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Sport Utility Vehicle (SUV) sales are increasing globally, even surpassing sedan vehicle sales worldwide. 

Their increasing popularity is termed a continuous trend that is expected to last. SUVs are known to offer 

a higher ground clearance which makes them more susceptible to rollover and directional instability 

during emergency manoeuvres. This dissertation proposes an integrated controller which controls two 

vehicle states, namely yaw-rate and side-slip angle to improve handling while reducing rollover 

propensity and improving rollover stability. The control system employs brake based torque vectoring 

to control the vehicle states, torque vectoring control improves lateral stability by maintaining consistent 

handling characteristics over all driving conditions and the lateral stability is maintained whilst adhering 

to a rollover index. The desired vehicle states are obtained from a reference linear two degree of freedom 

model with tyre characteristics obtained from the linear region of the tyre. A coordinated control strategy 

is investigated with respect to Direct Yaw Moment Control (DYC) acting on a vehicle through individual 

brake torques.  Two types of controllers are investigated, namely a Linear Quadratic Regulator (LQR) 

and a Linear Model Predictive Controller (LMPC). It is shown that yaw rate control together with side-

slip angle control and the inclusion of a roll index limit allows for better vehicle handling. Simulation 

tests are done using Simulink/ADAMS and verified experimentally with a SUV undergoing evasive 

manoeuvres where the vehicle is near its performance limit. The vehicle managed to be successfully 

navigated through manoeuvres not possible prior to yaw rate and side-slip angle control, with a notable 

decrease in the vehicle roll. 
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Chapter 1 Literature Study 

This Literature Study will discuss the working principles of Vehicle Dynamics and the benefits it could 

provide for a Sport Utility Vehicle. “Vehicle Dynamics are vital for optimizing a vehicle’s drivability, 

efficiency and safety” (Abe, 2015). 

1.1 Introduction 

Sport Utility Vehicles (SUVs) have become more popular in recent years, mainly due to their higher 

seating position that improves visibility and perception of safety. A higher centre of gravity however 

makes a vehicle more prone to rollover, especially if the driver makes a sudden directional input during 

an emergency manoeuvre. Although rollovers occur in only about 3 percent of all crashes, they account 

for nearly 30 percent of fatalities in vehicles (Reports, 2014). 

The United States National Highway Traffic Safety Administration (NHTSA, 2003) states that 

approximately one in every seven collisions is due to run-off-road collisions, whereby the vehicle fails to 

navigate a turn, which contributes to a third of all fatal collisions. Therefore, rollover and run-off-road 

collisions account for a large portion of fatalities in road vehicles. 

The vehicle dynamics of SUVs are more complex due to their high centre of gravity, large suspension 

displacements and varying terrains that SUVs must negotiate. Therefore, various active control systems 

such as ABS, 4WS, semi-active/active suspensions systems, active anti-roll bars and Electronic Stability 

Programs (ESP) were introduced in vehicles one after another since the late 1970s. The aim of the control 

systems is to improve vehicle safety, performance and comfort over the large range of operating 

conditions. It has been found that ESP systems made rollover two-thirds less likely in SUVs (Kallan, 

2008). 

A method to prevent the loss of vehicle directional stability in emergency manoeuvres together with a 

rollover prevention system is necessary to further lower the current fatality rate. Possible solutions in 

literature are reviewed, to determine the feasibility of the solutions and the practicality of it. 

1.1.1 Four Wheel Steering (4WS) 

Four-wheel steering can allow for improved steering response, increased vehicle stability at high speed, 

and decreased turning radiuses at low speeds. At low speeds, the vehicle’s rear wheels will turn in the 

opposite direction to the front wheels in order to aid in manoeuvrability, whereas at high speeds, the 

rear wheels will turn in the same direction as the front wheels but at much smaller angles.  

Ackermann (1994) models the steering dynamics based on the front axle side-slip angle and vehicle yaw 

rate, he thereafter prescribes a desired steering dynamic to be tracked. The total vehicle dynamics are 
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investigated and the rear axle’s side-slip angle is also taken into account, from this he determines for a 

zero-vehicle side-slip angle the rear steering angle.  

No mention is made of roll reduction using this method only, however it is mentioned as an aid in rollover 

prevention amongst other systems such as Electronic Stability Programs. The cost implication of using a 

four-wheel steer system is however expensive, due to the addition of components, linkages, etc. 

1.1.2 Active Anti-Roll Bars 

Anti-roll bars have been part of vehicle suspension systems dating back to 1919, it connects both left and 

right wheels on an axle through short lever arms and a torsion spring. The anti-roll bars increase a 

suspension’s roll stiffness. In 1994 Citroen introduced the first active anti-roll bar, limiting the vehicle’s 

roll to a maximum of 2 degrees (Marsh, 2007). Thereafter the stabilizer bar stiffness became variable, 

and in 2006 Toyota introduced its Active Stabilizer Suspension system which reduced body roll during 

cornering and improved handling and stability.  

A previous study at the Vehicle’s Dynamic Group by Cronje and Els (2010) simulated, designed, 

manufactured and implemented an active-anti-roll-bar on the rear of a test vehicle. It showed an 80% 

improvement in body roll angle on a smooth road during a double-lane-change manoeuvre at 80km/h. 

It cannot be faulted that an Active-Anti-Roll-Bar will indeed be the best solution to reduce vehicle roll 

angle, however its benefits with regards to consistent predictable handling haven’t been investigated. 

1.1.3 Controllable Suspension Systems 

Els et al. (2006) designed and implemented a semi-active suspension system on the test vehicle used in 

this study. The suspension system is termed a Four State Semi-Active Suspension System, or 4S4. It is a 

hydro-pneumatic suspension system and is discussed further in Section 2.1.3. It can switch between a 

ride mode and a handling mode. The test vehicle achieved a decrease in body roll angle between 61 and 

78% during a double-lane-change manoeuvre at 70km/h in its handling mode in-comparison to the 

baseline vehicle. 

1.1.4 Limited Slip Differentials (LSD) 

A vehicle’s conventional open differential allows two wheels on an axle to display uniform distribution 

of the driving torque and allows different wheel speeds during cornering. However, when the surface 

conditions vary, torque is sent to the wheel with lower adherence, which results in wheel spin and poor 

traction of the vehicle. Performance vehicles are equipped with limited slip differentials for this reason, 

it will always transfer torque to the slower wheel and allows no control over the torque transfer however. 

This can result in a rear wheel drive vehicle to oversteer and a front wheel drive vehicle to understeer.  
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Lew et al. (2006) proposes a control scheme using an electronically controlled limited slip differential to 

prevent vehicle rollover, the downsides of such an electronically controlled differential is the 

manufacturing and cost implications of such a system. 

1.1.5 Electronic Stability Programs 

In the early 1980s, Toyota introduced an electronic anti-skid control system on a production car. Other 

manufacturers shortly followed course introducing their traction control system. It works on the 

fundamentals of applying brakes asymmetrically without the driver applying brakes, done to exert 

restoring yaw moments on the vehicle, to allow the driver to gain control. Implemented using a closed 

loop control of yaw rate, the desired yaw-rate is obtained from extensive vehicle testing.  

 

Figure 1 Handling Characteristics with and without ESP (Wong, 2008) 

Wong (2008) shows in Figure 1 how ESP can assist the handling characteristics of road vehicles whereby 

in (a) the vehicle oversteers, a brake force is applied to the outside front wheel to oppose this yaw motion 

and in (b) where a yaw motion is induced by braking the inside rear wheel to prevent understeer. It 

should be noted that ESP does not increase traction, nor does it enable predictable consistent handling 

as it over-rides the driver’s command in order to recover vehicle control in a dangerous situation.  
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1.1.6 Torque Vectoring 

Torque Vectoring makes it possible to control both the direction and magnitude of torque transfer, 

allowing the vehicle to apply a yaw moment on the vehicle. Although more capable on electric vehicles 

with in-hub motors, the fundamental benefits can be applied on internal combustion vehicles. Torque 

may be transferred from the slower wheel to the faster wheel and thus create a better compromise 

between traction and vehicle dynamic performance.  

Sawase et al. (2006) mentions that Mitsubishi was at the forefront of the industry by equipping the 

world’s first production vehicle with an active yaw control system in 1996. They thereafter developed a 

torque vectoring control system named Super-All Wheel Control (S-AWC). S-AWC was aimed at 

maximizing the capability of all four tyres of a vehicle in a balanced manner and to realize predictable 

handling along with high marginal performance. The S-AWC was used for three forms of control: 

• Control over four tyres’ vertical loading, maintaining firm contact with the road surface for 

consistently maximal grip. 

• Control over four tyres’ slip ratios and slip angles such that the longitudinal and lateral force 

produced by each tyre are maximized in a balanced manor. 

• Control over the four tyres’ force assignments, thus the distribution of longitudinal and lateral 

forces amongst the four tyres. 

 

Figure 2 Left-right torque vectoring concept (Sawase et al., 2006) 

Mitsubishi Motors Corporation (MMC) devised that an ideal mechanism to track desired cornering be 

capable of controlling the yaw moment, thus the torque differences between wheels and not the torque 

distribution. Figure 2 depicts the torque transfer, whereby the left wheel experiences a brake force and 

the right wheel has a driving force of the same magnitude generated. This allows for the yaw moment to 

be controlled directly as desired without being dependent on engine torque or the driver’s acceleration 

or deceleration operations. The benefits of torque vectoring are mainly the enhancement of cornering 
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performance by means of tyre load equalizations between the front and rear as well as left and right of 

the vehicle.  

Figure 3 shows an example of tyre load equalization between left and right wheels when the vehicle is 

cornering. During the corner, the vertical load on the left tyre decreases and the vertical load on the right 

tyre increases, a difference is created between the left and right wheels’ maximum longitudinal and 

lateral force capability. In Figure 3(a), an increase in the torque will result in the tyre reaching its grip 

limit, and starting to slip, thus no cornering improvement is possible. By controlling the drive torque on 

the left wheel by a longitudinal braking torque, it is possible to increase the lateral force capability of the 

tyre. It is also mentioned that the lateral force can be increased to a limit, however an excessively large 

braking force on the left tyre will reduce the benefits. 

 

Figure 3 Tyre load equalization between left and right wheels (Sawase et al., 2006) 

Conclusion 

The methods discussed in this section show that active-anti roll bars and controllable suspension systems 

can reduce rollover propensity whereas 4WS, LSDs and ESP systems have been mainly introduced over 

the years to maintain stability. Torque vectoring control shows a possible improvement in both rollover 

propensity and the stability of a vehicle while offering predictable handling. The study will thus focus on 

torque vectoring control in the form of differential brake based control, it is noted that it is also readily 

implementable in most commercial vehicles.  

In this study a combined yaw-rate and side-slip angle controller is proposed. The controller tracks the 

states of a reference linear 2 Degree of Freedom (2DOF) vehicle model with fixed tyre/terrain interface 

parameters. The system will maintain the actual vehicle states, yaw-rate and side-slip angle, as close as 

possible to the proposed desired responses without an excessively large external yaw moment and 

without compromising rollover stability. The rollover stability is based on a zero-moment-point rollover 

index. The external yaw moment is kept as small as possible in order to let the driver feel supported 

rather than overruled.  
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1.2 Vehicle Dynamics 

Vehicle dynamics is investigated with regards to inconsistent vehicle handling and rollover propensity. 

1.2.1 Vehicle Navigating a Corner at low speed 

When a vehicle travels through a curved path at low speeds, such as parking lot speeds, the tyres develop 

very small lateral forces as the tyres roll without a slip angle. Ackermann (1994) describes the average 

front steer angle required for a vehicle with wheelbase L to navigate a circle with radius R as seen in 

Figure 4 as: 

 
𝛿 =

𝐿

𝑅
 

(1.1) 

 

Figure 4 Geometry of a vehicle turning at low speeds (Gillespie, 1992) 

1.2.2 Vehicle Navigating a Corner at high speed 

At higher speeds however, the vehicle will experience a lateral acceleration which is the centripetal 

acceleration acting towards the centre of the turn as depicted in Figure 5. For simplicity, a 2DOF bicycle 

model is used to depict this. The tyres develop lateral forces which results in the centripetal acceleration, 

so in order to go around a corner, the tyres need to generate forces.  

 

Figure 5 2DOF Bicycle Model turning at high speed 
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Where Lateral Acceleration can be defined as: 

 
𝐴𝑦 =

𝑉2

𝑅
 

(1.2) 

1.2.2.1 Lateral Force of a Tyre 

In order for a tyre to generate a lateral force, the tyre must undergo deformation. For 𝐹𝑦 this deformation 

is called the tyre side-slip angle as shown in Figure 6. Tyre side-slip angles can also be expressed as the 

difference between a tyre’s direction of heading and its direction of travel during a corner when the tyre 

develops a lateral force. The tyre experiences different lateral forces for different slip angles and 

generally an increase in slip angle results in an increase in lateral force within the linear aspect of a tyre. 

 

Figure 6 Tyre cornering force properties (Gillespie, 1992) 

Figure 6 also shows that at increasing slip angles 𝛼, the tyre is capable of developing increased lateral 

forces 𝐹𝑦, and the slope of the curve 𝐶𝛼 is known as the cornering stiffness leading to Equation (1.3). 

Cornering stiffness fluctuates based on variables such as tyre size, type, width, tread, vertical load and 

inflation pressure amongst others.  

 𝐹𝑦 = 𝐶𝛼𝛼 (1.3) 

Tyre lateral forces however decrease at even higher slip angles, whereby saturation occurs and (1.3) does 

not hold anymore, as the tyre displays nonlinear behaviour. 

1.2.2.2 Vehicle Dynamic Equations for high speed cornering 

The cornering equations at higher speeds are more complex than stated in (1.1). Using the 2DOF bicycle 

model shown in Figure 5 travelling with a forward velocity of V, cornering around a turn and using 

Newton’s Second Law of motion with the modified tyre’s slip-angle conditions, one may analyse steady-

state cornering equations of a vehicle. The sum of forces in the lateral direction from the tyres must 

equal the mass times the centripetal acceleration. 

 
∑𝐹𝑦 = 𝐹𝑦𝑓 + 𝐹𝑦𝑟 = 𝑀

𝑉2

𝑅
 

(1.4) 
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For the vehicle to be in moment equilibrium about the centre of gravity, the sum of moments from the 

front and rear lateral forces must be zero. 

 𝐹𝑦𝑓𝑙𝑓 − 𝐹𝑦𝑟𝑙𝑟 = 0 (1.5) 

Therefore 

 
𝐹𝑦𝑓 = 𝐹𝑦𝑟

𝑙𝑟
𝑙𝑓

 
(1.6) 

Substituting (1.6) into (1.4) yields: 

 
𝑀
𝑉2

𝑅
= 𝐹𝑦𝑟 (

𝑙𝑟
𝑙𝑓
+ 1) =

𝐹𝑦𝑟(𝑙𝑟 + 𝑙𝑓)

𝑙𝑓
= 𝐹𝑦𝑟

𝐿

𝑙𝑓
 

(1.7) 

 
𝐹𝑦𝑟 = 𝑀

𝑙𝑓

𝐿
(
𝑉2

𝑅
) 

(1.8) 

But 𝑀
𝑙𝑓

𝐿
 is the portion of the vehicle mass carried on the rear axle thus 

𝑊𝑟

𝑔
 , therefore the rear lateral 

force becomes: 

 
𝐹𝑦𝑟 =

𝑊𝑟
𝑔
𝐴𝑦 

(1.9) 

  and solving for the front lateral force is: 

 
𝐹𝑦𝑓 =

𝑊𝑓

𝑔
𝐴𝑦 

(1.10) 

As mentioned, with lateral forces comes tyre slip angles as in (1.3), thus the slip angles can be calculated 

assuming linear relationships as: 

 
𝛼𝑓 =

𝑊𝑓𝑉
2

𝐶𝛼𝑓𝑔𝑅
 

(1.11) 

 
𝛼𝑟 =

𝑊𝑟𝑉
2

𝐶𝛼𝑟𝑔𝑅
 

(1.12) 

Ackermann (1994) states that from analysis now the required steer angle in degrees is:  

 
𝛿 =

180

𝜋

𝐿

𝑅
+ 𝛼𝑓 − 𝛼𝑟 

(1.13) 

Which can be described as:  

 
𝛿 =

180

𝜋

𝐿

𝑅
+
𝑊𝑓𝑉

2

𝐶𝛼𝑓𝑔𝑅
−
𝑊𝑟𝑉

2

𝐶𝛼𝑟𝑔𝑅
 

(1.14) 

 
𝛿 =

180

𝜋

𝐿

𝑅
+ (

𝑊𝑓
𝐶𝛼𝑓

−
𝑊𝑟
𝐶𝛼𝑟
)
𝑉2

𝑔𝑅
 

(1.15) 
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From (1.15) one can define the stability factor as: 

 
𝐾 = (

𝑊𝑓

𝐶𝛼𝑓
−
𝑊𝑟
𝐶𝛼𝑟
) 

(1.16) 

The stability factor shows how the steering angle must be adjusted to maintain the radius of a turn based 

on lateral acceleration, with regards to the ratio of the load on the front and rear axles. There are three 

main categories with regards to a vehicle navigating a turn, these are shown in Figure 7 as: (Gillespie, 

1992) 

 

Figure 7 Examples of Understeer vs Neutral steer vs Oversteer (Gillespie, 1992) 

Understeer 

 𝑊𝑓

𝐶𝛼𝑓
>
𝑊𝑟
𝐶𝛼𝑟

→ 𝐾 > 0 → 𝛼𝑓 > 𝛼𝑟 
(1.17) 

This occurs when the steering angle of the vehicle has to increase with speed, the lateral acceleration at 

the vehicle’s centre of gravity causes the front wheels to slip sideways to a greater extent than the rear 

wheels. Therefore, in order to maintain the radius of the turn, the vehicle will either have to increase its 

steering angle as seen in Figure 7, or to reduce its longitudinal speed. Most passenger vehicle 

manufacturers design for this outcome, as it is more natural for a driver who has lost control to steer 

more into the corner when losing control. 

Oversteer 

 𝑊𝑓
𝐶𝛼𝑓

<
𝑊𝑟
𝐶𝛼𝑟

→ 𝐾 < 0 → 𝛼𝑓 < 𝛼𝑟 
(1.18) 

On a constant radius turn, with increased vehicle speed the steering angle has to be decreased. This is 

due to the lateral acceleration at the vehicle’s centre of gravity, causing the slip angle on the rear wheels 

to increase more than at the front wheels. The rear of the vehicle thus drifts outwards and the front of 

the vehicle drifts inwards, requiring corrective steering in the opposite direction as depicted in Figure 7 

in order to maintain the radius of the turn or a reduction in vehicle longitudinal speed.  
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Neutral Steer 

 𝑊𝑓

𝐶𝛼𝑓
=
𝑊𝑟
𝐶𝛼𝑟

= 𝐾 = 0 → 𝛼𝑓 = 𝛼𝑟 
(1.19) 

This is where no change in steer angle is required with an increase in speed around a constant radius 

turn. The Ackerman angle, 
180

𝜋

𝐿

𝑅
 is required at varying speed as shown in Figure 7. The balance on the 

vehicle is such that the lateral acceleration at the vehicle’s centre of gravity causes an equivalent increase 

in slip angle at both the front and rear of the vehicle. 

Taking the different forms of cornering, a controller should be designed to allow for predictable and 

consistent handling. The most dangerous cornering scenario is oversteer and should be avoided, thus 

forcing the vehicle to have neutral steer or slight understeer. 

1.2.2.3 Effect of Lateral Load Transfer 

Figure 8 shows an increase in vertical load on a tyre generally results in larger lateral forces, however 

as with increased slip angles, there is a point whereby saturation occurs and the relationship between 

lateral force and vertical load is also non-linear. For an axle with two wheels, the static load on each 

wheel is generally equal, however when cornering, load transfer occurs between the inner and outer 

wheel. The outside wheel becomes more loaded (𝑊 + Δ𝑊)  and the inside wheel load reduces 

(𝑊 − Δ𝑊). The lateral forces at each wheel will have a combined lateral force 𝐹′, which is smaller as 

opposed the lateral force 𝐹 of the no load transfer case. For a vehicle experiencing load transfer, the net 

effect on an axle will be reduced lateral force generation. 

 

Figure 8 Tyre Lateral Force as a function of Vertical Load 
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In general, for most cars, the larger the load transfer, the greater the reduction in lateral force, also in 

most cars, the load transfer is different for the front and rear wheels. During cornering, the tyre road 

interface is highly non-linear, it is thus crucial to use actual tyre data representative of the vehicle’s tyres 

and not a generic tyre model. A vehicle also experiences body roll during cornering whereby the roll 

angle of the vehicle increases/decreases according to the corner. This also has an effect on the loading of 

the tyres. 

The free body diagram shown in Figure 9 depicts the forces acting on a vehicle experiencing body roll 

through a cornering manoeuvre. The load transfer can be obtained by: 

 
𝐹𝑧𝑜 − 𝐹𝑧𝑖 = 2𝐹𝑦

ℎ𝑟𝑐
𝑡
+
2𝐾𝜙𝜙

𝑡
 

(1.20) 

Where 𝐾𝜙 is the roll stiffness of the suspension, 𝜙 the roll angle and ℎ𝑟𝑐 the roll centre height. 

 

Figure 9 Free body diagram of vehicle roll (Gillespie, 1992) 

In equation (1.20), there are two factors that contribute to load transfer, the first being the load transfer 

due to the cornering forces which arises from the lateral force imposed on the axle and the second being 

a result of vehicle roll which is dependent on the roll dynamics and the front/rear roll moment 

distribution.  

The front and rear axle load transfer due to cornering forces can be expressed as: 

 
Δ𝐹𝑧𝑓 = 𝐹𝑦𝑓

ℎ𝑓

𝑡
 

(1.21) 

 
Δ𝐹𝑧𝑟 = 𝐹𝑦𝑟

ℎ𝑟
𝑡

 
(1.22) 

However, since the load transfer due to vehicle roll is dependent on roll dynamics, the vehicle needs to 

be considered as a whole. 
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Figure 10 depicts the roll axis as a line connecting the roll centres of the front and rear. 

 

Figure 10 Vehicle Roll Centres and CG heights (Abe, 2009) 

The moment about the roll axis is then: 

 𝑀𝜙 = 𝑊𝑠ℎ𝑠𝑠𝑖𝑛𝜙 +𝑚𝐴𝑦ℎ𝑠𝑐𝑜𝑠𝜙 (1.23) 

The roll moment can also be expressed as: 

 𝑀𝜙 = 𝑀𝜙𝑓 +𝑀𝜙𝑟 = (𝐾𝜙𝑓 +𝐾𝜙𝑟)𝜙 (1.24) 

Substituting (1.24) into (1.23) and assuming small angles, the roll angle can be obtained as: 

 
𝜙 =

𝑚𝐴𝑦ℎ𝑠

𝐾𝜙𝑓 +𝐾𝜙𝑟 −𝑊𝑠ℎ𝑠
 

(1.25) 

From this it follows that the front and rear load transfers can be obtained as: 

 
Δ𝐹𝑧𝑓 = [𝐾𝜙𝑓

𝑚𝐴𝑦ℎ𝑠
𝐾𝜙𝑓 + 𝐾𝜙𝑟 −𝑊𝑠ℎ𝑠

+ 𝐹𝑦𝑓ℎ𝑓]
1

𝑡𝑓
 

(1.26) 

 
Δ𝐹𝑧𝑟 = [𝐾𝜙𝑟

𝑚𝐴𝑦ℎ𝑠

𝐾𝜙𝑓 + 𝐾𝜙𝑟 −𝑊𝑠ℎ𝑠
+ 𝐹𝑦𝑟ℎ𝑟]

1

𝑡𝑟
 

(1.27) 

The final vertical load on the wheels can therefore be simply obtained by adding or subtracting the load 

transfer from the static load on the wheel. 

 𝐹𝑧𝑓1 = 𝐹𝑧𝑓1,𝑠𝑡𝑎𝑡𝑖𝑐 − Δ𝐹𝑧𝑓 (1.28) 

 𝐹𝑧𝑓2 = 𝐹𝑧𝑓2,𝑠𝑡𝑎𝑡𝑖𝑐 + Δ𝐹𝑧𝑓 (1.29) 

 𝐹𝑧𝑟1 = 𝐹𝑧𝑟1,𝑠𝑡𝑎𝑡𝑖𝑐 − Δ𝐹𝑧𝑟 (1.30) 

 𝐹𝑧𝑟2 = 𝐹𝑧𝑟2,𝑠𝑡𝑎𝑡𝑖𝑐 + Δ𝐹𝑧𝑟 (1.31) 

The vertical loads on each wheel give the potential to use tyre models such as the Pacejka tyre model to 

determine non-linear tyre properties and develop a friction circle for each wheel. 
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1.3 Control Focus 

This section describes what variables can be controlled using torque vectoring control to allow for 

predictable handling and to reduce the rollover propensity.  

1.3.1 Yaw Rate and Side Slip Angle 

Yaw rate and side-slip angle form a major component of vehicle lateral dynamics. A large increase in 

these variables is a major cause of vehicle instability. Many algorithms have been proposed in literature 

assuming the availability of these variables, however in practise these are hardly measured due to sensor 

costs. 

 

Figure 11 Yaw Rate and Side-Slip Angle Schematic 

Figure 11 depicts that a vehicle’s yaw rate is the rate of rotation about the z-axis, which is directly related 

to the lateral acceleration of the vehicle during a cornering manoeuvre. 

Gillespie (1992) states the yaw rate of a vehicle in cornering as: 

 
𝛾 =

180

𝜋

𝑉

𝑅
 

(1.32) 

Substituting (1.32) into (1.15) and solving for the ratio of yaw rate to steer angle gain gives the relation: 

 𝛾

𝛿
=

𝑉/𝐿

1 +
𝐾𝑉2

180
𝜋  𝐿𝑔

 
(1.33) 

Figure 12 shows this ratio is directly proportional to velocity in the case of a neutral steer vehicle, 

however for the oversteer case, the yaw rate gain increases to infinity as the vehicle reaches its critical 

speed. The vehicle experiencing understeer will experience a yaw rate gain until a characteristic speed, 

thereafter the yaw rate gain begins to decrease. The vehicle is thus most responsive in yaw at the 

characteristic speed for an understeering vehicle.  
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Figure 12 Yaw Rate gain as a function of vehicle speed (Gillespie, 1992) 

Side-slip angle is the difference between the direction a vehicle is travelling and the direction that the 

body of the vehicle is pointing towards. As lateral acceleration becomes present, the rear of the vehicle 

must drift outwards to develop the necessary slip angles on the rear tyres as in Figure 5. The vehicle 

side-slip angle can be calculated as: 

 
𝛽 = 57.3

𝑙𝑟
𝑅
− 𝛼𝑟 

(1.34) 

 
𝛽 = 57.3

𝑙𝑟
𝑅
−
𝑊𝑟𝑉

2

𝐶𝛼𝑟𝑔𝑅
 

(1.35) 

In Figure 13 it can be seen that the vehicle is in an oversteer position, the vehicle is cornering through a 

curve in the general direction of the front wheels, however the body of the vehicle is pointing towards 

the inner radius of the curve, the angle between both is the side-slip angle. When a vehicle’s lateral 

acceleration is negligible, there exists a small side-slip angle within the linear region, and a steering input 

will allow for a good yaw rate change, thus good handling performance. In emergency manoeuvres, when 

the lateral acceleration and side-slip angle are large, a steering input will struggle to give a noticeable 

yaw rate effect. In this case, torque vectoring direct yaw moment control systems can significantly 

enhance the handling performance as mentioned in section 1.3.6. 

 

Figure 13 Visual Demonstration of Side-Slip Angle (Racelogic, 2015) 
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On dry roads, vehicle control is lost at side-slip angles greater than ten degrees, however on snow, vehicle 

control can be lost at side-slip angles as low as 4 degrees (Van Zanten et al., 1995). Vehicle stability 

control should take both variables into account for this reason. Van Zanten et al. (1995) mentions that it 

is necessary to control the side-slip angle together with the yaw motion of a vehicle in order to maintain 

the stability of the vehicle due to the instability of vehicle motion at the vehicle limits. The instability is 

brought about by decreased control of the yaw moment at large side-slip angles.  

Abe et al. (2001) used experimental validation of side-slip estimation to investigate the effects of side-

slip control by using DYC on stabilizing vehicle motion. It was proved that side-slip control by DYC 

stabilizes a vehicle’s motion better than 4WS because the vehicle loses its stability due to the 

deterioration of rear tyre characteristics. It was also noted that side-slip control is superior to yaw rate 

control in compensating for loss of stability due to nonlinear tyre characteristics (Abe et al., 2001). This 

was however proven for a passenger vehicle and not for an SUV type vehicle. 

Many conventional systems for vehicle dynamics control operate on the basis of many simplifying 

assumptions, such as constant longitudinal velocity, small steering angle and a small side-slip angle. 

However, in this dissertation assumptions are avoided and actual vehicle measurements are taken into 

account. It should be noted that, by improving vehicle handling, a vehicle can be susceptible to a higher 

rollover propensity. For this reason, roll prediction methods are investigated. 

1.3.2 Types of Roll Prediction 

There are various roll prediction methods available, however very few are generally effective measures. 

Three methods are discussed here, showcasing the benefits and pitfalls, a Roll Index method is selected 

based on the benefits of such a system. 

1.3.2.1 Static Stability Factor (SSF) 

The Static Stability Factor is the vehicle’s track width divided by twice the height of the centre of mass 

above the ground (Walz, 2005). 

 𝑆𝑆𝐹 =
𝑇

2ℎ𝑐𝑔
 (1.36) 

This method uses simple experimental measurements. Tests such as the side-pull test, whereby a vehicle 

is connected to a cable at its centre of gravity and pulled until the vehicle rolls, thereafter wheel force 

measurements are used to determine when rollover occurs. Other experimental tests include the tilt-

table tests and the centrifugal tests. Despite the static stability factor relating well to rollover rates 

according to the National Crash Databases, there are cases whereby the static stability factor was 

mimicked to appear better using simple suspension variations (Walz, 2005). 
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1.3.2.2 Load Transfer Ratio (LTR) 

The sum of vertical force on the right side and left side of the vehicle are used to determine the load 

transfer occurrence. A value of 1 or negative 1 for LTR indicates when all the load is on one side of the 

vehicle and will represent the vehicle rolling over. This is calculated by:  

 𝐿𝑇𝑅 =
𝐹𝑧𝑟 − 𝐹𝑧𝑙
𝐹𝑧𝑙 + 𝐹𝑧𝑟

 (1.37) 

Other empirical methods include the time to rollover metric, lateral acceleration threshold, threshold roll 

angle. The downside of these methods is the requirement to calculate measurements which are hard to 

measure (Tsourapas et al., 2009). 

1.3.2.3 Zero Moment Point Roll-Over Index (ZMP) 

Lapapong et al. (2012) proposes this method and states it is different to the LTR method. The ZMP does 

not require the tyre forces to be measured nor estimated but uses the contact polygon of the vehicle to 

predict wheel lift and can be used on both flat and banked surfaces. The ZMP algorithm has been used to 

predict skid-before-roll conditions of a vehicle, based on varying vehicle speeds, parameters and 

environmental conditions.  

The zero-moment point is defined as the point on the ground where the summation of all the tipping 

moments act on an object, from external and internal forces, equal to zero. The object will remain in 

dynamic equilibrium if the net force vector of the object to the ground acts within the contact polygon of 

the object to the ground. The force contact point is simply the location where the net moment on the 

object from the ground is zero, thus it is named zero moment point. Unlike previous methods, contact 

reaction forces are not necessary, the Lagrange-d’ Almert principle is used to estimate the kinematic 

motion of all objects in a kinematic chain of bodies. This means it is possible to calculate the net moment 

contribution of each body to the ZMP. If the vehicle’s zero moment point extends outside the vehicle’s 

polygon, the vehicle will roll over.  

In terms of rollover propensity, the ZMP to the edge of the vehicle’s support polygon is a dynamic metric. 

If the lateral position of the ZMP is outside of the vehicle’s track width, then the vehicle will experience 

wheel lift and is considered unsteady. The distance between the vehicle’s ZMP and centreline, called 𝑦𝑍𝑀𝑃 

is a direct relation to wheel lift.  
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Figure 14 ZMP on a kinematic chain of bodies 

As depicted in Figure 14, the centre of mass of the 𝑖𝑡ℎ body relative to an inertial frame (OXYZ) is located 

by 𝑟𝑖, assuming that the 𝑖𝑡ℎ body of the kinematic chain has a mass 𝑚𝑖, an inertia tensor 𝐼𝑖 about its 

centre of mass, and moves with a linear velocity of 𝑣𝑖, linear acceleration 𝑎𝑖, rotates at an angular velocity 

𝜔𝑖 and angular acceleration of 𝜔𝑖̇ . D’Alembert’s principle states that the moment equation about point A 

is  

 𝑀𝐴 =∑(𝑝⃗𝑖 ×𝑚𝑖𝑎𝑖⃗⃗⃗⃗ ) +∑(𝐼𝑖 𝜔⃗⃗⃗̇𝑖 + 𝜔⃗⃗⃗𝑖 × 𝐼𝑖 𝜔⃗⃗⃗𝑖) −∑(𝑝⃗𝑖 ×𝑚𝑖𝑔⃗)

𝑖𝑖𝑖

 (1.38) 

Vector 𝑝𝑖 = 𝑟𝑖 − 𝑟𝑍𝑀𝑃, with 𝑟𝑍𝑀𝑃 being the position vector of the ZMP. If the 𝑖 and 𝑗 components of the 

moment equate to zero, then point A becomes the ZMP. When applying the ZMP to a vehicle however, 

the sprung and un-sprung mass are considered using equation 1.39. 
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Figure 15 ZMP on a Rigid Vehicle Model 

The lateral location of a vehicle’s Zero Moment Point can be expressed as: 

 

𝑦𝑍𝑀𝑃 = {𝑚𝑔𝑐𝑜𝑠(𝜃) sin(𝜙𝑟)[𝑇|tan(𝜙𝑟 − 𝜙𝑡)| + 2ℎ]

− 𝑚𝑎𝐺𝑦[𝑇| tan(𝜙𝑟 − 𝜙𝑡)| + 2ℎ] − 2𝐼𝑥𝑥𝜔̇𝑥 + 2𝐼𝑥𝑧𝜔̇𝑧

+ 2𝐼𝑦𝑧(𝑞
2 − 𝛾2)

+ 2(𝐼𝑥𝑧 + 𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝛾}/{2𝑚[𝑔𝑐𝑜𝑠(𝜃) cos(𝜙𝑡) sec(𝜙𝑟 − 𝜙𝑡)

− 𝑎𝐺𝑦 tan(𝜙𝑟 − 𝜙𝑡) − 𝑎𝐺𝑧]}. 

(1.39) 

This method is computed as the vehicle’s rollover index due to its real time implementation readiness in 

simulation and experimental work. Yoon et al. (2007) proposes a roll-over index as a controller input to 

a Vehicle Stability Control (VSC) scheme. The VSC scheme sets a desired roll-over index, from which a 

desired yaw rate can be determined in relation to a desired lateral acceleration. A similar scheme is used 

however as a soft constraint in Section 3.3. 

Conclusion from Literature Study 

This literature study discussed a vehicle navigating a turn with the focus on the vehicle dynamics along 

with tyre characteristics. It is noted that a tyre should be used within its linear region for good lateral 

force generation and to provide stability. The relatively new torque vectoring control method has been 

identified as the most beneficial to allow for predictable consistent handling while reducing rollover 

propensity. The yaw rate and side-slip angle are important measures that can be controlled from 

exceeding tyre-road thresholds. Roll detection models are discussed and their implementation on a 

stability system appears promising.  
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Chapter 2 Experimental Setup and Validation of Vehicle 

Simulation Model 

This chapter describes the vehicle platform used for this study. A detailed description and validation 

simulation model is provided, as well as the experimental setup used.  

2.1 Vehicle  

The vehicle platform used for this study is a Land Rover Defender 110 as seen in Figure 16. 

 

Figure 16 Land Rover Defender test vehicle 

2.1.1 Simulation Model 

Parameters of the vehicle model have been experimentally determined by Uys (2006). The vehicle has 

also been the subject of numerous research projects at the University of Pretoria. 

The full vehicle model is developed in Automatic Dynamic Analysis of Mechanical Systems (ADAMS) 

software. The tyres vertical dynamics and load dependent lateral dynamics are considered in this model, 

thus it is possible to verify the load transfer during a cornering manoeuvre as mentioned in Section 

1.2.2.3. The vehicle body has been modelled as two rigid bodies connected along the roll axis at chassis 

height by a revolute joint and a torsional spring. This was done in order to better capture the vehicle 

dynamics due to body torsion in roll. Bump and rebound stops are modelled with non-linear splines as 

force elements between the axles and the vehicle body. Suspension bushings are modelled as kinematic 

joints with torsional spring characteristics that are representative of the actual vehicle’s suspension joint 

characteristics. 
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Figure 17 presents a graphical view of the simulation model, it consists of 15 unconstrained degrees of 

freedom, 16 moving parts, 6 spherical joints, 8 revolute joints, 7 Hooke’s joints, and one motion defined 

by the steering driver. The vertical tyre force is measured on all tyres at all times. If a tyre looses contact 

with the ground, the driving force applied to the vehicle will be diminished until tyre contact is made 

again. The MSC ADAMS model is used in co-simulation with Simulink. Inputs to the ADAMS model from 

Simulink are the steering angle, velocity and drive torques. This allows control over the MSC ADAMS 

model.  

 

Figure 17 Graphical view of vehicle Modelled in ADAMS 

2.1.2 Vehicle Tyre 

The tyre-road interaction is complex as mentioned in Section 1.2.2.1 with various non-linear 

relationships. The tyre used in this study, namely a Michelin LTX2  All Terrain Tyre has been 

parameterized and validated at the Vehicles Dynamic Group by Bosch et al. (2016). Using FTire, the non-

linear lateral force is plotted against the tyre’s side-slip angle, it can be seen that there in-fact exists a 

linear region where the lateral force has a directly proportional relationship to the side-slip angle in 

Figure 18. 

 

Figure 18 Experimental and FTire Simulated Tyre Model of Michelin LTX2 tyres (Bosch et al., 2016) 



 

21 | P a g e  
 

The simulation model makes use of the FTire (Flexible Structure Tyre Model) model which is a structural 

dynamic approach at a tyre model, and is represented by a full 3D non-linear in-plane and out-of-plane 

tyre model. It is superior in terms of realizing tyre forces on roads with short wave-length obstacles, thus 

it is better for off-road tyre dynamics. It was initially developed for vehicle comfort in mind, however 

performs just as well as other tyre models in handling scenarios. A flexible ring is used to describe the 

tyre belt, that can flex and extend in the radial, tangential and lateral directions whilst the cornering 

force is determined from the interaction of both the road and the belt (Stallmann and Els, 2014). This 

tyre model is used for validation purposes and to see a correlation between simulation and experimental 

work. FTire has high computational requirements and thus cannot be used in real time for control 

purposes.  

2.1.3 Vehicle Suspension 

Four State-Semi-Active Suspension System 4S4 

The Test Vehicle is fitted with a semi active suspension system developed and implemented by Els et al. 

(2006). The system is a 4 state semi active hydro-pneumatic suspension system as mentioned in Section 

1.1.3. The suspension system has spring and damper characteristics that can be varied allowing the 

vehicle to switch between ride comfort and handling, its setup is shown in Figure 19. 

 

Figure 19 4S4 Suspension Setup 

High performance vehicles are known to be uncomfortable yet possess impressive handling dynamics. 

This dilemma is solved using the 4S4 suspension system which can adjust to the driver’s requirements 

and be automatically controlled. Models of the suspension have been created which can be used to predict 

vertical forces using suspension deflections and velocities. 

Lateral displacement of a vehicle’s centre of gravity due to an induced roll angle is a major contributor 

to lateral load transfer as mentioned in Section 1.2.2.3, thus a stiff suspension setup will be used for 

testing to prevent rollover during any manoeuvres. 
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2.2 Vehicle Instrumentation 

The vehicle is connected to numerous sensors as seen in Figure 20. Devices used for measurement and 

Torque Vectoring Control implementation are mentioned here. 

 

Figure 20 Test vehicle with measurement devices 

The vehicle parameters used for Torque Vectoring control and validation purposes are summarised in 

Table 1. 

Table 1 Vehicle Input Output Devices 

 

Parameter Sensor Purpose 

Vehicle Position 

VBox 3i 

Validation 

Vehicle Speed Validation and Control 

Longitudinal, Lateral, Vertical 

Acceleration 
Validation and Control 

Pitch Angle, Rate Validation and Control 

Roll Angle, Rate Validation and Control 

Yaw Angle, Rate Validation and Control 

Side-Slip Angle Validation and Control 

Steering Angle Celesco Potentiometer Validation and Control 

Brake Pressure Wenkei Pressure Transducers Validation and Control 

Brake Force Dunkermotoren Actuator Control 

Pressure Control WABCO ABS Modulator Control 
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2.2.1 DSpace MicroAutoBox 

The MicroAutoBox (MABX) is a real-time system for performing fast function prototyping. It can operate 

without user intervention, just like an electronic control unit (dSpace, 2017). For this reason, it is used 

in industry for many different rapid control prototyping applications. The VBox3i data is sampled 

through a CAN interface whereas other sensor measured data such as steering angle and pressure 

transducers are measured using analogue channels. 

The advantage of using the MABX is that the same Simulink programs can be used in simulation and 

experimental tests by simply replacing the ADAMS simulation block with the sensor inputs and outputs.  

 

Figure 21 Block diagram of data acquisition and control 

2.2.2 VBox 3i 

The VBox3i is a high accuracy high sampling frequency GPS system using both GPS and GLONASS. The 

VBox3i can be integrated with an IMU providing 40cm, 95% CEP positional accuracy and providing 

additional measurements such as vehicle acceleration. The VBox3i can also be used in combination with 

a DGPS base station to provide better positional accuracy down to 2cm and additional measurements 

such as roll, pitch and yaw. It is used in combination with the DGPS base station for this study for 

optimum accuracy (Racelogic, 2017). The sample rate of data transfer is however limited to 100Hz 

whereas the analogue sensors can reach 1000Hz. This effects the control aspect as any predictive 

controllers need to take this delay into consideration.   
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2.3 Manoeuvres  

In order to evaluate whether the system provides improvements, standard test manoeuvres are used. 

2.3.1 ISO3888-1 Severe Double Lane Change 

The ISO3888-1 Severe Double Lane Change can determine vehicle manoeuvrability, especially due to its 

sudden change of direction, this will show vehicle loading behaviour as the load transfers from one side 

of the vehicle to another. The vehicle returns to steady state in the middle of the manoeuvre and consists 

of multiple changes in direction. It is therefore an ideal test to evaluate the path following capability at 

the limit of rollover. The specifications of the double lane-change track are shown in Figure 22 and given 

in Table 2,  where the widths are a function of the vehicle width and the lengths are fixed and total 125 

meters (Standard, 1999).  

 

Figure 22 ISO3888-1 Severe Double Lane Change Path (Standard, 1999) 

In Figure 22, 1 is the driving direction, 2 is the lane offset, and 3 is the width, the dimensions are tabulated 

below in meters. 

Table 2 ISO3888-1 Section Descriptions 

Section Length Lane offset Width 

4 15 - 1.1 x vehicle width + 0.25 

5 30 - - 

6 25 3.5 1.2 x vehicle width + 0.25 

7 25 - - 

8 15 - 1.3 x vehicle width + 0.25 

9 15 - 1.3 x vehicle width + 0.25 

 

The test will be computed at increasing speeds to determine when the vehicle requires an active system 

to intervene and regain vehicle control.  
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2.3.2 ISO 3888-2 Severe Lane Change/Moose/Obstacle Avoidance Test 

The Obstacle avoidance test is designed to provide a criterion to prove the tilt stability of a vehicle. The 

vehicle enters the manoeuvre at an entrance speed, thereafter the accelerator pedal is released, and the 

vehicle travels through the manoeuvre in power-off mode. The test is used to avoid sudden overreactions 

of the vehicle (swerving) (Standard, 2011). In this study, the test is slightly modified and the vehicle will 

navigate the path at wide open throttle in comparison to power-off mode.  

 

Figure 23 Modified ISO 3888-2 Modified Obstacle Avoidance Path (Standard, 2011) 

The test is shorter in comparison to the Double Lane Change ISO 3888-1, the vehicle stays in continuous 

transition, and the vehicle does not return to a steady state cornering state in the middle of the transition. 

The benefit of this test is that lower vehicle speeds are required to unsettle the vehicle.  

2.3.3 Constant Radius Test 

The constant radius test evaluates the steady state cornering of the vehicle often found in normal driving 

conditions. The constant radius test can be used to determine the stability factor of the vehicle, which 

will determine whether the vehicle undergoes neutral steer, understeer or oversteer. The measurement 

of the vehicle’s lateral acceleration, steering angle and side-slip angle together with the vehicle’s yaw 

rate will help develop a good understanding of vehicle behaviour. An active system such as torque 

vectoring should allow the vehicle to follow the constant radius without reducing or increasing the 

steering angle significantly by forcing the vehicle to possess neutral or slight understeer.  
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2.4 Validation of Vehicle Simulation Model 

2.4.1 Full Vehicle Model Validation 

This study is primarily concerned with vehicle lateral dynamics, therefore the model will only be 

validated for lateral motions including body roll. Experimental results are compared to simulation results 

during a Double Lane Change (DLC) manoeuvre in accordance to ISO 3888-1 for validation. 

 

Figure 24 DLC Trajectory 

2.4.1.1 Procedure 

The DLC is performed at various entry speeds experimentally, the vehicle is driven at wide open throttle 

against the governor to ensure minimum loss of speed through the manoeuvre. The measured steering 

angle and vehicle speed are used as inputs into the ADAMS model. The simulation results are compared 

to the experimentally measured parameters to determine the validity. 

2.4.1.2 Validation at 52km/h through DLC 

Validation inputs in Figure 25 indicate an entry speed of 52km/h. The vehicle speed is filtered to remove 

high frequency noise and thereafter inputted into the simulation model. 

 

Figure 25 Speed and Steering Angle Inputs to Simulation Model through DLC at 52km/h. 
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Correlation between experimental and simulated measurements for displacements, velocities and 

accelerations are shown in Figure 26. Overall a good correlation is observed. 

 

Figure 26 Correlation of measured parameters through DLC at 52km/h. 

2.4.1.3 Validation at 65km/h through DLC 

Figure 27 shows the vehicle speed and steering input, which was obtained from measurements at 65km/h 

and inputted to the simulation model. Figure 28 shows the measured vehicle parameters correlation to 

the simulation model. 
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Figure 27 Speed and Steering Angle Inputs to Simulation Model through DLC at 65km/h. 

 
Figure 28 Correlation of measured parameters through DLC at 65km/h. 
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Good correlation is found, however it is noticed that the body of the simulated vehicle rolls more easily 

than the body of the test vehicle. This is due to friction at the joints, connection points and seals that are 

not modelled in the simulation model, because the characteristics of these joints and connections points 

are unknown. It can be seen that there exists large amounts of high frequency noise on the experimental 

measurements obtained from VBox3i. The VBox3i was setup for side-slip angle measurement, thus the 

roll angle measurement will be clearer if setup for roll angle measurement as seen in (Botha, 2011). 

2.4.2 Brake Torque vs Brake Pressure Relation 

A relation is required for experimental brake pressure to brake torque, this is because in simulation the 

vehicle receives a brake torque whereas in reality, the brake torque is applied via a brake pressure input. 

The test vehicle is fitted with Disc Brakes on all four wheels, a typical manner in which to determine the 

relationship between Brake Pressure and Brake Torque is described by Budynas and Nisbett (2008) as: 

 
𝑇𝑏 = ∫ ∫ 𝜇𝑏𝑝𝑝𝑟

2𝑑𝑟𝑑𝜃
𝑟𝑜

𝑟𝑖

𝜃2

𝜃1

 

 

(2.1) 

Where the parameters 𝜃  and 𝑟  represent the radial angle and radius respectively. The maximum 

allowable pressure on the inner radius is represented as 𝑝 and 𝜇𝑏𝑝 is the coefficient of friction between 

the brake pads and disk brakes. Table 3 indicates known brake disc parameters. 

Table 3 Brake Parameters 

 Inner Diameter Outer Diameter Radial Angle 

Front Brakes 0.1m 0.149m 65° 

Rear Brakes 0.1m 0.149m 35° 

 

In order to determine the relationship between brake pressure and brake torque, a Wheel Force 

Transducer (WFT) was instrumented on the vehicle and brake tests were performed. Figure 29 shows a 

linear fit applied to the Brake Torques Vs Brake Pressure. 

 A linear fit was found of the form: 

 𝑇𝑏 = 26.2𝑝 (2.2) 

Assuming uniform wear or uniform pressure and solving for the coefficient of friction between the brake 

pads and brake discs, a value of 0.378 was achieved. This falls within the average range of 0.35 to 0.42 

for standard brake pads (Orłowicz et al., 2016) and serves as validation of the result achieved.  
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Figure 29 shows the brake torque linear fit plotted against actual brake torque values achieved.  

 

Figure 29 Brake Torque vs Brake Pressure Linear Fit 

Conclusion of experimental setup and validation of vehicle simulation model 

In this chapter the test vehicle is setup and the simulation model is validated against experimental data. 

Despite small discrepancies in the simulation model, it can overall be trusted to mimic the dynamics of 

the test vehicle. Manoeuvres are also mentioned which can determine the benefits of a potential torque 

vectoring active control system. The main input of torque vectoring is validated by means of a WFT to 

determine the relationship between brake torque and brake pressure.  
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Chapter 3 Control Strategy 
 

This chapter will discuss two methods commonly used in yaw rate and side-slip angle control, namely a 

Linear Quadratic Regulator (LQR) developed by Mirzaei (2009) as a reference controller and a Model 

Predictive Controller (MPC) developed here. Park et al. (2001) and Zheng et al. (2006) proposed that a 

LQR approach could be used in order to improve vehicle stability as well as handling. This lead to a 

predictive optimal yaw stability controller based on a linearized vehicle model being developed by Anwar 

(2005). The drawback was that these solutions worked well in a simulation environment, however were 

not suitable for experimental testing due to excessive computational processing requirements such that 

online numerical computation was needed. It was noted that an analytical solution was presented for a 

similar optimization problem by Esmailzadeh et al. (2003). This allowed for experimental validation of 

an optimization-based controller because it was solvable in real time.  

Yaw rate and side-slip angle control is investigated here with the aim of experimental implementation 

on the test vehicle by using an analytical solution to an optimization problem. 

3.1 Vehicle Reference Model 

As previously discussed, vehicle handling is not consistent and due to the effect of load transfer gets even 

worse. In order to have a more consistent and better handling vehicle, a simple vehicle model is used for 

the model design, in this case a conventional linear 2DOF bicycle model is selected shown in Figure 30. 

The controller will track the responses of this bicycle model in order to maintain consistent handling.  

 

Figure 30 TWO-DOF Bicycle Model 
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Using abbreviated notation, in state space form, governing equations relating the side-slip angle and yaw 

rate as a function of steering angle for a linear vehicle model are defined by (Wong, 2008) as: 

 [
𝛽̇
𝛾̇
] = [

𝑎11 𝑎12
𝑎21 𝑎22

] [
𝛽
𝛾
] + [

𝑒1
𝑒2
] 𝛿 (3.1) 

where 

𝑎11 = −2
𝐶𝛼𝑓 + 𝐶𝛼𝑟

𝑚𝑣
 , 𝑎12 = 2

𝐿𝑟𝐶𝛼𝑟 − 𝐿𝑓𝐶𝛼𝑓

𝑚𝑣2
− 1 , 𝑎21 = 2

𝐿𝑟𝐶𝛼𝑟 − 𝐿𝑓𝐶𝛼𝑓

𝐼𝑧
 , 𝑎22 = −2

𝐿𝑟
2𝐶𝛼𝑟 + 𝐿𝑓

2𝐶𝛼𝑓

𝐼𝑧𝑣
  

𝑒1 =
2𝐶𝛼𝑓

𝑚𝑣
, 𝑒2 =

2𝐿𝑓𝐶𝛼𝑓

𝐼𝑧
  

The transfer function from steering input to the side-slip angle and yaw rate is derived from the state 

equations as: 

 
𝛽(𝑠)

𝛿(𝑠)
= 𝐺𝐵

1 + 𝑇𝐵𝑠

1 − (
𝑇𝐴
𝐷𝐴
) 𝑠 + (

1
𝐷𝐴
) 𝑠2

 (3.2) 

 
𝛾(𝑠)

𝛿(𝑠)
= 𝐺𝑅

1 + 𝑇𝑅𝑠

1 − (
𝑇𝐴
𝐷𝐴
) 𝑠 + (

1
𝐷𝐴
) 𝑠2

 (3.3) 

where 

𝐺𝐵 =
𝑒2𝑎12 − 𝑒1𝑎22

𝐷𝐴
 , 𝑇𝐵 =

𝑒1
𝑒2𝑎12 − 𝑒1𝑎22

 ,  𝐺𝑅 =
𝑒1𝑎21 − 𝑒2𝑎11

𝐷𝐴
 , 𝑇𝑅 =

𝑒2
𝑒1𝑎21 − 𝑒2𝑎11

 

𝑇𝐴 = 𝑎11 + 𝑎22 , 𝐷𝐴 = 𝑎11𝑎22 − 𝑎12𝑎21 

The linear vehicle model is considered stable if the value of 𝐷𝐴 is positive as 𝑇𝐴 is always negative. This 

means that 

 𝑙 + 𝐾𝑣2 ≥ 0 (3.4) 

   
Where 𝐾 is the stability factor as mentioned in section 1.2.2.2 given as: 

 𝐾 =
𝑚

2𝑙
(
𝐿𝑟
𝐶𝛼𝑓

−
𝐿𝑓
𝐶𝛼𝑟
) (3.5) 

A positive value of 𝐾 shows an understeer behaviour, generally a more stable vehicle and a zero 𝐾 value 

shows neutral steer. This is how the vehicle is controlled to depict consistent predictable handling and 

avoid the oversteer scenario.  
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In order to increase vehicle stability, Mokhiamar and Abe (2002) proposed a modification to the yaw rate 

response, changing it from a second order to a first order model. The reasoning behind this was that 

when side-slip angle converges to zero, the yaw rate response can be reduced to just a first order lag. 

This is expressed in Equation (3.6). 

 
𝛾(𝑠)

𝛿(𝑠)
= 𝐺𝑅

1

1 + 𝑇𝑟𝑠
 (3.6) 

Equation (3.6) explains the transfer function between yaw rate and steer angle where 𝐺𝑅 is the gain and 

𝑇𝑟 is the yaw rate time constant delay whereby when 𝑇𝑟 is small it represents a fast response and when 

𝑇𝑟 is large it represents a slow response. 

In order to take different surfaces into account, a coefficient of friction of the surface is introduced. This 

allows limitations on the linear vehicle model and is derived from the relationship to lateral accelerations. 

 𝑎𝑦 = 𝑣𝑦̇ + 𝑣𝛾 (3.7) 

𝑣𝑦 is the lateral velocity, thus this results in the steady-state yaw rate during constant cornering as: 

 𝛾𝑠𝑠 =
𝑎𝑦𝑢
𝑣

 (3.8) 

Limiting the steady state yaw rate from exceeding the maximum road coefficient of friction, the steady-

state yaw rate should satisfy: 

 |𝛾𝑠𝑠| ≤
𝜇𝑔

𝑣
 (3.9) 

The steady state yaw rate can thus be expressed as: 

 𝛾𝑠𝑠 = 𝐺𝑅𝛿 =
𝑣𝛿

𝑙 + 𝑘𝑢𝑠𝑣2
 (3.10) 

The desired steady state yaw rate is limited to a value abiding to the tyre/road conditions by:  

 

𝛾𝑠𝑠 = {
             𝐺𝑅𝛿                                              𝑖𝑓 |𝐺𝑅𝛿| <

𝜇𝑔

𝑣
𝜇𝑔

𝑣
𝑠𝑖𝑔𝑛(𝐺𝑅𝛿)                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

(3.11) 

The steady-state vehicle side-slip angle is obtained by: 

 𝛽𝑠𝑠 = 𝐺𝐵𝛿 (3.12) 

There is a linear relationship between the steady-state side-slip angle and steady-state yaw rate 

 𝛽𝑠𝑠 = 𝛾𝑠𝑠𝑓𝑢 (3.13) 
Where 

 𝑓𝑢 =
𝐿𝑟
𝑣
−
𝐿𝑓𝑚𝑣

2𝑙𝐶𝛼𝑟
 (3.14) 

Where 𝑓𝑢 is the ratio of the steady-state values of side-slip angle to yaw rate. 
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The desired responses depicted in Figure 31 show that the model could work on rough/lower surface 

coefficient terrain despite only being used for smooth terrain in this study. The vehicle reference model 

received a step steer input, this results in a positive desired yaw rate, the maximum road coefficient of 

friction is manipulated to show the outcome for a 𝜇 of 0.4 and 0.8. The desired yaw rate is similarly 

halved for the lower 𝜇. From (3.13) the desired side slip angle is a function of the desired yaw rate and 

shows a negative yet smaller magnitude to the desired yaw rate, however sharing a similar shape. Due 

to their state dependency, the desired side-slip angle is thus limited by the tyre/road interaction as the 

desired yaw rate is.  

 
Figure 31 Desired Vehicle Model 

These desired responses ensure the vehicle will depict neutral or slight understeer based on vehicle 

parameters and are used as the reference model to be tracked. The structure of the vehicle closed loop 

system is shown in Figure 32. Vehicle states are sent from the simulation model or actual vehicle to the 

controller. The controller sends a control signal to the vehicle to obtain the desired vehicle behaviour. 

 
Figure 32 Controller with Feedback 
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3.2 Linear Quadratic Regulator (LQR)  

A yaw rate controller was developed by a predictive optimal approach (Mirzaei et al., 2008). The same 

approach was used to develop a side-slip control type of DYC (Eslamian et al., 2007). A complete LQ 

optimal problem is formulated to track the proposed desired models for both yaw rate and side-slip angle 

(Mirzaei, 2009). In this study, the work of (Mirzaei, 2009) is implemented as suggested without further 

modification as a baseline stability control system.  

3.2.1 Control System Design 

A performance index is formulated which penalizes the tracking errors, in this case side-slip angle, yaw 

rate and control effort.   

 𝐽 =
1

2
∫ [𝑤𝑏(𝛽 − 𝛽𝑑)

2 +𝑤𝑟(𝛾 − 𝛾𝑑)
2 +𝑤𝑢𝑀𝑧

2]𝑑𝑡
𝑡𝑓

0

 (3.15) 

Where 𝑤𝑏 , 𝑤𝑟 and 𝑤𝑢 are weighting factors and must be tuned accordingly for the side-slip angle error, 

yaw rate error and controller effort respectively. 𝛽𝑑 and 𝛾𝑑 represent the desired side-slip and yaw rate 

responses to be tracked as formulated in Section 3.1 and the subscript 𝑑 represents desired response. It 

is desired to have a performance index as small as possible. A small performance index means the vehicle 

tracks the desired states as close as possible with a small control effort input. 

The linear 2DOF vehicle model discussed earlier is used to design the yaw moment controller as: 

 𝑋̇ = 𝐴𝑋 + 𝐸𝛿 + 𝐵𝑈 (3.16) 

where  

𝑋 = [
𝛽
𝛾
] , 𝐴 = [

𝑎11 𝑎12
𝑎21 𝑎22

] , 𝐸 = [
𝑒1
𝑒2
] , 𝐵 = [

0
1/𝐼𝑧

] , 𝑈 = [𝑀𝑧] 

With the yaw moment (𝑀𝑧) considered as the control input and the steer angle being an external 

disturbance to the system. The performance index in (3.15) is rewritten based on (3.16) matrix form as:  

 𝐽 =
1

2
∫ [(X − Xd)

𝑇𝑄(𝑋 − 𝑋𝑑) + 𝑈
𝑇𝑅𝑈]𝑑𝑡

𝑡𝑓

0

 (3.17) 

where 

𝑄 = [
𝑤𝑏 0
0 𝑤𝑟

] , 𝑅 = [𝑤𝑢] 

The Hamiltonian function is given by: 

 ℋ =
1

2
(X − Xd)

𝑇𝑄(𝑋 − 𝑋𝑑) +
1

2
𝑈𝑇𝑅𝑈 + 𝑃𝑇(𝐴𝑋 + 𝐸𝛿 + 𝐵𝑈) (3.18) 

where 𝑃 = [𝑝1    𝑝2]
𝑇 are the Lagrangian multipliers.  

The co-state equations are 

 𝑃̇ = −
𝜕ℋ

𝜕𝑋
= −𝑄(𝑋 − 𝑋𝑑) − 𝐴

𝑇𝑃 (3.19) 
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The relation that needs to be satisfied algebraically is: 

 0 =  
𝜕ℋ

𝜕𝑈
= 𝑅𝑈 + 𝐵𝑇𝑃 (3.20) 

Thus, 

 𝑈 = −𝑅−1𝐵𝑇𝑃 (3.21) 

Substituting (3.21) into the state equation (3.16) results in the state and co-state equations 

 [𝑋̇
𝑃̇
] = [

𝐴 −𝐵𝑅−1𝐵𝑇

−𝑄 −𝐴𝑇
] [
𝑋
𝑃
] + [

𝐸𝛿
𝑄𝑋𝑑

] (3.22) 

Instead of determining the transition matrix to solve these linear differential equations, the matrix P 

can be written in the form: 

 𝑃 = 𝐾𝑋 + 𝑆 (3.23) 

Whereby the matrix 𝐾2𝑥2 is symmetric and satisfies the Ricatti equation 

 𝐾̇ = −𝐾𝐴 − 𝐴𝑇𝐾 − 𝑄 + 𝐾𝐵𝑅−1𝐵𝑇𝐾 (3.24) 

and 

 𝑆̇ = −(𝐴𝑇 − 𝐾𝐵𝑅−1𝐵𝑇)𝑆 + 𝑄𝑋𝑑 − 𝐾𝐸𝛿 (3.25) 

With the boundary conditions being 𝐾(𝑡𝑓) = 0 and 𝑆(𝑡𝑓) = 0. Substituting (3.23) into (3.21), the 

control input is obtained as: 

 𝑈 = −𝑅−1𝐵𝑇(𝐾𝑋 + 𝑆) (3.26) 

This equates to the control input 𝑀𝑍 being: 

 𝑀𝑧 = −
1

𝑤𝑢𝐼𝑧
(𝑘12𝛽 + 𝑘22𝛾 + 𝑠2) (3.27) 

The first order differential equations (3.24) and (3.25) are numerically solved backward in time to 

determine the control law gains. For an infinite horizon problem, 𝑡𝑓 = ∞ and considering it as steady 

state the derivatives of 𝐾 and 𝑆 vanish thus  𝐾̇ = 0 and  𝑆̇ = 0. Therefore, non-linear algebraic equations 

can now be obtained. Expanding these equations, independent equations are obtained to determine the 

elements of the symmetric matrix 𝐾. The equations can be solved analytically to determine the values of 

𝑘11, 𝑘12 and 𝑘22 with the weighting factors 𝑤𝑟 , 𝑤𝑏 and 𝑤𝑢 for the yaw-rate error, side-slip angle error 

and controller effort respectively. The different control types of DYC are examined by changing the 

weighting factors on the control system. The weights used in this study are shown in Table 4. It should 

be noted that only independent control of each variable was suggested by Mirzaei (2009). 

Table 4 LQR Weighting Values 

 𝒘𝒓 𝒘𝒃 𝒘𝒖 

Yaw rate Control Type 1 0 10−9 

Side-slip Control Type 0 103 10−7 
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3.3 Model Predictive Control 

A Model Predictive Controller (MPC) was chosen based on its ease of implementation, systematic 

handling of constraints, multiple variable control potential and feed forward ability to make good use of 

future target information implicitly such as the ability to incorporate constraints explicitly to determine 

optimum solutions. The corrective yaw moment is determined by MPC based on two variables, namely 

the yaw rate and side-slip angle however the roll index provides a bounded desired yaw rate which the 

controller adheres to by transitioning to the new desired value.  

Taking the side-slip angle and yaw rate as state vectors, the state equations for the model may be written 

in standard state space form as: 

 𝑥̇ = 𝐴𝑥 + 𝐵𝑢 (3.28) 

where 

𝑥 = [
𝛽
𝛾
] , 𝐴 = [

𝑎11 𝑎12
𝑎21 𝑎22

] , 𝐵 = [
0
1/𝐼𝑧

] , 𝑢 = 𝑀𝑧 

The control input 𝑢 is the yaw moment (𝑀𝑧). The state space equation can be transformed to discretize 

state space equations for digital control as: 

 𝑥(𝑘 + 1) = 𝐴𝑓𝑥(𝑘) + 𝐵𝑓𝑢(𝑘) (3.29) 

The subscript f is used to highlight discretized values. Taking the disturbance into consideration, namely 

the steering angle, equation 3.28 becomes 

 𝑥(𝑘 + 1) = 𝐴𝑓𝑥(𝑘) + 𝐵𝑓𝑢(𝑘) + 𝐸𝑓𝛿(𝑘) (3.30) 

where 

𝐴𝑓 = 𝐴, 𝐵𝑓 = 𝐵, 𝐸𝑓 = [
𝑒1
𝑒2
] 

In order to enforce the rollover index, the yaw rate limit corresponding to a desired rollover index is 

determined. From Section 1.4.2.3, Equation (1.39) is rewritten using Matlab’s symbolic toolbox for the 

corresponding yaw rate limit. It is not written here due to its complexity. 

This yaw rate limit is then added as a soft constraint on the yaw rate state as an exponential decay 

approach such that  

 𝛾(𝑘) ≤ 𝛾𝑚𝑎𝑥 + 𝑒
−𝛼𝑘𝑚 (3.31) 

where m represents the margin of error allowed. This approach was used to prevent the controller from 

settling to the unbounded solution but to adhere to the soft constraint as much as possible. 

The steering angle disturbance provided to the system can potentially be predicted using machine 

learning based on GPS path tracking, or neurologic response theory. However, for the purpose of this 

study, it is assumed to have a zero-order hold for the preview horizon i.e. constant.  
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The state error vectors on the tracking error for time steps 0, 1 and 2 appear as: 

 

Δ𝑥(0) = 𝑥0 − 𝑥𝑟𝑒𝑓 

Δ𝑥(1) = 𝐴𝑓𝑥(0) + 𝐵𝑓𝑢(0) + 𝐸𝑓𝛿(0) − 𝑥𝑟𝑒𝑓 

Δ𝑥(2) = 𝐴𝑓𝑥(1) + 𝐵𝑓𝑢(1) + 𝐸𝑓𝛿(0) − 𝑥𝑟𝑒𝑓 

Δ𝑥(2) = 𝐴𝑓
2𝑥(0) + 𝐴𝑓𝐵𝑓𝑢(0) + 𝐵𝑓𝑢(1) + 𝐴𝑓𝐸𝑓𝛿(0) + 𝐸𝑓𝛿(0) − 𝑥𝑟𝑒𝑓 

(3.32) 

This results in the following recursive pattern state error vectors for the prediction horizon of N steps: 

 

𝑋 =

(

 
 
 

Δ𝑥0
Δ𝑥1
Δ𝑥2
⋮
⋮
Δ𝑥𝑁)

 
 
 
=

(

 
 
 
 

𝐼
𝐴𝑓

𝐴𝑓
2

⋮
⋮
𝐴𝑓
𝑁
)

 
 
 
 

𝑥0 +

(

 
 
 

0
𝐵𝑓
𝐴𝑓𝐵𝑓
⋮
⋮

𝐴𝑓
𝑁−1𝐵𝑓

⋯
0
𝐵𝑓
⋱
⋱

𝐴𝑓
𝑁−2𝐵𝑓

⋯
⋱
0
⋱
⋱
⋯

⋯
⋱
⋱
0
⋱
𝐴𝑓𝐵𝑓

0
⋮
⋮
⋮
0
𝐵𝑓)
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𝑢(0)
𝑢(1)
𝑢(2)
⋮
⋮

𝑢(𝑁 − 1))

 
 
 

+
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0
𝐸𝑓

(𝐴𝑓 + 𝐼)𝐸𝑓
⋮
⋮

∑ 𝐴𝑓
𝑖 𝐸𝑓

𝑁−1

𝑖=0 )

 
 
 
 
 

𝛿0 −

(

 
 
 

𝑥𝑟𝑒𝑓
⋮
⋮
⋮
⋮
⋮
𝑥𝑟𝑒𝑓)

 
 
 

 

(3.33) 

This is represented in matrix form as: 

 𝑋 = 𝐀x0 + 𝐁U+ 𝐄δ0 − 𝑋𝑟𝑒𝑓 (3.34) 

3.3.1 Controller Design 

Formulation of the optimization problem for 𝑥 − 𝑥𝑟𝑒𝑓 = 0. The cost function is chosen to be of the 

form: 

 
𝐽 = ∑[(𝑥(𝑘) − 𝑥𝑟𝑒𝑓)

𝑇𝑄(𝑥(𝑘) − 𝑥𝑟𝑒𝑓) + 𝑢(𝑘)
𝑇𝑅𝑢(𝑘)]

𝑁−1

𝑘=0

+ (𝑥(𝑁) − 𝑥𝑟𝑒𝑓)
𝑇𝑃𝑓(𝑥(𝑁) − 𝑥𝑟𝑒𝑓)) 

(3.35) 

Where J represents the cost function and must be strictly positive, and is subject to minimization. In 

order to assure a positive cost, 𝑄 and 𝑅 are symmetric and positive definite matrices, used as weighting 

functions in relation with input efforts. 

 𝐽 = 𝑋𝑇(

𝑄 0 ⋯
0 ⋱ ⋱
⋮ ⋱ 𝑄
⋮ ⋯ ⋱

⋮
⋮
⋱
𝑃𝑓

)𝑋 +𝑈𝑇 (

𝑅 0 ⋯
0 ⋱ ⋱
⋮ ⋱ ⋱
⋮ ⋯ ⋱

⋮
⋮
⋱
𝑅

)𝑈 (3.36) 

thus 

 𝐽 = 𝑋𝑇𝐐𝑋 + 𝑈𝑇𝐑𝑈 (3.37) 
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In order to solve the optimization problem, a quadratic program shall be formulated which can be solved 

efficiently using convex optimization. The required quadratic structure of the problem is: 

 𝐽 =
1

2
𝑈𝑇𝚮𝑈 + 𝐅𝑈 + 𝐶 (3.38) 

Where the sequence of inputs 𝑈 is the optimization variable, namely the yaw moment 𝑀𝑧. The constant 

term 𝐶 is not relevant to the optimization problem as it cannot be varied. For implementation purposes, 

the Matrixes Η and F have to be found from the prediction model. Solving for the Matrixes is as follows: 

Substituting (3.34) into (3.37) and expanding until achieving the form of (3.38) 

 

𝐽 = 𝑥0
𝑇𝐴𝑇𝑄𝐴𝑥0 + 𝑥0

𝑇𝐴𝑇𝑄𝐵𝑈 + 𝑥0
𝑇𝐴𝑇𝑄𝐸𝛿0 + 𝑥0

𝑇𝐴𝑇𝑄𝐵𝑈 + 𝑈𝑇𝐵𝑇𝑄𝐵𝑈 + 𝛿0
𝑇𝐸𝑇𝑄𝐵𝑈

+ 𝛿0
𝑇𝐸𝑇𝑄𝐴𝑥0 + 𝛿0

𝑇𝐸𝑇𝑄𝐵𝑈 + 𝛿0
𝑇𝐸𝑇𝑄𝐸𝛿0 +𝑈

𝑇𝑅𝑈 + 𝑋𝑟𝑒𝑓
𝑇 𝑄𝑋𝑟𝑒𝑓

− 2𝑋𝑟𝑒𝑓
𝑇 𝑄𝐴𝑥0 − 2𝑋𝑟𝑒𝑓

𝑇 𝑄𝐵𝑈 − 2𝑋𝑟𝑒𝑓
𝑇 𝑄𝐸𝛿0 

(3.39) 

From equation (3.39) using coefficient comparison, it can be seen that  

 𝚮 = 2𝐵𝑇𝑄𝐵 + 2𝑅 (3.40) 

 𝐅 = 2𝑥0
𝑇𝐴𝑇𝑄𝐵 + 2𝛿0

𝑇𝐸𝑇𝑄𝐵 − 2𝑋𝑟𝑒𝑓
𝑇 𝑄𝐵 (3.41) 

The optimisation problem was initially solved using a quadratic programming function (interior point 

method), however it was found to be prohibitively computationally expensive. Thus, a simpler linear 

gradient method was chosen as the solver. The gradient method is implemented in the iterative form as: 

 𝑈𝑖+1
∗ = 𝑈𝑖

∗ − ℎ∇𝑈𝐽(𝑈𝑖
∗) (3.42) 

This iterative method is used until the following condition is met: 

 |𝑈𝑗
∗ − 𝑈𝑗−1

∗ | < 𝜀 (3.43) 

The optimal yaw moment sequence over the prediction horizon will be 𝑈𝑜𝑝𝑡 = 𝑈𝑗
∗ and as the current 

control action, 𝑢 = 𝑈𝑜𝑝𝑡(1) is applied. The system is implemented using weight scheduling as follows in 

Figure 33. The vehicle is always in yaw rate control, however when the side-slip angle surpasses the 

desired side-slip angle, the side-slip angle weighting is increased based on a side-slip angle error gain 

schedule. This is referred to as MPC Combined in the results section of this study.  

 
Figure 33 MPC Weighting 
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This Model Predictive Controller is setup for multivariable control, namely the yaw rate and side-slip 

angle control. It also has a soft constraint on the yaw rate from the ZMP roll index in the form of an 

exponential decaying approach which is referred to as MPC Bound in the results section of this study. A 

fail-safe limitation is also made on the optimal yaw moment such that it does not exceed 4000Nm as this 

is undesirable.  

3.4 Brake Torque Difference Distribution 

The optimal yaw moment acts on the vehicle via the brakes. A yaw enhancing moment in the direction 

of yaw rate will act on the wheels closest to the radius of the turn, whereas a yaw opposing moment 

opposite to the yaw rate will act on the wheels further away from the radius of the turn. Figure 34 shows 

a yaw enhancing moment being applied to the vehicle turning to the right, whereby the wheels being 

braked are circled in red and the wheels not being braked are circled in green. 

 

Figure 34 Test Vehicle undergoing Yaw Enhancement 

The optimal yaw moment is designated to the brakes of the vehicle, the brake force on either side of the 

vehicle is determined as: 

 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒𝑥𝑙 =
𝑀𝑧
𝑇/2 

,  𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒𝑥𝑟 = −
𝑀𝑧
𝑇/2

  (3.44) 

In order to prevent wheel lockup, the vehicle’s load transfer mentioned in Section 1.2.2.3 is taken into 

account, thus each wheels individual loading is determined. A friction circle is devised for each individual 

wheel based on the vertical loading, and together with an estimated tyre side-slip angle, the lateral force 

𝐹𝑦 is determined using a Pacejka fit of the Michelin LTX2 parameterised data.  

The Pacejka tyre model is used for this purpose due to real time implementation as it has low 

computation requirements. The Magic Formula was proposed by (Bakker et al., 1989) to describe the 

tyre's handling characteristics in just one formula. The Magic Formula relates the tyre's lateral force vs. 

slip angle relationship, which directly affects the vehicle's handling and steering response. The Magic-
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Formula is used where the terms are dependent on the vertical tyre load, and camber angle. The vehicle 

used in this study is equipped with solid axles, thus the influence of camber is neglected due to the tyres 

remaining mainly vertical. The tyre is able to experience a camber angle due to tyre deflection, this is 

however assumed to be small and is neglected. 

The tyre’s maximum longitudinal brake force is now calculated based on the friction circle and the 

assumed surface coefficient. 

 𝑇𝑦𝑟𝑒 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 = √𝜇𝐹𝑧2 − 𝐹𝑦2 (3.45) 

The brake force distribution on the right side of the vehicle between the front and rear tyre is determined: 

 
𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑅𝑎𝑡𝑖𝑜𝑟 =

𝑀𝑎𝑥 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 𝑅𝑒𝑎𝑟 𝑅𝑖𝑔ℎ𝑡

𝑀𝑎𝑥 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 𝐹𝑟𝑜𝑛𝑡 𝑅𝑖𝑔ℎ𝑡
 

(3.46) 

 
𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 𝐹𝑅 =

𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒𝑥𝑟
1 + 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑅𝑎𝑡𝑖𝑜𝑟

 
(3.47) 

 𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 𝑅𝑅 = 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒𝑥𝑟 −𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 𝐹𝑅 (3.48) 

The desired brake force is calculated in the same manor for the left-hand side of the vehicle. If the desired 

brake force is larger than the maximum brake force, the maximum brake force is used. However, due to 

limitations on the optimal moment, the vehicle should never run into the limitation. It is merely a fail-

safe feature. The desired brake torque is a function of the brake force and tyre’s rolling radius. 

 𝑇𝑏 = 𝐵𝑟𝑎𝑘𝑒 𝐹𝑜𝑟𝑐𝑒 ∗ 𝑅𝑜𝑙𝑙𝑖𝑛𝑔 𝑅𝑎𝑑𝑖𝑢𝑠 (3.49) 

3.5 Pressure Control 

The test vehicle is fitted with a standard 1997 model year WABCO ABS modulator, the drawbacks of an 

ABS modulator in comparison to an ESP modulator is that the system requires brake pedal actuation. An 

ESP Modulator can create hydraulic pressure because the pump can draw fluid independently from the 

master cylinder. In order to get around this drawback, an actuator was fitted in order to preload the 

modulator’s accumulator prior to each run. The modulator is left in the dump phase whereby fluid from 

the master cylinder will flow straight to the accumulator and remain there until either the ABS pump or 

the pump phase is activated and the brake pedal is actuated.  

Table 5 shows the logic used whereby the ABS pump is only switched on when the error between the 

desired pressure and actual pressure is larger than 10Bar. Within the 10Bar region, controlled switching 

between the pump and hold settings are used together with an error based pedal actuation until the value 

is within 3Bar of the desired pressure. The dump phase is similar with controlled switching and error 

based pedal release when the error is within the negative 10Bar region and just the dump phase is 

selected when the error is smaller than 10Bar. 
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Table 5 Pressure Control Logic 

Error (Desired Pressure – 

Actual Pressure) 

ABS Pump Status Actuator Status Valve Status 

𝑬𝒓𝒓𝒐𝒓 > 𝟏𝟎 𝑩𝒂𝒓 ON Engage Pump 

𝑬𝒓𝒓𝒐𝒓 < 𝟏𝟎 𝑩𝒂𝒓 

𝑬𝒓𝒓𝒐𝒓 > 𝟑 𝑩𝒂𝒓 

OFF Error gain engage Synchronised Pump-

Hold 

𝑬𝒓𝒓𝒐𝒓 < 𝟑 𝑩𝒂𝒓 

𝑬𝒓𝒓𝒐𝒓 > −𝟑 𝑩𝒂𝒓 

OFF Hold Hold 

𝑬𝒓𝒓𝒐𝒓 > −𝟏𝟎 𝑩𝒂𝒓 

𝑬𝒓𝒓𝒐𝒓 < −𝟑 𝑩𝒂𝒓 

OFF Error gain release Synchronised Dump-

Hold 

𝑬𝒓𝒓𝒐𝒓 < −𝟏𝟎 𝑩𝒂𝒓 OFF Release Dump 

Figure 35 shows experimental testing of the system and indicates that the ABS pump displayed a delay 

of 100ms. It should be noted that the ABS modulator is not designed for ESP usage and is limited to 10Hz 

valve switching. Better results can be obtained with modern ESP modulators. 

 

Figure 35 Brake Pressure Control 

Conclusion of Control Strategy 

This chapter shows that there are numerous mathematical methods available to solve the problem at 

hand, however some controllers have their advantages and it shall be seen in the following section. The 

MPC was implemented such that the roll index yaw rate could be added as a boundary on the yaw rate 

and scheduled weighting is used to include side-slip control when necessary. The controllers appear 

similar so far but the added weighting functionality and boundaries on MPC allow it more flexibility. The 

old ABS modulator is not ideal and shows overshoot and slow response, there are newer more responsive 

ESP modulators available that will be investigated in future work. 
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Chapter 4 Results 
This chapter summarises the results obtained from simulation and experimental tests. The analysis will 

show how the controllers react to various inputs under different conditions and determine at what point 

a loss of control occurs. 

4.1 Simulation Results 

Open loop steering input manoeuvres are used to test the performance of the stability control program 

without a driver model. This is done to prevent the driver model from altering the yaw moment and 

results in easier comparison. The first 5 seconds are however conducted with a driver model. The driver 

model is used to ensure that prior to the actual manoeuvre, where the vehicle is brought up to speed, the 

vehicle is in the correct entry position to the manoeuvre. The vehicle is accelerated up-to a predefined 

speed using a large drive force which is thereafter switched over to a PI speed controller before the 

manoeuvre. The PI speed controller attempts to maintain the vehicle speed by equal wheel torque 

distribution. The speed controller is limited by the vehicle’s achievable longitudinal acceleration. 

4.1.1 Sinusoidal Wave Steer Input  

A three-degree sinusoidal steer input is used to mimic a scenario similar to a double lane change. The 

vehicle should ideally return to its original heading direction prior to the start of the manoeuvre. The 

manoeuvre tests whether the controller successfully improves stability and roll. The vehicle enters the 

manoeuvre at 80km/h. 

4.1.1.1 Controller Comparison with no roll index limit 

No rollover index limit is used at this time in order to compare both LQR and MPC with one another. 

 

Figure 36 Steering and Speed Input through Modified DLC 

Figure 36 shows the steer input (left) and the vehicle speed (right). The vehicle speed decreases with 

control through the manoeuvre as the vehicle applies brakes. The comparison between vehicle states for 

the LQR and MPC is shown in Figure 37. The vehicle returns to its original heading direction and the 
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controlled states namely yaw rate and side-slip angle are better controlled with less overshoot for the 

MPC controller. The MPC corrective moment is also larger due to the combined control of both yaw rate 

and side-slip angle. The roll index of the vehicle is slightly smaller using MPC however it is noted that 

the roll Index exceeds 0.9 which is undesirable. Section 4.1.1.2 introduces the roll index bound on the 

desired yaw response.  

 

 

Figure 37 Feedback through Modified DLC of various parameters 
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4.1.1.2 MPC Controller with and without roll index bound 

The previous tests showed an undesired roll index of 0.9 is reached, to limit this a desired roll index of 

0.6 is chosen with a 0.08 margin of error allowed. The desired yaw response is now varied based on this 

roll index and the tests are redone to determine the feasibility of the MPC roll index yaw rate bounded 

solution. The same steering input as in Figure 36 is used.  

 

Figure 38 Roll Index for Bounded MPC with Sinusoidal Steer Input 

The roll index is drastically decreased as seen in Figure 38, the index still overshoots the 0.6 limit in the 

first turn, but eventually stays within the desired roll index margin. Overall the roll index is reduced with 

the bound. It can also be seen that the corrective direct yaw moment is significantly larger in-comparison 

to the unbounded moment. Transition from an enhancing to an opposing yaw moment also occurs much 

faster as the vehicle reaches the desired roll index of 0.6. 

 

Figure 39 Feedback for Sinusoidal Steer Input with Bounded Roll Index 

Both the yaw rate and side-slip angle track their desired responses better with the bounded solution. 

This shows how the roll index acts on the lateral dynamics of the vehicle. 
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Figure 40 Vehicle Trajectory and Speed through Modified DLC with Roll Index Bounds 

The vehicle’s trajectory shows over-compensation during turning, this shows that the tyres created a 

larger cornering force and more equal cornering load. The vehicle loses speed through the manoeuvre 

due to the larger moment experienced. This loss of speed adds to the roll index being significantly 

reduced. 

4.1.2 Step Steer Input 

This test shows how long it takes for the vehicle to stabilize itself by reaching a steady yaw rate and side-

slip angle. The vehicle enters the manoeuvre at 80km/h. This test is similar to a constant radius test, 

however without path tracking, thus a fixed step steer input is used.  

4.1.2.1 Controller Comparison with no roll index limit 

Figure 41 shows the steer input (left) and controller moments (right). The MPC moment is only in yaw 

control mode for the beginning of the manoeuvre, thereafter an inclusion of the side-slip angle weighting 

results in a slightly larger moment.  

 

Figure 41 Step Steer Input along with Direct Yaw Control Moments 
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Without control the vehicle loses control and spins out, wheel lift is also experienced. The side-slip angle 

and yaw rate of the vehicle are controlled well using MPC and smaller overshoots of the yaw rate and 

side-slip angle are experienced in Figure 42.  

 

Figure 42 Feedback through Step Steer of various parameters 

Figure 43 shows that the vehicle’s roll index returns to a steady state with LQR yaw control and MPC 

faster. The side-slip control weighting using LQR doesn’t appear to suit a SUV as there is a long delay 

before the system retains control. The roll index of all the controllers settle around 0.9, which shows that 

the desired response of the yaw rate and side-slip angle is too large and can result in vehicle rollover. 

 

Figure 43 Roll Index through Step Steer 
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The vehicle path is shown in Figure 44, whereby the vehicle with no control results in oversteer followed 

by a spin off, any form of control shows a half circle path with a radius of roughly 65 metres. A small 

decrease in vehicle speed is seen with control. The decrease in lateral acceleration, which is a function of 

both the radius of curvature and vehicle speed, shows that the increase in radius and slight decrease in 

vehicle speed, allowed for a more neutral/understeer behaviour that improved vehicle stability.  

 

Figure 44 Trajectory and Vehicle Speed through Step Steer 

The test is done with roll index bounds on the desired yaw rate response again in Section 4.1.2.2 for the 

MPC controller. 
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4.1.2.2 MPC Controller with and without roll index bound 

The step steer test is redone with a roll index bound of 0.6 to determine the feasibility of the bounded 

solution. A margin of error of 0.08 is used on the bound, the desired yaw response is now varied based 

on the roll index accordingly. The steer input is as used in Figure 41 again. 

 

Figure 45 Bounded Roll Index and Direct Yaw Control Moment 

A faster transition is seen on the roll index bounded MPC moment, from enhancing to opposing as the 

vehicle reaches the soft constraint roll index of 0.6, the roll index overshoots and there exists a delay 

before the system can decrease the roll index. Figure 46 indicates that the yaw rate and side-slip angle 

are within the desired responses due to the roll index bound requiring smaller desired responses.  

 

Figure 46 Yaw Rate and Side-Slip Angle through Step Steer with Roll Index Bound on MPC 
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Figure 47 Feedback through Step Steer with Roll Index bounded MPC of various parameters 

It can be seen that the vehicle speed is further reduced, whereby the roll index bound can only be satisfied 

at 60kph, this is quite a significant reduction in speed and lateral acceleration, thus to satisfy the bound, 

a reduction in speed is the most important. The vehicle follows a tighter path, whereby the radius of 

curvature decreases to 60 metres with the bounded MPC controller.  
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4.2 Experimental Results 

After tuning the controller in the simulation environment, the control strategies were implemented on 

the actual vehicle discussed in Chapter 2 to evaluate the performance of the controllers. From early 

experimental testing, it was decided that MPC had a clear advantage over LQR and that MPC allowed 

more control over the perturbations arising from noise and other dynamic effects that are ever present 

and generally not modelled. MPC was implemented with a dead-band during transition, such that 

corrective moments less than 100Nm were neglected. Experimental validation is hardly done and almost 

no experimentally published results are available, thus experimental validation of the controller is 

preferred. 

4.2.1 Severe Double Lane Change ISO3888-1 

The vehicle was tested with a limit on the roll index value at 0.8 and a limitation of 4000Nm on the 

magnitude of the direct yaw moment as mentioned in Section 3.3.1. The limit will result in the driver 

feeling aided instead of overruled. Tests were started at entry speeds of 40km/h increasing as testing 

progressed. The higher the speed, the more notable the difference. 

ISO3888-1 Vehicle Speed 85kph 

Figure 48 shows tests at 85km/h where the vehicle could be successfully manoeuvred through the double 

lane change with the control system active. The Direct Yaw Moment exceeded 3000Nm but never reached 

its limit of 4000Nm, the driver of the test vehicle could noticeably feel the vehicle braking but not too 

dramatically. The controller was modified in order to not be susceptible to noise, thus the transition 

between enhancing and opposing moments, where the controller remains at the zero point before 

transitioning can be seen due to the 100Nm dead-band. 

 

Figure 48 ISO3888-1 Trajectory and DYC Moment 

From Figure 48(right) one can see the vehicle experiences a yaw enhancing moment in the first turn 

between 31.4 and 31.6 seconds, the vehicle’s yaw rate in Figure 49 is slightly larger in-comparison to the 

vehicle without any active systems. The enhancing moment helps the vehicle change direction from 31.9 
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seconds onwards, however the moment becomes an opposing moment as the vehicle begins to steer away 

and the yaw rate is larger than the desired response. The yaw rate response is closer to the desired 

response than without any active-control and exits the manoeuvre without requiring a large yaw 

rotation. The side-slip angle does not surpass the desired response limit until the transition of the turns 

around 33.5 seconds. It appears mostly within the same range as the vehicle without any active control 

however a much smaller side-slip angle is experienced on the exit of the manoeuvre.   

 

Figure 49 Yaw Rate and Side-Slip Angle through ISO3888-1 DLC 

The vehicle’s yaw angle in Figure 50 shows the vehicle with active control displaying a much smoother 

change of heading, with smaller overshoots such that the driver does not need to apply large corrections 

through the manoeuvre.  

 

Figure 50 Yaw Angle through ISO 3888-1 DLC 
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In Figure 51 a notable difference is seen in the roll angle of the vehicle, slightly smaller peaks are 

experienced in the roll rate as well. The vehicle’s Roll Index slightly exceeds the limit of 0.8, however up-

to an 20% improvement on peaks in-comparison to the vehicle without any active-control.  

 

Figure 51 Roll Characteristics through ISO 3888-1 DLC 

The Brake Torques delays in Figure 52 is notably visible, there also appears to be large variances in some 

instances. The ABS modulator refused to dump pressure all the time and in some cases a dump in 

pressure on one wheel resulted in a burst of pressure on another. Better control of the modulator is 

necessary for further enhancement due to the crude fuzzy logic scheme used. The modulator is old and 

not designed for continuous use, thus a newer one may work better. There exists even larger possibilities 

of improvement with an ESP modulator in-comparison to an ABS modulator.  
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Figure 52 Brake Torques through ISO3888-1 DLC 

Figure 53 shows the vehicle exiting the Double Lane Change Manoeuvre with its brake lights on. 

 

Figure 53 Vehicle Exiting ISO3888-1 Manoeuvre, Note Brake Lights 
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4.2.2 Severe Lane Change ISO3888-2 Obstacle Avoidance 

The vehicle was tested with a limit on the roll index of 0.6 for this test. Tests commenced at entry speeds 

of 30km/h, increasing as testing progressed.  

ISO3888-2 Vehicle Speed 53kph 

 

Figure 54 ISO3888-2 Trajectory and DYC Moment 

The vehicle followed a much tighter line through this manoeuvre with active control as seen in Figure 

54, the enhancing moment was experienced at the beginning of all the turns, thereafter an opposing 

moment was applied, the increase in brake force resulted in the vehicle slowing down and completing 

the manoeuvre successfully without hitting any cones.  

 

Figure 55 Yaw Rate and Side-Slip Angle through ISO3888-2 Obstacle Avoidance 

The yaw response showed a more distributed yaw rotation and an increase in side-slip angle, this allowed 

the vehicle to rotate more through the manoeuvre. It can be seen that the points where the yaw rate and 

side-slip angle cross the desired responses is where the moment changes from enhancing to opposing.  
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The roll characteristics in Figure 56 show that a smaller roll angle was experienced mid-manoeuvre. The 

roll rate fluctuated severely with active control as the system intervened. The opposing moments also 

helped reduce the roll index throughout the manoeuvre. The roll index oscillated about the desired index 

of 0.6 however never settled. There is however an overall decrease in the rollover propensity. 

 

Figure 56 Roll Characteristics through ISO 3888-2 Obstacle Avoidance 

In Figure 57 the brake torques applied generally represent that of the desired values, however the front 

brakes refused to release pressure. It can be seen at 17.5 seconds, the Brake Torque on the left wheels is 

transferred to the front right wheel. There also exists a slow build-up of torque on the rear right wheel 

and unfavourable torque around the 19.5 second mark.  
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Figure 57 Brake Torques through ISO3888-2 Obstacle Avoidance 

Conclusion of Results 

Roll index limitations on the desired yaw rate and side-slip angle provided stable results with lower 

rollover propensity through both simulation and experimental tests. It can be concluded that torque 

vectoring control is a feasible method at implementing a direct yaw control moment and it worked well. 

The vehicle was stable through the ISO3888-1 Double Lane Change at 85km/h without hitting any cones 

and the vehicle managed to successfully complete the ISO3888-2 manoeuvre at 53km/h whereas the 

vehicle failed to do so without active control. The vehicle was not tested experimentally on a constant 

radius test due to the lack of such an enclosed space to do so safely. 
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Chapter 5 Conclusion and Recommendations 

5.1 Conclusion 

This study aimed to improve SUV handling yet reduce rollover propensity, due to the high number of 

fatalities caused by run-off road and rollover collisions. Numerous methods were discussed and torque 

vectoring control had the potential to improve both handling and rollover propensity.  

A Land Rover Defender 110 at the University of Pretoria’s Vehicle Dynamics Group was chosen as the 

platform to perform experimental tests and evaluate torque vectoring control. The vehicle was 

instrumented and validated using a full ADAMS simulation model previously developed. 

Two types of mathematical controllers were identified and implemented in the simulation environment. 

A LQR method formulated by Mirzaei (2009) was used as a foundation, whereby yaw rate and side-slip 

angle were controlled independently of one another. A linear MPC method was developed in this study 

with combined yaw rate and side-slip angle control. A limit on the rollover index was added as a soft 

constraint on the MPC to reduce rollover propensity. A relation between the rollover index and yaw rate 

was used to limit the yaw of the vehicle whenever the roll index reached a desired threshold. 

Simulation results showed an improvement in the vehicle trajectory and roll characteristics using the 

MPC method with both yaw rate and side-slip angle control. Further improvement was achieved using 

the MPC method with a rollover index threshold, it was noted that there existed some tracking errors on 

the yaw-rate however. The tracking errors were discarded due to the vehicle appearing more agile and 

over compensating for the turn, thus the driver would have to turn less and it aided driveability. 

Experimental tests were conducted using only the MPC method due to its advantages shown from the 

simulation results. The vehicle managed to follow paths not possible prior to active control. 

5.2 Recommendations 

Numerous aspects of this study can be improved upon, these include: 

• Non-linear model predictive control, this would allow for the vehicle to be tested in the non-

linear regime, taking into account the tyre’s non-linear region and controlling how the vehicle 

behaves once the vehicle exceeds its limits and begins to slide.  

• Combination with active suspension control could result in better cornering, as the vehicle’s 

height/damping/stiffness can be adjusted according to the corner and vehicle behaviour. Less 

roll will result in more even vertical loading on each tyre, thus more lateral force generation 

would be possible from each tyre. 

• Steering robot and speed controller to eradicate the driver from the system for experimental 

tests, this will help determine the controller effects without the uncertainty of driver error. 
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• A more modern ESP modulator with a faster response that allows for some sort of PID Control. 

Immediate effects could be had as this hardware component did not provide good repeatability. 

• Brake temperature estimation would be required if this system is permanently connected to a 

vehicle, with increased brake temperature comes decreased brake power which should be 

monitored. 

• Use of wheel force transducer on all four wheels will allow for determination of the actual brake 

torques applied on the vehicle amongst vertical loading and lateral force. Real time 

implementation of the wheel force transducer could be used for control purposes as well. 

• Constant radius experimental tests would be beneficial to show the delay that the controller 

requires in order to reach desired thresholds and how it can be more finely tuned for predictive 

handling. 
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Appendix 

A.1 Sinusoidal Wave Steer Input without Roll Index Bounds  
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A.2 Sinusoidal Wave Steer Input with Roll Index Bounds 
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A.3 Step Steer without Roll Index Bounds 
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A.4 Step Steer with Roll Index Bounds 
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A.5 Severe Double Lane Change ISO3888-1 
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A.6 Severe Lane Change ISO3888-2 Obstacle Avoidance 

 

 

 

 

 


