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ABSTRACT. In this article we are interested in the regularity properties of the probability measure
induced by the solution process of the Lévy noise or a fractional Brownian motion driven Navier
Stokes Equation on the two-dimensional torus T. We mainly investigate under which conditions
on the characteristic measure of the Lévy process or the Hurst parameter of the fractal Brownian
motion the law of the projection of u(t) onto any finite dimensional F C L*(T) is absolutely
continuous with respect to the Lebesgue measure on F'.

1. INTRODUCTION

We consider the Navier-Stokes equations (NSEs) subjected to the periodic boundary condition
on the torus

dyu(t) — vAu(t) + u(t) - Vu(t) + Vp(t) = E(t),
V-u(t) =0, (1)
u(0) = up,

where u and p are unknown vector field and scalar periodic functions in the space variable repre-
senting the fluid velocity and the pressure, respectively. We assume that we are given an initial
velocity ug. The perturbation Z denotes, roughly speaking, the Radon-Nikodym derivative with
respect to the time variable of a Lévy process = = L or a fractional Brownian motion Z = BH. In
the case when = is a Wiener noise the above system has been the subject of intensive mathemat-
ical studies since the pioneering work of Bensoussan and Temam. The analysis of the qualitative
properties and long-time behaviour of its solutions has generated several significant results, see for

instance [6, 9, 16, 18, 22|, to cite a few results. Particularly, when
o
= = ijﬁjej, (2)
j=1

where (b;);en is a sequence of non-negative numbers, (8;);ecn is a sequence of independent, identi-
cally distributed real-valued Brownian motions and (e;);en is an orthonormal basis of the space of
square integrable, periodic and divergence free functions with mean zero, the authors in [10], [2] and
[24] proved the existence of densities for the laws of finite dimensional functionals of its solutions.
In these papers, different methods are used to prove the existence of such densities, for instance
in [10] a method based on Girsanov theorem is used, and the Malliavin calculus is used in [24].
In [2] a method based on controllability of (1) in finite-dimensional projections and an abstract
result on an image of a decomposable measure under analytic mappings is used. This method does
not use the Gaussian structure of the noise as the methods in [10] and [24]. In this paper, we are
mainly interested in proving the existence of densities for the laws of finite-dimensional analytic
functionals of the solution of (1) when the driving noise Z is a Lévy noise or a fractional Brownian
motion. For this purpose, we extend the results in [2] to our framework. Although we closely follow
the approach in [2] the extension of the result therein to our setting is not trivial. The proof in
[2] relies very much on the natural decomposability of the driving noise law in a Hilbert space J#
which is not naturally satisfied by a Lévy process or a fractional Brownian. In fact, even if the
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Lévy noise (or fractional Brownian motion) = has a decomposition as in (2), which is one of the
main assumptions in [2], it is not known whether there exists a Hilbert space 7 on which the
law of Z on 47 is decomposable. In order to overcome this difficulty we prove, by using wavelet
analysis and the decomposability of measure on Banach space introduced in [12], that there exists
a Banach space 2 with Schauder basis on which the law of = is decomposable. With this result at
hand and using the solid controllability of (1) we can prove the existence of densities for the laws
of finite-dimensional projection of the solutions of (1).

Further works related to our result is, for instance, the work of Dong et.a. [13]. Let X be the
solution of a possible infinite dimensional stochastic differential equation on a Hilbert space H
driven by a pure Lévy process. The investigate under which conditions on the Lévy measure and
the Markovian semigroup generated by the process is smoothing in space using the Kolmogorov
equation. In [27], the authors prove exponential convergence to the invariant measure where the
underlying process is again solution of a possible infinite dimensional stochastic (partial) differential
equation on a Hilbert space H driven by an « stable process. Here, the Harris Theorem is used
to get the result. In [1] the authors prove the strong Feller property and exponential mixing for
the 3 dimensional Navier-Stokes equation under different degeneracy assumptions on the driving
process. Here, the main tool is the Malliavin calculus and Hormander’s Theorem.

In the next section we will fix the notation and present some preliminary results. Section 3 is
devoted to the statement and the proof of our main result which will be applied to the stochastic
2D Navier-Stokes equations in the torus. In Appendix A and Appendix B, we present and prove
several results related to the wavelet expansion of Lévy noise and fractional Brownian motion,
respectively. In Appendix C we establish a zero-one law result, which is crucial for the proof of the
main result, for decomposable measures.

2. NOTATIONS, HYPOTHESES AND PRELIMINARY RESULTS

For a separable Banach space E we denote by B(FE) its Borel o—algebra. For a finite dimensional
subspace Ey of E we denote by E; the complemented subspace of F, i.e. the subspace of E such
that £ = Eg @ E1, i.e., B1 = Eé‘. For two subspaces F7 and Ey of E, E1 @ Es is defined by
Ei®Ey:={z=¢€1 +ez:e1 € E1,ey € E3}. Furthermore, for A C F and y € E; we put

A(EO,El)(y) ={reEy:x+yec A}

Let p be a probability measure on (E,B(F)) and Ey and E; as above. We define a probability
measure pp, on (Eo, B(Ep)) by

fE, « B(Eg) 2 A n(A+ Ey) € [0,1].
For a subspace EO C E; we set
B(Eo By B(Eo) SA— M(A + El) S [0, 1].
Since Ej is finite dimensional, we can denote by Lebg, the measure defined by
Lebg, : B(Eo) 3 U + g, (U) := Lebra (. H(U)),

where ¢ is the isomorphism ¢ : Fy — R, n = dim(Ej). Besides, let us define the projection operator
7g;, j = 0,1, given by 7,z =y, where y is the unique element with y + 11 =, y1 € EJL We can
now introduce the following definition.
Definition 2.1. Let (1, 41) and (Q2, A2) be measurable spaces. A map k : 1 x Ay — [0,1] is
called a probability kernel (from Q1 to Qa) if

(1) 1 3w — K(wr, A2) is measurable for any As € As;

(2) A2 > Ag — k(w1, A2) is a probability measure for any wy € Q;

In case of a finite dimensional subspace and its complement, desintegration gives the existence
of a probability kernel.
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Remark 2.1. Let {F, : n € N} be a family of mutually disjoint, linearly independent, and closed
finite dimensional subspaces of E, i.e. F; N F, = {0}, j # k. We set Gy, := F1 @ --- & F,,
G":= (F1®---®F,)", and ugn the probability measure induced on G™ by the projection Pgn(y) :=
{z € G":3x € G, :x+ 2=y} Then, by desintegration (see e.g. Theorem 6.4 [20, p.108]) we
know that for any n € N there exists a probability kernel

L :G"xB(Fy & & F,) >R,
such that we have for all A € B(E)
p = [y doen(ay).
" J An(y)
where Ay (y) = A(pe--aF, an)(Y). In particular, we can decompose the measure p into the quadru-
ple {Fy, G™, 1} .
Hereafter we fix a separable Banach space F with Schauder basis {e,, : n € IN} and we set

F,={)e, : A € R} (3)

We also set
Gn=F®F ®...0F, and G" = G, (4)

along which we consider a probability kernel

l, : G" x B(G,) — [0,1].

The projection onto any nontrivial subspace F' C E is denoted by mr. Having fixed these notations
we now proceed to the statement of our assumptions.

Analysing Theorem 2.2 of [2], one can easily verify that following assumption is essential.

Assumption 2.1. Let y € P(E) be a decomposable measure with decomposition {F,,G",1,}7 .
We assume that for any n € IN there exists a positive function p, : G" X G, — Rg such that
pgn—a.s. we have for all U € B(Gy,)

l(y,U) = /Uﬂn(yw) dz.

Assumption 2.1 is often difficult to verify. Hence we formulate the next assumption which is
stronger but easier to check than the above. In fact, we prove in Lemma C.1 that the following
assumption, i.e. Assumption 2.2, implies Assumption 2.1.

Assumption 2.2. Let y € P(E) be a decomposable measure with decomposition
{Fn, G" ol

constructed by a Schauder basis {e,, : n € N} with F,, := span{ei, ..., ey} such that ug, is absolutely
continuous with respect to the Lebesgue measure Lebg, .

Our third condition is given in the following next lines.

Assumption 2.3. Let u € P(E) and let {F,,,G",1,}5°, be a decomposition of u. There exists a
point

Y:Zyjej eFE, (5)
j=1
such that
(1) for anyn € N and § > 0
te, (Ba, (ma,Y,6)) > 0.

lFor a Banach space E we denote by Bg(y,0) the ball centered at y with radius d, i.e. Bg(y,d) = {z € E :
|z —yle < o}
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(2) for all numbers N € IN there exists a Ry > 0 such that for all xo € Bg, (7gyY, Rn), and
all € > 0, there exists a 6 > 0 such that

p{z e Ellr—xls <e}) >0
In order to clarify the role of the above assumption we shall introduce the following definition.
Definition 2.2. We call a set A € B*(E) a finite zero one p—set if and only if for alln € N
pen ({y € G" : pn(An(y)) = 0 or 1}) = 1,
where An(y) = A(po--aF,am (1Y)

Let Foo = Upen{Fo + F1 + -+ + F,}. Now, let us present the generalization of Theorem 4 in
[12], respective [2, Theorem 1.6], whose proof requires that the measure p is decomposable and has
a finite second moment (see [2, Property (P), page 402] for the precise statement).

Theorem 2.1. Let f : X — R be an analytic function and let € P(X) be a decomposable measure
with density satisfying Assumption 2.1 and Assumption 2.3. Let Ny C E be defined by

Ni:={z e E: f(z) =0}
Then, we have
p(Ny) =0 or 1.
Furthermore, if f is not identical zero, then uw(Ny) = 0.

Proof of Theorem 2.1: Let Ny := {z € G : f(x) = 0}. Since f is analytic, for all n € IN for any
y € G" the function fy(z) := f(y + ) is also analytic. Therefore, either Lebg, (N} (y)) = 0 or
Lebg, (E\N}(y)) = 0, where N} (y) = {z € Gn : x+y € Ny}. Thus, Ny is a finite zero-one p set,
and there exists a set Ny € B(E) such that Ny + Flooy = Ny and p(Ny) = p(Ny).

To prove the second part we assume that f #Z 0. We will show that (N J?) > 0. For this purpose
let n € N be fixed and set f,, := | ¢, and Y, :=mg, Y where Y is the point from Assumption 2.3.
Observe that f, is analytic and therefore

Lebg, (Gn \{z€Gy: fz) # o}) — 0.

We now distinguish two cases: f,,(Y,) # 0 and f,(Y;,) = 0. In the first case, i.e., fn(Yn) # 0
we observe that by the continuity of f,, there exists a number § > 0 such that f(z) # 0 for all
x € Bg(Yy,d). Therefore, and taking into account item (2) of Assumption 2.3 we conclude that
u(./\/]?) > 0. To treat the second case, i.e, f,(Y;,) = 0, we first notice that, since f,, is analytic, we
have

Lebe, ({a: € Gy fla) = 0}) ~0.

This implies that for any ¢ > 0 one can find an element zy € G, such that |29 — Y,|p < €
and f(xg) # 0. Since f is continuous we can find a number 6 > 0 such that f(x) # 0 for all
x € Bg(xg,9). Item (2) of Assumption 2.3 with € = % yields that p(Bg(zg,d) > 0) from which it
follows that z(NF) > 0. 0O

The above theorem will, as in [2, Theorem 2.2], be used to prove the existence of the density
of law of the finite projection on finite dimensional space of the solution of a stochastic evolution
equation driven by Lévy noise and fractional Brownian motion.

3. THE MAIN RESULT

In this section we consider an abstract stochastic evolution equation in a separable Banach space
& given by
du(t) + Lu(t) dt + B(u(t),u(t)) = Z(t), t>0,
(6)
u(O) = Ug € (/)@,
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where the driving noise = is either a Lévy process or a fractional Brownian motion, £ : D(£) — &
and B : & x & — & is a densely defined bilinear operator taking values in &. We assume that the
above equation is uniquely solvable in & and we denote the solution starting from ug € & at time
t =0 by {u(t,up) : t > 0}.

In order to formulate the main result of this section we need to introduce few concepts from the
control theory. For this aim, let U C & be a separable Banach space, let > 1 be a fixed number
and let us consider the following control problem

{ w(t) + Lu(t) + Bu(t),u(t)) = wv(t), t>0, %
u(0) = wup €&,

where v € L"(0,T;U) is the control and U is the control space (the trajectories of our noise will be
basically belong to L"(0,7;U) ). For a fixed time T' > 0 we denote by
Rr:&xL"(0,T;U) — & (8)

the so called solution operator that takes each function v € L"(0,T; U) and initial condition ug € &
to the solution u(7T',ug) of the system (7).

Definition 3.1. A system is controllable in time T > 0 for a finite dimensional subspace F C & if
and only if

WFRT(U(), LT(O, T U)) O F
for any ug € &.
Definition 3.2. A system is solid controllable in time T > 0 for a finite dimensional subspace

F C &, if and only if for any R > 0 and any uy € &, there exists an € > 0 and a compact set
K. C L"(0,T;U) such that for any function ® : K. — F satisfying

sup |®(x) — mpRr(ug, z)|Fp < e,
reK,

we have
®(K.) D Br(R).

In the approach, the control is replaced by the stochastic process. In case the system is perturbed
by a d-dimensional Wiener process W with covariance I, we will consider the following system

du(t) + Lu(t) dt + B(u(t),u(t))dt = dW(t), >0, .
{ U(O) = wug €8&. ( )

Let v > £ let us define for a function ¢ € HJ ([0, T]; R?) the random variable W (¢) by

T
/0 o(s) AW (s).

Since CIEO)([O,T];]Rd) — HJ([0,T);R?) the mapping above is well defined. The Wiener process
induces a cylindrical measure on H, 7([0,T]; R?), which is the dual space of H)([0,T];R%). In
particular, for ¢1,..., ¢, € H)([0,T];RY) and C € B(RY), let

n({¢' € Hy ([0, TI;RY) < (¢ (1), -, ¢ (pm) ER™ € C}) =P (W (1), .., W(dm)) € O).

Since EW (¢1)W (¢2) = (¢1,d2) ;2 for ¢1,00 € Hy([0,T];R?), is is straight forward that the
cylindrical measure z on is (9R-)tight on H, 7([0,T]; R?) and therefore a probability measure on
H, ([0, T); R%)?. Besides, each finite dimensional subspace F of L"(0,T;U) with U = R? is a finite
dimensional subspace of H, 7([0,T];R?). In this way, in case the integral fOT o(s) d=(s) is well
defined for ¢ € E, where ¢ € E C S§([0,T]) is a deterministic function, = induces a measure on E'.
With this preliminary works the following general result can be shown.

2see Mushtari [?, Section 1.6].
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Theorem 3.1. Let E be a separable Banach space with Schauder basis {e, : n € N}. Let F' be a
finite dimensional subspace of &. We assume that the embedding = on E is decomposable on E
with the decomposition {F,,G", 1}, with F, C L"(0,T;U), where the notation used in (3) and
(4) is enforced, and satisfies Assumption 2.1 and Assumption 2.3. For a fized number T > 0 we
also assume that

(A1) the solution operator Ry defined in (8) which is generated by the system (7) is analytic,
(A2) and for any finite dimensional space F' C &, the system (7) is solid controllable in time T
for the finite dimensional space F.

Then, for any ug € & and for any finite dimensional subspace ' C & there exists a density
p: F —R{ such that

Elo(ﬂpu(T,ug)):/Op(m) Lebp(dz).

Proof. Let us fix a finite dimensional subspace F' of & and consider the operator
f Ex X > (UO,f) — FFRT(’U,Q,f) S F,

where X = L(0,T;U), u solves equation (6), and Ry is defined in (8).

The proof of our theorem will follow from the applicability of [2, Theorem 2.2]. Thus we need
to check if all the assumptions of [2, Theorem 2.2] are all satisfied. For this aim it is sufficient to
prove the two claims below.

Claim 1. There exists a finite dimensional subspace G, of X such that for any ug € &, there exists
a ball By C G, and a ball Brp C F' such that

f(u(), Bo) D) BF.

To prove this claim we fix a large number R > 0 such that uy € Bg(R). By the definition of
solid controllability, we know that there exists an € > 0 and a compact set K. C & such that, any
function ® : K, — & satisfying

sup |®(y) — 1rRr(uo, y)|F <€,
yEKe

satisfies
O(K) > {ye F:lylr < RY.
Fix ug € Bg(R), € > 0 and the corresponding compact set K.. Since the operator
Rr(ug, ) : X = &
is continuous, it is uniformly continuous on K., and, hence, there exists a dy > 0 such that

(R (uo, y1) — Rr(uo, y2)ls <€, Vyi,y2 € Ke with [y1 —ya| < 4o .
Since the function system {e,, : n € IN} is a Schauder basis of X, it follows that U,,enF, is a dense
subset in X. In particular, since K. is compact, for any § > 0, there exists a number m such that

sup |ly — 7@, yllx < 6.
yeKe

Let m € IN be sufficiently large such that

sup |ly — 7a, ¥l x < do,
yeK.

Let us define
K.~ &
by
®(y) = m7r(Rr(uwo, 76,,Y))-
From the consideration above, it follows that

sup |®(y) — mrRr(uo,y)|F < €
yeK,
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Hence, by the solid controllability
O(K.) C{ye F:lylr < RY.
In particular, since mg,, K. is a bounded set of G,,, there exists a number R; > 0 such that
{y € G, : |y| < R1} D 7, Ke. Setting Bp:={y € F: |lylr < R} and By :={y € Gy, : |y| < R1}
we have
R (uo, B1) D Br,
which proves Claim 1.[J

Claim 2.The measure p on F satisfies Assumption 2.1.

Claim 2 is easy to prove. Thanks to Lemma C.1 the probability measure satisfies Assumption
2.2, from which Claim 2. follows 0

O

4. APPLICATION TO THE 2D STOCHASTIC NAVIER-STOKES

Throughout this section T denotes the 2D torus, LP(T) and W;"(T) will respectively denote the
usual Lebesgue space of p-integrable functions and Sobolev spaces.

Let V be the set of periodic, divergence free and infinitely differentiable function with zero mean.
In what follows, we denote by # and V the closures of V in L?(T) and W2(T), respectively. We
endow the space # with the L2-scalar product denoted by (-,-) and the usual L2-norm denoted
by |-|. The space V is equipped with the gradient norm || - || = |V-|. We also set

D(L) = [#*T))?’NV, Lv=-IIAv, veD(L),

where II is the orthogonal projection from L?(T) onto .. It is well-known that the Stokes operator
L is positive self-adjoint with compact resolvent and its eigenfunctions {e1, ea, ...}, with eigenvalues
0 <A <X < ... form an orthonormal basis of 7. It is also well-known that V = D(E%), see
[17, Appendix A.1 of Chapter II]. Furthermore, we see from [31, Chapter II, Section 1.2] and [17,
Appendix A.3 of Chapter II| that one can define a continuous bilinear map B from V x V with
values in V* such that

(B(u,v),w) = /[u(z) -Vv(z)]-w(2)dz for any u,v,w € V, (10)
T

(B(u,v),v) =0, forany u,vevV, (11)

[(B(w,v), w)| < Collullpallvlla]lwl, for u, v e LYT), w e V. (12)

With all these notations the Navier-Stokes equations (1) can be written in the abstract form

{ () + kLu(t) + Blu(t), u(t)) = Z(t), (13)
u(0) = up € A,

m

—_ —_
()

where for the sake of simplicity we assume that I[IZ = =. The positive number x > 0 denotes the
viscosity. Before characterizing the noise entering our system, we introduce the trigonometric basis
in 7 by elements in Z2. Namely, we write j = (j1, j2) € Z? and set

ej(xz) = sin(jav)jL for j1 > 0 or j;1 = 0,52 > 0,
ej(x) = cos(ja)jt for j1 < 0orj; =0,js <0,
eé(m) = (170)7 6%(1}) = (07 1)a

where j+ = (—j2,751). The family £ = {e{, e;,i = 1,2,7 € Z*\ {0}} is a complete set of eigenfunc-
tions for the Stokes operator which forms an orthonormal basis in .77.

For any symmetric set K C Z? containing (0, 0) we write K = K and define K with i > 1 as the
union of K~! and the family of vectors [ € Z? for which there are m,n € K~! such that | = m+n,
|m| # |n|, and |m A n| # 0, where m A n = ming — man.
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Definition 4.1. A symmetric subset K C 72 containing (0, 0) is saturating, if and only if UjenKC ! =
72,

Throughout we set d = dim C and denote by %; the finite dimensional subspace of s spanned
by the eigenvectors {e;; j € K}. The driving process is either

E(t) = eilit), t=>0, (14)
jex
where {/; : j € K} is a family of mutually independent Lévy processes with Lévy measure v over a
probability space (2, F,P), or

E(t) =Y eBf(t), t=0, (15)
JjeK
where {Bf : j € K} is a family of identical distributed and mutual independent fractal Brownian
motions with Hurst parameter H € (3,1) over a probability space (€2, F,P). The existence of a
unique solution u = {u(t) : ¢ > 0} to (13) follows from the results in [7] for example for the case of
pure jump Lévy process, and from [23] for case of fractional Brownian motion perturbation.

We can now state the main results of this section. However, before let us introduce the following
definition (compare [28, p. 13]). A measurable function [ : [0,00) — R is slow varying at oo, iff for
any x > 0

1t
lim 02 _ g
t—00 l(t)

We start with the following theorem which treats the case of Navier-Stokes equations driven by

a Lévy process.

Theorem 4.1. Let K be a saturating set and assume that the process = entering the system (6)

is defined by (14). We also assume that the Lévy measures vj, j = 1,...,d, are symmetric and
equivalent to the Lebesque measure on R\ {0}, and satisfy
/ |z|Prj(dz) < oo, (16)
|2I<1

for some p € (1,2). In addition, we assume that there exists a number «a € (0,2] such that
Vi(R\ [—€,€]) ~ e “l(e) as €—0, (17)

for some slowly varying function l. Let uw = {u(t,ug) : t > 0,ug € H} be the unique solution of
system (6). Then for any finite dimensional subspace F' C A, for all initial conditions uy € I,
there exists a density py, : F' — Rar such that

El@(ﬂ'Fu(T,UO)):/OpuO(x) Lebp(dx).

In addition, for any sequence {uy, : n € N} with u, — ug € H as n — oo, we have

/ |pup () — pu, ()|dz—0 as n — oo.
F

Remark 4.1. In fact, given a € (0,2) such that (17) holds, it is straightforward to see that (16)
is satisfied for any p > a. On the other hand, if p > 0 satisfies (16), then this does not imply that
there exists a number o € (0,2) such that (17) holds.

Proof. For simplicity, let us assume 7' = 1. In addition, since in our example the underlying
function space & is a Hilbert space, we denote instead of & the underlying function space by 7.
In addition, the control space U is given by ;. As in the previous section (see (8)) we consider
the solution operator

Ry A x L2(0,T; ) — A, (18)
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which takes each function v € L?(0,T; ;) and initial condition ug € # to the solution u(T,uo)
of the control system (7) associated to the Navier-Stokes equations. It is proved in [2, Proposition
A.2], see also [21], that the operator Ry is analytic. It is also known from [2, Proposition A.5 |,
see also [3], that the system (7) for the Navier-Stokes is solid controllable in time 7" for any finite
dimensional space F' C . In particular, Assumptions (A1) and (A2) of Theorem 3.1 are satisfied.
Hereafter we respectively identify . and F to R¢ and RI™ ¥,

Let p € (1,2) such that (16) is satisfied. Let p’ be the conjugate exponent to p and s < % - 1.
For each j € K let £; be the map defined by

1
5] : B;’,p’([ov 1]7R) > ¢ §J(¢) = /0 ¢(7_) dl](T) € LO(Q7R)7
and let 11; be the cylindrical measure ; on B, ([0, 1], R) defined by

i ({z € By, (10,1]) : (2(¢n), ..., 2(¢n)) € C}) =P ((&(¢1),- ... &(¢n)) € C), C € BR"),

where n € N, ¢1,...,¢, € S(R). In Proposition A.1 (see also A.2) we show that the cylindrical
measure is actually a Radon measure on Bj ([0, 1]).

From the results of Section A we infer that the probability measure u; on Bj ([0,1],R) is
decomposable with decomposition {F,,G", 1,}>2,, where F,, and [, are respectively defined by
Fo =W, F, = Wy, n > 2, where Vjj and W,, are defined in (19), the space G" is defined as in
Definition 2.1. The existence of [, is given by Lemma A.3. Lemma A.7 gives that the decomposition
{Fn, G", 1}, satisfies Assumption 2.1 and Assumption 2.3. In addition, we know by Triebel [32,
Theorem 1.58] that the wavelets chosen to construct {F,, G", 1, }2°, form an unconditionally basis
of B ,([0,1], R).

With these observation in mind, it is not difficult to check that the product measure p = ®jexit;
satisfies Assumption 2.2 and Assumption 2.3 on the Banach space E := B;’p([O, 1],R%) where
d = dim(KC). Now, the proof of the theorem easily follows from an application of Theorem 3.1.

We now proceed to the statement and the proof of the above theorem when the random process
entering the system is a fractional Brownian motion given by (15).

Theorem 4.2. Let K be a saturating set and assume that the noise = is a fractional Brownian
motion defined by (15) with Hurst parameter H € (3,1). Let u = {u(t,up) : t > 0,ug € H} be
the unique solution of system (6) with initial condition ug. Then, for any finite dimensional space
F C A and initial condition ug € €, there exists a density py, : ' — R(T such that

El(’)(ﬂ'FU,(T,Uo))_/OpuO(l') Lebp(dz).

In addition, for any sequence {uy, : n € N} with u, — ug € S as n — oo, we have
/ ‘Puo (z) — pu, (x)|dr—0 as n — oo.
F

Proof. Let Ry : 5 x L?(0,T; ;) — 5 be the solution operator defined by (18) in the proof
of Theorem 4.1. It satisfies the properties enumerated in the proof of Theorem 4.1. Hereafter we
respectively identify 7% and F to R? and RU™F, Let s € (—%, H —1). For each j € K let &; be
the map defined by

1
& B5(0.1)3 6 §(0) = [ o(r) sl () € IHR),
and 4z; be the cylindrical measure on B3 ,([0, 1], R) defined by

wi ({ € Ba3(10.1)): (w(0),.. 2(0n) € C}) =P ((E(@n). ... .£(én)) € C), C € BRY),

where n € N, ¢1,...,¢, € S(R). From the results of Section B we infer that the cylindrical measure
pj on B3 o([0,1],R) is actually a probability measure and is decomposable with decomposition
{Fn,G", 1,}22, where F,, and [,, are respectively defined by Fy = Vp, F,, = W, n > 2, where 1}
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and W, are defined in (35). With F,, in mind we define G™ as in Definition 2.1. We also infer from
Lemma A.7 that for each j the probability measure p; satisfies Assumptions 2.2 and 2.3. We now
easily complete the proof by using a similar argument as in the proof of Theorem 4.1. =

APPENDIX A. THE LEVY NOISE AND ITS WAVELET EXPANSION

In this section we assume that we are given a real-valued Lévy process ¢ with o-additive Lévy
measure v on R\{0} satisfying (16), i.e.

/ |z|Pr(dz) < oo,
|2l<1
for some p € (1,2).

Before continuing let us recall shortly the definition of the Besov spaces as given in [?, Definition
2, pp. 7-8]. First we choose a function ¢ € S(R?) such that 0 < ¢(z) < 1, € R% and

(L i |z <1,
w(x)_{ 0 if o> 3.

Then put
do(x) = p(z), z € RY,
¢1(z) = (%) (),wERd,
¢j(z) = ¢i(277T2), xeRY, j=2,3,....

We will use the definition of the Fourier transform F = FT! and its inverse 71 as in [?, p. 6]. In
particular, with (-, -) being the scalar product in R?, we put

(FHPE = n) 2 [ T fa)da, e SR € R
Rd

With the choice of ¢ = {¢;}52, as above and F and F~! being the Fourier and the inverse

Fourier transformations (acting in the space S&’(R?) of Schwartz distributions) we have the following
definition.

Definition A.1. Let s € R, 0 < p < 00 and and f € S'(RY). If 0 < q < oo we put

1

q

gy, = Zzsfﬂf 0 F NG | = 1(2 1P i F L) e

If ¢ = 0o we put
og = 2 F 07 = 12717 67 ) e

We denote by B;q(]Rd) the space of all f € S'(R?) for which |f|g. is finite.
) p,q

Besov spaces can also be described by e.g. wavelets. In our case, we have chosen as space
discretization the multiresolution analysis generated by Daubechies wavelets. To start with let us
first define what a multiresoultion analysis is. A multiresolution analysis is a sequence of subspaces
{V,, : n € Z} satisfying the following properties

o V, C V11, ne€Z

o Upnez Vi = L2(RY);

o mnGZVv = {0}’

o if feV,, then f(2-) € Vy1;

o if feV,, then f(-—k) e V,, keZ;

In addition, there exists a, so called, scaling function ¢ such that V,, is generated by translating
and scaling the scaling function, i.e.

Gip =27 5p(20t + k)
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and
Vo i=span{¢;r:j=1,...,n, k€ Jj)} (19)
Also, there exists a so called mother wavelet 1, such that V,, = V,,_1 & W,,_1 with
W, :=span{t, ;. : k € JV} (20)
and

Yin =200t +k), jEN, ke
Observe, that due to the scaling, there exists coefficients {py : k € Z} and {hy : k € Z} such that

o(x) = Zpkgb(Zx +k), zeR. (21)
keZ
and
P(x) = hp(2r+k), zeR. (22)
keZ

In case of Daubechie wavelets, the number of coefficients pi, where pi # 0 is finite. In addition,
the scaling function and the mother wavelet of Daubechie wavelets are compactly supported in
space, which was the reason for us to chose Daubechies wavelets. In addition, the number of
coefficients which are not equal to zero, i.e. {k : pp # 0}, is finite. If the Daubechies wavelet is
sufficiently smooth, i.e. the order of the Daubechies wavelet k satisfies k > max(s, (1 — ;lj)Jr —5), the
multiresolution analysis forms an unconditional basis in By ,([0,1]) (see [32, Theorem 1.58]). To
keep this section and the article short we refer the reader for an introduction to wavelets to [8, 19]
or [32].

Note that for s € R the Daubechies wavelets of order k, with £ > max(s, (1 — %)Jr — s), form
an unconditional basis of B ([0, 1]). In particular, for each element f € By ,([0,1]) there exists a
unique sequence

(N jeNke )

such that f can be written as

f= Z Z AjkVjk + Ao (23)

JEN ke ¥

Note that since we are considering the process on the time interval [0, 1], we only need to sum
over J;-Z’. We also note that |Jjw| ~ 2.

In the next paragraph, we will construct the probability measure induced by a Lévy process which
will be represented as an integral with respect to a Poisson random measure. This representation
is motivated in one hand by the fact that the use of Poisson random measure simplifies many
calculation. In other hand the Poisson random measure framework seems more general. We refer
to [4], [26, Chapters 6-8] and [30, Chapter 4] for a precise connection between Poisson random
measures and Lévy processes and stochastic integration with respect to them.

Over a probability space 2 = (2, F,P), we consider a time homogenous Poisson random measure
n on R with symmetric intensity measure v as above.

Proposition A.1. The Poisson random measure n over a probability space (2, F,P) induces a
Radon probability measure p on By, ,([0,1]) with s < % -1

Proof. We will start the proof with removing jumps of size bigger than € € (0, 1] and let e converge
to 0. For this purpose we take an arbitrary constant € € (0, 1] and define a Poisson random measure

ne by
ne : BR) x B([0,1]) — N,
(AxI) = n(ANR\ [~¢€]) x I).
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First we will show that the family {n. : € € (0, 1]} induces a family of cylindrical measures on
Cy([0,1])". Here, it is important that the to the Poisson random measure 7, corresponding Lévy
process can be written as a sum over finitely many jumps at random jump times. To be more
precise, let ve be defined by ve(A) = v(AN (R\ [—¢€¢€])), pe = V(R \ [—¢€,€]), let Ne be a Poisson
distributed random variable with parameter p., {75 : n = 1,..., N} be a family of independent
uniform distributed random variables on [0, 1], and {Y,, : n = 1,..., N} be a family of independent,
ve/pe distributed random variables. Denoting 0, the Dirac distribution concentrated at x, the
Poisson random measure 7. can be written as

(A1) =3 6, (1) 6, (A), AcBRY, TeB(0,1]).

In addition, for any f € Cy(]0,1]) the mapping
1 Ne
£(f) = /0 /R F(8)eneldzds) = 3 f(7)Va
n=1
is well defined.

Let us define the random variables

1
fyk:/ /wj,k(f) 2ne(dz,dr),  jEeN, ke Jj,
0 JR

and

ag= /OI/RQZ)QO(T) 2ne(dz, dr).

Since the mother wavelet 1) and the scaling function ¢ are supposed to be continuous, the families
{Gr:J € Nk € Jj} U{ah} of random variables over 2 are well defined. In addition, by
the definition of (¢ and ag and the fact that the multiresolution analysis is a Schauder basis in
B, ,([0,1]), and 6 € B, ([0,1]) (see [29, Remark 3, p. 34]), we infer that {, admits a wavelet series
representation as in (23).

Note that for any C' € B(R),
ne{z € By ,([0,1]) : 2(vk) € C}) =P((fy, € O).
Later on we will need the following proposition which will be proved at the end of the current proof.
Proposition A.2. Let v be a Lévy measure satisfying (16) for some p € [1,2) and € € (0,1]. Let
[e.e]
E=> Y Gtk + aeoo-
=1 kes?
J
Then,
(1) for any s < % — 1, there exists a constant C > 0 such that
p <
E |:|§6 B;»pi| - c.
(2) for any s < % — 1, there exists a constant C > 0 such that for any €1, e € (0,1] we have

E |l ~ €alh, | < Cmin(er,e)? .

By the choice of s and p, we have B,,°,([0,1]) < Cy([0,1]) and 7 is a finite measure. Secondly,
the mappings & induces a family of cylindrical measures y. on B, ([0, 1]) defined by

pe ({z € By, (10,1]) : (2(61), -, 2(dn)) € C}) :=P((&c(1), -, &c(n)) € C),
¢17 T a¢n € (B;zsy,p([oﬁ 1])), = B;fp/([()? 1])7 and C' € B(Rn)
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We will now show that the family of cylindrical measures {u. : € € (0,1]} has a limit in the set
of probability measures on B, ,([0,1]). In fact, the family of probability measures j. is tight on

B, ,([0,1]). To show this claim we fix a constant sg € (s, % —1). We firstly note that the embedding
B;5,([0,1]) = B, ([0, 1]) is compact. Secondly, the Chebyscheff inequality and Proposition A.2 give
that for any § > 0 we can find a compact K; := {z € B, ,([0,1]) : ]m\B;op < 6~1/P} such that

P (& ¢ K5) <OE Il | < Co.

It follows that the family of probability measures {y. : € € (0,1]} is tight on B, ,([0,1]). It even

follows from Proposition A.2 that the sequence {u., : € = %} forms a Cauchy sequence and the

limit p is unique. Therefore, there exists a unique cylindrical measure p on By ([0,1]). Since

there exists a constant C' > 0 such that for all ¢ > 0 we have E[|¢ [, ] < C, it follows from
b,p

the Lebesgue Dominated Convergence Theorem that E[|¢[5, | < C. Hence, p is also a Radon
p,p
probability measure on B, ([0, 1]).

Now we shall consider the general case in which v is assumed to satisfy (16) for some p € (1,2).
For this purpose we consider the Poisson random measures 71 and 7o defined by

B([0,00)) x B(R) > (I x A) = ni(I x A) :==n(I x An[-1,1])
and
B([0,00)) x B(R) > (I x A) = no(I x A) :=n(I x ANR\ [-1,1)]),
respectively. Since AN [—1,1]NANR\ [-1,1] = 0, the Poisson random measures 7; and 7
are independent. Hence, the two families of coefficients in the wavelet expansion 77 and 7o are

independent too. In addition from the first part of the proof 7n; induces a Radon probability
measure on By ([0, 1]). Since the process

t
L? :—/ /zng(dz,ds)
0o JR

can be written as a finite sum over jumps happen at random times within the interval [0, 1], L?
consist of a sum over finitely many Dirac distributions. Since any Dirac distributions belong to
Bs ,([0,1]), L? is an element of B ([0,1]) and induces a probability measure on B5 ([0, 1]). Hence,
n itself induces a Radon probability measure on B, ([0, 1]). 0O

Proof of Proposition A.2: We recall that [ |z|Pv(dz) < oo for some p € (1,2). By the definition of
the norm we get

o0
p j(s—=1)p € |Pojk
Eleelz;, ~ ED_ 27707 ) (G|
J=1 keJ?
Since
1 v
BGW < Cy [ oo ds =2¥27
0
we infer that there exists a constant C > 0 such that
o [o@)
N p A b 1P
Elglp,  <C Y2 Dgigi(E-D9i% < ¢ 9iles 14D,
j=1 j=1
which is finite for s < % —1.

O

Let us denote the Radon probability measure induced by 7 on B;’,p([O, 1]) by p and let us define
the mapping

1
€85, (030 60) = [ [ 6(r)zn(az.ar). (24)
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This mapping is well defined thanks to the above calculation.

We are now interested in the properties of the decomposition of x4 by the multiresolution analysis.
In particular, we will show that for any n € IN, the probability measure ug, is equivalent to the
Lebesgue measure.

Let us put

Gn=V,, neN. (25)
We firstly note that since V41 = W,, @ Wy,_1 ® --- ® Wi @ Vp, given the coefficients {(j : j =

1,...,n, k € Jjw} U {ao}, one knows the coefficient of ¢,41 5. For k € J2 let us denote Yn,i; the
coefficients of ¢y, ;.. In particular, we have

1
o = /0 /R b (t)2n(dz, dt),

TG.§ = Z Tk Pr k-
keJg
Let us now denote by z" and g™ the random vectors ((,.0, (n 1, - - - 5 Cn,\Jff\) and (Yn,1, Yn,2s - - - ’Vn,wf\)’

which implies that

respectively. Finally, for a function f :[0,1] — R we write

//f )zn(dz, ds).

Lemma A.1. Let f : [0,1] — R be a function such that there exists constants § > 0 and ti,ts €
[0,1], t1 < ta such that |f(t)| > & for allt € [t1,t2]. Then

(1) supp(&(f)) = R;

(2) the law of £(f) is absolutely continuous with respect to the Lebesgue measure.

Proof. Let us define the following Lévy measure

Vt tg - B( 5 B+~ / 1B )dt

Then &(f1y, 1)) is an infinite divisible random varlable. Item (i) follows from [30, Corollary 24.4].
Item (ii) follows from [30, Theorem 27.7]. 0O

Lemma A.2. For any n > 1, the measure
¢
BR/m+1l) 5 U — P (g € U) (26)
¢
1s equivalent to the Lebesgue measure on RIntal,

Proof. This follows from the fact that the scaling function ¢ has compact support and, therefore,
that for all k& = min(Jf+1), . ,max(JffH) — 1 the set
supp(@n+1,k) USupp(@n1k+1) \ (SUPP(Pnt1,k) USupp(drg1,k+1))

has non—empty interior. Let us write ¢p,11 41 = f1+ f2 with supp(fi) Nsupp(¢n+1.%) = 0, supp(f1)
is an interval [a,b], {s: fa(s) > 0} N[a,b] =0, and f; is bounded away from zero. Then £(f1) and
&(f2) are independent, and so are £(f1) and {(¢p41%). In addition, by Lemma A.1 the law of £(f1)
is equivalent to the Lebesgue measure. Hence, from [30, Lemma 27.1-(iii)] it follows that the law
of the sum of the random variables £(f1) and &(f2 + ¢n41,k+1) is also equivalent to the Lebesgue

measure. Now, one easily prove the assertion by an induction starting at k = min(J;;j 1) 0
Lemma A.3. For each U € B(Gy,) andy € wa', the conditioned measure
B(J) 2 U ln(y,U) =P (" €U | g" =) (27)

1s equivalent to the Lebesque measure.
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Proof. First, note that given the scaling function ¢ there exists coefficients {p; : j = 1,...,u},
where u is the order of the Daubechies wavelet, such that (see (22))
u
o(x) = pjo(2z +j), zeR (28)
j=1

In addition, we have the following representation

u

¢(z) =D (~1Vp(2r+j), z€R. (29)

j=1
Because of the orthogonality of the wavelet basis we additionally have that
1

k .
—= forl=j
. — ) V2 ’
PiDj+2a1 = : (30)
; I {O for [ # j.

Let us now consider the mapping

¢
T:Var1 2 f = (fag11, s fagront) € R+l
where fr11 6 = Ony1k(f). It is not difficult to show that 7 is an isomorphism from V;,1; onto
¢

R!/m+1l, We note that since Vi1 = Vi @ W, it follows from (28) that there exists a linear mapping
T : Vyr1 — V,, which induces a mapping

T R‘Jf+1‘ RN RU%&‘_
We can also define a mapping S : V41 — W, by Sx := m,, (I — T)x. As above we can also find a
linear mapping S : Vj,4+1 — W, inducing a mapping

S : Rl o R,

Since Vi1 = Vi, ® W,,, we have Z~'ker(S) = V;, and T~ 'ker(7) = W,,. Hence, from the Bayes
formula we infer that
P (mw, I 'S 'x+ m, 27 'S ty)

P(Z-1S-1y) ’

Pl=x|y=y)=

for any x € RI%| and y € RIA, By Lemma A2P (Z'S7y) > 0and P (mw, Z 'S 'x + m, Z 1S ly) >
0. In particular, there exists a density

hn(x,y) =P((=x[v=Yy),
such that
1o(y, U) = / B, y) dx,
U

and hp(x,y) > 0 for all x € RI%| and y € R4, 0O

In order to verify Assumption 2.3 for a point Y we will show in the following Lemma that for all
n € IN, mg, 0 belongs to the support of the measure . If this holds, we can set Y = 0.

Lemma A.4. Let a € (0,2), 1 <p<a and s < : — 1. Let v be a ofinite symmetric measure on
R\ {0} such that there exists a number o € (0,2] such that

V(R\ [—€,€]) ~e %l(e) as e€—0,

for some slow varying function l. Let n be the to v corresponding Poisson random measure over
the probability space (2, F,P). Let p be the from & defined in (24) on B, ,(R) induced probability
measure. Then for any € > 0,

0 ({x € B;,(0,1): [afty, < e}) > 0.
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Proof. Let L be given by

L(t) := /Ot/Rzn(dz,ds), t € [0,1].

From [5], Example 2.2 we know that

—logP ( sup |L(t)| < e) ~ Ke“,
0<t<1

hence, for any € > 0 there exists a § > 0 such that

P ( sup |L(t)] < g) > 6,

0<t<1

Let € > 0 be a constant to be chosen later and let us set

Q= { sup |L(t)] < g}_
0<t<1
Then,
P <|§!p;,,, < 6) = P (’§|p57p <e] Qg) P(Q:) + P (|£|p;7p <e| 0\ Qg) P\ 92)
> P(lel, <l )P0 2 0P(Iel, <el ).

Note that on ¢ the jump size of the process is less than 2¢. Hence

1
E[Gul Q] < E /0 /R by (5)1 <o (dz, ds)

2¢)p— 1 2P~ p ..
< ( 6) / |7,Z)J7k(5)|pd8§ Cp( 6) 2(2—1)3’
p—a Jo p—«
and
Bl 19] < 2|20 S G e
S B / > €
7= ke Ty
(2077 o~ i(s— L (B_1)jol2 _ = (26)P7°
N YA D SEL s peyatciing
J=0 keJ?

From these calculations we infer that

P (lelh;, <ele) = 1-P(lel;, > el )

E[¢5s - (28
>1 - —22 >1 Cp&_
€ e(p—a)
Now, choosing € such that
|
Cp——— ==
Pe(p—a) 2’

we infer that

| =

P (leth, <el ) >

from which the assertion follows.

For any D € B(B, ([0, 1]) we define the conditional probability u(- | D) b

<

uw(UND) ;
B(B,,([0,1])) 2 U = p(U | D) := {1#(9) ii Zﬁg; > 8,

(32)
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Lemma A.5. Let a € (0,2), 1 <p<a and s < X — 1. Let v be a ofinite symmetric measure on
R\ {0} such that there exists a number o € (0,2] such that

V(R\ [—€€]) ~e %l(e) as €—0,
for some slow varying function .

Let ) also be the Poisson random measure, over the probability space (2, F,P), associated to the
Lévy measure v. Let p be the probability measure on B, ([0, 1]) induced by the mapping & defined
in (24). Then, for any R > 0, x € Bg(R,0) and € > 0 there exist n € IN and some 6 > 0 such that

s . p
i ({x € B3, ([0,1]) : [menalfy, < e}) > 6.
Proof. From Lemma A.4 we infer that there exists a constant § > 0 such that for
P (Dgq) > 9,

where Do := {supg<i<; |L(t)| <1} and L = {L(t) : t € [0,1]} is defined in (31), Observe that the
set D := &(Dq) satisfies (D) > . Thus,

p(fr € B (0.1 : Iranalh, | <))
> ({az € By, [monély, < e} D) (D) =6 p ({33 € By, [monély, < e} D) .

Now, from (32) we infer that

E|lmanély, la.] < E |10, 3 20707 37 jgalr2>
j:’l’b"rl kGJ;Z)
o o B SN imt1) < G on(sptr-1) N oilsptr-1) < ¢ on(spip-1)
< Cpp_a > 2 < 2 > 2 <2 :

j=n+1 =0
Therefore,
P (’T‘.G"ﬂ%;m <e ’ Qg) =1-—P (’WG”Q%;@ > € ‘ Qg)
p
E|7TG"5‘B;p

1— —— 2700 > G on(sptp=1) /e
B = P /€

For any x < 1 there exists a number n € IN sufficiently large, such that
OPZ"(Sp+p_1)/e <1-k.

which gives the assertion.
U

Lemma A.6. Let a € (0,2), 1 <p<aands < % — 1. Let v be a o—finite symmetric measure on
R\ {0} such that there exists a number a € (0,2] such that

Vi(R\ [—€,€]) ~ e %l(e) as €—0,

for some slow varying function .
Then, for all N € IN, xg € Gy, and all € > 0, there exists a 6 > 0 such that

" <{x € B;,([0,1]) | |« — wolp;, < e}) > 4.

Proof. Let € > 0 be a fixed constant and s < sp < % — 1. From Lemma A.5 we deduce that there
exist ng € IN and do > 0 such that

i ({x € B3,([0,1)) | [rgroz| g0 < i}) > .
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Then
0 ({x € B, ([0,1)) | |20 — 2|p;, < e})

€ €
> u({oeB;,(0,1]) | o — 76,2185, < 5} 0 {w € B3, (0,1]) | Inamoal gy, < 7 })-

We now set A4,, = {a: € B;,([0,1]) | |zo — ma,, zlBs , < i} and observe that for v = d2/2 > 0

there exists a closed set C, C G™ such that "0 (G™ \ Cy) < and the function
Cy = y— lno(Ya ATLO) € [07 1]

is continuous. Furthermore, since for ally € G™ p a.s. [, (y, -) is equivalent to the Lebesgue measure
and Lebg,, (An,) > 0, we have l,,,(y, An,) > 0. Since the embedding B}5,([0,1]) < By ,([0,1]) is
compact,

. €
Cny = { € B, ((0,1]) | Ingmozl gy, < S} NC,

is a compact subset of G and there exists a d3 > 0 such that for ally € Cy,,NC,, Iy (¥, Ang) > 93.
From the above consideration we now infer that

p (o€ B (0.0 | o —ml <)) > [ Lo (¥ Ang) 1" (dy)

€
{Imgno fE\B;E)pSZ}mCW

> Ogu™ <{|7TGno$|B;9p < i} N C’y)
s (1 (0 vt < Putm )
> 53(1—(1—52+7)):53(i2-

2

The above discussion is summarized in the following lemma.

Lemma A.7. Let n be a time homogeneous Poisson random measure on R over a probability space
(Q, F,P). We assume that the Lévy measure v associated to n is symmetric, o-additive, absolutely
continuous with respect to the Lebesgue measure on R\ {0}. In addition, we assume, that there

exists some p € (1,2) with
/ |z|Pr(dz) < oo
l21<1

and there exists a number o € (0,2] such that
V(R\ [—€,€]) ~e %(e) as e€—0,

for some slow varying function .

Let {¢jr : j € N:k =1,...,27} be the wavelet basis in Bj ([0,1]) described in Section A.
Then, the measure ju induced by the map & defined by (24) on B, ,([0,1]) is decomposable with
decomposition {F,, G™,1,,}5°, satisfying Assumption 2.2 and Assumption 2.3. Here the spaces F,
are defined by Fy = Vo, F, = Wy, n > 2, Vo and W, are defined in (19), and l,, is defined in (27).

Proof. The decomposability follows from the fact the wavelet basis described in section A is a
Schauder basis of B, ,([0,1]). Assumption 2.3-(1) follows from choosing Y = (0,0, ...) and from
the fact that P (7TGj aT €| g = y) is equivalent to the Lebesgue measure and that for any
y € R we have (see Lemma A.3)

IP’(WG].H:L' €| g, :y) > 0.

Using an induction argument one can easily show that for any open set in G,, ug, (O) > 0 from
which it follows that ug, is absolutely continuous with respect to Lebg, . Finally, Assumption
2.3-(2) follows from Lemma A.6. O
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APPENDIX B. THE FRACTIONAL BROWNIAN NOISE AND ITS WAVELET EXPANSION

Let B = {Bf(t) : t > 0} a the fractional Brownian motion with Hurst parameter H € (3, 1).
Let us fix s € (—%, H — 1) and consider the mapping

1
£ 8(10,1)) 3 6 s £1(g) = /0 o(t) dB™ (1)
For all n € N, ¢1,...,¢, € S(R), C € B(R™) we set
i ({z € S'(0,1]) : (x(6), ... ax(6n)) € C}) == B((E(d). . ..£(6n)) € C). (33)

We will firstly show that this measure p is a Radon measure on B3 5([0,1]). For this aim, let us
consider the Haar wavelet ¢ defined by

1; for t € [0, 3),
P(t):=< —1; forte [%, 1],
0 elsewhere,
and the scaling function ¢ defined by
1;  fort e [0,1],
t) :=
o(t) {0; elsewhere.

Also, we set

Yik =252t + k) and ¢ =222t + k), j=1,....n, k=1,...,2, (34)
to which we associate the multiresolution analysis
Vo i=span{¢;r:j=1,...,n, k=1,... J20Y W, = span{¢p: k=1,...,2"}. (35)

The Haar wavelet is an unconditional basis in LP([0,1]) with 1 < p < oo, a basis in B; ([0, 1])
for1<p<ooand%—1<8<%,andabasisforB;p([O,l]),%<pgland%—1<s<1 (see
Triebel [32, Theorem 1.58]).

Now, let Fy := Vp, F,, = Wy, n € N, and G, := Fod F1®---&F,, and F,, := o(Fo@F1B...BF,).
Let us denote the projection of £ onto G, by P, and onto W,, by Q,,. For the time being let us assume
that the Radon-Nikodym derivative of the fractional Brownian motion belongs to B3 5([0, 1]). Since
the Haar wavelets are a basis of £ := B3 ,([0, 1]), then for each element z € E there exists a unique

sequence {\j; :j € N,k =1,...,27} such that

on
T = Z Z Aj kUi + Aod.

jEN k=1
Observe also that

oo 27

) =YD Gaik(t) +aod(t), te[0,1].

j=1k=1
where {(;;:jeN,i=1,..., 27} is a family of random variables defined by
1
d
Gk = /0 bjk(s) dBY (s),
and .
d
ap = / ¢0.0(s) dB (s).
0

In fact, given the coefficients {(jr : j = 1,...,n,k = 1,...,27} U {ag}, one know the coefficient
of ¢ni, Kk =1,...,2". Since G, consists of all functions f : [0,1) — R that are constant on the
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intervals [27"k,27"(k+1)), k = 1,...,2" —1, there exists random coefficients v, p, k = 1,...,2" -1

such that
on_1

Pn§ = Z '7n,k¢n,k-
k=0
It is now easy to see show that
1
Yk ::/ qbn,k(t)dBH(t).
0

Since for two functions ¢, : [0,1] — R, the random variables ¢ (¢) and £ (¢)) are Gaussian
distributed with covariance

E [7(¢) / / b(s — 5|22 dt ds,

straightforward calculations gives for [ # k

277 (k+1) /2j(l+1)

E [6% () €7 ()] = 2 / G ()]t — 5292 dt ds

2-7k -
1 279 (k+1) ol )
— 97 _9—J -1 _ 4 _9—J
2 2H—1/2jk [(t—2771) (t—277(1+1))] dt
|
— J J JInN2H-1
22H_12H [(277k —2771)
— 277k =271+ 1)) - [279(k+1) = 2792t — (279 (k +1) — 277 (1 + 1))] }
|
— ] 7 JNN2H—1
22H_12H [2(277k — 2771)

— @k -2+ 1)) — (27 (k4 1) - 2790} 2k — P,

Hence
B¢ uCa ~ 277 |k — 21

One can also easily prove that for [ = k

E [7 (1) €7 ()]
27k p27 (kD) _
= 2]/. / Yik(8)Vi(t)[t — s dt ds
277k 2-Jk
11 , A ,
— i L gromin _o—ip2H-1 _ 51-2Hj
o —qam U@TE=270 2

Using these estimates we can prove the following proposition.
Proposition B.1. For H € (3,1) and —% < s < H — 1 we have ¢# € L2(SY; B3 5([0,1])).
Proof. The proof is the result of the following straightforward calculation

2]

2 2 1-2H, 25+2—2H 1-2Hj
E¢[3;, _EZQSJZECM,SZ2”232 J<Z2ﬂ< s+2-2H)9i9l—2Hj

Now, the sum is finite if s +1— H < 0. 0

Remark B.1. If H € (3,1) one can find a number s € (—3, H—1) such that £ € L*(Q; B3 5(10,1]))-
Since all coefficients of ¢n . and 1y, 1, are Gaussian distributed, their law are equivalent with respect
to the Lebesgue measure. Now, since the Haar basis is a Schauder basis in B3 5([0,1]), Assumption
2.2 is satisfied. By the same arquments as used in the proof of Lemma A.6, one can show that
Assumption 2.3 is also satisfied.
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Lemma B.1. Let B be a fractional Bownian motion with Hurst parameter H > % and [ the
probability measure on B3 4([0,1]) defined by (33). Let {¢jr:j € N:k=1,..., 27} be the wavelet
basis in B3 5([0,1]) described in (34). Then, the measure p is decomposable with decomposition

satisfying Assumption 2.2 and Assumption 2.3.

APPENDIX C. ZERO ONE LAWS FOR DECOMPOSABLE MEASURES WITH DENSITY

In this Section we generalize the Theorem 4 of [12] to decomposable measures with decomposition
as defined in Definition 2.1. We will also identify the conditions under which a measure satisfies
Assumption 2.1 and Assumption 2.2.

Throughout this section E denotes and arbitrary a separable Banach space and B(FE) the o—
algebra generated by its open sets. Let p be a measure on (E,B(E)) and F and G be two subsets
of E such that F = F @& G. Then, there is a probability measure

H(F,G) :B(F)> A~ pu(A+G) €10,1].

For ACEandy € Glet Apg(y) ={reF:z+yec A}
As mentioned in the introduction the concept of decomposability can be extended to the notion
of decomposability we introduced in Definition 2.1.

Example C.1. Let E be a separable Banach space and {e, : n € N} be a Schauder basis and
F, == {)Xe, : A € R}. For each element x € E there exists a unique sequence {a, : n € N} in R
such that x = ZneN apén. Let G, = & ---d F,, G" = Gﬂ;,

TG,  E 3> x— ateg +--- +ane, = Gy
be a projection from E onto Iy & --- ® F,, and
man B> x— Z Ajyn€jtn € G".
JEN
Then, the probability measure of each E—valued random variable is decomposable in the sense of Def-

inition 2.1. This can be shown by the following consideration. From the Radon-Nikodym Theorem
(see [20, Theorem 6.3]) for any E-valued random variable X there exists a probability kernel

ln G XB(F1®@FTL) — [051]7
such that

(1) P(ng, X €U | mgnX =y) =1l,(y,U) for allU € B(F1 & ---® F,);
(2) for each U € B(F| @ --- & F,) the mapping

G" 3y ln(y,U)
is B(G™)-measurable

To simplify the notation let us denote 1, gy by pn and pgn g,) by p". Note that given a
decomposition (F,, Gy, 1,) of p it is essential that the kernel [,, has a density with respect to the
Lebesgue measure on G, which, as we will show in the next Lemma, follows from the absolute
continuity of u, with respect to Lebg, for any n € IN.

Lemma C.1. Let E be a separable Banach space and {e, : n € IN} be a Schauder basis and
F,:={de, : AR}, G, :=F1®--- B F,. Let us assume that for all n € N the measure pc, is
absolutely continuous with respect to Lebg,, . Then for any n € IN,

p"({y € G" : lp(y,-) is abs. continuous with respect to Lebg, }) = 1.
In particular, for any U € B(Gy,) with pu,(U) =0, we have
p"{y e G" : l,(y,U) =0}) = 1.
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Proof. Fix U € B(G,) with ug, (U) = 0. We will show that p"({y € G™ : 1,(y,U) > 0}) = 0.
From [25, Theorem 4.1 | we infer that for all € > 0 there exists a subset Cj ;; C G" such that
WG\ ) < € and

In(A): CLy 2y = Iy, U) €[0,1],
is continuous. Now let us set

Gi={yeG"NC;y:l(y,U) > e}

Since 1, (-, U)

o - is continuous and the sets [¢, 1] and C7, ;; are closed, the set G is closed. Hence,
n,A )

0= h, (U) = (U + G = [ 1aly.U)u"(dy).
Since G" D G}, we additionally have
0= nlU) = (U +G) = [

By the definition of the set G} we have

n *

€

In(y,U) p"(dy) 2/ In(y,U) p"(dy).

0>eu"(Gy).

Since € > 0, we have p"(G¥) = 0. Now, from the closedness of G} and the regularity of the
measurepgn we infer that

p'{y € G" :lu(y,U) > 0}) = lim pgn (G7) = 0.
1

Lemma C.2. Let pu be a decomposable finite measure on E with decomposition {Fy,G", 1} .
Let us assume that pa, 1is absolutely continuous with respect to Lebg,. Then, for any U € Fy
satisfying pa, (U) =0 we have

pen({y € G" 1 ln(y,U) = 0}) = 1.

Proof. Let n € N and U € F,, such that ug, (U) = 0. We will show that ugn({y € G" : I, (y,U) >
0}) = 0.

Firstly, note that by the Radon-Nikodym Theorem the mapping
In : CZ,U SY— ln(y, U) € [07 1]7

is measurable. Hence, from [25, Theorem 4.1] we infer that for all € > 0 there exists a closed subset
Cy v of G™ such that p"(G"\ Cy, ;) < € and the function

ln:Chy 2y = u(y,U) €0,1],

is continuous. Secondly, let us set

Gi={yeChy:lu(y,U) > €}

From the continuity of i,,(-, U) and the fact that the sets [¢, 1] and CJ, ;; are closed we conclude

Cru
the set G} is also closed. Next, thanks to the definition of ug, we obtain that

0= pig, (U) = p(U + G") = /G (. U) e (dy).

Furthermore, because G} C C}, ;; we also have

0= [ Doty = [ 1(v.V) e (ay).

Invoking now the definition of the set G} we obtain

0 > eugn(GY).
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Since € > 0, we have ugn(GZ) = 0. From the closedness of G} and the regularity of the measure
u™ we infer that

pen(ly € G 2 ln(y, U) > 0}) = lim pen (G¢) = 0.
Therefore,
pen({y € G" 1 ln(y,U) = 0}) = 1.
O

Corollary C.1. Let E be a separable Banach space and {e, : n € IN} be a Schauder basis.
Put F,, :={Xep, : A € R} and Gy, .= F1 @ --- @ F,. Let us assume that for all n € N pg,
is absolutely continuous with respect to the Lebg,. Then for any n € IN there exists a function
hy G"XF1&@---®F, — Rg such that pgn—a.s.

ln(y, U) = /U hnly, 2)pics, (d1).

Proof. From

pen({y € G" : l,(y,U) = 0}) =1, for any U € B(G,),
follows the corollary’s assertion. Indeed the above identity implies the existence of a Radon-Nikodyn
derivative. In particular, it holds that

e ({y € G" : there exists a mapping h,(y, ) : G, = R

such that 1, (y,U) = /Uhn(y,sc)p(;n(dw)}> =1.

Definition C.1. We call a set U € B*(E) a finite zero one u—set if and only if for alln € IN
pen {y € G" 2 pa, (Un(y)) =0 or 1} =1,
where Un(y) = Upe..0F,,am)(Y)-
Let us now present the generalization of Theorem 4 in [12].

Theorem C.1. Let {F,,G",1,}>2, be a decomposition for p such that for any n € N pg, is
absolutely continuous with respect to Lebp,g..oF, . Let Foo = Upen{F1 + Fo+---+ F,}. If U is a
finite zero one p measurable subset of E, then there exists B € B(E) such that B + Foo = B and

u(B) = u(U).
Proof. The proof is very similar to the proof of [12, Theorem 4]. Let us assume U € B(FE). For fix
n € N weset U" ={y € G" : ug, (Un(y)) = 1},
G,=F & F,&- - &F, = linear span of U}_; F},
B, =Gy + U™ and B = liminf, o By, = U32; {Npm>n B, }. For the time being let us assume that

u(U) = pu(Bn). (36)

Then,

e u(UA B,)=0for all n € N,

e and pu(U) = pu(Bn) 2 p(Oim>nBm) = p(U),

o 1(B) = limy 00 1t(Nm>nBm)-
Since p is regular we additionally have that

u(B) = im p(Np>nBp) > lim u(By) = p(U),
n—oo n—00

from which the assertion of Theorem C.1 follows.

Now it remains to prove (36). To this end, observe first that because of Lemma C.1 the kernel [,,
is pu"—a.s. absolutely continuous on G,. Hence, by the Radon-Nikodym Theorem for p"—a.s. there
exists a probability kernel

hn : G™ x G — R,
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such that

w0y = [ (2 e, @ ay).

Then, by using B, = G,, ® U,, we obtain that
= / / Ly (z + ¥)hn(y, ®) pe, (dz) pen (dy)
/G Lo (@ + Wy, ) 1, (d) e (dy)
/G L, youm)nB, (& +¥)ha(y, ) pa, (dx) pen (dy)
/.

L, (y)nGn)avn (T +¥)ha(y, ) pa, (dz) pen (dy)

~
3
—~

Y, Un(Y) N Gn) MG, (d(E) HGn (dy)

In(y, Gn) duc, (x) = p(Bn)-

APPENDIX D. BESOV SPACES AND THEIR PROPERTIES

Let us recall the definition of the Besov spaces as given in [?, Definition 2, pp. 7-8]. First we
choose a function ¢ € S(R) such that 0 < ¢(z) < 1, z € R? and

A T SV N
7/’(”")—{ 0 if |z|>3.

Then put

po(z) = (=
p1(z) = Y(5)-
pj(x) = (277 x), 2 € RY, j=2,3,....

We will use the definition of the Fourier transform F = F*! and its inverse F~! as in [?, p. 6]. In
particular, with (-, -) being the scalar product in R?, we put

(FEL)(E) = (2m) 2 / FEE f(2) da, f e SR, E € R
Rd

With the choice of ¢ = {¢;}72, as above and F and F ~! being the Fourier and the inverse

Fourier transformations (acting in the space S&’(R?) of Schwartz distributions) we have the following
definition.

Definition D.1. Let s € R, 0 < p < 00 and and f € S'(RY). If 0 < g < oo we put

q

gy, = Zzsfﬂf 0 F NG | = 1(2 1P i F L) e

If ¢ = oo we put
Fly, . = supzsﬂ F 6 F A = 1(27 |77 (6571 \Lp), -

We denote by B;;"q(Rd) the space of all f € S'(RY) for which |f]B§q is finite.
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