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This paper proposes a generalized modified iterative scheme where the composed self-mapping driving can have distinct step-
dependent composition order in both the auxiliary iterative equation and the main one integrated in Ishikawa’s scheme. The self-
mapping which drives the iterative scheme is a perturbed 2-cyclic one on the union of two sequences of nonempty closed subsets
{A,}2, and {B,};2, of a uniformly convex Banach space. As a consequence of the perturbation, such a driving self-mapping can
lose its cyclic contractive nature along the transients of the iterative process. These sequences can be, in general, distinct of the
initial subsets due to either computational or unmodeled perturbations associated with the self-mapping calculations through the
iterative process. It is assumed that the set-theoretic limits below of the sequences of sets {A,} 72, and {B,} 2, exist. The existence
of fixed best proximity points in the set-theoretic limits of the sequences to which the iterated sequences converge is investigated
in the case that the cyclic disposal exists under the asymptotic removal of the perturbations or under its convergence of the driving

self-mapping to a limit contractive cyclic structure.

1. Introduction

The problem of existence of best proximity points in uni-
formly convex Banach spaces and in reflexive Banach spaces
as well as the convergence of sequences built via cyclic
contractions or cyclic ¢-contractions to such points has been
focused on and successfully solved in some classic pioneering
works. See, for instance, [1-5].

A relevant attention has been recently devoted to the
research of existence and uniqueness of fixed points of self-
mappings as well as to the investigation of associated relevant
properties like, for instance, stability of the iterations. The
various related performed researches include the cases of
strict contractive cyclic self-mappings and Meir-Keeler type
cyclic contractions [3, 4, 6, 7]. Some contractive conditions
and related properties under general contractive conditions

including some ones of rational type have been also inves-
tigated. See, for instance, [8-10] and some of the references
therein. The study of existence, uniqueness of best proximity
points, and the convergence to them has been studied in [11-
14] and some references therein. In [15-18], a close research
is performed for proximal contractions. Fixed point theory
has also been applied to the investigation of the stability of
dynamic systems including the case of fractional modelling
[19, 20] and references therein. See also [21] for some recent
solvability methods in the fractional framework. On the other
hand, some links of fractals structures and fixed point theory
with some applications have been investigated in [22, 23]. In
particular, collage and anticollage results for iterated function
systems are proved in [23].

The basic objective of this paper is the presentation of a
generalized modified Ishikawa’s iterative equation which is
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driven by an auxiliary 2-cyclic self-mapping on the union of
pairs of sequences of closed convex subsets of a uniformly
convex Banach space. As a result, the iterative schemes also
generate sequences which take alternated values on each
subsequence of subsets in the cyclic disposal. The general-
ization of the modified Ishikawa’s iterative scheme consists
basically in the fact that the iteration powers of the auxiliary
self-map can be modulated depending on the iteration
step. Furthermore, the modulation powers are, in general,
distinct in the main and the auxiliary equation of Ishikawa’s
iterative scheme. It is assumed that such a self-mapping is
subject to computational and/or unmodeled errors while it
satisfies a contractive-like cyclic condition. Such a condition
is contractive in the absence of computational uncertainties.
In the case when such sequences of subsets are monotoni-
cally nonincreasing with nonempty set-theoretic limits, the
convergence of the sequences to best proximity points of
the set-theoretic limits is proved. The paper is organized
as follows. Section 2 develops a simple motivating example
which emphasizes that an Ishikawa’s scheme can stabilize the
solution under certain computational errors of the auxiliary
self-mapping even if this one loses its contractive nature.
On the other hand, Section 3 formulates some preliminary
results about distances under perturbations under perturbed
cyclic maps satistfying extended contractive-like conditions
which become contractive in the absence of errors. It is
assumed, in general, that the sets involved in the cyclic
disposal and their mutual distances can be also subject to
point-dependent perturbations so that the self-mapping is
defined on the union of pairs of sequences of subsets of
a normed space. Section 4 gives a generalization of the
modified Ishikawa’s iterative scheme where the composition
orders of the auxiliary self-map can be modulated along
the iteration procedure. Afterwards, some relevant results
on the contractive-like cyclic self-mappings of Section 3 are
correspondingly reformulated for the sequences generated
via the generalized modified Ishikawa’s iterative procedure
when driven by such an auxiliary cyclic self-mapping. Finally,
Section 5 deals with the convergence of distances to best
proximity points of the set-theoretic limits of the involved
sequences of sets on which the cyclic self-mapping is defined.

2. Motivating Example

The following example emphasizes the feature that an iter-
ative modified Ishikawa’s-type scheme [24-26] can recover
the asymptotic convergence properties and the equilibrium
stability [27], in the case when certain computational pertur-
bations on its driving self-mapping can lose its contractive
(or asymptotic stability) properties. Now, assume real positive
scalar sequences {x,} >, generated as follows by the linear
discrete equation:

Xy = tx, = kx, + K, (x,) x5 n=0 1

for any given x, > 0, where k € [0,1) and {k,(x)}°, ¢ Ry,
for any x € R. Note that

@) if supnzosupxeRofn(x) < 1 — k then the self-mapping
t : Ry, — Ry, is a strict contraction whose unique fixed
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point is x = 0 and all sequences {x,,},>,(< Ry,) — 0 and are
bounded for any given finite x, > 0,

(ii) if supnzosupxeRoﬁn(x) <1l-kthent:R,, — R, is
nonexpansive, x = 0 is a fixed point of t : R;, — R, and
all sequences {x,}72 (< Ry,) are bounded for any given finite
X5 20,

(iii) if lim inf,  _k,(x) > 1 —k, Vx € Ry, thent :
R,, — R, is asymptotically expansive, x = 0 is still a fixed
point of £ : Ry, — R, but any sequence {x,},°, diverges as
n — oo if x, # 0 so that the only converging sequence to
the fixed point is the trivial solution.

We can interpret this simple discussion in the following
terms. We have at hand a “nominal” (i.e., disturbance-
free) discrete one-dimensional linear time-varying positive
difference equation x),, = t°x%; n > 0 under any arbitrary
finite initial condition x) > 0. This nominal solution is
globally asymptotically stable to its unique stable equilibrium
point x = 0 which is also the unique fixed point of the
strictly contractive mapping t” : Ry, — R,, which defines
the iteration which generates the solution sequence. If we
have additive (in general, solution-dependent) disturbance
sequences {k,(x,)x,}%, which make the “current” solution
to be defined by x,,, = tx,, n > 0 for any arbitrary
finite initial condition x, > 0 then the above property of
strictly contractive mapping and associated global asymptotic
stability still holds if the disturbance is sufficiently small as
under the conditions (i) which lead to {x,,,; — x), }°°, —
0. The mapping defining the current solution is guaranteed
to be nonexpansive if the disturbance amount increases
moderately. The solution is still globally (but nonasymptot-
ically) stable since any solution sequence is bounded for any
finite initial condition. See conditions (ii). However, if the
disturbance is large enough exceeding a certain minimum
threshold [see conditions (iii)] then the solution diverges and
the difference equation is unstable since the mapping which
defines it is asymptotically expansive.

It is now discussed the feature that if the Ishikawa
iterative scheme is used then the conditions under which the
asymptotic stability is kept leading to a convergence to the
solution sequence of the same fixed point x = 0 are improved.
The Ishikawa iterative scheme becomes for this case:

Xy =%, = (1—a, +at +a,B,t(t—1))x, = (1
-, +a, (k +k, (xn)) (2)

+a,p, (k +k, (xn)) (k +k,(x,) - 1)) X,; n=0

for a given x;, > 0. Note that

T [1 - (k +%n (xn)) (1 - ﬁn)
€)
- B, (k+%n (xn))z] x,<0; n>0,alx,#0
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so that {x,}°,(S Ry,) — 0 and the solution is strictly
monotonically decreasing if {k,(x)}°°, ¢ Ry, provided that

liminfa, > 0;
n—=a~oo

1
li - :
151;%101) <ﬁn XSE‘;I; (k N ‘]gn (Xn)) (k + ‘Ién (x,) - 1) ) (4)

<0

so that there are conditions of asymptotic convergence of the
iterative scheme to the zero fixed point of t : R,, — R,
in some cases that conditions [(ii)-(iii)] fail for the iteration
Xpy = tx,;; n > 0 for given x,. Furthermore, {t;(x,) —
00,0

t(x,)}0y — 0.

3. Preliminary Results on Distances in
Iterated Sequences Built under Perturbed
2-Cyclic Self-Maps

This section gives some preliminary results related to dis-
tances between points of sequences generated with 2-cyclic
self-maps subject to computational or unmodeled errors
and 2-cyclic contractive-like constraints. The precise cyclic
contractive nature might become lost due to such errors. It
is assumed, in general, that the sets involved in the cyclic
disposal and their mutual distances can be also subject to
point-dependent perturbations so that the relevant feature is
that one deals with pairs of sequences of subsets (rather than
with two iteration-independent subsets) of a normed space
when constructing the relevant sequences. In the sequel, we
simply refer to 2-cyclic self-maps and 2-cyclic contractions
as cyclic self-maps and cyclic contractions, respectively, since
the discussion in this paper is always concerned with cyclic
self-maps on the union of two sets.

Let A"(+ @), B*(+ @), A and B, fulfilling A" ¢ A and
B* C B, subsets of a linear space andletT: AUB — AUB
be a mapping fulfilling T(A*) € B*, T(B*) ¢ A", T(A) € B,
T(B) ¢ A which satisfies the subsequent condition:

[T =Ty < (ko + K (x, 7)) |x - ¥
+(1—k0—%(x,y))5(x,y); €)
Vx,y € AUB

where k, € [0,1), k(x, ¥) € [kop»k1o] € [~ko»k1ol; Vo, y €
AUB,

D=d(A,B) = Ix - y| € [Dy, D,] < [0,D,], (6)

inf
x€A,yeB
and

ﬁ(x,y)zo ifx,yeAorif x,y € B,

D(x,y)=D )

ifxeAand yeBorif xe€Band y € A

Note that D* = d(A*,B") = infieas yeprIx =yl 2 D, > D
since A" ¢ Aand B* ¢ B.

The amount k(x, y) is a point-dependent uncertainty
function which accounts for the computational perturbations
through the self-mapping T'on A U B.

Assume that T* : A* UB* — A" U B” is a nominal
mapping fulfilling T*(A*) € B*,T*(B") ¢ A", which satisfies
the subsequent nominal cyclic contractive condition:

IT°x" =Ty < ko <™ = 7]
+(1-ko) D" (x",5"); ®)
vx*,y* € A"UB"

and

5*(x,y):D* if xe A" andyEB*,

_ )
D x (x,y) =0 if either x,y € A" or x,y € B".

It is not assumed, in general, that T(A*) = T(A) and T(B") =
T(B). The nominal cyclic contraction (8) implies (5) under a
class of perturbations of the nominal self-mapping T* : A" U
B* — A"UB" leadingto a perturbed one T': AUB — AUB.

Proposition 1. AssumethatT(A™) € T(A)and T(B*) € T(B)
and that

k(x,y)
=T+ [Ty =T y) + (1 ko) (D (%, 9) - D (. )) (10)
B Ix = y] - D (x. y)

forany x,y € A* U B” such that | x — y|| # D(x, y). Then, the
nominal cyclic contractive condition (8) implies condition (5)
under perturbations subject to (10).

Proof. Take x, y € A" UB"and assume that (8) and (10) hold.
Then,

ITx = Ty| < [ T7x = T"y| + | Tx - T"x|
+[Ty -T7y|
<kolx =]+ (1 ~k) D" (x,7)
+|Tx = T"x| + [Ty - T"y|



<kollx =y +(1- ko)ﬁ* (x.7)
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Then,

k(
+h(oy (||x Y =Dl y)) lim sup( sup  ||[T"x-T"y|
— —, n—00 A*,yeB*
+(1-k)(D(x.y)-D (x,y)) e (13)
- 1 - -
< (ko +k(x.9)) |x - ] 1k (1= Koo = Kio) D + 1y (0’”))> <0
+(1-ky—k(x,y))D(x ~
( o~k y)) () under condition (5). Furthermore, if k,, = -k, and
) Jim SUp,, ooMi(6, € +n) = 0 then
Some technical properties on limiting upper-bounds derived D*
from (5) are given in the next result. O lim sup < sup ||T”+€x -7t y“ - —)
&n—00 \ xeT(A%),yeT¢(B") 1 -k,
Proposition 2. Assume that T(A*) < T(A) and T(B*) ¢ "
T(B). Assume also that < lim sup ( sup IT"x - Ty - D ) (14)
—~ . . . . tn—00 \ xeT¢(A*),yeT¢(B*) 1- kO
max  sup k(T'x,Ty) “T]x - TJy“
Osfgn_lxeA*,yeB* (12) <0
< my (0,n). Proof. 1t follows from (5) that
n-1 . _ .
IT"x - T"y|| < kg |x - y| + Zkg_J_l [(1 —kO)D+k(T]x,TJ “zj TJy" TJx T]y))]
=0
1- _ . . . . . .
<kjllx =y + — 91(1-k,) D+ max sup (k (TJx,T]y)("T]x—T]y“ - TJx,TJy))) (15)
1-k 0<j<n— 1xeA”,yeB"
<kj|x-y|+D- o max  sup (k (zj, T] “T]x T]y“ T]x T]y)))

1 = kposjsn-lyear ,yEeB*

Vx € A%, Vy € B*. Since k(x, y) € [kygskao) € [~kg»Ksp)
then k,D > —k;,D > —k(x,y)D > —k,oD; Vx,y € A* U
B”. Since MAX jcy 1 SUP e ’yEB*k(zj, TIYIT x - Ty
m7(0,n) and since maxX, jc,_1SUP e a+ yep D(T'x,T’y) =D
one gets that (13) holds. On the other hand, note that if k,
~ky and lim sup,__,  m,7(n) = 0 then (14) holds. O

IN

Now, assume that the existence of perturbation in the
calculation of the sequences through T implies that the sets
of the cyclic mapping depend on the iteration under the
following constraints. Define the following nonempty sets
Ay = A", By = B* A,,, = T(B,), B,y = T(A);n = 0,
where T"(A* ) € B, T*(B*) ¢ A". The interpretation is
that A* and B* are the nominal sets to which any initial
value of a built sequence belongs and the self-mapping T
on J,50(A, U B,) is a perturbation of the (perturbation-
free) nominal cyclic self-mapping T"on A* U B*. Assume

that D* = D, = d(A",B") and D, = max([D,4, D,z] for
n > 0 with D,, = d(A,,B,,,),D,z = d(B,,A,.,) such
that D, = D, - D > -D forn > 0 with D > 0 being

some constant set distance of interest for analysis such as
D* = d(A*,B") or lim sup,_, D, or lim inf, D, or

eventually, lim,, D, if both of them coincide. In the same

way, we will define a nonnegative real amount D as a reference
for the set distance error sequence {D,}°°
further results.

Condition (5) is now modified as follows for any sequence
{x,}2, with initial condition x, € A* U B™:

to obtain some

n+2 n+1
"T xo—=T x0||

< (ko + R (T %0, T"x0) ) [T" 20 = T (16)

+ (1= ky =k (T"" x5, T"x,) ) D

for any n > 0 and any given x, € A* U B", where k; € [0,1),
k(x, y) € [kyg» kao) € [~kg» kpol; VX, y € AUB.

The following result is concerned with the derivation of
some asymptotic upper-bounds for the distances in-between
consecutive values of the sequences generated through a
cyclic self-mapping. Such a mapping is defined on the union
of two sequences of subsets of a normed space under a
contractive-like condition (which becomes cyclic contractive
in the absence of computational and modelling errors). It is
assumed that the distances in-between the pairs correspond-
ing members of the two sequences of sets can vary along the
iterative procedure.
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Theorem 3. Define the following nonempty sets in a normed
space (E, ||.Il) and associated set distances:

Ay=A",
B, = B",
A,y €T(B,),
B, €T (A,);
n=>0, 17)
D, =D+ D, = max[D,, Dys];
Dy = (A Byn)
Dy = d (B )
n>0,

for some set distance prefixed reference constant D > D* with
D* = d(A*, B") and assume that D, € [—(IOO,JIO] e [-D,0];
n > 0 for some dy, € [0,D] and dy, > 0 (so that D, > 0,
n=0)

Consider the nominal and perturbed cyclic self-mappings
T* : A"UB®" — A"UB" andT on|J,,(A,%B,,;UB,XA,,,),
this last one subject to the condition:

|72~ Ty| < (ko + Kk (x,3) |x - ¥
+ (1 —ky - k(x, y)) D,; (18)

V(x,y) €A, xB,,;UB,xA,,;, n=0

where k, € [0,1), k(x, y) € [~kooo k10] S [~kgrkyo] €
[ky, 1 — ky] for some koo,k10 € Ry V(x, p) € Uso(A, X
B, UB,xA,,,), thenominal T* : A*UB* — A" UB" being
subject to (18) with k(x, y) = 0;VY(x, y) € A"XB*UB*xA"and
A,=A",B,=B";n>0.

Assume also that the sequence {M,},>, C R is bounded,

where
=M, (x) = (1
dm< Y K-y k’”>
JjEIN, (n) jEIN_(n

PE n—j n—j
+Dk00< Y okT- Y K >
jEINk_(n) jEINK, (n)

K d,

+ koo ( Z 0
JEIN, (mNINk_(n)

-2

n—j 3
ko doo >
JEIN, (m)NINK, (1)

5
+ %10 ( Z kg_]d~00
JEIN_(n)NINK, (n)
- Y kg‘fdm> , n>0
FEIN_(m)NINk_(n)
(19)

INk, (xg,n) = {j20: j <nk; (T %, T'xy) > 0} (20)
INKk_ (x9, 1)

={j20:j<nk; (T %, T'x,) < 0};

n>0

are indicator integer sets for nonpositive and positive incre-
mental set distance while the members of the real weighting
sequences {d,}.° and {d,},°, are defined for alln > 0 by
d, = D,/D > 0ifD > 0 and d, = 0, otherwise. Then, the
following properties hold:

(i) {IT"™?xy — T" ' %y}, is bounded, an upper-bound
being (1 —ky)/(1 — ko — ko)) (I Txq — x,ll + maanOMn)._

(ii) lim supn_)oosupxoeA*UB*(||T"+2x0 - T"'x,| - D -
Yo Ko TR(TT x0, THxg)(IT7 ¢ = T x| - d, D).

< Y okd- Y k"’|d'>>s0 1)
JEIN, (n) JEIN_(n

(iid) If k(T 0, T"x0) 122, — 0 and {M,,(x0)}%2,
Vx, € A" U B, then

— 0,

lim sup sup '
n—00 x,eA*UB*

n+2 n+1 oY
T Xo — T Xo “ <D. (22)

(iv) Assume that lim sup %(T””xo,T"xO) = %oo(xo) €

n—=ao00

[~Koo» k10], Vo € A* U B*. Then,

lim sup | T x, - T"+1x0|'
(1-k) (B + Moo (xo))
< =
1 - ko — koo (x,) (23)
1-k,) (D + M, (x
s( o) _ (0)); Vx, € A" UB®
1-ky—kyg
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where M (x,) = lim sup,_, M, (x,), with M, (x,) defined
in (19),Vx, € A"UB", and M, (x,) = lim sup, . M,,(x,),
with M,,(x,) defined for all x, € A* U B" by

My, (o) = (1 -k) < Z kg_j 5j'>
jEIN+(")

—(1-ko) ( Yy k! 5j|>
jeIN_ (n)

- i kg_"% (Tj+1x0, zjo) B (24)
j=0

+ Z ky Jk(TJ”x T'x, |D|
JEIN_(n)

Vx, € A" UB"

Proof. 1t follows from (16) that any sequence {T"x,},>, with
X, € A" U B” satisfies from (18) the condition:

Tn+2x0 Tn+1x ” < kn+1 ||Tx0 _ x0"

+ Z Kk (17" %0, T x,) “Tj“x0 - zj0||
i=0

+ Y KT [(1 -k~ K (T2, Tixy)) (D + D]
j=0
K | T, — x| + (1 - k””)D +(1-k,)
. ( y kg-f5j> 3 KR (19, Tixy)
j=0 j=0

T 0 = x| = D] < G T = o] + (1

) D S RTR (T, Thxg) (177,
j=0

- T/xo|| - d,D) + (1 - k) ( Y Kk d;

jEIN,(n)

- kg‘"j|cfj'>skg'“||TxO—x0||+(1

JEIN_(n)
- 1- kn+1
_kn+1 D+ 0
") 1 -k,

-max sup (k(T/"x, T/x,)

0<jsny e A*uB*

: “T]“xo - T]x()“)) +(1-ky)
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k' |D| >—(1—k0)
]eIN (n)

( K |D > - Zn:kg_j% (Tj+1x0,zj0)
]EIN (n) j=0
‘D~

EI%:( )k" Ik (T”lx T'x, 'D '
i

+ Z Kk (TijO,zjO) |5j| < ki | Tx,
jeIN. (n)
1- kn+l
0
1~k

x|+ (1-K)D

o ,
-max  sup (k (T’Jr xO,T]xO)
0<jsny eAruB®

(770 = Txo])) + €

-(1-

( ot '>
]EIN (n)

>k fk(
JEINK, (x4,1)
+ Z kg_j '% (Tj+1x0,zj0)|5
JEINK_ (x9,1)

-2

JEIN, (m)NINK, (xq,1)

)

FEIN, (m)NINE_(xq,1)

)

JEIN_(n)NINK, (xq,1)

-2

JEIN_(m)NINK_(xq,1)

T]on T x )l_

Ky [l (17" 0, 70 )| ||
Ky |k (17 x40, T, )| |4
Ky R (17 50, o)
K e (17 0, T )| |4

Vx, € A" UB"

Note that

if k (x,y) >0
then |% (x,y)| <k and — 'E (x, y)| < koo»
if k(x,y) <0

then |% (x,y)| < kg and — "IE (x, y)| < kyp
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if Jn >0 then |Jn' < 510 and - ~n

if 67,, <0 then |Jn' < 6700 and - ~n

(26)
Thus, one gets from (25) that
||Tn+2x0

- T"+1x0|| < kg“ [T, = x| + (1 - kg“)ﬁ

1-— kn+1
max sup
1- kO 0<]<nx €A*UB*

(|77 % - T'xo|)) + (1

- ko)Jw< Y k-
JEIN, (n)

(E (Tj+1x0,zjo)

5 &)

JEIN_(n

+2 +1
n n x0|' _ D _
n—0o0 x,e€A*UB"

lim sup sup <

< > k-

JEIN, (n) JEIN_(n)

bl

~ Koo Z kg"fﬁw - Z

JEIN, (M)NINE_(xq,1)

~ ki >

FEIN_(m)NINEK, (x,,1)

ko ldoo— )

Vx, € A" U B". Proceed by contradiction to prove that
{IT"2xy — T™ x, |1}, is bounded. Assume that {[|T"**x,
T"Jrlxoll}n=O is unbounded, Vx, € A" U B". Then, there is
a subsequence {[|T"*?x, — T x,|[}¢2, of it, with {rn,} ¢
Z,, being strictly increasing, which then diverges ask — oo,
and one gets from (27) that

+2
T xg —

e +1 Ny +2 ot
T x(,“ < "T Xy = T xg
min(ny,; +1,m+1)
<k, ||Tx0 - x0|| +(1

max(my, +1,m+1
l—k (k+1 k )

1-k,

max(n., +1,m.+1)3<
_ ko (e + 1o )D)

X max sup (% (Tj+1x0, zjo)

0< j<max(rm,15m+1) x € A*UB*

max sup
1~ kg 0252, catope

7
P n—j n-j
+Dky| Y k- Y K
jEINKk_(n) JEINK, (n)
+ ko, D Ky ldy,
JEIN, (m)NINk_(n)
- Z k(r)lij‘ioo
JEIN, (n)NINK, (n)
+kyo Z ko 'doo
JEIN_(n)NINK, (n)
- D Ky idy |5 Vxy € ATUB”
JEIN_(m)NINk_(n)
(27)

and one gets Property (iii) from (25) which also leads from
(27) to

(F(1 ey ) (1975 o))

Z kgj> - B%00 Z kgij - Z k(r)lij

FEINK_(x0,n) JEINK, (x0,n)

(28)

FEIN, (m)NINK, (xo1)

FEIN_(m)NINK_(xq,1)

(“Tj“xo —zj()”)) +maX(M Mnkﬂ)

[

+2 +1 min(n,;+1,m+1
< 'T"k+1 Xo — Tt xO” < kO (g1 + 1L +1) “TXO

_ x0" + (1 _ k:)nax(nkﬂﬁ-l,nkﬂ)ﬁ)

max (1, +1,m+1
1— k() (Msr +1Lme+1)

+
1-k,

X max sup (% (Tj+1x0, zjo)

0<j<max(ny,, ”k+2)x €A*UB*
(7 s ) o 0.
(29)

fork > 0,Vx, € A" U B*, where M,, for n > 0 is defined in
(19). Thus,



1— kmax(nk+1+1,nk+1)
1-
( =k

+2 +1
° k10> [T, T |

< k(r)nin(nk+l+1,nk+1) ||Tx0 _ x()“

n (1 _ k:)naxmkﬂﬂ,nwl)ﬁ) (30)
+ max (Mnk+1 , Mnk+2) ,
k>0; Vx, € A" UB"
so that
( 1 —lkj ;Oklo + max HO (kgk+1+1)| + |o (kgkﬂ)H)
(31)

. “T""”xo - T""on “ < M, < +00;

Vx, € A" UB"

and {[IT™"x, — T x, )1}, is bounded, a contradiction.
Thus, {[IT"*xy — T"'xo 1%, is bounded as claimed. Now,
one gets from (27), (28), and (19) that

My = My (x,) = max sup (||T"+2xo - T"+1x0"

n20 . cA*UB*

< |Txo— x| + D + 1"_13{0 M+ max M,
Vx, € A"UB" (32)
1-k
leading to M. s—ﬂ(T -
eading to My 1~k — Ty |20 — x|

+maan>; Vx, € A" UB".

n=>0

Property (i) is fully proved. Property (iii) is proved as follows.
Take any integers N > 0, > N, and m > N + 1 so that one
gets from (27)

n+m+2 n+m+1
"T xo—T x0||

<k T = T x| + (1= kg ™) D
1-— k(r)n+m+1 (33)

R (o B) [T~
Y]

+Mn+m (XO)
Vx, € A* U B* with g,,,(xp,k) > max(|k(T"" x,,

T"x0)|, Mym(x)) for allm > N and m > N + 1. Since the
sequences {%(T"“xo,T"xO)}zi’o — 0and {M,(xy)},2y —
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0, they are Cauchy sequences, since convergent, so that

{€pm(%0> K)}°2, — 0 can be chosen as an upper-bounding
vanishing sequence; that is, for any given ¢ > 0, there is

N > 0 such that ¢,,, (x,,k) < & for any integers n >
Nand m > N + 1. Furthermore, {e,,,,,(xq, k)| T/ x, —
T/ x|}, — 0 for any given integers m,j > 0 since
{I|Tj+1x(, - zjoll}ﬁzo is bounded. Then, it follows from
(33) that lim sup,, . sup, c4-p IT"2x, - T™ ' x,| < D.
Property (iii) has been proved. Property (iv) follows from the
given assumptions, (25) and (33) since

<1 - 1%_—1()]{0) (1171111_)301(1)p "T"JrzxO - T"“x()")

k
< <1 - fo—(iz) ) <lim sup ||T"+2x0 - T"“xO") (34)

n—:oo

<D+ Mg, (x0) <D+ M, (x,);

Vx, € A" UB".

O

Note from Theorem 3(iv) that My (x,) > -D, Vx, €
A" UB".

Remark 4. Note that if the sets of the cyclic mapping are not
uncertain along the iteration via T, then its mutual distance
is identical to D" along the iteration. If, furthermore, such
a mapping is contractive with k(x,) = 0, Vx, € A* U B,
then, Theorem 3 (iv) yields D* = lim, ., sup |[|[T""x, —
T"'x,|l < D*,Vx, € A* U B*. Thus, there exists the limit
lim,,_, 1T ?x, — T" ' x,|l = D*. As a result, if Ay, € AT
and BZP C B*are the nonempty sets of best proximity points
of A to B*and of B" to A", respectively, it follows that for
any x, € A" U B, one has

Jim (7% = 24) = lim (T ~25,) =0 (3
with c{jA"}ZZQ < A, arlgl {ZB”}*EZQ < B, *if x, € A* and
{Zantno € By, and {zp,},2 € Ay, if X € B”.

Remark 5. The existence of lim, . [T"2x, — T"" x,| is
not guaranteed in the general uncertain case of Theorem 3.
However, provided that lim inf, D, = D > 0, then it
follows from Theorem 3(ii) that

n—:oo

D<liminf inf |
n—00 x eA*UB*

+2 +1 :
T xy = T" x, “ < lim sup
n—aoo

n—:o00

(36)

sup ' T x, - T"+1x0“ <D.

x,€A*UB*

If k(T x0, T" %)} 2, — 0 and {M,,(x0)}2, — 0, Vx, €
A" UB",
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D < lim inf

n—:oo

n+2 n+1
T “xy =T x0||

: +2 +1
< lim sup ' T xy - T" xO”

n—:ao00

- (1-kp) (B + Moo, (xo)) (37)
- 1- kO - %oo ('xO)

- (1-kp) (B+ M, (xo))
- 1-ky—kyg

; Vx,€A"UB"

from Theorem 3 (iv) with D > lim SUP,;00SUP earup (1 =

ko — koo ())/(1 = ky))D — M,y The above formulas quantify
the bounds of the limiting reachable distances between
consecutive points of the sequences calculated from the
iterations performed via the self-mapping T on | J,,,(4, X
B,,, UB, X A,,,) with initial conditions in A* U B*.

Proposition 6. Any sequence of {T"x,},°, is bounded for any
given x, € A" U B* under all the given general assumptions
of Theorem 3 provided that lim sup,  k(T""x,,T"x,) =
koo (x9) € [=koo» k1o

Proof. If all the given general assumptions of Theorem 3
and, furthermore, lim sup,__, k(T x,, T"x,) = ko (%) €
[~Ko0» k0], then Theorem 3(iv) holds. Thus, one has

lim sup, IT""?xy — T"'xoll < L < +00, Vx, € A* U
B*, where L = (1- ko)(B+MOOO(xO))/(1 -k, —Em(xo)). Since
it is assumed that k(x, y) € [—%00,’1210], V(x, y) € Upso(A, X
B,.1UB, X A,.,), then the above constraint also holds in the
form lim supnﬁOOHT””yO —T"™ x| < L < +0o0, V(x> o) €
A*xB*and V(xy, y,) € B*xA",Y(x, y,) € A*X(U,59 B,,) and
(X, ¥o) € B* X (U150 An)- S0, if y, = T x, for any given
nonnegative integer m and any given x, € A* U B, one has
that lim sup, [Ty, — T""'x,ll < L < +00. Proceed by
contradiction by assuming that {T"x},>, is unbounded for
some x, € A" UB". Then, for any given real positive constants
M and e and any given x,, € A" UB", there exists some integer
N > 0, infinitely many strictly sequences of positive integers
{m} 0> and some sequences of real constants {A g }pe,, with
me > Nand Ay, = Ag(xg, 6 M,m) > 15 k > 0, such that,
for any arbitrary real sequence {A.};2, satisfying A, > Ay,
k > 0, one has that any unbounded sequence {T"x}.>, of
{T"x,}:2, satisfies

L+e&>||T™ xy - T™ x|

_ ||Tnk+l (T”k”_nk_lxo) _ Tnkx()“
(38)
> [T xg = x| = [ T™x0 = %o > (A = 1) M

>(Ag—-1)M

implying that A, € [Ay, 1 + (1/M)(L + ¢€)], k > 0. But since
{T™x0}2, is unbounded, the sequence of integers {1},
can be chosen such that n, (n) > g {m}.2, satisfies
that A, is large enough to satisfy A, > 1 + (1/M)(L + &),
hence a contradiction. Then, any subsequence of {T"x},>, is

bounded for any given x, € A UB", s0 {T"x,},°, is bounded
for any given x, € A* U B". O

4. Some Properties of Approximate
Convergence of a Generalized Modified
Ishikawa’s Iterative Scheme Based on Cyclic
Self-Mappings

A generalization of the modified Ishikawa’s iteration in a
normed real space (E, |.|)) is as follows:

Yn = (1 - ﬂn) X, + ﬁnTn+m(n)xn

(n)
X1 = (1 - an) X, + “nTn+q " Yn

(39)

for integers m(n) > 0,q(n) > Oandalln > 0, Vx, €
A" UB" under parameterizing sequences {a, }ro;  [0,1] and
{B.}2y € [0,1] provided that T is an uncertain cyclic self-
mapping defined on | J,,.,(A, X B,,; UB, x A,,,). The choice
of the integer m(n) > 0,q(n) > 0, in general depending on
n, is relevant for the allocation of the elements of the solution
sequence {x,},~, in the subset sequences {A,} 2, or {B,}.,
depending on the integers n+m(n), n+q(n) being even or odd.
The subsequent auxiliary result will be then used by linking
it to some of the results of Section 3.

Lemma 7. The following properties hold when the generalized
modified Ishikawa’s iteration (39) is used:

(i) The subsequent incremental relations hold for each
integer m(n) > 0,q(n) = 0 andn > 0, Vx, € A" UB™:

Xy = Xy — X = Oy (T“+‘7(”)yn - xn)
=X,
oy (T 1y, =Ty, )
+ &, (Tn+q(n)yn - xn—l)

Yn = Xnt1 = ((Xn - ﬁn) Xn
(40)
+ (ﬁnTrH-m(n)xn _ (ann+q(n)yn)

Yo = Vn+1 = Wn
= (1 - ﬁn) )‘Zn - ﬁnxwrl
+ ﬁn (Twrl+m(n+1)anrl _ Tn+m(n)xn)

5 ntl+m(nt+l)
+ ﬁnT Xn+1

where &, = o, — &, and B, = By — B = 0.

(i) If {, }22 ) — o then (X, —a(T™ 1My, —x, )12, — 0;
that is, {x,,, — (1 — a)x,, + «T™1™ y 1 " 0, equivalently,
{xn - En—l + “(Tn+q(n)yn - Tn_Hq(n_l)yn—l)}zzO — 0.

(i) If {32 — P then {1 - PX, - 7, -
ﬁ(Tn+l+m(n+1)x = Tn+m(n)x )}ooo 50

n+ n/Jn= ‘

(iv) If{an - ﬁn}zzo — 0 then {yn —Xpa1 t anTn+q(n)yn -

BT x, 12, — 0.
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[f{“n}gzo — aand {ﬁn};(qxz)o - ﬂ then {yn ~ Xn+1 T (06 -
Bx, — (BT™ ™ x, — T4 3 N\ — 0 and, in particular,
ifa = B then {y, — X, + (T y, —TmmE 100 -,

) If{o,}20 — acand {T™ 4™y, — x }° — L then

{xn+1 - xn}ﬁio - “Lyx' (41)

If{“n}EZO s wand {Tn+q(n)yn _ T"_Hq("_l))’n_l}ﬁio — Ly
then

(X1 = 2%, = x, 1 )72 — al,. (42)

If{ﬁn ;(;20 . ﬁ and {Tn+1+m(n+l)xm_1 _ Tn+m(n)xn}2<:)0 L
then

{(1 - ﬂ) (xn+1 - xn) - (yn+1 - yn)}:z() - ﬁLx (43)

a2 (B2 — avand (T, = T }0, —
ny then {yn - xn+1};1.:0 - “ny'

X

Proof. Property (i) follows from (39) through simple direct
calculations. Properties (ii) to (iv) are a direct consequence
of Property (i). Finally, Property (v) follows directly from
Properties (ii) to (iv). O

Note that the limits L, L » L o and ny might be, in
general, dependent on x,. Lemma 7 (v) can be reformulated
in the case when L,, L, L, and L, are limit superiors
or upper-bounds of the limit superiors rather than limits as
follows.

Lemma 8. The following properties hold when the generalized
modified Ishikawa’s iteration (39) is used:

(i) If {e, )20 — « and
lim sup, . Sup,. ca-up: (r™imy —x )<L yx then

lim sup su X,.1— X, — oL <0.
n—>oopx0€A*Pl)JB*( i ! yx) (44)
Gi) If
lim supn—>oosupxoeA*UB* (Tn+q(n)yn - Tn_Hq(n_l)yn—l) < Ly
then

{o, 1720 — o and

li'?Lsolipx 581:1*%3* (x,1+1 - 2%, — X, — ocLy) <0. (45)
0

Gi) If B — B and
lim Supn—»oosupxoeA*UB* (Tn+1+m(n+1)xn+1 - Tn+M(n)xn) < Lx
then

lim sup sup ((1 - ﬂ) (xn+1 - xn) - (ywrl - yn)

n—00 x €A*UB*
-BL,) <0.

(iv) If {ocn}flC:)O’ {ﬁn ZC:)O - @ and
lim sup, ,,SUp, ca-up: (T”+q(")yn - T”+m(”)xn) < L

< Ly,
then lim sup, ., sup, ca-yp: (¥p = Xp1 — &Ly,) < 0.

(46)

The subsequent result links Lemma 8 with Theorem 3.
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Theorem 9. Assume that all the general assumptions of The-
orem 3 and the assumption lim sup, _ k(T™"x,,T"x,) =
koo (xo) € [~kop> K10 of Theorem 3(iv) hold and, furthermore,
that all the sets in the set sequences {A,}7, and {B,},2, in
the normed space (E, |.I|) are nonempty and convex. Then,
the following properties hold when the generalized modified
Ishikawa’s iteration (39) is used:

(i) There exist real sequences {ay,}(S  [oty,,, 1]) and
{Bonto2o(S [Boms 11), for some oy, Boy € 10,11, such that
the sequences {y,} and {x,} built from (39) by using any
parameterizing sequences {o,}> (< [0,1]), {B,},20(S [0,1])
being subject to o, > o, and B, = Py, n = 0, are in
Uso(A, X B,y UB, X A,,,) for any given x, € A" U B".

(ii) Assume, in addition, that q(n) = 2€(n) + 1 — n for
some arbitrary n-dependent integer £(n) > (n—1)/2, n > 0,
{a, )72y — o Then, one gets

lim sup sup <||xn+1 - xn”
n—00 x,eA*UB*

B oc(l—ko)(l_)+MOOo(x0))> o
l_ko_%oo(x()) -

(47)

(iii) Assume, in addition, that m(n) = 2z(n)—n and q(n) =
28(n)+1-nfor some arbitrary n-dependent integers z(n) > n/2,
n=0and€(n) > (n-1)/2,n=0,{a,},2) — & {B.}g —
B = «. Then, one gets

lim sup sup <||)’n - xn+1||
n—00 x eA*UB*

B (x(l—ko)(5+M000(x0))> <0
1 -k — kg (%) T

(48)

Proof. First note from (39) thatif«, = 3, = 1foralln > 0
then

+m(n)
ynzTn mnxn;

_ Tn+q(n)yn _ T2n+m(n)+q(n)x . (49)

Xp+1 = n>

for any x, € A" U B*. Thus, one has

(a) if n + g(n) is odd then y, and x,,,, are either in
some A, € U2 A, and in some Bygpmy € UnZo By
respectively, or in some B i) € U2, A, and some A e(nrq(ny) €
Unoo By Ifn+q(n) iseven then x,,,, and y, are in some A i) €
Uno A, and in some Ay, o) € U2g A, respectively, or
in some By, € U2, B, and in some Binrgmy) € Unco B
respectively.

(b) If n + m(n) is odd then x, and y, are either in
some A,y € U2 A, and in some By € Unto Ap

respectively, or in some By, ¢ U2, B, and in some
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Apimeny) € Uneo By respectively. If n + m(n) is even then
x, and y, are either in some A, € Uy A, and in some
A preminy) € Unco A, respectively, or in some By, € ;2 B,
and in some By, ) € Uneo By Tespectively.

(o) If 2n + m(n) + q(n) is odd then x, and x,,, are
either in some A, ¢ Un2y A, and in some Bjonimeg) €
;2o B, respectively, or in some B i) € U2, B, and in some
A jonimg) € Unco Ay respectively. If 21+ m(n) +q(n) is even
then x,, and x,,,, are either in some A ;) € [J;2) A, and in
some A jiimig) € Us2o A, respectively, or in some Bj €
Uiz B, and in some Bj (1) € Up2g By» Tespectively.

Then’ {xn}’ {yn} c UnZO(An X Bn+1 U Bn X An+1) if X, =
B, = 1foralln > 0since {A,}°, and {B,},°, are convex
for any given x, € A" U B". It turns out that there exist
real sequences {ag,}roo(S (&g 11) and {B,}020(S [Bom 11D
for some «y,,,, B, € [0, 1], such that the sequences {y,} and
{x,,} built from (39) by using any parameterizing sequences
{o,}20(< [0,1]), {B,}20(< [0,1]) subject to o, > «, and
B, = By = 0,arein | J,,,(A, xB,,; UB, x A,,,) for any
given x, € A" U B*. Property (i) has been proved.

On the other hand, since g(n) = 26(n) + 1 — n for some
arbitrary integer £(n) > (n—1)/2,n+q(n) is odd. Then, {x,,,,}
and {x,} are in distinct convex unions | J,..o 4, and [J,5¢ B,
Thus, the result follows from Lemma 8 (i) and Theorem 3(iv).
Property (ii) has been proved.

On the other hand, since m(n) = 2z(n) — n and g(n) =
2¢(n) + 1 — n for some arbitrary integers z(n) > n/2 and
tn) = (n—1)/2, n + m(n) is even and n + g(n) is odd.
Then, {x,,,} and {y,}are in distinct convex unions | J,., A,
and | J,,5o B,,. Thus, the result follows from Lemma 8 (iv) and
Theorem 3(iv). Property (iii) has been proved. O

If the computational disturbances are asymptotically
removed under the conditions of Theorem 3(iii), one gets the
following results from Theorem 9 and Remark 5.

Corollary 10. Assume that all the assumptions of Theorem 9
hold and, furthermore, D > D/a, lim inf, D, > D, and
(T %0, T"x)}20 — 0 and {M,,(x0)}2, — 0, Vx, €
A" UB”. Then

D <lim inf inf
n—00 x,eA*UB

(e = 240D

< lim sup sup (”xn+1 ") < aD
n—00 x,eA*U
(50)
D <lim inf inf ("xn+1 - yn”)

n—00 x € A*UB*

<lim sup sup (||xn+1 - J’n") <aD
n—00 x,eA*UB*

ifm(n) = 2z(n) —n and q(n) = 2€(n) + 1 —n for some arbitrary
n-dependent integers z(n) > n/2 and €(n) > (n—1)/2, n > 0,
{(xn}s‘;o — aand {ﬁn}z‘;o - ﬂ = Q.

Proof. It follows from Theorem 3(iii), Remark 5, and Theo-
rem 9. ]

1

5. Generalized Modified Ishikawa’s Iterative
Scheme, Uncertain Cyclic Self-Mappings,
and Best Proximity Points

This section relies on the study of further properties con-
cerning the limit best positivity points under the generalized
modified Ishikawas iterative scheme studied in Section 4
being ran by the uncertain cyclic self-mapping of Section 3.
Some basic results are given in this section about limit best
proximity points and the convergence of sequences generated
by cyclic self-maps of Sections 3-4 to them. It is assumed that
the set-theoretic limits below of the sequences of sets {A,}72,
and {B,},°, in the normed space (E, |.|) exist:

e = im {4} = tim inf ({4,

nx1 j>n nx1 j>n

=lim supﬂU{Aj},

N0 >l jen

o = Jim {8} =tim inf [ J {8}

n=1 j=n n=1 j>n

= lim sup ﬂ U {Bj}.

N0 >l jen

(51)

We denote {A,}72 — A, and {B,};2, — B, and
the distance between the limit sets is d, = d(A,By) =
d(clA,,cIB,), the distance between points x and y in E
being identified with the norm of z = x — y in the linear
space E. The sets A and B, are said to be the set-theoretic
limits of the respective sequences {A,};°; and {B,}2,. It is
well known that a set-theoretic limit is not guaranteed to be
closed even if the involved set sequence consists of closed sets
(in fact, note that the union of infinitely many closed sets is
not necessarily closed). Consider a norm-induced distance
d: ExE — Ry, in (E, |.ll) defined by d(x, y) = lx - yl|,
Vx, y € E such that for any nonempty subsets A and B of E,
one has

d(x,A) = infyeAIIx -
infyca yepllx — yl. Define

yl, Vx € E and d(A,B) =

Pgy(x)={y€E:d(x,y)=d(x,A)}; Vxe€E,

}
Py(x)={yeA:d(x,y)=d(x,A)}; VxeE, (52)

Ay={yeA:d(x,y)=d (A B)}.

Then, P,(By) = {y € A : d(x,y) = d(A,BykVx € E.
Similarly we can define B, = {y € B : d(x,y) = d(A,B)}
and Pg(A,) = {y € B: d(x,y) = d(B, Ay)}; Vx € E. See [1,5].
The sets A, and B, are referred to as the sets of best proximity
points (or best proximity sets) of A and B, respectively.

Lemmall. Let (X, |.|) be a reflexive Banach space, let {A,}2,
and {B,};2, be monotonically nonincreasing sequences of
nonempty, closed, bounded, and convex subsets of X (i.e., A; 2
A;1»B; 2 B;,y5i > 0). Then, the set-theoretic limits A ., and
B, exist; ie, {A,}2) — Ay and {B,}2, — B, and they
are nonempty, closed, bounded, and convex sets, and the limit
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best proximity sets A, and By, are nonempty and satisfy
P5(A o) € Byoo aid Po(By,) € Ao

Proof. It follows that A, and B, exist, are given by A =
Miso Aw> Boo = [\uso By» from the identities (51), and are
nonempty closed, bounded, and convex sets since {A,}72,
and {B,},2, are monotonically nonincreasing sequences of
nonempty, closed, bounded, and convex sets of a reflexive
Banach space. Then, it follows from Lemma 2.1 ([1], see also
[5]) that the sets of best proximity points A ., and By, of
the set-theoretic limits A ) and B, are nonempty and satisfy
P5(A o) € Byoo and Py (By,) € Ageo-

It turns out that if {A,}}° and {B,}, are not monotoni-
cally nonincreasing sequences of nonempty, closed, bounded,
and convex subsets of X, it is not guaranteed that the
identities (51) hold and also that, even if they hold, so that the
set-theoretic limits A, and B, exist, such sets are bounded,
closed, and convex even if the members of the sequences of
sets are bounded, closed, and convex. Note that the unions of
infinitely many sets do not necessarily keep the properties of
boundedness, closeness, and convexity of the elements of the
sequences and such unions are invoked in the identities (51)
provided that they hold. Therefore, the assumption that the
limits A, and B, exist and are bounded, closed, and convex
has to be made explicitly as addressed in the subsequent more
general result than Lemma 11.

Lemmal2. Let (X, ||.Il) be a reflexive Banach space, let {A,},2,
and {B,}2, be sequences of nonempty bounded convex subsets
of X such that the set-theoretic limits A, and B, exist; i.e.,
the identities (51) hold. Assume that A and B, are nonempty,
bounded, and convex sets. Then, the limit best proximity sets
Ageoo and By, Of the closures of the set-theoretic limits A
and B, that is, clA and cIB.,, are nonempty and satisfy
PB(AOCOO) S BOcoo and PA(BOCOO) < AOcoo'

The conditions of Lemma 11 for one of the sequences of
sets together with the less restrictive conditions of Lemma 12
for the other sequences lead to the subsequent result.

Lemma 13. Let (X,|.|) be a reflexive Banach space. Let
{A, )2, be a monotonically nonincreasing sequence of
nonempty, closed, bounded, and convex subsets of X. Let
{B,}.2, be a sequence of nonempty, closed, and convex subsets
of X which satisfies the second identity of (51). Then, the
nonempty set-theoretic limits A, (being nonempty, closed,
bounded, and convex) and B, exist. Then, if B, is nonempty,
closed, and convex, then the limit best proximity sets A,
and By, are nonempty and satisfy Pg(Ay) S Byeoo and
P,(Bjeo) € Ago0.

Proof. Tt follows from Lemmas 11 and 12 that A exists
since {A,},2, is monotonically nonincreasing and it is
nonempty, closed, bounded, and convex and B, exists and
it is nonempty, closed, bounded, and convex. O

Conditions of nonemptiness of the best proximity sets
Ao and By, are given in the next result.
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Lemma 14. Let (E, |.|) be a normed space and {A,},°, and
{B,},2, two sequences of sets of E. Then, the set-theoretic limits
A, and By, of the sequences {A,}., and {B,}2, exist and
their sets of best proximity points A, and B, are nonempty
if any of the following constraints hold:

(1) {A,};2, is monotonically nonincreasing sequence of
nonempty, closed, bounded, and convex subsets of E and
{B,}2, is a sequence of nonempty subsets of E which satisfies
the second identity of (51) with set-theoretic limit B, being
approximatively compact with respect to A .

(2) {B,};2, is monotonically nonincreasing sequence of
nonempty, closed, bounded, and convex subsets of E and
{A,}2, is a sequence of nonempty subsets of E which satisfies
the first identity of (51) with set-theoretic limit A being
approximatively compact with respect to B.

Proof. Since {A,}°, is a monotonically nonincreasing
sequence of nonempty, closed, bounded, and convex subsets
of E, then the set-theoretic limit A of {A,}}2, exists; it
is nonempty and compact. Since {B,},>; — B, (i.e., the
second identity of (51) is satisfied) and the set-theoretic limit
B, of {B,},2, is nonempty and approximatively compact
with respect to A, then any sequence {x,},°) C B, such
that {[ly—x,l},2, — infUEBmHy—aIl =d(y,B,)fory e A
has a convergent subsequence {x,,;},2,(C By,) — z, [1].
Then, y € A can be chosen such that the limit z of {x,,. }72,
is such that ||y — z|| = d(Ay,,By) = inf#GAooﬂ,eBo0 lee = 2l
Therefore, y € A, and z € B, so that and A, and B,
are nonempty. The result has been proved for the first set
of constraints. The proof under the second set of constraint
follows by duality. O

Auxiliary technical results to be then used are summa-
rized in the result which follows.

Theorem 15. Let (X, |.|) be a uniformly convex Banach
space, let {A )}, and {B,}°, be monotonically nonincreasing
sequences of nonempty, closed, and convex subsets of X. Let
{x, )20 and {z,},2 be sequencesin A o, and {y,}>, a sequence
in By, Then, the following properties hold:

(i) Assume that {l|z, — y,l},2, — d(Ay,By,) and that
for every € > 0 there exists N such that for allm > n > N,
{lIx,, = yull}o2o < d(Ags, By) + € Then, for every € > 0 there
exists N such that for allm > n > Ny, {lx,, — y,l},2, < &

(i) IF{l12,~ 3,12 — A(A ooy Boo) and {Ix,—y 12 —
d(A,» By,) then {||x,, — z,ll};2, — 0.

(iii) If {llx, — yl}2y — d(Ay,By,) for some y ¢
By, then {d(x,,P,_(y)}2y — 0, y € By, and
{d(xn,PAOO(BOOO))}ZC:’0 — 0 and {d(x,, Aye)} oo — 0.

Proof. Since (X, ||.||) is a uniformly convex Banach space then
it is reflexive. From Lemma 11, the set- theoretic limits A,
and B exist, i.e, {A,}72) — A and {B,}°, — B, and
they are nonempty, closed, and convex sets whose nonempty
best proximity sets A ., and By, satisfy Pg(A ;) € Byoo> SO
that B, is nonempty and P,(By.,) € Ay andd(A,B,,) =
d(A yoo> Byoo)- Now, Property (i), Property (ii), and Property
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(iii) follow, respectively, from Lemma 3.7, Lemma 3.8, and
Corollary 3.9 of [1]. O

Now, we address some convergence conditions of
sequences generated by the cyclic self-mapping T on
Upso(A, x B, U B, x A,,;) under condition (18),
which becomes contractive in the perturbation-free case,
provided that some limiting conditions are fulfilled by the
perturbations.

Theorem 16. Let (X,|.|) be a uniformly convex Banach
space and consider the monotonically nonincreasing sequences
{A, )22, and {B,}2, of nonempty, closed, and convex subsets of
X and let T be a cyclic self-mapping on | J,5o(A,, x B,,; UB, x
A, 1) being subject to all the general assumptions of Theorem 3
including the further assumption of Theorem 3 (iv).

Then, the following properties hold:

(i) It follows that

D, <lim inf inf |
n—00 x €A*UB*

n+2 n+1
T “x,—-T xOH

R . (53)
<lim sup sup "T"Jr xo—T"" x0|| <Lp
n—00 x,eA*UB*

where Ly = suprEA*UB*((l — ko)(D + My, (x0))/(1 -
ko = koo(%0))) with M, (x,) = lim sup, . M, (x,) and
Moo (x9) = lim sup,_, M, (x,), where M, (x,) and
M, (x,) are defined in (19) and (24), respectively, for all n > 0.
Furthermore, the subsequent chain of inequalities is true:

Ly>D3>D" =d(A",B') =d(AyBy) = D,,
(54)
= (A Byy)

(ii) Assume that

D
Dy, (1-ky—ky, (x
= sup < ( lik ( 0))_M000(x())> (55)
X, €A*UB* 0
> D"

and, furthermore, assume also that the assumptions of Theo-
rem 9 (ii) hold with {«,},° — «(= 1) for the generalized
modified Ishikawas iterative scheme (39). Then, {lx,,, —
X020 — Doy and {lx,,,—%,, 1100, — 0foranyx, € A*U
B*.If, in addition, the assumptions of Theorem 9 (iii) hold with
{(xn}z‘;()’ {ﬁn}s‘;o - OC(Z /3 = 1) then {"xn+1 —}’n"}z‘;o - Doo
and {||Vs,42 — Yanll}ieo — 0 for any x, € A* UB".

Proof. One has from Theorem 3 (iv) that (53) holds.

D, <lim inf inf

+2 +1
“T" xo—T" x, “
n—00 x €A*UB*

<lim sup sup |T"+2x0 - T"+1x0" <Lps (56)

n—00 x €A*UB*

Vx, € A" UB".
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Property (i) is proved as follows. The reference distance fulfils
D > D* by hypothesis of Theorem 3. D* = d(A*,B*) =
d(Ag,By) = d(A,B,) since {A,};° and {B,},°, are
monotonically nonincreasing sequences under set inclusion
of nonempty closed sets so that there exist the set- theoretic
limits Ao, = [)s0A, and By, = ()50 B, which are
nonempty and closed. The inequality Ly > D holds always
for D # 0 and it is now proved by contradiction for the case
D # 0. Assume that D # 0and 0 < L. = sup, ca-upe (1 =
ko) (D + Moo, (%))/(1 = ko = koo (%)) < D and kg, (xg) =
lim sup, k(T x0, T"x,) € [~koo k1ol, VX, € A* U B,
since ko, (x,) € [0,1 — k) forall x, € A* U B*and k, €
[0, 1). Then, there exists some x, € A" U B" such that 0 <
(1 — kg)Mpo, < —koo(xy) < 0 leading to the contradiction
0 < 0. Thus Ly > D and Property (i) has been proved.
The proof of Property (ii) follows directly from Theorem 3
(iv) under the hypotheses of Theorem 9 [(ii)-(iii)], by using
the results of Theorem 15 [(ii)-(iii)] since the upper-bound of
lim sup, [T x,—T""" x,|| becomes exactly a limit being
equal to D (see (53)). O

The following result is an “ad hoc” extension from
Theorem 3.10 of [1] for this problem under the given results
and the relevant related assumptions.

Theorem 17. Let (X, |.|) be a uniformly convex Banach
space and consider the monotonically nonincreasing sequences
{A, )02, and {B,},° ) of nonempty, closed, and convex subsets of
X and let T be a cyclic self-mapping on | J,o(A,, X B,,; UB, X
A,.1) being subject to all the general assumptions of Theorem 3
and the further assumption of Theorem 3 (iv). Assume also

@)D = sup, gy (Dol = Ky — Ry (eo))/(1 — k)
M()oo(xo)) > D~

(b) the assumptions of Theorem 9 (ii) hold for the general-
ized modified Ishikawass iterative scheme (39) with {«,},> ) —
a(=1).

Then,

(1) Any sequence {x,,},>, generated from the generalized
modified Ishikawa’s iterative scheme (39) for any given x,, €
A" is convergent to x .., which is the unique best proximity
point of A, (the set-theoretic limit of {A,}.°). Furthermore,
{Xpp1 )00 — Xpoo the set-theoretic limit of {B,}2,).

(2) Any sequence {x,,},°, generated from the generalized
modified Ishikawa’s iterative scheme (39) for any given x, € B”
is convergent to X o, and {x,,,1} ooy — X pco-

(3) Xa(emy — Xantneo — O for any positive integer m and
any given x, € A" U B".

Proof. Under the assumptions, the set-theoretic limits A
and B, of the sequences {A,}>’ and {B,},2, exist with
d(A>By) = D, and are nonempty, closed, and convex
since they are the intersections of infinitely many sub-
sets ordered in a monotonically nonincreasing sequence
which are all nonempty, closed, and convex. Then, {|lx,,,, —
X020 — Dgo and {l1x,,,5 — X5,ll}50 — O for any x, €
A" UB” from Theorem 16 (ii), Vx, € A*UB".If x4, and xp,
are best proximity points then {[lx,; — x,[}72 — X400 —
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Xpooll and {11251y — Xpullley — 0 for any given integer
m > 1and x ., and x, are the unique best proximity points
in A, and B, from the convexity of the set-theoretic limits
to some of them all the sequences {x,,},>, depending on the
initial point being in A*or in B*. O

Remark 18. Assume the hypotheses of Theorem 17 except that
the sets of one of the sequences {A,}2, or {B,}"°, are not
convex. Then, the uniqueness of the best proximity point
in the convex set-theoretic limit of one of the sequences
is guaranteed and it is a limit of the subsequences (with
either even or odd subscript), depending on the initial
point allocation, of any generated subsequence. Since the
self-mapping T is single-valued the best proximity point,
the complementary subsequence (with either odd or even
subscript) also converges to a best proximity point of the
other eventually nonconvex set-theoretic limit even if such
a set has more than one best proximity point.
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