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We present the notion of set valued («, #7) — (6, f) rational contraction mappings and then some common fixed point results of such
mappings in the setting of metric spaces are established. Some examples are presented to support the concepts introduced and the
results proved in this paper. These results unify, extend, and refine various results in the literature. Some fixed point results for both
single and multivalued (6, ) rational contractions are also obtained in the framework of a space endowed with partial order. As
application, we establish the existence of solutions of nonlinear elastic beam equations and first-order periodic problem.

1. Introduction and Preliminaries

Let (2, d) be a metric space. A mapping T : & — I is
called a contraction if there exists a constant ¢ € [0, 1) such
that, for any x, y € 2, we have

d(Tx,Ty) <cd(x,y). (1)

The widely known Banach contraction theorem [1] states that
a contraction mapping on a complete metric space 2 has a
unique fixed point; that is, there exists a point x in 2 such
that x = Tx.

In the last few decades, several authors have extended and
generalized this principle in various directions.

Jleli and Samet [2] presented a new type of contractive
mapping, namely 0-contraction mapping and established
an interesting fixed point theorem for such mappings in a
generalized metric space. The concept of generalized metric
spaces was introduced by Branciari [3], where the triangle
inequality is replaced by the inequality d(w,z) < d(w,x) +
d(x, y)+d(y, z) for all pairwise distinct points w, x, y,z € Z.

Jleli and Samet [2] considered the set ® of real valued
functions 0 : (0,00) — (1, 00) which satisty the following
conditions:

(0,) 01isnondecreasing;

(6,) for each sequence {c,} < (0,00), lim
and only if lim,,_, ¢, = 0%;

0(c,) = Lif

n—:o0

(0;) there exist m € (0,1) and I € (0,00] such that
lim,_, o+ ((6(c) — 1)/c™) =L

Example 1. Define 6; : (0,00) — (1, 00) wherei = 1,2 by

0,(t)=e

t @
and 0, (t) = e\/g.

Then 0,,0, € ©.

AmappingT : & — 2 onametricspace (2, d) is called
a O—contraction if for any x, y € 2 and 0 € ®, we have

0(d(Tx, Ty)) < [0(d (x, )] 3)

whenever d(Tx,Ty) >0and 0 < ¢ < 1.
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Theorem 2 (see [2]). Let (X,d) be a complete generalized
metric space and T : & — X. If there exist 0 € © and
0 < ¢ < 1 such that

0(d(Tx,Ty)) < [6(d (x, y))I (4)
holds for any x, y € & whenever d(Tx,Ty) # 0. Then T has a
fixed point.

Ahmad et al. [4] modified the class ® of mappings as
follows:

Q= {9 :(0,00) — (1,00) satisty 6,60, and 9;} (5)
where (6;) 0 : (0,00) — (1, 00) is continuous.
Example 3. Define 6; : (0,00) — (1,00) fori = 1,2,3 by
0, (t) = ¢,

0,(t)=e" 6)

and 0, (¢) = .

Then, 0,,0,,0; € Q.

Authors in [4] considered the following result of Jleli and
Samet [2] with the function 8 € Q) instead of 0 € ©:

Theorem 4. Let (2,d) be a complete metric space and T :
X — X a O-contraction, where 0 € Q. Then T has a unique
fixed point X € I and for any x, € X, the sequence {T"x,}
converges to X.

Note that the Banach contraction theorem immediately
follows from the above theorem.

Let 2 be a nonempty set endowed with a metric d. Let
P(Z) be the set of all nonempty subsets of 2, K(") denotes
the set of all nonempty compact subsets of &, and CB(X')
denotes the set all nonempty closed and bounded subsets. For
A,B € CB(X) and x € &, define distance of a point x from
the set A by

d(x,A) = )1(161£d (x,A). 7)
A mapping H : CB(Z) x CB(Z) — R" defined by

H (A, B) = max {sup d(a,B),supd (A, b)]> (8)
a€cA beB

is called the generalized Pompeiu-Hausdorff distance
induced by d.

LetT : & — CB(X). A point x € I is called a fixed
point of T if x € Tx.

Nadler [5] obtained the following multivalued version of
Banach contraction principle.

Theorem 5. Let (2',d) be a complete metric space. If T :
X — CB(X) satisfies

H(Tx,Ty) <cd(x,y) )
forany x,y € X and c € (0,1), then T has a fixed point.
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Afterwards, many researchers have obtained fixed point
results for multivalued mappings satisfying certain gener-
alized contractive conditions. Hanger et al. [6] introduced
multivalued 60— contraction mappings as follows.

Let (2, d) be a metric space, 0 € ®,and T : & — P(X).
Then, T is called a multivalued 0-contraction if, for any x, y €
Z,

0 (H (Tx,Ty)) < [0(d (x, )] (10)

holds whenever H(Tx,Ty) > 0 where 0 < ¢ < 1.

They established the following fixed point results for
multivalued 60-contraction mappings on complete metric
spaces.

Theorem 6. Let (2,d) be a complete metric space and T :
X — K(X) a multivalued 0-contraction. Then T has a fixed
point.

For further results in this direction, we refer to [7-10].

Another variation of contraction mapping that can be
found in literature is a-contraction mapping.

Asl et al. [11] initiated the concept of «,-admissibility
in case of multivalued mappings, whereas Mohammadi et
al. [12] presented the notion of a-admissibility in case of
multifunctions.

Karapinar et al. [13] presented the idea of a triangular «-
admissible mapping.

Definition 7. Leta, 77 : [0,00) % [0,00) — R™. A pair (a, 77) is
called triangular if for any x, y,z € &, a(x, y) = 5(x, y) and
a(y, z) = n(y, z) imply that a(x, z) > y(x, z).

Recently, Abbas et al. [14] proposed a concept of & -closed
mappings for set valued mappings. We present the following
generalization of the definition.

Definition 8. LetT,S: X — P(X)anda,n: I xL — R".
We say that a pair (T, S) is triangular («, 77)-closed if the pair
(o, 1) is triangular and for any x, y € X with a(x, y) > 5(x, )
we have a(u, v) > nj(u, v) for all u € Tx and v € Su.

If S = T then a mapping T which is triangular (e, 77) closed
is referred to simply as a T' triangular («, #7)-closed mapping.

Example 9. Let & = [0,1]. Let T,S : & — P(X) be defined
by

Tx ={1,x}.
(11)
and Sx = {0, xz}
Define the mappings o, 77 : £ x £ — [0, 00) by
e, whenever x > y
a(x,y) = (12)
0, whenever x < y
and
7n(x,y)=x" forall x € [0,1]. (13)

It is obvious that the pair (T, S) is triangular (e, #7)-closed.
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The following lemma is crucial in our results.

Lemma 10. Let T,S : & — P(X). Suppose that the pairs
(T,S) and (S, T) are a triangular (o, )-closed. Assume that
there exists x, € X with a(xy, x;) = 1(x, x;) where x, € Tx,.
Define sequences x,,., € Tx,, and x,,,, € Sx,,,,, then
a(x,,, x,) = n(x,, x,) for allm,n € N withm > n.

Proof. By assumption, there exist x, € 2 and x,; € Tx, such
that a(xg, x;) = 7(xy, x,). Since (T,S) is («,#)-closed and
a(xg, x,) = n(x, x,) we obtain a(x,x,) > #n(x;,x,) where
x; € Txyand x, € Sx;. As (S, T) is («, 77)-closed, we have x;
in Tx, such that a(x,, x3) > #(x,, x3). Continuing this way,
we have sequences x,,,, € Tx,, and x,,,, € Sx,,,; with
“(xn’ xn+1) = ﬂ(xn’an) and “(xn+l’xn+2) = W(xn+1’xn+2)
foralln e N.
Since the pair («, ) is triangular we obtain that

o (%, X12) 2 1 (X X)) - (14)

Thus by induction, we have
a(x,x,,) =1 (x,,x,,) - (15)
for any m,n € N with m > n. O

Parvaneh et al. [15] introduced the concept of « — HO-
contraction with respect to a family of functions H and
obtained some O—contraction fixed point results in metric
and ordered metric spaces.

They introduced the following family of functions:

Let f denote the set of functions F : R* — R satisfying
condition (A™):

For all s;,5,,55,5, € R* with s;.5,.55.5, = 0 there exists
¢ € [0,1) such that

F (81,85, 85,84) =¢ (16)
Following are some examples of such functions [15].

Example 11. F(s,,s,,53,5,) = Lmin(sy,s,,S3,S4) + ¢, where
LeR andc € [0,1).

Example 12. F(s, s,,$3,5,) = ce-™MnCr255) where [ € RY
andc € [0,1).

The following definition which is a generalization of
a—continuity [16] is needed in the sequel.

Definition 13. Let (2',d) be a metric space, a,# L x
2L — R"and T,S : & — CB(Z). A pair (T, S) is (o, 7)-
continuous at the point x € 2 if, for any sequence {x,} in
,lim,_,d(x,,x) = 0 and a(x,, x,,,,) > n(x,, x,,,) for all
n € N implies that lim, ,  H(Tx,,Sx) = 0. We say that pair
(T,S) is (a, n)-continuous on (CB(X), H) if the pair (T, S) is
(o, )-continuous on each x € 2.

In this paper, we introduce multivalued (e, #7)-(0, ) ratio-
nal contraction pair of multivalued mappings and prove the
existence of common fixed points of the pair in a metric space.
We also obtain some fixed point results for both single and

multivalued (0, f) rational contraction mappings in a space
endowed with a partial order. As application, we establish the
existence of solutions of nonlinear elastic beam equations and
first-order periodic problem.

2. Common Fixed Point Results

Throughout this section we assume that (2, d) is a metric
space and 8 € Q where 6 : (0,00) — (1,00) satisfies
(6,), (6,) and (@'5). Let F be a family of continuous and
nondecreasing functions where F : R* — R* for F € f.

We now present the following definitions:

Definition 14. Leta,n: L' x L — R, 0€ Q,T,S: I —
P(X),and F: R* — R*.

(1) A pair (T,S) is called a multivalued («a,7) — (6,F)

rational contraction pair if, for any x, y € X with

a(x, y) = n(x,y) and H(Tx,Sy) > 0, the following
condition holds:

6 (H (Tx,Sy)) < {6 (M5 (x, y) ))}F(NT,S(-’C’J/)) 17)
where

Mys (x,y) = max {d (59),d (6 Tx),d (1 8y),

(18)
1 d (y,Sy) (1 +d (x, Tx))
~d(x8y), 1+d(x, ) }
and
Ny (x,y)
(19)

={d(x,Tx),d (y,Sy),d (x,Sy).d (y, Tx)}.
(2) A pair (S,T) is called a multivalued (e,) — (0,F)
rational contraction if, for any x,y € X with

a(x, y) = n(x, y) and H(Sx,Ty) > 0, the following
condition holds:

0 (H (Sx,Ty)) < {0 (Mg (x, y) ))}F(Ns,r(x,y)) (20)
where

Mg (x, y) = max {d (x%,9),d(x,8x),d (., Ty),

(1)
sty LT
and
T (22)

=1{d (x,8x),d (. Ty),d (x,Ty),d (y,Sx)}.
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(3) Amapping T : &' — P(X) is called a multivalued
(a,17) — (0, ) rational contraction if, for any x, y €
X with a(x, y) = n(x,y) and H(Tx,Ty) > 0, the
following condition holds:
@ (3 7) 0 (H (Tx.Ty)) < {0.(M (x, ) (23)
where
M (x, y) = max {d (%, y),d (x,Tx),d (y,Ty),
(24)
d(y,Ty)1+d(x,T
Uiy, 40T (4 d e T)
2 1+d(x,y)
and
N (x,y)
(25)
={d(x,Tx),d(y,Ty),d(x,Ty),d (y,Tx)}.
Remark 15.

) Ifa,np: X x XL — R are defined as a = 7(x, y) =
1 for all x,y € & in Definition 14, then the pairs
of mappings (7,S) and (S,T) are multivalued (0, F)
generalized rational contractions.

Q) Ifan : £ xXL — R are defined as a(x, y) =
n(x,y) = 1forall x, y € & in Definition 14, then T is
a multivalued (6, F) generalized rational contraction

mapping.

Theorem 16. Let T,S : & — CB(X). Suppose that the
pairs (T, S) and (S, T) are multivalued («, 1) — (0, ) rational
contractions such that

(C1) the pairs (T, S) and (S, T) are triangular («, )-closed;

(C2) there exist x, € & and x; € Tx, with a(xy, x;) >
1(xg> X1);

(C3) (T, S) and (S, T) are («, n)-continuous.

Then there exists X € X such that X € TX N SX.

Proof. It My 4(x,y) = Mgy(x,y) = 0, for some x,y € &,
then we have our conclusion. Assume that M5, Mg > 0 for
all x, y € 2. By assumption there exist x, € & and x, € Tx,
such that a(xg, x;) = n(xg, x1). If Xy = x; or d(x;,S;) = 0
then the result follows. Assume that x, # x; and x; ¢ Sx,
then

0 <d(x,8x,) < H(Txy,Sx,). (26)
This implies
1<6(d(x;,Sx;)) <6 (H (Txg, Sxy)) . (27)

Since a(xy, x;) = n(xy, x,) and (T, S) is multivalued («,7) —
(6, F) rational contraction, we obtain that

1<6 (d ('xl’ le)) < (H (TxO,S_xl))
(28)
< {0 (Mg (xo, xl))}F(NT:S(xU’xl))
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where

N (x0, %)
={d (x> Txg) ,d (x1,Sx;) . d (x> Sx1) . d (x1, Tx)}
<{d (x> x,),d (x1,8%,),d (x0,8%,) ,d (%1, 1)}
={d (x¢,%,),d (x1,8%,),d (x4,5%,) , 0} .

Since d(x, x;).d(xy, Sx1).d(xy,Sx,).0 = 0, by (A") there
exists ¢ € [0, 1) such that

F(d (xq,x;),d (x1,Sx,),d (x4,5%,),0) = c. (30)

Therefore, from (29) and using the fact that F is nondecreas-
ing we obtain

F(NT,S ETEN)

< F(d(xg,x),d (x1,Sx;),d (x,8%1),0) = c.

(31)
Also,

Mrg (xO’xl) = max {d (xO’xl) ,d (xo> Txo) >

1
d (x;,8%,), Ed(xO,le) ,

d (x1,8x;) (1 +d (%0, Txy))
1+d(xg, ;)

} < max {d(xo,xl),

1
d(xo,xl),d(xl,le),Ed(xO,le), (32)

d(xl’sxl) (1 + d(xO’xl))
1+d(xq,x;)

} = max {d(xo,xl),
1
d (xg,x1),d (x1,8x,), Ed(xO,le),

d (xy,8x;) (1 + d(XO’xl))}
1+d (xp, %) ’

since

lal(xo, Sx,) < lal(xo,xl) + lal(xl,le)
2 2 2 (33)
< max {d (xy, x;),d (x,5x,)} .

Thus,

Mg (x4, x;) < max {d (xg,x;),d (x;,5%x,)} . (34)
Replacing (31) and (34) in (28) we get

0 (d (x;,Sx,))
< {6 (max {d (x¢, x, ), d (x1, Sx,) D)} .

If max{d(x,, x1), d(x1, Sx;))} = d(x,,8x,), then

(35)

0 (d (x;,Sx,)) < (d (x,,8x,)))", (36)
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a contradiction. Hence max{d(x,,x,),d(x;,Sx,))} =
d(xy, x1). Therefore,

1<6(d(x;,8%,)) < (0(d (x4 %,)))° (37)
By (0';) we have
0w 5%) = f0(d(x.0). (o

Thus, there exists x, € Sx; such that

0(d(x,,8%;)) =60(d (x, %)) (39)
Then from (37) we have

0 (d (x1,x,)) < (0(d (x0,%,)))° (40)

Since x; € Txy, x, € Sx, a(xy, x;) = n(xy, x,), and (T, S)
is (ar,77)-closed, we have a(x;,x,) > 3(x;,x,). If x; = x, or
d(x,, Tx,) = 0 then the result follows. Suppose that x; # x,
and x, ¢ Tx,. Thus

1 <0(d(x,,Tx,)) < 0(H (Sx,Tx,)). (41)
As a(x;, x,) = 5(x;, x,), we have

1< 0(d(x,Tx,)) < 0 (H (Sx,, Tx,))

(42)
< {0 (Mg (x;, x,))} 00
where
NT,S (‘xl) xz)
= {d (x]) Txl) > d (x2) sz) > d (xl, sz) N d (‘xZ’ Txl)} (43)

< {d (x5 %) ,d (x5, 8%,) . d (x1,8%,) , d (x5, %,)}
={d (x1,x,),d (x,8x,) . d (x1,8x,) , 0} .

Since d(x,, x,).d(x,,Sx,).d(x;,8x,).0 = 0, by (A") there
exists ¢ € [0, 1) such that

F(d(x;,x,),d (%, 8x,),d (x,8x,),0) = ¢ (44)

Therefore, from (43) and using the fact that F is nondecreas-
ing we have

F (NT,S (%0, %1))

< F(d(x1,x,),d (x5, 8%,),d (x1,5%,),0) = c.

(45)

5
Further,
M (55) = mx (5, 5). S5,
1
d (x,,Tx,), Ed(xl,sz),
d (x5, Tx,) (1 +d (x1,5x%,)) < max Jd (%),
1+d(x,x,)

1
d(xl,xz),d(xz,sz),Ed(xl,sz), (46)
d(x,,T. 1+d(x,,

(22, Tx,) (1 +d (x1,x,)) = max {d (x,, %,),
1+d(x;,x,)

1
d(x1,%,),d (x5, Tx,), Ed (x1,Tx,) 5
d (x,,Tx,) (1 +d(x,x,))

1+d(x;,x,) ’
Since
1 1 1
=d (x,,Tx,) < =d (x1,x,) + =d (x5, Tx;,)
2 2 2 (47)

< max{d (x,,x,),d (%, Tx,)},
we get
Mg (x1, %) < max{d (x},x,),d (x5, Tx,)} - (48)

Replacing (45) and (48) in (42) we have

0 (d (x,,Tx,))
(49)
< {0 (max {d (x,,x,),d (x,, Tx,)})}.
If max{d(x,, x,), d(x,, Tx,))} = d(x,, Tx,), then
0(d (x5, Tx,)) < (0(d (x,,Tx,))) s (50)
a contradiction. Hence max{d(x;,x,),d(x,,Tx,))} =
d(x,, x,). Therefore,
1< (d(x,,Tx,)) < (6d (x1,x,))) . (51)
By (6',) we have
0(d(x,Tx) = inf 0(d(x0). ()
Thus, there exists x; € Tx, such that
0(d (x;,Tx,)) = (d (x5, x3)). (53)
Therefore, from (51) we have
0 (d (x5, %3)) < (0(d (x1,%,)))" (54)

Furthermore, from (40) we have

0(d (x2,,)) < (6.(d (x1,,)))" < (0(d (x5, x,)) . (59)



Proceeding in the same manner, we obtain a sequence {x;} in
& such that x,; # Xy, Xp; & Ty X5 & SXpjpps Xgiyy €
Toxy> and Xy;,5 € X4y With (X, X9;11) 2 755 X5341) and
it satisfies

2i+1

0 (d (x5415 X5142)) < (0 (d (xo’xl)))c > (56)

for each i € Ny As x5, € Txy X900 € SXpip1s
and a(xy; X541) 2 1(Xp X5541), We have a(xy;, 1, x5,5) 2
1(Xai415 Xi42)- Then,

0 < d (X105 Tin) < H (SX55415 TXpi15) - (57)
Therefore,

0 (d (X142 TXy14)) < 0 (H (S50, Tx112))
< & (X111 X9142) 0 (H (S, TX342)) (58)

F(Ngr(x3i115%2i42))
< (0 (Mg (91115 %2i42))) " Pl
Thus,

Ngr (x2i+1’ x2i+2) {d (x2i+1> Sx2i+l) ,d (x2i+2’ Tx2i+2) >
d (x2i+1> Tx2i+2) ,d (x2i+2’ szm)}

<Hd (%1415 %2i42) » d (X142 TX142) »

(59)
d (x2i+1’ Tx2i+2) ,d (x2i+2’ x2i+2)}
= {d (x2i+1> %2i+2) > A (X142 TXsi42) »
d (x2i+1’ Tx2i+2) > 0} .
Since d(Xy;115 Xi42)-A(Xgi12 TX145) (%5341, Txi5).0 = 0

by (A*) there exists ¢ € [0,1) such that F(d(xy;,,%542)s
d(xpi10> Txpi10), (X541, TX5145), 0) = c. Thus, from definition
of F and (59) we obtain

F Ny (%0015 %2i42)) < €. (60)

Also,

1
Ed (x2i+1’ Tx2i+2)

1 1 61
= Ed (%2i01> X2i42) + Ed (%0425 T2is) (61

< max {d (%15 %2i42) » @ (X125 Ti40) -
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Then
Mg (x2i+1’ x2i+2) = max {d (x2i+1’ x2i+2) ,d (x2i+1’

1
szi+1) .d (x2i+2’ Tx2i+2) > Ed (xziw

1+d (%1415 S%5:11) }

1+d (%Xg1115 Xi42)

Tx2i+2) d (x2i+2’ Tx2i+2)

(62)
< max {d (x2i+1’ x2i+2) N (x2i+1’ x2i+2) N (x2i+2’
1
Tx2i+2) Ed (x2i+1’ szi+2) ,d (x2i+2’ Tx2i+2)
1+d (%2415 Xai2)
1+ d (%1415 X142)
d (x2i+2’ Tx2i+2)} .
Therefore, replacing (60) and (62) in (58) we obtain
0 (d (x2i+2’ Tx2i+2))
< (O max {d (x;1> %3i42) » A (X125 Ti40) ))C .

If max{d(xy;, 1, X5i42) d(%5i1, TXp100)} =
then

} < max {d (X141, %2i42) »

(63)
A(x3i42, Tx5i45)

0 (d (X242 TX2142)) < (0(d (X312 TX3112)))° (64)
a contradiction. Further,
0 (d (X342 TX3i4)) < (0(d (X141, %2102)) - (65)
Again, using (6';) we have

0(d (x2i2 T2i12)) = £ 0(d(x2:2 7)) (66)

in

YE€TXpi4p
Therefore, there exists x,;,; € Tx,;,, such that

0 (d (X342 TX5142)) = 0(d (X312 X5143)) - (67)
Thus, we have

0 (d (X112 Xi13)) < (0(d (%1515 %2i42))) - (68)
From (56), we have

0 (d (X312, X5143)) < O((d (x2i+1’x2i+2))c

2i+2 (69)

< 0((d (x> 1))

Hence, we have a sequence {x,} in & and «a(x,,x,,;) =
7(x,, X,,41) such that

8(d (s ) < (O(d (x00x))) . (70)
for all n € N. On taking limit as n — ©co, we obtain

1< nh_{nooe (d (xn+1’xn+2)) <1 (71)
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which implies that lim,,_,.0(d(x,,,,, X,,+,)) = 1. Then by (6,)
we obtain

hm d( Xn+1> X n+2) =0. (72)

Now, we show that {x,} is a Cauchy sequence. If {x,} is not
Cauchy, then there exist € > 0 and m(i) > n(i) > i for all
i € N, such that

d (X X)) 2 €
(73)
and d (x> Xpgi)_1) < €
Thus,
€ < d (X0 Xm(i)
< d (%) Xnci-1) + A (Xpn(iy-1> Ximei)) (74)

<e+d (xm(,-)_l, Xpn(iy) -
Therefore, from the above inequality and (72), we obtain

11m d( 1> Xm(iy) = € (75)
Also,
d (xn(i)’

and

X)) < A (Xiiys Xngiy1) + A (Xpiys1s X)) (76)

d (x (i)+1> m(z)) < d( i+1> X ) + d( n(i) m(z)) (77)

On taking limit as i — oo in (76) and using (75) (77), we
have

€ < lim d (X,)41> X)) < € (78)
l—)OO
Therefore,
,lim d (xn(z)+1’ m(i)) =€ (79)

Similarly, we obtain that

hm d( 1 X m(,)H) = hm d( xm(k)+1)
(80)
= lim d (%41, T%,,)) = €.
By Lemma 10, we have
o4 (xn(i)’ xm(i)) = (xn(,-), xm(,-)) : (81)

If d (%415 TX,)) = 0, we have

d (xn(i)’ xm(i)) <d (xn(i)’ xn(i+1)) +d ('xn(H—l)’ Txm(i))

+d (TX, (i) Xp(iy)

< d (X Xnii) + 4 (Xugiony Ty)  (82)
+d (x e m(l))

< d (X Xngiy1) + 4 (Kmiye1s Xmgiy) -

7
Taking limit i — oo we have
lli{lgod( ) Xim(iy) = 0 (83)

a contradiction to our assumption. Thus, assume that
d(X(iy+1> TXpyiy) > 0. Therefore, we have

m(i))) <6(d (an(i)’ Txm(i)))

F(Ng, 1 (XpiysXm(iy )
< (0 (Mg (X Xmgiy))) o @m0

Xmli)
6(d (xn(i)+1’ Tx
(84)
where
N1 (X Xmiy) = 1 Ky S%uy) > d (Xpniiy» Tmgiy) »
A (%60 TXpiiy) » A (Xiys SXiiy)}
< A{d (%) Xiyer) > d (Xomiips Xmgiy1) -
i) -

(85)

d (xn(i)’ xm(i)+1) ,d (xm(i)’ Xn

Taking limit i — oo in (85),

iy Xm(i)) < { 11m (d (¢

11320 (d (xm(i), xm(k)+1)) >

lim Ngr (x
1—00

n(1)+1 ))

(86)
lli{lgo (d (xn(i)’ xm(i)+1)) > lli)néo (d (xm(i)’ xn(i)+1))}
={0,0,0,0}.

Now, by (A") there exists ¢ € [0, 1) such that F(0,0,0,0) = c.
Thus, using the continuity of F and (86),

F <hm NS,T (xn(i), xm(,-))> <c. (87)

Moreover,
Mg (xn(i)» xm(i)) = max {d (xn(i)’ xm(i)) >

1
d (%037, S%(iy ) » A (Xpiiys TXmiy) 5 Ed (Xutiy> TXmiiy) »

A (X Tniiy) (1 + d (X0 Sx,3))) }
1+ d (X5 Xi(i))

(88)
< max {d (xn(i)’ xm(i)) .d (xn(i)’ xn(i)+1) >

1
d ('xm(i)’ xm(i)+1) > Ed (xn(i)’ xm(k)+1) >

A (Xniys Xom@iye1) )1+ d (Xips Xgiys1) }
1+ d (X0 X))

Taking limits as i — oo and using (72) and (80) we obtain
that

lli)néo M1 (X3 Xmiiy) S € (89)



Thus, using (84) and the continuity of @ we have

9( lim d (%01, TX (i) )) < <6

i—00
. (90)
) F(lim; o0 Ng .7 (X0() X m(iy))
: lli{r.}o (M1 (%> Xmii))) )> .
From (89), we obtain
0 (e) < (8(e)) <6 (e) 91

a contradiction. Hence, {x,} is a Cauchy. Since & is a

complete metric space, there exists X € & such that

lim, . d(x,,%) = 0. As the pair (T,S) is (&, 7)-continuous,

we have lim, . H(Tx,,,SX) = 0.
Note that

d (%,8%) < d (X, xp,11) + d (X341, SX)
(92)
< d (X, xXp,1) + H (Txy,, SX) .

On taking limit as # — 00 on both sides of the above
inequality, we obtain that d(X, SX) = 0 and hence X € SX. As
(S, T) is (a, n)-continuous, we have lim H(8x,,,1,TX) =
0. Also,

n—00

d(%,TX) <d (X, xp,4,) + d (X340, TX)
(93)
< d (%, %12) + H (8211, TX) -

On taking limit as # — 00 on both sides of the above
inequality, we obtain that d(X,TX) = 0 and hence ¥ € TX.
Thus there exists X such that X € Tx N SX. O

We may omit the («, #)-continuity condition in the above
theorem by condition (H).

If {x,} is a sequence in " with a(x,, x,..1) = 7(x,, x,.1)
forall n € Nand lim,_, d(x,,x) = 0 for some x € 2, then
a(x,, x) > n(x,, x) forall n e N.

Theorem 17. Let T,S : & — CB(X). Suppose that the
pairs (T, S) and (S, T) are multivalued («, ) — (0, ) rational
contractions such that

(C1) (T,S) and (S, T) are triangular (e, 17)-closed mapping;

(C2) there exist x, € X and x, € Tx, with a(xy, x;) >
n(xg» X1);

(C3) the pair («, n) satisfies condition (H).

Then there exists X € & such that X € TX N SX.

Proof. As in Theorem 16, we obtain a Cauchy sequence {x,}
in the complete metric space 2" with lim,,_, d(x,,,X) = 0
where X € X and «a(x,,, x,,,,) = 1(x,,, X,,,,). As the pair (e, 7)
satisfies condition (H), a(x,,, X) > #(x,, X) for all n € N,. We
need to show that X is the common fixed point. Suppose on
the contrary that X ¢ SX.

From condition (H), we obtain a(x,,, X) > #(x,,, X) as
AKXy Xopi1) = M(Xg Xgpeq) and lim, | d(x,,, %) = 0. If
d(x,,,1>S%) = 0 then

d (55’ Sf) < d (55’ x2n+1) + d (x2n+1’85é) < d (55’ x2n+1) (94)
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Taking limit k — o0 in the above equation we obtain
d(%,8%) =0 (95)

a contradiction to our assumption. Thus, we assume
d(xy,41,S%) > 0. Then,

0 < d (X1, SX) < H (T, SX) . (96)
Further,
0 (d (x3,41,S%)) < 0 (H (T, SX))
< & (xp, X) 0 (H (T, SX)) (97)
< (0 (M (0 %))
where
Nrg (%3 %) = {d (x5, Txy,,) »d (%, %), d (%, Tx3,,) »
d (%3, SX)} < {d (%2> X3011) »d (%, 8X) , d (X, X341) » (98)
d (xy S%)} .

Taking n — oo in the above inequality we have

Jim N (3,0 ) < { Jim (d (X0 5200)

Aim (d (%,58%)),
(99)
nhl}loo (d (52’ x2n+1)) ), lim (d (xzn’ Sf))} - {0’

d(%,5%),0, lim_(d (x,,,5%))} .

Thus, as previously shown, by (A*) and continuity of F we
have
Jim F (Nyg (x,,, %)) < c. (100)

Also,
My (%) = max {d (o ) (3 T3)

d(%,5%), %d (x,,, S%),

d (%,8%) (1 +d (x5, Tx,,))
1+d (xy,,X)

} < max {d (%3 %), (101)

d (%3 Xpp41) »d (%, 8%) %d (%2 S%) »

d (E’ Sk‘) (1 + d (xZn’x2n+l)) }
1+d (xy,,X) ’

Hence

Jm Mg (x,,, ) < d (%, 5%) . (102)



Journal of Mathematics

Moreover, from (97) we have
=~ =\ \ 1 F(N75(x5,,%
8(d (X301, S%) < [0 (M (0 2767 (109

On taking limit as # — oo in the above inequality and using
(6;), we obtain that

0(,Jim d (x,.1,5%))

< (0 i s 5,2 o
< (0(d(X,8%))) < 0(d (%,5%)).
It follows from (0, ) that
Jdim d (xy,,1,S%) < d (%, 8%). (105)
That is,
d(x,8%) < d (X,8%), (106)

a contradiction. Hence, d(X, SX) = 0. Similarly, we can show
d(x,TX) = 0. Hence, X € Sx N TX O

Example 18. Let 2 = R* and

maxix, i, X*#
d(x,y) = =) g (107)
0, X =y.
Define the mappings S, T : & — CB(X) by
{x-1,x+1}, x>1
Sx = x (108)
{0, —} R 0<x<1.
16
and
{Lx+1}, x>1
(109)

Tx =
{o,g}, 0<x<l1.

Define a, 77 : £ x X and H : R* — R" by

0<x,y<1

1)
a(x,y) = (110)
0, either x or y ¢ [0,1],

n(x,y)=x> forallx eI (111)

and

1

F (81,55, 83,84) = \/g (112)

It is evident that both the pairs (T, S) and (S, T') are triangular
a—n-closed. Now, we show that the pair (T, S) isa («, #7)— (0, F)

rational contraction for (¢) = eVt That is, we need to show
that

H (Tx,Sy)
\jm < F(Nps (% 7)) (113)

forallx,y € 2.

Let x, y € [0, 1]. Without any loss of generality, we may
assume that y < x. Thus,

szJx_/Ssz_/Sle_ (114)
Mg (x,y) x x 8

Thus, the pair (T,S) is a (a, 1) — (0, F). Similarly, (S,T) is
(a,17) — (0,F) rational for F as defined above. If x, = 1,
T1 = {0,1/8} then «(1,0) = 1 = 5(1,0). For any sequence
a(x,, X,1) = 1(x,,x,,,) forall n € N, we have {x,} € [0,1]
and {x,} converges to some x € [0,1]. Thus «a(x,,x) >
n(x,, x). All the conditions of Theorem 17 are satisfied and
X = 0 is the common fixed point of S and T

Corollary19. Let T,S : &' — CB(X). Suppose that the pairs
(T,S) and (S,T) are continuous multivalued (0,f) rational
contractions, then there exists X € 2 such that X € TX N SX.

Proof. Define a(x, y) = n(x, y) = 1 for all x, y € &. Then the
result follows from Theorem 16. O

Theorem 20. Let T : &' — CB(X) be a multivalued («, 1) —
(0, F) rational contraction mapping such that
(C1) T is a triangular («, )-closed mapping;
(C2) there exist x, € X and x, € Tx, with a(xy, x;) >
n(xo’ X1 )

(C3) T is («, n)-continuous.
Then there exists X € 2 such that X € TX.

Proof. By choosing T = § in Theorem 16 the result follows.
O

Theorem 21. Let T : &' — CB(X) be a multivalued («, 1) —
(0, F) rational contraction mapping such that
(C1) T is a triangular («, n)-closed mapping;
(C2) there exist x, € & and x; € Tx, with a(xy, x;) >
1(xo, X, );
(C3) the pair (a, 1) satisfies condition (H).

Then there exists X € 2 such that X € TX.

Proof. By choosing T' = S in Theorem 17 the result follows.
O

Theorem 22. Let T : X — CB(Z) be a multivalued
mapping. Suppose that T satisfies the following conditions:

(C1) For any x, y € & such that «(x, y) > 5(x, y) and 0 <
¢ < 1, we have

H(Tx,Ty) <cM (x,y) (115)
where
M (x, y) = max {d(x,y) ,d(x,Tx),d (y,Ty),

(116)

>

%d (6 Ty), d(y,Ty) (1 +d (x,Tx)) }

1+d(x )
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(C2) T is a triangular (a, 1)-closed mapping;
(C3) there exist x, € X and x; € Tx, with a(x,x;) >
n(xo’ X1 )

(C4) T is (et 1p)-continuous or (a, 1) satisfies condition (H).

Then there exists X € X such that X € TX.

Proof. Taking 6(t) = e’ and F(s,s,,s;5,5;) = ¢ where ¢ €
[0,1) in Theorems 20 and 21, the result follows. O

Example 23. Let 2 = [0, 00) and

Xty X%
d(xy) = 4 4 (117)
0, x=y
Define the mapping T': &’ — CB(X) by
{f, f} ; 0<x<1
Tx = {62 K } (118)
;x> 1
x+1
Definea,7: ' x & — R" as
I, 0<xy<1
alxy) =11 (119)
—; otherwise
8
and
n(x,y) = i forall x,y € 2. (120)

Clearly, T is a triangular («, 77)-closed mapping. If x;, = 1
and x; = 1/6, then a(xy,x;) = 1 > 1/4 = y(x, y). Note
that (C(3)) is also satisfied. Let x, y € 2, then a(x, y) > 1 if
0 < x, y < 1. Assume that x # y, then

e VH(Tx,Ty) e \max{8(Tx,Ty),0(Ty,Tx)}

_ e\/max{x/6+y/9,x/9+y/6} < e\/(x+y)/4 (121)

1/2
< o VMGENTE _ (e\/M(x,y))) )

Therefore, T' is a multivalued («,#) — (6, f) rational contrac-

tion with () = eV and F(sy,s,,85,84) = 1/2. Thus, all the
conditions of Theorem 21 are satisfied and X = 0 is a fixed
point of T'.

Corollary 24. Let T,S : & — CB(X). Suppose that, for any
x,y € X such that «(x, y) > n(x, y), and 0 < ¢ < 1, the pairs
(T,S) and (S, T) satisfy

0 (H (Tx,5y)) < (6(d (x.)))" (122)
whenever (H(Tx, Sy)) > 0 and
0 (H (Sx,Ty)) < (0(d (x, ) (123)

whenever (H(Sx,Ty)) > 0. If the following conditions also
hold:
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(C1) (T, S) and (S, T) are triangular (o, n)-closed mappings;

(C2) there exist x, € & and x; € Tx, with a(xy, x;) >
1(xg> X1);

(C3) (T,S) and (S, T) are («, n)-continuous.

Then there exists X € X such that X € TX N SX.

Now, we apply the results for the existence of common
fixed points of single valued mappings on a complete metric
space.

Definition 25. Let f,g : & — X be two mappings on a
nonempty set £ and a,77 : L x & — R*. A pair (f, g) is
called (e, 7) -admissible if for any x, y € 2, with a(x, y) >
n(x, y), we have «( fx, gy) = n(fx, gy).

Denote the set of fixed points of f and g by F( f) and F(g),
respectively.

Theorem 26. Let f, g : X' — . Suppose that the pairs (f, g)
and (g, f) are (o, 1) — (0, F) rational contractions such that

(C1) the pairs (f,g) and (g, f) are triangular («,n)-
admissible mappings;

(C2) there exists x, € X such that a(xy, fxo) = 1(xg, fx0);

(C3) (f,g) and (g, f) are (a, n)-continuous.

Then F(f) N F(g) + ¢.

Proof. Define T,S : & — CB(X) as Tx = {fx} and Sx =
{gx}. Then Theorem 16 implies the result. O

Theorem 27. Let f, g : X — X. Suppose that the pairs (f, g)
and (g, f) are («, n) — (0, F) rational contractions such that

(CD) (f, g) and (g, f) are triangular («, 17)-admissible map-
ping;
(C2) there exists x, € X such that a(x,, fx,) = n(xy, fx,);
(C3) the pair («, 1) satisfies condition (H).
Then F(f) N F(g) # ¢,

Proof. Define T,S : & — CB(Z) as Tx = {fx} and Sx =
{gx}. Then Theorem 17 implies the result. O

Example 28. Let 2 = [0, 00) and

xX+y, x#y
d(x,y) = (124)
0, xX=y
Define f,g: X — I by
X
B, 0<x<1
fx=1/,1_ .
(1-x) +1’ 51
10
. (125)
—, 0<x<1
and gx = 4 10 2
9 (2x-1) -
0
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Define o, 17 : & x & — [0, 00) by

I, 0<xy<l1

a(ey)=11 (120
E, x> 1
and
n(x,y)=1 foralx,yeX. (127)

Clearly, (f,g) and (g, f) are triangular («,#)-admissible
mappings.

11

in I if there exists x, € & such that a(x,, fx,) = n(xy, fx,)
and f is triangular (o, )-admissible. Furthermore, the fixed
point is unique if a(x, y) > y(x, x).

Corollary 30. Let f : &' — X be a triangular (o, 1)-
admissible (a, 1) — (0, ) rational contraction. Then f has a
fixed point in X provided that there exists x, € & such that
a(xg, fxg) = n(xy, fx,) and («,n) satisfies condition (H).
Furthermore, the fixed point is unique if a(x, y) > 1(x, x).

Example 31. Let 2 = {0,1/4, 1/2}. Note that

Define F: R* — R™ as D AR
1 d(xy) = { 2 *7Y (129)
F (51,52: 53, 54) = 5 (128) 0) X = )/
Note that pairs (f, g) and (g, f) are (a, #)-continuous. Also,  defines the metric on . Define T : & — X by
(f,9) and (g, f) are (a,n) — (0, F) rational contractions for
0(t) = Vt.Ifx, = 0and fx, = 0, then a(0,0) = )
1 = #(0,0). Thus all the conditions of Theorem 26 are X%, x=0,=
satisfied. Thus, f and g have a common fixed point ¥ = 0 in Tx = 1 2 (130)
X. 0, x=-.
4
Corollary 29. Let f : &' — X be an («,n)-continuous
(a, 1) — (0, ) rational contraction. Then f has a fixed point ~ Definea,n7: & x £ — R" and
cosh(m>, if (x,y) ¢ {(0,0),(l,l>,(l,l>,(0,l>,(0,l>}
-, otherwise,
4
and 3. Application to Nonlinear Elastic
Beam Equations
n(x,y)=1 forall x,yeX. (132)

Clearly, T is (a, n7)-continuous. Define F : R* — R* as

4 min{s;,$,,53,54}

F(s),55,535,8,) = 2, (133)

10

Let 0(t) = 1 + t. We only consider the case where (x, y) =
(0, 1/2); all other cases are trivial. Note that

0(d(Tx,Ty)) = (1 +d(Tx, Ty)) = <1 i %)
< )9/10 (1+ M (x ))9/10 (134)

<0(M (x,9))" .

Thus, T is an (&, %) — (0, ) rational contraction. Also, T'
is triangular («, 77)-admissible. Let x, = 0, then a(x, Tx,) >
1 = 11(xy, Tx,). All the conditions of Corollary 29 are satisfied
and X = 0 is a fixed point of T'.

We study the existence of solutions of fourth-order two-point
boundary value problem given by

=f(tLu®),
u© =pu) =4 (0)=4' (1) =

which represents the bending of an elastic beam clamped
at both ends. The boundary value problem in (135) can be
written as [17]

u (@) e [0,1],

(135)

p () = Ll G(t,s) f(s,u(s)ds forte[o,1], (136)

where the Green function associated with the given boundary
value problem is given by

G(t,s)=-—

0<t<s<l1 (137)

SA-0)*[t-s)+2(1-s)t], 0<s<t<l

{tz(l—5)2[(s—t)+2(1—t)s],

where sup,; IOI G(t,s) = 1/384 (see [18]).
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Let £ = (C[0,1], [0,00)) be the space of all continuous
functions defined on [0, 1]. The metric on X is given by

d(xy) = max [x (t) - y (1) (138)

for all t € [0, 1]. Note that the space & =
complete metric space.

(C([0,1]),d) is

Theorem 32. Suppose that the following hypotheses are satis-

fied:

(1) f:10,1] x [0,00) — [0, 00) is continuous;
(2) f(s,) = [0, oo) [0, 00) is nondecreasing for each
s€[0,1];

(3) for u(s) < v(s) for u,v € &, we have
If (s0(9)) = f (7)) < M(p(9),v(s)),  (139)

forany s € [0, 1], where
M (u(s), v (s)) = max {d(y(s),v(s)),
d(u(s), f(su1(5))),d(v(s), f (5,7(5))),
(140)
=d (u(s), f(5,7(s)),

d(v(s), f(s,7(s) (1 +d (u(s), f (s, H(S))))}
L+d(p(s),v(s))

(4) there exists py € X such that, for allt € [0,1],
1
U () < J G(t,s) f (s p (5)) ds. (141)
0

Then problem (135) has a solution in .

Proof. Let y € &. Define the operator T': &' — X by

1
(Tu) () = J G(t,s) f(s,u(s))ds forte[0,1]. (142)
0
Clearly, T is continuous. Define a, 77 : &' x & — [0, 00) as

1, t)y<v(t), te[0,1
M%w={ pO<v@, reon

0, otherwise.

and

n(pv)=1 forall yveX. (144)

Clearly, (a,#) is triangular. Also, since f(s,.) is nondecreas-
ing, then for any y, v € & such that u(t) < »(t) forallt € [0, 1]
we obtain

1
(T ©) = [ G5 f(su)ds
(145)

< Jl G(t,s) f(s,v(s)ds=(Tv)(¢).
0

Journal of Mathematics

Hence, a(Ty,Tv) > 1. Since a(u,v) = 1, T is (a,7)-

admissible. Now, for all y,» € 2 such that pu(s) < (s) for
all s € [0, 1] we have
|(Tw) () = (Tv) (t)] = UOI G(t,s) f (s,u(s))ds
EG@@f@v@»m
rGUMfSMﬂ fvnlds  (46)

0

—_

G (t,5) M ((s),7(s)) ds

o

1
=M (u(s),7(s)) L G (t,s)ds

where ¢ € [0,1]. Using the fact that sup,(, L; G(t,s)ds =
1/384 we have

1
d (T Tv) < =M (i.7). 147
(T Tv) < 5= M (1,7) (147)
Now,
1
d (Tu, Tv) " < ﬁM(,u, v) /38O M)
(148)
—M Y M(u,v)
s (w)e
Now, passing through exponential we obtain
AT (17380 M(pm)e™
(149)
< (eM(‘u’,V)(eM([A,'V)))l/?)S‘l .
Thus, T satisfies
6 (d (Tu, Tv)) < (O)M (u,») ))F(N(/M/)) (150)

with 6(t) = ¢ and F(N(u,v)) = 1/384 < 1. Since all the
conditions of Corollary 29 are satisfied, then problem (135)
has a solution in 2. O

4. An Application to First-Order
Periodic Problem

In this section, we establish the necessary conditions for
existence of a fixed point of a mapping in the setting of a
partially ordered metric space. Throughout this section, we
assume that (', d, <) is a partially ordered metric space.

Definition 33. A sequence {x,} ¢ Z is called <-preserving if
X, % X, foralln e Nj.

Definition 34. A mapping T : & — P(X) is called <-closed
if, for any x, y € X with x < u,u < vforall u € Tx and
veTy.
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Definition 35. A mapping T : & — CB(X) is called
<-continuous at a point x € X if, for any sequence {x,}
in %, x, < x,,, and lim,_,_d(x,,x) = 0 implies that
lim, | H(Tx,,Tx) = 0 for all n € N,. We say that the
mapping T is <-continuous on X" if T < -continuous at every
xeX.

Corollary 36. Let T : & — CB(X) be < —(0, ) rational
contraction such that T is a <-closed mapping and T is <-
continuous. If there exists x, such that x, < Tx, then there
exists X € X such that X € TX.

Proof. Define o, : & x & — R" by a(x, y) = 1 whenever
x < yand a(x,y) = 0 whenever x £ yand 5(x,y) = 1
whenever x < y. Thus, the result follows from Theorem 21.

O

Example 37. Let & = {0, 1, 2}. Define a metric d on & by

d,1)=d(1,0) =7,
d(0,2) =d(2,0) =3, (151)
d(1,2)=d(2,1) =4

Define x < y by

<={(0,0),(1,1),(2,2),(0,1),(0,2)}. (152)

Note that & is a partially ordered metric space. Define the
mapping T : £ — CB(Z) by T0O = T2 = {0} and T'1 = {2}.
It can easily be shown that T' is <-closed, <-continuous, and
< —(6, f) rational contraction for 6(t) = eVand ¢ = 9/10. If
X, = 0and x; = 1 € Tx,, then we have x;, < x,. Note that
all the conditions of Corollary 36 are satisfied and {0, 2} is the
set of fixed points of T

Corollary 38. Suppose f : &' — X is a < —(0,F) rational
contraction. If f is <-closed and <-continuous and there exists
Xy € I such that x, < fx, then f has a fixed point in I

Corollary 39. Suppose f : &' — X is a <-closed and <-
continuous mapping that satisfies

0(d(Tx,Ty)) < (0(d (x, )™ (153)

forany x, y € X with x < y. Then f has a fixed point in .

We now apply the Corollary 38 in proving the existence
of solution of the first-order periodic problem.

Let & = (C[0,W],R) be the space of all continuous
functions defined on [0, W]. The metric on X is given by

d(x,y) = t)—y()|.
(%) = max |x(5) -y (1) (154)
Define the partial order on X by

x <y if and only if x (t) < y (¢) (155)
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for all ¢ € [0, W]. Note that the space 2 = (C([0,W]),d) is
partially ordered complete metric space. The following first-
order periodic problem is given by

u' (t) = f(tu®), tel[o,W]
p(0) =uWw),

where W > Oand f : [0,W] x R — R is a continuous
function. The problem in (156) can be written as

WO+ () = f(Lu®)+Au),
te€[0,W] and A >0 (157)

(156)

1(0) = (W),

Problem (157) is equivalent to

w
p(t) = J‘ G(t,8) [f (s u(s)+Au(s))] ds (158)
0
where G : [0, W] x [0, W] — R is defined by
e/\(W+s—t)
—wol 0<s<t<W
G(ts)=1 Jen (159)
e
W) 0<t<s<W.
Note that
w 1
J Gt,s)ds = ~. (160)
0 A

The following definition will be used in our theorem.

Definition 40. A lower solution for (156) is a function 8 €
C([0,W], R) differentiable on [0, W] such that

B (t) < f(t,B®), foralltelo,W],
BO) <BW).
Theorem 41. Suppose that following conditions hold:

@161)

(1) f:[0,W] xR — R is a continuous function;

(2) f(s,.) : R — R is a nondecreasing function for each
s€[0,W];

(3) there exists k € R* where k/A < 1 such that
|f (5 4(9) + M () = £ (5,7(5) + Av (s)|

162
<kM (u(s),v(s)) 162)
where
M ((s), 7 (5)) = max {d(u (9),7(9).
d(p@s), f(s,u(9)),d (v (), f (5,7(5)),
(163)

%d(y ), f (5 7()).

d(v(s), f(sv(s))(1 +d(M(5)>f(5’M(S))))}
L+d(u(s),v(s))

holds for all p < v and s € [0, W];
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(4) there exists a lower solution of problem (156).

Then problem (156) has a solution in X

Proof. Let u € &. Define the integral operator T': &' — &
as

w
Tu(t) = J Gt,s)[f (s, u(s)) + Au(s)] ds

0 (164)
for t € [0,W].

Clearly, T is continuous. For any y, v € & such that u < v we
obtain

d(Tu, Tv) = sup |Tu(t)—Tv(t)|
]

te[0O,W

w
< sup J G(t,s)

te[o,W] JO

Af () = Au(s) = f(sv() =M ()]ds (65

w
< sup J G(t,s) kM (u(s),v(s))ds

te[o,W] JO

w kM (u,
< kM (p,v) sup J G(t,s)dss$.

te[o,W] JO

Since k/A < 1 we obtain

d(Tu,Tv) AT M M)A

A
(166)
< kM (!’l’ 1}) eM(‘u,v)‘
A
Passing through exponential, we have
ATV (M) M) (eM(,u,v)eM("’”)k/ ’1. 167)
Setting k/A = c, we obtain that
TN (MY ()
Thus,
6(d (T, T%)) < (0(M (1)) ™ (169)

for 6(t) = etet, F(s,$5,83,54) = cwherec < land pu < ».
Since f(s,.) is nondecreasing then for any y, v € X such that
u(t) < () forall t € [0, W], we have

T
Tu(t) = J.O Gt,s)[f(s,u(s))+Au(s)]ds

< JW Gt s)[f (s,v(s) + Av(s)] ds (170)
0

=Tv(t).
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Therefore, T is <-closed. If B € 2 is a lower solution of (156),
then by simple calculations we have

Bh) < JOW Gt,9)[f (s B(s)) + AB(s)] ds

(171)

< (TB) (®).
Hence, by the Corollary 38, problem (156) has a solution in
Z. O

Remark 42. Our results generalize, extend, and refine several
results in the literature.

(1) Our results dealing with single valued mappings can
be viewed as an extension and generalization of
Banach fixed point theorem [1]. It is worth mention-
ing that the results in [15] are not a generalization of
the Banach fixed point theorem.

(2) Theorems 20 and 21 extend Nadler’s theorem [5],
Bianchini’s Theorem [19], and Hancer’s theorem [6].

(3) Corollaries 29 and 30 generalize Theorems 2.3 and 2.4
in [4] and refine Theorems 2.5 and 2.7 in [15].
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