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Abstract. Ginzburg-Landau equation has a rich record of success in describing a
vast variety of nonlinear phenomena such as liquid crystals, superfluidity,
Bose-Einstein condensation and superconductivity to mention a few. Fractional
order equations provide an interesting bridge between the diffusion wave
equation of mathematical physics and intuition generation, it is of interest to see if
a similar generalization to fractional order can be useful here. Non-integer order
partial differential equations describing the chaotic and spatiotemporal patterning
of fractional Ginzburg-Landau problems, mostly defined on simple geometries
like triangular domains, are considered in this paper. We realized through
numerical experiments that the Ginzburg-Landau equation world is bounded
between the limits where new phenomena and scenarios evolve, such as sink
and source solutions (spiral patterns in 2D and filament-like structures in 3D),
various core and wave instabilities, absolute instability versus nonlinear
convective cases, competition and interaction between sources and chaos
spatiotemporal states. For the numerical simulation of these kind of problems,
spectral methods provide a fast and efficient approach.

1. Introduction. Applications of fractional differential equations are widely en-
countered in applied disciplines, such as biology, cybernetics, viscoelasticity me-
chanics and statistics. In what follows, we report in brief to capture and reflect the
usefulness of fractional partial differential equations (FPDE) to most fields of
applied science and engineering, many others are classified in [13, 20, 46, 47] and
references therein.
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Viscoelasticity mechanics is known to be one of the major areas in which the
fractional differential equations are frequently and extensively utilized, with many
papers appearing in literature [4,5,56]. Since most deformed objects exhibit viscous
and elastic properties via simultaneous dissipation and storage of mechanical energy,
any viscoelastic material can be regarded to as a linear system with the strain as
the response function and the stress as excitation function.

For simple materials, Hooke’s law states u(t) = Ev(t) for a solid, and Newton’s
law states u(t) = ndv(t)/dt for fluids, where u and v represent the stress and strain
respectively. Both are regarded as mere mathematical models for ideal solid and
fluid rather than universal laws. They are often useful to adequately represent the
behaviour of real materials. But knowing well that the stress is proportional to
the first derivative of the strain for fluids and to the zeroth derivative of the strain
for solids, these little facts actually propelled Blair in the year 1947 to propose an
intermediate derivative models for such materials as

u(t) = EgDiv(t)

with o € (0,1) dependent of the material property. A year later, Gerasimov [18]
introduced Caputo fractional derivative in the interval 0 < o < 1 to obtain the
model

u(t) = k_oo D v(t),

where x is a positive parameter commonly referred to as the diffusivity constant,
and Dy is the fractional Laplacian operator. With fractional derivative concepts,
one can obtain the Zener model, Voigt and Maxwell model. Both are known to be
special form of general high order model

Z a; DY u(t) = Z b; DPiv(t).
5=0 7=0

There are many other important fractional (time-space) models in other fields be-
side mechanics. Other areas of intensive studies include; space-time fractional diffu-
sion equation [12,48], fractional reaction-diffusion equation [43,51,52,56], fractional
Navier-Stokes equation [54], fractional Burger’s equation [9], semi-linear fractional
dissipative equation [27], fractional conduction-diffusion equation [27] and fractional
MHD equation [20,50,55] to mention a few.

Our aims in this paper are in folds: we first formulate the fractional com-
plex Ginzburg-Landau equation and secondly, report via numerical simulations an
overview of some of the phenomena that describe the complex Ginzburg-Landau
equation in 1D, 2D, and 3D in the context of condensed matter physicists. Nu-
merical experiment of multispecies noninteger-order system in high dimensions can
be found in [7,32,36-43], and references therein. We introduce some of the useful
definitions of fractional derivatives and formulation of fractional Ginzburg-Landau
equations in Section 2. Numerical techniques for solving a general class of fractional
diffusion problems is discussed in Section 3. The numerical techniques are utilized
with two notable examples in Section 4. We finally conclude the paper with Section
5.

2. Fractional derivatives and problem formulation. In this section, we first
give some basic and useful definitions of fractional derivatives, and later proceed to
the derivation of fractional Ginzburg-Landau equation.
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2.1. Some basic definitions of fractional derivatives. Some basic useful defi-
nitions and properties of the fractional derivatives are reported in brief here.

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0
of a function f € Cy, u > —1 is defined as

() = 1) / -t @Bt v >0, JOf() = fla).

0]

The following also hold:
For feCu p>-1, a>0andy>1: (i) JJf(z) = J*Jf(z), (i) J*27 =
F(y+1)

oHr'y'
Fla+~v+1)

The Caputo fractional derivative has been applied widely because it incorporates
both initial and boundary conditions in its problem formulation.

Definition 2.2. In Caputo sense [3, 1]], the fractional derivative is defined as

v _ gm—vpym _ 1 ¢ _ p\ym—v—1 g(m)
DLf(w) = 72D () = s [ =y 0
form—-1l<v<m,meN, x>0, feC".

Lemma 2.3. Ifm—-1<a<m, meN and f € C}}', p > —1, then

m—1 k

o Jo (6% v €z
DL fla) = (), J°DLf(@) = flx) — 3 07w =0
k=0 ’
Proof. See Momani and Odibat [28], Odibat and Momani [31], Davison and Essex
[17]. O

Definition 2.4. The Atangana and Baleanu fractional derivative in Caputo sense
is defined as [4, 6, 21]

2epeyn) = 1 [ (7B, [—a(t‘ﬂ i, 1)

T l-a l1—«

where M («) has the same properties as in the case of the Caputo-Fabrizio fractional
derivative.

Definition 2.5. The Mittag-Leffler function is defined as (Podlubny [}4])

0o
Zk:

E, =F, = _ 0,
1(2) (2) kE:O T+ ak) a>0,|z] <o
and
E =y .
169 T+ k)’ a,f >0, |z] < oo

k=0

For a comprehensive review, we refer our readers to classical papers and books
[23,25,26,44,52,53,56] for details underlying theory as well as comprehensive review
of the fractional differential equations.
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2.2. Fractional Ginzburg-Landau equation. In literature, the complex Ginzburg-
Landau equation (CGLE) is known to be one of the nonlinear equations which at-
tracted a great deal of interest from physics community. The first case with real
coefficient was earlier derived by Newell and Whiteehead [30] to describe Bénard
convection, and was later applied to plane Poiseuille flow by Stewartson and Stu-
art [49]. It has also been used to describe a number of phenomena such as super-
conductivity, phase transitions, superfluidity and Bose-Einstein condensation [20]
to mention a few. The generalized standard CGLE is given as

Opu = u+ (14 ib)Au — (1 +ic)|u|?u, (2)

where u is a scaled complex function in the space direction x and time t. The
real parameters b and ¢ symbolize linear and nonlinear dispersion. The Laplacian
operator hosts the second-order spatial derivatives that gives a damping of short
wave excitations, the remaining nonlinear term provides energy flows from large to
small or short scales.

A fractional Ginzburg-Landau equation can be used to describe the weakly non-
linear phenomena for substance with fractional dispersion. The standard Ginzburg-
Landau equation of the form

nAU = ~yU — wU?3,

derived as the variational Euler-Lagrange equation dE(U)/éU = 0 for free energy
function
1
BU)=Eot s [
2 Ja
The easiest generalization of (3) takes the form of energy function

[n(V0)? + 0% + U] av. (3)

E{U)=Ey + % /Q [n(VU)2 +~U? + %U‘*] dVp, (4)

where dVp is D—dimensional volume element dVp = I5(D, x)dV. By using idea of
Riesz fractional integral representation, we have

9DI'(3/2) x|D—3‘|

(%)

13(D7£L') = [

and with the Riemann-Liouville fractional integral definition, we have

(D) | 215
3sWhT) = | /5 p
r3(%)
If we let
1 2 2, Yina
EWU (), VU() = 5 [n(VU)? +4U + U] (5)
then we can obtain the Euler—Lagrange equation
o0&
I5( I3(D, =0.
ZV [3 YoV, U]

From (4), we obtain the generahzed fractional Ginzburg-Landau equation
nl3 (D, 2)V;(Is(D, 2)V;U) = U —wlU® =0
which has the equivalent form

nAU + G4(D,z)V,;U — U — wU?,
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where G;(D,x) = I; (D, 2)0;I3(D,z). In fractional form, we can now generalize
the energy function as

_ Byt /Q E(U(x), DU (x))dVp,

where D® denotes the Riesz fractional derivative and £ is defined by
1
E(U(2), DU (@) = 5 [n(VU)z FAU? + gUﬂ . (6)

When (6) is compared with (5), it is obvious that the Laplacian operator for stan-
dard PDEs has just been replaced with the Riesz fractional derivative. The Euler-
Lagrange equation takes the form

28 o€
j=1 Tj

which is equivalent to

3
Z (Is(D,2) D3 U) + U + wU? =0 (7)

is known as the generahzed fractional Ginzburg-Landau equation. For a special
case of (7) in one dimension, we set U = U(z) and use fractional integration by
parts formulas

/ " @)Dog(a)dr = / " g(@)D2 f(a)da ®)

dﬁg < & f(x)
to obtain the Euler—Lagrange equation
o0& o0& |z| Pt
DX\ L(D,z)=—— L(D,x)— = h ILi(D,x) = ——
g < i ’x)angU>+ 1D @)y =0, where h(D,x) = g

and by using (6), we get
I7Y(D,z)D2 (I (D, z)DSU) + U + wU? = 0.

When D = 1, we have I = 1 in such that D2*U + yU + wU? = 0 where D¢ is
known as the Riesz fractional derivative operator

02101~ e ([ s+ [ A0

For a more spec1ﬁc case, we consider wave propagatlon in some media where the
vector j j satisfies j = jo+p = jo +pP)+PL, where jo defines unperturbed wave vector,

the direction of jo is given by subscripts (||, L). By considering the dispersion law
m = m(j) for the wave propagation with p < jo, we obtain

- . = - . N &
m(k) = m(|jo +p1) = m(jo) + c(|jo + B] — jo) = m(jo) + cpj + %ﬁi (10)
where ¢ = 9m/djo, which in field U corresponds to coordinate space

AT, (11)

Wy = 1c 1—1—2]0
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where z; is given as the direction of jo. By generalizing the nonlinear dispersion
relation, we get

m(j, [U?) = m(j,0) +w|U[* = m(|jo + 51, 0) + w|U|* (12)
where w = (Om(j, |U|?))/(0|U|?) = 0. One can obtain the equation

—iU, :icUx+§AU—m(j0)U—w|U|2U, (13)
0

popularly known as the nonlinear Schrodinger equation (NSE). Again by generaliz-
ing the dispersion relation in equation (12) into the fractional case, we have

m(j, [U[*) = m(jo, 0) + cfi) + ca(P)* +w|UP, 0<a<2,
where ¢, a constant. By adopting the relation (—A)® <> (p2 )%, we finally obtain
c
— iU, = icU, — 2—,(—A)“U+m(jo)U+w|U\2U, (14)
Jo
which is known as the fractional nonlinear Schrodinger equation (FNSE) or the
fractional Ginzburg-Landau equation (FGLE). To the right hand side of (14), the
first term depicts the wave propagation in fractional regime, its fractional derivative
is caused as a result of super-diffusion wave propagation or any other physical
processes. The remainder terms are treated as wave motions interacting in nonlinear
media. This equation has been used to represent some related fractional scenarios.
For instance, the sign of w results in two very different problems namely; the focusing
case if w > 0 and the defocussing type if w < 0.

3. Numerical techniques for solving fractional diffusion equations. Let
T > 0, up € G, we seek a function u : [0,7] — £(A) satisfying the initial value
problem

u(t)+ A u(t) = F(u(t),t), 0<t<T,
(15)
u(0) = up,
with
A(t) = A+ia(t)A, (16)

A £(A) — G a time-independent, positive definite, self-adjoint linear operator
on the Hilbert space (G, (-,-)), with the domain £(A) dense in G, ¢ denotes the
imaginary unit, a(t) : [0, 7] — is a continuous real-valued function, F(-,t) : £(A) —
G,t € [0,T] accounts possibly for the nonlinear operators. We assume the equation
(15) has a smooth solution. For instance, example of a parabolic equation with
linear operator written in the form (16) is the classical one-dimensional complex
Ginzburg-Landau equation given in (2).

We let (o, 8) be a strongly A(0)—stable s—step scheme and (a, ) be an explicit
s—step scheme, which is characterized by the polynomials «, g «, that is

s s s—1
a(w) = Zaiwi, Blw) = Zﬁiwi, y(w) = Z'yiwi.
i=0 i=0 i=0

Assume N € N, k = T/N to be a constant time-step, and ¢, = nk, n =
0,1,2,..., N be a uniform sub-partition of the interval [0,T]. Since we are consid-
ering s—step schemes, it is reasonable to also assume that starting approximations,
say Uy, U1,Us,...,Us_1 are provided. We consider the discretization of the above
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initial value problem (15) by the three-parameter implicit-explicit (c, 3, v)—scheme.
precisely speaking, we employ the implicit scheme (a, 3) to discretize the linear part
expected to be stiff, and for the nonlinear part of the equation we use the explicit
scheme («,7), see [1,2,32] and references therein for details of derivation and sta-
bility analysis. A sequence of approximations U, is thus recursively define to the
nodal values u,, = u(t,,) of the solution u of (15) by

s s—1
> (T +EBiA (tni) Ungi =k Y %F (Unyistnti) (17)
i=0 1=0
for n = s,...,N. The unknown function U, appearing in the above equation

only linearly, since s = 0. Therefore, to integrate in time with (17), we require
to solve, at each time level, the linear equation which transforms into a linear
system of equations, provided we discretize in space. The major setback of the
above scheme is that it requires a very small time-step to function well, otherwise
numerical instability occurs.

In mathematical modelling, the basic template to model a general class of para-
bolic partial differential equation is the heat or diffusion equation. In what follows,
we shall one-dimensional fractional-in-space diffusion equation

0 o

&u((p,t) = 6Wu(m,t) (18)

which is valid for —oo < x < 00 and 0 < ¢t < 0o with 1 < a < 2. The parameter

0 represents the diffusion coefficient and u(z,t) is density distribution function at
time t and position . We define the fractional-in-space operator %u(% t) on the

basis of the Fourier transformation given by

F(k) = F{F(z)} = [ h F(x)e*®dg,

and its corresponding inverse

oo

F(z)=F HF(k)} = % / F(k)e~ ™ dk.

— 00

By applying the fractional-in-space operator on the density distribution u(z,t) de-
fined for —co < z < oo and 0 <t < oo as

(63

oz~

— t
o=y (1)
Due to (19), the Fourier transform of (18) results to an ODE

u(wt) = FH{(=ik)*Flu(z, )]},

= F Y (ik)* Flu(z,t)]}. (19)

0]
&ﬁ(%t) = §(—ik)%u(z, ). (20)
By choosing the initial function in the form
u(z,t=0) = g(),

a(r,t=0) = Flu(z,t=0)}=F{g(x)} =1,
the solution of (20) becomes

U(k’,t) _ e&t(—ik)“,&(k’()) _ e5t(—ik’)”.
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With substitution o = a/b and b = n, we can rewrite the term (—ik)* as

(77:]{)04 _ (|k|6iarg(7ik))a _ |k|a6ia(fsign(k)§+2n7r) _ |k|a67iasign(k)%

= |k|%cos (ﬂ) {1 — isign(k) tan (%)} )
2 2
which results to
a(k,t) = exp (5t\k|a cos (%) [1 —isign(k) tan (O;—W)D
and inverse Fourier transform

u(z,t) = F~ {exp (6t|k|a cos (ogr) [1 —isign(k) tan (%)D} .

In the spirit of [43], the two dimensional representation of (18) can be formulated
in Fourier space as

Urxos Xart) = 0 (02)™2 4+ (02)*2) Ulxas X ) + FIS (ula, 1))

where U is the double Fourier transforms of the probability density distribution
u(z,y,t). In other words,

]:[u(xa:%t)] Xa?7Xya / / (E Y, t L(wa""ny)dxdy_

We let Q72 = ((x2)*/2 + (x2)*/?), and set U = €’ 02°*4(7 to explicitly remove the
stiffness property in the fractional-in-space partial derivative, we now have

o0 = e F ()], (21)

We discretize the square domain of equispaced points N, and N, in the spatial
directions of x and y. We employ the discrete fast Fourier transform (DFFT) [33]
to transform (21) to a system of ODEs

0055 = %0 F [ f(ui )], (22)

where u; ; = u(x;,y;) and Q%Q = (x2(i ))a/ + (ij(j))am. Once the problem
has been converted to ODEs, any explicit higher-order time stepping solver can be
employed to advance in time.

For the temporal discretization, we adapt the improved fourth order exponential
time differencing Runge-Kutta (ETD4RK) scheme proposed by Cox and Matthews
[16,22,34,35] as

Up1 = e“"Uy, + hldps(Lh) — 302 (Lh) + ©1 (LR)|F(tn, vn, tn)
+2h[p2(Lh) — 203(Lh)|F (2, tn + h/2)
+2h[p2(Lh) — 2¢3(Lh)|F (13, tn + h/2) (23)

+h[ps(Lh) — 202 (LA)]F (pa, t, + h),
with the stages u; given as
pe = MU, 4+ (Lh/2)p1 (Lh/2)F(up, vn, tn)
ps = MUy, + (Lh/2)[p1 (Lh/2) = 202(Lh/2)]F (tn, va, tn) + hipa(Lh/2)F (2, 1 + h/2)
pa = €Uy + h{(p1(Lh) = 202 (LA)F (un, vn, tn) + 2hpa(LA)F (3, + h),
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where L, F are the linear and nonlinear operators with functions i 2 3 defined as

e” —1 e —1—z e —1—2—22/2

p1(z) = o @2277 P3 =

23
which precisely coincide with the terms in the Lie group methods by Munthe-Kaas
[29]. For details derivation and stability of the ETD4RK method, see [22,33,34].

4. Numerical experiments. In this section, we now apply the numerical tech-
niques as discussed above to numerically solve a range of family of fractional-in-
space Ginzburg-Landau equations. We present results from two notable equations
that are still of current and recurring interest in one, two and three dimensions,
to illustrate the queries and points that naturally arise. Details analysis of the
complex Ginzburg-Landau on global well-posedness and long-time dynamics is well
established in [45].

4.1. The fractional-in-space complex Ginzburg-Landau equation. A large
number of nonlinear and physical systems have been described and modelled by
the Ginzburg-Landau equations. Notably, the complex Ginzburg-Landau equation
(CGLE) which was derived by Stewartson and Stuart [49] in the context of plane
Poiseuille flow with strongly subcritical bifurcation. The CGLE is often studied
in physics as an amplitude modulation equation that results to chaotic dynamics
in areas of fluid dynamical systems. The major element in the long time dynam-
ics of pattern forming systems is a family of solutions called coherent solitons or
structures, which could be classified as a profile of light intensity, temperature or
magnetic field [8,15]. Other phenomena include the superfluidity, superconductivity,
liquid crystals, Bose-Einstein condensation, nonlinear waves and phase transitions.

In accordance with (14), we present the generalized scaled fractional complex
Ginzburg-Landau equation (FCGLE) [36] formulated as

Oru = (14 ib)A%u+u — (1 +ic)|ul**u (24)

L F

where b is the real parameter that characterizes the strength of the linear disper-
sion, that is, the dependence of the wave frequency on the waves number, c is real
coefficient that denotes nonlinear dispersion. The fractional Laplacian A® describes
a nonlocal operator bounded in the interval 0 < a < 2, except for the cases when
a = 0,1,2 which lead to standard CGLE. The fractional Laplacian operator of or-
der « provides a damping of the short wavelength excitations and nonlinear term
F evolves energy flows from large to short scales, and u is a scaled complex func-
tion in both time and space. Emerging structures and stability properties of (24)
depends on the parameters b and ¢, see [32] for details. Also, A* can be regarded
as a pseudodifferential operator with [£|2*, which can be realized via the Fourier
transform [45]

AF(€) = [P F(€),

where F denotes the Fourier transform of F.
In one dimension, equation (24) is numerically solved with initial condition that
takes the form of a Gaussian series pulse form:

u(z,0) = 6720(:1:7L/3)2/L . 6720(937L/2)2/L + 6720(17L)2/L (25)

where L is the domain length. In this experiment, we let b = 1 and ¢ = 1.3 to
yield spatiotemporal evolution of u in Figure 1 at different instances of fractional
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power « for L = 150 and final time ¢ = 40. This kind of turbulent wave is known as
defect turbulence [19] is shown for parameter values in the regime where the linear
stability analysis indicates that the uniform solution is stable.

FIGURE 1. Space-time mesh results of (24) showing chaotic states
in the spatiotemporal regime for parameters (b,c) = (1,—1.3) at
different instances of fractional index o and ¢t = 40. simulation
runs for N = 200 with step size h = 0.1.

Though, our primary interest in this paper is not really in one dimensional results,
because they are relatively easily undertaken with either finite difference schemes or
finite element collocation methods. It is in higher dimensions that the ideas given
here actually become of serious value. Hence, to explore the dynamic richness of
FCGLE (24), we present the numerical experiments in higher dimensions.

In 2D, we also simulate with smooth initial condition in the form of Gaussian
pulse

w(z,y,0) = e 20Ua—L/3PH=L/3)%)/L _ (~20((x—L/2)+(y=L/2)°)/L

4~ 20((a—L/2)*+(y=L/3)*)/L (26)

Theoretically, we expect travelling waves to evolve from such initial condition on an
infinite domain truncated at some large but finite value L. In the simulations, the
domain length L is chosen large enough to give enough room for the waves pattern
to propagate. The patterns that evolve in the unstable region are quite amazing
and justify the status of FCGLE in studying complex behaviour.

The computation in Figure 2 utilizes 128 x 128 Fourier nodes on a rectangular
domain of size 200 x 200 space units in a situation of spatiotemporal chaos obtained
when any of the conditions

1+bc<0 and 14+bc>0
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a=0.85 0a=0.85

20 40 60 80 100 120 140 160 180 200

X

a=1.5

=

80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180
X
X

FI1GURE 2. Solution of the 2D fractional complex Ginzburg-Landau
equation on [0,200] x [0, 200] with b = 1 for both the focusing case:
¢ = 1.3 (first-column) and the defocussing case: ¢ = —1.3 (second-
column) at final time ¢ = 100, o = (0.85, 1.0, 1.50) and N = 200.

is satisfied, subject to zero-flux boundary conditions. We can categorize these results
into sub-diffusive (0 < a < 1), diffusive (v = 1) and super-diffusive at (1 < a < 2).
As seen in Figure 2, one obtains stable and chaotic spatiotemporal spiral wave
patterns for both the focusing (¢ > 0) and defocussing (¢ < 0) cases. It was
observed that the distributions of probability density u(x,y,t) in the sub-diffusive
and super-diffusive scenarios are similar to both focusing and defocussing cases in
the fractional regime. In the diffusive region, the stable patterns destabilize in
the simulations to form more complex chaotic spatiotemporal spiral patterns. The
spiral core is unstable in the parameter range where diffusive effects are weak when
compared to dispersion.

In 3D, we experiment (24) with both random and initial conditions. The initial
state is well mixed, with wg(z;y; z) taken from a random normal distribution about



12 KOLADE M. OWOLABI AND EDSON PINDZA

F1GURE 3. The first and second columns represent 3D results of the
fractional complex Ginzburg-Landau equation on [0, 20]* obtained
at instances o = (0.5,1.0,1.50) for random and initial conditions
respectively. Other parameters are: b = 1, L = 20 and final time
t =10 (N=100).

0:1, while we allow the smooth initial condition to take the form

u(z,y,0) =
4o~ 20(@E—1)*+(y—L)*)/L+(z—L))/L

to obtain the 3D results displayed in Figure 3. We observed that the distribution
of u in space leads to series of chaotic and spatiotemporal phenomena irrespective
of the initial condition used here.

4.2. The fractional-in-space complex cubic-quintic Ginzburg-Landau equa-
tion. The fractional complex cubic-quintic Ginzburg-Landau equation (FCCQGLE)
can also be seen as another dissipative system that attracts the attentions of many
researchers in the recent times. The scenarios considered in 2D bifurcate from
trivial state supercritically in the parameter pair range of (b, c) where they remain
bounded [32]. The scenario here has not changed qualitatively with the addition of

e—20((z=L/3)*+(y—=L/3)*)/L+(2=L/3)*)/L _ ,=20((z—L/2)*+(y—L/2)*)/L+(2~L/3)*)/L

(27)
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stabilizing higher order terms. Outside this parameter regime one requires at least
the quintic terms to saturate the explosive instability provided by the cubic term.
The space fractional CCQGLE is written in the form

Opu = eu + (¢ +ib)A” — (¢ —ic)|ul®u — (¢ — id)|u|*u, (28)
where € is the linear loss constant, the parameters ¢, ¥, ¢ are the angular spectral
filtering, nonlinear loss or gain, and saturation of the nonlinear loss or gain respec-
tively. Here, b represents the diffraction coefficient, ¢ symbolizes self focusing and
d stands for saturation of the nonlinear refractive index. The case when a = 0,2 is
standard.

20 40 60 80 100 120 140 160 180 200
X

FIGURE 4. The 2D results of fractional-in-space problem (24)
showing the bound state of oppositely- and like-charged spirals at
some instances of fractional power . simulation runs for N = 200.

We report in Figure 4 the 2D simulation results of the FCCQGLE (28) at some
instances of fractional index « subject to the smooth initial condition (26) and
zero flux boundary conditions clamped at the extremities of the square domain
size [0,200] x [0,200]. The parameters are taken to be e = —0.05;b = 1.0,¢ =
1.0,¢ = 1.3,9 = 1.0,d = 0.105,¢ = 0.03,L = 20 and final time ¢t = 400. The
finite-amplitude results persist stably with respect to amplitude which fluctuates
below threshold € < 0 in a certain parameter regime, where they coexist with the
linearly stable trivial solution. There exist moving fronts and stable localized spiral
pulses over a finite interval of length L. Evolution of an oppositely-charged spiral
and unlike-charged spiral pair from unstable into a stable antisymmetric state are
evident in Figure 4 at instances of «.

Similarly, we carry-out the 3D FCCQGLE simulations in Figure 5, subject to the
zero-flux boundary conditions and smooth initial condition in (27) on domain of size
[0,20] x [0,20] x [0, 20] with 256 Fourier modes. Other parameters are given in the
figure caption. It worth mentioning that other phenomena such as Turing patterns
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FIGURE 5. The 3D isosurfaces of |u(x, y, z)| of (24) showing chaotic
patterns at different instances of a for € = —0.05;b6 = 1.0,¢ =
1.0,¢ = 1.3,¢ = 1.0,d = 0.105,¢p = 0.03, L = 20 and final time
t = 20. Simulation runs for N = 64.

are possible, depending on the choices of the initial functions and parameters. It
should also be noted in the examples considered that when o = 2, the fractional
reaction-diffusion equations correspond to the standard reaction-diffusion problems.

5. Conclusion. We have numerically studied equations of space-fractional reaction-
diffusion with cubic nonlinearity on finite but large spatial and time domains. We
have examined the temporal patterns behaviour in the steady-state solutions of two
family of complex Gizburg-Landau equation when the fractional derivative index «
is increasingly varied in the interval 0 < o < 2. Although the coherent structures
discussed do reflect that the fractional complex Ginzburg-Landau and fractional
complex cubic-quintic Ginzburg-Landau equations (2D spirals and 3D filaments)
exhibits much richer and complicated behavior than the classical reaction-diffusion
equation. We have also demonstrated in the numerical experiment that at certain
value of fractional power «, the formation of patterns change from the steady-state
structure to the homogeneous oscillatory structure, given that the ratio of spatial
characteristics is relatively small. The study of fractional reaction-diffusion equa-
tions has yielded useful information regarding the dynamics of nonlinear phenom-
ena. The methodology discussed in this paper can easily be extended to systems of
fractional reaction-diffusion equations.

REFERENCES

[1] G. Akrivis, Implicit-explicit multistep methods for nonlinear parabolic equations, Mathemat-
ical Computation, 82 (2013) 45-68.

[2] G. Akrivis, Stability properties of implicit-explicit multistep methods for a class of nonlinear
parabolic equations, Mathematical Computation, 85 (2016) 2217-2229.



(3]

[22]
[23]
[24]

[25]

FRACTIONAL GINZBURG-LANDAU EQUATIONS 15

A. Atangana, On the stability and convergence of the time-fractional variable order telegraph
equation, Journal of Computational Physics, 293 (2015) 104-114.

A. Atangana, Derivative with a New Parameter : Theory, Methods and Applications, Aca-
demic Press, New York, 2016.

A. Atangana, Fractional Operators With Constant and Variable Order with Application to
Geo-Hydrology, Academic Press, New York, 2017.

A. Atangana and S. Jain, A new numerical approximation of the fractal ordinary dif-
ferential equation, The FEuropean Physical Journal Plus, 133:37 (2018). https://DOI
10.1140/epjp/i2018-11895-1.

A. Atangana and K.M. Owolabi, New numerical approach for fractional differ-
ential equations, Mathematical Modelling of Natural Phenomena, 13 (2018) 3.
https://doi.org/10.1051/mmnp/2018010

F. Bérad and S.C. Mancas, Spatiotemporal two-dimensional solitons in the complex Ginzburg-
Landau equations, Advances and Applications in Fluid Mechanics, 8 (2011) 141-156.

P. Biler, T. Funaki and W.A. Woyczynski, Fractal Burgers equations, Journal of Differential
Equations, 148 (1998) 9-46.

G.W. S. Blair, The role of psychophysics in rheology, Journal Colloid Sciences, 2 (1947)
21-32.

G.W. S. Blair, Measurements of mind and matter, Dennis Dobson, London, 1950.

A. Bueno-Orovio, D. Kay and K. Burrage, Fourier spectral methods for fractional-in-space
reaction-diffusion equations, BIT Numerical mathematics, 54 (2014) 937-954.

A. Carpinteri and F. Mainardi, Fractals and fractional calculus in continuum mechanics,
Springer-Verlag, Vienna-New York, 1997.

M. Caputo, Linear models of dissipation whose Q is almost frequency independent: Part II,
Geophysical Journal International 13 (1967) 529-539: Reprinted in: Fractional Calculus and
Applied Analysis, 11 (2008) 3-14.

C. Cartes, J. Cisternas, O. Descalzi and H.R. Brand, Model of a Two-Dimensional Extended
Chaotic System: Evidence of Diffusing Dissipative Solitons, Physical Review Letters 109
(2012) 178303.

S.M. Cox and P.C. Matthews, Exponential time differencing for stiff systems, Journal of
Computational Physics 176 (2002) 430-455.

M. Davison and C. Essex, Fractional differential equations and initial value problems, Math-
ematical Scientist 23 (2) (1998), 108-116

A.N. Gerasimov, A generalization of linear laws of deformation and its application to inner
friction problems, Prikl. Mat. Mekh., 12 (1948) 251-259.

V. Garca-Morales and K. Krischer, The complex Ginzburg-Landau equation: an introduction
Contemporary Physics, 53 (2012) 79-95.

B. Guo, X. Pu and F. Huang, Fractional partial differential equations and their numerical
solutions, World Scientific, Singapore, 2015.

S. Jain, Numerical Analysis for the Fractional Diffusion and Fractional Buckmaster’s Equation
by Two Step Adam- Bashforth Method, The European Physical Journal Plus, 133:19 (2018).
https://doi.org/10.1140/epjp/i2018-11854-x.

A.K. Kassam and L.N. Trefethen, Fourth-order time stepping for stiff PDEs, SITAM Journal
on Scientific Computing 26 (2005) 1214-1233.

A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differ-
ential Equations, Elsevier, Netherlands, 2006.

F. Liu, P. Zhang, V. Anh, and I. Turner. A fractional-order implicit difference approximation
for the space-time fractional diffusion equation, ANZIAM J., 47 (2006) 48-68.

Q. Liu, F. Liu, Y. Gu, P. Zhuang, J. Chen and I. Turner, A meshless method based on Point
Interpolation Method (PIM) for the space fractional diffusion equation, Applied Mathematics
and Computation, 256 (2015) 930-938.

Y. Luchko, R. Gorenflo, An operational method for solving fractional differential equations
with the Caputo derivatives, Acta Math. Vietnamica 24 207-233.

C. Miao, B. Yuan and B. Zhang, Well-posedness of the Cauchy problem for the fractional
power dissipative equations. Nonlinear Analysis, 68 (2008) 461-484.

S. Momani, and Z. Odibat, A novel method for nonlinear fractional partial differential equa-
tions: Combination of DTM and generalized Taylor’s Formula, Journal of Computational and
Applied Mathematics, 220 (2008) 85-95.



16
[29]
[30]
31]

32]

37]

[38]

[39]

KOLADE M. OWOLABI AND EDSON PINDZA

H. Munthe-Kaas, High order Runge-Kutta methods on manifolds, Applied Numerical Math-
ematics, 29 (1999) 115-127.

A.C. Newell and J.A. Whitehead, Finite bandwidth, finite amplitude convection, Journal of
Fluid Mechanics, 38 (1969) 279-303.

Z. Odibat and S. Momani, Numerical methods for nonlinear partial differential equations of
fractional order, Applied mathematical modeling, 32 (2008) 28-39.

K.M. Owolabi, Robust IMEX schemes for solving two-dimensional reaction-diffusion models,
International Journal of Nonlinear Science and Numerical Simulations 16 (2015) 271-284.
DOI 10.1515/ijnsns-2015-0004.

K.M. Owolabi and K.C. Patidar, Existence and permanence in a diffusive KiSS
model with robust numerical simulations. International Journal of Differential Equations
(2015);2015(485860):8. doi:10.1155/2015/485860.

K.M. Owolabi and K.C. Patidar, Numerical simulations of multicomponent ecological mod-
els with adaptive methods, Theoretical Biology and Medical Modelling 13 (2016), DOI
10.1186/s12976-016-0027-4.

K.M. Owolabi and K.C. Patidar, Effect of spatial configuration of an extended nonlinear
KiersteadSlobodkin reactiontransport model with adaptive numerical scheme, Springer Plus
(2016) 5:303. DOI 10.1186/s40064-016-1941-y

K.M. Owolabi, Robust and adaptive techniques for numerical simulation of nonlinear partial
differential equations of fractional order, Communications in Nonlinear Science and Numer-
ical Simulations, 44 (2017) 304-317.

K.M. Owolabi, Mathematical modelling and analysis of two-component system with Caputo
fractional derivative order. Chaos, Solitons and Fractals, 103 (2017) 544-554.

K.M. Owolabi, Numerical approach to fractional blow-up equations with Atangana-Baleanu
derivative in Riemann-Liouville sense, Mathematical Modelling of Natural Phenomena, 13
(2018) 7. https://doi.org/10.1051/mmnp/2018006

K.M. Owolabi and A. Atangana, Modelling and formation of spatiotemporal patterns of frac-
tional predation system in subdiffusion and superdiffusion scenarios, The European physical
Journal Plus, 133:43 (2018) DOI 10.1140/epjp/i2018-11886-2

K.M. Owolabi, Modelling and simulation of a dynamical system with the Atangana-
Baleanu fractional derivative, The FEuropean physical Journal Plus, 133:15 (2018). DOI
10.1140/epjp/i2018-11863-9

K.M. Owolabi, Efficient numerical simulation of non-integer-order space-fractional reaction-
diffusion equation via the Riemann-Liouville operator, The European Physical Journal Plus,
133: 98 (2018), DOI 10.1140/epjp/i2018-11951-x

K.M. Owolabi and A. Atangana, Robustness of fractional difference schemes via the Caputo
subdiffusion-reaction equations, Chaos, Solitons and Fractals, 111 (2018) 119-127.

E. Pindza, K.M. Owolabi, Fourier spectral method for higher order space fractional reaction-
diffusion equations, Communications in Nonlinear Science and Numerical Simulation 40
(2016) 112-128.

I. Podlubny, Fractional differential equations, Academic Press, New York, 1999.

X. Pu and B. Guo, Well-posedness and dynamics for the fractional Ginzburg-Landau equation,
Applicable Analysis, 92 (2013) 318-334.

Yu.A. Rossikhin and M.V. Shitikova. Applications of fractional calculus to dynamic problems
of linear and nonlinear hereditary mechanics of solids, Appl. Mech. Rev., 50 (1997) 15-67.
S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional integrals and derivatives: theory and
applications, Gordon and Breach Science, New York, 1993.

E. Sousa, Numerical approximations for fractional diffusion equations via splines, Computers
and Mathematics with Applications, 62 (2011) 938-944.

K. Stewartson and J.T. Stuart, A non-linear instability theory for a wave system in plane
Poiseuille flow, Journal of Fluid Mechanics, 48 (1971) 529-545.

J. Wu, Generalized MHD equations, Journal of Differential Equations, 195 (2003) 284-312.
F. Zeng, F. Liu, C. Li, K. Burrage, I. Turner and V. Anh, A Crank-Nicolson ADI spectral
method for a two-dimensional riesz space fractional nonlinear reaction-diffusion equation,
SIAM Journal on Numerical Analysis, 52 (2014) 2599-2622.

F. Zeng, C. Li, F. Liu, and I. Turner, Numerical algorithms for time-fractional subdiffusion
equation with second-order accuracy, SIAM Journal on Scientific Computing, 37 (2015) A55-
ATS8.



FRACTIONAL GINZBURG-LANDAU EQUATIONS 17

[53] F. Zeng, F. Liu, C. Li, K. Burrage, I. Turner and V. Anh, A Crank-Nicolson ADI spectral
method for a two-dimensional riesz space fractional nonlinear reaction-diffusion equation,
SIAM Journal on Numerical Analysis, 52 (2014) 2599-2622.

[54] Z. Zhai, Well-posedness for fractional Navier-Stokes equations in critical spaces close to
BxZE"VEY | Dynamics of PDE, 7 (2010) 25-44.

[65] Y. Zhou, Regularity criteria for the generalized viscous MHD equations, Annales de I’Institut
Henri Poincaré, 24 (2007) 491-505.

[56] Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific, New Jersey,
2014.

Received May 2018; revised August 2018.

E-mail address: kmowolabi@futa.edu.ng; koladematthewowolabi@tdtu.edu.vn
E-mail address: pindzaedson@yahoo.fr


mailto:kmowolabi@futa.edu.ng; koladematthewowolabi@tdtu.edu.vn
mailto:pindzaedson@yahoo.fr

	1. Introduction
	2. Fractional derivatives and problem formulation
	2.1. Some basic definitions of fractional derivatives 
	2.2. Fractional Ginzburg-Landau equation 

	3. Numerical techniques for solving fractional diffusion equations 
	4. Numerical experiments
	4.1. The fractional-in-space complex Ginzburg-Landau equation
	4.2. The fractional-in-space complex cubic-quintic Ginzburg-Landau equation

	5. Conclusion
	REFERENCES

