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Wide signal bandwidths typically require receivers performing signal detection to collect very

large quantities of data. However, in applications with limited size, weight and power (SWAP)

requirements, reducing the amount of data becomes important for proper operation. Most

existing sample reduction approaches rely on reconstruction algorithms to compensate for the

missing data, but these are often computationally complex. Therefore, in this work sample

reduction without reconstruction is considered.

This work proposes an approach to discarding samples prior to detection using difference sets

(DSs) and almost difference sets (ADSs) – exploiting their sidelobe and cyclic properties – to

minimise the negative impact on detection performance. Included are mathematical analyses,

simulations, and experiments with practical data evaluating the effects of this technique on

the detection performance. This work demonstrates that while the lack of a reconstruction

algorithm does introduce interference, this is reduced when using DSs and ADSs compared

to when samples are discarded at random, and the use of these sets allows predictions about

performance to be made beforehand using only the set parameters. Additionally, the proposed

technique performs much faster than detection with reconstruction, while having a reasonable

decrease in detection performance.

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  



ACKNOWLEDGEMENTS

I would like to acknowledge the support of GEW Technologies in financing my studies.

I would also like to sincerely thank the following people for all of their help and support,

without whom this work could never have been completed:

Professor Warren du Plessis: For his unwavering support of both me and this research,

especially when neither one of us were quite sure if it was actually a “good” idea or not.

Heinrich Laue and Nicholas Osner: For continuously inspiringmewith their ownwork, and

providing a nearly endless supply of ideas, distractions, and coffee-related information.

My friends: For helping to take my mind off of my work, diligently asking how my research

was going, and politely listening to the answer, even when none of the words I was

saying made any sense.

My brother, Grant: For persevering through his own struggles, which reminded me that I

could persevere through mine.

My mother, Beverly, and my father, Edrien: For always supporting me in everything that

I do (even when that meant spending far too much money on my education) and for

never giving up on me, or letting me give up on myself.

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



LIST OF ABBREVIATIONS
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MWC modulated wideband converter
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RG random Gaussian

RMPI random modulation pre-integrator
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RV random variable

SDR software-defined radio

SLL sidelobe level

SNR signal-to-noise ratio
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UAS unmanned aerial system
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CHAPTER 1 INTRODUCTION

1.1 INTRODUCTORY REMARKS

This chapter provides an introduction to this research work. Motivation for the technique

considered in this work is given in Section 1.2. The research objectives and questions are given

in Section 1.3, while the hypothesis and overall methodology are provided in Section 1.4. The

goals of this research are stated in Section 1.5, and the expected contributions and research

outputs are summarised in Section 1.6. The chapter concludes with a layout of the work in

Section 1.7.

1.2 PROBLEM STATEMENT

The focus of this research work is the reduction of samples prior to performing signal detection,

and analysis of the effects on systems that process data in both the time and frequency domains.

The primary motivation for this research work is detailed in Section 1.2.1, and the resulting

gap in the current research literature that this work seeks to fill is briefly summarised in

Section 1.2.2.
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CHAPTER 1 INTRODUCTION

1.2.1 Context of the Problem

The Shannon-Nyquist sampling theorem states that a signal should be sampled at a rate equal

to twice its bandwidth to allow for perfect reconstruction from its samples [1]. Continued

developments in fields such as wideband communications, electronic warfare (EW), and

radio-frequency (RF) technology have led to ever increasing signal bandwidths, such that

sampling wideband signals at the Nyquist rate is becoming increasingly difficult, and produces

a large amount of samples required for perfect reconstruction.

While many systems are developed to cope with an increased number of data samples, there

are certain scenarios where processing a large amount of data samples is simply not feasible.

Consider a mobile platform, such as an electric unmanned aerial system (UAS) designed to

survey a large area of land [2], fitted with a signal acquisition receiver that monitors a wide

band of frequencies in order to detect the presence of certain signals. The on-board processing

capability of the platform is limited by the available size, weight and power (SWAP), often

making it infeasible to perform detection on a large amount of data samples on the platform.

This problem can be overcome either by storing the data on the platform for later processing

or by sending the data to a base station for processing. On-board storage is impractical in

applications where real-time information is required (e.g. [2]) due to the need for the platform

to return before processing of data can take place. However, high data rates and long ranges

will be required to transmit the necessary data to a base station, again leading to difficulties as

wideband, high-power transmitters have high SWAP requirements. The conclusion is that the

amount of data to be processed and/or transmitted must be reduced in order to meet the SWAP

requirements of such platforms.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

1.2.2 Research Gap

The problem of reducing the number of samples taken during signal acquisition has existed for

decades; since the initial formulation of the Shannon-Nyquist theorem [1] researchers have

been looking for ways to surmount it. Numerous approaches have been developed to achieve

what is known as sub-Nyquist sampling (sampling below the Nyquist rate), most of which

are focused on perfect signal reconstruction. Unfortunately, within the confines of platforms

with restrictive SWAP requirements, certain drawbacks preclude the use of most of them. The

primary drawback is that in order to compensate for the missing samples, the reconstruction

process becomes more complicated – and thus more computationally complex – compared

to Nyquist rate sampling. Secondly, many approaches require additional analogue hardware,

often repeated over multiple channels, which increases the power required as well as the cost.

Finally, many of the approaches either require knowledge of, or make assumptions about, the

signal being sampled in order to reconstruct it.

As mentioned previously, most of the existing sub-Nyquist sampling approaches are concerned

with perfect signal reconstruction. However, many signal processing problems, including signal

detection, do not require perfect signal reconstruction in order to operate correctly. Without

this constraint, the reconstruction process can be removed entirely, as can any additional

analogue hardware. The penalty associated with any data-rate decrease without reconstruction

is a reduction in detection performance due to fewer samples being available [3]. However,

reducing the samples which need to be processed/transmitted allows wider signal bandwidths

and/or additional channels to be accommodated by a given data rate (and thus SWAP), leading

to an overall improvement in system performance.

The problem now becomes how to effectively reduce the amount of samples that must be

processed by a detection algorithm. Current research into this problem is focused on applying

the framework of compressive sensing (CS) [4, 5] to detection without any reconstruction, an

approach referred to in this work as compressive detection. Due to their prevalence in CS,

almost all of the existing work involves the use of random sensing matrices [6], which discard

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

certain data samples and replace the remaining ones with random projections, effectively

compressing the retained samples.

Replacing retained samples with random projections is an additional computational step that

could potentially be avoided. In this work random sensing matrices are replaced with binary

sensing matrices, which are equivalent to simply discarding certain samples within a sampling

window. This effectively represents the least computationally complex way of discarding

data samples (which is to simply discard them). The primary issue with this approach is

that simply discarding samples is also equivalent to applying a binary window function to

the samples. Since the purpose of a window function is to shape a frequency response, the

way that samples are discarded will have an impact on the frequency information, which is

important considering that typically wideband signal acquisition receivers (the kind that would

be fitted to the mobile platform previously described) process samples in both the time and

frequency domains in order to extract signal information. The question that arises is how

to choose which samples to keep and which samples to discard, or equivalently how best to

construct binary sensing matrices, in order to minimise any negative impact on detection

performance.

Discarding large numbers of samples taken in the time domain can be viewed as similar to

discarding a large number of antenna elements in a filled antenna array, a technique known

as massive thinning. Historically, random placement of elements – equivalent to randomly

discarding samples – has proven as effective as most deterministic approaches, but this

typically results in a dramatic loss of sidelobe control [7]. It has been shown that the sidelobe

level (SLL) can be reduced to an arbitrarily low level by sufficiently increasing the number of

antenna elements [8], which in practice means that the effects of noise can be made to dominate

the effects of sidelobes for a sufficiently large number of elements. However, deterministic

element placement using difference sets (DSs) [7] and almost difference sets (ADSs) [9] has

been shown to produce power patterns with well-controlled sidelobes, and a reduction in peak

sidelobe level when compared to random element placement, without requiring a large number

of elements. Similar improvements are to be expected when DSs and ADSs are applied to

discarding samples, with the sidelobe benefits directly applicable to the window’s effect on

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

frequency response. DSs and ADSs also have other properties that are expected to prove

beneficial.

1.3 RESEARCH OBJECTIVES AND QUESTIONS

The primary objective of this research is to determine the effects that applying a binary window

function to data samples will have on detection performance. It is well documented that

performing detection with fewer samples results in reduced detection performance for an

otherwise identical detection scheme [3]. However, in a system that processes data in both the

time and frequency domains, using a binary window function to discard samples is expected to

affect the frequency information, which should also have an effect on the achievable detection

performance.

The secondary objective is to compare the effects of random binary windows (the closest

equivalent to the random sensing matrices used in compressive detection approaches) with

binary windows constructed using DSs and ADSs, in order to determine whether the well-

controlled sidelobes typically encountered when using DSs/ADSs for constructing thinned

antenna arrays translates to discarding samples for detection, and if this is indeed beneficial

for detection compared to discarding samples randomly.

These research objectives are summarised into the following research questions:

• For systems that process samples in both the time and frequency domains prior to

detection, how will the application of binary window functions affect signal detection

performance?

• Howwill the use of random binarywindow functions affect signal detection performance?

• How will the use of DSs and ADSs to construct binary window functions affect signal

detection performance?

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

• Will the use of binary window functions constructed using DSs and ADSs show superior

performance compared to random binary windows?

1.4 APPROACH

The overarching hypothesis of this research work is that for a system that implements frequency

domain data processing (likemanywideband signal acquisition receivers), while the application

of binarywindow functions to reduce the number of data samples used during signal detection is

expected to reduce the achievable detection performance, binary window functions constructed

using DSs/ADSs should have less of a negative impact on the performance than random

binary windows of the same length and number of elements. This is based on the relatively

well-controlled sidelobes observed when DSs/ADSs are used to construct massively thinned

antenna arrays, compared to their random counterparts [7, 9].

The approach taken to test this hypothesis is given here. First, appropriate detectors (which

includes the means of calculating the test statistics and the thresholds) with samples discarded

using binary window functions will be derived based on existing classical detectors. One of

these detectors will be used for the remainder of the research work. Appropriate detection

performance metrics for all of the detectors will also be derived, giving a means of objectively

evaluating the detection performance.

Appropriate DSs and ADSs of various sizes will then be chosen, and used to construct binary

windows that are used to select data samples prior to applying the detector. For each DS/ADS,

binary windows shall be constructed based on the set itself, as well as filled binary windows

of the same length and random binary windows of the same length and with the same number

of elements, in order to compare the detection performance achieved using each type of

window.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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The detection performance will then be evaluated for all of the constructed windows using two

different types of signals: simulated signals and generated practical signals. The simulated

signals are created in software, while the generated practical signals will be created by

transmitting the output of a signal generator over-the-air before receiving the signal using a

software-defined radio (SDR).

Additionally, because the potential application of this research is the detection of cellphone

signals (e.g. for anti-poaching activities), real world off-the-air Global System for Mobile

Communications (GSM) signals will be recorded using a SDR and then processed by the

detection algorithm, in order to observe the resulting detections and verify that actual signals

can still be detected using the binary windows.1 A large frequency band should be recorded

for a relatively long time period, to illustrate the effects on multiple simultaneously received

signals with random arrival times.

Finally, performing detection without the use of a reconstruction algorithm will be compared

to the case where there is reconstruction. Specifically, the achieved detection performance, as

well as the computation time of both approaches will be compared to determine if the assumed

reduction in computation time is worth the reduction in detection performance.

1.5 RESEARCH GOALS

The goal of this research work is to produce a deterministic means of discarding data samples

prior to performing signal detection that is extremely computationally simple, for application

in scenarios where SWAP requirements severely limit the available computational and data

processing capabilities. While it is expected that the simplicity of this technique will result

in degradation and detection performance loss, this is already the case in many existing

compressive detection approaches except under specific assumptions.

1The derived detection performance metrics will not be run on these signals, because the transmissions will
not be continuous and the parameters will be unknown.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

The primary applications of this technique are for platformswith restrictive SWAP requirements

performing signal detection in order to reduce processing complexity, data rate, and/or energy

consumption at the cost of a predictable decrease in detection performance. Such platforms

include UASs designed to search for communication signals for anti-poaching activities [2] or

improvised explosive device (IED) identification. While this technique is designed with EW

systems in mind, it could potentially be expanded to the field of cognitive radio as well.

1.6 RESEARCH CONTRIBUTION AND OUTPUTS

The contribution of this research work will be a deterministic technique for discarding data

samples prior to performing signal detection that requires very little computational power, ideal

for applications with restrictive SWAP requirements, or where data needs to be transmitted

over long distances. Specifically, this technique is beneficial towards systems that process

data in the frequency domain, such as wideband signal acquisition receivers. The use of DSs

and ADSs to construct sampling windows means that the effects of the window sidelobes on

the detection performance are calculable a priori using only the set parameters, which is not

possible with random binary windows. In addition, the cyclic properties of DSs and ADSs

allow for sample-by-sample window overlap – which is not possible for windows optimised

for a single configuration – and therefore allows windows to completely overlap with signals,

potentially compensating for the negative impact on detection performance (the details of

these properties are provided in Chapter 3). This technique was designed for EW applications,

but could be expanded to the field of cognitive radio as well.

This research has led to the submission of one journal publication, the details of which are as

follows:

Author(s): Wade R. Smith and Warren P. du Plessis

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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Title: Sample Reduction During Signal Detection Using Difference Sets and Almost Differ-

ence Sets

Journal: IEEE Transactions on Signal Processing

Abstract: Signal detection over wide bandwidths typically requires collection of a very large

quantities of data. However, reducing the amount of data is important in applications

with limited size, weight and power (SWAP) requirements. Most data-reduction

approaches rely on reconstruction algorithms to compensate for the missing data, but

these algorithms are computationally complex. Therefore, sample reduction without

reconstruction is proposed, and the resulting impact on signal detection performance

is evaluated. The cyclic and sidelobe properties of difference sets (DSs) and almost

difference sets (ADSs) are exploited to reduce the interference caused by discarding

samples, resulting in significant improvements over randomly discarding samples.

1.7 OVERVIEW OF THE STUDY

The content of the chapters in this study are outlined below.

Chapter 1: An introduction to the research work is presented, which includes motivation

based on the potential application of this work and the limitations of the existing research.

The objectives, goals, contributions, and outputs of this work are also provided.

Chapter 2: A background study of various techniques for performing reduced-sample detec-

tion on a platform with SWAP limitations is presented. Existing approaches based on

sub-Nyquist sampling and compressive detection are evaluated for the given platform.

The effects of performing detection when discarding samples using binary windows are

discussed, and a potential solution based on DSs and ADSs is presented.

Chapter 3: A background study on DSs and ADSs is presented, including an overview of the

theory of the sets and various properties that make them attractive to this research work.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

Chapter 4: An extended analysis of signal detection is provided. This analysis includes an

overview of the formation of test statistics, the signal models that are considered in

this study, and means of quantifying the performance of a detector. For the chosen

signal model, the test statistics and performance metrics for a detector where samples

are discarded using binary windows are derived. An approach for applying DSs and

ADSs to the derived detector is also presented.

Chapter 5: Empirical results to verify the impact of various binary windows on the perform-

ance of the detector derived in Chapter 4 are presented. Results for simulated signals,

generated practical signals, and recorded practical signals are provided. Comparisons

between the effects of random binary windows and those based on DSs/ADSs are presen-

ted, as well as between the proposed technique and detection using a reconstruction

algorithm.

Chapter 6: A brief conclusion and some suggestions for future work are given.

Additionally, two addenda are provided that include additional relevant information, whose

content is summarised below.

Addendum A: Plots of the frequency responses for the binary windows used in the experi-

ments conducted in Chapter 5 are provided. These are used in Chapter 5 to help evaluate

the detection performance of the various windows.

Addendum B: The experimental results for four of the six DSs/ADSs evaluated in Chapter 5

are provided. These are referred to in Chapter 5, and provide insight into how detection

performance varies between different DSs and ADSs.
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CHAPTER 2 SAMPLE REDUCTION

2.1 INTRODUCTORY REMARKS

An extensive background study of the potential approaches to reducing the number of samples

used prior to performing signal detection is provided in this chapter. These approaches are

specifically evaluated within the context of a platform with limited size, weight and power

(SWAP) capabilities.

Details of existing sample reduction techniques – both general and those specific to signal

detection – as well as their limitations in the given context are given in Section 2.2. The

potential solution presented in this researchwork is outlined in Sections 2.3 and 2.4: Section 2.3

summarises the effects of discarding samples using binary window functions, and Section 2.4

provides details on difference sets (DSs) and almost difference sets (ADSs). A summary is

given in Section 2.5.

The work described in this chapter forms part of a submitted journal paper [10].1

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.
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CHAPTER 2 SAMPLE REDUCTION

2.2 EXISTING SAMPLE REDUCTION TECHNIQUES

There are numerous sample reduction techniques detailed in the existing literature; those

applicable to wide bandwidth, multiband signals are summarised in this section.2 The two

most promising approach types are those that involve reducing the sampling rate below the

required Nyquist rate – known as sub-Nyquist sampling – and those that involve the application

of compressive sensing (CS) theory directly to the signal detection algorithm – referred to in

this work as compressive detection. Multiple sub-Nyquist sampling strategies are detailed in

Section 2.2.1, and compressive detection is summarised in Section 2.2.2.

2.2.1 Sub-Nyquist Sampling of Wideband Signals

One solution to reduce the number of samples that need to be collected would be to implement

some form of sub-Nyquist sampling, so that less samples are taken overall. There are

numerous approaches that have been developed to achieve sub-Nyquist sampling of wideband

signals; this section deals with some of the more prominent techniques that are applicable

to wide bandwidth, multiband signals. The interested reader is directed to [11] for a more

comprehensive review.

There are two general types of sub-Nyquist sampling strategies: those that require either

full or partial knowledge of the signal/s being sampled, known as non-blind and semi-blind

approaches, respectively, and those that do not require any prior knowledge, known as blind

approaches. While the nature of the application of this work precludes non-blind and semi-

blind strategies because it is assumed that almost nothing is known about the signals being

sampled, some approaches are mentioned for completeness.

2Multiband signals are signals that consist of several known frequency bands [11].

Department of Electrical, Electronic and Computer Engineering
University of Pretoria

12

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



CHAPTER 2 SAMPLE REDUCTION

Two classic, well known non-blind approaches are: demodulation [12], where a band of

interest is shifted from high frequencies to lower ones, and undersampling (also known as

direct bandpass sampling) [13], which involves selecting a sampling rate that manipulates

aliasing to sample a band at a rate closer to its information content (also known as the Landau

rate [14]). However, demodulation requires knowledge of the carrier frequency of the bands of

interest, and undersampling is not applicable to multiband signals, so neither are considered

in this work.

Another classic approach is periodic nonuniform sampling (PNS), where instead of sampling at

uniform time intervals, for signals with M frequency bands with individual widths B, samples

are collected from a series of M channels with relative time shifts

yi(n) = x(nTs + ψi), i = 1, . . . ,M (2.1)

such that the total sampling rate M/Ts is lower than the Nyquist rate [15]. Early approaches were

non-blind, but further extensions have beenmade that resulted in semi-blind approaches [16–18],

with samplers that operate independently of band positions with reconstruction algorithms

that require knowledge of the frequency support. These semi-blind approaches specifically

make use of mulicoset sampling [16–18], which is a PNS method where the grid is a subset of

the uniform Nyquist grid.

From this point, all of the approaches that are discussed are blind sub-Nyquist sampling

techniques. The principle difference between the non-blind/semi-blind and blind approaches

is the signal model considered: the non-blind/semi-blind approaches are based on models

consisting of a single subspace, while the blind approaches are based on models consisting of

a union of multiple subspaces, referred to as the union of subspace (UoS) model [19]. The

details of these models are not expanded upon here (the reader is directed to [11]); a very

simple summary is that in the UoS model, the extra subspaces grant an additional degree

of freedom to be used for sample rate reduction, allowing resulting approaches to operate

without knowledge of the frequency support.
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CHAPTER 2 SAMPLE REDUCTION

The blind approaches based on the UoS model can be further categorised as being based on

one of three model types: multiband signals with unknown carrier positions, variants of finite

rate of innovation (FRI) models, and a sparse sum of harmonic sinusoids. For the first model

type, a fully blind framework based on multicoset sampling [20] as well as reconstruction

algorithms [21] has been developed. This work has been subsequently extended into an

approach known as the modulated wideband converter (MWC) [22]. The MWC essentially

combines multiple sampling channels, as in PNS/multicoset sampling, with radio-frequency

(RF) demodulation by mixing the input of each channel with a periodic waveform, in order to

spread the frequency bands across the entire spectrum, including baseband, where each of

the desired bands has a different weight applied. A lowpass filter then removes the spectrum

outside of baseband before sampling, with a reconstruction algorithm using knowledge of

the periodic waveforms to reconstruct the spectrum. A hardware-efficient realisation has also

been developed [23].

The second model type includes variants of FRI models [24,25], where signals are determined

by a finite number of unknowns, or innovations, for a finite time interval. The simplest and

most pervasive FRI model considers attenuated and time delayed copies of a pulse, where the

attenuation and delay values are the innovations to be determined. Instead of determining these

unknowns directly, sub-Nyquist sampling is achieved by instead determining the amplitudes and

frequencies of the resulting Fourier series components, and then relating back to attenuations

and delays using existing tools for array processing and spectral estimation [24]. There are

numerous sampling approaches to obtain the Fourier components (once again, the interested

reader is directed to [11]), and reconstruction is then be carried out by annihilating filter [24],

or potentially techniques like multiple signal classification (MUSIC) [26] or estimation of

signal parameters via rotational invariance techniques (ESPRIT) [27].

The final model type is that of a sparse sum of harmonic sinusoids, which is an attempt

to bridge the concepts of CS [4, 5] and sampling analog signals [28]. This model led to

the development of the random demodulator (RD), which operates similarly to the MWC,

by multiplying the input signal with a pseudorandom binary sequence in order to spread

the bands across the spectrum, before integrating and dumping at a reduced rate [28]. A
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CHAPTER 2 SAMPLE REDUCTION

direct extension of the RD is the random modulation pre-integrator (RMPI), which consists

of multiple parallel RD channels [29]. Both of these approaches make use of CS recovery

algorithms for reconstruction [30].

It is obvious that there are numerous methods for implementing non-blind, semi-blind, and

fully blind sub-Nyquist sampling, for a variety of different signal models. Unfortunately, within

the confines of platforms with restrictive SWAP requirements, each of the blind approaches

has certain drawbacks, that limit their application to this particular problem. Firstly, noise

can become an issue for many of the approaches. The FRI-based approaches cannot exactly

recover a noisy input signal regardless of sampling rate: instead the signal is estimated from its

noisy samples. PNS, multicoset sampling, the MWC, the RD, and the RMPI are all susceptible

to accumulation of wideband noise (for most of them due to the RF mixing process).

Secondly, most of the approaches require additional analogue hardware, often repeated

over multiple channels, which increases the SWAP requirements as well as the cost. PNS

and multicoset sampling require extremely precise time-delay elements and Nyquist-rate

analogue-to-digital converters (ADCs), which typically makes these approaches practically

infeasible for wideband signals. The MWC, RD, and RMPI all require additional RF front

ends to perform the input mixing. On a platform where data reduction is being considered to

reduce power requirements, adding additional hardware is counter-intuitive.

The final, but arguably primary, drawback for many of the approaches is that in order to

compensate for the missing samples, the reconstruction process becomes more complicated –

and thus more computationally complex – compared to the well-known interpolation method

of Nyquist-rate sampling. FRI-based approaches use array processing and spectrum estimation

techniques like MUSIC and ESPRIT. The processes for the RD and the RMPI make use of

CS recovery methods, which can become highly non-linear, intensifying the problem even

further. For a mobile platform, even if the reconstruction process could be applied at a base

station following sample transmission (effectively removing the limitation of the platform),

the complexity of the reconstruction algorithm coupled with the transmission time may limit

real-time operation.
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CHAPTER 2 SAMPLE REDUCTION

2.2.2 Compressive Signal Detection

A potential means of reducing computational complexity would be to remove the reconstruction

process entirely. While this may appear to be unreasonable at first, consider the following:

many signal processing problems, such as estimation, classification, filtering, and detection

do not require perfect signal recovery in order to operate correctly. In fact, considering

that most practically received signals are corrupted by noise and interference, most of these

processes have been developed to operate using imperfect signals. Therefore, removing the

reconstruction process can be seen as quite sensible, at least in the given context.

The concept of reduced-sample detection without reconstruction is already being investigated

using the framework of CS, an approach referred to in this work as compressive detection.

Works have focused on constructing test statistics in the compressed domain for a variety of

signal models, from deterministic signals with known [31] and unknown [32] parameters,

to Gaussian signal models [33–35]. Even Bayesian (as opposed to the more common

Neyman-Pearson (NP)) detection [36] and extensions to multiple sensors [37] have been

investigated.

The approaches to compressive detection typically fall into two categories: those that exploit

signal sparsity [32, 33, 36–38],3 and those that consider signals that are not necessarily

sparse [31, 34, 35, 40]. The consensus is that without exploiting sparsity prior, a specific

compressive detector will operate at an expected performance loss compared to the equivalent

uncompressed detector, which is understandable considering less samples are available in the

compressed case. However, if signal sparsity can be assumed, which can be seen as providing

additional information to replace that which has been lost, a compressive detector can achieve

performance and robustness comparable to its uncompressed counterpart [32, 40].

Since compressive detection is based on the principles of CS, in most approaches the received

3Sparsity refers to a sampled signal having only a small number of significant values [39]. For a vector x with
N values or coefficients, the vector is considered K-sparse if only K � N of those coefficients are significant.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria

16

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



CHAPTER 2 SAMPLE REDUCTION

samples are compressed and discarded using random sensing matrices, due to the fact that

random measurements are considered universal [6, 38]. This potentially presents another

means of reducing computational complexity, since converting to random projections involves

an additional computational step to be performed on the sampled data.

The other primary issue with using random sensing matrices for this particular application is

how they affect the frequency information of the signal, something that is not addressed in the

existing compressive detection literature. If CS is used to reduce the number of samples prior

to frequency domain processing, then it is expected that the discarded samples and the retained

random measurements will result in a distorted signal spectrum. In applications of CS to the

field of spectrum sensing and cognitive radio, this is typically overcome by reconstructing

the frequency spectrum [41], however this would defeat the purpose of removing the original

reconstruction algorithm.

2.3 SAMPLE REDUCTION USING BINARYWINDOWS

To save additional computational power and limit the potential degradation of frequency

information, instead of discarding certain samples and replacing the remaining ones with

random projections, samples could simply be discarded using equivalent binary sensing

matrices, which represents the simplest approach to discarding samples. This would eliminate

an additional computational step incurred in most existing compressive detection approaches,

which would be beneficial to the proposed SWAP-limited system. A practically identical

implementation of a binary sensing matrix is applying a binary window function to the data

samples.

Unlike other data-reduction approaches, simply discarding samples does not make any

assumptions about the data, requires only negligible processing on the platform itself, and

does not require complex reconstruction before processing. The penalty associated with
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CHAPTER 2 SAMPLE REDUCTION

any data-rate decrease is a reduction in detection performance due to fewer samples being

available [3] (which is also the case in compressive detection where sparsity is not considered

prior [31, 40]).

The question that arises is how to construct binary windows that will help limit the negative

effects imposed on the detection process. This essentially involves choosing which samples to

keep and which to discard, with the chosen sequence being influenced by certain considerations.

In this work, the two primary considerations are as follows:

Sidelobe effects: The issue associated with simply discarding samples using a binary window

function is that in the absence of a reconstruction process there will still be some

distortion of the frequency information (even if the retained samples are not compressed

using random measurements) that would also negatively impact detection performance.

As mentioned previously, this is based on the fact that sampling with a binary sensing

matrix is practically identical to applying a binary window function to the data samples,

which will shape the frequency response in some way.

Based on this fact it becomes important to construct binary windows with good sidelobe

properties. The sidelobes of a window function are a standard figure of merit [42], and

will influence how the frequency spectrum is shaped: a large signal at one frequency

that has high and/or uncontrolled sidelobes could obscure a smaller signal at a different

frequency. It is therefore important to construct windows with low, or at least well

controlled, sidelobes.

Window overlap and cyclicity: For a long stream of data samples, samples are collected

using sequential finite length windows. Sampling windows can potentially be applied to

non-overlapping partitions of the sequence, as shown in Figure 2.1(a), or to overlapped

partitions, as shown in Figure 2.1(b). In the case of overlapped partitions, the window is

cyclically shifted as it moves through time, ensuring that the same samples would be

collected independent of the overlap.

When samples are discarded to optimise the sidelobe properties for only one sample
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CHAPTER 2 SAMPLE REDUCTION

t
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1 23 4 5 0Δ3

(b)

Figure 2.1. Collecting time samples using windows (a) without and (b) with cyclic properties.
Samples within a block are processed together. (Adapted, with permission, from [10]. ©2018
IEEE.)

configuration, as in Figure 2.1(a), any cyclic shift of the samples could lead to poor

sidelobe performance. Overlapping of the windows is not possible, which means that the

shortest signal under the worst-case condition will only fill 50% of each window when

the window and signal lengths are matched [43]. An ideal solution would be to construct

windows with cyclic properties so that their performance is independent of cyclic shift,

allowing for windows to be overlapped. While overlapping windows is well known to

increase computational complexity [42], because samples are being discarded this can

be somewhat mitigated, and assuming that windows lengths are chosen appropriately,

large overlap could be achieved that would benefit overall performance by allowing for

perfect overlap with a signal.
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CHAPTER 2 SAMPLE REDUCTION

2.4 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

The question that arises is how to choose which samples to keep and which samples to discard,

or equivalently how to design binary sensing matrices, in order to minimise any negative

impact on detection performance. In Section 2.3 it was elucidated that binary sequences

which are cyclic and have relatively good sidelobe properties would be desirable for this

purpose.

One obvious approach would be to simply discard samples randomly, or equivalently to

construct random binary sensing matrices. After all, random sensing matrices are prevalent in

CS literature [4, 5] and by extension many approaches to compressive detection, so random

binary sensing matrices are simply a further extension, removing the compression to reduce

computational complexity.

Unfortunately, discarding samples at random is expected to lead to a dramatic loss of sidelobe

control in the resulting frequency response. This assumption is based on the fact that discarding

samples taken in the time domain can be viewed as similar to discarding antenna elements

from a filled antenna array, a technique known as thinning.4 Antenna arrays with random

placement of elements – equivalent to randomly discarding samples – has been shown to have

comparable antenna properties to filled arrays with similar parameters but apart from dramatic

a loss of sidelobe control [8, 44].

However, while the field of antenna array thinning provides evidence of the problems

associated with random sampling, it is also the source of a potential solution. Historically,

few deterministic element placement techniques fared any better at retaining sidelobe control

as so called “cut-and-try” random element placement [7]. Of these promising techniques,

deterministic element placement using difference sets (DSs) [7] and almost difference sets

(ADSs) [9] has been shown to produce power patterns with well-controlled sidelobes, and

4The only difference is the domain: discarding samples in the time domain versus discarding elements in the
spatial domain.
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CHAPTER 2 SAMPLE REDUCTION

a reduction in peak sidelobe level when compared to random element placement. Similar

improvements are to be expected when DSs and ADSs are applied to discarding samples.

DSs are a concept from the field of mathematics known as combinatorics [45, 46], and have

been studied extensively in combinatorial design theory [45–48]. As mentioned previously,

DSs have been used in the design of thinned antenna arrays with desirable sidelobes that

outperform equivalent randomly thinned arrays [7]. Additionally, they have been used in the

construction of spreading codes for direct sequence code-division multiple access (DS-CDMA)

systems [49], optimal codebooks for communications and related applications [50], and discrete

Fourier transform (DFT) measurement matrices for subsampling in radar systems [51]. These

are all applications that use DSs to construct sequences or matrices that achieve the Welch

bound [52], which is a lower bound on the maximum cross-correlation, which in turn is a

lower bound on the minimal matrix coherence. The importance of this is that CS uses low

coherence as an indication of good sparse recovery capability [6], so if measurement matrices

constructed using DSs produce similar results in other applications, their potential application

to compressive detection is promising.

In addition toDSs, there are alsoADSs, which as the name implies are “almost”DSs, possessing

similar properties to DSs but having slightly different guidelines for their construction [53–56].

Consequently, this means that when there is not DS, there should be an ADS. While the

definition for a DS is widely agreed upon, the exact definition for an ADS varies [53,54].

Finally, in addition to their sidelobe properties, DSs and ADSs also have cyclic properties,

which make them applicable to the construction of cyclically-shifting sample windows as

shown in Figure 2.1. DSs and ADSs provide sidelobe control for all cyclic shifts, which means

that all the cases seen in Figure 2.1(b) will have well-controlled sidelobes if the windows are

constructed using a DS. The resulting cyclic shifts will always allow 100% overlap of the

windows and the signal (shift ∆3 in Figure 2.1(b)) as long as the window length is appropriately

chosen. The cyclic properties of DSs and ADSs mean that some of the detection performance

lost by discarding samples can be regained by ensuring full overlap with all signals while

maintaining sidelobe control.
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CHAPTER 2 SAMPLE REDUCTION

2.5 SUMMARY

Several approaches for sample reduction during signal detection have been considered.

However, on a platform with limited SWAP capabilities, most existing sample reduction

schemes are not feasible for implementation, primarily due to the high computational costs

of reconstruction algorithms. In order to minimise computational complexity, discarding

samples using binary sensing matrices is considered in this work, which represents the simplest

approach to discarding samples (which is to discard them).

As a means of constructing binary sensing matrices to minimise negative impact on frequency

information and detection performance, DSs and ADSs have been proposed due to their

attractive properties. A detailed background study into DSs, ADSs, and their properties is

given in Chapter 3.
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CHAPTER 3 DIFFERENCE SETS AND

ALMOST DIFFERENCE

SETS

3.1 INTRODUCTORY REMARKS

This chapter summarises the concepts of difference sets (DSs) and almost difference sets

(ADSs). Specifically, it provides a definition of the sets and details important properties

that make the sets attractive to the problem of discarding samples prior to performing signal

detection.

An overview of DSs and ADSs is presented in Section 3.2. The important properties of DSs

and ADSs, specifically cyclicity, complementary sets, and frequency response characteristics,

are summarised in Section 3.3. A summary is provided in Section 3.4.

The work described in this chapter forms part of a submitted journal paper [10].1

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

3.2 OVERVIEW

The presentation and notation below are based on [7,9]. DSs and ADSs are concepts from the

branch of mathematics known as combinatorics [45, 46]. A (V,K,Λ) DS given by

D = {dk ∈ [0,V − 1], dh , dl ∀ h , l, k, h, l = 0, . . . ,K − 1} (3.1)

is a subset of an Abelian group G of order V such that the set of differences

M = {m j = (dh − dl), dh , dl ∀ j = 0, . . . ,K · (K − 1) − 1} (3.2)

contain every nonzero element of G each exactly Λ times [7, 45, 46].2 3 Likewise a (V,K,Λ, t)

ADS D is a subset of an Abelian group G of order V such that the set of differences M as

defined in (3.2) contains t nonzero elements of G each exactly Λ times, and the remaining

V − 1 − t nonzero elements of G each exactly Λ + 1 times [9, 56]. Consequently, DSs are

ADSs for which t = V − 1 or t = 0.

Two simple examples are given here: one for a DS, and one for an ADS. First, consider the

DS (7, 4, 2)

DDS
1 = {0,3,5,6} ; V = 7, K = 4, Λ = 2. (3.3)

The difference property of the group is shown in Table 3.1, where the differences between every

element of DDS
1 and every other element are given. Observe that a difference corresponding to

each nonzero element of the set GDS
1 = [0,7 − 1] appears exactly Λ = 2 times.

Now consider the ADS (13, 3, 0, 6)

DADS
1 = {1,3,9} ; V = 13, K = 3, Λ = 0, t = 6, (3.4)

2The notation used in this work is the same as that in [7] in order to prevent confusion regarding standard
electromagnetic (EM) symbols, such as λ, which typically expresses wavelength.

3The differences are taken modulo V .
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

Table 3.1. The difference property for the DS (7, 4, 2). (Adapted from [7]. ©1999 IEEE.)

i j (di − d j) mod V

0 1 (0 − 3) mod 7 = 4
0 2 (0 − 5) mod 7 = 2
0 3 (0 − 6) mod 7 = 1

1 0 (3 − 0) mod 7 = 3
1 2 (3 − 5) mod 7 = 5
1 3 (3 − 6) mod 7 = 4

2 0 (5 − 0) mod 7 = 5
2 1 (5 − 3) mod 7 = 2
2 3 (5 − 6) mod 7 = 6

3 0 (6 − 0) mod 7 = 6
3 1 (6 − 3) mod 7 = 3
3 2 (6 − 5) mod 7 = 1

whose difference property is shown in Table 3.2. For the ADS, differences corresponding to

t = 6 nonzero elements of the group GADS
1 = [0,13 − 1] appear exactly Λ = 0 times, while

the remaining V − 1 − t = 6 nonzero elements appear exactly Λ + 1 = 1 times.

Table 3.2. The difference property for the ADS (13, 3, 0, 6). (Adapted from [7]. ©1999
IEEE.)

i j (di − d j) mod V

0 1 (1 − 3) mod 13 = 11
0 2 (1 − 9) mod 13 = 5

1 0 (3 − 1) mod 13 = 2
1 2 (3 − 9) mod 13 = 7

2 0 (9 − 1) mod 13 = 8
2 1 (9 − 3) mod 13 = 6
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

3.3 IMPORTANT PROPERTIES

DSs and ADSs have several properties that make them attractive to the construction of

binary windows for discarding samples prior to detection. Specifically, DSs and ADSs are

cyclic, have complementary sets, and their frequency responses have relatively well-controlled

sidelobes [7, 9]. Cyclicity is explored in Section 3.3.1, complementary sets in Section 3.3.2,

and frequency response in Section 3.3.3.

3.3.1 Cyclicity

Given a (V,K,Λ) DS D, the set

D′ = {d0 + n, d1 + n, . . . , dK−1 + n} = D + n (3.5)

where n is an integer and each element is taken modulo V , is also a (V,K,Λ) DS; D′ is called

a cyclic shift of D [7]. A similar cyclic property holds for ADSs [9]. As an example consider

the DS DDS
1 in (3.3), whose cyclic shifts are illustrated in Figure 3.1 (which is modified from

Figure 2.1(b)). Note that the windows are cycled in reverse (i.e. the first element in the current

window is placed at the end of the subsequent window), so each shift n is actually achieved

by adding V − n to DDS
1 . The shift ∆4 overlaps completely with the desired signal; to verify,

observe that

∆4 =
(
DDS

1 + V − 4
)
mod V (3.6)

=
(
DDS

1 + 3
)
mod 7 (3.7)

= {3,6,8,9}mod 7 (3.8)

= {3,6,1,2} (3.9)
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t
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Figure 3.1. Cyclically shifting windows based on the DS (7, 4, 2). (Adapted, with permission,
from [10]. ©2018 IEEE.)

which once rearranged gives

∆4 = {1,2,3,6} (3.10)

meaning that the shift ∆4 takes the 1st, 2nd, 3rd, and 6th elements from the window, as can be

seen in Figure 3.1.

The cyclic property means that each of the V − 1 cyclic shifts of a DS /ADS will have the

exact same parameters, and since the sidelobe performance of a DS/ADS is dictated by these

parameters (as will be seen later on), the performance of a window whose samples are selected

using a DS or ADS will not change significantly as that window cyclically shifts in time.

3.3.2 Complementary Sets

Each DS and ADS has a complementary set [7, 9], given by

D∗ =


(V,V − K,V − 2K + Λ) for a DS

(V,V − K,V − 2K + Λ, t) for an ADS.
(3.11)
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

The complementary set is formed from the original set by removing all the values of dk in (3.5)

and replacing them by the values in [0,V − 1] which were not originally present, expressed

as

D∗ = {dk ∈ [0,V − 1] , dk < D,∀ k = 0, . . . ,V − K − 1} . (3.12)

For example, the complement of the DS DDS
1 in (3.3) is

D∗DS
1 = {1,2,4} ; V = 7, K = 3, Λ = 1 (3.13)

and the complement of the ADS DADS
1 in (3.4) is

D∗ADS
1 = {0,2,4,5,6,7,8,10,11,12} ; V = 13, K = 10, Λ = 7, t = 6. (3.14)

The principle benefit of this property is that DSs and ADSs with a wider range of parameters

can be constructed by simply taking one set and using the elements that are not present.

Effectively, one set offers two possible configurations.

3.3.3 Autocorrelation and Frequency Response

The final useful property relates to sidelobe control and provides the key motivation for

the use of DSs and ADSs in this work. DSs and ADSs have seen successful application in

the construction of massively thinned antenna arrays by dictating the locations of antenna

elements [7, 9], a problem that is analogous to discarding samples from a sample window. A

DS or ADS D can be used to construct a binary sequence

AV = {a0,a1, . . . ,aV−1} (3.15)
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

where a j = 1 if j ∈ D and a j = 0 if j < D. In antenna array thinning, this binary sequence

dictates the location of elements in the array; a one indicates that an element should be placed

at a location, and a zero indicates that it should not. In sampling, this sequence dictates

whether or not a sample should be discarded (for clarity, a one indicates that a sample should

be taken, and a zero indicates that it should be discarded).

By periodically repeating AV to create an infinite sequence A∞, the autocorrelation function

can then be defined as

C∞(τ) =
V−1∑
n=0

anan+τ . (3.16)

If and only if A∞ is formed from a DS, the autocorrelation function reduces to [7]

CDS
∞ (τ) =


K if τ(mod V) = 0

Λ otherwise.
(3.17)

Likewise, if and only if A∞ is formed from an ADS, then

CADS
∞ (τ) =


K if τ(mod V) = 0

Λ + 1 if τ(mod V) ∈ L

Λ otherwise

(3.18)

where L = {lp ∈ Z; p = 1, . . . ,V − 1 − t}, i.e. L represents the V − 1 − t elements that occur

in the set of differences each exactly Λ + 1 times [9].

The power pattern of an antenna array, which is equivalent to the frequency response of a

sample window, can be determined by taking the Fourier transform of the autocorrelation

function. For a DS, the Fourier transform of (3.17) can be expressed as [7]

f f DS
∞ (u) = Λ

[
1
x0

∞∑
n=−∞

δ

(
u −

n
x0

)]
+ (K − Λ) ×

[
1

V x0

∞∑
n=−∞

δ

(
u −

n
V x0

)]
, (3.19)
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

where x0 is the temporal spacing between samples. Making use of the fact that K(K − 1) =

Λ(V − 1) [7], a normalised version of (3.19) can be expressed as

f f DS
∞ (u) = (1 − ρ)

[
1
x0

∞∑
n=−∞

δ

(
u −

n
x0

)]
+ ρ

[
1

V x0

∞∑
n=−∞

δ

(
u −

n
V x0

)]
(3.20)

where

ρ =
1
K

[
1 −
(K − 1)
(V − 1)

]
. (3.21)

This normalised power pattern has a mainlobe impulse with an area of 1 at u =

0, ±1/x0, ±2/x0, . . . and identical sidelobe impulses with area ρ at u = ±1/V x0, ±2/V x0, . . .

[7]. This means that the peak sidelobe level (SLL) of the pattern is

PSLDS
∞ = ρ. (3.22)

For an ADS, the Fourier transform of (3.18) is given by [9]

f f ADS
∞ (u) = Λ

[
1
x0

∞∑
n=−∞

δ

(
u −

n
x0

)]
+

©­«K − Λ +
V−1−t∑

p=1
e j 2πn lp/Vª®¬×[

1
V x0

∞∑
n=−∞

δ

(
u −

n
V x0

)]
. (3.23)

Unfortunately, (3.23) cannot be further simplified as is the case with (3.19) for DSs due to the

fact that the term lp from the set L depends on the ADS at hand, and thus (3.23) cannot be

further evaluated in a general fashion [9]. However, it is still possible to provide an estimate of

the peak SLL, which will be limited by the following upper and lower bounds [9]

PSLADS
∞,max =

K − Λ − 1 +
√

t(V − t)
(V − 1)Λ + K − 1 + V − t

(3.24)

PSLADS
∞,min =

K − Λ − 1 −
√

t(V−t)
(V−1)

(V − 1)Λ + K − 1 + V − t
. (3.25)
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

For both DSs and ADSs, the Fourier transform of an infinite length window can be expressed

in terms of a finite length window as

f f∞(u) = f fV (u) ·

[
1

V x0

∞∑
n=−∞

δ

(
u −

n
V x0

)]
(3.26)

where f fV (u) is the Fourier transform of the autocorrelation function of the finite length

window. This shows that f fV (u) forms a form of envelope for the f f∞(u) impulse train, and

must necessarily pass through the same fixed points [7], prescribed by (3.19) for a DS and

(3.23) for an ADS. This means that for a DS, the peak SLL is

PSLDS
V = PSLDS

∞ = ρ (3.27)

and for an ADS, the peak SLL can be estimated by the inequalities

PSLADS
V,min ≤ PSLADS

V ≤ PSLADS
V,max (3.28)

where

PSLADS
V,min = PSLADS

∞,min (3.29)

PSLADS
V,max = E

[
Φ

min
V

]
PSLADS

∞,max (3.30)

and E
[
Φmin

V

]
≈ 0.8488 + 1.128 log10 (V) for sufficiently large values of V [9].

To illustrate, the frequency responses for windows based on the DSs (37,9,2) and (40,13,4) and

the ADSs (37,10,2,18) and (40,20,9,10) are presented; specifically, the frequency responses of

windows based on the DS and ADS themselves, their complements, and corresponding random

binary windows. These sets were selected due to the fact that they are short, so the reader can

more easily see the responses, and of the shorter sets available the DS (40,13,4) and the ADS

(40,20,9,10) are two of the only sets that have an even value of V , with the two remaining

sets being chosen for having a similar length V that is also odd (this is done to explore the

effects of symmetry versus asymmetry). Random binary windows are used as they are the

closest comparison to the random sensing matrices used in compressive detection works.
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CHAPTER 3 DIFFERENCE SETS AND ALMOST DIFFERENCE SETS

Each random binary window was selected by generating 100 random binary windows with the

appropriate values for V and K and determining the maximum SLL of the resulting frequency

response (calculated over 10 ×V points) for all V possible cyclic shifts of the window, and

then selecting the window which had the lowest maximum SLL for a cyclic shift.

For each window the cyclic shifts corresponding to the lowest, median, and highest SLL values

are plotted against u, which represents normalised frequency in this work. The parameter u is

borrowed from the field of antenna arrays, where it refers to angular range. This stems from

the use of DSs and ADSs in constructing thinned antenna arrays [7, 9], which is where the

concept of applying them to compressive detection originated from.

Figure 3.2 shows the frequency responses for filled binary windows based on the chosen

sets. These serve as a reference, as they represent the best case scenario where no samples

are discarded. Note how the sidelobes of the frequency responses roll off, as in a typical

rectangular window.

Figures 3.3 and 3.5 show the frequency responses for the windows based on the DS (37,9,2)

and the ADS (37,10,2,18) and their complements, respectively, and Figures 3.4 and 3.6 show

the frequency responses for the windows based on the DS (40,13,4) and the ADS (40,20,9,10)

and their complements, respectively. For each plotted frequency response, three patterns

are shown, corresponding to the cyclic shifts that produce the lowest, median, and highest

maximum SLL values for the window. The black markers in each plot indicate the level at the

sample points given in (3.26). In all of the plots the black line indicates the average power

for any binary window with length V and K elements, which also happens to be the peak

SLL value for a DS given by (3.21). For the ADS-based windows, the blue and red lines

indicate the estimates for the minimum and maximum SLL values given in (3.29) and (3.30),

respectively.

For all of the plots in Figures 3.3, 3.4, 3.5, and 3.6, the sidelobes do not roll off as in Figure 3.2

for the filled windows, and the patterns are seemingly uncontrolled whether the window is

based on a DS/ADS or a random equivalent. However, in this work it is the pattern value
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(a) Filled window based on (37,9,2)
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(b) Filled window based on (40,13,4)

Figure 3.2. Frequency responses resulting from filled windows based on the DSs (37,9,2) and
(40,13,4).

at each of the sample points (the black markers) that is important, rather than the values in

between. Figures 3.3(a) and 3.4(a) show that the sample points follow no apparent pattern

for a random binary window. However, the sample points are much more controlled for the

windows based on DSs and ADSs. Figures 3.3(b) and 3.4(b) show that for DS-based windows

the sample points are constrained to a fixed level whose value can be calculated using (3.21)

with the appropriate values of V and K .

Figures 3.3(c) and 3.4(c) show that for ADS windows the results are similar to those for DS

windows, although not as consistent. In Figure 3.3(c) it can be seen that for ADS with V odd,

the sample points converge to two distinct levels, as expected from (3.18) and (3.23), and

while those levels cannot be directly calculated they do fall between the extremes estimated
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(a) Random window based on (37,9,2)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
u

25

20

15

10

5

0

N
or

m
al

is
ed

fre
qu

en
cy

 re
sp

on
se

 (d
B)

-10.6

(b) DS window based on (37,9,2)
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(c) ADS window based on (37,10,2,18)

Figure 3.3. Frequency responses resulting from windows based on the DS (37,9,2) and the
ADS (37,10,2,18).

by (3.29) and (3.30). However, in Figure 3.4(c) it can be seen that for ADS with V even, the

levels are not distinct, although they are still more controlled than those of the equivalent
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(a) Random window based on (40,13,4)
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(b) DS window based on (40,13,4)
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(c) ADS window based on (40,20,9,10)

Figure 3.4. Frequency responses resulting from windows based on the DS (40,13,4) and the
ADS (40,20,9,10).

random binary window, and the middle most sample point of the frequency response has a

value far below the minimum extreme estimated by (3.29). The value is so far below that it
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(a) Complementary DS window based on (37,9,22)
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(b) Complementary ADS window based on (37,10,2,18)

Figure 3.5. Frequency responses resulting from windows based on the complements of the
DS (37,9,22) and the ADS (37,10,2,18).

is assumed that it is actually a null in the frequency response. The reason for this deviation

from the distinct levels expected (and achieved when V is odd) is unknown at this point, but is

beyond the scope of this work.

Figures 3.5 and 3.6 show that complementary DSs/ADSs obey the same principles as typical

DSs/ADSs, with the sample points converging to distinct levels. The benefit of complementary

sets is also obvious from Figure 3.6(a): retaining more of the original samples lowers the peak

SLL for the sample points, as would be expected.

There is one final observation to note. For each of the windows, the resulting frequency
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(a) Complementary DS window based on (40,13,4)
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(b) Complementary ADS window based on (40,20,9,10)

Figure 3.6. Frequency responses resulting from windows based on the complement of the DS
(40,13,4) and the ADS (40,20,9,10).

response for every cyclic shift passes through the sample points dictated by the black markers.

While this is expected for the windows based on DSs and ADSs, due to their cyclic properties,

this is not expected for the random binary windows. A reasonable explanation for this is that

a cyclic shift of a binary window is equivalent to shifting the window in time, as seen in

Figure 3.1. A basic property of the Fourier transform is that a time shift in the time domain is

equivalent to a phase shift in the frequency domain. Since only the magnitude information of

the frequency responses is kept, a phase shift should have no effect on the resulting patterns, at

least at the sample points, which is why all of the responses for a given window pass through

these points.4

4For a given window, the frequency response of each cyclic shift does vary in between the sample points, due
to the interpolation that occurs as a result of the parameter u being much longer than V .
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In summary, while binary windows based on DSs and ADSs have frequency responses that

do not roll off like the response of a filled window, at the sample points the patterns are far

more controlled than the equivalent random binary window, which means that the interference

introduced by the lack of roll off can be mitigated somewhat, especially by correctly exploiting

thinning percentages.

3.4 SUMMARY

An overview of DSs and ADSs has been provided. The sets have several properties that make

them an attractive option for constructing binary sensing matrices. All DSs and ADSs are

cyclic, meaning that as a binary sampling window moves through time its parameters should

not change (although this also appears to be the case for random binary matrices). Each set has

a complementary set, which effectively doubles the number of sets available (which is already

considerable [57, 58]). Finally, the frequency response of a window based on a DS/ADS

is well-controlled compared to that of the equivalent random binary window, with SLLs at

specific sample points being predictable in the case of a DS (and estimable in the case of an

ADS) using only the parameters of the set, which is not possible for a random binary window.

Based on this, DSs/ADSs are applied to the detection problem in Chapter 4.
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CHAPTER 4 DETECTION ANALYSIS

4.1 INTRODUCTORY REMARKS

A mathematical analysis of the process of discarding certain data samples and performing

signal detection is presented in this chapter. It seeks to provide an understanding of how

discarding certain data samples will affect the formation of test statistics and thresholds – which

will invariably affect the detection performance – from a mathematical point of view.

An overview of signal detection theory, including hypothesis testing, potential signal models,

and performance metrics is given in Section 4.2. A mathematical framework for representing

the process of discarding data samples is explained in Section 4.3. For the signal model

considered in this work, the rederived test statistics and performance metrics, for both real and

complex data samples, are presented in Section 4.4, as well as practical means of implementing

the test statistics. Application of difference sets (DSs) and almost difference sets (ADSs) to

the derived detector is discussed in Section 4.5. A summary is provided in Section 4.6.

The work described in this chapter forms part of a submitted journal paper [10].1

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.
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CHAPTER 4 DETECTION ANALYSIS

4.2 DETECTION OVERVIEW

Signal detection refers to the process of identifying the presence of a desired signal within a

received signal possibly consisting of multiple signals, noise, and interference [43]. The basics

of detection and hypothesis testing are given in Section 4.2.1, while models for the signal

and noise considered in this work are given in Section 4.2.2, and metrics for characterising

detection algorithm performance are given in Section 4.2.3.

4.2.1 Hypothesis Testing

Assume that there are N samples of a received signal which have the following form

y(n) = s(n) + w(n), n = 0, . . . ,N − 1 (4.1)

where s(n) is the signal to be detected and w(n) is the accompanying interference, referred to

here as noise. The process of signal detection seeks to distinguish whether or not there is a

signal present in y(n) (i.e. whether y(n) = s(n) + w(n) or y(n) = w(n)) [3, 43]. This process

can be modelled as a binary hypothesis testing problem [3]


H0 : y(n) = w(n)

H1 : y(n) = s(n) + w(n)
(4.2)

which involves distinguishing between two hypotheses H0 and H1, where H0 denotes the

signal being absent and H1 denotes the signal being present. The objective of a detection

algorithm is to make a decision between these two hypotheses based on the received signal

y(n) [3, 43]. This is typically achieved by comparing a test statistic T (x) – computed for a
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data vector x – to a decision threshold γ, expressed as

T (x)
H1
≷
H0
γ (4.3)

whereH1 is decided if the test statistic exceeds the threshold, andH0 is decided otherwise.

The formulation of the test statistic and threshold is dependant on the information about

the received signal y(n) that is available. Due to the fact that the desired signal s(n) is

corrupted by some unknown noise w(n), the received signal y(n) is then a random variable

(RV) with a certain probability density function (PDF) under each hypothesisH0 andH1 [3].

The information available about the PDF under each hypothesis, specifically whether the

parameters of the PDF are known or unknown, determines the types of hypotheses being dealt

with, which in turn dictates the type of hypothesis testing that is performed. Hypotheses can

be separated into two types: simple, and composite [3].

Simple Hypotheses

In the case where there is complete knowledge of the PDF under a hypothesis, that hypothesis

is said to be simple. The Neyman-Pearson (NP) theorem states that for a binary hypothesis test

involving two simple hypotheses, the test statistic that maximises the probability of detection

is the likelihood ratio test (LRT), defined for a data vector x as [3]

L (x) =
p (x;H1)

p (x;H0)

H1
≷
H0
γ (4.4)

where p(·) denotes the PDF. The test decidesH1 when L (x) exceeds a threshold γ, andH0

otherwise.
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Composite Hypotheses

In the case where certain parameters of the PDF under a hypothesis are unknown, that

hypothesis is said to be composite. When certain parameters of the signal and/or noise are

unknown, parts of the PDFs become unknown, and the related hypotheses become composite

hypotheses [3]. There are two typical approaches to composite hypothesis testing: the Bayesian

approach, which considers the unknown parameters as RVs and assigns a prior PDF to them,

and the generalised likelihood ratio test (GLRT) approach, which estimates the unknown

parameters for use in a LRT [3]. Since the Bayesian approach requires prior information about

the unknown parameters while the GLRT does not, the GLRT is used in this work.

In general, for a data vector x the GLRT is defined as

LG (x) =
p
(
x; θ̂1,H1

)
p
(
x; θ̂0,H0

) H1
≷
H0
γ (4.5)

where θ̂i is the maximum likelihood estimate (MLE) of θi, or the value that maximises

p
(
x; θ̂i,Hi

)
, with θi being the parameter vector under the ith hypothesis [3].

A simplified version of the GLRT exists for the case where the PDF under both hypotheses is

the same, given by p(x; θ), except that the value of the unknown parameter vector θ is different,

and there are no nuisance parameters [3].2 In this case the detection problem becomes


H0 : θ = θ0

H1 : θ , θ0

(4.6)

2A nuisance parameter is one that is unknown but is of no interest, i.e. it does not factor into the detection
problem.
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and the GLRT is then defined as [3]

LG (x) =
p
(
x; θ̂1,H1

)
p
(
x; θ̂0,H0

) H1
≷
H0
γ (4.7)

where θ̂1 is the MLE underH1 [3].

4.2.2 Signal Models

As mentioned previously, the information available and the assumptions made about the

signal and the noise will heavily influence the formation of the test statistic and threshold of a

detection algorithm. Potential models for the signal and the noise are laid out here.

For both the signal and the noise, either real or complex data samples can be used. The type

of data samples used should have an effect on the performance of a detector, considering that

complex-valued samples inherently have twice as much data as real-valued samples (although

this may not necessarily translate to twice as much information) [59]. For this reason both

cases are considered in this work, for both the signal and the noise.3

The noise can either be Gaussian or non-Gaussian, having known and/or unknown parameters.

For simplicity, in this work all noise is assumed Gaussian with known parameters, where each

noise sample is a zero-mean Gaussian RV, expressed as


w̃(n) ∼ CN

(
0, σ2

w

)
, for complex data samples

w(n) ∼ N
(
0, σ2

w

)
, for real data samples

(4.8)

where N and CN represent real and complex Gaussian RVs, respectively, and σ2
w is the noise

variance [59].

3In this work complex variables are represented using the tilde (e.g. x̃).
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The signal can be either deterministic or random, having known and/or unknown parameters.

Three potential signal cases are considered here:

Known signal case: The signal is assumed to be completely known. This represents the best

case scenario, where a copy of the original signal is available to test against the received

signal.

Unknown Gaussian signal case: The signal is assumed to be completely random, where

each signal sample is a zero-mean Gaussian RV, expressed as


s̃(n) ∼ CN

(
0, σ2

s

)
, for complex data samples

s(n) ∼ N
(
0, σ2

s

)
, for real data samples

(4.9)

where σ2
s is the signal variance. This represents the worst case scenario, where there is

no prior knowledge about the signal.

Unknown deterministic signal case: The signal is assumed to have a known deterministic

structure, with certain unknown parameters. This represents a scenario somewhere in

between the first two cases: some knowledge about the types of signals that will be

encountered can be assumed, but the specifics are still unknown.

In this work only one signal model is considered for simplicity: the unknown deterministic

signal case. The primary reason for this choice is that this is the type of signal likely to be

encountered when surveying an area looking for transmissions (e.g [2]) – a search will be

conducted for a specific class of signal, but the specifics of those signals will be unknown.

More specifically, a simple narrowband signal model is assumed, where the signal is of the

form 
s̃(n) = Ae jψe j2π fcnTs, for complex data samples

s(n) = Re
(
Ae jψe j2π fcnTs

)
, for real data samples

(4.10)

where the amplitude A, phase ψ, and carrier frequency fc are all assumed to be unknown. A

narrowband signal model is assumed due to the fact that many modern receivers channelise

wideband signals into separate narrowband channels [43].
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4.2.3 Quantifying Detection Performance

There are two primary metrics for indicating the performance of a detection method: the

probability of detection, and the probability of false alarm [3]. The probability of detection,

PD, defines the probability of detecting a signal when it is truly present, and can be written

as

PD = P (T (x) > γ | H1) (4.11)

where P(·) denotes an event probability. The probability of false alarm, PF A, defines the

probability of detecting a signal when it is not actually present, and can be written as

PF A = P (T (x) > γ | H0) . (4.12)

In addition to these two primary metrics, there are two remaining metrics, stated here for

completeness: the probability of rejection and the probability of missed detection [3]. The

probability of rejection, PR, defines the probability of not detecting a signal when it is not

present, written as

PR = P (T (x) < γ | H0) (4.13)

and the probability of missed detection, PM , defines the probability of not detecting a signal

when it is present, written as

PM = P (T (x) < γ | H1) . (4.14)

Expressions for the probabilities of false alarm and detection can be determined from the

PDFs of the test statistic under each hypothesisH0 andH1. Once the PDFs p (T (x) ;H0) and

p (T (x) ;H1) are known, the probabilites of false alarm and detection can be determined from

the appropriate right-tail probability, expressed here as

PF A =

∫ ∞

γ
p (T (x) ;H0) dx (4.15)
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PD =

∫ ∞

γ
p (T (x) ;H1) dx (4.16)

From (4.15) and (4.16) it is clear that there are three parameters of importance: PF A, PD, and

the threshold γ, all of which are linked together. In order to minimise the probability of false

alarm, the threshold should be set rather high, but this will lower the probability of detection,

and vice versa. A typical approach in detector design is to determine the threshold value

required to achieve a certain set value of PF A [3].

4.3 DISCARDING SAMPLES DURING DETECTION

A mathematical representation of the process of discarding certain data samples is presented

here. The result is a detection problem that is cast in terms of the retained samples that can be

used to modify existing derivations of test statistics, thresholds, and performance metrics for

the chosen signal model.

While a test statistic can be formed using a single received sample, many detection algorithms

use multiple samples during the formation of test statistics in order to improve detection

performance [43]. Assume that the N samples of the received signal in (4.1) are collected into

a N × 1 vector y of the form

y =
[
y(0) · · · y(N − 1)

]T
= s+w (4.17)

where s and w are also N × 1 vectors representing the N signal and noise samples, respect-

ively.4

Discarding samples – or equivalently, applying a binary window function – can be thought of

as forming a new N × 1 vector y′ from the original N × 1 vector y, where only K samples are

retained and the remaining sample values are set to zero. This vector can be represented in

4For this section real data samples are assumed, but the analysis is identical for complex data samples.
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matrix form as

y′ =
[
y′(0) · · · y′(N − 1)

]T
= Φ y = Φ (s+w) (4.18)

whereΦ is the N ×N binary sensing matrix, a concept borrowed from the field of compressive

sensing (CS). In CS, the sensing matrix can be thought of as a matrix representation of the

sampling and compression procedures, discarding unwanted samples and suitably compressing

the remaining ones [4, 5]. In this work, only the sampling process is required, and so Φ is a

binary matrix consisting solely of ones and zeros. This matrix can be formed by using the set

of K integers

D = {dk ∈ [0,N − 1], k = 0,1, . . .K − 1} , (4.19)

which represent the indices of the desired samples in thewindow, to form a binarywindow

aN =
[

a0 a1 · · · aN−1

]T
(4.20)

where a j = 1 if j ∈ D and a j = 0 if j < D, and then form the N × N matrix

Φ = diag (aN ) =



a0 0 · · · 0

0 a1 · · · 0
...

...
. . .

...

0 0 · · · aN−1


. (4.21)

For the conventional case where all N samples are kept, Φ = IN . The formation of the N × 1

vector y′ can then be represented as

y′ =

N×1

y′(0)

y′(1)
...

y′(N − 1)


=

N×N

a0 0 · · · 0

0 a1 · · · 0
...

...
. . .

...

0 0 · · · aN−1


×

N×1

s(0) + w(0)

s(1) + w(1)
...

s(N − 1) + w(N − 1)


. (4.22)

Additionally, there are two matrix products of interest that will be used later on: ΦΦT and

ΦTΦ. SinceΦ is a diagonal matrix,Φ = ΦT , and soΦΦT = ΦTΦ = Φ2. Additionally, since
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Φ is a binary matrix, Φ2 = Φ.

The detection problem in (4.2) can now be recast as


H0 : y = Φw

H1 : y = Φ (s+w) = Φ s+Φw
(4.23)

where y′ has been replaced with y. This is the detection problem that the derived test statistics

in this work are based on.

4.4 DETECTOR ANALYSIS

The test statistics, threshold values, and associated detection performance metrics for the

unknown deterministic signal case from Section 4.2.2 are presented here. These are derived

for both complex-valued data samples as well as real-valued data samples, to illustrate the

differences between the two. The test statistics are presented in Section 4.4.1, while the

thresholds and performance metrics are presented in Section 4.4.2. All of the presented

derivations are based on the associated derivations in [3], slightly modified to account for

discarded samples by using the sensing matrix described in Section 4.3. Finally, validation of

the derived detection performance metrics is provided in Section 4.4.3.

Before proceeding, a quick note on the assumptions made for all considered Gaussian RVs.

For a vector of Gaussian RVs, the elements can either be uncorrelated – where the elements are

statistically independent and identically distributed – or correlated. For each of the detectors

that follow, the Gaussian RVs within each vector are assumed to be correlated, and thus each

vector is assumed to be of the form x ∼ (0,C), where C is the covariance matrix. Following

the derivation of each generalised test statistic, a special case is then presented where the

Gaussian vectors are assumed to be uncorrelated, or white.
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4.4.1 Test Statistics

For an unknown deterministic signal, unlike the known signal case and the unknown Gaussian

signal case, there is no optimal test statistic due to the unknown parameters, for either real or

complex data samples [3]. For this signal modelH1 is now a composite hypothesis, which

means that the LRT cannot be used to derive an optimal test statistic; instead, the GLRT is

used to derive a sub-optimal test statistic.

The test statistics for complex-valued samples and real-valued samples are presented here,

first for arbitrary noise covariance, and then for white noise.

Complex Samples

Assume that the complex signal vector s̃ = h̃ C̃, where C̃ is a deterministic complex scalar

value with unknown parameters and

h̃ =
[

1 e j2π fcTs · · · e j2π fc(N−1)Ts
]T

(4.24)

is the temporal steering vector, and that the complex noise vector w̃ ∼ CN (0,Cw̃), where the

noise covariance Cw̃ is known. The detection problem in (4.23) can then be reformulated

as 
H0 : ỹ = Φ w̃

H1 : ỹ = Φ
(
h̃ C̃+ w̃

)
= Φ h̃ C̃+Φ w̃

(4.25)

which can be further simplified to decidingH0 if C̃ = 0 and decidingH1 if C̃ , 0. Due to the

unknown parameters in C̃ the GLRT in (4.7) is used to derive the test statistic, which in this
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case decidesH1 if

L (̃y) =
p
(̃
y; ˆ̃C1

)
p
(̃
y; C̃ = 0

) H1
≷
H0
γ (4.26)

where ˆ̃C1 is the MLE of C̃ underH1, or the value that maximises

p (̃y;H1) =
1

πN det (Cw̃)
exp

(
−

(̃
y−Φ h̃ C̃

)H
Cw̃
−1

(̃
y−Φ h̃ C̃

))
, (4.27)

where the superscript H denotes the Hermitian of a matrix. This has been shown to be given

by [60]

ˆ̃C1 =
(
h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦHCw̃

−1 ỹ . (4.28)

Substituting (4.27) (with C̃ replaced by ˆ̃C1) and the PDF underH0, given by

p (̃y;H0) =
1

πN det (Cw̃)
exp

(
−ỹHCw̃

−1 ỹ
)
, (4.29)

into (4.26) and then taking the logarithm of both sides multiplied by 2 results in

2 ln (L (̃y)) = −2
[ (̃

y−Φh̃ ˆ̃C1

)H
Cw̃
−1

(̃
y−Φh̃ ˆ̃C1

)
− ỹHCw̃

−1ỹ
]
H1
≷
H0

2 ln (γ) (4.30)

= −2
[̃
yHCw̃

−1ỹ − ỹHCw̃
−1Φ h̃ ˆ̃C1 −

ˆ̃C1
H

h̃H
ΦHCw̃

−1ỹ+

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1 − ỹHCw̃
−1ỹ

]
H1
≷
H0
γ
′

(4.31)

= −2
[
−ỹHCw̃

−1Φ h̃ ˆ̃C1 −
ˆ̃C1

H
h̃H
ΦHCw̃

−1ỹ+

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1

]
H1
≷
H0
γ
′

. (4.32)

Noting that

Cw̃
−1Φ h̃

(
h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦH = Φ h̃

(
h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦHCw̃

−1 = IN

(4.33)

Department of Electrical, Electronic and Computer Engineering
University of Pretoria

50

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



CHAPTER 4 DETECTION ANALYSIS

and then reformatting (4.32) results in

2 ln (L (̃y)) = −2
[
−ỹHCw̃

−1Φ h̃
(
h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1−

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃
(
h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦHCw̃

−1ỹ+

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1

]
H1
≷
H0
γ
′

(4.34)

which, when making use of (4.28), is shown to reduce to

2 ln (L (̃y)) = −2
[
−

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1 −
ˆ̃C1

H
h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1+

ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1

]
H1
≷
H0
γ
′

(4.35)

which finally results to

T (̃y) = 2 ˆ̃C1
H

h̃H
ΦHCw̃

−1Φ h̃ ˆ̃C1
H1
≷
H0
γ
′

. (4.36)

For white noise with Cw̃ = σ
2
wΦΦ

H = σ2
wΦ, the test statistic becomes

T (̃y) =
ˆ̃C1

H
h̃H
ΦHh̃ ˆ̃C1

σ2
w/2

H1
≷
H0
γ
′

. (4.37)

For the specific deterministic structure in (4.24), h̃H
ΦHh̃ is the sum of the magnitudes of the

K retained elements in h̃, which are all equal to one, resulting in h̃H
ΦHh̃ = K . Combining

this with the fact that ˆ̃C1 is a complex scalar results in

T (̃y) =
K | ˆ̃C1 |

2

σ2
w/2

H1
≷
H0
γ
′

. (4.38)

Substituting (4.28) into (4.38) results in

T (̃y) =
2K
σ2
w

����(h̃H
ΦHCw̃

−1Φ h̃
)−1

h̃H
ΦHCw̃

−1 ỹ
����2 H1
≷
H0
γ
′

(4.39)

=
2K
σ2
w

�����Cw̃h̃H
ΦHCw̃

−1ỹ
K

�����2 H1
≷
H0
γ
′

(4.40)
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=
2

K σ2
w

���̃hH
ΦH ỹ

���2 H1
≷
H0
γ
′

(4.41)

=
2

K σ2
w

�����N−1∑
n=0

an ỹ(n)h∗(n)

�����2 H1
≷
H0
γ
′

(4.42)

=
2

K σ2
w

�����N−1∑
n=0

an ỹ(n)e− j2π fcnTs

�����2 H1
≷
H0
γ
′

(4.43)

where an refers to the weights from the binary window in (4.20). This is the squared magnitude

of the discrete Fourier transform (DFT) of the received samples at the carrier frequency

fc. This is a well documented test statistic, known as the short-time periodogram or the

spectrogram.

Real Samples

Assume that the real signal vector s = h C, where C is a real deterministic scalar value with

unknown parameters and

h = Re
( [

1 e j2π fcTs · · · e j2π fc(N−1)Ts
]T

)
(4.44)

is the real version of the temporal steering vector in (4.24), and that the real noise vector

w ∼ N (0,Cw), where the noise covariance Cw is known. As in the complex-valued sample

case the detection problem reduces to decidingH0 if C = 0 and decidingH1 if C , 0. Once

again the GLRT in (4.7) is used, which in this case decidesH1 if

L (y) =
p
(
y; Ĉ1

)
p (y; C = 0)

H1
≷
H0
γ. (4.45)

where Ĉ1 is the value that maximises

p (y;H1) =
1

(2π)N/2 det1/2 (Cw)
exp

(
−

1
2
(y−Φh C)T Cw

−1 (y−Φh C)
)

(4.46)
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given by

Ĉ1 =
(
hTΦTCw

−1Φh
)−1

hTΦTCw
−1 y . (4.47)

Substituting (4.46) (with C replaced by Ĉ1) and the PDF underH0, given by

p (y;H0) =
1

(2π)N/2 det1/2 (Cw)
exp

(
−

1
2

yTCw
−1 y

)
, (4.48)

into (4.45) and then taking the logarithm of both sides multiplied by 2 results in

2 ln (L (y)) = −
[(

y−ΦhĈ1

)T
Cw
−1

(
y−ΦhĈ1

)
− yTCw

−1y
]
H1
≷
H0

2 ln (γ) (4.49)

= −
[
yTCw

−1y − yTCw
−1ΦhĈ1 − Ĉ1

ThTΦTCw
−1y+

Ĉ1
ThTΦTCw

−1ΦhĈ1 − yTCw
−1y

] H1
≷
H0
γ
′

(4.50)

= −
[
−yTCw

−1ΦhĈ1 − Ĉ1
ThTΦTCw

−1y+

Ĉ1
ThTΦTCw

−1ΦhĈ1

] H1
≷
H0
γ
′

. (4.51)

As with the complex-valued case, noting that

Cw
−1Φh

(
hTΦTCw

−1Φh
)−1

hTΦT = Φh
(
hTΦTCw

−1Φh
)−1

hTΦTCw
−1 = IN (4.52)

and then reformatting (4.51) results in

2 ln (L (y)) = −
[
−yTCw

−1Φh
(
hTΦTCw

−1Φh
)−1

hTΦTCw
−1ΦhĈ1−

Ĉ1
ThTΦTCw

−1Φh
(
hTΦTCw

−1Φh
)−1

hTΦTCw
−1y+

Ĉ1
ThTΦTCw

−1ΦhĈ1

] H1
≷
H0
γ
′

(4.53)

which is shown to reduce to

T (y) = Ĉ1
ThTΦTCw

−1ΦhĈ1
H1
≷
H0
γ
′

. (4.54)
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For white noise with Cw = σ
2
wΦΦ

T = σ2
wΦ, the test statistic becomes

T (y) =
Ĉ1

ThTΦThĈ1

σ2
w

H1
≷
H0
γ
′

. (4.55)

Once again making use of the fact that hTΦTh = K and Ĉ1 is a real scalar results in

T (y) =
K

(
Ĉ1

)2

σ2
w

H1
≷
H0
γ
′

. (4.56)

Substituting in (4.47) results in

T (y) =
K
σ2
w

((
hTΦTCw

−1Φh
)−1

hTΦTCw
−1 y

)2
H1
≷
H0
γ
′

(4.57)

=
K
σ2
w

(
CwhTΦTCw

−1y
K

)2
H1
≷
H0
γ
′

(4.58)

=
1

K σ2
w

(
hTΦTy

)2 H1
≷
H0
γ
′

(4.59)

=
1

K σ2
w

(
N−1∑
n=0

any(n)h(n)

)2
H1
≷
H0
γ
′

(4.60)

=
1

K σ2
w

Re

(
N−1∑
n=0

any(n)h∗(n)

)2
H1
≷
H0
γ
′

(4.61)

=
1

K σ2
w

Re

(
N−1∑
n=0

any(n)e− j2π fcnTs

)2
H1
≷
H0
γ
′

(4.62)

where an refers to the weights from the binary window in (4.20). This is the square of the real

part of the DFT of the received samples at the carrier frequency fc.

4.4.2 Detection Performance

For the test statistics presented in Section 4.4.1, the resulting detection performance is now

quantified, using expressions for the probability of false alarm PF A and the probability of
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detection PD. For each test statistic expressions for PF A and PD are given, and from those

further expressions for the threshold γ required to achieve a desired value of PF A and the

receiver operating characteristic (ROC) (PD in terms of PF A) are derived. As with the test

statistics, the detection performance for both complex-valued data samples and real-valued

data samples is presented.

Complex Samples

Assume the test statistic from (4.41), where the noise is assumed white, as

T (̃y) =
2

K σ2
w

���̃hH
ΦH ỹ

���2 H1
≷
H0
γ (4.63)

=
2

K σ2
w

�����N−1∑
n=0

an ỹ(n)h∗(n)

�����2 H1
≷
H0
γ (4.64)

=
2

K σ2
w

�����K−1∑
k=0

ỹ(dk)h∗(dk)

�����2 H1
≷
H0
γ, dk ∈ D. (4.65)

T (̃y) is the squared magnitude of the sum of K complex Gaussian RVs, since h̃H
ΦH ỹ is a

linear transformation of ỹ, where

ỹ ∼


CN

(
0, σ2

wΦΦ
H )

under H0

CN

(
Φ h̃ C̃, σ2

wΦΦ
H
)

under H1 .

(4.66)

Since a sum of K Gaussian RVs is itself a Gaussian RV, the test statistic in (4.65) can

alternatively be expressed in terms of the complex Gaussian RV z̃ as

T (̃y) =
2

K σ2
w

| z̃ |2
H1
≷
H0
γ (4.67)

=
2

K σ2
w

(
zr

2 + zi
2
) H1
≷
H0
γ (4.68)
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where zr and zi are the real and imaginary parts of z̃, which means that T (̃y) is now the sum of

2 squared real Gaussian RVs. Therefore, T (̃y) follows a central chi-squared distribution with

2 degrees of freedom underH0, and a non-central chi-squared distribution with 2 degrees of

freedom underH1 [3], expressed as

T (̃y) ∼


χ2

2 under H0

χ′22 (η) under H1,

(4.69)

where η is the noncentrality parameter given by

η =
ˆ̃C1

H
h̃H
ΦHh̃ ˆ̃C1

σ2
w/2

(4.70)

=
K

σ2
w/2

��� ˆ̃C1

���2 (4.71)

= 2KSNR. (4.72)

Using the right-tail probabilitiesQχ2
2
(γ) andQχ′22 (η)

(γ), PF A and PD can be expressed as

PF A = Qχ2
2
(γ) = 1 − Fχ2

2
(γ) (4.73)

PD = Qχ′22 (η)
(γ) = 1 − Fχ′22 (η)

(γ) (4.74)

where F(·) represents the cumulative distribution function (CDF) of the distribution. The

threshold in terms of PF A is then given by

γ = F−1
χ2

2
(1 − PF A) (4.75)

and the resulting expression for the ROC is then

PD = 1 − Fχ′22 (η)

(
F−1
χ2

2
(1 − PF A)

)
. (4.76)
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Real Samples

Assume the test statistic from (4.59), where the noise is assumed white, as

T (y) =
1

K σ2
w

(
hTΦTy

)2 H1
≷
H0
γ (4.77)

=
1

K σ2
w

(
N−1∑
n=0

any(n)h(n)

)2
H1
≷
H0
γ (4.78)

=
1

K σ2
w

(
K−1∑
k=0

y(dk)h(dk)

)2
H1
≷
H0
γ, dk ∈ D. (4.79)

T (y) is the square of the sum of K real Gaussian RVs, which is a single squared Gaussian RV,

since hTΦTy is a linear transformation of y, where

y ∼


N

(
0, σ2

wΦΦ
T )

under H0

N
(
Φh C, σ2

wΦΦ
T )

under H1 .

(4.80)

Therefore, T (y) follows a central chi-squared distribution with 1 degree of freedom under

H0, and a non-central chi-squared distribution with 1 degree of freedom underH1, expressed

as

T (y) ∼


χ2

1 under H0

χ′21 (η) under H1,

(4.81)

where η is the noncentrality parameter given by

η =
Ĉ1

ThTΦThĈ1

σ2
w

(4.82)

=
K
σ2
w

(
Ĉ1

)2
(4.83)

= KSNR. (4.84)
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Using the right-tail probabilitiesQχ2
1
(γ) andQχ′21 (η)

(γ), PF A and PD can be expressed as

PF A = Qχ2
1
(γ) = 1 − Fχ2

1
(γ) (4.85)

PD = Qχ′21 (η)
(γ) = 1 − Fχ′21 (η)

(γ) (4.86)

where F(·) represents the CDF of the distribution. The threshold in terms of PF A is then given

by

γ = F−1
χ2

1
(1 − PF A) (4.87)

and the resulting expression for the ROC is then

PD = 1 − Fχ′21 (η)

(
F−1
χ2

1
(1 − PF A)

)
. (4.88)

4.4.3 Detection Simulations

The performance metrics presented in Section 4.4.2 are validated below using simulations.

For both the theoretical and simulated performance samples are discarded using a random

binary window with length V = 100 and K = 50 elements. This window was selected by

generating 100 random binary windows with V = 100 and K = 50 and determining the

maximum sidelobe level (SLL) of the resulting frequency response (calculated over 10 ×V

points) for all V possible cyclic shifts of the window, and then selecting the window which

had the lowest maximum SLL for a cyclic shift.

For each test statistic, the process of simulating the detection performance is essentially the

same: appropriate vectors for the signal and the noise are generated, after which samples

are discarded using the random window. A test statistic is formed and then compared to the

calculated threshold, generating a 1 if there is a detection and a 0 if there is not. This process
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Figure 4.1. Simulated and theoretical probability of detection over SNR curves for the derived
test statistics, for PF A = 0.001, V = 100, and K = 50. In each case, the theoretical and
simulated performance is practically identical.

is repeated for 1 000 000 windows,5 and the detections are then summed together to give the

probability of detection PD at one signal-to-noise ratio (SNR) value for the specified value of

PF A. Depending on the desired result this entire process is repeated over a range of either

SNR or PF A values.

The probability of detection over SNR is given in Figure 4.1, for an SNR range of −25 dB

to 10 dB and a PF A value of 0.001. It can be seen that for each simulated test statistic, the

resulting PD curve is so similar to its theoretical counterpart that they are indistinguishable.

Additionally, the complex sample case outperforms the real sample case, which is to be

expected: for complex-valued data samples, you have twice the amount of data that you do for

real-valued samples.

The ROC for each test statistic is given in Figure 4.2, for an SNR value of −10 dB. Figure 4.2(a)

shows the ROCs for the scenario where a signal is present (PD versus the desired PF A). As in

Figure 4.1, the simulated ROCs are practically identical to their theoretical counterparts, and

the complex sample cases outperform the real sample cases. Figure 4.2(b) shows the ROCs

5For the ROC simulations the smallest value of PFA used is 10−6, so 1 000 000 windows should achieve 1
false alarm in the probability calculations. For the simulations where the PFA is set to 0.001, this should achieve
an estimated 1 000 false alarms in the probability calculations.
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(a) Signal present
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(b) Signal absent

Figure 4.2. Simulated and theoretical ROC curves for the derived test statistics, for V = 100
and K = 50. The absent case helps to verify the simulated probability of false alarm. For all
cases SNR = −10 dB. In each case, the theoretical and simulated performance is practically
identical.

for the scenario where a signal is absent (the simulated PF A versus the desired PF A). Each

detection in this case is then in fact a false alarm. All of the ROCs in this case are practically

identical, following the desired linear curve which verifies that the simulated PF A is almost

indistinguishable from the desired PF A.
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F
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(a) Complex-valued samples

F
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(b) Real-valued samples

Figure 4.3. Practical implementation of the derived test statistics for complex-valued samples
and real-valued samples.

4.4.4 Detector Implementation

In Section 4.4.1 it can be seen from (4.43) and (4.62) that for both complex-valued samples

and real-valued samples, the derived test statistics are each some variation of the DFT of the

received samples at the carrier frequency fc. However, this requires exact knowledge of the

carrier frequency of the signal in (4.10), and since it is already assumed that the amplitude A

and the phase ψ are unknown, it would be unreasonable to assume that fc is somehow known

beforehand.

To overcome this, for a sample window of length V a V-point DFT, or more practically a

V-point fast Fourier transform (FFT) of the received samples can be taken to produce V filter

outputs, where fc is the frequency at the centre of the FFT bin for each filter output. In the

case of complex-valued samples, the squared magnitude of each filter output results in the test

statistic in (4.43), and in the case of real-valued samples the square of the real component

of each filter output results in the test statistic in (4.62) (each multiplied by the appropriate

factors). For both sample types, this approach is shown in Figure 4.3.

This approach has the added benefit of combining the processes of channelisation and detection,
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effectively reducing computational complexity compared to having to perform each process

separately. This is the final reason that the primary signal model considered in this work is the

unknown deterministic signal case. This is also the reason why the sidelobes of the selected

binary window function should have an effect on the resulting detection performance: while

the test statistic of the frequency bin that the signal is located is only determined by the number

of retained samples, for the remaining V − 1 bins the test statistics will also be affected by

the SLL of that particular bin. If there is more than one signal present at a given time, the

sidelobes produced by one signal are expected to interfere with those produced by others, and

vice versa.

4.5 DETECTION USING DIFFERENCE SETS AND ALMOST DIFFERENCE

SETS

Applying DSs and ADSs to the detectors detailed in Section 4.4.4 is a relatively simple

procedure. A (V,K,Λ) DS or a (V,K,Λ, t) ADS D can be used to construct the binary window

aV , as in (4.20), with the locations of the K ones in the window function dictated by the

elements of the set.

As discussed in Section 4.4.4, implementation of each detector is achieved by taking the

product of the window and the samples and applying the appropriate operations shown in

Figure 4.3. During these processes a V-point FFT is taken. It is critical that the value of

V corresponds to the V of the DS/ADS, because the resulting frequency response only has

controlled sidelobes at V sample points, prescribed by (3.19) for a DS and (3.23) for an ADS

(see Section 3.3.3). Therefore, if a certain number of frequency bins are required, the DS/ADS

should be chosen accordingly.

For each subsequent detection cycle, the sample window will be cyclically shifted by a desired

value, as in Figure 3.1. It has already been established in Section 3.3.3 that for any binary
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Filter outputs

X dB

T1 TVT2 T3

(a) Effect on test statistics

X dB

SNR (dB)

PD

Signal

Interference

(b) Effect on detection performance

Figure 4.4. The effects of a DS on the derived detector. A signal is located in bin T3. For the
test statistics, the sidelobes of every cyclic shift of the window are plotted. For the detection
performance all V − 1 interference curves are superimposed onto one another. (Reprinted,
with permission, from [10]. ©2018 IEEE.)

window the resulting frequency response will pass through the same sample points irrespective

of cyclic shift, and thus the effect on the detection performance should remain the same as the

sample window shifts in time.

The effect of the window is depicted in Figure 4.4(a) (for a DS). Assume that there is a signal

located in bin T3 (which is also the test statistic T3). The remaining V − 1 test statistics will

be attenuated by the SLL of the corresponding sample point in the frequency response (as

they would for any window function). Since the sidelobes do not roll-off as they do for a

rectangular window, certain test statistics will actually be amplified compared to the case for a

rectangular window, creating interference that could obscure signals in these bins (as is the
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case for random binary windows). However, for a window based on a DS or an ADS, the SLLs

are more controlled than for the equivalent random binary window.

This means that the impact of this generated interference on the detection performance will also

be more controlled. Consider the probability of detection PD over SNR, shown in Figure 4.1.

Each bin in Figure 4.4(a) will have a characteristic for PD over SNR, the shape of which is

identical to the curves in Figure 4.1 (the specific curve is dependent on the sample type); for

each bin the resulting curve is shifted in SNR, indicating that for a large enough SNR value

you would be able to achieve a detection. The difference in SNR between the curve for the

bin that the signal is located in and each remaining bin is given by the SLL value of the bin.

For a rectangular window this separation is large, and increases as the window rolls off; for

random binary windows and windows based on DSs and ADSs this separation becomes much

smaller. However, since the SLLs of a window based on a DS or an ADS are more controlled

that those of a random binary window, the resulting interference curves will also be more

controlled. Additionally, for a DS the SLL can be calculated directly from the set parameters

V , K , and Λ, which is not possible for a random binary window. This concept is illustrated in

Figure 4.4(b).

The benefit of consistent interference curves like those shown in Figure 4.4(b) is that one can

determine the maximum SNR value required to achieve an acceptable probability of detection

in a signal bin, while minimising the probability of detection in an interference bin (much like

choosing a threshold value to achieve some PF A). Additionally, using a DS means minimising

the detection probability in one interference bin minimises it in all interference bins, which is

not possible for the equivalent random window.
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4.6 SUMMARY

A mathematical analysis of the process of discarding samples prior to performing signal

detection was presented. For a received signal modelled as unknown deterministic in the

presence of Gaussian noise, two detectors were derived (one for complex-valued data samples,

one for real-valued data samples) for the case where certain samples are discarded using a

binary window function.

The application of DSs and ADSs to these derived detectors was also discussed, including the

expected effects of the set properties on the detection performance. These expectations are

validated by empirical results in Chapter 5.
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CHAPTER 5 EMPIRICAL RESULTS

5.1 INTRODUCTORY REMARKS

The performance of a detection system that exploits difference sets (DSs) and almost difference

sets (ADSs) for sample selection is considered in this chapter. Empirical results for the

complex detector derived in Chapter 4 are presented, including those for both simulated and

practical signals. The performance of windows based on DSs and ADSs is compared against

that of equivalent random binary windows, to illustrate the benefits that the sets provide.

Additionally, the detection performance and computation time of the proposed technique is

compared to that of performing detection using a reconstruction algorithm.

The experimental setup, including the signals and sets used and the approaches, is detailed in

Section 5.2. The results and subsequent discussion for simulated signals, generated practical

signals, and recorded practical signals are provided in Section 5.3, Section 5.4, and Section 5.5,

respectively (additional results can be found in Addendum B). A summary is provided in

Section 5.6.

The work described in this chapter forms part of a submitted journal paper [10].1

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



CHAPTER 5 EMPIRICAL RESULTS

5.2 EXPERIMENTAL SETUP

Several experiments were conducted in order to evaluate the detection performance achieved

when samples are chosen using different binary window functions. These experiments include

determining the probability of detection over signal-to-noise ratio (SNR), test statistics at a

specific SNR value, and the probability of detection over probability of false alarm to compare

the performance achieved using different window functions. Additionally, the detection

performance and computation time achieved using the proposed technique is compared to

that achieved when performing detection using a reconstruction algorithm. Experiments are

evaluated using both simulated and practical signals in order to draw comparisons between

them.

The specifics of the signals that are used in the experiments are detailed in Section 5.2.1.

The sets and resulting windows that were chosen are described in Section 5.2.2. The exact

experiments conducted are summarised in Section 5.2.3 and Section 5.2.4.

5.2.1 Signals

Two major types of signals are evaluated in this work: simulated signals and practical signals.

Simulated signals are created and processed entirely in software. Practical signals are captured

using a software-defined radio (SDR), and fall into two categories: generated signals, which

are created in a laboratory environment and transmitted over-the-air before being received (i.e.

custom “real-world" equivalents to the simulated signals), and recorded signals, which are

recordings of real-world communications signals.
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Simulated Signals

Initial testing was conducted using simulated signals, where both the signal and the noise are

generated in software. In this work, a simulated signal is a simple, complex-valued sinusoid of

the same form as in (4.24), and the simulated noise is a collection of complex additive white

Gaussian noise (AWGN) samples. The simulated signal is multiplied by an appropriate gain

value to obtain the desired SNR relative to the calculated noise variance, before being added

to the simulated noise to create the final simulated signal.

Generated Practical Signals

In order to provide a “real-world” equivalent to the simulated signals, generated practical

signals were created using the setup in Figure 5.1. The transmitter is a Rohde & Schwarz

SMX 826.4517.52 signal generator set to produce a simple radio-frequency (RF) carrier with

a frequency of 495MHz. The gain of the signal generator was set to a chosen value in the

range of −60 dB to 10 dB (1 dB increments). It is important to note that this signal generator

was uncalibrated at the time of use, as calibration is a very costly procedure.

The receiver consists of an Ettus Research Universal Software Radio Peripheral (USRP) N200

SDR [61] fitted with a SBX USRP Daughterboard [62], connected to a computer running

Ubuntu 18.04 and GNU Radio. The centre frequency of the USRP was set to 500MHz, before

upconverting in GNU Radio by 5MHz to shift the centre frequency of the transmitted signal

to 500MHz prior to filtering. This was done to move any leakage from the local oscillator of

the USRP out of the band of interest. The bandwidth of the lowpass filter was kept small in

order to limit that amount of noise that entered the system. This is due to the fact that the

maximum gain that the signal generator can reach is only 10 dB, so in order to obtain larger

values of SNR the noise power needed to be kept low. Signals were recorded using this setup
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A/D

495 MHz

5 MHz

20 MS/s 1 MHz-60 to 10 dB

Signal Generator USRP N200 GNU Radio

Data
File

500 MHz

20 MHz

Transmitter Receiver

Figure 5.1. Setup for the creation of the generated practical signals.

for the entire gain range of −60 dB to 10 dB. Additionally, reference noise was acquired by

switching off the transmitter and terminating the antenna of the receiver. This reference noise

was used to determine the noise variance during detection.

Recorded Practical Signals

The generated practical signals are simple RF carriers, so to test the effects of discarding

samples on the detection of real-world signals, recorded practical signals were obtained by

sampling a portion of a Global System for Mobile Communications (GSM) band using a

Nuand bladeRF SDR [63]. GSM signals were chosen since a promising application of this

work is detecting cellphones for anti-poaching activities (for use with [2]). During sampling

the receiver of the SDR was configured with a centre frequency of 1.748MHz, a bandwidth

of 28MHz, and a sampling rate of 40 MS/s, which means that the signal was sampled from

the uplink portion of the GSM-1800 band. During detection the noise variance was set to

0.01.
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5.2.2 Sets and Windows

There are a large number of DSs and ADSs widely available [57,58], meaning that sets can be

selected based on the application at hand (e.g. window length, sidelobe level (SLL), sample

thinning). For the experiments in this work (for both simulated signals and practical signals)

the two primary sets selected are the DS (400,57,8) and the ADS (400,200,99,100). The sets

have the same length but differing numbers of elements: the DS is an example of more drastic

thinning (roughly 15% of the samples are retained versus the more common 50% of the ADS),

which helps to illustrate the effects of thinning as well as complementary sets. Additionally,

since the recorded practical signals in this work are off-the-air GSM signals, these sets were

chosen as the 200 kHz channel spacing for GSM [64] means 200 frequency bins are required

to achieve a resolution of one channel per bin for the given sampling rate of 40 MS/s. While

there are no DSs/ADSs with exactly V = 200, there are both a DS and an ADS with exactly

V = 400.

For completeness, the results for four additional sets are also included: the DSs (31,15,7) and

(101,25,6) and the ADSs (30,15,7,22) and (101,26,6,50). These sets help illustrate the effects

of even and odd values of window length for DSs/ADSs as well as shorter sets. The results for

these sets for the simulated signals and generated practical signals are included in Addendum B;

due to their short length they are not applied to the recorded practical signals.

For each (V,K,Λ) DS or (V,K,Λ, t) ADS, four different windows are tested: a window based

on the DS/ADS itself, a window based on the complement of the DS/ADS, a filled binary

window with K = V , and a random binary window where the positions of the K samples are

chosen randomly. A filled binary window represents the best case scenario where no samples

are discarded (and therefore the best possible detection performance), and random sampling

is prevalent in massive thinning of antenna arrays as well as in compressive sensing [6],

which is why random binary windows are used for comparison. As in Section 4.4.3, each

random window was selected by generating 100 random binary windows with the same length

and number of samples (the positions of the sample are randomised for each window) and
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determining the maximum SLL of the resulting frequency response (calculated over 10 ×V

points) for all V possible cyclic shifts of the window, and then selecting the window which had

the lowest maximum SLL for a cyclic shift. The frequency responses for all of the windows

can be found in Addendum A.

5.2.3 Approach: Detection Performance

For various combinations of signals and windows, the following experiments were conducted

to evaluate and compare the detection performance achieved:

Probability of detection over SNR: The probability of detection was calculated over a

defined SNR range, for a specified value of PF A.

Test statistics: The test statistics relative to the calculated detection threshold were calculated

for specific values of SNR and PF A, for all of the windows that were processed.

Probability of detection over probability of false alarm: The probability of detection was

calculated over a defined PF A range, for a specified value of SNR (the same one used for

the test statistics). This is alternatively referred to as the receiver operating characteristic

(ROC).

The combinations of inputs and sets as well as the relevant experimental parameters for all of

the conducted experiments are summarised in Table 5.1. An entry of “N/A” indicates that no

experiment was conducted for that combination of input signal and set, such as calculating the

probability of detection over SNR using the recorded practical signal, which is not feasible

since the recording contains multiple signals that are not continuous, and have different SNR

values.

For all of the experiments, the detector derived in Chapter 4 (for complex-valued data samples)

was used to form the test statistics and calculate the thresholds. All data processing was
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CHAPTER 5 EMPIRICAL RESULTS

Table 5.1. The signals, sets, and parameters of the experiments conducted. “N/A” indicates
that no experiment was conducted for that combination of inputs.

Inputs Experimental parameters

Simulated signals PD vs SNR Test statistics ROC

SNR (dB) PF A SNR (dB) PF A SNR (dB) PF A

DS (31,15,7) –30 to 50 0.001 8 0.001 8 10−6 to 1ADS (30,15,7,22)
DS (101,25,6) –30 to 50 0.001 6 0.001 6 10−6 to 1ADS (101,26,6,50)
DS (400,57,8) –30 to 50 0.001 4 0.001 4 10−6 to 1ADS (400,200,99,100) 3 3

Generated
practical signals

PD vs SNR Test statistics ROC

SNR (dB) PF A SNR (dB) PF A SNR (dB) PF A

DS (31,15,7) –30 to 30 0.001 8 0.001 8 10−6 to 1ADS (30,15,7,22)
DS (101,25,6) –30 to 30 0.001 6 0.001 6 10−6 to 1ADS (101,26,6,50)
DS (400,57,8) –30 to 30 0.001 4 0.001 4 10−6 to 1ADS (400,200,99,100) 3 3

Recorded practical
signals

PD vs SNR Test statistics ROC

SNR (dB) PF A SNR (dB) PF A SNR (dB) PF A

DS (31,15,7) N/A N/A N/A N/A N/A N/AADS (30,15,7,22)
DS (101,25,6) N/A N/A N/A N/A N/A N/AADS (101,26,6,50)
DS (400,57,8) N/A N/A –∗ 0.001 N/A N/AADS (400,200,99,100)
∗The recording consists of multiple signals with different SNR values.

performed in MATLAB. The probabilities were determined by computing the test statistics for

a number of windows, summing the detections (the ones) for all of the windows and dividing

by the total number of windows used. For the probability of detection over false alarm and test

statistic experiments, 100 000 windows were used, since for a PF A of 0.001 this results in 100

false alarms. For the probability of detection over probability of false alarm experiments, 10

000 000 windows were used in the probability calculations, due to the fact that the smallest

probability of false alarm value was 10−6, so evaluating 10 000 000 windows is estimated to
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CHAPTER 5 EMPIRICAL RESULTS

result in roughly 10 false alarms. While this might seem low, this PF A value is only used in

the ROC calculations and represents an extreme value. Finally, during detection consecutive

windows were overlapped sample-by-sample (an overlap of 100%).

For the experiments that require a single SNR value, the value was determined by the DS/ADS

that the current window is based on: first the theoretical probability of detection over SNR

curve is calculated for the specified PF A using (4.76), then the first SNR value SNR1 where

PD > 0.99 is found, and finally the SNR is determined using (3.21) as

SNR = SNR1 +
ρ

2
. (5.1)

It is assumed that the sidelobes will affect the probability of detection, so this way the SNR

is set halfway between the peak of the mainlobe and the minimum SLL (at least for a DS).

Since this value is used for all of the windows based on a specific DS/ADS (including the

complementary windows), this makes the performance of each window relative to the others

easier to evaluate.

5.2.4 Approach: Comparison with Detection using Reconstruction

For the simulated and generated practical signals considered in this work, the detection

performance achieved using the proposed technique is also compared to that achieved when

performing detection using a reconstruction algorithm. Additionally, the computation time of

both approaches is measured, in order to compare the benefits and limitations of each.

The reconstruction algorithm chosen was the multiple measurement vector FOCal Undeter-

mined System Solver (M-FOCUSS) algorithm, which is an extension of the FOCUSS class

of algorithms designed to process multiple measurement vectors at once [65]. M-FOCUSS

was chosen for two reasons; in addition to being designed to process multiple measurement

vectors, there exists a robust version of the algorithm known as Regularized M-FOCUSS,
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which handles noisy data. This should allow for better performance at low SNR values. This

robust algorithm involves the selection of a regularization parameter, which in this work was

a value chosen in the range 10−10 to 10−4 that gave the smallest mean square error (MSE)

between the original samples and the reconstructed ones for a given SNR. For details on the

implementation of the M-FOCUSS algorithm, the reader is directed to [65].

Detection with reconstruction was tested using multiple different sensing matrices: some

are variations of the binary windows used for the proposed technique, and others are quite

different. The specific types of sensing matrices tested are as follows:

Random Gaussian (RG) matrix: A K × V matrix whose entries are normalised Gaussian

random variables (RVs) with zero-mean and unit variance.

Random binary (RB) matrix: A K × V matrix, the rows of which are selected randomly

from a V × V identity matrix. The random sequences used are identical to the random

windows used when performing detection without reconstruction.

DS matrix: A K × V matrix, the rows of which are selected from a V × V identity matrix

according to a DS.

Comparison of the two approaches was achieved using two different, but functionally equivalent

algorithms, referred to as detection with reconstruction and detection without reconstruction.

Both algorithms take a window of V data samples and apply a sensing matrix; the principle

difference is that detection with reconstruction then proceeds with only K values (i.e. it uses a

K × V sensing matrix), while detection without reconstruction proceeds with V values, where

V − K of these are 0 (i.e. it uses a V × V sensing matrix). For detection with reconstruction,

M-FOCUSS is then used to reconstruct V data samples in the frequency domain using the

K retained time domain samples,2 while for detection without reconstruction a V-point fast

Fourier transform (FFT) is performed. Both of these approaches result in V frequency values,

after which the necessary operations are performed to produceV test statistics of the form given

2Each M-FOCUSS run actually processes L windows of samples at once, where L < K .
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in (4.43). After processing a desired number of sample windows, for each window the V test

statistics are then compared to the appropriate threshold γ to determine any detections.

The detection performance for both approaches is measured as described in Section 5.2.3

(probability of detection over SNR), with a SNR range of −30 dB to 10 dB (1 dB increments)

and a PF A of 0.001, except that only 10 000 windows are processed (this is due to long

computation times when running all of the sensing matrices, but should still result in 10 false

alarms for the desired PF A). The algorithms were run on a computer with two 6-core, 2.30-GHz

Intel Xeon E5-2360 central processing units (CPUs) and 30GB of main memory.

For every SNR value, the computation times for both approaches are measured after producing

detections from the 10 000 evaluated windows. For each of these times, the average time

achieved over the entire SNR range is then calculated.

5.3 RESULTS: SIMULATED SIGNALS

The results for the simulated signals for the windows based on the DS (400,57,8) and the

ADS (400,200,99,100) are given here. The results for the DSs (31,15,7) and (101,25,6)

and the ADSs (30,15,7,22) and (101,26,6,22) can be found in Addendum B.1 (except for

the comparison with detection using reconstruction, where the results are included in this

chapter).

5.3.1 Probability of Detection over SNR

The probability of detection over SNR results for the simulated signals are given in Figures 5.2

and 5.3. Figure 5.2 shows the probabilities of detection over SNR for the DS (400,57,8), and
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(c) DS window
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(d) Complementary DS window

Figure 5.2. Probability of detection over SNR curves for the simulated signals resulting from
windows based on the DS (400,57,8). Note that the “Signal bin” and “Theory” curves are so
similar that they are indistinguishable.

Figure 5.3 shows the probabilities of detection over SNR for the ADS (400,200,99,100).

The dashed line in each plot represents the probability of detection over SNR in the frequency

bin that the test signal is located in. Each marker represents the theoretical value of PD at the

current SNR for PF A = 0.001, given by (4.76); for all of the windows the curves in the signal

bin and the theoretical curves are so similar that they are practically indistinguishable. The

solid lines represent the probability of detection in the remaining bins as a result of the signal.

These will be referred to as interference bins due to the fact that there is no signal present in

these bins, making all detections false alarms caused by the sidelobes of the applied window

function. These interference false alarms can prevent detection of any weaker signals which
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(c) ADS window
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(d) Complementary ADS window

Figure 5.3. Probability of detection over SNR curves for the simulated signals resulting from
windows based on the ADS (400,200,99,100). Note that the “Signal bin” and “Theory” curves
are so similar that they are indistinguishable.

may be present in the interference bins because detections in these bins would be attributed to

the sidelobes of a stronger signal in another bin. The difference in SNR between the curve for

the signal bin and the curve for each interference bin is equal to the normalised SLL value of

the sample point that corresponds to that bin in the appropriate frequency response found in

Addendum A.

Figures 5.2(a) and 5.3(a) show the best possible detection performance for each set, since all

of the samples have been retained (their performance is identical, since K = V = 400 in both

cases). For these windows the interference bins all have the same probability of detection

value, equal to PF A.
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For the random and DS/ADS windows of each set, Figures 5.2(b), 5.2(c), 5.3(c), and 5.3(b)

show that the performance in the signal bin is identical, which is expected as they all have the

same number of retained samples. This means that a random window and a window based on

a DS/ADS will perform identically when detecting the same signal in the bin in which the

signal is present.

However, the performance in the interference bins varies considerably between the random

and DS/ADS windows. Figures 5.2(b) and 5.3(b) show that the random windows produce

interference bin curves that are more spread out, and as expected, more random than those

from the windows based on DSs and ADSs. While some of the interference bins for the

random windows require higher SNR before the window sidelobes trigger detections than the

comparable DS/ADS windows (i.e. the effect of the interference is less), other interference

bins have sidelobe false alarms at significantly lower SNR than the DS/ADS windows, so

weaker signals in these bins could be masked. The DS/ADS windows are thus able to achieve

far more predictable and consistent performance across all the detection bins than the random

windows.

Something important to note is that because V is even for the ADS (400,200,99,100), the

interference bins do not converge to two distinct levels, but are rather somewhat spread out.3

Additionally a single interference bin appears to be flat, which is probably a result of the null

discussed in Section 3.3.3. Fortunately this does not detract from the performance of ADSs

with even values of V , seeing as the interference bins are still better controlled than for the

equivalent random window, and the interference caused by the null is lower than for the other

bins.

Finally, Figures 5.2(d) and 5.3(d) show the effects of complementary sets. While the

complement of the ADS (400,200,99,100) is identical to the standard set, and thus the

performance is the same, the complement of the DS (400,57,8) produces a larger separation

3There are two distinct levels for the ADS (101,26,6,50) where V is odd, as seen in Figure B.2(e) in
Addendum B.
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(c) DS window
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(d) Complementary DS window

Figure 5.4. Test statistics for SNR = 4 dB for the simulated signals resulting from windows
based on the DS (400,57,8).

between the curves for the signal bin and the interference bins than the window based on the

standard set, as expected since more samples are retained.

5.3.2 Test Statistics

The resulting test statistics for the simulated signals are given in Figures 5.4 and 5.5. Figure 5.4

shows the test statistics for the DS (400,57,8), and Figure 5.5 shows the test statistics for the

ADS (400,200,99,100).

For each window the test statistic results are plotted relative to the specific detection threshold
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(c) ADS window
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(d) Complementary ADS window

Figure 5.5. Test statistics for SNR = 3 dB for the simulated signals resulting from windows
based on the ADS (400,200,99,100).

γ given by (4.75). For any test statistic that exceeds the threshold, the result is a detection, and

is plotted in black. For the windows based on the DS (400,57,8) the SNR is set to 4 dB, and

for the windows based on the ADS (400,200,99,100) the SNR is set to 3 dB.

Figures 5.4(a) and 5.5(a) show that for the filled window, the main concentration of detections

is in the signal bin. There are some detections in the remaining bins, but these are attributed

to actual false alarms, since each bin should have one false alarm for every 1 000 windows for

PF A = 0.001. As the sidelobes of the windows roll off as expected for a rectangular window,

they will only affect a small number of bins to either side of the signal bin.

Figures 5.4(b), 5.4(c), 5.5(b), and 5.5(c) show that for the random and DS/ADS windows the

interference from sidelobes has a greater effect. For each window, the signal in the signal

bin is still detected, but the sidelobes of the window effectively increase the value of the test
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statistics in all of the remaining bins, bringing them closer to the threshold. This has the

potential to mask weaker signals in the other bins and prevent them from being detected.

However, the interference from the DS/ADS windows is much more consistent that for the

random windows. Figures 5.4(c) and 5.5(c) show that the interference from the sidelobes

appears as though the noise floor of the system has been raised. While strong signals can still

mask weaker signals with their sidelobes, there do not appear to be any “false targets”, which

is the case for the random windows. Figures 5.4(b) and 5.5(b) show that the inconsistency of

the sidelobes means that certain bins appear to have “false targets” (i.e. attenuated duplicates

of the actual signal), which could potentially fool an operator.

For an ADS (with V even or V odd), since the sample points of the frequency response do not

converge to one distinct level, the resulting sidelobe interference is not as consistent as for a

DS, meaning that inconsistencies between adjacent bins could results in the appearance of

“false targets” (this effect can be more easily seen in Figures B.3(e) and B.4(e)). However, it is

far less severe than for the equivalent random window.

Finally, Figures 5.4(c) and 5.4(d) show that for a complementary set with more elements than

the standard set, the effect of the interference is less severe for the same SNR value.

5.3.3 Probability of Detection over Probability of False Alarm

The probability of detection over probability of false alarm (the ROC) results for the simulated

signals are given in Figures 5.6 and 5.7. Figure 5.6 shows the ROCs for the DS (400,57,8),

and Figure 5.7 shows the ROCs for the ADS (400,200,99,100).

The plots are similar to the probability of detection over SNR results. The dashed line in

each plot represents the ROC in the frequency bin that the test signal is located in. Each
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(c) DS window
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(d) Complementary DS window

Figure 5.6. ROCs for SNR = 4 dB for the simulated signals resulting from windows based on
the DS (400,57,8). Note that the “Signal bin” and “Theory” curves are so similar that they are
indistinguishable.

marker represents the theoretical ROC given by (4.76); for all of the windows the curves in the

signal bin and the theoretical curves are so similar that they are practically indistinguishable.

The solid lines represent the ROCs in the remaining bins as a result of the signal (i.e. the

interference bins). The ROC curves for the signal bin are identical for all windows, because

the SNR was chosen high enough that the probability of detection is 1.

Figures 5.6(a) and 5.7(a) show that for the filled windows, the interference curves have a nearly

linear characteristic, meaning that PD ≈ PF A for each value of PF A, and any false detections

can be attributed to expected false alarms. This means that the value of the threshold can

be decreased, in order to allow for detection of weaker signals, and the interference in the
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(c) ADS window

0.0 0.2 0.4 0.6 0.8 1.0
Probability of false alarm

0.0

0.2

0.4

0.6

0.8

1.0

Pr
ob

ab
ilit

y 
of

 d
et

ec
tio

n

(d) Complementary ADS window

Figure 5.7. ROCs for SNR = 3 dB for the simulated signals resulting from windows based on
the ADS (400,200,99,100). Note that the “Signal bin” and “Theory” curves are so similar that
they are indistinguishable.

remaining bins will increase linearly with the resulting value of PF A.

For the random and DS/ADS windows, Figures 5.6(b), 5.6(c), 5.7(b), and 5.7(c) show that in

most of the interference bins these curves deviate sharply from the expected linear trend. For

the random windows, while some bins do follow the linear characteristic, most do not, and

many reach a saturation point (a PD value of 1) for very small values of PF A. This means that

there is a very limited amount that the probability of false alarm can be increased by in order

to improve the detection of weak signals (by consequently lowering the threshold, making it

easier to achieve a detection). However, for the DS/ADS windows, while the curves do deviate

from the linear trend, it is relatively consistent across bins, and less severely than for many of
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the bins for the equivalent random binary window, allowing for a greater increase in PF A to

lower the threshold and improve detection performance.

5.3.4 Comparison with Detection using Reconstruction

The results which compare performing detection with reconstruction and detection without

reconstruction on the simulated signals are given here. The computation times for the various

sensing matrices are summarised in Table 5.2, while the probability of detection over SNR

curves are given in Figure 5.8. For detection with reconstruction, results for RG, RB, and DS

sensing matrices are included, while for detection without reconstruction, results for RB and

DS sensing matrices are included. This is due to the fact that the complex detector derived in

Chapter 4 was assumed to be handling binary sensing matrices, not matrices consisting of

Gaussian RVs.

Table 5.2. Comparison of the computation times (in seconds) for performing detection with
(W) and without (W/O) reconstruction on the simulated signals (Adapted, with permission,
from [10]. ©2018 IEEE.).

Parameters
(V , K)∗

W Recon. W/O Recon.

RG RB DS RB DS

31, 15 77.719 95.083 91.317 0.0356 0.0362

31, 16 74.623 91.310 76.471 0.0372 0.0362

101, 25 253.48 279.81 298.82 0.1411 0.1394

101, 76 55.290 40.309 39.788 0.1366 0.1371

400, 57 1237.2 1152.2 1212.5 0.5814 0.5808

400, 343 302.55 267.89 259.42 0.5725 0.5681

From Table 5.2, it is clear that the computation times are significantly longer when recon-

struction is used, even with M-FOCUSS processing multiple windows at once. Comparing

the fastest reconstruction result of 39.788 s to the slowest result for the same set without
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reconstruction of 0.1411 s shows that detection with reconstruction is at least 290 times slower

than detection without reconstruction (at least for these runs; in [10] a decrease of 120 times

was achieved). The computation times are relatively consistent within the two general classes.

Detection with reconstruction often takes longer when more samples are discarded, which is

anticipated in light of the fact that these additional discarded samples need to be reconstructed.

By comparison, the time required by detection without reconstruction is largely independent

the number of discarded samples for a specific window length. It is worth noting that these

computation times were obtained running the algorithms on server-grade hardware, so it can

be assumed that they will significantly increase on a platform with limited size, weight and

power (SWAP) resources.

Figure 5.8 shows the resulting detection performance versus SNR for each algorithm, compared

to the best-case scenario where no samples are discarded. The curves shown depict the

detection performance only for the signal bin in each case. The interference-bin performance

is not shown, as for both the filled window and detection with reconstruction the curves would

be flat (reconstruction prevents interference), while for detection without reconstruction, the

performance can be found throughout Chapter 5 and Addendum B. While detection with

reconstruction consistently results in better detection performance than detection without

reconstruction, it is still not as good as detection using all of the original samples for most of

the sensing matrices. This performance loss can most probably be attributed to reconstruction

error. While a performance increase is obtained using M-FOCUSS reconstruction, this

increase is almost certainly not worth the large increase in computation time, especially

in applications that require real-time (or near real-time) operation; the largest performance

difference is around 7 dB in Figure 5.8(e) (where only roughly 14% of samples were retained),

for computation over 100 times slower with reconstruction.
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(a) DS (31,15,7)
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(b) Complement of DS (31,15,7)
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(c) DS (101,25,6)
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(d) Complement of DS (101,25,6)
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(e) DS (400,57,8)
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(f) Complement of DS (400,57,8)

Figure 5.8. Probability of detection over SNR curves for the simulated signals for detection
with (W) and without (W/O) reconstruction for sensing matrices based on the chosen DSs.
Note that only the curves for the signal bin are compared (i.e. the interference bin curves are
not shown). The curve “Filled” is the theoretical filled case where V = 31, 101, or 400.
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5.4 RESULTS: GENERATED PRACTICAL SIGNALS

The results for the generated practical signals for the windows based on the DS (400,57,8) and

the ADS (400,200,99,100) are given here. The results for the DSs (31,15,7) and (101,25,6)

and the ADSs (30,15,7,22) and (101,26,6,22) can be found in Addendum B.2 (except for the

comparison with detection using reconstruction, where the results are included in this chapter).

All of the plots are structured identically to those in Section 5.3 (i.e. the line types and markers

represent the same concepts etc.).

5.4.1 Probability of Detection over SNR

The probability of detection over SNR results for the generated practical signals are given

in Figures 5.9 and 5.10. Figure 5.9 shows the probabilities of detection over SNR for the

DS (400,57,8), and Figure 5.10 shows the probabilities of detection over SNR for the ADS

(400,200,99,100).

Comparing the results in Figures 5.2 and 5.3 with those in Figures 5.9 and 5.10 show that the

probability of detection results for the simulated signals and the generated practical signals

are similar, with certain key differences. First of all, the curves in Figures 5.9 and 5.10 are not

as smooth as those in Figures 5.2 and 5.3, and there is a noticeable discrepancy between the

“Signal bin” and “Theory” curves in the results for the generated practical signals. This can

most probably be attributed to small errors in the reception of the transmitted signals as the

SNR is varied, either occurring on the transmitter side due to the fact that the signal generator

used is uncalibrated, or on the receiver side due to errors from the SDR. Regardless, these

errors only cause slight deviations in the expected curve shape and small SNR offsets.

The second key difference between the probability of detection results for the simulated signals
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(a) Filled window
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(b) Random window
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(c) DS window
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(d) Complementary DS window

Figure 5.9. Probability of detection over SNR curves for the generated practical signals
resulting from windows based on the DS (400,57,8).

and the generated practical signals can be seen by comparing Figures 5.2(a) and 5.3(a) with

Figures 5.9(a) and 5.10(a). In Figures 5.9(a) and 5.10(a) interference curves for the filled

windows are now visible, as opposed to the flat lines seen in Figures 5.2(a) and 5.3(a). The

reason for this is the presence of sidelobes in the bins adjacent to the signal bin owing to the

practical width of the signals. This is to be expected for practical signals; while the simulated

signals are made up of a single RF carrier at one frequency, the practical signals are “distorted”,

due to the effects of practical transmission, reception, mixing, filtering, digitisation, and

noise.

For the random and DS/ADS windows the results are very similar to those for the simulated

signals. The are a few curves that appear distorted, but this is likely due to the window function
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(a) Filled window
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(b) Random window
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(c) ADS window

30 20 10 0 10 20 30
SNR (dB)

0.0

0.2

0.4

0.6

0.8

1.0

Pr
ob

ab
ilit

y 
of

 d
et

ec
tio

n

(d) Complementary ADS window

Figure 5.10. Probability of detection over SNR curves for the generated practical signals
resulting from windows based on the ADS (400,200,99,100).

interacting with the signal sidelobes present in those bins; while for the simulated signals

the signal is only present in one bin, for the generated practical signals some energy now

occupies adjacent bins. This distortion appears limited to bins where the signal SLL is higher

than the window, and the application of a random or DS/ADS window does not increase the

interference. As is the case with the simulated signals, the DS/ADS windows result in more

controlled interference than the equivalent random window.
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(c) DS window
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(d) Complementary DS window

Figure 5.11. Test statistics for SNR = 4 dB for the generated practical signals resulting from
windows based on the DS (400,57,8).

5.4.2 Test Statistics

The resulting test statistics for the generated practical signals are given in Figures 5.11 and

5.12. Figure 5.11 shows the test statistics for the DS (400,57,8), and Figure 5.12 shows the

test statistics for the ADS (400,200,99,100).

Once again, the results for the generated practical signals are very similar to those for the

simulated signals. Figures 5.11(a) and 5.12(a) appear to have a similar level of interference to

the results in Figures 5.4(a) and 5.5(a), with the interference curves seen in Figures 5.9(a)

and 5.10(a) seemingly belonging to the bins adjacent to the signal bin. This helps to confirm

that these interference curves are the result of the practical sidelobes of the generated signal.

Additionally, in the outer filter outputs the interference appears to decrease, most probably
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0 25 50 75 100
Window (thousand)

0
50

100
150
200
250
300
350
400

Fi
lte

r o
ut

pu
t

-20

-15

-10

-5

0

Detect

Le
ve

l b
el

ow
 th

re
sh

ol
d 

(d
B)

(b) Random window
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(c) ADS window
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(d) Complementary ADS window

Figure 5.12. Test statistics for SNR = 3 dB for the generated practical signals resulting from
windows based on the ADS (400,200,99,100).

due to the roll-off of the bandpass filter of the SDR.

Figures 5.11(b), 5.11(c), 5.12(b), and 5.12(c) show that the similarities extend to the random

and DS/ADS windows, with an increased amount of interference for both window types (the

roll-off of the SDR filter is imperceptible), where the irregularity of the random window

results in “false targets” that are not present for the DS/ADS windows.
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(c) DS window
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(d) Complementary DS window

Figure 5.13. ROCs for SNR = 4 dB for the generated practical signals resulting from windows
based on the DS (400,57,8).

5.4.3 Probability of Detection over Probability of False Alarm

The probability of detection over probability of false alarm (the ROC) results for the generated

practical signals are given in Figures 5.13 and 5.14. Figure 5.13 shows the ROCs for a SNR of

4 dB for the DS (400,57,8), and Figure 5.14 shows the ROCs for a SNR of 3 dB for the ADS

(400,200,99,100).

As with the other results, the plots are similar to those for the simulated signals. The prac-

tical sidelobes of the signal produces additional interference curves in the plots, especially
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(c) ADS window
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(d) Complementary ADS window

Figure 5.14. ROCs for SNR = 3 dB for the generated practical signals resulting from windows
based on the ADS (400,200,99,100).

in Figures 5.13(a) and 5.14(a), just like those seen in Figures 5.9 and 5.10. For the ran-

dom and DS/ADS windows, the results are very similar to those for the simulated signals,

with the DS/ADS windows again showing more consistent interference than their random

counterparts.
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5.4.4 Comparison with Detection using Reconstruction

The results which compare performing detection with reconstruction and detection without

reconstruction on the generated practical signals are given here. The computation times for

the various sensing matrices are summarised in Table 5.3, while the probability of detection

over SNR curves are given in Figure 5.15. For detection with reconstruction, results for RG,

RB, and DS sensing matrices are included, while for detection without reconstruction, results

for RB and DS sensing matrices are included.

Table 5.3. Comparison of the computation times (in seconds) for performing detection with
(W) and without (W/O) reconstruction on the generated practical signals (Adapted, with
permission, from [10]. ©2018 IEEE.).

Parameters
(V , K)∗

W Recon. W/O Recon.

RG RB DS RB DS

31, 15 30.834 35.134 33.103 0.1002 0.1002

31, 16 31.969 32.253 26.491 0.0985 0.0980

101, 25 89.181 107.65 115.75 0.4132 0.4140

101, 76 22.914 9.8684 9.8545 0.4089 0.4118

400, 57 434.40 468.75 507.05 3.8957 3.8933

400, 343 66.615 60.839 59.971 3.9564 5.4544

The computation times in Table 5.3 agree with those in Table 5.2, indicating that detection

with reconstruction is still much slower than detection without reconstruction. However,

for detection with reconstruction the computation times for the generated practical signals

are considerably faster than those for the simulated signals, while for detection without

reconstruction the opposite is true. Given these changes, the best comparison is now between

59.971 s with reconstruction to 5.4544 s without reconstruction, which shows that detection

with reconstruction is now at least 15 times slower than detection without reconstruction. This

is a huge improvement over the results for the simulated signals, although it is still quite a

large difference in computation time between the two approaches.
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(a) DS (31,15,7)
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(b) Complement of DS (31,15,7)
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(c) DS (101,25,6)
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(d) Complement of DS (101,25,6)
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(e) DS (400,57,8)
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(f) Complement of DS (400,57,8)

Figure 5.15. Probability of detection over SNR curves for the generated practical signals for
detection with (W) and without (W/O) reconstruction for sensing matrices based on the chosen
DSs. Note that only the curves for the signal bin are compared (i.e. the interference bin curves
are not shown). The curve “Filled” is the theoretical filled case where V = 31, 101, or 400.
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Figure 5.15 shows that the detection performance is very similar to the results obtained for the

simulated signals (with slight deviations due to signal generation inaccuracies). It should be

noted that for the generated practical signals, the regularization parameter needed to be made

quite small (10−20) in order for the algorithm to produce a solution, which would indicate that

M-FOCUSS had difficulty processing the practical data (although this can most probably be

attributed to amplitude scaling).

5.5 RESULTS: RECORDED PRACTICAL SIGNALS

The results for the recorded practical signals for the windows based on the DS (400,57,8)

and the ADS (400,200,99,100) are given here. As mentioned in Section 5.2.3, only the test

statistics are calculated for the recorded practical signals.

5.5.1 Test Statistics

The resulting test statistics for the recorded practical signals are given in Figures 5.16 and

5.17. Figure 5.16 shows the test statistics for the DS (400,57,8), and Figure 5.17 shows the test

statistics for the ADS (400,200,99,100). The results are for a small fraction of the recorded

signal, to allow the reader to clearly see multiple GSM bursts of various strengths occurring at

staggered points in time.

The results for the filled windows are given in Figures 5.16(a) and 5.17(a) (recall the windows,

and thus the results, are identical). As expected, this represents the best case scenario with the

smallest interference, with both strong and weak GSM bursts being clearly observable. It is

even possible to see the roll-off of the bandpass filters of the SDR in the outer bins.
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(a) Filled window
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(b) Random window
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(c) DS window
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(d) Complementary DS window

Figure 5.16. Test statistics for off-the-air GSM signals, resulting from windows based on the
DS (400,57,8). (Reprinted, with permission, from [10]. ©2018 IEEE.)

The results for the random and DS/ADS windows are given in Figures 5.16(b), 5.16(c), 5.17(b),

and 5.17(c). Many of the weaker signals are more difficult to detect compared to the case for

the filled windows, due to the reduced number of samples, but additionally the masking effect

discussed earlier now also comes into play. The way the strong signals mask weaker signals is

clearly seen for both types windows when compared to Figures 5.16(a) and 5.17(a), with the

result that some of the weaker signals can no longer be detected because they are obscured

by the sidelobes of stronger ones. A good example of this is the signal located around filter

output 75, between windows 100 000 and 200 000; it is clearly visible in Figures 5.16(a) and

5.17(a), but in Figures 5.16(b), 5.16(c), 5.17(b), and 5.17(c) it is almost imperceptible (it is

more visible for the windows based on the ADS, because more samples are retained).

However, as observed in previous sections, for the windows based on DSs and ADSs the

interference is more controlled and consistent, and consequently less severe than for the
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(a) Filled window
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(b) Random window

0 100 200 300 400
Window (thousand)

0
50

100
150
200
250
300
350
400

Fi
lte

r o
ut

pu
t

-20

-15

-10

-5

0

Detect

Le
ve

l b
el

ow
 th

re
sh

ol
d 

(d
B)

(c) ADS window
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(d) Complementary ADS window

Figure 5.17. Test statistics for off-the-air GSM signals, resulting from windows based on the
ADS (400,200,99,100). (Reprinted, with permission, from [10]. ©2018 IEEE.)

random windows. For the random windows the inconsistency of the interference gives the

appearance of multiple false transmissions, which could potentially confuse an operator and

mask actual transmissions. For the example signal at filter output 75, between windows 100 000

and 200 000, Figures 5.16(c) and 5.17(c) show that the signal is still distinguishable within

the interference, while in Figures 5.16(b) and 5.17(b) the inconsistency of the interference

causes the validity of the signal to come into question, as it is surrounded by “false targets”.

Another excellent example of this is the transmission located around filter output 260, between

windows 300 000 and 400 000, which is two bursts long and aligns perfectly in time with the

stronger transmission around window 200. Even for the ADS (400,200,99,100), which has

more retained samples and thus lower interference, “false targeting” is an issue for the random

window.

Finally, Figure 5.16(d) shows that using the complement of a DS with a large thinning
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percentage allows a smaller number of samples to be discarded (14.25% rather than 85.75%),

increasing the detection performance and lowering the SLL compared to the standard DS. In

this way, it is shown that the use of DSs and ADSs to form windows allows some flexibility in

determining the number of samples to be discarded and the resulting sidelobe behaviour.

5.6 SUMMARY

Empirical results comparing the detection performance of random binary windows and

windows based on DSs and ADSs, for the complex-sample detector derived in Chapter 4, are

presented in this chapter. Results were generated using simulated signals, generated practical

signals, and recorded practical signals, for multiple sets (the remaining results can be found in

Addendum B).

For each type of input signal, the results point to the same conclusions. For a random binary

window and a DS/ADS based window of the same length V and number of elements K , the

detection performance is identical in the bin that a signal is located in. However, in the

remaining bins the sidelobes of the windows generate interference, which is radically different

for each window type. For a random binary window, the resulting interference is completely

random and unpredictable, due to the uncontrolled SLL of the frequency response. The

randomness of the interference can also result in the appearance of “false targets” (signals that

are not actually present). For a window based on a DS or ADS, the interference is far more

consistent (more so for a DS than an ADS), and can be predicted (or in the case of an ADS,

estimated) using only the parameters of the set. For a DS -based window, the consistency

precludes the appearance of false targets.

Additionally, it was shown that there is a significant increase in computation time incurred

when a reconstruction algorithm is used, while there is only a small increase in detection

performance compared to detection without reconstruction.
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CHAPTER 6 CONCLUSIONS AND FUTURE

RESEARCH

6.1 GENERAL CONCLUSIONS

Signal detection is a fundamental operation in any signal acquisition receiver. However, many

such systems process wideband signals at high frequencies with large bandwidths, which leads

to a large number of data samples that require processing. While many systems are designed

to handle high data rate processing, there are some scenarios (e.g. [2]) where size, weight and

power (SWAP) limitations require that the amount of data samples be reduced.

The objective of this work was to investigate the effects of using difference sets (DSs) and

almost difference sets (ADSs) to construct binary windows for discarding samples prior to

performing signal detection. The properties of these sets have already seen them successfully

applied to the design of massively thinned antenna arrays [7, 9] (as well as other signal

processing problems), and the similarity between array thinning and discarded detection

suggested that the sets were a promising solution.

The use of DSs and ADSs for detection has been thoroughly investigated. The properties

of the sets and their applicability to the detection problem was described mathematically in

Chapter 3. A mathematical analysis of detection with discarded samples was conducted in

Chapter 4, which also includes an explanation of the effects of the sets on the derived detector.
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These effects were then experimentally validated in Chapter 5, using simulated, practically

generated, and practically recorded signals. The proposed technique was also compared to an

equivalent approach that makes use of a reconstruction algorithm in Chapter 5, to illustrate

the trade-offs between the two.

The results of this work, cast in terms of the research questions given in Chapter 1, are

summarised below.

Binary windowing effects: For detectors that process frequency domain information, such

as the modified version of the periodogram (or spectrogram) derived in Chapter 4, the

application of a binary window function prior to detection has been shown to affect the

detection performance beyond having fewer samples to work with. The detector used in

this work uses a V-point fast Fourier transform (FFT) to produce V test statistics (or

bins) for each window of samples. A binary window function will weight these V test

statistics according to the sidelobe level (SLL) of the window’s frequency response at

the corresponding points. In a bin where a signal is located, the detection performance

behaves according to theory, and will be identical for any binary window of length V

and number of elements K . However, the sidelobes of various windows will differ, and

these sidelobes also affect the detection performance. The sidelobes from a signal in

one bin can directly affect the detection performance in the remaining bins, with high

sidelobes causing interference that can obscure smaller signals. Therefore, construction

of a binary window that has a frequency response with controlled sidelobes is shown to

be imperative.

Effects of random binary windows: It has been verified that random binary windows have

frequency responses with uncontrolled sidelobes (as seen in thinned antenna array

design [8]). For a signal located in a particular bin, these sidelobes result in interference

in the remaining bins, interference that (as expected) is completely random. As discussed

previously, the interference created by large signals can potentially obscure smaller ones,

preventing their detection. In addition, for random binary windows the uncontrolled

nature of the sidelobes results in interference that is inconsistent between adjacent bins,

which can cause the appearance of “false targets” that could be mistaken for actual
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signals. These effects increase with increased thinning (i.e. the discarding of more

samples).

Effects of DS/ADS binary windows: It has been shown that binary windows based on DSs

and ADSs also result in sidelobe interference, however it is nowhere as severe as for

random binary windows. The frequency response of a window based on a DS/ADS

is far more controlled than that of the equivalent random binary window, as is the

resulting interference. For DSs, the interference curves all align at the same position

(signal-to-noise ratio (SNR) difference from the signal bin curve), a position that can

be determined from the parameters (V , K , Λ) of the set, which is not the case for a

random binary window. While for ADSs the interference is not as controlled as for DSs,

they still allow for reasonable estimation via the set parameters. The consistency of

the sidelobes precludes the appearance of false targets for DSs (and they are far less

severe for ADSs). Finally, while sets do not exist for every possible window length V

and number of elements K , there are a large number of sets available [57, 58], and the

existence of complementary sets allow for a diverse range of windows to be constructed.

In addition to answers to the proposed research questions, this work also produced additional

results. These results are summarised below.

Operation on real-world signals: The proposed technique was successfully applied to prac-

tical recordings of real-world Global System forMobile Communications (GSM) signals,

proving that the approach can be used in practical applications.

Comparison with reconstruction: The proposed approach of discarding samples and per-

forming detection without a reconstruction algorithmwas also compared to an equivalent

approach that did make use of reconstruction. It was shown that although lack of a

reconstruction algorithm does result in a decrease in detection performance (in addition

to the creation of interference), the computational burden of reconstruction is exceedingly

high, as theorised.
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6.2 FUTUREWORK

This research work was relatively limited in its scope, as the main goal was to prove a concept.

Possible expansions that could be made to this work are summarised below.

Practical implementation: The goal of this work was to prove the concept of discarding

samples using DSs and ADSs. However, the primary motivation is application to

practical systems with limited SWAP requirements, which has not yet been achieved.

Therefore, arguably the first expansion to be investigated is whether or not the technique

will actually allow for detection to be performed successfully on wideband signals on a

platform with limited processing power.

Sub-bin performance: The two detectors derived in Chapter 4 make use of a discrete Fourier

transform (DFT) (practically a FFT) to form the test statistics. It was stipulated previously

that the length of this DFT/FFT should be V-point, where V is the length of the binary

sampling window, because the controlled SLLs associated with DSs and ADSs only

occur at V points in the frequency response. This results in V bins (or test statistics)

centred at different frequencies.

A potential problem that arises is that of frequency resolution and “sub-bin” performance.

If the frequency of the desired signal happens to coincide with the centre frequency of a

bin, the expected detection performance will be obtained. However, most often this is not

the case, and signals exist at frequencies between adjacent frequency bins. The effects

of this, referred to here as “sub-bin” performance, is cause for further investigation.

Additional detectors: In Chapter 4 three different signal models were proposed, but only

one was used to subsequently derive two detectors.1 The effects of DSs and ADSs on the

detectors that result from the remaining signal models, as well as additional detectors,

have yet to be determined.

1This was done for multiple reasons: simplicity, the applicability of the chosen signal model in the given
context, and the fact that the resulting test statistics combine the processes of detection and channelisation.
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Optimised binary windows: This work has proven the effectiveness of DSs and ADSs

as a means of discarding samples prior to signal detection that produces controlled,

deterministic results (especially compared to random binary windows). However, there

may be other deterministic methods that could be applied to the sample reduction

problem to given comparable, or even improved, results. Specifically, the problem of

selecting samples within a window to minimise sidelobe interference could be cast as a

very interesting optimisation problem.

Weighted binary windows: The binary windows considered in this work do not weight

the selected samples, in order to minimise computational complexity. However most

window functions, designed to control the resulting frequency response, do. Therefore,

the sidelobe performance of windows constructed using DSs/ADSs could be further

enhanced by incorporating some form of weighting function.
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ADDENDUM A FREQUENCY

RESPONSES

The frequency responses for the windows based on the sets specified in Chapter 5 are given

here. These frequency responses are directly related to the interference bins found in the

detection performance results in Chapter 5 and Addendum B. The work described in this

addendum forms part of a submitted journal paper [10].1

For each window the cyclic shifts corresponding to the lowest, median, and highest SLL values

are plotted against u, which represents normalised frequency in this work. The details of the

markers and horizontal lines can be found in Section 3.3.3.

The frequency responses behave similarly to those found in Section 3.3.3. There is no

sidelobe roll-off as seen for filled/rectangular windows, and the sample points of the random

windows are far less controlled than those of the DS/ADS-based windows. For the DS and

complementary DS windows, whether V is even or odd the sample points are constrained to a

fixed level dictated by (3.21). For the ADS and complementary ADS windows, if V is odd the

sample points are constrained to two distinct levels as dictated by (3.23). However, if V is

even the levels are not distinct, and there appears to be a null in the centre of the response at

u = 1.0, below the minimum limit set by (3.29). The cause of this phenomenon is unknown,

but is also outside the scope of this work.

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.
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Figure A.1. Frequency responses resulting from windows based on the DS (31,15,7). (Re-
printed, with permission, from [10]. ©2018 IEEE.)
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(c) Complementary ADS window

Figure A.2. Frequency responses resulting from windows based on the ADS (30,15,7,22).
(Reprinted, with permission, from [10]. ©2018 IEEE.)
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(c) Complementary DS window

Figure A.3. Frequency responses resulting from windows based on the DS (101,25,6).
(Reprinted, with permission, from [10]. ©2018 IEEE.)
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(c) Complementary ADS window

Figure A.4. Frequency responses resulting from windows based on the ADS (101,26,6,50).
(Reprinted, with permission, from [10]. ©2018 IEEE.)
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Figure A.5. Frequency responses resulting from windows based on the DS (400,57,8).
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Figure A.6. Frequency responses resulting fromwindows based on the ADS (400,200,99,100).
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ADDENDUM B ADDITIONAL EMPIRICAL

RESULTS

The empirical results for binary windows based on several difference sets (DSs) and almost

difference sets (ADSs) are given here. Specifically, the results for windows based on the

DSs (31,15,7) and (101,25,6) and the ADSs (30,15,7,22) and (101,26,6,50). These results

are meant to illustrate the effects of set length and even and odd values of V on detection

performance. The results for simulated signals and generated practical signals are given; no

results were generated for recorded practical signals, because the sets are so short. The work

described in this addendum forms part of a submitted journal paper [10].1

The results here support those found in Chapter 5. While both random binary windows

and windows based on DSs/ADSs produce interference curves (compared to filled binary

windows), for the DS/ADS windows that interference is well controlled and at least moderately

predictable compared to the random windows. The non-uniform nature of the interference

from the random binary windows gives the appearance of “false targets” in certain frequency

bins where the sidelobe level (SLL) is high. Additionally, shorter sets (smaller values of

V) produce less interference curves, but their frequency resolution will be lower. The more

samples (the larger the value of K) the better the detection performance in the signal bin (a

larger PD can be achieved at a lower signal-to-noise ratio (SNR)), and the larger the separation

in SNR between the signal curve and the interference curves (which is one of the primary

benefits of complementary DSs/ADSs).

1Portions of this chapter are reprinted, with permission, from [10]. ©2018 IEEE.
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B.1 SIMULATED RESULTS
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Figure B.1. Probability of detection over SNR curves for the simulated signal resulting from
windows based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and random windows
are based on the DS). Note that the “Signal bin” and “Theory” curves are so similar that they
are indistinguishable. (Reprinted, with permission, from [10]. ©2018 IEEE.)
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(d) Complementary DS window
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(f) Complementary ADS window

Figure B.2. Probability of detection over SNR curves for the simulated signal resulting from
windows based on the DS (101,25,6) and the ADS (101,26,6,22) (The filled and random
windows are based on the DS). Note that the “Signal bin” and “Theory” curves are so similar
that they are indistinguishable. (Reprinted, with permission, from [10]. ©2018 IEEE.)
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(c) DS window
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(e) ADS window
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Figure B.3. Test statistics for SNR = 8 dB for the simulated signal resulting from windows
based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and random windows are
based on the DS).
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(d) Complementary DS window
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(e) ADS window
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Figure B.4. Test statistics for SNR = 6 dB for the simulated signal resulting from windows
based on the DS (101,25,6) and the ADS (101,26,6,22) (The filled and random windows are
based on the DS).
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(e) ADS window
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(f) Complementary ADS window

Figure B.5. receiver operating characteristics (ROCs) for SNR = 8 dB for the simulated signal
resulting from windows based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and
random windows are based on the DS). Note that the “Signal bin” and “Theory” curves are so
similar that they are indistinguishable.
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Figure B.6. ROCs for SNR = 6 dB for the simulated signal resulting from windows based
on the DS (101,25,6) and the ADS (101,26,6,22) (The filled and random windows are based
on the DS). Note that the “Signal bin” and “Theory” curves are so similar that they are
indistinguishable.
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B.2 PRACTICAL RESULTS: GENERATED SIGNALS
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Figure B.7. Probability of detection over SNR curves for the generated practical signal
resulting from windows based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and
random windows are based on the DS). Note that the “Signal bin” and “Theory” curves are so
similar that they are indistinguishable.
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Figure B.8. Probability of detection over SNR curves for the generated practical signal
resulting from windows based on the DS (101,25,6) and the ADS (101,26,6,22) (The filled
and random windows are based on the DS). Note that the “Signal bin” and “Theory” curves
are so similar that they are indistinguishable.
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(d) Complementary DS window
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(e) ADS window
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(f) Complementary ADS window

Figure B.9. Test statistics for SNR = 8 dB for the generated practical signal resulting from
windows based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and random windows
are based on the DS).
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Figure B.10. Test statistics for SNR = 6 dB for the generated practical signal resulting from
windows based on the DS (101,25,6) and the ADS (101,26,6,22) (The filled and random
windows are based on the DS).
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Figure B.11. ROCs for SNR = 8 dB for the generated practical signal resulting from windows
based on the DS (31,15,7) and the ADS (30,15,7,22) (The filled and random windows are
based on the DS). Note that the “Signal bin” and “Theory” curves are so similar that they are
indistinguishable.
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Figure B.12. ROCs for SNR = 6 dB for the generated practical signal resulting from windows
based on the DS (101,25,6) and the ADS (101,26,6,22) (The filled and random windows are
based on the DS). Note that the “Signal bin” and “Theory” curves are so similar that they are
indistinguishable.
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