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Abstract

The goal of this master’s research has been to ascertain whether Kerr/CFT corre-

spondence techniques can be applied to black rings to better understand their CFT

duals. Our efforts were largely focused on the hidden conformal symmetry of the

Kerr black hole and how this approach can be applied and matched to black ring

solutions. To this end, we show that the Kerr black hole hidden conformal symme-

try technique for extremal black holes can be applied to a U(1)3 supersymmetric

black ring and the extremal double rotating black ring solutions. This allows us

to determine the microscopic temperature of the left moving sector. To confirm

our result, we compare our computation for the microscopic entropy (using the

Cardy formula) to those obtained either through Bekenstein-Hawking formula or

the asymptotic symmetry group approach.
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1

Introduction

1.1 General Relativity : An overview

General relativity is arguably one of the most successful theories of modern theoretical physics.

Its predictions have been confirmed by numerous astrophysical observations. One of its most

fundamental predictions is the existence of gravitational singularities. These singularities are

often referred to as black holes and can be loosely defined as a region of spacetime where a

solution to Einstein field equations approaches infinity. Black holes have been observed in

our universe as we experience it, and this makes them interesting to study from a theoretical

perspective.

The first black hole solution to Einstein’s equations was constructed by Karl Schwarzschild in

1916. The solution represents a spherically symmetric geometry of empty spacetime outside a

massive object [1]. The Schwarzschild metric is:

ds2 = −
(

1− 2Gm

r

)
dt2 +

(
1− 2Gm

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2). (1.1)

Where m is the mass of the black hole. The event horizon is located at r = 2m [2, 3, 1]. G

is the Newton gravitational constant. At r = 0 and r = 2Gm we have a singularity. The

singularity at r = 2Gm is coordinate dependent and can be done away with an appropriate

change in coordinates. The event horizon in the context of black holes is a region of spacetime

beyond which light cannot escape as a result of the mass of the black hole.

Following the Schwarzschild solution there was another black hole solution to Einstein’s field

equations put forward by Hans Reissner, Gunnar Nordstrom (Reissner-Nordstrom). Reissner

published his paper in 1916 and Nordstrom two years later, in 1918. Their solution is a

representation of spacetime outside a spherically symmetric charged body with electric charge.

This body however, does not have spin or a magnetic dipole [1, 4, 5].

Almost half a century later, in 1963, Roy Kerr constructed another black hole solution to

Einstein’s field equations. Unlike the Schwarzschild solution which is premised on a static coor-

dinate system and predicted the existence of a static black hole, the Kerr solution is premised

on a rotating (but stationary) coordinate system, resulting in the prediction of a rotating black
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hole. The Kerr geometry and black hole forms the backbone of our research and will be dis-

cussed in more detail in the next chapter. What makes the Kerr solution (and the Schwarzschild

one) particularly interesting to study, is that their existence has been confirmed through astro-

physical and cosmological observations[6].

It took almost another 20 years (1986) for another black hole solution to Einstein’s field equa-

tions to be constructed. This time it was by the duo, Malcolm Perry and Robert Myers. Unlike

Schwarzschild’s and Kerr’s solution, their solution did not “live” in the 4 dimensions of space-

time, it existed in d ≥ 5 dimensions. Their solutions came after theories like String theory,

Super-Symmetry (SUSY) and Super-gravity (SUGRA) had been studied for years. These the-

ories have largely been studied in higher dimensional spacetime. Following the discovery of

their 5D black hole solution the authors of [7] conjectured the existence of non-spherical black

objects. One of the predicted non-spherical objects is a black ring, a black object with S1×S2

topology.

Fortunately we did not have to wait too long for a non-spherical black hole solution to Einstein’s

equations to be constructed. The first black ring solution was constructed in 2001 by Roberto

Emparan et al [8]. In 2003 the first super-symmetric black ring solution was constructed, and

since then there has been numerous black ring solutions constructed, both super-symmetric

and non-super-symmetric [9]. As this work is dedicated to the application of the Kerr/CFT

correspondence to black ring solutions, we also dedicated a chapter to the review of black ring

solutions (chapter 3).

As one can infer from the sporadic discovery of exact black hole solutions to Einstein’s equations,

the differential equations making up Einstein’s field equations are far from trivial. However this

is not the only challenge associated with general relativity. One of the long standing unresolved

problems in high energy theoretical physics is how general relativity can be reconciled with

quantum mechanics. Both general relativity and quantum field theory have proven extremely

successful theories independently, however, general relativity breaks down at the “quantum”

scale. We will park the discussion on the lack of congruence between general relativity and

quantum mechanics and return to it in section 1.3. We will now look at general relativity in

higher dimensions.

1.2 General Relativity in Higher Dimensions

As we have seen, general relativity at higher dimensions presents a number of interesting theo-

retical phenomena. We’ve already touched on one of these phenomena in the context of black

objects, i.e. the black ring. A natural question one might ask, is whether the physics in d > 4

is different from the physics in our “normal” d = 4 dimensions of spacetime? The answer to

this question is a resounding yes. One of the reasons for this difference is attributed to the

fact that, as one increases the number of dimensions, the number of degrees of freedom of the

gravitational field also increase [10].
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One can see why there would be a significant difference between physics in d = 4 dimensions

and d ≥ 5 by studying two aspects of rotation. Firstly, there is a possibility of rotation in

several independent planes. Secondly, in higher dimensions, one expects that there would be

competition between gravitation and centrifugal potentials. The radial fall off of the Newtonian

potential is of the order of GM/rd−3 and that of the centrifugal barrier, J2/M2r2. As can be

seen, the gravitational potential depends on the number of dimensions, whereas the centrifugal

potential does not [10].

Another interesting phenomenon that we see in d ≥ 5 dimension physics, not seen in d = 4

dimensions, is the appearance of black objects with extended topologies. We’ve already touched

on black rings but we have not mentioned black strings and black p-branes. These do not provide

us with asymptotically flat solutions, however they do provide us with a way of understanding

novel kinds of asymptotically flat black holes [10].

One can see how it is possible to have non-spherical black objects in d ≥ 5 dimensions by

considering a black hole in d dimensions with a particular horizon geometry, say for example,

ΣH geometry. We can construct a vacuum solution in d + 1 dimensions by adding a flat

spatial direction. The new horizon would then be a black string with horizon ΣH × R. The

Schwarzschild solution has been generalised to d ≥ 4 dimensions, and it can be argued that

black strings exist in d ≥ 5. Given that the string has tension, we can imagine this string being

curved into a ring, then we would have a black ring. Since the string is contractable and will

tend to collapse, if we have the ring rotating, we would then have a centrifugal force (providing

repulsion) balancing the tension of the string. This requirement of rotation implies that we

cannot have static black rings. On the other hand, if we add p flat directions, instead of adding

a single flat direction, we then find black p-branes with horizon Sq × Rp with q ≥ 2. These

exist in any d ≥ 6 + p− q dimensions [10].

In the next section we briefly discuss the “information paradox” associated with black holes.

The information loss paradox is one of the long standing problems associated with black holes

and general relativity. We also provide a high level overview of quantum theories of quantum

gravity, which seek to solve this problem amongst others.

1.3 Quantum Theories of Gravity

One of the most long standing problems in theoretical physics is the black hole information

paradox. Any theory of quantum gravity should resolve this problem if it is to prove useful.

There are various ways the paradox manifests itself. We will briefly state three of these.

1.3.1 Information Paradox

One of the ways the information paradox comes about is as a result of the quantum mechanical

evolution of black holes. This has been observed in black holes which form as a result of a

non-singular initial data point, for example black holes forming as a result of stellar collapse.

Such black holes emit particles as hot bodies and have been shown to eventually evaporate as
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a consequence of Hawking radiation [11, 12, 13]. At the beginning of the collapse, the in falling

matter around the black hole is in a pure a quantum state. From the Hawking radiation we

have a thermal state, as a result we end up with an evolution from a pure quantum state (of

the in falling matter) to a mixed state (both quantum and thermal). This is an example of the

violation of the quantum unitary principle. The quantum unitary principle is statement to the

effect that the number of states at the beginning of any quantum process should be the same

as the number of states at the end of the process [12].

Another way the information paradox manifests itself is through excitations on the background

of extremal black holes which are a pure quantum state. The resulting non-extremal black hole

will emit Hawking radiation until it approaches extremality, thus moving from a mixed state

to a pure quantum state. An extremal black hole can be thought of (in the context of the

Reissner-Nordstrom black hole) as a black hole with GM2 = p2 + q2 where G is the Newtonian

gravitational constant, M the mass, p is the total magnetic charge and q is the total electric

charge with the black hole.

The third way the information paradox manifest itself can be described as follows; if we consider

an equilibrium state where energy is put into the black hole at the same rate as it is evaporating.

The information paradox arises from the fact that an arbitrary amount of information can be

encoded into the energy that is put into the black hole over time. This energy can be of different

forms and most of this information is lost and cannot be recovered through Hawking radiation

[12].

Viewing black holes as quantum states, one is naturally led to ask the question of whether there

are signs of the classical singularity in the final quantum description of black holes [14]. This

leads us to a discussion on the leading theories of quantum gravity.

1.3.2 Candidate Theories

There are several approaches towards the quantum theory of gravity, even though all these

theories are essentially trying to resolve the same problem. As one can expect, they differ

primarily on the assumptions they make. We will not discuss all of them here, we will focus on

only two “leading” candidate theories; these being string theory and loop quantum gravity.

1.3.2.1 String Theory

The most prominent of the theories of quantum gravity has been string theory. This theory has

been studied since the 1970s and initially held great promise as a quantum theory of gravity.

The theory was initially studied in the context of quantum chromodynamics (QCD), specifically

to better understand strong interactions. Mesons in this framework can be thought of as open

strings, with a quark at one end (of the string) and an anti-quark at the other end [15].

String theory rests on the assumption that the most fundamental building block of nature is a

string, a one dimensional extended object [13]. This string lives in d = 26 dimensions for the

bosonic string and d = 10 dimensions for the superstring. In our “normal” d = 4 dimensions
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of spacetime the string is conjured to be coiled and manifesting itself as particles. Gravity

in string theory is seen as just one of the excitations of the string living in some background

metric [16, 17].

Given its formulation, string theory has proved difficult to test through experiments and ob-

servations. However is has proved very useful in other areas. An area which has been studied

a great deal recently has been the AdS/CFT correspondence whose subset, the Kerr/CFT cor-

respondence, is the subject of this dissertation. Although it has been demonstrated numerous

times [18, 19] that one does not have to assume the validity of string theory or even SUSY for

AdS/CFT to produce meaningful results; the derivation of AdS/CFT is nonetheless based on

the assumption that both string theory and SUSY are valid [20, 13, 21]. We provide a high

level overview of AdS/CFT in section 1.5.

1.3.2.2 Loop Quantum Gravity

Loop quantum gravity, on the other hand, can be summarised as an attempt to quantise

general relativity. By definition it assumes the correctness of both quantum mechanics and

general relativity. And, as we stated earlier, both quantum field theory (a generalisation of

quantum mechanics) and general relativity have been proven successful in experiments and

observations.

The approach of loop quantum gravity can be stated as follows; assume there is no background

in space, reconstruct quantum field theory in a form that does not require background space.

The basis of loop quantum gravity is the idea that the natural variables describing a Yang-

Mills field theory are Faraday’s “lines of force”. A Faraday line of force can be thought of

as an elementary quantum excitation of the field. In the absence of charges these lines must

close themselves to form loops. Loop quantum gravity (LQG) is the mathematical description

of a quantum gravitational field in terms of these loops. The loops in LQG are thought of as

quantum excitations of the Faraday lines of force of the gravitational field [22].

To close-off this brief digression into the quantum theory of gravity, we would like to point

out two the key differences between string theory and loop quantum gravity. We have already

alluded to the first one, i.e. LQG, like general relativity is not background dependent whereas

string theory is. Secondly, LQG does not attempt to unify all four fundamental forces of physics,

whereas string theory does make this attempt [23, 22, 14]. In the next section we briefly discuss

the thermodynamics of black holes as this provides the foundation for our discussion of entropy

later in the report.

1.4 Black holes and thermodynamics

There is an amazing resemblance between the laws of thermodynamics and those of black

hole mechanics [24]. To illustrate this resemblance, we start by looking at the zeroth law of

thermodynamics. It states that the temperature of a body at equilibrium is constant throughout

the body. If not, it flows from regions of high temperature to those of low temperature. For
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black holes we have a quantity referred to as surface gravity, κ, which remains constant on the

event horizon. This “conservation” principle for black holes is true for all black holes, for both

spherically symmetric and non-spherical horizons of spinning black holes [2, 25]. It has been

shown that the temperature of a black hole is related to the surface gravity. When quantum

effects are taken into account, the temperature of a black hole is not zero but is κ/2π, this

is after choosing natural units such that ~ = G = c = 1. In this scenario a black hole can

be observed to absorb and emit particles in the same way as a perfect black body at that

temperature [2, 25].

The 1st law of thermodynamics states that in any process, energy is conserved, i.e. dE =

TdS + µdQ + ΩdJ , where T is the temperature, E is the energy, S is the in entropy, Q

is the charge with chemical potential µ, and J is the spin with chemical potential Ω. The

corresponding “law” for black holes is, dM = κ
8πG

dA + µdQ + ΩdJ . Where M is the mass of

the black hole, A is the area of the black hole horizon.

Our main interest is in the 2nd law of thermodynamics and how it relates to the black holes.

The 2nd law states that in any physical process the change in the total entropy always increases

δS ≥ 0, i.e. it never decreases. With regards to black holes, the area theorem states that the

area of all black holes in the universe never decreases. We have δA ≥ 0 related to the area of

the event horizon of the black hole as conjectured in [2, 25]. The entropy of matter outside the

black hole relates to the area of the event horizon of the black hole as [26, 27];

Sentropy =
A
4G

, (1.2)

Where A is the area of the event horizon and G is the Newton gravitational constant. This

equation(1.2) will also appear when we confirm our result for the entropy in chapter 5.

1.5 AdS/CFT: High-level overview

In this section we will not go into the detail of the derivation of the AdS/CFT correspondence,

we only provide a high level overview of what it is, its implications for quantum gravity and

the study of black holes.

1.5.1 Anti de Sitter spacetime

Before we go into the detail of what exactly the AdS/CFT correspondence is, it will be useful

for us to remind ourselves of the geometry of the anti de Sitter(AdS) spacetime. AdS is a

spacetime of constant negative curvature (R < 0) [1], where R is the Ricci scalar. The metric

of AdS spacetime is1 [28, 21],

ds2
AdSd+1

= L2
[
− (r2 + 1)dt2 +

dr2

r2 + 1
+ r2dΩ2

d−1

]
. (1.3)

1By applying an appropriate change of coordinates, the metric (1.3) can also be expressed as ds2 =
R2(− cosh2 ρdτ + dρ2 + sinh2 ρdΩ2), which is usually referred to as global coordinates for AdS.
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The time direction, t, in the metric above (1.3) is compact and the last term is a unit sphere,

Sd−1 [28]. AdS space provides us with a geometric description of a hyperboloid [1]. The radius

of curvature is L. Near r = 0, AdS space approximates flat space and moving towards larger

values of r we see that the term in front of dt2, gtt, and the unit sphere grows larger. The

growth of gtt can be viewed as growth in gravitational potential. A slowly moving particle feels

a gravitational potential V ∼
√
−gtt. If it is at rest at large r, it will be in an oscillatory motion

in the r direction, reminiscent of a particle in a harmonic oscillator [28]. The boundary has an

R× SO(d) symmetry. The full symmetry group of the AdS space is SO(2, d) [28, 21].

One of the properties which make AdS space quite useful is its isometries. One can think

of isometries as maps from one metric space to another, which preserve the metric. The

isometries of the embedding space of AdS in d+1 dimensions are the full symmetries of AdS in

d dimensions. This isometry group SO(2, d)(SO(2, d + 1) in Euclidean signature) acts on the

boundary as the conformal group [31].

1.5.2 Conformal Field Theory(CFT)

A field theory has conformal symmetry if it is invariant under conformal transformations. A

conformal transformation is a change of coordinates σα → σ̄α(σ) such that the metric transforms

as,

gαβ(σ)→ Ω2(σ)gαβ(σ). (1.4)

This translates to a theory that is the same at all length scales. Conformal theories care about

angles, not distances [16].

A transformation of the form of (1.4) has different interpretation depending on whether the

background is dynamical or fixed. When the background is dynamical, as in the Kerr black

hole solution, the transformation is a diffeomorphism, and we have a gauge symmetry. When

the background geometry is fixed, the transformation can be thought of as a physical symmetry

taking a point σα → σ̄α. We get a global symmetry with the corresponding conserved charge

[16].

The conformal transformation is locally equivalent to (pseudo) rotation and dilation. The set

of conformal transformations form a group, the conformal group [29]. The generators of the

conformal group are provided in Appendix A. There is an isomorphism between the conformal

group and the group SO(d+ 1, 1) [29]. The algebra obeyed by these generators is also provided

in appendix A. We will not go further into global conformal field theories, readers interested

in a more detailed discussion and the development of ideas around conformal field theories can

see [29, 17, 16].

1.5.3 AdS/CFT

The AdS/CFT correspondence or the gauge/gravity duality is a conjecture which states that all

the physics in an asymptotically AdS spacetime can be described by a local quantum field theory

that lives on its boundary [28, 30, 31, 21]. A slightly more involved (and technical) description
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of AdS/CFT is that the large N limit of a conformally invariant theory in d dimensions is

governed by supergravity (and string theory) on d + 1 AdS space [21]. This was the initial

proposal by Maldacena in [20].

How this manifests itself is through the action of the isometries of AdS on the boundary. The

boundary is given by R × Sd−1. They (isometries) act on the boundary, they send points on

the boundary to other points on the boundary. These isometries on the boundary provide a

representation of the conformal group in d dimensions, SO(2, d). A conformal field theory is

a type of a quantum field theory. The boundary theory is scale invariant and does not have a

“dimensionful” parameter [28]. Therefore AdS/CFT allows us to see a d+1 dimensional theory

(a theory of gravity) in the bulk of AdS is equivalent to a d dimensional theory (a CFT) on the

boundary [28].

The AdS/CFT correspondence is often referred to as the holographic principle. We have already

hinted at this holography, however it can be demonstrated somewhat more clearly by looking

at the Bekenstein bound. The Bekenstein bound states that the maximum entropy in a region

of space is Smax = Area/4GN , where GN is the Newtonian gravitational constant. The area is

that of the boundary region. Suppose we had a state with more entropy than Smax, then the

2nd law of thermodynamics will be violated. Furthermore, if more matter is thrown in, such

that a black hole is formed, then the entropy cannot decrease. However if a black hole forms

inside this region its entropy would then be proportional to area of the horizon, which is smaller

than the initial entropy. This then would be a violation of the 2nd law of thermodynamics.

The Bekenstein bound implies that the number of degrees of freedom inside some region grows

as the area of the boundary (of the region) and not its volume. This is not consistent with

quantum field theory. The attempt to try and understand this leads to the “holographic

principle” which states that in a quantum theory of gravity, all physics within some volume

can be described in terms of some theory on the boundary which has less than one degree

of freedom per Planck area. This leads to the entropy satisfying the Bekenstein bound [13].

For an introductory discussion of AdS/CFT the reader can see [28], and for a more technical

discussion and derivation of the conjecture, [20, 30, 31, 21].

AdS/CFT allows us to obtain non-perturbative information on ordinary, but mostly conformal

invariant quantum field theories. This is especially true for those quantum theories in the large

N limit (of the gauge group, U(N)). This non-purtabitive information is obtained from classical

string/M-theory or classical supergravity [31]. The conjecture has proved quite useful in the

study of black holes. It has allowed us to connect the entropy of a black hole with an ordinary

thermal entropy of a field theory. This allows us to have a statistical interpretation of black

hole entropy. It gives us the insight to see a black hole as an ordinary thermal state in a unitary

quantum field theory. From this we are then able to see black holes as being consistent with

quantum mechanics and the unitary evolution principle [28]. It also provides us with the tools

to study free energy and other thermal states in quantum field theories, which have gravity

duals.
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In concluding this introductory chapter, we would like to point out (as of the time of writing)

there is no mathematically rigorous proof of the AdS/CFT correspondence. It has proved very

successful in producing results that have been confirmed through other approaches and through

observation, however, we are yet to see a mathematically consistent proof of the conjecture.

In the next chapter we motivate for the Kerr/CFT conjecture, a subset of AdS/CFT. We also

review the derivation of the hidden conformal symmetry of the Kerr black hole solution.
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2

Kerr/CFT Correspondence

The Kerr/CFT correspondence can be divided into two broad categories; the strong Kerr/CFT

conjecture which is a statement about quantum gravity and relies on the asymptotic symmetry

group in its derivation. The second category is the weak Kerr/CFT conjecture, which can

be described as mapping conformal coordinates to the quadratic Casimir of the SL(2,R)L ×
SL(2,R)R group to find hidden conformal symmetries in the near region of the Kerr black hole.

What makes the Kerr/CFT correspondence particularly interesting to study is that unlike

AdS/CFT which assumes the validity of String theory and assumes Super-Symmetry(SUSY),

Kerr/CFT is an expression of a duality between general relativity and a 2D conformal field

theory (CFT), without assuming either String theory or SUSY. In the first paper on Kerr/CFT

by Strominger et al [6],the authors argued that extreme Kerr black holes are dual to a 2-d chiral

CFT. This followed the work by Brown and Hennaux, who argued that AdS3 spacetime is dual

to a 2D conformal theory [18]. This was a significant result in a sense that both Schwarzchild

and Kerr black holes have been observed in the sky and we could now link these entities to a

quantum field theory.

2.1 Kerr/CFT a statement of quantum gravity

We start our review by looking at the strong Kerr/CFT conjecture. The key result of the

Kerr/CFT correspondence was the computation of the central charge associated with near

horizon extremal (NHEK) geometry of the Kerr black hole. The process of determining this

central charge begins with defining the NHEK geometry.

2.1.1 Near Horizon Extremal Kerr

In order to arrive at the near horizon region of the extremal Kerr black hole, we firstly need to

define what is meant by an extremal Kerr black hole. To arrive at the extreme Kerr geometry

we use the Boyer-Lindquist coordinates in defining the metric of the Kerr black hole. The

metric in these coordinates takes the form;

ds2 =
ρ2

∆
dr̂2− ∆

ρ2
(dt̂− (J/M) sin2 θdφ̂)2 +ρ2dθ2 +

sin2 θ

ρ2

(
(r̂2 + (J/M)2)dφ̂− (J/M)2dt̂

)2

(2.1)
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where we have,

∆ = r̂2 + (J/M)2 − 2GMr̂, ρ2 = r̂2 + (J/M)2 cos2 θ (2.2)

M is the mass, and J is the angular momentum of the black hole. Unlike to the Schwarzschild

black solution, the Kerr solution has two horizons, the inner and outer horizons. These follow

from setting ∆ = 0 and are located at,

r± = GM ±
√
G2M2 − (J/M)2 (2.3)

The extremal case of the Kerr black hole solution occurs when GM2 = J , and it saturates the

bound J ≤ GM2. If we have additional angular momentum at the same mass, i.e. (J ≥ GM2),

this results in a naked singularity which is a violation of the cosmic censorship conjecture [6].

We now need to work out a metric of the black hole very close to the event horizon. For the

remainder of this discussion on the Kerr/CFT correspondence, the focus will be on the extremal

limit of the Kerr black hole, i.e J = GM2. To do this, we perform the following transformations

and take the limit as λ→ 0.

t =
λt̂

2M
, y =

λM

r̂ −M
, φ = φ̂− t̂

2M
. (2.4)

After taking the limit λ→ 0, keeping (t, y, φ, θ) fixed, the metric becomes,

ds2 = 2GJΩ2
(−dt2 + dy2

y2
+ dθ2 + Λ2

(
dφ+

dt

y

))2

, (2.5)

where,

Ω2 ≡ 1 + cos2 θ

2
, Λ ≡ 2 sin θ

1 + cos2 θ
. (2.6)

The angle θ takes on the values, 0 ≥ θ ≥ π, and φ ≈ φ + 2φ. The shift from φ̂ to φ makes ∂
∂t

tagent to the horizon [32].

We perform the following coordinate transformation.

y =
(

cos τ
√

1 + r2 + r
)−1

, (2.7)

t = y sin τ
√

1 + r2,

φ = ϕ+ ln
( cos τ + r sin τ

1 + sin τ
√

1 + r2

)
.

This transforms our metric (2.1) to the near horizon extremal Kerr(NHEK) geometry. The

result is the NHEK geometry expressed in global coordinates. The metric takes the form of,

ds̄2 = 2GJΩ2
(
− (1 + r2)dτ 2 +

dr2

1 + r2
+ dθ2 + Λ2(dϕ+ rdτ)2

)
(2.8)
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The above process of defining the NHEK geometry was initially put forward by Horowitz and

Bardeen in [32]. The NHEK geometry has an SL(2,R)×U(1) isometry group. The rotational

U(1) isometry is generated by the Killing vector [6],

ζ0 = ∂ϕ. (2.9)

Now that we have our NHEK metric (2.8), the next step is to determine boundary conditions

which will enable us to identify diffeomorphism consistent with the symmetries of the asymp-

totic group of the NHEK background. The charges which generate these diffeomorphisms will

ultimately lead to the expression for the central charge.

2.1.2 Boundary Conditions

Specifying boundary conditions which have the appropriate fall-off rates for metric pertur-

bations is a key step in working out the asymptotic symmetry group. In identifying these

boundary conditions Strominger et al in [6] were informed by the work of Brown and Henneaux

in [18] where they were able to work out boundary conditions consistent with the asymptotic

symmetry group of 3d Einstein gravity. With appropriate boundary conditions, one can then

proceed to analyse asymptotic symmetries, which form a group consistent with the chosen

boundary conditions. The asymptotic symmetry group can be thought of as a group of gauge

symmetries whose parameters fall at a rate slow enough that they lead to a non-zero charge

[33]. Conducting the asymptotic symmetry group analysis can be summarised as finding diffeo-

morphisms (vector fields ζ) whose action on the metric (Lie derivative Lζg) generates metric

fluctuations consistent with the boundary conditions [34]

When the boundary conditions have been specified, we can then identify a set of diffeomor-

phism consistent with these boundary conditions. We can think of these diffeomorphism as

vectors which preserve the boundary conditions. The diffeomorphisms then form an asymp-

totic group. The diffeomorphisms which preserve the boundary conditions associated with the

NHEK geometry are form of [6, 35];

ξ =
[
− rε′(ϕ) +O(1)

]
∂r +

[
C +O(

1

r3
)
]
∂τ +

[
ε(ϕ) +O(

1

r2
)
]
∂ϕ +O(

1

r
)∂θ, (2.10)

where ε(ϕ) is an arbitrary smooth function of the boundary coordinate ϕ. The C in the above

expression is an arbitrary constant.

From the diffeomorphisms it has been shown that the asymptotic group of the NHEK geometry

has a single copy of conformal group within it which is generated by,

ζε = εϕ∂ϕ − rε′(ϕ)∂r (2.11)

A key element of these diffeomorphisms is the fact that they allow a single copy of the Virasoro

algebra. This result followed the discovery that NHEK geometry contained a self-dual orbifold,
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and this self dual orbifold has been shown to contain a copy of the Virasoro algebra. For a brief

discussion on this, the reader can see section 2.1.5.

2.1.3 Charges

The diffeomorphism discussed above obey a Lie bracket algebra. They are also generated by

conserved charges. These charges adhere to the same boundary conditions associated with

the symmetries of the asymptotic group. The ultimate objective of computing the charges

which generate the diffeomorphism of the asymptotic group is to eventually arrive at a point

where we can compute the central charge associated with the NHEK region. How this will be

achieved will be to compute the symmetry algebra associated with the charges and see if there

is a central extension(term). From the central extension we can then read off the central charge.

Firstly we observe that given a diffeomorphism ζ, consistent with the boundary conditions of the

ASG, the generator of this diffeomorphism is a conserved charge Qζ [g] [35]. To proceed, we need

to establish the infinitesimal differences between the charges which generate the diffeomorphism

when the metric is perturbed such that it preserves the boundary conditions. The infinitesimal

difference is computed between two close backgrounds, in the Kerr case, gµν and gµν + hµν .

Where hµν is a small perturbation of the NHEK metric. The infinitesimal charge difference is

expressed as an integral of the surface charge form, kζ , between two neighbouring geometries

and the integral is taken over some spacial slice [35, 33]. The expression for the infinitesimal

charge difference is,

δQζ [h, g] =
1

8πG

∫
∂Σ

kζ [h, g] (2.12)

The surface charge form, kζ [h, g], is a tensor which has its origins in the analysis of “gauge

symmetries” within the boundaries of AdS spacetime. When we take the integral of the in-

finitesimal charge difference we then end up with the total charge.

Qζ [h, g] =

∫
τ

∫
∂Σ

kζ [h, g], (2.13)

where τ is the path in our background that takes us from gµν to gµν+hµν . This can only happen

if the integrability condition is satisfied, i.e. the value of the total charge is independent of the

path of integration [33, 36].

We now look at the charges that generate the ∂τ and ζε,

Q∂τ =
1

8πG

∫
∂Σ

k∂τ Qζε =
1

8πG

∫
∂Σ

kζε (2.14)

With the charges we can then take the charge algebra, this is done by varying one charge with

respect to the other diffeomorphism. Hence commutator of the charges takes the form [33, 36],

{Qζm , Qζn} = δζmQζn (2.15)
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This is the asymptotic charge algebra and is represented by the Dirac algebra up to a central

term [35].

{Qζm , Qζn}DB = Q[ζm,ζn] +
1

8πG

∫
∂Σ

kζ [Lζn ḡ, ḡ]. (2.16)

The 2nd term in (2.16) is the central term we referred to above. In order to proceed further

and compute the central term we need the Lie derivatives of the NHEK region and they are [6],

Lζn ḡττ = 4GJΩ2(1− Λ2)r2in−inϕ, (2.17)

Lζn ḡrϕ = −2GJΩ2r

1 + r2
n2e−inϕ, (2.18)

Lζn ḡϕϕ = 4GJΛ2Ω2ine−inϕ, (2.19)

Lζn ḡrr = − 4GJΩ2

(1 + r2)2
ine−inϕ (2.20)

From the Lie derivatives, the central term has been shown to be [6],

1

8πG

∫
∂Σ

kζ [Lζn ḡ, ḡ] = −i(m3 + 2m)δm+nJ (2.21)

The relating of the central term to the angular momentum is not unique to NHEK as it is a

consequence of the ASG analysis of the AdS3 spacetime. To arrive at a point where the the

Dirac bracket can be related to commutators, a dimensionless entity needs to introduced which

relates the the charge to the operator Ln. This entity takes the form of [6, 37],

~Ln ≡ Qζn +
3J

2
δn. (2.22)

Using the rule that relates the commutators to the Dirac bracket,

{x, y}D.B =
i

~
[x, y] (2.23)

The central charge can then be read off the quantum charge algebra,

[Lm, Ln] = (m− n)Lm+n +
J

~
m(m2 − 1)δm+n,0 (2.24)

The expression (2.24) is the Virasoro algebra associated with 2D CFT. The appearance of the

Virasoro algebra following the computation of the asymptotic symmetry algebra associated

with the NHEK region is a statement that the NHEK region is dual to a 2D CFT. A discussion

of the Virasoro algebra is provided in 2.1.5. The central charge for the NHEK geometry is then,

cL =
12J

~
. (2.25)

2.1.4 Microscopic Thermodynamics

The central charge ultimately enables us to work-out the thermodynamics of the NHEK geome-

try. This process begins with finding an expression for the microscopic temperature. One of the

challenges with determining microscopic temperature is the need to have a quantum vacuum

in the region being investigated. The challenge posed by the Kerr black hole in so far as the
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defining a quantum vacuum is that it does not have a quantum state defined everywhere. This

is a consequence of the fact that the Kerr black hole does not have a timelike vector defined

everywhere. The Kerr timelike vector is only defined in the region r > 0, in this region we

don’t encounter closed timelike curves. However if one approaches the region r < 0, then one

encounters closed timelike curves.

To counter this challenge of the Kerr solution not having a quantum state defined everywhere,

the approach of Frolov-Thorne is taken. The objective of this approach is to ultimately arrive

at a place where we have a quantum vacuum state for the NHEK geometry. The process of

defining this (Frolov-Thorne) vacuum involves defining scalar quantum field with eigenstates

of asymptotic energy and angular momentum. This scalar field is defined in the near horizon

outside the black hole. Outside the horizon of the Kerr black we have a mixed state and not a

pure quantum, which then necessitates that we undergo this process of defining a Frolov-Thorne

vacuum.

One then proceeds to look into the interior of the black hole to arrive at a vacuum state. This

vacuum can then be expressed as a density matrix in the eigenbasis of the scalar field. The

expression for the eigenbasis is of the form,

e
~ω−ΩHm

TH (2.26)

The eigenbasis are a function of the Boltzmann constant and the Hawking temperature (TH).

The m is the angular momentum and ω is the asymptotic energy. Given that the Hawking

temperature for extremal the Kerr approaches zero, the expression for the density becomes

unusable.

To counter this challenge, one introduces a change of coordinates which result in the removal of

dependence of the eigenbasis from the Boltzmann constant to the right and left moving charges

and also the left and right moving temperatures. With the right and left moving temperatures

defined as,

TL =
r+ −M

2π(r+ − (J/M))
, TR =

r+ −M
2πλr+

. (2.27)

From this point, one then imposes the extremality condition and we arrive at the value of the

left moving temperature to be,

TL =
1

2π
. (2.28)

With the right moving temperature becoming zero (TR = 0).
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The next step in the process is to work out the microscopic entropy. This is done using the

Cardy formula by employing the the expressions for left moving temperature (TL) and the

central charge (cL). However before providing the entropy computation and the results, we

digress briefly and look at 2D Chiral CFT.

2.1.5 Chiral 2D CFT

The authors of [6] argued that the extreme Kerr geometry is dual to a chiral 2D CFT. Below

we present a summary of the key properties of 2D CFTs, and we will also provide an argu-

ment contained in [6] of why the extreme Kerr geometry is dual specifically to a chiral 2D CFT.

As a starting point we will mention that there is no standard 2D CFT, the authors of [6] ad-

mitted that the central charge derived in their paper tells us very little about the nature of the

2D CFT.

A 2D CFT is defined as a local quantum field theory with local conformal invariance [35, 29]. In

two dimensions, the local conformal group is an infinite-dimensional extension of the globally-

defined conformal group SL(2,R)L×SL(2,R)R on the plane or the cylinder [35]. It is generated

by two sets of vector fields, Ln, L̄n, n ∈ Z. These vector fields obey the Witt algebra [35, 29],

[Lm, Ln] = (m− n)Lm+n,

[Lm, L̄n] = 0

[L̄m, L̄n] = (m− n)L̄m+n (2.29)

Using Noether’s theorem, each symmetry can be associated with a quantum operator. The local

conformal symmetry is related to the conserved and trace-less stress-energy tensor operator.

The stress-energy tensor can be decomposed into the right and left moving modes Ln and L̄n.

The operators Ln, L̄n form two copies of the Virasoro algebra [35]

[Lm,Ln] = (m− n)Lm+n +
cL
12
m(m2 − AL)δm+n,0, (2.30)

[Lm, L̄n] = 0

[L̄m, L̄n] = (m− n)L̄m+n +
cR
12
m(m2 − AR)δm+n,0. (2.31)

The L−1,L0,L1 and L̄−1, L̄0, L̄1 span the SL(2,R) subalgebra. The numbers cL and cR give us

the left and the right moving central charges of the CFT. In section 2.1.3 we saw the value of

cL being read-off as (2.25). The auxiliary parameters AL and AR depend on whether the CFT

is defined on a cylinder or on the plane. These parameters gives us insight into the shifts in the

background of the zero eigen-modes L0, L̄0. The central charges need to be taken to be large

for any gravitational dual to be admissible [35]. For a detailed discussion of the 2D CFT and

the Virasoro algebra the reader is encouranged to see [29, 17, 16].

As we mentioned earlier in the work [6, 34] the authors state that it is expected that the extreme

Kerr geometry should be dual to a chiral 2D CFT. The argument for this goes as follows; at
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extremality the rotational velocity of the Kerr black hole horizon becomes the speed of light.

This results in both edges of the forward light cone coinciding as the horizon is approached

and forces all physical excitations, which must be between the edges of the light cone, to spin

around chirally with the black hole [6].

2.1.5.1 Cardy formula

The expression for the central charge and the left moving temperature are used to determine

the entropy of extreme Kerr geometry by employing the Cardy formula. The Cardy formula

relates the entropy of a 2D conformal theory with its central charge. The formula was initially

limited to 2D conformal theory, however in 2000 it was shown to be valid in (n+1) dimensional

conformal theory [38] The original formula took the form of,

S = 2π

√
c

6

(
L0 −

c

24

)
. (2.32)

Where L0 is the product of the total energy and the radius. The shift of c
24

is caused by

the Casimir effect. Using the relationship between the total energy and the temperature, the

formula can be recast into a form we are familiar with i.e. [35],

SCFT =
π2

3
(cLTL + cRTR) (2.33)

Both [6] and [39] have assumed the applicability of the Cardy formula to the extreme Kerr

geometry. There is an instructive discussion in [35] on why the Cardy formula should not

necessarily be applicable to the extreme Kerr geometry, and the sort of assumptions one needs

to make for it to be applicable to extreme Kerr. Typically the Cardy formula holds in the

ranges

TL >
1

2π
, TR >

1

2π
. (2.34)

As we saw in the above discussion on the derivation of the left moving temperature both the

left and right moving temperature associated with vacuum extreme Kerr geometry state do not

fall within this range. There are two cases where it has been shown that the Cardy formula

remains relevant even when this range has been extended [35].

• Extended validity for large central charge and sparse light spectrum

• Extended validity for long strings

The first of these extensions is the one that makes the application of the Cardy formula to the

extreme Kerr geometry valid. The validity of this argument follows from the study of symmetric

orbifold theories. These theories can be thought of as a sigma model with target space being

some four-manifold, M4 identified up to permutations. In this regard, the symmetric orbifold

theory is a CFT and has central charge csym. Now if instead of having one target spaceM, we

have a sigma model with N identical copies of the manifold, M as the target space, we end

up with a symmetric product orbifold theory. In [40] it was shown that symmetric orbifold
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theories are consistent with the bounds which render the Cardy formula meaningful, this was

shown in the range of large c.

The extreme Kerr geometry has also been shown to contain a warped deformation of the self

dual orbifold. A self dual orbifold is best described by looking at a 3d black hole in the form

of a BTZ black hole. This black hole is described by its mass M and angular momentun J .

It has two extremal limits defined as Ml = ±J . In both the extremal limits, the near horizon

geometry has an SL(2,R)× U(1) isometry group given by,

ds2 =
l2

4

(
− r2dt2 +

dr2

r2
+ 2|J |(dφ+

r

2|J |
dt)2

)
(2.35)

where φ ≈ φ + 2π. This then is known as the self-dual AdS3 orbifold. Hence one can think of

it as an isometry group associated with the near horizon extreme geometry of the BTZ black

hole in 3d. This self dual orbifold is often referred to as the “very-near-horizon” of the near

horizon limit. This near horizon limit consists of AdS2 with a twisted U(1) fibre.[35, 41].

The derivation of the Kerr/CFT correspondence followed from the result that the self dual orb-

ifold (“the very near-horizon limit”) contains one copy of the Virasoro algebra as an asymptotic

algebra which extends the U(1) rotational symmetry. The entropy of the very near horizon is

reproduced by a chiral half of the Cardy’s formula, stemming from the 2D CFT [35].

2.1.5.2 Cardy Entropy: A comparison with the Bekenstein-Hawking-Kerr

In this section the expression for the entropy using the Cardy formula is compared with the

values of the entropy for extreme Kerr geometry determined using the Bekenstein-Hawking

approach.

The microscopic entropy of the NHEK region using the Cardy formula is,

S =
π2

3
cLTL =

2πJ

~
(2.36)

Next we want to compare this result to that obtained using the Bekenstein-Hawking approach.

The expression for the Bekenstein-Hawking entropy is,

SBH =
Area

4~G
(2.37)

We start with the computation of the area of the event horizon of the Kerr black hole. The

expression for the area computed at the the outer event horizon (r = r+) is [25];

AH =

∫
r=r+

√
gθθgφφdθdφ

= (r2
+ + (J/M)2)

∫ 2π

0

dθ

∫ π

0

sin θdθ

= 4π(r2
+ + (J/M)2) (2.38)
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And using the expression for maximal angular momentum associated with the extreme Kerr

geometry,

J = GM2, (2.39)

and the fact that at extremality, r+ = GM , the area of the event horizon can be expressed as,

AH = 16π(GM)2. (2.40)

Now we take this and plug into the the Bekenstein-Hawking entropy, and arrive at the following

expression for entropy,

SBH =
Area

4~G

=
2π(GM)2

~G

=
2πGM2

~

=
2πJ

~
. (2.41)

The expression (2.41) is identical to (2.36) [6]. In the next section our focus shifts to the

derivation of the hidden conformal symmetries associated with the Kerr black hole solution.

Again we follow the work by Strominger et al, albeit in a different paper [42].

2.2 Hidden Symmetries of the Near Region of the Kerr black hole

The near region of the Kerr black hole has been shown to have conformal symmetries of the a 2D

CFT. These symmetries are not immediately evident when one looks at the metric of the Kerr

black hole (2.1). These symmetries are evident when an obeserver approaches the horizon of the

black hole, but not necessarily arriving at the near horizon we discussed in the previous section.

To arrive at a point where can see these symmetries we need to define conformal coordinates

which we can map to the Laplacian of the scalar field in the near regions of the Kerr black

hole. Once we have mapped these conformal coordinate to the Laplacian, we will then be able

to see that the Laplacian can be expressed as the Casimir of the SL(2,R)L × SL(2,R)R. We

start by reviewing the conformal coordinates of [6].

2.2.1 Conformal Coordinates

The conformal coordinate employed in the analysis of the near region obey the algebra of the

SL(2,R) group. We will see that these coordinate will generate two copies of the SL(2,R)

algebra, i.e. will be consistent with the SL(2,R)L×SL(2,R)R. The conformal coordinates are

defined as [42],
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ω+ =

√
r − r+

r − r−
e2πTRφ

ω− =

√
r − r+

r − r−
e2πTLφ− t

2M

y =

√
r+ − r−
r − r−

eπ(TL+TR)φ− t
4M (2.42)

The right and left moving temperatures are further defined as,

TR ≡
r+ − r−

4πa
, TL ≡

r+ + r−
4πa

(2.43)

In the above, a is related to the angular momentum of the Kerr black hole as, a = J/M . As we

can see, these coordinates are mapped to the variables t, φ and r variables which we find in the

Kerr metric. Next we need to see if we can find vector fields associated with these coordinates

which can be seen as generators of a conformal group, in our case a 2D CFT. These vector

fields are locally defined and are,

H1 = i∂+, (2.44)

H0 = i(ω+∂+ +
1

2
y∂y),

H−1 = i(ω+2∂+ + ω+y∂y − y2∂−)

and,

H̄1 = i∂−, (2.45)

H̄0 = i(ω−∂− +
1

2
y∂y),

H̄−1 = i(ω−2∂− + ω−y∂y − y2∂+).

Both the H0, H±1 and the H̄0, H̄±1 obey the SL(2,R) algebra.

[H0, H±1] = ∓iH±1, [H−1, H1] = −2iH0. (2.46)

From these vector fields we can construct the quadratic Casimir of the SL(2,R) group. And

the Casimir in the conformal coordinates takes the form of,

H2 = H̄2 = −H2
0 +

1

2
(H1H−1 +H−1H1)

=
1

4
(y2∂2

y − y∂y) + y2∂+∂−. (2.47)

A discussion on what is a quadratic Casimir for the SL(2,R) is provided in appendix B. For

now, suffice it is to say that the Casimir is the centre element of the group and commutes with

all the generators of the group. In the case of the SL(2,R) it can also be expressed as the

Laplacian as we will see in the next section.

20



2.2.2 Mapping the scalar wave equation to a 2D CFT

We begin this section by studying the massless Klein-Gordon equation of the Kerr black hole

solution. We will then vary the Laplacian to work out the the massless scalar wave equation

in the near region of the Kerr black hole.

The expression for the massless Klein-Gordon equation is,

1√
−g

∂µ(
√
−ggµν∂νΦ) = 0. (2.48)

We then try the following ansatz as a possible solution to the (2.48),

Φ(t, r, θ, φ) = e−iωt+imφΦ(r, θ). (2.49)

This is an expression of the eigenmodes associated with the Klein-Gordon equation. What

makes the Kerr metric interesting and useful to study is the result that the Laplacian of the

Kerr metric is fully separable. Expanding (2.48) we get the Laplacian in the form of,

∂r(∆∂rΦ) +
(2Mr+ω − (J/M)m)2

(r − r+)(r+ − r−)
Φ− (2Mr−ω − (J/M)m)2

(r − r−)(r+ − r−)
Φ (2.50)

+ (r2 + (J/M)2 cos2 θ + 2M(r + 2M))ω2Φ +5S2Φ = 0.

Where ∆ is the same as in (2.2), ∆ = r2 + (J/M)2− 2Mr. As stated above the above equation

(2.50) is fully separable. To proceed, we further separate the (2.49) into the radial and angular

parts. The ansatz then takes the form of,

Φ(t, r, θ, φ) = e−iωt+imφR(r)S(θ). (2.51)

.

Equation (2.51) expresses the seperation of the radial and the angular part of the Laplacian.

The radial part of the Laplacian then becomes,[
∂r∆∂r +

(2Mr+ω − (J/M)m)2

(r − r+)(r+ − r−)
− (2Mr−ω − (J/M)m)2

(r − r−)(r+ − r−)

+ (r2 + 2M(r + 2M))ω2
]
R(r) = K`R(r). (2.52)

The angular equation on the other hand, has the expression,[ 1

sin θ
∂θ(sin θ∂θ)−

m2

sin2 θ
+ ω2(J/M)2 cos2 θ

]
S(θ) = −K`S(θ) (2.53)

Where K` is the separation constant. We are interested in studying the symmetries of the Kerr

black hole beyond the radius of the event horizon. When we ignore the terms with ω2, this

enables us to focus on the region where excitation of the scalar wave equation are greater than

the radius of the black hole. This happens in the region where ωr � 1. This region can be
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further divided into the “near” and the “far” region. Theses regions are formally defined as

[42],

r � 1

ω
Near, (2.54)

r �M Far.

Our interest is in the near region. This near region is not the same as the HENKE region

associated with the strong Kerr/CFT correspondence. A distant observer in the near region

would still be at some distance away from NHEK region of the black hole. The radial equation

then becomes,[
∂r∆∂r +

(2Mr+ω − (J/M)m)2

(r − r+)(r+ − r−)
− (2Mr−ω − (J/M)m)2

(r − r−)(r+ − r−)

]
R(r) = `(`+ 1)R(r) (2.55)

The solutions to (2.55) are hypergeometric functions, which as we know can be viewed as

representation of the SL(2,R). The analysis does not end here however, we proceed by restating

the vector fields (2.44) and (2.45) in the familiar (r, φ, t) coordinates.

H1 = ie−2πTRφ
(

∆1/2∂r +
1

2πTR

r −M
∆1/2

∂φ +
2TL
TR

Mr − (J/M)2

∆1/2

)
, (2.56)

H0 =
i

2πTR
∂φ + 2iM

TL
TR
∂t,

H−1 = ie2πTRφ
(
−∆1/2∂r +

1

2πTR

r −M
∆1/2

∂φ− 2TL
TR

Mr − (J/M)2

∆1/2
∂t

)
and,

H̄1 = ie−2πTLφ+t/2M
(

∆1/2∂r −
J/M

∆1/2
∂φ − 2M

r

∆1/2
∂t

)
, (2.57)

H̄0 = −2iM∂t,

H̄−1 = ie2πTLφ−t/2M
(
−∆1/2∂r −

J/M

∆1/2
∂φ − 2M

r

∆1/2
∂t

)
.

And the quadratic Casimir is these coordinates is,

H2 = ∂r∆∂r −
(2Mr+∂t + (J/M)∂φ)2

(r − r+)(r+ − r−)
+

(2Mr−∂t+ (J/M)∂φ)2

(r − r−)(r+ − r−)
(2.58)

From this point it becomes a fairly easy exercise to see the radial part of the Laplacian (2.55)

as the quadratic Casimir (2.58); these two expression are very similar. From this observation

we can conclude that the radial part of the Laplacian of the Kerr black hole in the near region

is the centre element of the SL(2,R). This allows us to conclude that the near region of the

Kerr black has symmetries of the SL(2,R) group. Given that we have the left and the right

moving sectors, this means that the near region has symmetries of the SL(2,R)L × SL(2,R)R

group. This is the group of associated with a 2D CFTs.

The SL(2,R)L×SL(2,R)R symmetry is not a global symmetry, it is limited to the near region

of the black hole. When one moves away from the near region the symmetry is broken by the
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periodicity of the φ coordinate of the SL(2,R)L × SL(2,R)R group. This periodicity can be

expressed as,

φ ∼ φ+ 2π. (2.59)

The breaking of the symmetry in this manner is often referred to as a spontaneous symmetry

breaking. Under the periodic identification (2.59), the conformal coordinates are transformed

into the form,

ω+ ∼ e4π2TRω+, ω− ∼ e4π2TLω−, y ∼ e2π2(TL+TR)y. (2.60)

This identification of the conformal coordinates is a group element and is generated,

g = e−i4π
2TRH0−i4π2TLH̄0 , g ∈ SL(2,R)L × SL(2,R)R. (2.61)

This results in the SL(2,R)L × SL(2,R)R group becoming the U(1)L × U(1)R group [37].

2.2.3 Conformal Weights

To begin the discussion on conformal weights we need to state what weights are. Given a

representation of the group, the weights can be thought of as the eigenvalues associated with

the action of a group on some field. In the context of the SL(2,R), when H0 acts on some

field, the associated eigenvalue hL is an left moving weight. And similarly when H̄0 is the right

moving weight, i.e.,

H0Φ = hLΦ (2.62)

H̄0Φ = hRΦ (2.63)

We can work out the highest weight by acting on our field by H1 and H̄1. When acting on the

field by the highest weight state, we should have a relation,

H1Φ = 0 H̄0Φ = 0 (2.64)

Using the definition of H1 and H̄1 given in (2.42) we can see that our Φ can only depend on y.

From this we can see that the action of H0 and H̄0 are essentially the same action, i.e.,

iH0Φ(y) = hLΦ(y) = iH̄0Φ(y) = hRΦ(y) (2.65)

We introduced the complex number (i) to ensure consistency with the formal SL(2,R) algebra.

If we let hL = hR = h, then we have,

H0Φ(y) =
1

2
y∂yΦ(y) = −hΦ(y) (2.66)

The solution to the differential equation (2.66) is of the form,

Φ(y) = C1y
−2h, (2.67)
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where C1 is an arbitrary constant. From here we conduct a similar analysis for the quadratic

Casimir. From 2.47 we have the below expression for the Casimir,

H2Φ(y) = `(`+ 1)Φ(y)

=
1

4

(
y2∂2

y − y∂y
)

Φ(y) (2.68)

The solution to above equation takes is of the form,

Φ(y) = C2y
1−
√

1+4(`(`+1))2
. (2.69)

Again we have C2 as a constant. From here we can compare the equations (2.67) and (2.69).

From the comparison we see the weights are related to ` by the equation,

h =
1

2

√
1 + 4(`(`+ 1))2 − 1). (2.70)

This expression suggests that we are dealing the maximum eigenvalue of H0 and H̄0 which is

is the highest weight state. Simplifying the above expression (2.70) we have,

(h(h+ 1))2 = (`(`+ 1))2. (2.71)

This allows us to see and to conclude that,

hL = hR = h = `. (2.72)

2.2.4 Microscopic Thermodynamics of the Hidden Conformal Symmetry

To work out the microscopic entropy we will need to assume that the there is a 2D CFT in the

near region of the Kerr black hole. This seems like a plausible assumption given that the the

SL(2,R) is associated with 2D CFTs. Furthermore, we need assume that the there is continu-

ity in the charge distribution between the near region of the Kerr black hole and the NHEK

region. Based on this assumption we can proceed to employ the Cardy formula in determining

the microscopic temperature.

The central charge for the extreme Kerr black hole was shown to be,

cR = cL = 12J (2.73)

From here we can take the left and the right moving temperature (2.43) and compute the

entropy. The expression for the entropy is then,

S =
π2

3
12J

( r+ + r−
4π(J/M)

+
r+ − r−

4π(J/M)

)
=

2πr+J

(J/M)

= 2πMr+ (2.74)
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When we compare this expression of the microscopic entropy to that computed using the

Bekenstein-Hawking formula,

SBH = 2πMr+ (2.75)

There is agreement between the two. This was of a somewhat surprising result as the tempera-

ture used in the entropy computation using the Cardy formula largely relied on the symmetries

of the near region and not on the analysis of the asymptotic symmetries which where shown to

be dual 2D CFT [37].

This concludes our review of Kerr/CFT within the NHEK geometry as well the hidden confor-

mal symmetries associated with the near region of the Kerr black hole. In the next section we

review and briefly discuss black rings, their properties as well as the challenges associated with

their unique topology.
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3

Black Rings

Although we have known about the 5d Kerr black hole solution to Einstein equations since

1986, black rings were only discovered as recently as 2001 [43]. These black objects exist in

D ≥ 5 dimensions and in five dimensions have an event horizon which has an S1×S2 topology,

where S1 is a circle and S2 a 2-sphere.

In this chapter we provide a high-level review of black rings. We start with the black ring

coordinate system, then proceed to discuss the neutral black ring and then we briefly discuss

a few of their properties. The properties we discuss are specifically applicable to the neutral

singly rotating black ring. Lastly we will look at the super-symmetric black ring solution in

5-d and its near horizon geometry.

3.1 Black Ring Coordinate System

The ring can be compared to a circular string that acts as an electric source of the 3-form field

strength H = dB. The field strength satisfies the field equations [43]:

∂µ(
√
−gHµνρ) = 0 (3.1)

The coordinates which describe the ring in flat spacetime are, [43],

ds2 = dr2
1 + r2

1dφ
2 + dr2

2 + r2
2dψ

2. (3.2)

Using the analogy of a a circular string with a single electric source stated above, the magnetic

field at r1 = 0 and r2 = R and 0 ≤ ψ ≤ 2π, would then be given by,

Btψ =
R

2π

∫ 2π

0

dψ
r2 cosψ

r2
1 + r2

2 +R2 − 2Rr2 cosψ
(3.3)

= −1

2

(
1− R2 + r2

1 + r2
2

Σ

)
, (3.4)

where

Σ =
√

(r2
1 + r2

2 +R2)2 − 4R2r2
2. (3.5)
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The circular string would then have an electric-magnetic dual to this field in 5d, ∗H = F = dA,

which is a one-form potential. The surface of constant Aφ is orthogonal to surfaces of constant

Btψ. The dual field then becomes:

Aφ = −1

2

(
1 +

R2 − r2
1 − r2

2

Σ

)
(3.6)

For constant values of Btψ and Aφ, the following coordinates are defined;

y = −R
2 + r2

1 + r2
2

Σ
, (3.7)

x =
R2 − r2

1 − r2
2

Σ
. (3.8)

With the inverse,

r1 = R

√
1− x2

x− y
, (3.9)

r2 = R

√
y2 − 1

x− y
. (3.10)

The ranges of y and x are;

−∞ ≤ y ≤ −1, −1 ≤ x ≤ 1. (3.11)

While y = −∞ corresponds to the location of the ring source, asymptotic infinity is recovered

as x→ y → −1. The axis of rotation around ψ (which can be viewed as a plane) occurs with

r2 = 0 at y = −1. The axis of rotation in the φ direction occurs at r1 = 0. This can be

separated into two areas; x = 1 is the disk with r2 ≤ R, and x = −1 is outside the ring, with

r2 ≥ R. The flat metric is then:

ds2 =
R2

(x− y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1− x2
+ (1− x2)dφ2

]
(3.12)

The above metric can be reconfigured to better describe the spacetime in the region near the

ring by introducing the following coordinate transformation:

r = −R
y
,

cos θ = x. (3.13)

The coordinates have the following ranges,

0 ≤ r ≤ R (3.14)

0 ≤ θ ≤ π. (3.15)

The flat metric is then given by,

ds2 =
1

(1 + cos θ
R

)2

[(
1− r2

R2

)
R2dψ2 +

dr2

1− r2/R2
+ r2(dθ2 + sin2 θdφ2)

]
. (3.16)
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Figure 3.1: Black ring coordinates for flat 4-d space. These are at constant φ(φ + π) and
ψ(ψ + π). The dashed lines are spheres at constant |x| ε [0, 1]. The solid circles to spheres at
constant y ε [−∞,−1]

In concluding this brief discussion on the black ring coordinate system, we note the following;

there is a singularity at r = R corresponding to the ψ-axis of rotation. We also observe that at

constant r, i.e., constant y, the surface will have a topology S2 × S1. The S2 is parametrised

by (φ, θ) and S1 by ψ. The horizon of the ring will be at constant values of y or r. Lastly,

the (x, y) coordinates used in the two-form potential B, are also useful in the analysis of the

super-symmetric black ring [43] which is discussed in section 3.5 below.

3.2 Neutral Black Ring

The neutral single rotating black ring solution is arguably the simplest formulation of the known

black ring solutions. The metric takes the form [43, 44];

ds2 = −F (y)

F (x)

(
dt−CR1 + y

F (y)
dψ
)2

+
R2

(x− y)2
F (x)

[
−G(y)

F (y)
dψ2− dy2

G(y)
+
dx2

G(x)
+
G(x)

F (x)
dφ2
]

(3.17)

with,

F (ξ) = 1 + λξ, G(ξ) = (1− ξ2)(1 + νξ), (3.18)

and,

C =

√
λ(λ− ν)

1 + λ

1− λ
. (3.19)

The parameters λ and ν are dimensionless and have the range,

0 < ν ≤ λ < 1. (3.20)
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The parameters λ and ν provide insight into the shape and the rotation velocity of the black

ring. It easy to see that when they are both set to zero, we recover the flat metric (3.16).

The metric has a singularity at y = 1/ν, however this is a coordinate singularity which can be

removed by transforming (t, ψ)→ (v, ψ′) as [43],

dt = dv − CR 1 + y

G(y)
√
−F (y)

dy dψ = dψ′ +

√
−F (y)

G(y)
dy. (3.21)

This transforms the metric 3.17 into,

ds2 = −F (y)

F (x)

(
dv−CR1 + y

F (y)
dψ′
)2

+
R2

(x− y)2
F (x)

[
−G(y)

F (y)
dψ′2− dψ′dy√

−F (y)
+
dx2

G(x)
+
G(x)

F (x)
dφ2
]
.

The horizon has the topology of S1 × S2. The S1 is parametrised by ψ and S2 by (φ, θ). The

S2 is not a perfect sphere, it is somewhat distorted. At y = −∞ we have an inner spacelike

singularity [43].

3.3 Black Ring Properties

One of the key properties of the black ring solutions is that they offer us proof that the no hair

principle is violated in dimensions D ≥ 5. This is seen through studying their two conserved

charges namely; spin and mass. These are determined by analysing what happens to the metric

near asymptotic infinity x→ y → −1.

What was shown in [43] was that for certain values of j, the reduced spin, one finds a Myers-

Perry black hole and two black rings all with the same values of spin and mass. This they

observed in the range 27/32 ≤ j2 < 1. Furthermore, they found that the angular momentum

(for fixed mass) of the black ring was bounded from below and not from above. This is

specifically applicable to the neutral singly rotating black ring [43].

However, in [44] it was shown that there is a special class of charged singly rotating black ring

solutions whose angular momentum was bounded from above and whose extremal limit could

be determined. Furthermore, in [45] the authors showed that the black ring with two angular

momenta is bounded from above and has an extremal limit. For further reading and detailed

analysis of black ring properties please see [43, 44, 45, 46].

3.4 Separability and non-extremal black rings

A statement that is often made in the literature on black rings is that applying the separation of

variables techniques to the scalar wave equation of the neutral black ring solution is extremely

difficult, even impossible. Two examples of this statement can be found in [43], and [47].

This statement seems odd given that the massless scalar wave equation is separable in the

background of a 3 dimensional torus. Below we reproduce the computation for the separations

of variables for the scalar wave equation in d = 3 dimensions as per [48]. Following this, we

extend this approach to 4 dimensions and attempt to do the same in 5 dimensions.
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We start with the metric in [48]. This metric is expressed as a d = 3 coordinate system and

the coordinates are labelled as (η, θ, ψ).

ds2 =
a2

(cosh η − cos θ)2
[dη2 + dθ2 + sinh2 ηdψ2]. (3.22)

Where 0 ≤ η < +∞, −π < θ ≤ +π, 0 ≤ ψ < 2π. The Laplacian associated with this

metric then becomes,

∇2Φ(η, θ, ψ) =
(cosh η − cos θ)3

a2 sinh η

{
∂

∂η

( sinh η

cosh η − cos θ

∂Φ

∂η

)
+ sinh η

∂

∂θ

( 1

cosh η − cos θ

∂Φ

∂θ

)}

+
(cosh η − cos θ)2

a2 sinh2 η

∂2Φ

∂ψ2
. (3.23)

The ansatz in [48] suggests as a possible solution for (3.23) is of the form,

Φ(η, θ, ψ) = (cosh η − cos θ)1/2H(η)Θ(θ)Ψ(ψ). (3.24)

The above ansatz then separates into the following ordinary differential equations(ODE);

(η − 1)2d
2H

dη2
+ 2

dH

dη
−
( q2

η2 − 1
− p2 +

1

4

)
= 0, (3.25)

d2Θ

dθ2
+ p2Θ = 0, (3.26)

d2Ψ

dψ2
+ q2Ψ = 0. (3.27)

The solution to these differential equations are,

H = APq
p− 1

2

(cosh(η)) +BLq
p− 1

2

(cosh(η)),

Θ = A sin(pθ) +B cos(pθ),

Ψ = A sin(pψ) +B cos(pψ). (3.28)

The functions (Pq
p− 1

2

(cosh η),Lq
p− 1

2

(cosh η)) are Legendre polynomials of the first and second

kind respectively.

In the above, p and q are separation constants. The coordinates (η, θ, ψ) are related to the

coordinates of the black ring of [43] by,

y = − cosh η, (3.29)

x = − cos θ. (3.30)

Then the metric (3.23) can be expressed in the Emparan-Reall coordinates [43] by;

ds2 =
R2

(x− y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1− x2

]
(3.31)

As stated above this expression is separable using the ansatz,

Φ(x, y, θ) = (x− y)−1/2X(x)Y (y)Ψ(ψ). (3.32)
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And the differential equations (3.25), (3.26), and (3.27) become,

(y2 − 1)
d2Y

dy2
+ 2

dY

dy
+
( q2

y2 − 1
+ p2 − 1

4

)
Y = 0, (3.33)

d2X

dx2
− p2X = 0, (3.34)

d2Ψ

dψ2
− q2Ψ = 0. (3.35)

The d = 3 toroidal system is then easily extended to d = 4 dimensions taking the form of,

ds2 =
R2

(x− y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1− x2
+ (1− x2)dφ2

]
. (3.36)

The separation ansatz for the d = 4 toroidal system then becomes,

Φ(x, y, θ, φ) = (x− y)−1/2X(x)Y (y)Ψ(ψ)P(φ). (3.37)

And the ODE become,

(y2 − 1)
d2Y

dy2
+ 2

dY

dy
− (p2 − q2)Y = 0, (3.38)

−(x2 − 1)
d2X

dx2
− 2

dX

dx
+ (r2 − s2)X = 0, (3.39)

d2Ψ

dψ2
− q2Ψ = 0 (3.40)

d2P (φ)

dφ2
− s2P (φ) = 0. (3.41)

The solutions to the above ODE are,

Y (y) = APq√
4p2−4q2+1

2
− 1

2

+BLq
4p2−4q2+1

2
− 1

2

,

X(x) = APs√
4r2−4s2+1

2
− 1

2

+BLs√
4r2−4s2+1

2
− 1

2

,

Ψ(ψ) = Aeqψ −Be−qψ,

P (φ) = Aesφ +Be−sφ (3.42)

Following the separation in four dimensions of space-time we attempted to apply the same

technique to five spacetime dimensions. We had assumed that the time (t) could be compactified

in the additional dimension and thus render the scalar wave equation associated with the

Laplacian of the neutral black ring solution separable. Alas, this was not the case. The wave

equation proved not separable using the approach of [48]. This suggest that there might be

some merit to the statement that the scalar wave equation of the neutral black ring might not

be separable. There has been some work done on the separability of black holes within string

theory, most notably by [49] and it would be interesting to see if the techniques developed in

[49, 50] can be applied to the separability problem within black rings.

Next we review five dimensional super-symmetric black ring and the double rotating black ring

solution. We will focus on both black ring solution in our application of the hidden conformal

symmetry technique to black ring solutions.
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3.5 Super-symmetric black rings

We now briefly discuss the U(1)3 super-symmetric black ring solution. We adopt the conventions

of [51], specifically with regards to the charge (Qi) and dipole moments (qi). Our focus is on

the metric and not the field strengths and the one-forms of [51]. The 5-d metric is given by

ds2
5 = −(H1H2H3)−2/3(dt+ ω)2 + (H1H2H3)1/3dx2

4 (3.43)

where,

dx2
4 =

R2

(x− y)2

[ dy2

y2 − 1
+ (y2 − 1)dψ2 +

dx2

1− x2
+ (1− x2)dφ2

]
, (3.44)

and,

H1 = 1 +
Q1 − q2q3

2R2
(x− y)− q2q3

4R2
(x2 − y2),

H2 = 1 +
Q2 − q3q1

2R2
(x− y)− q3q1

4R2
(x2 − y2),

H3 = 1 +
Q3 − q1q2

2R2
(x− y)− q1q2

4R2
(x2 − y2) (3.45)

The ω is a one-form related to the ring’s angular momentum and is expressed as,

ω = ωψdψ + ωφdφ. (3.46)

And the expressions for the two angular momenta are;

ωφ = −(1− x2)R

2(x− y)2

[
q1Q1 + q2Q2 + q3Q3 − q3

(
3− y2 − 1

x− y
+

1− x2

x− y

)]
(3.47)

ωψ = −(q1 + q2 + q3)
(y2 − 1)(x− y)

(y2 − 1) + (x− y)2 + 2(x− y)
− y2 − 1

4R2

[
q1Q1 + q2Q2 + q3Q3

− q3
(

3− y2 − 1

x− y
+

1− x2

x− y

)]
.

With q defined as,

q ≡ (q1q2q3)1/3. (3.48)

The flat metric is the same as the flat metric associated with the neutral rotating black ring

solution. The following is assumed with respect to the Qis,

Q1 ≥ q2q3, Q2 ≥ q1q3, Q3 ≥ q1q2. (3.49)

This is to ensure that Hi ≥ 0. Unlike in [52, 9] we have not taken the simplification,

Q1 = Q2 = Q3 = Q, q1 = q2 = q3 = q. (3.50)

However, as it would be seen later, our results for the near horizon geometry are similar to

those of [52, 9], with the only difference being the value of L(Qi, qi) which appears on both

approaches. The coordinates of this ring solution are the same as those of the neutral single

rotating black ring discussed in 3.2 above and in detail in [43]; where,

− 1 ≤ x ≤ 1, −∞ < y ≤ −1, 0 ≤ φ, ψ ≤ 2π. (3.51)

The horizon as is the case of the neutral single rotating black ring of [43] is located at y = −∞.
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3.5.1 Near Horizon Limit

To arrive at the near horizon limit we follow the formalism of [52, 9]. The complete derivation

of the near horizon geometry is contain in appendix C. Below we state the result contained in

the aforementioned appendix and in [52, 9].

The near horizon limit of the metric is becomes;

ds2 = q2
(dr2

r2
+
L2

q2
dψ2 +

Lr

p
dtdψ

)
+
q2

4

(
dθ2 + sin2 θdφ2

)
(3.52)

In the derivation in appendix C, we did not make the simplifying assumption 3.50, however

one can see that the near horizon metric (3.52) is very similar to that of [53, 52, 9] with the

only difference being the definition of L. The definition for L is provided in appendix C.

The metric 3.52 will form the basis for our computation of the massless scalar wave equation

using the Laplacian in the next section. This will ultimately lead us to the identification of the

conformal symmetry associated with this black ring solution.

3.6 Double Rotating Black Ring

We now turn our attention to the neutral double rotating black ring (DRBR) solution discovered

by Pomeransky et al [45]. The DRBR is a black ring solution with rotation in two directions,

the ψ and tφ direction. The metric takes the form of;

ds2 =
H(ŷ, x)

H(x, ŷ)
(dt̂+ Ω(x, ŷ))2 − F (x, ŷ)

H(ŷ, x)
dψ − 2

J(x, ŷ)

H(ŷ, x)
dφdψ

+
F (ŷ, x)

H(ŷ, x)
dφ2 +

2k2H(x, ŷ)

(x− ŷ)2(1− ν)2

( dx2

G(x)
− dŷ2

G(ŷ)

)
. (3.53)

Like the neutral singly rotating black ring, the ranges of the coordinates are, −1 ≤ x ≤ 1,

−∞ ≤ ŷ ≤ −1 and φ, ψ ∈ [0, 2π]. Similarly, for the DRBR solution, the S1 is parametrised by

ψ, and the S2 is parametrised by (φ, θ). The functions contained (3.53) are defined as;

G(x) = (1− x2)(1 + λx+ νx2),

H(x, ŷ) = 1 + λ2 − ν2 + 2λν(1− x2)ŷ + 2xλ(1− ŷ2ν2) + x2ŷ2ν(1− λ2 − ν2),

Ω(x, ŷ) =
−2kλ((1 + ν)2 − λ2)

1
2

H(ŷ, x)
(ν

1
2 ŷ(1− x2)dφ

+
1 + ŷ

1 + λ+ ν
(1 + λ− ν + ν(1− λ− ν)ŷx2 + 2νx(1− ŷ))dψ),

J(x, ŷ) =
2k2(1− x2)(1− ŷ2)λν

1
2

(x− ŷ)(1− ν)2
(1 + λ2 − nu2 + 2(x− ŷ)λν − xŷν(1− λ2 − ν2)),

F (x, ŷ) =
2k2

(x− ŷ)2(1− ν)2

(
G(x)(1− ŷ2)(((1− ν)2 − λ2)(1 + ν) + ŷλ(1− λ2 + 2ν − 3ν2))

+G(ŷ)(2λ2 + xλ(1− ν)2 + λ2) + x2((1− ν)2 − λ2)(1 + ν)

+ x3λ(1− λ2 − 3ν2 + 2ν3)− x4(1− ν)ν(λ2 + ν2 − 1)
)

(3.54)
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This black ring solution is parametrised by k, λ and ν. Like the neutral singly rotating black

ring, λ, ν are dimensionless and k has the dimension of length. These parameters have the

following ranges;

k > 0, 0 ≤ ν ≤ 1, 2
√
ν ≤ λ ≤ 1 + ν (3.55)

The event horizon of the ring is worked out from the roots of G(ŷ) and we take the larger root,

yh =
−λ+

√
λ2 − 4ν

2ν
(3.56)

3.6.1 Extremal DRBR solution

The extremal DRBR occurs when ν = λ2

4
. The near horizon geometry of the extremal ring is

determined by performing the following coordinate transformation [54];

ŷ → −2

λ
+ εr, t̂→ 16k

(λ− 2)2

t

ε
, φ̂→ φ+

(λ− 2)(λ2 + 4)

8λk(λ+ 2)
t̂, ψ̂ → ψ +

(λ− 2)

2k(λ+ 2)
t̂, (3.57)

and taking the limit ε→ 0. The resulting metric is,

ds2 =
16k2Γ(x)

(λ− 2)2

(
− r2dt2 +

dr2

r2

)
+

8λ2k2H(x)

(λx+ 2)4(1− x2)(4− λ2)
dx2

+ 4
k2(2 + λ)2

(2− λ)2
dψ2 +

32λ2k2(1− x2)

H(x)(4− λ2)
(dφ− rdt+

4 + 8λ+ λ2

4λ
dψ)2, (3.58)

with the functions H(x) and Γ(x) defined as,

H(x) = (λ2 + 4)(1 + x2) + 8λx, Γ(x) =
λ2H(x)

2(2 + λx)2(2 + λ)2
. (3.59)

For the DRBR we will use the metric (3.58) in working out the Laplacian and eventually arrive

at identifying the hidden conformal symmetries associated with this ring.
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4

Black Ring - Hidden Conformal Symmetry

The conformal coordinates discussed in [42] and in chapter 2 were those of the non-extremal

Kerr black hole. These conformal coordinates are not applicable to the extreme Kerr geometry

which formed the basis of the original Kerr/CFT correspondence formulation by the authors of

[6]. This can be seen from the conformal coordinate transformation we presented and discussed

in 2.2.1.

ω+ =

√
r − r+

r − r−
e2πTRφ (4.1)

ω− =

√
r − r+

r − r−
e2πTLφ− t

2M

y =

√
r+ − r−
r − r−

eπ(TL+TR)φ− t
4M

When r+ = r−, it is clear that these coordinates become meaningless. As we were studying

extremal black rings, it was necessary to find a conformal coordinate transformation which is

consistent with the extreme Kerr geometry. This, in our view was consistent with the argument

and the derivation of the original Kerr/CFT correspondence by [6]. The conformal coordinate

transformation consistent with the hidden conformal symmetry of the extreme Kerr geometry

was presented by Chen et al in [55]. In their work [55], they applied the conformal coordinates

to a number of extreme black holes. Some of the examples included in [55] are;

• Hidden conformal symmetry of extreme Kerr-Newman black hole,

• Hidden conformal symmetry of extreme Kerr in d = 4 dimensions, and,

• Extreme warped AdS3 black hole.

In a different paper [56], they show that the conformal coordinates used in [55] to determine

the hidden conformal symmetry of d = 4 extreme Kerr geometry could be extended to d = 5

spacetime. In [56] they successfully apply this approach to the 5D Kerr black hole.

As one can expect our analysis of the hidden conformal symmetry of both the supersymmetric

black ring and the DRBR follows the work of [55] and to a lesser extent [42]. The approach we

took for the black rings began with working out the massless wave equation using the Laplacian.

Then we applied the conformal coordinate transformation of [56] to determine the quadratic
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Casimir. We then compared the two to see if we could draw any conclusions between radial

equation of the Laplacian and the quadratic Casimir.

4.1 Black ring Massless Scalar Wave Equation

4.1.1 Supersymmetric Black Ring

We begin this section by re-stating the near horizon limit of the U(1)3 supersymmetric black

ring solution as stated in 3.5.1 and [53, 9, 52].

ds2 = q2

(
dr2

r2
+
L2

q2
dψ2 +

Lr

q
dtdψ

)
+
q2

4

(
dθ2 + sin2 θdφ2

)
(4.2)

Following the approach of [42] we worked out the Klein-Gordon equation for the massless scalar

wave equation associated with the above metric. The Klein-Gordon equation for the massless

scalar is given by;
1√
−g

∂µ
(√
−ggµν∂νΦ

)
= 0 (4.3)

We tried an ansatz similar to that of [42] as a solution to the Klein-Gordon equation above,

Φ(t, r, θ, φ, ψ) = e−iωt+imφ+inψΦ(r, θ) (4.4)

As the black ring solution is in d = 5 space-time, we have introduced ψ, the angle parametrising

the S1 of the black ring. Similar to the φ which parametrises S2 in the Kerr solution, it is

periodic in ψ ∼ ψ + 2π. Furthermore, Φ(r, θ) can be separated into the radial and the angular

part and we have;

Φ(r, t, θ, φ, ψ) = e−iωt+imφ+inψR(r)S(θ) (4.5)

The radial equation can be expressed as;

r2∂2
rR(r) + 2r∂rR(r) +

mωq

Lr
R(r) +

ω2

r2
R(r) = K`R(r) (4.6)

In these coordinates the supersymmetric black ring has an event horizon at r = 0, hence we

have not included the term (r − r+) as is the case in [42], where the event horizon is at some

distance from r = 0.

The angular equation of the Laplacian can be expressed as;[ 1

sin θ
∂θ(sin θ∂θ) +

mω

L cos θ
− n2

q2(1− cos3 θ)

]
S(θ) = −K`S(θ) (4.7)

In both the radial and the angular equation, K` is the separation constant.

4.1.2 Double Rotating Black Ring

We follow the same process as in the previous section 4.1.1 in working out the hidden conformal

symmetry of the DRBR solution. We restate the metric for the near horizon extremal limit of

36



the DRBR we discussed in chapter 3

ds2 =
16k2Γ(x)

(λ− 2)2

(
− r2dt2 +

dr2

r2

)
+

8λ2k2H(x)

(λx+ 2)4(1− x2)(4− λ2)
dx2

+ 4
k2(2 + λ)2

(2− λ)2
dψ2 +

32λ2k2(1− x2)

H(x)(4− λ2)
(dφ− rdt+

4 + 8λ+ λ2

4λ
dψ)2, (4.8)

with the functions H(x) and F (x) defined in (3.59).

We start by applying the Laplacian operator (4.3) to the metric (4.8) and we try the ansatz,

Φ(r, x, t, φ, ψ) = Φ(r, x)e−iωt+imφ+inψ, (4.9)

as a solution to the Laplacian. The Φ(r, x) function can be further separated into the radial(r)

and x equations of the Laplacian. As in the above section for the supersymmetric black ring

4.1.1 we have,

Φ(r, x, t, φ, ψ) = e−iωt+imφ+inψR(r)X(x). (4.10)

Our interest is on the radial equation. The radial part then takes the form of,

∂r((r
2)∂r)R(r) + (

ω2

r2
− mω

r
) = K`R(r). (4.11)

Again K` is the separation constant.

4.2 Conformal Coordinates

Unlike in [42], where their analysis of hidden conformal coordinates focused on the near region

of the Kerr solution (as discussed in 2.2), our analysis is limited to the extremal region of black

rings. To this end, we use the conformal coordinates applicable to extremal black holes defined

in [56]. The coordinates are defined as;

ω+ =
1

2

(
α1t+ β1φ−

γ1

r − r+

)
, (4.12)

ω− =
1

2

(
e2πTLφ+2nLt

)
,

y =

√
γ1

2(r − r+)
eπTLφ+nLt.

Using this coordinate system, the vector fields which eventually lead to the quadratic Casimir

are defined as;

H1 = i∂+ (4.13)

H0 = i
(
ω+∂+ +

1

2
y∂y

)
H−1 = i(ω+2∂+ + ω+y∂y − y2∂−)
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and,

H̄1 = i∂− (4.14)

H̄0 = i
(
ω−∂− +

1

2
y∂y

)
H̄−1 = i(ω−2∂− + ω−y∂y − y2∂+).

The vector fields in (r, φ, t) coordinates are provided in appendix D. These vector fields obey

the following SL(2,R) Lie algebra.

[H0, H±1] = ∓iH±1, (4.15)

[H−1, H1] = −2iH0.

The above algebra also holds for (H̄0, H̄±1). We will show later that these vector fields reduce

to vectors very similar to the Killing vectors of [53] for the U(1)3 supersymmetric black ring.

In the next section we briefly discuss the quadratic Casimir associated with these vector fields.

4.3 Quadratic Casimir

The quadratic Casimir for these vector fields is

H2 = H̄2 = −H2
0 +

1

2
(H1H−1 +H−1H1) (4.16)

=
1

4
(y2∂2

y − y∂y) + y2∂+∂−

The Casimir in (r, φ, t) coordinates is given by the expression;

H2 = ∂r(∆∂r)−
(γ1(2πTL∂t − 2nL∂φ)

A(r − r+)

)2

− 2γ1(2πTL∂t − 2nL∂φ)

(r − r+)A2
(β1∂t − α1∂φ) (4.17)

with A and ∆ defined as,

A = 2πTLα1 − 2nLβ1 (4.18)

∆ = (r − r+)2

4.3.1 Supersymmetric Black Ring

From the radial equation of the Laplacian of the U(1)3 supersymmetric black ring we were able

to express the above Casimir as;

∂r

(
∆∂r

)
R(r) +

(mqω
Lr

+
ω2

r2

)
R(r) = K`R(r) (4.19)

This we were able to achieve by setting the following constants to be,

β1 = 0, γ1 = α1 = 1, nL = 0, TL =
L

πq
(4.20)

This recasting of left hand side of (4.19) into (4.17) is reminiscent of the NHEK analysis in

[56].
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4.3.2 DRBR

From (4.11) we were able to show that the Casimir associated with the DRBR solution is,

∂r(r
2)∂rR(r) + (

ω2

r2
− mω

r
) = K`R(r). (4.21)

From the above it then becomes easy to cast (4.11) into the same format as (4.17). This again

is achieved by setting the following constants of equation (4.17) to be,

β1 = nL = 0, γ1 = α1 = 1, TL =
1

2π
. (4.22)

4.4 Killing vectors and the SL(2)R algebra

As stated in [55, 56] the vector fields which generate (4.17) satisfy the SL(2,R) algebra. Below

we present the vector fields specifically for the U(1)3 supersymmetric black ring solution.

H1 = 2i∂t, H0 = i(t∂t − r∂r), (4.23)

H̄0 = iq∂φ, H−1 = i((r−2 +
1

2
t2)∂r −

q

2Lr
∂φ − rt∂r),

H̄1 = −2ie
−2Lφ
q
( 1

L
∂t −

q

L
∂φ − r∂r

)
,

H̄−1 = −i1
2
e

2Lφ
q
(1

r
∂t −

q

2L
∂φ + r∂r

)
.

The vector fields satisfy the following SL(2,R) algebra;

[H0, H1] = −iH1, [H0, H−1] = iH−1, [H−1, H1] = −2iH0, (4.24)

[H̄0, H̄1] = −iH̄1, [H̄0, H̄−1] = iH̄−1, [H̄−1, H̄1] = −2iH̄0.

In the next section we use our results for temperature (TL) to compute the microscopic entropy

for both the black ring solutions respectively. This will be done through the application of

the Cardy formula. This is then compared to the expressions for microscopic entropy obtained

through other approaches.
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5

CFT Interpretation

The focus of this chapter is on confirming the validity of the result for the left moving tempera-

tures computed using the hidden conformal symmetry approach in the previous chapter 4. The

temperature is used as input into the Cardy formula to work out the microscopic entropy. The

expression for the microscopic entropy is then compared to those obtained through the ASG

formalism or the Bekenstein-Hawking approach. This is done for both black ring solutions.

Lastly, we compare the expressions for the microscopic entropy of the DRBR solution to that

of the 5D extremal Myers-Perry black hole.

5.1 Entropy and CFT Interpretation: supersymmetric black ring

5.1.1 Bekenstein-Hawking Entropy

The Bekenstein-Hawking formula in d = 5 spacetime takes the form of [24];

SBH =
A

4G5

, (5.1)

A is the area of the event horizon, G5 is the Newton gravitational constant in five dimensions.

The spatial-cross section of the event horizon is given by [9],

ds2
horizon = L2dψ′

2
+
q2

4
(dθ2 + sin2 θdχ2). (5.2)

In these coordinates one can see that the event horizon has an S1×S2 topology. The radius of

the circle, S1, is L2 and of the two-sphere, S2, is q2/4 [9]. From here it is easy to compute the

area of the event horizon. And it is given by,

A =

∫
√
gψ′ψ′gθθgχχdθdχdψ

′. (5.3)

Using (5.2) as input into (5.3) we have,

A =
Lq2

4

∫ 2π

0

dψ′
∫ 2π

0

dχ

∫ π

0

sin θdθ. (5.4)

The ranges of the coordinates are; ψ′, χ ∈ [0, 2π] and θ ∈ [0, π]. We then have the value of the

area as [9],

A = 2π2Lq2. (5.5)
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The definition of q and L are provided in (3.48) and (C.8) respectively. Using the above

expression for the area as input into the (5.1), we have the value of the microscopic entropy

calculated from the horizon as in [43],

SBH =
π2Lq2

2G5

. (5.6)

In the next section we look at the result we found for the left moving temperature with the

intention of working out the entropy.

5.1.2 U(1)3 supersymmetric black ring CFT Interpretation

In the previous chapter we determined the left moving temperature (TL) by employing the

hidden conformal symmetry approach. We found TL to be,

TL =
L

πq
. (5.7)

Our goal is to use the Cardy formula to determine the macroscopic entropy. In order to do

this, we need the value of the central charge associated with supersymmetric black ring. We

will not reproduce it here, we will merely state it as in [57, 51],

cL =
3πq1q2q3

2G
. (5.8)

The Cardy formula is given by,

SC =
π2

3
cLTL. (5.9)

Now taking the value of the central charge (5.8) and using it as input into the Cardy formula

(5.9) we find that our result reproduces the microscopic entropy determined using (5.6), i.e.

SBH = SC =
π2Lq2

2G5

. (5.10)

5.2 DRBR CFT Interpretation

The entropy and the Hawking temperature for the non-extremal DRBR solution are given by,

SBH =
A

4G5

=
8π2k3λ(1 + ν + λ)

G5(1− ν)2(y−1
h − yh)

,

TH =
(y−1
h − yh)(1− ν)

√
λ2 − 4ν

8πkλ(1 + ν + λ)
. (5.11)

In 4.3.2 we were able to work out the temperature of the extremal DRBR solution. In this

section we use that result to work out the microscopic entropy associated with the extremal

DRBR solution. To remind the reader, the temperature of the left moving sector of the DRBR

solution was worked out in (4.22) as,

TL =
1

2π
. (5.12)
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This is in agreement with the temperature determined using the asymptotic symmetry group

in [47] and quoted in [54]. From here we can determine the entropy using the Cardy formula

(5.9). The central charge associated with this black ring solution is given by,

cφL = 12Jφ. (5.13)

The entropy is then shown to be [47, 54]

SCardy =
π2

3
cφLTL = 2πJφ. (5.14)

Unlike the case of the 5D MP black hole we do not have a Jψ picture. This follows from the

result that; in the case of the DRBR solution, the extremal limit only occurs along the φ di-

rection and not the ψ direction.

5.3 5D Extremal Black Holes: a comparison

Below we compare the result for the temperature and the entropy for the extremal double

rotating black black ring (DRBR) solution to that of the 5D extremal Myers-Perry black hole.

The discussion below is a reproduction of the discussion on hidden conformal symmetries of a

5D Kerr black hole from [56]. We start the comparison by stating the near horizon geometry

of the Myers-Perry black hole. The 5D Myers-Perry metric is of the form;

ds2 =
∆

ρ2

(
dt− a sin2 θdφ− b cos2 θdψ

)2

+
ρ2dr2

∆
+ ρ2dθ2 +

sin2θ

ρ2

(
adt− (r2 + a2)dθ

)2

+
cos2 θ

ρ2

(
bdt− (r2 + b2)dψ

)2

+
1

r2ρ2

(
abdt− b(r2 + a2) sin2 dφ− a(r2 + b2) cos2 θdψ

)2

,

(5.15)

where a and b are two rotation parameters and,

∆ =
1

r2
(r2 + a2)(r2 + b2)− 2M,

ρ2 = r2 + a2 cos2 θ + b2 sin2 θ. (5.16)

The reader will recognise the above as the metric for the 5D Kerr black hole solution. Like in

the case of the 4d Kerr black hole solution, the location of the horizon is determined by solving

∆ = 0 equation. It then follows that the inner and out horizon is located at,

r± =

√
M − a

2
− b2

2
±
√

(M − 1

2
(a− b)2(M − 1

2
(a+ b)2)) (5.17)

The event horizon for the MP black hole is parametrised by θ ∈ [0, π/2] and φ, ψ ∈ [0, 2π] and

its topology is S3 [54].
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The Hawking temperature, Bekenstein-Hawking entropy, angular momenta and angular veloc-

ities at the horizon of this black hole are given by,

TH =
r4

+ − a2b2

2πr+(r2
+ + a2)(r2

+ + b2)
, SBH =

π2(r2
+ + a2)(r2

+ + b2)

2G5r±
,

Jφ =
πMa

2G5

, Jψ =
πMb

2G5

, Ωφ =
a

r2
+ + a2

, Ωψ =
b

r2
+ + b2

. (5.18)

5.3.1 Extremal MP black holes

The extremal MP black hole occurs when TH = 0, this occurs when,

r2
+ = r2

− = ab, M =
1

2
(a+ b)2 (5.19)

The Bekenstein-Hawking entropy for the extremal MP black hole is given by,

SBH =
π2

2G5

√
ab(a+ b)2. (5.20)

The near horizon geometry of the MP black hole is found by performing the following coordinate

transformation and taking the limit ε→ 0.

t→ (a+ b)2

4

t̂

ε
, r →

√
ab+ εr̂, φ→ φ̂+

t

a+ b
, ψ → ψ̂ +

t

a+ b
, (5.21)

while keeping the hatted coordinates fixed. The metric (5.15) becomes;

ds2 = ρ2(− r̂
4
dt̂2 +

r̂2

4r̂2
) + ρ2dθ2 +

2M

ρ2

[
a2 sin2 θ(dφ̂+ kφ̂r̂dt̂)

2 + b2 cos2 θ(dψ̂ + kψ̂r̂dt̂)
2

+ ab(sin2 θ(dφ̂+ kφ̂r̂dt̂) + cos2 θ(dψ̂ + kψ̂r̂dt̂))
2
]
, (5.22)

where the value of ρ has changed to,

ρ = ab+ a2 cos2 θ + b2 sin2 θ. (5.23)

And the kφ̂ and kψ̂ are defined as,

kφ̂ =
1

2

√
b

a
, kψ̂ =

1

2

√
b

a
. (5.24)

5.3.2 Hidden Conformal Symmetry of the 5d Myers-Perry black hole

The 5D MP black hole has what is commonly referred to as the ψ and φ pictures, associated

with the central charges and temperatures of the two chiral CFT pictures. The DRBR black

ring solution on the other hand, only has an extremal limit in the φ direction, and not in the ψ

direction. Hence our analysis of the hidden conformal symmetry, we only focus on the φ picture.

For working out the hidden conformal symmetry for the 5d MP black hole, the authors of [56] use

the same conformal coordinate transformation (4.13) we used in chapter 4 for supersymmetric
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black ring and the DRBR. Given that the hidden conformal symmetry of the MP black hole

has both an inner and outer horizon, the quadratic Casimir was restated to reflect this. The

Casimir in (t, r, φ) coordinates is;

H2 = ∂r((r − r+)2∂r)−
γ2

1(2πTL∂t − 2nL∂φ)2

A2
2(r − r+)2

− γ1(2πTL∂t − 2nL∂φ)(β1∂t − α1∂φ)

A2
2(r − r+)

, (5.25)

with |A2| = 2πTLα1 − 2nLβ1. The sign of A2 is chosen to make to β1/A2 > 0.

The massless scalar field of the 5D MP black hole can be decomposed into the following;

Φ(t, φ, ψ, r, θ) = R(r)S(θ)e−iωt+imφφ+imψψ = R(r)S(θ)e−iωt+imR(φ+ψ)+imL(φ−ψ), (5.26)

with mφ,ψ = mR ±mL. The same process is followed as in chapter 4 in terms of finding the

hidden conformal symmetry. After the separation of variables, the radial equation is,

∂

∂x

(
x2 − 1

4

) ∂
∂x
R +

1

4

[
x∆ω2 − Λ +Mω2 +

1

x− 1
2

( ω
k+

− mRΩR +mLΩL

k+

)
− 1

x+ 1
2

( ω
k−
− mRΩR −mLΩL

k+

)]
R = 0. (5.27)

The term ∆, is a constant which does not factor into computation and Λ is a representation

for the eigenvalue of the angular Laplacian. And x is defined as,

x =
r2 − 1

2
(r2

+ + r2
−)

r2
+ − r2

−
. (5.28)

For the extremal limit, the radial equation becomes,

∂

∂r2
(r2 + r2

+)2 ∂

∂r2
R(r) +

ab(a+ b)4

4(r2 + r2
+)2

(
ω − mφ +mψ

(a+ b)2

)2

R(r)

+
(a+ b)4

4(r2 − r2
+)

[
(ω − (a− b)(mφ −mψ)

(a+ b)2

]
R(r) = KR(r). (5.29)

To proceed, another coordinate transformation is performed, φ′ = αφ+ βψ and ψ′ = γφ+ δψ.

The angular coordinates then become linearly independent [56] . We have,[
α β
γ δ

]
∈ SL(2,Z). (5.30)

The expression eimφφ+imψψ = eimφ′φ
′+imψ′ψ

′
lead to,

mφ = αmφ′ + γmψ′ = βmφ′ + δmψ′ . (5.31)

To gain insight into the rotation on the φ′ direction, [56] mψ′ is set to zero (mψ′ = 0). The

radial equation (5.29) becomes,

∂r2(r2 − r2
+)2∂r2R(r) +

ab(a+ b)4

4(r2 − r2
+)2

(
ω − (α + β)mφ′

a+ b

)2

R(r)

(a+ b)4

4(r2 − r2
+)

(
ω − (α + β)mα′

a+ b

)[
ω − (α− β)(a− b)mφ′

(a+ b)2

]
R(r) = KR(r). (5.32)
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We then set m → mφ′ in (5.25) and we recover the equation for the quadratic Casimir [56].

And we can read off the following expression;

βφ
′

1 =
(a+ b)2

(α− β)(a− b)
αφ
′

1 , γφ
′

1 = −−(αb+ βa)
√
ab(a+ b)2

(α− β)(a− b)
αφ
′

1, ,

T φ
′

L =

√
ab

π(αb+ βa)
, nφ

′

L = − (α + β)
√
ab

(αb+ βa)(a+ b)
. (5.33)

Taking the value of the central charge for the extremal 5D Myers-Perry black hole,

cφ
′

L =
3π

2
(αb+ βa)(a+ b)2, (5.34)

and plugging into the Cardy formula, one finds that the entropy is the same as the Bekenstein-

Hawking entropy,

SCardy = SBH =
π2

2G5

√
ab(a+ b)2. (5.35)

5.3.3 Entropy Comparison

We now compare the value for the entropy of the extremal 5D MP black hole, to the value of

the entropy for the extremal DRBR solution. We firstly need to simplify the expression for the

MP black hole to ensure that we are comparing similar objects.

We start this process by remembering that the DRBR is parametrised by k, λ and, ν. At the

extremal point we have ν = λ2

4
. At the limit λ → 2, both the MP black hole and the DRBR

have the same mass and spin. To arrive at the point where we can compare the respective

entropy expression, we focus at a point in the parameter space when Jψ = 3Jφ [54]. At this

limit, the entropy of the MP black (5.35) can be restated as,

SMP =
π2

2G5

√
ab(a+ b)2,

=
π2

2G5

(2G5

πM

√
3J2

φ(2M)
)
,

= 2π
√

3Jφ. (5.36)

Here we have used the relation M = 1/2(a + b)2 and the relationship between Jφ and Jψ for

the MP black hole at extremality. We see that the entropy of the MP black hole is
√

3 greater

than the entropy of the DRBR worked above (5.14) to be, SDRBR = 2πJφ. The geometry with

the larger entropy tends to be more stable, and in this case the MP black would be more stable

than the DRBR solution. By studying the moduli space of 5D extremal black holes in the near

horizon limit, the authors of [58] have shown that the entropy obtained through the Kerr/CFT

conjecture is consistent with the Bekenstein-Hawking entropy.

In the next section we make a few remarks concerning the results of our analysis and suggest

possible areas of future research and/or investigation as we conclude this report.
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6

Concluding Remarks and Outlook

6.1 Concluding Remarks

We have successfully applied the conformal transformations of [55] to work out the hidden

conformal symmetries of both a supersymmetric black ring and a non-supersymmetric double

rotating black ring (DRBR) solution. We were able to show that in the near horizon region, both

black ring solutions exhibited symmetries of the SL(2,R)L × SL(2,R)R group. However this

symmetry was spontaneously broken when one moved towards the global geometry of the black

ring solution. This was similar to the spontaneous symmetry breaking found by Strominger et

al ([42]) in their analysis of the near region of Kerr black hole.

In both instances we were able to confirm our expression for the microscopic entropy with those

obtained through other approaches, namely the macroscopic entropy using the Bekenstein-

Hawking approach and the strong Kerr/CFT conjecture. Our focus was limited to the near

horizon extremal regions of both black ring solutions. It would be interesting to investigate if

these same conformal coordinates could be applied to regions away from the horizon, i.e. far

from the horizon of extremal black rings and what sort of physics and symmetries could be

observed in these regions.

Our work only looked at two classes of extremal black ring solutions, and attempted a 3rd,

unsuccessfully (Elvang’ extremal charged single rotating black ring analysed in [44]). It would

be interesting to investigate the necessary and sufficient conditions which allow for the successful

application of the conformal coordinate transformations we employed in our analysis. The

assumption we made in our analysis, which proved insufficient, was that the black ring solution

had to have an upper bound of the angular momentum, i.e. an extremal limit.

6.2 Outlook

Kerr/CFT is based on the Lie derivatives of the metric, one would expect to see different

symmetries with the black ring given the difference in metrics. However that is not the result

we found or the resulted in [53] which stated that the global symmetry of the near horizon of

the N = 2 supergravity is U(1))L × SL(2)R. It would be useful to identify a mechanism to
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differentiate the symmetries of the near horizon extremal black ring geometry from those of the

NHEK geometry.

The flat metric of the 5d black ring solution is separable and its been one of our questions

in this research if one can arrive a point where the curved metric becomes separable as one

approaching asymptotic infinity. What might warrant further investigation is; under what

conditions can the curved metric be simplified to arrive at separability. Another approach

which can be explored, is what are the necessary and sufficient conditions to have separability

of the 5d black ring metric? The investigation of these conditions might follow the approach

explored in [48] where the authors employ Stackel matrices.

In chapter 3 we briefly discussed the challenges with applying the separation of variables tech-

nique to the neutral singly rotating black ring solution. One of the ways this challenge can be

circumvented is through the application of the black hole monodromy technique. This proce-

dure developed to some detail in [59] rests on the assumption that the analytical properties of

a solution are connected to the singular points of a wave equation at some specified boundary

condition. The procedure involves the identification of a fundamental matrix for the ordinary

differential equations (ODE), the monodromies at all branch points, and the local behaviour of

Φ (a possible solution) around singular points [59].Through the application of this procedure,

one can better understand the scattering coefficients and quasinormal modes in various black

hole backgrounds. Furthermore, the elementary symmetries relevant to the extreme Kerr geom-

etry were also identified using this technique in [59]. In [60] these techniques were successfully

applied to the 5D Myers-Perry (MP) black hole solution to identify the left and the right moving

temperatures. In the same paper, the hidden conformal symmetries of the 5D MP black hole

were also worked-out using this technique. In [61] the techniques were successfully applied to

the dipole and double rotating black role (DRBR). In future work it would be interesting to see

if this technique can provide more insight into the scattering behaviour of the wave equation

of the neutral black ring solution around singular points.

Over the past few years there’s been research into how the black hole uniqueness theorems could

be expanded to d ≥ 5, spacetime. These ideas have largely been limited to supersymmetric

black holes and black ring solutions in σ-models in d = 5 dimensions [62, 63]. The uniqueness

theorem put forward in [63] for charged dipole rings in d = 5 dimensional minimal supergravity

can be summarized as follows; a black ring in d = 5 Einstein-Maxwell-Chern-Simons theory with

finite temperature can be uniquely characterized by its mass, electric charge, two independent

angular momentum, dipole charge and the rod data. This rod data corresponds to the ratio

of the S2 radius to that of the S1 radius. The result presented in [62] on the other hand can

be summarised as; the only regular black ring solution with a regular event horizon is the

d = 5 vacuum Pomeransky-Sen’kov (DRBR) ring with a constant mapping. This uniqueness

theorem for the DRBR solution is constructed using a rotating self-gravitating σ-model. This

raised interesting questions as to whether these ideas can be extended to the generic black ring

solution (neutral single rotating black ring), and if they can, would there be a need to introduce
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an additional parameter over and above the asymptotic charges to describe the neutral black

ring solution.
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Appendix A

Conformal Group Generators and Algebra

In chapter 1 we briefly discussed the conformal group. In section 1.5.2 we stated that conformal

transformations are a change of coordinates σµ → σ̄µ(σ). The metric tensor transforms as;

gµν(σ)→ Ω2(σ)gµν(σ). (A.1)

This metric tensor is associated with a d dimensional spacetime. The conformal group is an

extension of the Poincaré group. Over and above the translations and rotations associated

with the Poincaré group, we also have dilation which scales the entire space and also special

conformal transformation (SCT) [29].

The generators of the conformal group are given by,

translation Pµ = −i∂µ,

dilation D = −ixµ∂µ,

rotation Lµν = i(xµ∂ν − xν∂µ, )

SCT Kµ = −i(2xµxν∂ν − x2∂µ). (A.2)

The algebra of the conformal group is,

[D,Pµ] = iPµ

[D,Kµ] = −iKµ

[Kµ, Pν ] = 2i(ηµνD − Lµν)

[Kρ, Lµ] = i(ηρµPν − ηρνPµKµ[Pρ, Lµν ]

= i(ηρµPν − ηρνPµ)[Lµν , Lρσ]

= i(ηνρLµσ + ηµσLνσLνρ − ηµρLνσ − ηνσLµρ) (A.3)
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Appendix B

SL(2,R) Group

In this chapter we review properties of the SL(2,R) group which render it useful to particle

physics and conformal field theory.

B.1 Definition of the Group

The SL(2,R) group is a Lie group of 2×2 matrices with real entries and det = 1, i.e SL(2,R) =

{A : A is a 2× 2 matrix, with det = 1}. The largest subgroup of the SL(2,R) group

is its centre Z = {±I} , where I is the identity matrix,

I =

(
1 0
0 1

)
The SL(2,R) group is associated with Möbius or linear-fractional maps. These maps are [64]:

g : χ 7→ g � χ =
aχ+ b

cχ+ d
, where g =

(
a b
c d

)
, χ ∈ R (B.1)

The linear-fractional maps (B.1) are the left action of the SL(2,R) group. This linear action

induces a morphism of the projective line PR1 [65]. The action (B.1) also works as a map of

complex numbers z = χ+ iy. If y > 0 then g �z has a positive imaginary part, i.e., (B.1) defines

a map from the upper half-plane to itself [64].

The group SL(2,R) acts on R2 by matrix multiplication on the column vectors,

Lg :

(
x1

x2

)
7→
(
ax1 + bx2

cx1 + dx2

)
=

(
a b
c d

)(
x1

x2

)
, g =

(
a b
c d

)
∈ SL(2,R)

B.2 Lie Algebra

The SL(2,R) group has a Lie algebra sl2(R) which is a set of of 2× 2 matrices with zero trace

i.e. sl2(R) = {A : A is a 2 × 2 matrix, with trA = 0} [66, 67]. The basis for the

algebra, sl2(R) is,

X+ =

(
0 1
0 0

)
X− =

(
0 0
1 0

)
H =

(
1 0
0 −1

)
.
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.

The complexification of the Lie algebra sl2(C) has the following basis,

E+ =

(
1 i
i −1

)
E− =

(
1 −i
−i −1

)
W =

(
0 1
−1 0

)
.

The commutators (eigen-relations) associated with this algebra are,

[H,X−] = 2X+, [H,X−] = −2X−, [X+, X−] = H,

[W,E+] = −2iE+, [W,E−] = −2iE−, [E+, E−] = −4iW

(B.2)

B.3 The Quadratic Casimir

The element at the centre of the universal enveloping algebra U(g) is the Casimir operator,

defined as,

ω = H2 + 2(X+X− +X−X+). (B.3)

The Casimir operator ω commutes with all H,X+, X−, it therefore lies at the centre of the

algebra [66, 68]. We show that the Casimir commutes with all the generators of the group,

[H,ω] = H(H2 + 2(X+X− +X−X+))− (H2 + 2(X+X− +X−X+))H

= H3 + 2HX+X− + 2HX−X+ −H3 − 2X+X−H − 2X−X+H

= 0. (B.4)

We also have,

[X+, ω] = X+(H2 + 2(X+X− +X−X+))− (H2 + 2(X+X− +X−X+))X+

= X+H
2 + 2X2

+X− + 2X+X−X+ −H2X+ − 2X+X−X+ − 2X−X
2
+

= 0. (B.5)

Lastly we have,

[X−, ω] = X−(H2 + 2(X+X− +X−X+))− (H2 + 2(X+X− +X−X+))X−

= X−H
2 + 2X−X+X− + 2X2

−X+ −H2X− − 2X+X
2
− − 2X−X+X−

= 0 (B.6)

B.4 SL(2,R) and AdS3

Next we briefly discuss the SL(2,R) in the context of AdS3 spacetime. The discussion will

be done using The Poincaré coordinates. AdS3 can be viewed as a hyperboloid described by

−U2 − V 2 +X2 + Y 2 = −l2 embedded in a space with a metric,

ds2 = −dU2 − dV 2 + dX2 + dY 2. (B.7)

51



l is the radius of curvature of AdS3. The Poincaré coordinates are,

U =
1

2r
(l2 + x2 + r2 − t2), V = l

t

r
(B.8)

Y =
−1

2r
(l2 + x2 + r2 − t2), X = l

x

r
(B.9)

In these coordinates the metric then becomes,

ds2 = (l2/r2)(−dt2 + dx2 + dr2). (B.10)

The ranges of the coordinates t, x and r are t, x ∈ (−∞,∞) and r ∈ [0,∞]. The boundary is

at r = 0 and the an event horizon at r =∞. The Poincaré coordinates do not cover the entire

AdS3 only half of the space [33].

Before stating the generators of the SL(2,R) within on AdS3, we state the generators of the

SO(2, 2) group which is isometric to the SL(2,R) group. We have,

[J01, J02] = J12 [J01, J03] = −J23 [J01, J03] = −J13 [J02, J12] = J01

[J01, J12] = J02 [J02, J23] = −J03 [J01, J13] = J03 [J03, J13] = J01

[J03, J23] = J02 [J12, J13] = J23 [J12, J23] = −J13 [J13, J23] = J12. (B.11)

We have Jab defined as,

Jab = xb
∂

∂xa
− xa

∂

∂xb
, (B.12)

where xa = (U, V,X, Y ). [69]. This allow us to redefine the generators of SL(2,R) as,

SL(2,R)L = {L1 = (J01 + J23)/2, L2 = (J02 − J13)/2, L3 = (J12 + J03)/2}

SL(2,R)R = {L̄1 = (J01−J23)/2, L̄2 = (J02 + J13)/2, L̄3 = (J01 − J03)}. (B.13)

The commutator relations are;

[L1, L2] = −L3 [L1, L3] = L2, [L2, L3] = L1 (B.14)

These also hold true for L̄. A linear combination of these generators enable us to construct the

algebra of SL(2,R). The algebra takes the familiar form of,

[L0, L±] = ∓L± [L+, L−] = 2L0. (B.15)

The basis forming the algebra (B.15) relates to the elements of the generator (B.13) as,

L0 = −L2, L+ = i(L1 + L3), L− = i(Li − L3) (B.16)

We can also express elements of this basis (B.15) in Poincaré coordinates (B.9) by employing

(B.12). Firstly we introduce a coordinate transformation, z = x + t and z̄ = t − x. Then the

basis takes the form of,

L0 = −r
2
∂r − z∂z

L− = il∂z

L+ = −i
l
[zr∂r + z2∂z + r2∂z̄] (B.17)
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And the L̄ part we have,

L̄0 = −r
2
∂r − z̄∂z̄

L̄− = il∂z̄

L̄+ = −i
l
[z̄r∂r + z2∂z̄ + r2∂z] (B.18)

And now we can express the quadratic Casimir using this basis as,

L2 =
1

2
(L+L− + L−L+)− L2

0

=
1

4

(
r2∂2

r − r∂r
)
− r2∂z∂z̄. (B.19)
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Appendix C

Supersymmetric Black Ring near horizon geometry

In sec 3.5.1 we discussed the process of taking the near horizon limit of the U(1)3 supersym-

metric black ring. In this appendix we provide a bit more detail. To remind the reader, the

metric is of the form;

ds2 = −(H1H2H3)−2/3(dt+ ω)2 + (H1H2H3)1/3dx2
4, (C.1)

where,

dx2
4 =

R2

(x− y)2

[ dy2

y2 − 1
+ (y2 − 1)dψ2 +

dx2

1− x2
+ (1− x2)dφ2

]
(C.2)

The definition of H1, H2 and H3 are is provided in (3.45). To take the near horizon geometry it

is best to work in coordinate r, defined as r = −R/y. To get to the near horizon, the following

coordinate transformations become useful,

dt = dv −B(r)dr, (C.3)

dφ = dφ′ − C(r)dt, (C.4)

dψ = dψ′ − C(r)dr. (C.5)

The functions B(r) and C(r) are defined as

B(r) =
B2

r2
+
B1

r
+B0, (C.6)

C(r) =
C1

r
+ C0, (C.7)

where B2 = q2L/(4R) and C1 = −q/(2L). The expression for L is given as;

L ≡ 1

2q2

[
2
∑
i<J

QiqiQjqj −
∑
i

Q2
i q

2
i − 4R2q3

∑
i

qi

]1/2

(C.8)

where the Qi are defined as,

Q1 = Q1 − q2q3, Q2 = Q2 − q3q1, Q3 = Q3 − q1q2. (C.9)

And q was defined in 3.48 as,

q ≡ (q1q2q3)1/3. (C.10)
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Just as a side remark, in order to avoid the solution having closed timelike curves, the following

inquality needs to hold;

2q2L2 ≡ 2
∑
i<J

QiqiQjqj −
∑
i

Q2
i q

2
i − 4R2q3

∑
i

qi ≥ 0. (C.11)

This is a necessary and sufficient condition for the supersymetric black ring solutions not to

have closed timelike curve [51].

The definition of B0, B1 and C0, is,

B1 =
(Q+ 2q2)

4L
+
L(Q− q2)

3R2
, (C.12)

C0 = −(Q− q2)3

8q3RL3
, (C.13)

B0 =
q2L

8R3
+

2L

3R
+

3R3

2L3
+

3(Q− q2)3

16q2RL3
. (C.14)

The metric C.1 then becomes,

ds2 = −16r4

q4
dv2 +

2R

L
dvdr +

4r3 sin2 θ

Rq
dvdφ′ +

4Rr

q
dvdψ′

+
3(q1 + q2 + q3)r sin2 θ

L
drdφ′ + 2

[Lq
R

cos θ − c
]
drdψ′

+ L2dψ′2 +
q2

4

[
dθ2 + sin2 θ(dφ′ + dψ′)2

]
+ . . . , (C.15)

where c is defined as,

c =
1

2LRq1q2q3

[
Q1Q2Q3 −R2

∑
i<j

(Qi +Qj)qiqj − q3(q1 + q2 + q3)R2
]
. (C.16)

The definition of Qis is provided in (3.49). Also, we remind the reader that cos θ = x as stated

in (3.13). The next step is to take the near horizon limit using the following transformations

in r.

r = εLr̄/R, v = v̄/ε, ε→ 0. (C.17)

After taking the near horizon limit, the metric (C.15) becomes,

ds2 = 2dv̄dr̄ +
4L

q
r̄dv̄dψ′ + L2dψ′2 +

q2

4
(dθ2 + sin2 θdφ2). (C.18)

There are two more transformations one needs to perform to arrive at the near horizon metric.

These are,

dψ′ = dψ − q

2L

dr̄

r̄
, (C.19)

dv̄ = dt+
q2

4

dr̄

r̄
. (C.20)

The near horizon metric as per (3.5.1) is then,

ds2 = q2
(dr2

r2
+
L2

q2
dψ2 +

Lr

p
dtdψ

)
+
q2

4

(
dθ2 + sin2 θdφ2

)
. (C.21)
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Appendix D

Hidden Conformal Symmetry vector fields in (r, φ, t)

coordinates

Below we express vector fields, which are Killing vectors, in (4.14) and (4.15) in global coordi-

nates.

H1 = i
2

A
(2πTL∂t − 2nL∂φ)

H0 = i
(
− (r − r+)∂+ +

1

A
(α1t+ β1φ)(2πTL∂t − nL∂φ)

)
H−1 = i

{
− (α1t+ β1φ)(r − r+)∂r +

γ1

A(r − r+)
(β1∂t − α1∂φ)

+
(

(α1t+ β1φ)2 +
γ2

1

(r − r+)2

) 1

2A
(2πTL∂t − 2nL∂φ)

}
H̄1 = 2ie2πTLφ−2nLt

(
(r − r+)∂r −

1

A
(β1∂t − α1∂φ)− γ1

A(r − r+)
(2πTL∂r − 2nL∂φ)

)
H̄0 = i

(
− 2

γ1

e−2πTLφ−2nLt(r − r+)∂r − (1− 2

γ
e−2πTLφ−2nLt)

1

A
(β1∂t − α1∂φ)

+
2e−2πTLφ

A(r − r+)
(2πTL∂t − 2nL∂φ)

)
H̄−1 = i

{
− 1

2

(
e2πTLφ+2nLt − 4

γ2
1

e−2πTLφ−2nLt
)

(r − r+)∂r

−
(
e2πTLφ+2nLt − 1

γ1

+
4

γ2
1

e−2πTLφ−2nLt
) 1

2A
(β1∂t − α1∂φ)

−
(
e2πTLφ+2nLt +

4

γ2
1

e−2πTLφ−2nLt
) γ1

2A(r − r+)
)(2πTL∂t − 2nL∂φ)

}
. (D.1)

As per 4.3, the quadratic Casimir is then,

H2 = ∂r(∆∂r)−
(γ1(2πTL∂t − 2nL∂φ

A(r − r+)

)2

− 2γ1(2πTL∂t − 2nL∂φ)

(r − r+)A2
(β1∂t − α1∂φ), (D.2)

where A = 2πTLα1 − 2nLβ1 and ∆ = (r − r+)2.
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