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In this paper, we will introduce the concept of Suzuki type multivalued (6, #)-contraction and we will prove some fixed point
results in the setting of a metric space equipped with a binary relation. Our results generalize and extend various comparable
results in the existing literature. Examples are provided to support the results proved here. As an application of our results, we
obtain a homotopy result, proving the existence of a solution for a second-order differential equation and for a first-order fractional

differential equation.

1. Introduction and Preliminaries

Let (X, d) be a metric spaceand T : X — X be a mapping on
X. An element x € X is called a fixed point of T if it remains
invariant under the action of T; that is, x = T'x. A mapping T
on a metric space X is said to be a Banach contraction if

d(Tx,Ty) < kd(x, y) @

holds for all x, y € X, where 0 < k < 1. A Banach contraction
mapping defined on a complete metric space has a unique
fixed point. This result is known as Banach contraction
principle. Several authors have extended and generalized
Banach contraction principle in different directions.

Jleli and Samet [1] suggested a modification in the con-
traction condition and introduced a 9-contraction mapping.
Consistent with [1], the following notations, definitions, and
results will be needed in the sequel.

Suppose that

Q=1{9:(0,00)
)
— (1,00) satisfy (9,),(9,) and (9;)}

where

(9;) 9 is nondecreasing;

(9,) for each sequence {t,} < (0, 00), lim,_,9(¢,) = 1if
and only if lim,_,f, = 0%;

(9;) there exists r € (0,1) and I € (0,00] such that
lim,_, o+ ((O() - 1)/t") = 1.

Example 1. Define #; : (0, 00) — (1, 00) fori = 1,2,3 by

n (1) = e\/;
1, (£) = 5V and (3)
ns (t) = eﬁ.

Then, 77;, 1,773 € Q.

Let (X, d) be a metric space and 9 € Q. A mapping T :
X — Xis called a 9-contraction if for any x, y € X, we have

9(d (Tx, Ty)) < [9(d (x, »))]" (4)

whenever d(Tx,Ty) > 0and 0 < & < 1. Jleli and Samet [1]
proved the following fixed point theorem in the framework
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of a generalized metric space in the sense of Branciar; i.e.,
the triangle inequality is replaced by the inequality d(x, y) <
d(x,u) + d(u,v) + d(v, y), for all pairwise distinct points
x, y,u,v € X.

Theorem 2. Let (X,d) be a complete generalized metric space
in the sense of Branciariand T : X — X be a 9-contraction.
Then T has a unique fixed point.

Hussain et al. [2] considered the following class of
mappings:

O ={0:[0,00) — [1,00) : 0 satisfies (0,) - (05)} (5)

where

(0,) 0 is nondecreasing;

(0,)0(t) = lifand only if t = 0;

(05) for each sequence {t,} ¢ (0, 00), lim
and only if lim,_,t, = 07;

(0,) there exists r € (0,1) and I € (0,00] such that
lim, - ((B(t) = 1)/t") = I;

(85) 6(t, +1,) < O(£,)6(t,).

o(t,) = 1if

n—=aoo

Example 3. Let 6,,0, : [0,00) — [1,00) be defined by
0, = " and 0,(t) = 5V respectively, then 0, and 0, € ©.

Hussain et al. [2] proved the following result.

Theorem 4. Let (X,d) be a complete metric space and T :
X — X be a continuous mapping. Suppose there exist 0 € ©
and a, B,y,8 € R" with0 < o+ B+ y + 28 < 1, such that for
any x, y € X, we have

6(d (Tx,Ty)) < [0(d (x,»))]" 10 (d (x, Tx))?
[0@d (1) (6)
10(d (x,Ty) +d (3, Tx))]"
Then T has a unique fixed point.

For other results in this direction, we refer to [3, 4] and
references mentioned therein.

Let (X,d) be a metric space and CB(X) (respectively
K(X)) be the family of all nonempty closed and bounded
(nonempty compact, respectively) subsets of X. For A,B €
CB(X) and x € X, define

d(x,A) = infd(x,a),
acA

(7)
H (A, B) :== max {sup d(a,B),supd (b, A)} .

acA beB

H is the Hausdorff-Pompeiu metric on CB(X) (or on K(X))
induced by d. Let T : X — CB(X) be a given multivalued
mapping. An element x € X is called a fixed point of T if
x € Tx. A mapping T : X — CB(X) is said to be a Nadler
contraction if there exists k € (0, 1) such that

H(Tx,Ty)<kd(x, ), 8)
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for any x,y € X. Nadler [5] obtained the following
multivalued version of Banach contraction principle.

Theorem 5. Let (X,d) be a complete metric space and T :
X — CB(X) be a Nadler contraction. Then T has at least
one fixed point.

Later on, many researchers have obtained fixed point
results for multivalued mappings satisfying generalized con-
traction type conditions. For example, recently, Hanger et al.
[6] proved the following fixed point result for multivalued 0-
contractions.

Theorem 6. Let (X,d) be a complete metric space and T :
X — K(X) be a multivalued mapping. Suppose that there
exist0 € ® and 0 < « < 1 such that

0 (H (Tx, Ty)) < [0(d (x, )]", ©)

forany x, y € X, provided that H(Tx,Ty) > 0. Then T has at
least one fixed point.

Durmaz [7] introduced a new type of generalized multi-
valued 0-contraction and proved some interesting fixed point
results (see also [8]). Kikkawa and Suzuki [9] refined Nadler’
result by proving the following theorem.

Theorem 7. Let 3 : [0,1) — (1/2,1] be defined as S(b) =
1/(1 +b). Let (X, d) be a complete metric space and T : X —
CB(X). Assume there exists b € (0, 1) such that

x,y€eX
with B(b)d (x,Tx) < d (x, y) (10)
implies H (Tx,Ty) < bd (x, y).
Then T has at least one fixed point.

We denote R* := [0, 00) and define the following class of
mappings, which was considered in [10].

(D:{(p:R+><R+—>Rand<p(s,t)§%s—t}. (11)

Example 8. Let ¢, : R" x R* — R be defined by ¢(s,t) =
v(s) —u(t) where v, s : R* — R are given by v(s) = s/2 and
u(t) = t. Obviously ¢, € O.

Example 9. Let ¢, : R" x R" — R be defined by ¢(s,t) =
s/2— (s, t)/u(s,t))t where v, s : R* x R* — R* are defined
by v(s,t) = st and u(s,t) = st +t for all 5,¢ > 0. Note that
@, € O.

Many results, dealing with existence of fixed points of
mappings satisfying certain contraction type conditions in
the framework of complete metric spaces endowed with a
partial ordering, have appeared in the last decade. Ran and
Reurings [11] proved an analogue of Banach’s fixed point
theorem in a metric space endowed with partial ordering
and gave an application of their results to solve matrix
equations. Alam and Imdad [12] proved another variant of
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Banach’s fixed point theorem in a metric space equipped with
a binary relation which generalized many comparable results,
including Ran and Reuring’s result in [11]. Senapati and Dey
[13] proved Banach’s fixed point theorem in metric spaces
equipped with an arbitrary binary relation using w-distance.
They employed their results to prove the existence of solutions
of nonlinear fractional differential equations and fractional
thermostat model involving the Caputo fractional derivative.
A very nice Ph.D. thesis was written on the same subject; see
Dobrican [14].
Let us first recall the following definitions.

Definition 10. Let X be a nonempty set and &% be a binary
relation defined on X x X. Then, x is %#-related to y if and
only if (x, y) € &.

We denote N = {0,1,2,...,}and N ={1,2,...,}.

Definition 11. Let X be a nonempty set and & a binary
relation on X. A sequence {x,} C X is called &#-preserving
if

(X, Xpy1) € R VYneN,. (12)

Definition 12. Let (X, d) be a metric space. A binary relation
R defined on X is called d-self closed if whenever {x,} is
an Z-preserving sequence and x,, converges to x, then there
exists a subsequence {xnk} of {x,} with either (xnk, x) € Ror
(x,x,,) € R forall k € Nj.

Definition 13. Let (X,d) be a metric space and & a binary
relation defined on X. A mapping T : X — P(X) is &#-
closed if for any x, y € X, (x, y) € R implies that (u,v) € &
foranyu € Tx and v € Ty.

IfT: X — P(X) is a multivalued map, then we set
X(T;R)={x€ X:(x,y) € R for some y € Tx}. (13)
In particular, if T is single-valued, then we denote
X'(T;R) = {x € X: (x,Tx) € R}. (14)

Motivated by the results in [2, 10, 12], we introduce the
concept of a Suzuki type multivalued (8, %) -contraction
mapping and present some fixed point results in metric
spaces equipped with a binary relation. Our results extend
and generalize several results given in [2, 15-19]. We also
provide applications of our results to homotopy theory prov-
ing the existence of a solution of second-order differential
equations and first-order fractional differential equations.

2. Multivalued Suzuki Type (6,%2)-Contraction

In this section, we obtain a fixed point result for multivalued
Suzuki type (6, %)-contraction in a metric space equipped
with a binary relation Z.

Throughout this paper 6 € © satisfies the following
additional property:

(65): 0 (inf A) = {izr€1£9 (a) @15)

where A ¢ [0, 00).

We will denote
®" ={0:[0,00) — [1,00) : O satisfies (6;) — (65)} (16)
We start with the following definition.

Definition 14. Let (X, d) be a metric space and & a binary
relation on X. Assume that ¢ € ® and 6 € ®*. A mapping T :
X — P(X) is a multivalued Suzuki type (8, %)-contraction
if for any x, y € X with (x, y) € &

¢(d(x,Tx),d(x,y)) <0 =

0(H(Tx, Ty)) < [0(d (x, y))|“ [0 (x, Tx)I  (17)

8
10(d (3, Ty)]" [0(d (5 Tx) +d (%, Ty))]",
wherea, ,y,0 e R" withO<a+f+y+25 < L.
Our first main result is the following.

Theorem15. Let (X, d) be a complete metric space, R a binary
relationon X, and T : X — CB(X) a multivalued Suzuki type
(0, R)-contraction. Suppose that following conditions hold:

(1) X(T; R) is nonempty,

(2) T is R-closed,

(3) R is d-self closed or T has closed graph.

Then T has at least one fixed point.

Proof. Since X(T; ) is nonempty, if we choose x, €
X(T; R), then there exists some x; € Tx, such that (x,, x;) €
R.1f x, = x,, the result follows. Assume that x;, # x,. As
(x9,x;) € X and

¢ (d (x0, Txy) » d (%, X))

= %d (x50, Txg) — d (%9, x;)

(18)
< d (x, Txg) = d (xg, x1) < d (0, %) = d (x0, %,)
=0,
we have
6 (d (x1,Tx,)) < 0 (H (Txp, Tx,))
< [0.(d (20> x1))]" [0.(d (0, Txp))]"
(19)

[0(d (1, Txy)) ]
[0(d (x1, Txo) +d (%o, T’Cl))](S .
Now d(x,,Tx,) = 0 and d(x,, Tx,) < d(x,,x,) imply that
0(d (x1,Tx,)) < [0(d (%, xl))]Mﬁ
[0(d (x,,Txy)] (20)

-[0(d (xo, Txl)]a .



Thenby d(x,, Tx;) < d(xy,x,)+d(x;, Tx,) and (0), it follows
that

0(d (xo, Tx;)) < 0(d (x,%,)) 0 (d (%, Tx,))  (2D)

and hence
0 (d (xl’ Txl))
+p+8 +6 (22)
< [6(d (50, x| [0.(d (31, Txy)) ™
Hence, we obtain
[0(d (30, Tx,)] ' 77 < [0(d (0, x,)]" P (29)
and, in conclusion, we get that
0(d (x,,Tx;)) < [0(d (34, %,))] “F/070 (29
By (65) we have
0(d(x;,Tx;)) = yi;}fq@ (d(x1,9)). (25)
Thus,

. « 8)/(1-y-6
inf 6(d (x1,7)) < [6(d (xpx )] ““H7 ()

We can choose x, € Tx; such that
0(d (x,x,)) < [0(d (30, x,))] “FI0 0 27)

As (xg,x;) € R, x; € Txy, x, € Tx, and T is R- closed, we
have that (x,, x,) € &.If x; = x,, the result follows. Assume
that x; # x,. Also,

@ (d(x1,Tx,),d (x1,%,))

< %d(xl,Txl) d(x%,) (28)

<d(x,,Tx;) —d(x;,x,) <0.
Hence,

0(d(x,, Tx,)) <6 (H (Tx,,Tx,))
< [0(d (x1,%,))]" [0(d (x,, Tx,))]
-[0(d (x,, Txy))]"

[0(d (x5, Tx;) +d (’Cl’T’Cz))](S .

(29)

By d(x,,Tx,) < d(x;,x,) + d(x,, Tx,) and (05), we have
0(d(x,,Tx,)) <0(d(x,x,))0(d (x5, Tx,)).  (30)
As d(x,,Tx,) = 0and d(x;, Tx,) < d(x,, x,), we obtain that
[6(d (3, Tx,))] 772 < [0(d (3, ,))] . (3D)
Hence,

0(d (2, Tx,) < [0(d (3, ,))] #9070 (32
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By (65), we have

0(d(xT) = f0(d(2y). (33

Hence,

. « 8)/(1-y-6
nf 6(d (x7)) < [6(d (x )] “HT 3y

We can choose x5 € Tx, such that
0(d (x2 %)) < [0(d (301, x,))] “F /) (35)

By (27), we get

2

0(d (xy, %)) < [0 (d (xg,x,))] “FT 0 (36)

Since (x1,x,) € R, and T is #-closed, we have (x,, x;) € X.

Continuing this way, we can obtain a sequence {x,} such
that x,,, € Tx, and {x,} is &#-preserving. Obviously, we
have d(x,, Tx,,) < d(x,, x,.,), for all natural numbers n > 0.
Hence,

0 (d (xn’ xn+1)) = [9 (d (xn—l) xn))](“+ﬁ+5)/(l—y—6)
<... (37)

[6/(d (s, 6,))) PO

IN

Letting n — 00, we have
Aim 0(d (x,, 1)) = 1. (38)
It follows from (6,) that
Jlim d (x,,, x,,,) = 0. (39)

Now, we show that {x,} is a Cauchy sequence. If we set t,, =
d(x,, x,,,), then from (37), we obtain

1<0(t,) < 6(t, ) P07
((at+p+8)/( 9)) (40)
a+B+8)/(1-y-8))"
<(6(t)) T

Further, from (8,), there exist r € (0,1) and I € (0, 0] such
that

m e(tn)_l _

n—oo (tn)r

L. (41)

Suppose I < co. Let B = I/2 > 0. Then there exists n, € N
such that for all #n > n,, we obtain that

0(t,)-1
‘JﬁTnASB @)
(t.)
Hence, for all n > n,, we have
0(t,)-1
L -1>-B. (43)

(t.)
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This implies that

n(t,) <An[0(t,)-1] Vn=n,and for A= % (44)

If] = co, then for B > 0 there exists n, such that for all n > n,,
we have

0 (tn) -1
AN VA (45)
(t.)

which implies that

n(t,) <Anl0(t,)-1] Vn=n, where A= % (46)

Hence, for each case, we obtain that
n(t,) <An[0(t,)-1] Vn=n,,. (47)

Thus, using (40) we have
n(t,) < An[(0(t) P 1] wnzng (48)
Therefore,
lim n(t,)" =0. (49)

So, there exists n; € N such that for all n > n,, we have 0 <
n(t,)" < 1 which implies that ¢,, < 1/m)"" Letm >n> n, €
N. Then

d (x5 %) < d(x,%,01) +d (X410 Xppn) + 0
+d (X1 X)) =ty + ey + o0+t

[e'e] o0 1 1/r
Yn<y () -
i=n i

i—n

(50)

By the convergence of the series Y. (1 /)" we get
d(x,,x,,) — 0asm,n — o00. Hence, {x,,} is Cauchy. Since
(X,d) is complete, there exists x* in X such that x, — x".
We show that T has a fixed point. Assume on the contrary
that T' does not have a fixed point. Then, d(x,,Tx,) > 0 for
all natural numbers n > 0. As (x,,, x,,,;) € R, we have

%d (x,,Tx,) <d(x,Tx,) <d(x,x,.,), (1)
which implies that
¢ (d (%, Tx) d (% X,11)) < 0. (52)
Furthermore,
d (% Txe) < H (T, Ty (53)
gives that
0 (d (X1 Txp1)) < 0 (H (T, TX11))
< [0(d (xyn x01))]" - [0(d (3,0 Tx,))”
[0(d (%00, Tx,0))]"

[6(d (%012 Tx,) + d (%0 Tx,,,1))]° -

(54)

Thus

0(d (x,,1,Tx,, )] 7" < [0(d (3,0 x,0,))]“ P, (55)
which further implies that

0 (d (X315 TX,001)) < [0 (d (%, xn+l))](“+ﬁ+5)/(l—y—6)

<0 (d (xn’xn+l)) .

(56)

Hence
d (xrﬁ-l’ Txn+1) < d ('xn’xm—l) > Vl’l € NO‘ (57)

If R is d-self closed, there exists a subsequence {x,, } of {x,}
such that either (x,,, x*) € R or (x*, X,,) € R. Assume that
(%, x7) € R @(d(x,,,, Tx,,),d(x, ,x")) 2 0, then we have

%d (xnk, Txnk) >d (xnk, x*) . (58)

From (57), we obtain that

d (x"k’ x"k+1) <d (x"k’ x*) +d (x*’ xnkﬂ)

< %d (x"k’ Tx"k) + %d (x"k+1’ Tx”k+1)

) ) (59)
< Ed (x”k’ x”kﬂ ) * Ed (x”k’ x”k+1)

d (x”k’ x”kﬂ ) ’

a contradiction. Hence, (p(d(xnk, Tx
all k e N,.
By our assumption x* ¢ Tx". Thus

),d(xnk,x*)) < 0 for

Mgty

d(x",Tx") < d(x* x ) +d(xnk,Tx*)

>y

(60)

IN

d(x*,x, )+ H(Tx,,Tx"),
which implies that

0(d(x",Tx")) < 6(d(x",x, )6 (H (Tx,,Tx")). (61)
Consequently,

0(d(x*.x,))0(H(Tx, . Tx")) < 6(d(x",x,))

10(d (x5 )] [6(d (5, T,.))

[6(d (7, Tx"))]"

(62)

. [0 (d (x*, Txnk) +d (x,,k, Tx*))]6 .
Also,

d(xnk,Tx*) Sd(xnk,x*) +d(x", Tx"). (63)



From (61), it follows that

0(d(x",Tx")) < [0(d (x",x,))]

(0@ (x" 1))

1+a+6

P (64)
[0(d (x5 x,,,))]
N )
[0(d (5%, )]
Letting k — o0 in (64) we obtain that
0(d(x",Tx")) < [6(d(x, Tx*))]aﬂ'
(65)

<6(d(x",Tx")),

a contradiction. Hence, x* € Tx".
If T has closed graph, since x,,,, € Tx, for eachn € N;
and lim x, = x", we get that x* € Tx". O

n—oo“'n

If we take f3,7,8 = 0 in Theorem 15, we obtain a Suzuki
type generalization of the result in [6] in the framework of a
complete metric space equipped with a binary relation %.

Corollary 16. Let (X,d) be a complete metric space, R a
binary relation on X and T : X — CB(X). Assume that
@ € ®and O € O°. Suppose that there exists 0 < a < 1
such that for any x, y € X with (x, y) € &,

¢ (d(x,Tx),d(x,y)) <0 (66)
implies that
0 (H (Tx, Ty)) < (6(d (x.5)))"- (67)

If conditions (1)-(3) in Theorem 15 are satisfied, then T has a
fixed point.

If we take O(t) = e\/zn, Theorem 15, then we have the
following multivalued extension of Ciri¢ result in [16].

Corollary 17. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — CB(X). Suppose that
¢ € O©and thereexista, 3,7,8 € R" with0 < a+S+y+28 < 1,
such that for any x, y € X with (x, y) € &,

¢ (d(x,Tx),d(x,¥)) <0 (68)

implies that

\/H (Tx, Ty) < oc\/d (x, y) + Bd (x, Tx)

+y\d(y,Ty) (69)

+8\(d (x.Ty) +d (5. Tx)).

Assume that conditions (1)-(3) in Theorem 15 are satisfied. Then
T has a fixed point.
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Remark 18. Note that the conclusion of Corollary 17 can be
written as

H (Tx,Ty)
<a’d(x,y) + Bd (x,Tx) +y’d (3, Ty)

+8%{d (x, Ty) +d (Tx, y)}

+ 208\[d (x. ) d (5. Tx)

+2a0(d (x,y) (d (x, Ty) +d (7, Tx))
+2By\d (x, Tx) d (7, Ty)

+2Bd (12 Ty) ((d (. Ty) +d (7. Tx))

+298d (. Ty) (d (x. Ty) +d (3, Tx))

Notice that if we take «, 3,y = 0 in Theorem 15, using
Remark 18, we obtain the following multivalued Suzuki type
generalization of Chatterjeas result in [15].

Corollary 19. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — CB(X). Suppose that
@ € O and there exists § € [0,1/2) such that for any x,y € X
with (x, y) € &,

¢ (d(x,Tx),d(x,¥)) <0 (71)
implies that
H (Tx,Ty) < 8 {d (x,Ty) + d (y, Tx)} (72)

Assume that conditions (1)-(3) in Theorem 15 are satisfied, then
T has a fixed point.

If we take @ = § = 0 in Theorem 15, using Remark 18, we
obtain the following multivalued Kannan type result in [17].

Corollary 20. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — CB(X). Suppose that
¢ € © and there exist B,y € R* with0 < B+ y < 1 such that
forany x,y € X with (x, y) € &,

¢ (d(x,Tx),d(x,¥)) <0 (73)
implies that

H (Tx,Ty) < f°d (x, Tx) + y’d (y, Ty)
(74)

+ 2[3)/\/01 (x,Tx)d (y,Ty).

Assume that conditions (1)-(3) in Theorem 15 are satisfied. Then
T has a fixed point.

Taking 6 = 0 in Theorem 15, we have a multivalued
extension and generalization of Reich’s result in [20].
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Corollary 21. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — CB(X). Suppose that
¢ € © and there exist o, B,y € R" with0 < a+ B+y < 1, such
thatforany x, y € X with (x, y) € R, the following implication
is true

¢ (d(x,Tx),d(x,y)) <0 (75)
implying that

H(Tx, Ty) < &’d (x, y) + Bd (x, Tx) + y*d (3, Ty)

+2af\d (x, y)d (x, Tx) (76)

+ 20y \/d (x, y) d (3. Ty)2By\d (x, Tx)d (3, Ty).

Assume that conditions (1)-(3) in Theorem 15 are satisfied. Then
T has a fixed point.

Similarly, if we take 0(tf) = e%, then we obtain the
following corollary.

Corollary 22. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — CB(X). Suppose that ¢ €
®© and there exists «, ,y,0 € R" with0 < a+ f+y+25 < 1,
such that for any x, y € X with (x, y) € &,

¢ (d(x,Tx),d(x,¥)) <0 (77)

implies that

\"/H (Tx,Ty) < oc{/d (x, ) + Bd (x, Tx)

+y3d (5. Ty) (78)

+8{(d (x.Ty) +d (. Tx)).

Assume that conditions (1)-(3) in Theorem 15 are satisfied. Then
T has a fixed point.

We now give an example of a multivalued Suzuki type
(0, #)-contraction which is neither a multivalued Banach
contraction nor a multivalued (6, &)-contraction.

Example 23. Let X = {x,, x,, x3}. Define the binary relation
on X as follows:

R ={(x1, 1), (x1, %) 5 (x5, 1) 5 (%3, 263) 5 (x5, 23)

(79)
(x3,265) » (33, X3)}
Letd : X x X — R" be defined by
d(xy,x) = 4,
d (x5 x3) = 1,
(80)
d(x;,x;) =3

and d (x,y) =d (y,x),d (x,x) =0, forx,yeX.

7
Define the mapping T': X — CB(X) by
{x;,x,}, whenever x € {x, x,}
Tx = (81)
{x,}, whenever x = x;.

Clearly, T is #-closed and X(T; %) is nonempty. Indeed,
if x = x;, Tx; = {x;,x,}, then (x,x,) € . Take an
R-preserving sequence {x,} such that {x,} converges to x
and (x,,x,,,) € % for all n e N,. Then, (x,,x,,,) €
{(-xl) xl)) (-xl) XZ), (-x2) x])) (-x2) X3), (-x2) xz)) (X3, xz)) (X3, X3)}
for all n € N,. Thus, {x,} < {x,x,} or {x,, x;}. Since both
{x1, x,} and {x,, x5} are closed, either (x,,, x) € R or (x, x,,) €
X.

Leto(r,s) =r/2—sand O(t) = ¢Vt We consider following
cases:

(1) If (x, ¥) = (x3,x,), then (1/2)d(x;, Tx3) — d(x5, x,) =
3/2-1>0.

(2) If (x,y) = (x,,x3), then clearly (1/2)d(x,, Tx,) —
d(x,,x3) < 0.Fora, B,y = 0 and § = 0.9 we have

6 (H (Tx,, Tx3)) < (0(d (x,,x3)))"
(Od (%2, Tx,)))’ (0 (d (x5, Tx3)))” (82)
(0(d (x> Txs) + d (x5, Tx,))°
which implies that eVt < (e\/g)o'g.

All other cases are trivial. Thus all the conditions of Theo-
rem 15 are satisfied. Moreover, T has two fixed points x; and
X,.

Note that, for (x5, x,) € &,

H (Tx3,Tx,) =4 > (k)1 = kd (x5, x,) (83)

for any 0 < k < 1. Thus T is not a Nadler’s contraction. Also,
k
0 (H (Txy, Tx) = ¢ > (V) = (0(d (x3,x,)))" (89)

for any 0 < k < 1. Thus, T is not multivalued (6, %)-
contraction.

IfT : X — X is a single-valued map, then we have the
following result.

Theorem 24. Let (X,d) be a complete metric space, R a
binary relation on X, and T : X — X. Suppose that ¢ € O,
0 € ®" and there exist «, 3, 7,8 € RT with0 < a+ +7y+28 <
1, such that for any x, y € X with (x, y) € R,

¢(d(x,Tx),d(x,y)) <0 (85)
implies that
6(d (Tx,Ty)) <6 (d (x, y))"0(d (x, Tx))’
-0(d (3. 1)) (86)
-0((d (x,Ty) +d (5, Tx)))".

In addition, assume that the following conditions also hold:



(1) X' (T; R) is nonempty,
(2) if x, y € X such that (x, y) € R, then (Tx,Ty) € R,
(3) R is d-self closed or T has closed graph.

Then T has at least one fixed point.

Remark 25. The above theorem generalizes various existing
results in literature. If in Theorem 24 we take ¢(s, t) = (1/2)s—
t, then we have the following:

(I) We obtain a Suzuki type generalization of 0-
contraction result in [2] in the setup of metric spaces
endowed with binary relation. If 6(t) = eVt
theorem also generalizes the result in [16].

, the above

(2) IfO(t) = e\/?,ﬁ, y,6 = 0,and & < 1, we obtain a Suzuki
type result in the setting of metric spaces endowed
with binary relation (see [19]).

3)If @) = e\ﬁ, a, B,y = 0,and § < 1/2, we obtain
a Suzuki type version of Chatterjea result [15] in the
setup of metric spaces endowed with binary relation.

(4) I 0(t) = e\/;, a,8 = 0,and S+ y < 1, we obtain a
Suzuki type result for generalized Kannan mappings
[17] in the setup of metric spaces endowed with binary
relation.

Example 26. Let X = [0,3] U [5, 9] be the usual metric space
with binary relation defined as follows:

#=1{1,1),(1,3),3,1),(3,3),(1,5),(5,5),(59),(95),

(87)
(9,9)}.
Define the mapping T': X — X by
2x+3, whenever 1 <x<3
Tx = (88)
9, whenever 5 < x < 9.

Let o(s,t) = (1/2)s —t and O(¢) = 5V Note that T is not a
(6, R)-contraction because

0(d(T1,T3)) =0(d(1,5) =5"* > (0(d(1,5))F

-6

Consider the following cases:

(89)

DI (x,9) € {(1,1),(1,3),(3,1),(3,3)}, then
(1/2)d(x,Tx) — d(x, y) < 0 does not hold.

(2) If (x, y) € {(5,5),(5,9),(9,5),(9,9)}, then clearly T is
a Suzuki type (0, &#)-contraction.

(3) If (x, ¥) = (1,5), then we have

%(d(l,Tl)) ~d@,5) = %d(l,S) —(d(1,5)<0 (90)
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For a, 3,7 = 0.1 and § = 0.4, we obtain that

0(d(T1,T5)) < (6(d (1,5)) (0 (d (1, T1))*
(0(d(5,15)) (91)

(0@ (1,T5) +d (5,T1)®

which implies that
sVE (Sﬁ)o,l (5\/2)0.1 (5\/1)0,1 (5\/5)0.4. 92)

Clearly, T is Z%-closed and X’(T;Ei’) is nonempty, since
(5,9) € R. Take an Z-preserving sequence {x,} such that
{x,} converges to x and we have (x,,x,,;) € % for all
n € N,. Note that (x,,x,,;) ¢ {(1,5)}. Then, (x,,x,,;) €
{(1,1),(1,3),(3,1),(3,3),(5,5),(5,9),(9,5),(9,9)} for n ¢
No. Thus, {x,} is a subset of {1, 3}, {3, 5}, or {5,9}. Since all
of these sets are closed, either (x,,x) € & or (x,x,) € X.
Thus all the conditions of Theorem 24 are satisfied. Moreover,
x =9 is a fixed point of T.

3. Application to Homotopy Results

In this section, as an application of our above fixed point
result for Suzuki type (0, #)-contractions, we obtain a homo-
topy result for this class of multivalued mappings. For the
beginning, we give a local fixed point result for multivalued
Suzuki type (0, #)-contraction. Let B(x,, ) be an open ball

and B(x,, r) the closure of B(x, ).

Theorem 27. Let (X,d) be a complete metric space, R a
binary relation on X, x, € X and r > 0. Suppose that

T : B(xy, 1) — CB(X) be a multivalued Suzuki type (0, R%)-
contraction with 0(d(x,, Tx,)) < (G(r))l_k where 0 < k < 1.
Assume that the following conditions are also satisfied:

(1) x5 € X(T; R),

(2) T is R-closed,

(3) T has closed graph or R is d-self closed.
Then T has a fixed point in B(x,, 7).

Proof. Since x, € X(T;3R), there exists x, € Tx, such that
(x0>x1) € R.If x, = x, the result follows. Assume that

X, # x;. Let 0 < s < r be such that B(x,,s) ¢ B(x,,r) and
0(d(xp, Txy)) < (6(s)'™* < (B(r))" . Clearly, d(x,,Tx,) <
H(Tx,, Tx;). Now

@ (d (x0, Txo) » d (%, X))
< %d (%0, Txy) —d (x> x7) (93)

<d(xg Txg) — d (x9,x;) <0
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implies that
0(d (x,,Tx,)) < 0 (H (Txo, Txy))

< [6.(d (0, x1))]" [6(d (x5, Txo)))”

(94)
-[0(d (%1, Tx,))]"
[0(d (x0, Toxy) +d (1, T’Co))](S .
Thus, we have
0 (d (x1,Tx,))
(95)

< [0(d (0, %)) [0.(d (T, ,)]"™.
Hence
[6(d (x,, Tx))]' 7™ < [6(d (xg0x))]* P, (96)
which implies that
0(d (x;,Tx;)) < [6(d (x4, x,))] @ F 7470 (97)
By the condition (6), we get

inf 0(d (x, 7)) < [6(d (xg,%,))] @ P70 g9

yeTx,
We may now choose x, € Tx, such that (x;,x,) € % and

0 (d (x1,x,)) < [6(d (x4, x,))]" (99)
where k == (« + f+0)/(1 — y — §) < 1. Furthermore,

6(d (x1,%,)) < [6(d (xpx,))]* < (@ (s)'™)".  (100)

Note that
0(d (x4 %)) < 0(d (x0,%,)) 0 (d (1, %,))
<@ FOENP <@ 0D
<0(s).

Thus x, € B(x,,s) as d(x,, x,) < s. Continuing this way, we
obtain a sequence {x,,} with following properties:

(1) x,, € B(xy, ),

(2) (x X41) € R,

(3) x,41 € Tx,, Vn e N,

(4) 0(d(x, %,1)) < (B(5))F 70

By similar arguments to those in the proof of Theorem 15, we
obtain that {x,} is a Cauchy sequence which converges to u €

B(xy,r)and u € Tu. O

Now we present the following homotopy result.

Theorem 28. Let (X, d) be a complete metric space, U an open
set of X, & a d-self closed binary relation on X and A : U x
[0,1] — P(X) be a multivalued mapping with closed values.
Suppose that for each t € [0, 1], A(-,t) : U — CB(X) satisfies
the conditions (1)-(2) in Theorem 27. Assume that the following
conditions are also satisfied:

(1) x ¢ A(x, 1), for each x € 0U and each t € [0, 1];

(2) A(t) : U — CB(X) is a multivalued Suzuki type
(0, R)-contraction with closed graph, for each t ¢
(0,1%;

(3) there exists a continuous increasing function n
[0,1] — R such that

O(H (A (x,1),A(x,5) <0 (|7 (1) —n(s)]) (102)

forallt,s € [0,1] and each x € U.

Then A(,0) has a fixed point if and only if A(:, 1) has a fixed
point.

Proof. Suppose that A(-,0) has a fixed point z, then by (1) z €
U. Define

Q={((x,t) eUx[0,1]:x € A(x,1)} (103)
As (2,0) € Q, 50 Q # 0. Define partial order on Q by
(x,t) < (y,s) ifand only if £ < s (104)
and
0(d (x ) < (0(n® =)™,
where k- 2t B+8 107
1-y-0

Let A be a totally ordered set in Q and ¢, = sup{t : (x,t) €
A}. Consider a sequence {(x,,t,)} in A such that (x,,,t,) <
(x,41>tns1) and t,, — t, as n — oco. Then, we have

0(d (%,,%,)) < O (0 (£,) =1 (£, (106)
As
lim r (6,) = 1 (£,)] =0, (107)
by (6;), we have
im0 (| (t,) - n(t,)]) = 1. (108)
Thus (106) gives that
L< lim 0(d(x,x,)) <1 (109)
and
lim d(x,,x,)=0. (110)

m,n—o0

Hence {x,} is Cauchy sequence which converges to an
element x, € U. As x, € A(x,t,) forn € Nand A is
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closed, so x, € A(x,,t,). Also, from (1) we have x, € U.
Hence, (x,,t,) € Q. Since A is totally ordered, therefore
(x,t) < (x,,t,) foreach (x,t) € A. Thatis, (x,,t,) isan upper
bound of A. By Zorn’s Lemma, the set Q admits a maximal
element (x,,¢,) € Q. We claim that t, = 1. Assume, on the
contrary, that t, < 1. Choose r > 0 and t € (t,, 1] such that
B(x,,r) c U and

6.(r) = [6(|n ) = (t)]]7" 7. a1)
Note that
0(d (x¢ A (x0,1)))
< 0(d (x) A (x0,£0)) + H (A (x0£5) A (008)))  (112)

0 (In(®) -n(to)]) = O )" < @) .

Thus A(-, t) : B(x,,r) — CB(X) satisfies all assumptions of
Theorem 27. Hence, for all ¢ € [0, 1], there exists x € B(x,, r)
such that x € A(x,t). Hence (x,t) € Q. Now, d(xy,x) < r
implies that

0(d (xy,x)) <0 (r) = (113)

[6C] 1) = n ()17,
which further implies that (x,, ;) < (x,t), a contradiction to
the fact that (x,, t,) is a maximal element.

Conversely, if A(-, 1) has a fixed point, then by similar
arguments to those given before, we obtain that A(.,0) has
a fixed point. (]

4. Existence of a Solution of Second-Order
Differential Equation

In this section, we study the existence of solution of a two-
point boundary value problem associated with a second-
order differential equation. Let X = C[0, 1] be the space of
all continuous functions defined on [0, 1]. The metric on X is
given by

(0 7) =[x~ yloo = max [x ) -y O (4
Define the binary relation on X by
(x,y) € # ifandonlyif x <y
(115)

(e, x(t) < y(t), t €[0,1]).

Note that the space X = (C[0,1],d) is complete metric
space. We consider the following two-point boundary value
problem:

=" (1) = f(tx (1)),

=x(1)=0,

tel0,1]
(116)
x(0)

where f: [0,1] xR — R is a continuous function. Then, the
problem (116) can be written in the following integral form:

x(t) = Ll G(t,s) f (s,x(s))ds, (117)
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where the associated Green function is

see [21] for details.

Theorem 29. Assume that the following conditions are satis-

fied:
(1) f:10,1] x R — R is continuous,
(2) f(s,.) : R — R is increasing for all s € [0, 1],

(3) there exists T € [1, 00) such that the following condition
holds for all x, y € X, withx < y,

|f (s,%) = f (s, y)| <8 |x(s) = y(s)],
Vs e [0,1],

(119)

(4) there exists x, € X such that for allt € [0, 1], we have

1
Xy (£) < J G(t,9) f (s,x0 () ds (120)
0
Then the problem (116) has a solution in X.
Proof. If we define the mapping T : X — X by
1
100 = | G fexds (2
0

then our problem can be written as a fixed point equation x =
Tx.

Obviously, T is continuous. As f (s, .) is increasing, for any
x,y € X with x(t) < y(t) for all ¢ € [0, 1], we obtain that

Jl G(t,s) f(s,x(s))ds < Jl G(t,s) f(sy(s)ds
0 0 (122)
ie, T(x)(t) <T(y)(t).

Thus, T is #-closed. If x, y € X such that x(t) < y(¢), then
we have

1
IT (x) () -T(y)@®)| = L G(t,s) f (s, x(s))ds

1

- L G(ts) f(s,y(s))ds

< Jl G(t,9)|f (s:x(5) = f (s, y(5))| ds (123)
0

< Jl 8¢ " |x(s) =y (s)|G(t,5)ds
0

1
<8 "d(x,y) J G (t,s)ds.
0
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As L: G(t,s)ds = t/2 — £2/2, we get that supte[o)l](fo1 G(t,
s)ds) = 1/8. The inequality (123) becomes

760 -T () (0] <87 (x7) ¢
(124)
<e 'd(x,y).
Hence, we have
max [T(x) () =T () (0)] < 7d (x. ), (125)
which implies that
d(T(x),T(y)) <e'd(x,y). (126)

Taking square root on both sides and passing through
exponential function, we obtain that

NATCITRN e dy) _ [ ev_du,y‘)] o (127)

wheree " < 1ast > 1. Hence,

o
VITTON o [e‘/d(x’y)] with & = Ve € (0,1). (128)

Thus,

0(d(Tx, Ty)) < (0(d (x, )" (129)

where 0(t) = ¢V and (x,y) € R.

As above inequality is true for any x, y € X with x(¢) <
y(t), so is for any ¢ € ®, with @(d(x, Tx), d(x, y)) < 0. Thus

0(d(Tx,Ty)) < (6 (d (x, )))"-

By Theorem 24 we get that (116) has a solution in X. O

(130)

5. Existence of a Solution of Fractional
Boundary Value Problem

In this section, we investigate the existence of solutions of a
nonlinear fractional differential equation. Let the space X and
the metric d be defined as in the above section.

Consider the following fractional differential equation

°Dfx(t)= f(t,x(t); O<t<l, 1<B<2, (13
with boundary conditions
x(0) =0,
(132)
Ix (1) = x' (0).

Here “DF stands for the Caputo fractional derivative of order
B, defined by

1
I'(n-p)

D f(t) = r (t-9)" P f(s)ds,  (133)
0

11

(where we considern—1 < f <nandn = [f] + 1) and Iﬁf
denotes the Riemann-Liouville fractional integral of order 8
of a continuous function f, given by

Pf) = ﬁ Lt (t=9)F f(s)ds, with B>0. (134)

Senapati and Dey ([13]) showed that the problem (131)+(132)
can be written in the following integral form:

x() = ﬁ jo (t— 95" F(s,x(s))ds
(135)

2t (M g
' T (B) Jo Jo (s=r)"" f(r,x(r)drds.

Theorem 30. Suppose that following conditions are satisfied:

(1) f:10,1] x R — R is a continuous function,
(2) f(s,-) : R — R is an increasing function,

(3) for every x, y € X with x < y, the following condition
holds:

e 'T(B+1)
[f (%)= fsy)l < ————x©)-yG) (136)

Vs e [0,1],

where T € [1, 00),

(4) there exists x, € X such that, for allt € [0, 1], we have

1 t _
Xy () < m L (t - )P f(s,%0(s)) ds
1 (137)
EEIE N e
+ ) L L (s=7r)""" f(r,x,(r))drds.
Then, (131)+(132) has at least one solution in C[0, 1].
Proof. Define the mapping T': X — X by
T (x) (t)
L[
-6 [, 69" Fsx s )

2 e
' () J0 Jo (s=n)"" f(r,x(r))drds.

Then (135) can be written as a fixed point equation for T} i.e.,
x = Tx. Consider on X = C[0, 1] the binary relation defined
as follows

xRy if and only if x (t) < y (¢),

Vte[0,1].  (139)
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By the given assumption (4), X' (T; %) is nonempty. If x, y €
X are such that x(t) < y(t) for every t, then by assumption
that f(s,-) is increasing we have

L (s
N0 Jo (t=9)" f(s,x(s)ds

2t Lors _\B1
+ (3 ) J;) J;) (s=1)"" f(r,x(r))drds
(140)

<

J (t —s)P! f(sy(s)ds

0

1
r(p)

' r'(B) jo Jo (s=n)"" f(r,y(r)drds,

which implies that T'(x)(t) < T(y)(t). Therefore, T is R-
closed. Nieto and Lopez [22] have shown that if there exists a
sequence {x,,} in X such that x, (t) < x,,,,(t) and x,, converges
to some x, then x,(t) < x(t). Hence, & is d-self closed. If
x, y € X such that x(¢) < y(t), then

T (x) () - T (y) @)

- l# Jt (t =) f(sx(s))ds

r'(B) Jo

_Lt C P £ (s () ds
F(ﬁ)Jo(t ) f(sy(s)d
i 1 ss_rlg—l rx(r rds
+N&LL( )7 f (rx () drd
_i 1 ss_rlg—l r , vds
F([)’)L Jo( )7 f(r,y(r)drd
< 1

~T(B)

t
. L (t —s)P! |f (s,x(s))ds— f (s, ()| ds
L2

r(B)

1
0

: J JO (s =P |f (rx (1) = f (r y (r)| dr ds
ST+ (g _
=¢ I (p) Jo (t =97 e () =y (9] ds

L T(B+1)
4T (B)

+ 2e

. Jl JS (s —r)P! |x(r)—y(r)|drds<e™”
0 Jo

T(B+1)
)

t
d(x,y) L (t-s)f ' ds+2e"
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T(B+1)

4T (B)
T(BT(E)
Ar(B)T(B+1)

T(B)T(B+1) e’
TETEy =T

1 rs
d(x,y) J J (s—r)fldrds<e™
0 Jo

d(x,y)+2¢ " B(f+1,1)

d(x )

+ %d (x,y),
(141)

where B is the beta function. From the above inequality, we
obtain that
d(Tx, Ty)<e "d(x,y). (142)

Taking square root on both sides and passing through
exponential function, we have

NATETY) _ eJe*fd(x,y)’ (143)
that is,
[+
NATETY) (e\/d(x,y)) i (144)

where @ = Ve ™ < 1. Since the above inequality holds for any
x, y € X such that x(¢) < y(t) so is true for any ¢ € ®, with

¢ (d(x,Tx),d(x, y)) < 0. (145)

Hence we have

0(d(Tx,Ty)) < (0(d (x, )))".

Thus T is a Suzuki type (6, #)-contractive mapping. Since all
the conditions of Theorem 24 are satisfied, the problem (131)
has at least one solution. O

(146)

Data Availability

The authors declare that the data supporting the findings of
this study are available within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] M. Jleli and B. Samet, “A new generalization of the banach
contraction principle,” Journal of Inequalities and Applications,
vol. 2014, no. 38, 2014.

[2] N. Hussain, V. Parvaneh, B. Samet, and C. Vetro, “Some
fixed point theorems for generalized contractive mappings in

complete metric spaces,” Fixed Point Theory and Applications,
vol. 2015, p. 185, 2015.



Journal of Function Spaces

[3] V. Joshi, D. Singh, and A. Petrusel, “Existence results for
integral equations and boundary value problems via fixed
point theorems for generalized F-contractions in b-metric-like
spaces,” Journal of Function Spaces, vol. 2017, Article ID 1649864,
14 pages, 2017.

[4] Z. Li and S. Jiang, “Fixed point theorems of JS-quasi-
contractions,” Fixed Point Theory and Applications, vol. 2016, no.
40, pp. 1-11, 2016.

[5] S.Nadler, “Multi-valued contraction mappings,” Pacific Journal
of Mathematics, vol. 30, pp. 475-488, 1969.

[6] H. A. Hanger, G. Minak, and L. Altun, “On a broad category of
multivalued weakly picard operators,” Fixed Point Theory and
Applications, vol. 18, no. 1, pp. 229-236, 2017.

[7] G.Durmaz, “Some theorems for a new type of multivalued con-
tractive maps on metric space;” Turkish Journal of Mathematics,
vol. 41, no. 4, pp. 1092-1100, 2017.

[8] G. Durmaz and I Altun, “A new perspective for mul-
tivalued weakly picard operators,” Publications de I'lnstitut
Mathématique (Beograd), vol. 101, no. 115, pp. 197-204, 2017.

[9] M. Kikkawa and T. Suzuki, “Three fixed point theorems for
generalized contractions with constants in complete metric
spaces,” Nonlinear Analysis: Theory, Methods & Applications, vol.
69, no. 9, pp. 2942-2949, 2008.

[10] H. A. Alolaiyan, M. Abbas, and B. Ali, “Fixed point results
of edelstein-suzuki type multivalued mappings on b-metric
spaces with applications,” Journal of Nonlinear Sciences and
Applications, vol. 10, pp. 1201-1214, 2017.

[11] A. C. M. Ran and M. C. B. Reurings, “A fixed point theorem
in partially ordered sets and some applications to matrix
equations,” Proceedings of the American Mathematical Society,
vol. 132, pp. 1435-1443, 2004.

[12] A. Alam and M. Imdad, “Relation-theoretic contraction princi-
ple,” Journal of Fixed Point Theory and Applications, vol. 17, no.
4, pp. 693-702, 2015.

[13] T. Senapati and L. K. Dey, “Relation-theoretic metrical fixed-
point results via w-distance with applications,” Journal of Fixed
Point Theory and Applications, vol. 19, no. 4, pp. 2945-2961, 2017.

[14] M. 1. Dobrican, Fixed Point Theorems in Metric Spaces Endowed
with a Binary Relation [Ph.D. thesis], Technical University of
Cluj-Napoca, 2018.

[15] S. K. Chatterjea, “Fixed-point theorems,” Dokladi na Bolgar-
skata Akademiya na Naukite, vol. 6, pp. 727-730, 1972.

[16] L. B. Ciri¢, “Generalized contractions and fixed-point theo-
rems,” Publications de I'Institut Mathématique (Beograd) (NS),
vol. 12, no. 26, pp. 19-26, 1971.

[17] R. Kannan, “Some results on fixed points,” Bulletin - Calcutta
Mathematical Society, vol. 60, pp. 71-76, 1968.

[18] G. Mot and A. Petrusel, “Fixed point theory for a new type of
contractive multivalued operators,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 70, no. 9, pp. 3371-3377, 2009.

[19] T. Suzuki, “A new type of fixed point theorem in metric spaces,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 71, no.
11, pp. 5313-5317, 2009.

[20] S. Reich, “Some remarks concerning contraction mappings,”
Canadian Mathematical Bulletin, vol. 14, no. 1, pp. 121-124, 1971.

[21] R. P. Agarwal, M. Meehan, and D. O’Regan, Fixed Point Theory
and Applications, vol. 141, Cambridge University Press, 2001.

[22] J. J. Nieto and R. Rodriguez-Lopez, “Contractive mapping
theorems in partially ordered sets and applications to ordinary
differential equations,” Order, vol. 22, no. 3, pp. 223-239, 2005.

13



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

