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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
© 2017 The Authors. Published by Elsevier B.V. 
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract 

The traveling wave mode of self-sustained relaxation of a metastable medium, such as combustion and annealing of radiation-
induced defects in solids, is studied. The mechanism of self-sustained relaxation and propagation of the traveling wave is a 
positive thermal-concentration feedback and heat transfer. The thermal-concentration feedback develops because the relaxation 
rate depends strongly on temperature, and the energy of the metastable state transforms into thermal energy in the process of 
relaxation. Hence, the relaxation leads to an increase in the medium temperature and, consequently, to further support of the 
relaxation. In this work, traveling waves are considered, and their features are investigated by computer simulation. The shape 
and speed of the traveling wave are investigated as a function of the medium properties, and the way of its initiation. We 
examined the shapes of wavefronts as they propagate on a plane, and observed two different regimes of traveling wave 
propagation. Sometimes the front of the traveling wave spreads as a whole and velocity of propagation is perpendicular to the 
wavefront. Sometimes small perturbations arise on the wavefront, and then grow by virtue of relaxation along the front, thus, the 
new area of the relaxed medium has the form of a narrow strip that propagates along the line of the front and maintains a constant 
width in the direction perpendicular to the front. We observe the appearance of one or more small perturbations, which arise in a 
symmetric way. The influence of boundaries on the traveling waves was also investigated. 
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1. Introduction 

Autowave processes in condensed matter, including propagation on a surface, have been extensively studied [1]. 
These include autowaves in ferroelectric and semiconductor films, crystallization waves of supercooled liquid in a 
narrow layer, surface chemical reactions like burning, annealing of defects induced by ion irradiation, surface 
polymerization, etc. As a rule, these are switching waves in a bistable medium, which can be in either of two 
stationary states: metastable and stable. The mechanism of self-sustained relaxation and propagation of the traveling 
wave of relaxation is the positive thermal-concentration feedback and heat transfer. The thermal-concentration 
feedback develops because the relaxation rate depends strongly on temperature, and the energy of the metastable 
state transforms into thermal energy during the process of relaxation. The relaxation thus leads to an increase in the 
temperature of the medium and, consequently, further supports the relaxation. A positive feedback loop is therefore 
formed.  

In this work two-dimensional traveling waves of self-sustained relaxation of a metastable medium, such as 
combustion [2] or the annealing of radiation-induced defects in solids [2-4], are considered. The properties of their 
propagation on a finite plane are investigated by means of computer simulation.  

2. Mathematical model 

Consider an active medium, which is formed by an ensemble of a given number of stationary (immobile) 
excitable elements. Each element can be in one of two states: either in the stable state, or in a metastable state with a 
certain increased energy. The metastable state of the medium is due to the presence of excited elements in a number 
greater than the equilibrium value corresponding to the given temperature. Any addition of energy exceeding the 
threshold level (activation energy) is capable of transferring the element from the metastable state to the equilibrium 
one. Thus, the relaxation of the medium from the metastable to the stable state has the Arrhenius dependence on 
temperature. At the same time, in the process of transitioning from the metastable to the stationary state, the energy 
of the element’s excitation is converted into heat, which, due to the thermal conductivity, spreads through the 
medium and affects the neighbouring elements, and in turn causes their transition from the excited to the stable state. 
As a result, a wave of relaxation propagates in the medium. By analogy with the annealing of defects of a crystal 
structure, we may refer to the medium (or any part of it) in a metastable state as an unannealed medium (region), 
and the medium (region) in which the relaxation took place as an annealed region. 

We describe the autowave process with a system of reaction-diffusion equations in a two-dimensional rectangular 
region, i.e. ( , ) [ , ] [ , ]x x y yx y a b a b   : 
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where t  is time, n  is the density (number per unit volume) of elements in the metastable state, T  is the 
temperature, pc  is the specific heat capacity,   is the density, and   is the thermal conductivity of the material, 
while   is the energy released as a result of the transition of one element from the metastable to the stable state.   
is the characteristic defect lifetime under the assumption that depends on temperature according to Arrhenius Law: 
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where aE  is the activation energy, Bk  is the Boltzmann constant, and 0  is a constant depending on the properties of 
the material. The material is assumed to be thermally isolated from the environment, i.e. system (1)-(2) is subject to 
the homogeneous boundary conditions of the second kind all over the material perimeter,  : 
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where aE  is the activation energy, Bk  is the Boltzmann constant, and 0  is a constant depending on the properties of 
the material. The material is assumed to be thermally isolated from the environment, i.e. system (1)-(2) is subject to 
the homogeneous boundary conditions of the second kind all over the material perimeter,  : 
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At the initial moment in time, the density of elements in a sample is constant throughout the volume and equal to 
0n . Also, at the initial moment in time the temperature of the material is equal to 0T  everywhere except for the area 

*  of size x  by y  on the left boundary of the sample in which the temperature is increased by external heating 
to 1 0T T T   , where T  is a given, as shown schematically in Fig. 1.  
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problem (1)-(2) can be written in a dimensionless form [2]: 
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In an infinite medium for zero initial temperature ( 0 B 0 a/ 0u k T E  ), and for 0 1v   (in accordance with (6)), the 
system of equations (5) may have a solution in the form of a traveling wave, and the solution of the problem 
depends on one parameter,  , with the physical meaning of the ratio of activation energy to energy stored in 
elements. A numerical solution of the problem (5) was obtained in [2] for a one-dimensional geometry. In the same 
work, it was shown that the behaviour of the solution depends significantly on the value of parameter  , and 
undergoes a qualitative change when   exceeds the threshold value, approximately equal to 6.5. When this 
threshold is exceeded, spatial-temporal oscillations of front shape (especially of the temperature front) and of wave 
velocity occur. 

For a sample of a finite size, the solution of the problem also depends on the initial and boundary conditions, and 
therefore on a larger number of dimensionless model parameters, including: the dimensionless width, yL , and 
length, xL , of the sample, the dimensionless magnitude, u , and the dimensionless width, y , and depth, x , of 
the initial heating area. In our study, as a rule, the heating magnitude, B a/u k T E   , and the heating depth, x , 
were fixed, while other parameters were varied one-by-one for four given values of  , namely for 5.0  , 6.8 
, 7.2   and 7.45   taken from [2]. The adiabatic boundary conditions and initial conditions: 0 0u   and 0 1v  , 
were assumed. The problem was solved by the finite difference method using a modified version of the algorithm 
from [5]. 

  

Fig. 1. Geometry of the problem and initial conditions. 
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3. Results and discussion 

The propagation of the traveling waves under consideration has all the properties inherent to switching 
autowaves. When a one-dimensional wave is activated, it propagates at a constant speed and the waveform does not 
change. Wave propagation on the plane satisfies the principle of Huygens, and, therefore, wave diffraction takes 
place. There is, however, no wave interference since colliding waves destroy each other. The reflection of the 
autowave from obstacles and boundaries differs from the reflection of classical waves. In the case of a thermal-
concentration wave, the “reflection” is merely a redistribution of heat fluxes. The speed of propagation of a smooth 
homogeneous wavefront depends on its curvature; a concave front propagates faster. 

The activation of a self-sustained annealing wave has a threshold value of y  for a given x . For y  smaller 
than this threshold value, the self-sustained wave of relaxation does not develop: the relaxation wave quickly 
attenuates and heat redistributes over the sample. Depending on the parameters of the model, the shape of the 
relaxed zone may vary: "oval", "hat-shaped", "cascade", etc. shapes were observed. The transition from the relaxed 
to the non-relaxed area occurs abruptly, with a narrow transition zone. For y  above the threshold value, a self-
sustained wave of relaxation forms, which runs over the entire volume of the sample, resulting in complete 
annealing of defects. 

Depending on parameter  , two different regimes of traveling wave propagation are observed; this is in 
agreement with observations in [2]. Accordingly, for   smaller than the threshold value of approximately 6.5, the 
front of the traveling wave spreads as a whole and the velocity of propagation is perpendicular to the wavefront. For 
  above 6.5, small perturbations arise on the wavefront, and then grow by virtue of relaxation along the front. As a 
result, the new area of the relaxed medium has the form of a narrow drop-shaped strip that propagates along the line 
of the front and maintains an approximately constant width in the direction perpendicular to the front. The 
appearance of one or more small perturbations, which arise in a symmetric way, is then observed. 

As example, the results of a simulation of a wave propagating in a rectangular region with dimensions:
6000xL  [arb. unit] and 3000yL  [arb. unit], are shown in Figs. 2—4. The wave is activated on the left boundary 

of the region by increasing at 0t   the dimensionless temperature u  from 0 to 2 /u   [arb. unit] (where 
7.2  ) in a narrow rectangular area of size 30 1800x y    [arb. unit] located symmetrically about the central 

axis.  
In the course of spreading of the self-sustained annealing, the initial narrow rectangular area of high temperature 

expands forward and to the sides from the boundary and gets gradually rounded. The wavefront remains smooth and 
homogeneous. At 9000t  [arb. unit] the temperature of the central part of the wavefront increases, and the area of 
relaxed material as well as the area of elevated temperature takes the form of a trapezoid (Fig. 2a). Then the area of 
elevated temperature extends forward rather than to the sides (along the wavefront line). The heated area takes the 
form of a segment, and two features, that lie symmetrically about the central axis of on the front line of the relaxed 
area, appear and the wavefront ceases to be smooth. The central part of the wavefront then rises again, and 
everything repeats (Fig. 2b—2d). In this case, the region of elevated temperature expands from the central burst to 
both sides along the wavefront, bending around it as a narrow band. After four such temperature bursts (from 

50000t   [arb. unit]), the relaxed area coincides with the heated one and has the form of a half-ellipse. At 
60000t   [arb. unit], two bursts of temperature, symmetric with respect to the central axis, appear and expand 

along the wavefront line as a narrow band (Fig. 3a—3b). The relaxed area increases by the width of the band. At 
65000t   [arb. unit], the wavefront reaches the lateral boundaries. Since the boundaries are adiabatic, the 

temperature near them increases, consequently the wave velocity near the boundaries increases, and the line of the 
front begins to level off (Fig. 4a). Later on ( 75000t   [arb. unit]), two narrow bands of elevated temperature 
propagate from the lateral boundaries along the wavefront (Fig. 4b). Further, both the relaxed and heated areas are 
expanded by the successive emergence and development of paired, symmetric temperature bursts. In this case, the 
line of the front becomes less curved. At 99000t   [arb. unit], due to the joining in the centre of the two waves 
running along the front, three symmetrical temperature bursts appear. Further, the heated region expands by 
successive emergence and development of these three symmetric bursts, followed by five (Fig. 4c), then six and 
seven alternating bursts. The wavefront becomes generally flat, but the expansion of the heated region (up to the 
entire sample warming up) occurs as before by the emergence and development of 6 or 7 symmetric temperature 
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elements. A numerical solution of the problem (5) was obtained in [2] for a one-dimensional geometry. In the same 
work, it was shown that the behaviour of the solution depends significantly on the value of parameter  , and 
undergoes a qualitative change when   exceeds the threshold value, approximately equal to 6.5. When this 
threshold is exceeded, spatial-temporal oscillations of front shape (especially of the temperature front) and of wave 
velocity occur. 

For a sample of a finite size, the solution of the problem also depends on the initial and boundary conditions, and 
therefore on a larger number of dimensionless model parameters, including: the dimensionless width, yL , and 
length, xL , of the sample, the dimensionless magnitude, u , and the dimensionless width, y , and depth, x , of 
the initial heating area. In our study, as a rule, the heating magnitude, B a/u k T E   , and the heating depth, x , 
were fixed, while other parameters were varied one-by-one for four given values of  , namely for 5.0  , 6.8 
, 7.2   and 7.45   taken from [2]. The adiabatic boundary conditions and initial conditions: 0 0u   and 0 1v  , 
were assumed. The problem was solved by the finite difference method using a modified version of the algorithm 
from [5]. 

  

Fig. 1. Geometry of the problem and initial conditions. 
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3. Results and discussion 

The propagation of the traveling waves under consideration has all the properties inherent to switching 
autowaves. When a one-dimensional wave is activated, it propagates at a constant speed and the waveform does not 
change. Wave propagation on the plane satisfies the principle of Huygens, and, therefore, wave diffraction takes 
place. There is, however, no wave interference since colliding waves destroy each other. The reflection of the 
autowave from obstacles and boundaries differs from the reflection of classical waves. In the case of a thermal-
concentration wave, the “reflection” is merely a redistribution of heat fluxes. The speed of propagation of a smooth 
homogeneous wavefront depends on its curvature; a concave front propagates faster. 

The activation of a self-sustained annealing wave has a threshold value of y  for a given x . For y  smaller 
than this threshold value, the self-sustained wave of relaxation does not develop: the relaxation wave quickly 
attenuates and heat redistributes over the sample. Depending on the parameters of the model, the shape of the 
relaxed zone may vary: "oval", "hat-shaped", "cascade", etc. shapes were observed. The transition from the relaxed 
to the non-relaxed area occurs abruptly, with a narrow transition zone. For y  above the threshold value, a self-
sustained wave of relaxation forms, which runs over the entire volume of the sample, resulting in complete 
annealing of defects. 

Depending on parameter  , two different regimes of traveling wave propagation are observed; this is in 
agreement with observations in [2]. Accordingly, for   smaller than the threshold value of approximately 6.5, the 
front of the traveling wave spreads as a whole and the velocity of propagation is perpendicular to the wavefront. For 
  above 6.5, small perturbations arise on the wavefront, and then grow by virtue of relaxation along the front. As a 
result, the new area of the relaxed medium has the form of a narrow drop-shaped strip that propagates along the line 
of the front and maintains an approximately constant width in the direction perpendicular to the front. The 
appearance of one or more small perturbations, which arise in a symmetric way, is then observed. 

As example, the results of a simulation of a wave propagating in a rectangular region with dimensions:
6000xL  [arb. unit] and 3000yL  [arb. unit], are shown in Figs. 2—4. The wave is activated on the left boundary 

of the region by increasing at 0t   the dimensionless temperature u  from 0 to 2 /u   [arb. unit] (where 
7.2  ) in a narrow rectangular area of size 30 1800x y    [arb. unit] located symmetrically about the central 

axis.  
In the course of spreading of the self-sustained annealing, the initial narrow rectangular area of high temperature 

expands forward and to the sides from the boundary and gets gradually rounded. The wavefront remains smooth and 
homogeneous. At 9000t  [arb. unit] the temperature of the central part of the wavefront increases, and the area of 
relaxed material as well as the area of elevated temperature takes the form of a trapezoid (Fig. 2a). Then the area of 
elevated temperature extends forward rather than to the sides (along the wavefront line). The heated area takes the 
form of a segment, and two features, that lie symmetrically about the central axis of on the front line of the relaxed 
area, appear and the wavefront ceases to be smooth. The central part of the wavefront then rises again, and 
everything repeats (Fig. 2b—2d). In this case, the region of elevated temperature expands from the central burst to 
both sides along the wavefront, bending around it as a narrow band. After four such temperature bursts (from 

50000t   [arb. unit]), the relaxed area coincides with the heated one and has the form of a half-ellipse. At 
60000t   [arb. unit], two bursts of temperature, symmetric with respect to the central axis, appear and expand 

along the wavefront line as a narrow band (Fig. 3a—3b). The relaxed area increases by the width of the band. At 
65000t   [arb. unit], the wavefront reaches the lateral boundaries. Since the boundaries are adiabatic, the 

temperature near them increases, consequently the wave velocity near the boundaries increases, and the line of the 
front begins to level off (Fig. 4a). Later on ( 75000t   [arb. unit]), two narrow bands of elevated temperature 
propagate from the lateral boundaries along the wavefront (Fig. 4b). Further, both the relaxed and heated areas are 
expanded by the successive emergence and development of paired, symmetric temperature bursts. In this case, the 
line of the front becomes less curved. At 99000t   [arb. unit], due to the joining in the centre of the two waves 
running along the front, three symmetrical temperature bursts appear. Further, the heated region expands by 
successive emergence and development of these three symmetric bursts, followed by five (Fig. 4c), then six and 
seven alternating bursts. The wavefront becomes generally flat, but the expansion of the heated region (up to the 
entire sample warming up) occurs as before by the emergence and development of 6 or 7 symmetric temperature 



34 P.M. Bokov  et al. / Procedia Manufacturing 37 (2019) 30–37
 Author name / Procedia Manufacturing 00 (2019) 000–000  5 

bursts (Fig. 4d), and not by moving the front forward as a whole. Bursts arise, expand along the front and merge. 
Then new bursts arise and the process repeats until all metastable elements in the entire sample are relaxed. 

 
(a) 

 

(b) 

 
(c) 

 

(d) 

 

Fig. 2. Propagation of the self-sustained wave of relaxation in the beginning of the process. 
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Fig. 3. Propagation of the self-sustained wave of relaxation before the wave front reaches the lateral boundaries. 
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Fig. 4. Propagation of the self-sustained wave of relaxation after the wavefront reaches the lateral boundaries. 
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A wave activated in the centre of the region has similar properties. Soon after activation, the heated region 
expands and takes the form of a circle, regardless of whether the original shape of the activation pulse was quasi-
circular or square. At this time, it coincides with the annealed area. Then, local areas of elevated temperature appear 
symmetrically and expand along the line of the front (circumferentially) in both directions and eventually merge, 
thereby increasing both the heated and annealed areas. Then everything repeats, but the number of bursts increases. 

Since the appearance of temperature spikes has a threshold nature, it can be assumed that they are the result of 
instability, which develops due to thermal-concentration feedback, as well as in the one-dimensional case.  

4. Conclusions 

Initialization of the self-sustained relaxation waves has a threshold value with respect to the initiation energy, 
which is defined by the dimensions of the heated area and the magnitude of the heating. Below this threshold value, 
the self-sustained wave of relaxation does not develop, while above it, a self-sustained relaxation wave forms and 
then runs over the entire volume of the sample, resulting in complete relaxation of all excitable elements in the 
sample.  

If the initial heating is performed uniformly along the entire width of the sample then, due to the symmetry of the 
problem, the solution remains one-dimensional (the dependence of solution on the lateral coordinate disappears). At 
the same time, it qualitatively repeats the results published in the literature for the one-dimensional case. 
Accordingly, when the non-dimensional parameter  , which is the ratio of activation energy to energy stored in 
elements, is below a threshold value of approximately 6.5, the annealing front propagates at a constant speed. For   
above this value, oscillations of both the wave speed and of the temperature profile are observed.  

If the initial heating is done over a part of the external boundary, the solution of the problem is two-dimensional, 
and its behaviour depends again on parameter  . Thus, for 5.0  , the relaxation front has a smooth regular shape 
and the relaxation propagates in a direction perpendicular to the front. For   above the threshold value the 
propagating wave exhibits a more complex behavior: bursts of temperature appear and expand along the wavefront 
line as a narrow drop-shaped band, thereby increasing the relaxed area by the width of the band.  

Thermally insulated boundaries lead to the straightening of the wavefront: in the vicinity of the boundary, the 
velocity of its propagation increases, resulting in the alignment of the front reduction of its total curvature. 
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