-flat bottom topogra-
phies in reactive shallow water flow problems make numerical simulation of such problems
challenging. The goal of this chapter includes the construction of a high resolution well-
balanced scheme that is compatible with the stoichiometric decoupling method presented
in Chapter 3.

In Section 6.1, a review of research conducted in the broad area of reactive flows has
been presented. The review reveals that shallow water equations have a broad area of
application and therefore, a lot of studies have been conducted on shallow water equation.
The review also outlined some simulation studies conducted on conservation laws, and
some techniques for developing well-balanced numerical schemes for balanced laws.

In Section 6.2, a model for flows with reactive transport processes that satisfy the
shallow water principle has been presented, and some of the simulation challenges have
been outlined.

In Section 6.3, numerical schemes for the reactive shallow water flow model has been
constructed. Numerical fluxes and wave speed estimates have been provided and the
schemes have been shown to preserve C-property. Strong stability preserving time-
marching schemes have been used to discretize the semi-discrete scheme.

In Section 6.4, numerical experiments have been conducted to verify the schemes. The
results show that the proposed numerical schemes are shock-capturing, stiffness-resolving,
well-balanced and are compatible with the stoichiometric method.

Therefore, the combination of the present schemes and the stoichiometric decoupling

method provides an efficient tool for simulating reactive shallow water flow problems.
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Dry dam break, upwind reconstruction, T=0.1, Nx= 750

Dry dam break, minmod reconstruction, T=0.1, Nx =750
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Figure 6.1: Numerical and analytical solutions for the dry and wet dam break problems, where
T = 0.1, and N, = 750. The left and right columns display results for dry and wet dam break

problems, respectively.
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Dry dam break, upwind reconstruction, T=0.1, Nx= 750
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Figure 6.2: Numerical and analytical solutions for the dry dam break problem, computed with

different wave estimates and fluxes. The left and right columns display results for Rusanov and

HLLC

fluxes, respectively.
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Steady flow with reaction, u=1, =0.0001 Dry dam break with reaction, minmod reconstruction, T=0.1, Nx = 700
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Figure 6.3: Concentration profiles in single and stiff systems of reactions that occur in shallow
water flow and Darcy flow environments. The errors (max and L) of the numerical scheme

were computed using the analytical solution of the dry dam problem.
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Wet dam break, upwind reconstruction, T=0.1, Ny =750

2.0

[
w
L

Velocity uh(x, t)

o
w
L

0.04

—— Reference solution
—+— Numerical solution

[

g

-2 0 2 4
Distance x

(a) Upwind/flow rate.

0.025 A

0.020 1

0.015 4

0.010 4

0.005 -

0.000 1

H* concentration

—0.005 +

—0.010 o

—— Reduced model
® Large model

Distance x

(¢) Upwind/concentration/distance.

0.0100

0.0095 4

0.0090

0.0085

0.0080

0.0075

H* concentration

0.0070

0.0065 -

—— Reduced model
® Large model

0.04 0.06
Time t

0.00 0.02 0.08 0.10

(e) Upwind/concentration/time.

H* concentration

H* concentration

Velocity uh(x, t)

Wet dam break, minnmod reconstruction, T=0.1, Nx= 750

2.0

=
(]
L

=
o
L

=4
wn
L

0.0 4

—— Reference solution
—+— Numerical solution

-2 ]
Distance x

(b) Minmod/flow rate.

0.025

0.020

0.015 4

0.010 1

0.005 -

0.000 -

—0.005

—0.010 4

—— Reduced model
® Large model

Distance x

(d) Minmod/concentration/distance.

0.0100 -

0.0095 4

0.0090

0.0085

0.0080

0.0075

0.0070 -

0.0065 -

—— Reduced model
® Large model

0.04 0.06 0.10

Time t

0.00 0.02 0.08

(f) Minmod/concentration/time.

Figure 6.4: Flow rates and concentration profiles in a reactive wet dam break problem involving

acid neutralization. The profiles were obtained by using both upwind and minmod reconstruc-

tions.
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Figure 6.5: Model reduction errors, CPU time and CPU time differences of the Stoichiometri-

cally decoupled model (reduced model) and Gauss Jacobi decoupled model (large model).
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Chapter 7

Conclusion and future studies

Numerical simulation of chemical phenomena has been discussed in this thesis. Due to
the presence of many species in chemical systems, that participate in a complex net-
work of chemical reactions, mathematical modelling often result in models that have
high degrees of freedom and possess certain properties (i.e. stiffness, positivity, conserva-
tivity, dissipation/dispersion properties, C-property, shocks etc) that must be preserved
or captured in simulations. While the high degrees of freedom makes numerical simula-
tion expensive, the properties of resulting models pose as constraints for some numerical
schemes. The challenge therefore, is to develop efficient procedures (i.e. accurate and less
expensive procedures) for simulating chemical phenomena. The goal of this thesis was to
develop efficient solution procedures by combining model decoupling/reduction methods
with compatible accurate numerical schemes, for the purpose of simulating the kinetics
of chemical reactions.

Moreover, the simulation challenge has been tackled in three parts which include
simulation of: ODEs (that model well-mixed chemical systems that depend on time
only) parabolic PDEs (that models reactive transport systems or poorly-mixed chemical
systems that depend on space and time) and hyperbolic PDEs (that models flow and
reactive transport processes). In Chapter 2, the reactive shallow water model has been
derived and analysed to establish nonlinear effects such as shocks, rarefactions and dis-
continuities. In Chapter 3, modelling and simulation of chemical kinetics (i.e. the ODE
part) has been discussed. Model decoupling methods and compatible accurate numerical

schemes (that satisfy stiffness, positivity and conservativity constraints) have been dis-
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cussed. Numerical simulation of the parabolic part has been discussed in Chapters 4-5.
Numerical schemes for the parabolic part have been shown to resolve stiffness, preserve
dissipation/dispersion properties and are compatible with the model decoupling method.
Shock-capturing, well-balanced schemes have been discussed in Chapter 6, for simulating
reactive shallow water problems.

While the presented numerical schemes can resolve stiffness and other constraints
(thus, are accurate), the stoichiometric decoupling method can significantly reduce the
degrees of freedom. A combination of the schemes and the stoichiometric method, there-
fore, provides an efficient tool for simulating chemical phenomena.

In further studies, we will explore the stoichiometric method to establish its limita-
tions. Throughout the study, the solution procedures have not converged to the expected
orders in the Ly norm, we will investigate this unsual behaviour in future studies. Other
model decoupling/reduction algorithms will be developed based on graph theory for sim-
ulating chemical phenomena. Further studies will also go into the construction of more
accurate well-balanced high resolution schemes for reactive shallow water flow problems.

However, the main contribution of this thesis include the discussion on the stoichio-
metric decoupling method, discussion involving dissipation-dispersion properties of nu-
merical schemes and the construction of well-balanced high resolution schemes for reactive

flow problems.
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